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Basic facts about the cotangent bundle, 1 - the canonical

one form.

If X is a differentiable manifold, then its cotangent bundle T*X
carries a canonical one form a = ax defined as follows: Let

T T*X - X

be the projection sending any covector p € T; X to its base point
x. If ve Tp(T*X) is a tangent vector to T*X at p, then

dmpv

is a tangent vector to X at x. In other words, dm,v € T, X. But
p € T; X is a linear function on T, X, and so we can evaluate p on
dmpv. The canonical linear differential form a is defined by

(ap,v) == (p,dmpv) if veTy(T"X). (1)
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Basic facts about the cotangent bundle, 2 - the canonical

two form.
This is defined as

wx = —dax. (2)
Let g%,...,q" be local coordinates on X. Then dq',...,dq" are

differential forms which give a basis of T} X at each x in the

coordinate neighborhood U. In other words, the most general
element of T} X can be written as py(dg*)x + - -+ + pn(dg")x.
Thus g,...,q", p1,...,pn are local coordinates on

U c T*X.
In terms of these coordinates the canonical one-form is given by
a=p-dg=pdq" + -+ ppdq"
Hence the canonical two-form has the local expression

w=dqgA-dp=dq" Adpi+ -+ dg" A dp,. (3)



Generating functions.
00®00000000

A local expression for w is
w=dqgA-dp=dg* Ndpy+ -+ dq" A dp.

The form w is closed and is of maximal rank, i.e., w defines an
isomorphism between the tangent space and the cotangent space
at every point of T*X.

A two form which is closed and is of maximal rank is called
symplectic. A manifold M equipped with a symplectic form is
called a symplectic manifold.

So the cotangent bundle of any differentable manifold is an
example of a symplectic manifold.

Generating functions.
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Lagrangian submanifolds of the cotangent bundle.

To say that a submanifold A C T*X is Lagrangian means that A
has the same dimension as X and that the restriction to A of the
canonical one form ax is closed.

Suppose that Z is a submanifold of T*X and that the restriction
of m: T*X — X to Z is a diffeomorphism. This means that Z is
the image of a section

s: X—T"X.

Giving such a section is the same as assigning a covector at each
point of X, in other words it is a linear differential form.

Generating functions.
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Isotropic submanifolds and Lagrangian submanifolds.

A submanifold Y of a symplectic manifold is called isotropic if the
restriction of the symplectic form w to Y is zero. So if

ty : Y - M

denotes the injection of Y as a submanifold of M, then the
condition for Y to be isotropic is

tyw=0
where w is the symplectic form of M.

If, in addition, dim Y = %dimM then Y is called a Lagrangian
submanifold.

Generating functions.
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Suppose that Z is a submanifold of T*X and that the restriction
of m: T*X — X to Z is a diffeomorphism. This means that Z is
the image of a section

s: X—TX.

Giving such a section is the same as assigning a covector at each
point of X, in other words it is a linear differential form. For the
purposes of the discussion we temporarily introduce a redundant
notation and call the section s by the name 35 when we want to
think of it as a linear differential form. We claim that
S*Ozx = ﬂs.
Indeed, if w € T, X then dmg(,) o dsy(w) = w and hence
st ax(w) = ((ax)s(x), dsx(w)) =

= (s(x), dms(xy dsx(w)) = (s(x), w) = Bs(x)(w).
Thus the submanifold Z is Lagrangian if and only if d3s = 0.
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Thus the submanifold Z is Lagrangian if and only if dGs = 0. Let
us suppose that X is connected and simply connected. Then

dB = 0 implies that 3 = d¢ where ¢ is determined up to an
additive constant.

With some slight abuse of language, let us call a Lagrangian
submanifold A of T*X horizontal if the restriction of

m: T*X — X to Ais a diffeomorphism. We have proved

Suppose that X is connected and simply connected.
Then every horizontal Lagrangian submanifold of T*X is
given by a section 4 : X — T*X where vy, is of the form

Y(x) = do(x)
where ¢ is a smooth function determined up to an
additive constant.

The function ¢ is called a generating function for the horizontal

| aocrancian cithmanifald A
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The Lagrangian Grassmannian.
Let V = (V,w) be a symplectic vector space of dimension 2n. We
let £(V') denote the space of all Lagrangian subspaces of V. It is
called the Lagrangian Grassmannian.
If M e L(V) is a fixed Lagrangian subspace, we let £(V, M)
denote the subset of L( V) consisting of those Lagrangian
subspaces which are transversal to M.
Let L € £(V, M) be one such subspace. The non-degenerate
pairing between L and M identifies M with the dual space L* of L
and L with the dual space M* of M. The vector space
decomposition

V=Maol=MaopM*

tells us that any N € L(V, M) projects bijectively onto L under
this decomposition. In particular, this means that N is the graph of

a linear map
Ty:L— M=1L"

Generating functions.
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Over the next few slides | want to illustrate different kinds of
generating function, ones which apply when the Lagrangian
submanifold of the cotangent bundle need not be horizontal.

For the sake of giving an elementary introduction, | will discuss the
linear case.

Generating functions.
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So
N={(Tn¢¢), E€L=M7}.

Giving a map from a vector space to its dual is the same as giving
a bilinear form on the original vector space. In other words, N
determines, and is determined by, the bilinear form Gy on L = M*
where

Ou(E.€) = 3(ThE &) = 5(Twe' ).

This is true for any n-dimensional subspace transversal to M.
What is the condition on Gy for N to be Lagrangian? Well, if
w = (T, €) and w' = (TnE', €)' are two elements of N then

w(W7 Wl) = w(TN§7§I) - W( TNglvé.)

since L and M are Lagrangian. So the condition is that By be
symmetric. We have proved:
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Proposition

If M € L(V) and we choose L € L(V, M) then we get an
identification of L(V, M) with S?(L), the space of symmetric
bilinear forms on L.

So every choice of a a pair of transverse Lagrangian subspaces L
and M gives a coordinate chart on L(V') which is identified with
S2(L). In particular, L(V) is a smooth manifold and

n(n+1)

dim £(V) = ==

where n = %dim V.

Generating functions.
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¢(X7£) ::X'g_’YN(f)v X€M7 £EM*
Then the equation

9¢
— =0 5
S (5)
is equivalent to
X = TNf.
Of course, we have
(00
- Ox
and at points where (5) holds, we have
9¢
Y
8X ¢7

the total derivative of ¢ in the obvious notation. So
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We have a symplectic vector space V=M ® M* = T*M and we
have a Lagrangian subspace N C V which is transversal to M.
This determines a linear map Ty : M* — M and a symmetric
bilinear form Gy on M*. Suppose that we choose a basis of M and
so identify M with R” and so M* with R™. Then T = Ty
becomes a symmetric matrix and if we define

W(E) = 2 Pn(,€) = 5TE ¢

then

TE= Tpe = %{".

Consider the function ¢ = ¢n on M @ M* given by

d)(Xag):X'g*’YN(g)v X€M7 EGM* (4)

Generating functions.
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¢(X75) 3:X'f—7N(f)a XGM, §€M* (4)

o¢
—=0. (5
=0 0
Proposition

Let M be a vector space and V = T*M = M & M* jts cotangent
bundle with its standard symplectic structure. Let N be a
Lagrangian subspace of T*M which is transversal to M. Then

N ={(x, do(x,£))}

where ¢ is the function on M x M* given by (4) and where (x,§)
satisfies (5).
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Notice that in contrast to the previous generating, ¢ is not a
function of x alone, but depends on an auxiliary variable (in this
case £). But this type of generating function can describe a
Lagrangian subspace which is not horizontal. At the extreme, the
subspace M* is described by the case G = 0.

One of the key theorems in the subject is that, locally, every
Lagrangian submanifold of a cotangent bundle can be described by
this more general type of generating function, where we allow
dependence on auxiliary variables.

An illustration of Hamilton's key idea.

Suppose that V = X @ X* where X is a vector space and where V
is given the usual symplectic form:

(@)
()~

is a symplectic isomorphism of V with V™. So ¢ @ id gives a
symplectic isomorphism of V~ & V with V & V.

A generating function for (¢ @ id)(I") will also (by abuse of
language) be called a generating function for I' or for T.

An illustration of Hamilton's key idea.

Let V = (V,w) be a symplectic vector space. We let

V= =(V,—w). In other words, V is the same vector space as V

but with the symplectic form —w.

We may consider the direct sum V= @ V (with the symplectic
form Q = (—w,w). If T € Sp(V), then its graph

I:=graph T ={(v, Tv), v € V}isa Lagrangian subspace of
V= @ V. Indeed, if v,w € V then

Q((v, Tv), (w, Tw)) = w(Tv, Tw) — w(v,w) = 0.

An illustration of Hamilton's key idea.

Let us consider the simplest case, where X = R. Then
VeV=ReR*"dReR" =T (ROR).

Let (x,y) be coordinates on R & R and consider a generating
function (of the “horizontal” type) of the form

1
o(x,y) = 5(3X2 + 2bxy + cy?),

where

b # 0.

Taking into account the transformation ¢, the corresponding
Lagrangian subspace of V~ @ V is given by the equations

&= —(ax+by), n=>bx+cy.



An illustration of Hamilton's key idea.

1
o(xy) = 5(ax* +2bxy + ), b#0.

Taking into account the transformation ¢, the corresponding
Lagrangian subspace of V~ & V is given by the equations

{=—(ax+by), n=bx+cy.

Solving these equations for y, 7 in terms of x, ¢ gives

1 ca c
y:—g(ax+f), n= (b—F)X—Bf-

In other words, the matrix (of) T is given by

oo
o=

ca
b— —

[allo)

An illustration of Hamilton's key idea.

The converse. Going from the matrix to the generating
function.

Conversely, starting with a matrix

-( %)

of determinant one, with 3 # 0 we can solve the equation

_a _1
b b <a ﬂ)
= N 5
b-g

oo

for a, b, ¢ in terms of «, 3,7,9. So the most general two by two
matrix of determinant one with the upper right hand corner £ 0 is
represented by a generating function of the above form.

An illustration of Hamilton's key idea.

In other words, the matrix (of) T is given by
—a _1
b b

(Notice that by inspection the determinant of this matrix is 1,
which is that condition that T be symplectic.)

Notice also that the upper right hand corner of this matrix is not
zero.

An illustration of Hamilton's key idea.

Addition of generating functions corresponds to
composition of symplectic transformation.

Suppose we have two functions

I » 2 1,2 2
d1(x.y) = slax"+2bxy + o], 9aly.2) = S[Ay" +2Byz + (27,
with b # 0 and B # 0, and consider their sum:

d)(XaZ,y) = d)l(X,)/) + ¢2(y72)'



An illustration of Hamilton's key idea.

¢(szry) = ¢1(X7y) + ¢2(y72)'

Here y is now an “auxiliary variable” in the sense introduced
above, so we want to impose the constraint

oo
and on this constrained set let
__9 . _ 99
=T T ™

: z\ . X
and use these equations to express (<> in terms of <£)

An illustration of Hamilton's key idea.

Case 1. A+ c#0

Then we can solve
(A+c)y+bx+Bz=0. (8)

for y in terms of x and z. This then gives a “horizontal”
generating function of the above type (i.e. quadratic in x and z).
It is easy to check that the matrix obtained from this generating
function is indeed the product of the corresponding matrices. This
is an illustration of Hamilton's principle that the composition of
two symplectic transformations is given by the sum of their
generating functions.

Notice also that because 9%¢/dy? = A+ c # 0, the effect of

9% _
dy

was to allow us to eliminate y. This is a general phenomenon.

0 (6)

An illustration of Hamilton's key idea.

(b(X,Z,y) = (bl(xvy) + ¢2(y72)'

2o
3y = 0. (6)
Equation (6) gives
(A+c)y + bx+ Bz =0. (8)

There are now two alternatives:

An illustration of Hamilton's key idea.

Case 2: A+c=0.

Then
(A+c)y+bx+Bz=0. (8)

imposes no condition on y but does give bx + Bz =0, i.e

which means precisely that the upper right hand corner of the
corresponding matrix vanishes.



An illustration of Hamilton's key idea.

Since y is now a “free variable”, and b # 0 we can solve the first
of equations
96 . _09

e--20 %
¢(X727y):¢1(X7Y)+¢2()/7Z)'

for y in terms of x and £ giving

1
y= —E(f + ax)

and substitute this into the second of the equations (7) to solve for
¢ in terms of x and &.

The symplectic “category”.
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The linear symplectic category.

Over 30 years ago, we introduced the following category: The
objects in this category are symplectic vector spaces.

The morphisms between objects V and W in this category are
defined as follows: As above, we let V™ denote the vector space V
but with the opposite symplectic structure. Then a morphism I
between V and W is a Lagrangian subspace

rcv-oew.

As a set, I is a relation between V and W. In other words, it is a
subset of V' x W. Composition in the category is defined as
composition of relations. In more detail:

An illustration of Hamilton's key idea.

We see that the corresponding matrix is

aB _ (b _B
b
Again, this is indeed the product of the correpsonding matrices.

We will now escalate this computation into the language of
category theory.

The symplectic “category”.
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|—2 * |—1 and |_2 o I'l.

Let V, W, Z be objects in our category and let
Mcv oW, ITL,cW xZ

Define
F2*F1C VoWaeZ

to consist of all (v, w, z) such that
(v,w)eTy and (w,z)€Ts.

Let priz: VO W ® Z — V @ Z denote projection onto the first
and third component. Then define [0l C V™ @& Z by

F2 o F1 = pI‘13(r2 * Fl).
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In words: Mp 0l C V™ & Z consists of all (v, z) such that there is
aw € W such that (v,w) €el; and (w,z)€Tl.

It is clear that [, %1 is a linear subspace of V & W & Z and that
[, ol is a linear subspace of V™ & Z.

The symplectic “category”.
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It is then immediate to check that the axioms for a category are
satisfied.

The symplectic “category”.
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It is also easy to see that the restriction of wy —wy to 0l
vanishes. Indeed, if (x,z) and (X', Z’) are elements of ['; o'y, then
there are elements w and w’ of W such that

(x,w) €Ty, (w,z) €l (X, w)ely, (,Z)el,.
Then
WZ(Z7Z,) - C"}V(val) = WZ(Z7Z/) - WW(Wa Wl)

+ww(w, w') —wy(x,x") = 0.

A little bit of linear algebra then shows that '; o I'; has the right
dimension.

The symplectic “category”.
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Replacing symplectic by split orthogonal.

The entire discussion remains unchanged if we replace “symplectic”
by “split orthogonal”. The objects now are even dimensional real
vector spaces, each equipped with a symmetric non-degenerate
bilinear form of signature (n,n). “Lagrangian” still means an
isotropic subspace of dimension n. This category plays a key role in
important recent work by Allexeev, Bursztyn, and Meinrenken, see
for example their paper “Pure spinors on Lie groups”.

But | want to go back 30 years and take the next step in the
symplectic setting - the work of Alan Weinstein, where symplectic
vector spaces are generalized to symplectic manifolds, and
Lagrangian subspaces are replaced by Lagrangian submanifolds.
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Why not?

The problem comes with composition. In fact there are two
problems: If My, M,, Mj are symplectic manifolds, and

Mt C My x Mo, T2 C My x Ms are Lagrangian submanifolds, we
would like to define  Toxl{ C My x My x My x M3 to consist
of all (my, my, my, m3) such that

(ml, mz) el and (m2, m3) erls.
This means that '> x ['1 should be the intersection
Moxl = (I'1 X r2) N (Ml X AM2 X M3)

where Ay, C My x My is the diagonal: Ay, = {(m2, m2)}.

But the intersection of two submanifolds need not be a manifold.

The symplectic “category”.
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The symplectic “category”.

But Alan was not deterred: There must be some technical
conditions (transverse or clean intersection, etc.) that must be
imposed in order that [, o ['; be a submanifold of M;” x Mz. But
once these technical conditions are satisfied, then [, o1 is a
Lagrangian submanifold of M;” x Ms3.

I will not go into the details of these technical conditions. So Alan
suggested putting quotation marks about the word category to
indicate that composition need not always defined. We will follow
this convention.

The symplectic “category”.
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Why not? continued.

Even if [, x 1 were a submanifold of My x My x My x M3, we are
not primarily interested in ', x 1. We are interested in [ 011
which is the image of ', x ['; under the map

. /
T13 - M1XM2><M2XM3 — M1XM3, (ml,mz,m2, m3) — (ml, m3).

And the image of a manifold under such a map need not be a
submanifold.

The symplectic “category”.
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Exact symplectic manifolds.

Let (M, w) be a symplectic manifold. It is possible that w is exact,
that is, that w = —da for some one form a. When this happens,
we say that (M, a) is an exact sympletic manifold. In other
words, an exact symplectic manifold is a pair consisting of a
manifold M together with a one form « such that w = —da is of
maximal rank. The main examples for us, of course, are cotangent
bundles with their canonical one forms. Observe that
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Proposition
No positive dimensional compact symplectic manifold can be exact.

Indeed, if (M,w) is a symplectic manifold with M compact, then

/wd>0
M

where 2d = dim M assuming that d > 0. But if w = —da then
wd = —d (a /\wd_l)

and so fM w? = 0 by Stokes' theorem. [

The symplectic “category”.
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The conormal bundle.

An instance of this is the conormal bundle of a submanifold: Let X
be a differentiable manifold and let Y C X be a submanifold. Its
conormal bundle N*Y C T*X consists of all z = (x, &) such that
x € Y and & vanishes on T,Y. Any tangent vector ( € T,N*Y
has the property that dm,(¢) € T,.X and hence

((ax)z, ) = (& dm(v)) = 0.

In other words, the restriction of ax to N*Y is zero.

The symplectic “category”.
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Exact Lagrangian submanifolds of an exact symplectic

manifold.
Let (M, a) be an exact symplectic manifold and A a Lagrangian
submanifold of (M,w) where w = —da. Let

B = tpcx (9)
where
N N— M
is the embedding of A as a submanifold of M. So
dBa = 0.

Suppose that (3 is exact, i.e. that Sy = di for some function %
on A. (This will always be the case, for example, if A is simply
connected.) We then call A an exact Lagrangian submanifold and
1) a choice of phase function for A.

The symplectic “category”.
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The exact symplectic “category”.

So we have a sub‘category” of Weinstein's symplectic “category”
whose objects consist of exact symplectic manifolds and whose
morphsims are exact Lagrangian submanifolds of

Mf x Ms.
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The canonical relation associated to a map, 1.

Let X7 and X, be manifolds and f : X; — X5 be a smooth map.

We set
Ml = T*Xl and M2 = T*XQ

with their canonical symplectic structures. We have the
identification

M1 X M2 = T*Xl X T*Xg = T*(Xl X X2)

The symplectic “category”.
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The canonical relation associated to a map, 2.

N*(graph(f)) = {(x1,§1,x2, &) 2 = f(x1), &1 = —df &2}

Let

Q1 - T*Xl — T*Xl
be defined by

gl(X7€) = (Xv _g)

Then ¢f(ax,) = —ax, and hence

Glwx) = —wx-

The symplectic “category”.
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The graph of f is a submanifold of X; x Xo:
X1 xXoD graph(f) = {(Xl, f(Xl))}

So the conormal bundle of the graph of f is a Lagrangian
submanifold of My x M. Explicitly,

N*(graph(f)) = {(x1, &1, x2,&)[x2 = f(x1), & = —df &}

The symplectic “category”.

00000000800

lwx) = —wx-

We can think of this as saying that ¢; is a symplectomorphism of
My with M;™ and hence
G X id

is a symplectomorphism of My x M» with M x Ma. Let
s := (¢1 x id)(N*(graph(f)).
Then I is a Lagrangian submanifold of M; x Ma. In other words,
I'r € Morph(My, M).
Explicitly,

Mr={(x1,61,%,&)x = f(x1), & =df &)
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M= {(x1,81,%, &) = f(x), & =df &)

Suppose that g : X, — X3 is a smooth map so that
Mg € Morph(M,, M3). So

Mg = {(x2,62,x3,83) |33 = g(x2), §2 = dgy, &3}

It is easy to check that ', and ['¢ satisfy the technical conditions
for composibility.

Their composite [ o I'¢ consists of all (x1,&1,x3,£3) such that

there exists an x such that xo = f(x1) and x3 = g(x2) and a &
such that §; = df &> and & = dgy, &3. But this is precisely the

condition that (X1751,X3,€3) S I'gof! So

Generating functions redux.
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Lagrangian submanifolds as “points”.

Another nice idea that Alan introduced is that in the symplectic
category, Lagrangian submanifolds should be regarded as “points”.
This works as follows:

Let us pick a distinguished one element set and call it “pt.”.
Giving a map from pt. to any set X is the same as picking a point
of X. So in the category Set whose objects are sets and whose
morphisms are maps, the points of X are the same as the
morphisms from our distinguished object pt. to X.

In a more general category, where the objects are not necessarily

sets, we can not talk about the points of an object X. However if
we have a distinguished object pt., then we can define a “point”

of any object X to be an element of Morph(pt., X).

The symplectic “category”.
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Theorem
The assignments
X—T*X
and
f— F,c

define a covariant functor from the category C*° of manifolds and
smooth maps to the (exact) symplectic “category” S.

Generating functions redux.
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The Heisenberg uncertainty principle in symplectic
geometry.

For example, in our symplectic “category”, let us fix a “zero
dimensional symplectic vector space”, and call it “pt.”. A
morphism from pt. to a symplectic manifold M is a Lagrangian
submanifold of pt.~ x M, which, of course, can be identified with a
Lagrangian submanifold of A C M. As Alan points out, this can be
considered as a manifestation of the Heisenberg uncertainty
principle in symplectic geometry.
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The pushforward of a Lagrangian submanifold.

For us this has the following consequence: Let M; and M, be
symplectic manifolds, let I' € Morph(M;, M) and let A be a
Lagrangian submanifold of M;. If we regard A as an element of
Morph(pt., M1) and if the technical conditions for composibiity are
satisfied, then

I o A € Morph(pt., My).

Of course, we can regard I' o A as a Lagrangian submanifold of M,
which we will then denote as

r(A)

and call it the “pushforward of A by .

Generating functions redux.
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Pushforward under a fibration.

We now specialize to the case where f is a fibration. So we have a
fibration 7 : Z — X.

Iz € Morph(T*Z, T*X) thus consists of all

(z,€,x,m) € T*Z x T*X such that

x=m(z) and &= (dm,)*n.
Then
pry e = T°Z, (z,6,x,m) — (2,6)
maps [, bijectively onto the sub-bundle of T*Z consisting of
those covectors which vanish on tangents to the fibers.

We will call this sub-bundle the horizontal sub-bundle and denote
it by H*Z. So at each z € Z, the fiber of the horizontal
sub-bundle is

H*(2)z = {(dmz)"n, n € T}, X}.

Generating functions redux.
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In particular, let Z and X be differentiable manifolds, let

f: Z — X be a smooth map, and Az C T*Z be a Lagrangian
submanifold. If the technical conditions of composibility are
satisfied, we can form

Fe(Az)
which will be a Lagrangian submanifold of T*X.

Since ¢ consists of all (z,£,x,nm) € T*Z x T*X such that
x = f(z) and £ = df(n), we see that (A7) consists of all (x,7)
such that there is a (z,&) € Az such that x = f(z) and

§=df}(n).

Generating functions redux.
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Let Az be a Lagrangian submanifold of T*Z which we can also
think of as an element of Morph(pt., T*Z). One of the technical
conditions for composibility (for ['; x Az to be a manifold) is that
t: Nz — T*Z and pry intersect cleanly. This is the same as saying
that Az and H*Z intersect cleanly in which case the intersection

F:=ANzNnHZ

is a smooth manifold and we get a smooth map x: F — T*X.
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A more restrictive condition is that intersection be transversal, i.e.
that
NyMHZ

in which case we always get a Lagrangian immersion
F—T'X, (z,dmn) — (x(2),n).

The additional composibility condition is that this be an
embedding.

Generating functions redux.
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When is
NoMH*Z?

Now H*Z is a sub-bundle of T*Z so we have the exact sequence
of vector bundles

0—-HZ->T'Z—-V*Z—-0
where
(V'2); = T;Z)(H*2). = T;(x (), x=m(2)
is the cotangent space to the fiber through z.

Any section d¢ of T*Z gives a section d,e+¢ of V*Z by the above
exact sequence, and Ay M H*Z if and only if this section intersects
the zero section of V*Z transversally.

Generating functions redux.

0000

Back to generating functions.

Let us specialize further to the case where Az is a horizontal
Lagrangian submanifold of T*Z. That is, we assume that

Az =N =75(2) = {(2,do(2))}.

When is
NeMH*Z 7

Generating functions redux.

[ele] [e]

Any section d¢ of T*Z gives a section dye:¢ of V*Z by the above
exact sequence, and Ay M H*Z if and only if this section intersects
the zero section of V*Z transversally.

If this happens,
Cqb = {Z € Z|(dvert¢)z = 0}

is a submanifold of Z whose dimension is dim X. Furthermore, at
any z € G

d¢; = (dmz)*n for a unique 7€ T, X.



Generating functions redux.

[efele]

At any z € Cy
dg, = (dmz)*n for a unique n € T7,)X.
Thus if Ay and [ are transversally composible then
Co—= T°X, z=(n(2),n)

is a Lagrangian embedding in which case its image is a Lagrangian
submanifold
N=T z(Ag) =Tr0Ny

of T*X. When this happens we say that ¢ is a transverse
generating function of A with respect to the fibration (Z, 7).
If Ay and ' are merely cleanly composible, we say that ¢ is a
clean generating function with respect to 7.

Generating functions redux.

oe

C4 C Z is defined by the k equations

9 _

=0 =1,..., k.
asi ) ! ) )

Then A C T*X is the image of the embedding

Co— T°X, (x,8)— ? = dxo(x, s).
X

We see that our pushforward construction does indeed give a
generalization of the generating functions that we studied at the
beginning of the lecture.

Generating functions redux.

o0

The generating function in local coordinates.
Suppose that X is an open subset of R”, that

Z =X xRK

that 7 is projection onto the first factor, and that (x,s) are
coordinates on Z so that ¢ = ¢(x,s). Then Cy C Z is defined by
the k equations

0

% _,

65,'

and the transversality condition is that these equations be
functionally independent. This amounts to the hypothesis that

their differentials 96
d| — i=1,...k
<85,'> : ’

be linearly independent.

i=1,... k.

Generating functions redux.

Existence.

Every Lagrangian submanifold has, at every point, a local
description in terms of a generating function of the above
pushforward type.

Uniqueness. Local generating functions are certainly not unique.
But any two generating functions can be obtained from one
another by a sequence of elementary operations known as
Hoérmander moves which | will desist from describing.



Generating functions redux.

90000000000

Recall that if X is a differentiable manifold then we defined
q: T*Xl — T*Xl

by
§(X, 6) = (X7 75)

Recall also that I is a morphism from T*Xj to T*X; if and only if
(¢ x 1d)(T) is a Lagrangian submanifold of T*(X; x X5).

We shall say that ¢ is a generating function for I if it is a
generating function for the Lagrangian submanifold (¢ x id)(I") of
T*(Xl X X2).

Generating functions redux.

00e00000000

The functorial version of Hamilton's idea.

Let X1, X5 and X3 be manifolds and
r1 S Morph( T*Xl, T*X2), I'2 c Morph( T*XQ, T*X3)

be transversally composible. So we are assuming in particular that
the maps

N — T°Xo, (p1,p2)—p2 and To — T°Xo, (q2,q3) — q2

are transverse.

Generating functions redux.

0O®000000000

The generating function for a morphism in local

coordinates.

Let
€ Morph(T*X, T*Y)

be a canonical relation, let
m:Z—->XxY

be a fibration and ¢ a generating function for I relative to this
fibration. In local coordinates this says that Z = X x Y x S, that

9¢
C = —_ = 0
s = {00y 9)| 50 =0},
and that [ is the image of C; under the map

(X7y7 S) = (7dx¢7 dY¢)

Generating functions redux.

000@0000000

M — T'Xo, (p1,p2)—p2 and T2 — T*Xo, (g2,93) — @2

are transverse.

Suppose that
7T1:Zl—>X1><X2, 7T2222—>X2><X3

are fibrations and that ¢; € C*°(Z;), i = 1,2 are generating
functions for I'; with respect to ;.
From 71 and 7 we get a map

7T1X7T2221XZQ—>X1XX2XX2><X3.

Let
Ay C Xo x Xo

be the diagonal and let
Z = (7T1 X 71'2)_1(X1 X Ao X X3).



Generating functions redux.

0000e000000

7T1><7T2221XZ2—>X1><X2><X2><X3.
Ay C Xo x Xo
is the diagonal and

Z = (7T1 X 71'2)71()(1 X Ao X X3).

Finally, let
w:Z — Xy X X3

be the fibration
L — L1 X Ly — X1 X Xox Xo x X3 — X1 X X3

where the first map is the inclusion map and the last map is
projection onto the first and last components.

Generating functions redux.

000000e0000

¢0:Z—R

is the restriction to Z of the function
(21, 22) — ¢1(z1) + P2(22).

Theorem

¢ is a generating function for ', o 'y with respect to the fibration
Tl — X1 X X3.

Notice that X> has now become a factor in the parameter space.
The function ¢ is given by

d(x1,x3, X2, 5, t) = p1(x1, X2, 5) + Pa(x2, X3, t).

We saw this in our example of multiplication of two by two
matrices.

Generating functions redux.

00000800000

Hamilton's theorem.

Z = (7T1 X ’/T2)_1(X1 X A2 X X3)
. Z— X1 X X3.

Let
¢o:Z—R

be the restriction to Z of the function
(21, 22) = ¢1(21) + P2(22).

Theorem
¢ is a generating function for ', o 'y with respect to the fibration
Tl — X1 X X3.

Generating functions redux.

00000008000

“Enhancing” the symplectic “category” with half-densities.

Suppose that My, My, and M3 are symplectic manifolds, and that
2 € Morph(Ma, M3) and ' € Morph(My, M)

are canonical relations which can be composed. Let p; be a
%—density onlyand ps a %—density on 5. There is a “follow your
nose” way to define a %—density p2oppon ol and to show

that the composition

(M2, p2) x (T1,p1) = (F20T1,p20p1)

is associative when defined, and that the axioms for a “category”
are satisfied.



Generating functions redux.

00000000800

Oscillatory half densities and semi-classical analysis.

Let (A, ) be an exact Lagrangian submanifold of T*X. Let
k € Z. One can associate to (A, %) and to k a space

1%(X, A, 1)

of rapidly oscillating %—densities on X. Roughly speaking the
assignment goes as follows:

Let 7 : Z — X be a fibration and ¢ a generating function for
(A, ¥) with respect to m. We assume that the canonical relation
corresponding to 7 is enhanced in the sense of the preceding slide.
It turns out that this enhancement is the same as giving a half
density o along the fibers of 7, and hence if 7 is a half-density on
Z, the product o7 when restricted to each fiber is a density, which
(if compactly supported) can be integrated over the fiber to give a
half-density on X.

Generating functions redux.

0000000000e

One shows that this class is independent of the choice of
generating function (by showing that it is invariant under each of
the Hormander moves) and then obtains a class /X(X, A, 1) of
half-densities via a partition of unity.

By our usual device of using ¢ x id one then obtains a class of
operators associated to every canonical relation . Hamilton's
theorem plays a key role in understand the calculus of such
operators.

Generating functions redux.

000000000e0

We define I£(X, A, ¢) to be the space of all compactly supported
%—densities on X of the form

w= s (aei%T) (10)
where 7, denotes integration over the fiber and a = a(z, k)

ae °(Z xR).



