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Introduction

This book is an introduction to some topological, analytical, and algebro-
geometric aspects of the theory of completely integrable Hamiltonian systems.

Hamiltonian systems are differential equations that describe the movements of
an object whose energy is conserved (conservative mechanics). Certain of these
systems can be integrated “by quadratures”, these are the completely integrable
Hamiltonian systems. One example of such a system, which all children know
well, is that of the motion of a top. The motion of a free particle on a surface
of revolution or an ellipsoid are other simple examples of completely integrable
Hamiltonian systems.

What Is in This Book. The theory of integrable systems finds methods,
followers, and applications in most of the fields of mathematics. It has as a result
been the subject of an immense amount of work. No book—even one ten times
thicker than this booklet—could address all these aspects.

Integrable systems belong to the field of (conservative) Hamiltonian mechanics,
which today means the field of symplectic geometry. They have many conserved
quantities traditionally called “first integrals”. It is this definition which Chapter I
addresses.

The heart of the material presented here is the Arnold—Liouville theorem, which
describes the properties of solutions for which the values of these conserved quan-
tities are generic. There are certain coordinates in which these systems take a very
simple form. We have said that these systems are “integrable by quadratures”.
Geometrically, this means that their trajectories lie on tori and, furthermore, are
linear on these tori (Figure 1). This is the Arnold-Liouville theorem and Chapter II
is devoted to its proof and to some examples.

D5

FIGURE 1

Next the material branches into two independent directions:

e In Chapter III, we turn to the algebraic theory of differential equations.
The Arnold-Liouville theorem asserts that the solutions near a solution

v



vi INTRODUCTION

that is general enough have the same nature as their neighbor (again, see
Figure 1). It is then tempting to look at what happens in general for
the solutions that are (infinitesimally) near a trajectory of a Hamilton-
ian vector field. The word “infinitesimally” indicates that the differential
equation has been linearized. With suitable hypotheses of analyticity, we
can then make use of the Picard—Vessiot theory (differential Galois the-
ory). The most interesting result in this area is a theorem of Morales
and Ramis [62], which asserts that the differential Galois group of the
linearized equation cannot be too complicated when the system is inte-
grable (its identity component must be an Abelian group). This theorem
can be used to show that certain Hamiltonian systems are not completely
integrable.

o In Chapter IV, we turn to algebraic geometry, which in some cases is able
to give us a more precise, even effective, version of the Arnold—Liouville
theorem. When the differential system can be written as a “Lax equa-
tion”, there is associated with it an algebraic curve (or family of algebraic
curves) which will lead to a (family of) Jacobian(s), which are tori ready
to play the role of Liouville tori. In particular, we will see how this ma-
chinery gives us tools to the answer to concrete, naive questions such as
determining whether a value of the first integrals is generic.

Finally, two appendices summarize some useful definitions and properties from
differential Galois theory and the theory of algebraic curves, respectively.

While the methods of algebraic geometry have been the object of a great many
works, including many books, the same cannot be said for the “Galois-theoretic”
methods. In writing this book, one of my goals was to understand and popularize
the beautiful Morales—Ramis theorem by presenting it to a less specialized audience
than the original texts were written for. Although the criterion for non-integrability
it provides belongs to the world of differential Galois theory, it certainly still is about
objects belonging to the world of geometry!

This is why I tried

o to use the most classical and especially the most elementary examples
possible. The main example used here to illustrate the Galois methods (a
special case of the Hénon—Heiles system leading to the Airy equation) is,
probably, the simplest possible one although it does not appear to be in
any of the original articles;

e to clarify the situation a bit by separating

— what is drawn from the general theory of differential equations (the
variational equation, initial forms, first integrals, Galois groups)
— from what is actually drawn from symplectic geometry.
Similarly, I have tried to give the essential ingredients of the proofs in
order to get straight to the desired goal;

o to maintain an acceptable level; in fact, these notes were developed from
a graduate course (cours de DEA) given to real students (who contributed
much to the simplicity of this book).
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I am a firm believer in the virtue of examples, and so there are numerous ex-
amples (classical ones, as I have said, but they are the best) in Chapters I and II.
While the mathematics used in Chapter III are no more difficult than in the first
two chapters, the applications of the Morales—Ramis theorem are more elaborate.
Therefore, unfortunately, Chapter III contains mainly academic examples. Chap-
ter IV, on the other hand, is almost solely composed of examples—the main one
being that of geodesics on quadrics.

The FExercises. Each chapter ends with a section of exercises. Most of these
are direct applications of the material presented in that chapter. Against tradition,
none of the important proofs have been left as an exercise.

The Index. I made a particular effort to make the index as complete and re-
dundant as possible, both essential properties for its usefulness.

Notation. The notation is as standard as possible. There is no reason to let
P™(C) be the stabilizer of an element = under the action of a group G, or to let G,
be a symplectic form, or to let w to be complex projective space, so I have simply
conformed to tradition. I will use slanted characters to designate a notion that I
am in the process of defining. I will use italics to emphasize something.

What Is Not in This Book. As I have said, there are many things, including

« the use of algebro-geometric machinery for counting Liouville tori, which
would only be a repetition of [8];

o examples of infinite-dimensional integrable systems: no Korteweg—de Vries
equation, no inverse scattering, all of which one can be found in Moser’s
little book [66] and Segal’s article in [42];

o questions of perturbation theory, also found in [66].

Bibliographic Note. I will utilize the basics of differential calculus on man-
ifolds (vector fields, differential forms, Lie derivative) which the readers can find,
for example, in [54] or in the first volume of [75]. I will also use the definition
of Lie groups and Lie algebras (and not much more)! and the basic concepts of
group actions on manifolds (which the readers can find in [21] and also [15]). A
part from this, the book is “self-contained” in the sense that all the definitions of
objects utilized in the text and all of the proofs, except for

« the uniqueness of Picard—Vessiot extensions and the fact that the Galois
group is algebraic (see [58]);

o the triviality of holomorphic vector bundles on open Riemann surfaces,
which T use very marginally and which can be found in [29];

« some results for Riemann surfaces (completion, Riemann—Roch,...), used
in Chapter IV and listed explicitly in Appendix B, which can be found
in [72].

In 1999, I gave three courses on integrable systems, where I presented some
material contained in this book:

I Again, see [54].
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e in Lisbon in June, where I particularly addressed algebro-geometric meth-
ods (Chapter IV);

o at the Centre International de Recherches en Mathématiques (Marseilles)
in July, where I briefly discussed Galois-theoretic methods (Chapter III in
this book), but not the algebro-geometric part, at the summer school
“Symétries et application moment”, organized by Patrick Iglesias and
Elisa Prato;

e in Strasbourg in the fall, for a graduate course (Cours de DEA) where I
presented all the material found in this book, except Chapter IV and, in
particular, the material on Galois methods in a fair amount of detail.

This book is a development of the notes I wrote for the “students” of all these
courses.

Acknowledgements. I would like to thank all the participants of the various
courses I gave, and especially the warm audience of the Lisbon course. The tenacity
and fidelity of those subjected to me twice a day, every day for two weeks, touched
me greatly.

A special thanks goes to Ana Cannas da Silva, who not only organized the
course in Lisbon? but also actively followed the course in Marseilles, providing
remarks, questions, and numerous corrections and improvements.

The material on Galois methods was put together during the working group on
the Morales—Ramis theorem that Claudine Mitschi and myself organized in Stras-
bourg during the spring of 1999. Most of what I understand about differential Galois
theory comes from her presentations and explanations. She is also owed thanks for
reading a draft of part of this book and suggestion several improvements.

I would also like to thank Leonor Godinho, Christelle Holtzmann, Marie-Laure
Kostyra, and Julien Stiker for reading all or parts of various preliminary versions
of this text and for the comments and corrections they provided.

A good-natured anonymous referee expressed a few wishes that I was happy to
fulfill. T would like to thank him for the resulting improvements.

Finally, I thank Raymond Seroul, who designed the most beautiful figures in
this book, Donald Babbitt, who carefully edited the English tranlation, and Claude
Sabbah, who patiently edited twice the IMTEX files—It goes without saying that I,
the author, am the only responsible for the remaining errors.

2Um més de junho muito agradével em Lisboa... E um grande prazer agradecer o convite.



CHAPTER 1

Introduction to Integrable Systems

Integrable systems are special examples of differential systems defined by
“Hamiltonian” vector fields! on a symplectic manifold.

In this chapter, I briefly review some useful concepts from symplectic geometry
and give some examples of integrable systems. I refer readers to their preferred
books on symplectic geometry (e.g., [56, 15] and others) and especially [4].

I1.1. Symplectic Manifolds

I.1.a. Symplectic Vector Spaces. A symplectic vector space is a real vector
space equipped with a non-degenerate skew-symmetric bilinear form. The proto-
typical (and, as we will see, essentially unique) example of a symplectic vector space
is R™ x R™ equipped with the form

w((g;p), (¢ p)=p-¢d —1"-q,

where, as usual, the dot - denotes the Euclidean dot product in R™.
In fact, as the following proposition asserts, this is the only example of a sym-
plectic vector space.

ProproOSITION 1.1.1. Let w be a nondegenerate, skew-symmetric bilinear form
on a finite-dimensional vector space E. Then there is a basis (e1,...,en, f1,..-, fn)
(called o symplectic basis) such that w(e;, f;) = 6;; and w(e;, ej) = w(fi, f3) = 0.

PROOF. Since w is nondegenerate, it is nonzero, and we can find two vectors ey
and fi1 such that w(ey, fi) = 1. One verifies that w, restricted to the (symplectic)
orthogonal complement (with respect to w) of the plane (e1, f1), is a non-degenerate
skew-symmetric form. Using the fact that a skew-symmetric bilinear form on a one-
dimensional space is zero everywhere, induction on the dimension yields the desired
result. (]

In particular, the dimension of E is even and is the only isomorphism invariant
of (F,w). In a symplectic basis, the matrix of the bilinear form w is

g 0 Id .
—Id 0

LA vector field on a manifold is a differential equation, the differential equation whose solu-
tions are its integral curves. See [3] and Footnote 1 in Appendix A.

1



2 I. INTRODUCTION TO INTEGRABLE SYSTEMS

ExampPLE L.1.2. If (e1,...,e,) is an orthonormal basis for R", then

((0,e1),...,(0,en),(e1,0),...,(en,0))

is a symplectic basis for R™ x R™.

Exercises 1.1, 1.2.

The Symplectic Group. This is the group of isometries of w i.e., the linear
isomorphisms g of E such that

w(gX,gY)=w(X,Y) forall X,Y € E.

In a symplectic basis, where w(X,Y) is written as ‘X JY, the symplectic group
consists of matrices g such that

tgdg=J.
This is an algebraic subgroup of GL(2n;R), since the equations defining it are
polynomial equations in the entries of g; we denote this group by Sp(2n;R). Its Lie
algebra, the tangent space at the identity, consists of matrices satisfying

AT+ JA =0,

a linear equation obtained by differentiating 'gJg — J = 0 at the identity.
Exercises 1.5, 1.25.

Isotropic and Lagrangian Subspaces. We say that a subspace F' of a symplectic
space E is isotropic if it is contained in its symplectic orthogonal complement
(F C F°) of F. We say that F*° is co-isotropic.

Since the form w is nondegenerate, the equality

dmF +dim F° =dim F

holds for any subspace F. If we let dim F = 2n, then dim F' < n for any isotropic
subspace F. There are in fact isotropic subspaces of dimension exactly n, for
example the subspace generated by the “half” (eq,...,ey,) of the symplectic basis.
These subspaces are called Lagrangian subspaces.

Exercises 1.3, 1.4, L.6.

I.1.b. Definition of Symplectic Manifold. We now try to understand what
the definition a symplectic manifold W ought to be. First of all, the tangent space
T, W at each = should be equipped with a skew-symmetric bilinear form w, such
that all of these forms together define a a differential 2-form w . We also want
each w, to be non-degenerate. If the (necessarily even) dimension of W is 2n, we
can express this as?

Nlw, #0 € 2/7\1T; w

A" must be a volume form on W. In

for all z. In other words, the 2n-form w
particular, there must be a volume form defined on W which implies that W must
be an orientable manifold.

But this definition does not yet suffice. We also want the calculus arising from

the form w on W to be locally the same as the usual one on R™ x R™ arising from

2See Exercise 1.2 if necessary.



I.1. SYMPLECTIC MANIFOLDS 3

the “constant” form (as described at the beginning of Section I.1.a). We write this
form as a differential form as follows: let X = (¢,p) and X’ = (¢/,p’) be vectors in
R™ x R™, then we have

wX, X" =p-¢ -1 -q

In other words,

w= Xn:dpi ANdg; = d(Xn:pidqz'),
i=1 i=1

and, in particular, w is an ezact form. We could require a symplectic form to be
exact. Unfortunately, however, this would rule out compact manifolds as symplectic
manifolds. This is because of the following result.

ProrosITION 1.1.3. No 2-form defined on a compact manifold W is both non-
degenerate and exact.

PROOF. We have noted that a form w is nondegenerate if and only if w"" is
a volume form. Since W is compact, it follows from de Rham cohomology that no
volume form on W is exact®. Now, if w were exact, then we would have w = dao,
but then the volume form w"” would be exact as well: w" = d(a Aw*=D). O

In fact, if we want to compute locally as in R™ x R™, then what we need is
a condition of local exactness, that is: w is closed. This leads us to the good
definition®.

DEFINITION 1.1.4. A symplectic manifold is a pair (W, w) where W is a manifold
and w is a closed, nondegenerate 2-form. Such a form w is said to be symplectic.

Of course, we will often abuse notation by simply calling W a symplectic man-
ifold, without mentioning the form w when there is no cause for confusion.

I.1.c. Examples of Symplectic Manifolds. The space R™ x R™ with the
form Y dp; A dg; is clearly a symplectic manifold.

Cotangent Bundles. Let V be a manifold, and consider the total space of its
cotangent bundle with the projection

T: TV — V.

On T*V, there is a canonical differential 1-form «, called the Liouville form (see
Exercise 1.7), defined by

A(z,0) (X) = @(T(w,go)ﬂ-(X))a
where x € V, o € T;V, and X € T(, , (T*V). It is easy to check that w = da
is nondegenerate (and even easier to check that it is closed!). If (¢1,...,qn)
are local coordinates on V and (pi1,...,pn) are the “dual” coordinates, then
(P1y-+yPnsq1y---,qn) is a system of local coordinates such that a = > p;dg; and
w = Y dp; Adg;. We often say that w is the “canonical symplectic form” on the

3For a basic knowledge of de Rham cohomology, see, for example, [54] or Volume I, Chap-
ter VII or [75].
4See also Footnote 20.



4 I. INTRODUCTION TO INTEGRABLE SYSTEMS
cotangent bundle®. The example above of R” x R” can be considered as the special
case where V = R".

The Space of Lines. The space D,, of oriented (affine) lines in R"*! is a sym-
plectic manifold of dimension 2n. It can be identified with

{B0) e R X R | p]* = 1 and p-u =0}

(see Figure 1), which is symplectic as a submanifold of R**! x R*"*! or as the
(co)tangent bundle of the sphere S™.

Exercises 1.7, 1.9, 1.13.

p
u
0
FIGURE 1. The space of lines FIGURE 2. The symplec-

tic form on the sphere

Surfaces. Any differential 2-form on a surface W is closed. Moreover, in di-
mension 2, saying that a 2-form is nondegenerate is equivalent to saying that it is
nowhere zero. On a surface, the notion of a symplectic form thus coincides with
that of a volume form. Consequently all orientable surfaces can be considered to
be symplectic manifolds.

EXAMPLE I.1.5. We consider the unit sphere S? in R3. Its tangent space at a
point v is the plane orthogonal to the unit vector v. Set

wo(X,Y) =0+ (X xY)

(see Figure 2). This is a nondegenerate (straightforward check), skew-symmetric,
bilinear form, and thus a symplectic form.

Exercise 1.8.
It can be shown (this is the famous Theorem of Darboux; see Section 1.5) that
all symplectic manifolds are locally isomorphic to R” x R™ with the form " dp; Adg;.
Complex Symplectic Manifolds. In Chapter III, we will need complex symplec-
tic manifolds. A complex symplectic manifold is:

« a complex analytic manifold W (the change of coordinate maps are ana-
lytic)

5This is another example of an exact symplectic form—on a noncompact manifold, of course.
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« equipped with a nondegenerate, closed, complex 2-form w (on each tangent
space, w is a nondegenerate complex bilinear form) that is holomorphic,
i.e., we have in complex analytic local coordinates that

w = Z fi,jdzi A de,
where the f; ; are holomorphic functions.

I1.1.d. Hamiltonian Vector Fields. If H : W — R is a function, the sym-
plectic form allows us to associate to H a vector field X, which is a sort of gradient
called the Hamiltonian vector field (or sometimes called the “symplectic gradient”).
This is the vector field determined by the relation

wy(Y, Xu(z)) = (dH),(Y) forallY e T,W

(or, equivalently, by ix,w = —dH).

Note that the vector field Xy vanishes at x if and only if x is a critical point
of the function H

Xy(z) =0« (dH), = 0.

In particular, the singularities (or zeros) of a Hamiltonian vector field are the critical
points of a function.

Note also that the function H is constant on the trajectories, or integral curves,
of the field Xp: since w, is skew-symmetric, we have (dH)(Xy) =0or Xg - H = 0.
Exercise I.11.

I.1.e. The Poisson Bracket. Let f and g be two differentiable functions
on W. We define their “Poisson bracket” by the formula

{f,9} = Xy -9 =dg(Xy).
It is easy to check that
{f, 9} = dg(Xy) = w(Xy, Xy) = —w(Xy, Xy) = —df (Xy) = =X, - f = —{g, f}.

This sequence of equalities shows that the Poisson bracket is skew-symmetric in f

and g. Also by definition, it is a derivation (in each of its variables), that is, it
satisfies the Leibniz identity

{f.gh}y ={f.9}h+g{f n}.
The Poisson Bracket and Hamiltonian Vector Fields. From the general formula
Lxiy —iyLx =[xy
and the Cartan formula
Lx =dix +ixd,
we see that
ix,x,w =Lx,ix,w—ix,Lx,w
=dix,ix,w+ix,dix,w—ix,dix,w—ix,ix,dw
=dixix,w = d(w(Xy, Xy)) = d{f, g},
that is,
(X5 Xg] = X5,y
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Thus, we also have that

[(Xr, Xg]-h={{f, g} ,h}.

We will deduce from this that the Poisson bracket also satisfies the Jacobi

identity
{f{g,h}} +{g,{h, f}} +{h,{f,9}} =0
and thus it defines a Lie algebra structure on €>°(W). Moreover the map
C® (W) — X(W)
f— Xf

is a morphism from the Lie algebras C>°(W) (equipped with the Poisson bracket)
into the Lie algebra of vector fields (equipped with the Lie bracket of vector fields).

PROOF OF THE JACOBI IDENTITY. We apply the definition of the bracket of
vector fields,
[vaXg] -h =Xy - (Xg ~h) - Xy (Xf - h),
and that of the Poisson bracket together with the equality shown above to obtain
{f. 9}, 0} = [X5, Xg] - 1
=Xy (Xg-h)=Xg-(X5-h)
=Xy -{g,h} = Xy -{f, 1}
={fAg,n}} —{g.{/f. h}}.

Since the Poisson bracket is skewsymmetric, this is equivalent to the Jacobi identity.
O

REMARK 1.1.6. More generally, a Poisson bracket on a manifold V is a Lie
algebra structure, denoted by {, }, on the vector space C>°(V) of functions on V
that satisfies the Leibniz identity. There will be some non-symplectic examples in
Section IV.4.a.

Exercises 1.10, .15, 1.16, 1.17.

I1.2. Hamiltonian Systems, Examples

A Hamiltonian system is simply a differential system associated to a Hamilton-
ian vector field. It is a differential equation

&(t) = Xu(z(t))

for some function H on a symplectic manifold W. For example, if H is a function
on R™ x R™, then the associated Hamiltonian system is the differential system®

. OH
q:a_p
. OH
P——a—qa

where, in abbreviated notation, ¢ = (q1,...,¢») and p = (p1,...,Pn).

6See Exercise 1.10 for an expression in terms of coordinates for the field Xp.
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Examples of Hamiltonian systems that I present in this book include pendu-
lums, solids (tops), geodesic flows (which get special treatment in Section 1.4), and
some other academic examples.

I.2.a. The Harmonic Oscillator. A harmonic oscillator is a differential sys-
tem describing, for example, the motion of a spring (without damping) or an RLC
electrical circuit without resistor (R = 0). The corresponding differential equation
is § = —agq, for some real a > 0.

In this case, the symplectic manifold is R x R, and we assume a to be 1 (see
Exercise 1.12 for the general case). The Hamiltonian is then

H= %pg + %qg,
and the differential system is simply

¢=p, P=-—q
This is of course equivalent to the differential equation § = —¢q, and its solutions
are given by ¢ = Acos(t — tg), p = —Asin(t — tp). The supports of the trajectories
are the level sets of H, i.e., the circles centered at the origin.

We can construct Hamiltonian systems of higher dimension by coupling several
harmonic oscillators, that is considering Hamiltonians on R?" of the form

H(q,. . qn,p1,--.,pn) = %ZP?#LZ%QE'

Exercise 1.12.

b [
0,
/ X S
|
ZNN ‘
N7 1
!
!
r ;
F1GURE 3. The harmonic oscillator FIGURE 4. The simple pendulum

I.2.b. Rotations on the Sphere. As we saw in Example 1.1.5, the unit
sphere S2 in the Euclidean space R? can be equipped with a form w defined by

wy(X,Y)=v- (X xY).

We consider the Hamiltonian H(xz,y,z) = z. We call eg the “third” basis vector,
so that H(v) = v - e3. The Hamiltonian vector field is the vector field X tangent
to S? and satisfying

v (X xY)=—(dH),(Y)=-Y -e3
for all Y € T,,§? = v*. In other words, we have

Y-(’UXX—eg):O
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for all Y € vt. This condition is thus equivalent to the fact that v x X — es is
collinear to v, which implies X g (v) = vxes. The trajectories of Xy are the circular
intersections of the sphere with horizontal planes.

I1.2.c. The Simple Pendulum. The simple pendulum is the mechanical sys-
tem consisting of a point mass attached to the end of a massless inelastic cord for
which the other end is fixed, moving in a constant gravitational field (see Figure 4).

We assume here that the mass moves in a vertical plane. We denote by 6 the
angle between the cord and the vertical axis (direction of gravity). The differential
equation describing the motion of the point mass is then 6 = —siné.

The phase space is S' x R. Using a real variable ¢ whose reduction modulo 27
is # and the dual variable p = ¢, we see that this differential equation is equivalent
to the system

q=p, p = —sing.
This is the Hamiltonian system associated to the function H = %pQ —cosq =
1p? — cosf, the total energy of the simple pendulum.
Exercise 1.18.

We now consider some examples “with two degrees of freedom”, i.e., on four-
dimensional symplectic manifolds.

1.2.d. The Hénon-Heiles System. The symplectic manifold is R? x R2,
and the Hamiltonian is the function

1 A
H=5pi+p3) - a(A+aq) - 561?-
The vector field X g is

Xu(qr,q2,p1,2) = (p1,D2, 45 + Ai, 2q2(A + q1)).

Let E be the (symplectic) subspace defined by g2 = p2 = 0. If x = (¢1,0,p1,0) is a
point in F, we have

X (x) = (p1,0,)q7,0).
Thus the Hamiltonian vector field X g is tangent to the subspace E, and thus there
are solutions to the Hamiltonian system which are contained in £. When \ = 0,
these are the lines (p1t + ¢¥,0,p1,0). This “academic” example and its solutions
will be utilized in Chapter III.
Exercise 1.19.

I.2.e. An Anharmonic Oscillator. The symplectic manifold is still R* and
the Hamiltonian is

1
H = 5(pl+p3) + A3 + (a1 + a3)°,
with A a nonzero constant. The Hamiltonian vector field is
X (q1,q2,p1,p2) = (p1,p2, —4(q5 + B)q1, —27g2 — 4(qF + ¢3)q2).-

As in Section 1.2.d, the vector field Xy is tangent to the subspace E defined by
g2 = p2 = 0. The solutions contained in this plane are supported by the curves

1
§p%+(f11=h7 g2 = p2 = 0.
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I1.2.f. The Spherical Pendulum. In the system called the “simple pendu-
lum”, the mass moves in a plane. Now we allow it to move in space, namely on the
surface of a sphere centered at the fixed end of the cord. By a “spherical pendulum”
we mean the system defined on the unit sphere in R? by the Hamiltonian

L, 2
H== -T-
5 lIpl 4,

where p and ¢ are vectors in R? and T is the vertical gravitational field.
The phase space is

75% = {(¢,p) € R* xR? | g|* = 1 and g -p =0}

(which, of course, is the tangent bundle of the sphere S?), equipped with the re-
striction of the symplectic form on R3 x R2, which continues to be a symplectic
form (see Exercise 1.13 if necessary).

The Hamiltonian vector field is the unique vector field (Y, X) tangent to T'S?
satisfying

(dH)(q,P)(n’f) = w((nvg)a (YaX)) = f Y — n- X

for all vectors (n,£) tangent to T'S%. Now,

(dH)(gpy(1,6) =p-§ =T,

and the fact that (Y, X) is tangent to T'S? at (q,p) is expressed by the conditions
Y.g=0and Y -p+¢-X = 0. The unique solutionis ¥ = p and X = I'—(¢-T+]|p||*)q,
and the Hamiltonian system is then

{q'=p
p=T—(¢-T+|p|*)q.

Exercises 1.13, 1.14.

I1.2.g. The Rigid Body With A Fixed Point. Here we consider a rigid
body of mass 1 (for mathematical convenience) with center of gravity G, fixed
point O and in a constant gravitational field.

In writing the equations describing the motion, it is convenient to utilize a frame
attached to the rigid body. The constant gravitational field is a vector I' depending
on time (in the moving frame). Also, we let M be the angular momentum It is
related to the instantaneous rotation € of the solid by the relation M = J(Q),
where J is a certain constant symmetric endomorphism called the matrix of inertia
(see, for example, [8]).

Then the total energy of the solid is

HI,M)=iM - Q+ T-L
N—— ~—~—

kinetic potential

—
where L denotes the vector GO.
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By applying the laws of mechanics, one can show that the differential system
describing the motion of the solid is

r=TxQ
M=MxQ+TI x L.
Of course, the vector I is no longer constant; however, it remains a unit vector’.
We also know that the quantity I'- M, the moment of the solid with respect to the

8

vertical axis®, is conserved. Thus the vectors I' and M are constrained to remain

on the submanifold
Wo={(0,M) € R* xR | || = 1and - M =a}.

This submanifold is diffeomorphic to the tangent bundle of the sphere S? via the
map

(T, M) — (T, M — al).
We can equip it with a symplectic form w for which the differential system is the
Hamiltonian system associated to the energy H. Be careful, w is not the canonical
symplectic structure for the tangent bundle of S2. Instead, it is the form?

wan((€m), (1) = (EXx M AT xn)- &+ (T x€) 7.
Exercise 1.20.

1.3. Completely Integrable Systems

I.3.a. Definition of a Completely Integrable System. The Hamilton-
ian H is constant along integral curves of the Hamiltonian system it defines, which
we can write as

Xyg-H=0o0rdH(Xg)=0.
We say that H is a first integral for the system. More generally, a function f :
W — R that is constant along the trajectories of a vector field X is called a first
integral. For a Hamiltonian vector field Xy, the equality Xz - f = 0 is equivalent
to {f,H} =0.

Informally, we say that a Hamiltonian system is completely integrable if there
are “as many first integrals in involution as possible.” We now explain what this
means formally.

e Let fi1,..., fr be first integrals of the system Xp. We say that they are
“in involution” if {f;, f;} = 0 for all ¢ and j. Each f; is constant along
the trajectories of the Hamiltonian vector field defined by the others.

« We could also talk of a subalgebra'® A of € (W) containing H that is
Abelian in the sense that

frge A={fg}=0.

7If the units are suitably chosen.

8By definition, “vertical axis” is the direction of the gravitational field.

9The manifold W, is an “adjoint orbit”, which yields the form in question. See, for exam-
ple, [8].

105¢e [77].
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o Now, we turn to what is meant by “as many as possible.” At each point
x in W, the subspace of T,,W generated by the Hamiltonian vector fields
of the functions in A is isotropic

w(Xyp, Xg) =+{f,9} =0,

and so its dimension is at most n = %dim W. Thus for each z in an
dense open subset of W, we require that this subspace have maximal
dimension n.

« Finally, note that the vectors Xy, are independent at x if and only if the
linear forms (df;), are independent.

DEeFINITION 1.3.1. The Hamiltonian vector field Xz on a symplectic mani-
fold W of dimension 2n is completely integrable if it has n independent first inte-
grals in involution.

EXAMPLE 1.3.2. On R™ x R™ with the standard symplectic form, any Hamil-
tonian that depends only on the coordinates p;,

H = H(plv"'vpn)v

is completely integrable: the functions p; are independent first integrals in involu-
tion.

Any Hamiltonian system on a surface is completely integrable. Similarly, a
Hamiltonian system on a symplectic manifold of dimension 4 is integrable if and
only if it has a “second first integral” that is functionally independent of the energy
first integral H.

1.3.b. The Harmonic Oscillator and the Simple Pendulum. See Sec-
tions I.2.a and I.2.c for a description of these systems, which are Hamiltonian
systems on manifolds of dimension 2 and thus (automatically) integrable.

1.3.c. The Hénon—Heiles System. There exists a second first integral for
this system (introduced in Section 1.2.d) for certain values of the parameters A
and A. In particular, this is the case for A = 6.

Exercise 1.21.

1.3.d. The Anharmonic Oscillator. It is easy to check that the function

1 1
K= 5]9% - X(le — 1)’ + ¢ (af + 63)
is a first integral for the Hamiltonian system considered in Section 1.2.e and that is
independent of H.

I.3.e. The Spherical Pendulum. We retain the notation introduced in Sec-
tion I.2.f. The system is invariant under rotations about the vertical axis, which
allows us to find easily a second first integral, i.e., the moment about this axis

K(q,p) = (g xp)-T.
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One can show directly that {H, K} = 0 (see Exercise 1.22), but it is more en-
lightening to give a geometric argument. The Hamiltonian vector field associated
to K is

XK(qap) = (_q X F7 —pX F)7

whose flow is that of rotations about the vertical axis,

¢t(q,p) = (Req, Rep)

(this is what it means for K to be the moment about this axis). This flow preserves
the submanifold T'S?, since

|Riql|* = llql|* = 1 and Rep- Rep =q-p = 0.

Similarly, it fixes H because it leaves the vertical vector I' invariant. Then, by
differentiating the relation H(p¢(x)) = H(x) at t = 0, we see that the Poisson
bracket of H and K is zero. Thus the spherical pendulum is a completely integrable
system.

Exercise 1.22.

1.3.f. A Rigid Body: the Euler—Poinsot Case. This is the rigid body de-
scribed in Section I.2.g when the fixed point is the center of gravity (G = 0,L = 0).
It is easy to check that K (M) = ||M]? is a first integral for this system and that
is independent of the energy integral.

REMARK 1.3.3. In this case, the Hamiltonian system
I=rxQ
M=MxQ

is reduced to the system M = M x Q (with M = J(Q)), which describes the motion
of a “free” body (without gravity).

1.3.g. The Top. We continue to consider a rigid body, but this time one with
an axis of rotation QG. This means that there is an orthonormal frame where the
last vector is L = GO and the matrix of inertia is the diagonal matrix (¢, ¢, m). We
choose the units so that £ = 1. Then the condition is that M — € is collinear to L.

This case, which Lagrange studied in 1788, is that of a “top”. The tops one
plays with do not really have a fixed point, but instead are constrained to having
one end O of their axis of rotation in a given horizontal plane. For more about this
system, see the classic work by Klein and Sommerfeld [49]. In this book, however,
we consider “Lagrange’s top” to be a reasonable approximation to the toy one
usually plays with.

In this case, it is clear that the moment about the axis of rotation is a first
integral.

Exercise 1.20.
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1.3.h. The Kowalevski Top. We continue to consider a rigid body with
a fixed point but this time when the matrix of inertia J is the diagonal matrix
d =(2,2,1) in a frame where the first vector is collinear to L. As in the case of
Lagrange’s top, there is an equatorial plane, but this time it contains the axis O—C:Y .
In the same basis, we write

U D Y1 —1
M = v ) 0= q , I'= V2 , L= 0
w r Y3 0

Then the function
K =|(p+iq)* + (v +in2) |
is a first integral called the “Kowalevski integral” (see [53]).

REMARK 1.3.4. These three special cases are the only cases of rigid bodies with
a fixed point that are integrable systems. More precisely, in the other cases, there
are no additional independent meromorphic integrals. (The polynomial analog is
due to Husson [43] and the meromorphic case is due to Ziglin [84, 85]. This can also
be established with the help of the Morales—Ramis theorem [62], as in Chapter 111,
see [567].)

1.3.i. Other Examples. There are many other interesting examples of in-
tegrable systems, notably among geodesic flows, which I will address in the next
section. See, for example, the list on page 13 of [8]. Two of the most remarkable
systems that will not appear in this book are the systems studied by Goldman [35]'!
and Hitchin [41].

Exercise 1.26.

I.4. Geodesic Flows

In this section we consider a Riemannian manifold V. Its metric defines a
function L : TV — R, the “Lagrangian”

L(q,é-) = %<£7§>Q7

where ¢ is a point in V' and £ is a vector in T,V
The geodesics of V' are the extrema of the functional

cr— /||c'(t)||2dt

and are given by the Euler-Lagrange equation. We thus let p = dL/9¢ (which
is the linear form (¢,-)4). The Euler-Lagrange equation can now be written as:
p = OL/dq. The Hamiltonian'? is then the function on T*V defined by

H(g.p) =€~ L(a.6) = (66 — 5068y = 5(6:8),

(to be written in terms of p).

HAn overview of some integrable systems on moduli spaces can be found in [9].
125¢e [2] for its construction.
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Geodesics on a Hypersurface and the Space of Lines. Let Q@ C R"*! be a
hypersurface equipped with the metric induced by the Euclidean metric. We can
study the geodesic flow on @) by using a system defined on the space of lines obtained
by associating to each geodesic (a curve on @) the curve of its tangents.

The essential tool for doing this is the “Melrose” hexagonal diagram

T*Rn—i-l

T

*T*Rn—i-l T*R"+1)

\/
\/

by

T*Q Dn

where

o the top of the diagram is the ambient symplectic manifold, here T*R"*!
(as usual, (p,q) denotes a point in this space);

o the second line contains the two hypersurfaces j*T*R"*! (defined by
q € Q where j : Q C R"! is the inclusion map) and S(T*R"*1) (defined
by [|pll* = 1);

o the third line contains their intersection X;

« the next line contains the two spaces of characteristics (see Exercise 1.9)
of the two hypersurfaces, i.e., the cotangent bundle to @ and the space D,,
of (geodesic!) lines of R"*1;

o finally at the bottom of the diagram, X is the unitary cotangent bundle
of @, a hypersurface in T*(@Q whose space of characteristics is the space of
geodesics on @, viewed here as

2= {(p.0) | Ip|* = 1 and p € T;Q}.

The map ¥ — D,, sends (p, ¢) to the line in the direction p and passing
through q.

Thus we have described X as a hypersurface in the two symplectic manifolds
T*Q and D, as well as a submanifold of codimension 3 of the ambient space
T*R™+! from which come all the symplectic structures that we utilize here. Hence
the characteristics of ¥ are the same whether we consider X

« as a submanifold of D,,, the space of lines tangent to @,
e or as the unitary bundle in T*@Q—the space of characteristics is that of
the geodesics on Q.

In other words, any characteristic of the space of lines tangent to ) in the space of
lines consists of lines tangent to a geodesic in (). Or, in the case of a hypersurface of
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R"*!, we can consider the geodesic flow as a Hamiltonian system on the symplectic
manifold D,, of lines.

I.4.a. Geodesics on Surfaces of Revolution. We consider a surface of
revolution in the Euclidean space R3. We parametrize it by a cylinder (a, b) xR/27Z

(s,0) — (f(s)cosb, f(s)sinb, g(s)),

where the meridian curve is parametrized by the arc length s. A tangent vector £
written as

&= ag + Tg
- 0s 00
has norm
1
I€lEs0) = 5(0% + F(5)*7%) = L((5,0), (0. 7).
The corresponding cotangent variables p, and pg are
oL oL 9
ps—a—a—aandpe—g—f(s) T.
Thus the Hamiltonian is
H((s. 0 _ Loy 2 oy _ 17, Ly
((s,0), (ps,po)) = 5(0 + f(s)°1%) = S \Ps Tt Wpe )
and the Hamiltonian system is
$ = ps
1
VIO
. f'(s)
Ps = p
f(s)37°
po = 0.

Since H does not depend on 6, it is clear that pg is a second independent first
integral. This is the simplest way to describe the Clairaut integral, whose classical
description'® appears in Exercise 1.23.

Exercise 1.23.

REMARK 1.4.1. As in the cases of the spherical pendulum and the top (see
Sections 1.3.e and 1.3.g), the second first integral is a moment about the axis of
revolution.

I.4.b. Geodesics on Quadrics. We now consider an ellipsoid in R"*1, that
is, a hypersurface defined by

f(z) = (A" z,2) —1=0.

where A is a positive definite symmetric matrix A of order n + 1.

133ee, for example, volume III of [75].
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Let t — x(t) be a geodesic on this hypersurface and y(t) = z(¢) be its tangent
vector. Saying that x is a geodesic is equivalent to saying that its acceleration ()
has no tangent component or, in other words,

y(t) = Agrad, ) f.
Here grad, f = 24~z and we can easily compute A by differentiating the relation
(A='z,y) = 0 (which says that y is tangent to the ellipsoid)
0= (A2, y) + (A7 2, 9) = (A y,y) + MA 2, A7),
The differential system that yields the geodesics on the ellipsoid is thus
T=y

Afl
< y? y2> A_lx.
[ A= ]|

Integrability (the Classical Approach). Classical theorems due to Jacobi and
Chasles allow us to show that this system is completely integrable!*.

I especially like the geometry of this example and will devote several pages
to it. Readers pressed for time can skip it on first reading (but that would be

j=-

unfortunate!).
The family of “confocal” quadrics to our ellipsoid plays a very important role.
These are the quadrics @ defined by an equation

fo(x) = ((A—21d) ta,2) —1=0

(with the original ellipsoid Qo corresponding to the value 0 for the real parameter z).
For the case of conics (n = 1), this is the family of conics having the same foci as
the given ellipse, hence the term “confocal quadric.” In higher dimensions, the
remarkable characteristic of this family is that the dual family is a pencil, that is,
it is linear.

The first result utilized here is a theorem due to Jacobi that states a generic
point of the space is contained in n + 1 quadrics of the family which are orthogonal
at this point of intersection.

The second one, due to Chasles, states that a generic line of the space is tangent
to n quadrics in the family and that the tangent hyperplanes to these n quadrics
(at the points where the line is tangent to them) are pairwise orthogonal.

Because this is very beautiful, I give a sketch of the proofs of these results
below. Already, notice that the line {u + tp|t € R} is tangent to the quadric @,
exactly when the quadratic equation in ¢

falu+tp) =0

has a double root. Concretely, here the space ¥ from the Melrose diagram is the
hypersurface in D,, defined by ¥, (p,u) = 0, where

U, (p,u) = ((A—21d) " u, p) — (A= 21d)""p, p)) ({(A — 21d) Lu,u) — 1).

14The proof is also classical and can be found, for example, in [76]. It was known to Ja-
cobi [45]. There are more modern proofs as well, using techniques of algebraic geometry. For
more about geodesics on quadrics, see, for example, [79, 50, 65, 6].
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This is a function of z of the form

V. (p,u) = Or.u(2)

[1(e = 2)°
where @ is a polynomial of degree n and where we supposed that A is a diagonal
with eigenvalues «;.
The condition that the line (p, u) is tangent to the quadric @, is thus equivalent
to the fact that z is a root of a certain polynomial Q(, () of degree n whose roots,
Chasles tells us, are real. Locally, we have functions

Zl(p7 u)a .. ~7Zn(p7u)

describing the n quadrics to which the line {u + tp|t € R} is tangent.

If we consider the Hamiltonian system describing the geodesics on the hyper-
surface ) as a system on the space D,, of lines, the functions z1, ..., z, (locally)
define functions on this space, and we now show (following Jacobi and Chasles)
that these functions are in involution.

Let X; be the Hamiltonian field associated to the function z;. It is tangent
to the characteristics of the level hypersurfaces of z;, that is, the space of lines
tangent to the quadric @, (for a fixed value of z;). Thanks to the Melrose diagram
discussed at the beginning of Section 1.4, we know that this hypersurface consists of
lines tangent to a geodesic of @),. We also know that these lines are tangent to Q;
for j # 4. Thus z; is constant along the flow of X;, or in other words, {z;,2;} = 0.

Two Theorems on Confocal Families. Let us now prove the Jacobi and Chasles
theorems that we have just used.

PROOF OF THE JACOBI THEOREM. We begin by translating the statement
into one in terms of the dual family. We will show that every affine hyperplane of
(R™+1)* not passing through the origin'® is tangent to n quadrics of the pencil and
that the vectors corresponding to the points of tangency are pairwise orthogonal.
The equation of quadrics of the pencil is

(A= zId)x,z) = 1.

Consider the quadratic form B(z) = (Az,z) — (z,y) and a line ¢ passing through
the eigenvector corresponding to the eigenvalue z. Thus the quadratic form B—z1Id
and its polar form are zero on ¢. Let y be a point in the space R"*'. The dual
hyperplane is determined by (z,y) = 1; it intersects the line £ at a point xy on
the quadric ((A — zId)z, z) = 1, since (B — zId)xzg = 0. Moreover, since the polar
form on B — z1d is also zero on ¢, the quadric defined by A — z1Id is tangent to the
hyperplane at xg.

The points of tangency of the hyperplane dual to y with the quadrics in the
pencil are the eigenvectors of the quadratic form B. Since B is a real quadratic
form, it has n independent orthogonal eigenvectors. O

15This is the condition of being generic in the original statement.
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PROOF OF THE CHASLES THEOREM. We choose a line ¢ and project (orthog-
onally) R"*! onto the hyperplane /. We consider the apparent contours'® of the
quadrics of the family onto ¢+.

This family of hypersurfaces of ¢+ is still a confocal family. We utilize the
duality that transforms the apparent contour of @ on ¢+ into the intersection of
the dual quadric with £+. Since the intersection of a linear family of quadrics with a
hyperplane is certainly a linear family of quadrics, our family of apparent contours
is indeed a confocal family.

We now apply Jacobi’s theorem to the point of intersection of ¢ with ¢+. It lies
on n quadrics of the family of apparent contours which is equivalent to saying the
line /¢ is tangent to n quadrics of the original confocal family. O

I will come back to this system and its integrability at length in Chapter IV.
Exercise 1.24.

LI.5. Appendix: The Theorem of Darboux
This is a theorem that asserts that, locally, all symplectic forms are isomorphic.

THEOREM L.5.1 ([64, 80]). Let wy and wy be two symplectic forms on W that
are equal at x. Then there is a neighborhood Uy of x in W and a map

'@[J : (Uva) I (W, :E)
such that v*wi = wyp.

REMARK 1.5.2. The map ¢ is then a local diffeomorphism since w{™ = *w("
and these two 2n-forms are volume forms.

COROLLARY 1.5.3 (Theorem of Darboux). Let = be a point on a symplec-
tic manifold W with symplectic form w. Then there exist local coordinates
(P13 Pns 1y - -+, qn) centered at x such that w =" dp; A dg;.

PROOF OF THE COROLLARY. Let U be a neighborhood of 0 in R?” and f :
U — W a coordinate chart centered at z. We consider two symplectic forms on U:
e the form f*w
« the constant form (f*w)o.
By definition, these two forms are equal at 0, so the Theorem asserts that they
are diffeomorphic. The coordinates (¢1,- -, qn,P1,---,Pn) in a symplectic basis for
(f*w)o, transported by v, have the desired property. O

PROOF OF THE THEOREM. We apply the path method of Moser (see [64]).
Namely, for each ¢ € [0,1], we consider the form w; = wgy + t(w1 — wp). It is clearly
closed. Since wy and w; are equal at x, it is nondegenerate at = and thus on some
neighborhood of x since the property of being nondegenerate is an open property.
Then, since the interval [0, 1] is compact, we can find a neighborhood of 2 on which
all the w; are symplectic forms.

16The apparent contour of one of the quadrics is the set of critical values of the projection.
It consists of the images of the points where ¢ is tangent to the quadric.
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Since wg and w; are closed, the same is true for wy — w1, and thus we can find
a 1-form a such that da = wg — wy in a neighborhood of x. Let f be a function
defined on a neighborhood of z such that (df), = as. Then (a — df), = 0 and
d(a — df) = da = wy — wy. By replacing a by a — df, we can thus assume that
a, = 0.

Since the 2-form wy is symplectic, it defines a duality between the tangent and
cotangent bundles, yielding for each ¢, a vector field X; dual to a by w; (i.e., such
that ix,w: = ). We now consider X; as a vector field (depending on the time )
that is zero at = for every t. The flow ¢; of X, fixes z, and thus we can find a
neighborhood U of x on which ¢; is defined and satisfies ¢;(U) C U.

Hence we have
d N [dwt

pr [prwi] = o} — T thwt] = ¢ w1 —wo +wo —wi] =0,

since Lx,w; = dix,wt + ix,dw; = da (from Cartan’s formula and the definition
of @). Thus the form ¢fw; does not depend on t and equals wg at ¢ = 0. The
desired result follows by taking ¢ = ¢1. O

REMARK 1.5.4. The statement analogous to Theorem I.5.1 for Riemannian
metrics is definitely false. In the case of a Riemannian metric, there is a local
invariant distinguishing a neighborhood of a point from its tangent space, namely,
the curvature. We have just shown that there is no local invariant in symplectic
geometry.

A more general theorem can be obtained by essentially the same method [80]. It
describes the tubular neighborhoods of isotropic submanifolds of W (those on which
w is identically zero). In particular, it states that if L is an isotropic submanifold
of maximal dimension (so dim L = % dim W, and L is called Lagrangian), a tubular
neighborhood of L in W is (symplecticly) isomorphic to a neighborhood of the zero
section of T*L (with the canonical symplectic form).

Exercises

EXERCISE 1.1. We consider C™ as a real vector space of dimension 2n. Show
that the (real) bilinear form

w(X,Y)=Im(X,Y)

where the bracket denotes the standard Hermitian form on C", is alternating and
nondegenerate. Compare this with the form defined on R™ x R"™ in Section I.1.a.
Construct a symplectic basis from the unitary complex basis of C™.

EXERCISE 1.2. Let w be a skew-symmetric bilinear form on a vector space F.
Show that there exists a basis ey, ..., e, f1,-.., fr,91,- .., g, of E such that

w(elvf]) = 5i,ja w(eivej) = w(eiagf) = w(.flagf) = w(g[;gm) =0

for all indices i, 7, ¢, and m.
Let dim E = 2n. Show that w™ # 0 if and only if w is nondegenerate.
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EXERCISE 1.3. Let F' be a k-dimensional isotropic subspace of a symplectic
vector space E. Show that there exists a symplectic basis (e1,...,¢en, f1,---, fn)
of F such that (eq,...,ex) is a basis of F.

EXERCISE 1.4 (Symplectic Reduction). Let F' be an isotropic subspace of a
symplectic vector space E. Show that the symplectic form on E defines a symplectic
form on the quotient space F°/F.

Let L be a Lagrangian subspace of E such that L + F° = E. Show that LN F*°
embeds'” as a Lagrangian subspace of F°/F.

EXERCISE 1.5 (The Symplectic Group). Show that Sp(2;R) = SL(2;R).

Compute the dimension of the kernel of the linear map A — *AJ 4+ JA, and
deduce that the dimension of Sp(2n;R) is 2n? + n.

Given a symplectic basis of R?", we write a 2n x 2n matrix as an n x n block

v-(2)

What conditions on A, B, C, and D make this matrix an element of the Lie algebra
sp(2n)? Of the Lie group Sp(2n)?*®

matrix

EXERCISE 1.6. Let L be a Lagrangian subspace of a symplectic vector space E.
Show that the group of symplectic automorphisms of F that restrict to the identity
on L is isomorphic to the group of matrices of the form

Id B
0 Id)’
where B is a symmetric matrix. Show that this group is Abelian.

EXERCISE 1.7 (The Liouville Form is Canonical). A differential 1-form on a
manifold V' is a section of the cotangent bundle T*V

n:V—TV n(x) € T, V.
(Do you agree?) Letting a be the Liouville form, show that
n'a=n.

EXERCISE 1.8 (Symplectic Form on the Torus). Show that the standard sym-
plectic form w = Y dp; A dg; on R?" defines a symplectic form on the torus
T?" = R?"/Z*" when we pass to the quotient.

EXERCISE 1.9 (Symplectic Reduction—Continuation). Let (W,w) be a sym-
plectic manifold. If V' C W is a hypersurface, what can be said about the rank of w
on V7 Suppose that the integral curves of the kernel of wy,, (the “characteristics”)
form a manifold Z. Show that w defines a symplectic structure!® on Z.

17A minor miracle of symplectic geometry.
18This is another way of computing the dimension of the symplectic group.
9The symplectic manifold obtained is called “the space of characteristics”.
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o Determine the symplectic manifold obtained when W = R**! x R"*! and
V =85" x R,

« Consider the set of geodesics (oriented but non-parametrized curves) on a
Riemannian manifold, which we suppose is a manifold. Show that it can
be equipped with a symplectic structure.

EXERCISE 1.10 (Hamiltonian Vector Field and the Poisson Bracket in Coordi-
nates). Show that on W = R" x R™ with the standard symplectic form, we have

OH OH O0OH OH
XH(le"'7qnap17"'7p”): ( . >

TR T TR
for any function H and

(ray =3 (gLou 20 20

£~ \0p; 0g;  Op; dg;

for all functions f and g.
What are the values of the Poisson brackets {p;,p;}, {pi,q;}, {¢i,q;}7

EXERCISE 1.11. Show that any Hamiltonian vector field on a compact symplec-
tic manifold has a zero.

EXERCISE 1.12. Consider the phase space R x R, and fix a real number a > 0.
Write out and solve the Hamiltonian system associated to the function H = %pQ +
1ag?, and draw its trajectories.

EXERCISE 1.13. Show that the standard symplectic form on R"+! x R*+! re-
stricts to a symplectic form on the submanifold

75" = {(a,p) | llal* =1 and q-p = 0}

EXERCISE 1.14. Let W be a symplectic manifold. Suppose that V' is a symplec-
tic submanifold of W, that is, that the symplectic form on W defines a symplectic
form on V.

o Show that, for any v € V,
T,V& (T, V) =1TW.

e Let H: W — R be a function. Show that the Hamiltonian vector field of
the restriction of H to V is the projection of the Hamiltonian vector field
Xp to the tangent bundle of V' (for the decomposition obtained above).

« Use this method to compute the Hamiltonian vector field for the spherical
pendulum.

EXERCISE 1.15. Let X and Y be two vector fields that are locally Hamiltonian,
i.e., such that ixw and iyw are closed forms. Show that their bracket [X,Y] is
(globally) Hamiltonian, i.e. that the form ix yw is exact.

EXERCISE 1.16. In defining Hamiltonian vector fields and the Poisson bracket,
the only property of the symplectic form that we have used is that it is nondegener-
ate. Thus let w be a nondegenerate 2-form. Determine (dw),(X,Y, Z) when X, Y,
and Z are vectors in T, W that are the values at = of the Hamiltonian vector fields
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associated to three function f, g, and h. Show that w is closed if and only if the
Poisson bracket it defines satisfies the Jacobi identity?°.

EXERCISE 1.17. Let Q be the vector space of quadratic forms on R?®. What is
its dimension?

Consider the standard symplectic form w = 3" dp; Adg; on R?". Show that Q is
invariant under the Poisson bracket and that the Lie algebra (Q, { , }) is isomorphic
to the symplectic Lie algebra sp(2n; R)?L.

EXERCISE 1.18. In the (¢,p) plane, draw the level sets of the Hamiltonian
H = %p2 — cosq for the simple pendulum and the trajectories of the vector field
(see also Figure 4 in Chapter II).

EXERCISE 1.19. Consider the Hénon—Heiles Hamiltonian

1 A
H =5t +p3) —a:(A+a) - ¢
(see Section 1.2.d) with A # 0.

o Draw the trajectories of Xy contained in the plane g2 = ps = 0.
o Determine explicitly the solution (g1 (¢),p1(¢)) such that

1 A
SPR() — Sa3(0) = 0.

EXERCISE 1.20 (The Rigid Body). Show that the bilinear forms w(r sy defined
by

e ((Em)s (€)= (Ex M 4T xn) & + (T x &) -7
define a symplectic form w on the 4-dimensional manifold

Wa:{(F,M)eR3><R3||\r|\2:1andr.M:a}.

Using the notation from Section 1.2.g, check that the Hamiltonian vector field as-
sociated to H = $M - Q+T - L is

Xg(D,M)=TxQ M xQ+T x L).
Let L = 0 (this is the Euler—Poinsot case). Show that the function K defined by
2
K(M) = [|M]]

commutes with H.
Finally, suppose that M — € is collinear with L (this is the case of the top).
Show that the function K defined by

K(M)=M-T
commutes with H.
20This is the best possible justification for requiring the closure condition in the definition of

a symplectic form: the Poisson bracket should define a Lie algebra structure.
21This is a third way to compute the dimension of the symplectic group.
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EXERCISE 1.21. Consider the function K defined on R? x R? by
K = ¢ + 44765 + 4p2(p2q1 — p1g2) + 8A(d5q1 — p5 + 2A43).

Show that the Hénon—Heiles Hamiltonian (see Section 1.2.d) commutes?? with K if
and only if A = 6.

EXERCISE 1.22. Consider the Hamiltonian H of the spherical pendulum and
the moment
K(q,p) = q1p2 — q2p1.
By calculating the Poisson bracket {H, K}, show that K is indeed a first integral.

EXERCISE 1.23 (The Clairaut Integral). Consider a surface of revolution. For
a geodesic c¢(t) on the surface, let a(t) be the angle the vector ¢(t) makes with the
meridian passing through c(t), and let r(¢) be the distance from c(¢) to the axis
of rotation. Show that r(¢) sin «(t) does not depend on ¢ (by showing that, in the
notation of Section I.4.a, we have py(t) = r(¢) sin a(t)).

EXERCISE 1.24. Using the notation of Section 1.4.b, show that the Hamiltonian
system associated to the function %\Ilz on the space D,, of lines is

{P =1Ip
i=Tu—(A—21d)"!p,
biuj — pjuq
(ai = 2)(0j — 2)
EXERCISE 1.25. The complex?? vector space C?" is equipped with the symplec-

tic form > dp; A dg;. Consider a matrix A € sp(2n; C).
Show that the characteristic polynomial of A has the form

P(X) = "QN)Q(-N)
for some integer r and some polynomial Q.
Show that there exist symplectic subspaces F1,. .., E; of C?", pairwise orthog-
onal and invariant under A, such that C** = E; & --- @ E;, and such that each E;
has a symplectic basis in which the matrix A, has one the following forms

where I is the matrix with entries I'; ; =

« 0

-1 . -1

-1 « -10

22The second first integral comes from [20].
230ne can obtain analogous results in the real case. As always in linear algebra, this case is
somewhat more delicate but not much more difficult.
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where « is complex number and where all the entries not written are zero.
Now consider the vector space C?" with a matrix B of one of the above forms.
Show that the subspace

Zp ={M € sp(2r;C) | [M, B] = 0}
is a Lie subalgebra of sp(2r; C) containing an Abelian Lie subalgebra of dimension .

EXERCISE 1.26 (Normal Form for Quadratic Forms). This exercise is a simple
reformulation of the one above. Let ) be a quadratic form on the complex vector
space C?" equipped with the complex symplectic form Y dp; Adg;. Show that there
is a decomposition of C2" into a sum of symplectic subspaces E1, ..., B, pairwise
orthogonal for the symplectic form and for the quadratic form @, such that

e C"=FE & - --®FE; and
o cach F; has a symplectic basis in which the quadratic form @) E, is either
of the form

alprgr + -+ porar) — (P21 + - + Pr@r—1)
or

1
P24+ Prgr_1 + 5(1?-

Show that a quadratic Hamiltonian on C?" must have n independent first integrals
in involution. In particular, it is integrable?*.

24These results (including the real case) are due to Williamson, in [82] for the normal forms
and in [83] for the integrability.



CHAPTER 1II

Action—Angle Variables

In this chapter, I prove the Arnold-Liouville theorem®, which describes a sym-
plectic manifold and completely integrable Hamiltonian system in a neighborhood
of a common regular level set of first integrals for this system. With a compactness
hypothesis, these regular level sets are Lagrangian tori on which the Hamiltonian
system is linear.

The “semi-local” model is that of a Hamiltonian action of a torus—an impor-
tant concept in symplectic geometry. We thus open this chapter with a discussion
of Hamiltonian torus actions.

For the proof of the theorem itself, I have closely followed Duistermaat’s beau-
tiful article [24]. The general commentaries about Lagrangian fibrations can also
be found in [4].

Terminology. The notion of “action-angle variables” is exactly the same as that
of “action angle coordinates”. We will utilize the former more classical language in
this book.

I1.1. Hamiltonian Torus Actions

II.1.a. Symplectic Actions. Let G be a Lie group acting on a symplectic
manifold (W,w). We say that the action is symplectic if G leaves w invariant, that
is, if we have

Jw=uw
for all g in G. This can be stated in terms of fundamental vector fields that describe

infinitesimally the action of G. For any vector X in the Lie algebra g of GG, we define
a vector field X on W by

X(z) = %(exp(tX) )]y

This is called the fundamental vector field associated to X. By differentiating the
relation g*w = w, we see that
VX eg Lgw=0.

Since the form w is closed, Cartan’s formula implies that di gw = 0, and thus the
forms i gw are closed.

IThis theorem is stated (and proved) in Arnold’s book [2] under the name of “théoreme de
Liouville”. As I learned in San Vi-Ngoc’s thesis [78], one can also find this theorem in an older
but forgotten paper by Mineur [60].

25
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I1.1.b. Hamiltonian Circle Actions. Let G be the circle S = R/Z. The
Lie algebra is R. Let X be the canonical basis vector of R. This vector defines
“the” fundamental vector field of the action of S'. The action is symplectic if and
only if the form i gw is closed. If it is ezact (that is, if there is a function H such
that i gw = —dH), we say that the action is Hamiltonian.

Periodic Hamiltonians. Now going in the other direction we begin with a func-
tion H on a symplectic manifold. It defines a vector field Xz. We have seen in the
2-dimensional examples (see Sections I.2.a and 1.2.b) that this vector field often has
periodic orbits?.

We consider the case of a Hamiltonian vector field that is truly periodic (that is,
not only are all its orbits periodic, but all its orbits have the same period). We can
then consider the corresponding flow of the vector field as a circle action. We thus
have a function H : W — R whose Hamiltonian vector field X g is the fundamental
vector field of an action of the circle S'. This means that S' acts on W as

S'x W — W
(t,z) — t -z,

and that the vector tangent to the orbit at = is Xy (x). As Figure 1 indicates, we
can also write

dile(ew . x)|0:0 = Xpy(z).
/N A
N

F1GURE 1. The fundamental vector field

We say that H is a periodic Hamiltonian, or, equivalently, that the S'-action
is Hamiltonian. We also say that H is a moment map for the action of the circle.

ExXAMPLE II.1.1. The simplest example is that of the harmonic oscillator

1 1
H == 2 4z 2
ol T3
(see Section 1.2.a), which is the moment map for the action of S on R? by rotations

about the origin.

Exercises I1.1, I1.2.
To conclude this section, I include a result which will be useful in the proof of

the Arnold-Liouville theorem.

2The Arnold-Liouville theorem that we discuss in this chapter is a very precise way of gen-
eralizing this remark.
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PROPOSITION 11.1.2. Let (V,w) be an exact symplectic manifold, and let X
be a 1-form on V satisfying w = d\. Then any symplectic action of S* on V is
Hamiltonian with Hamiltonian

J(v) :/ A
St.v

PRrROOF. The proof is straightforward: we compute (dJ),(Z) for Z in T,V and
show that

(dJ)o(Z2) = w(Z,Y (v)),
where Y is the fundamental vector field of the action of the circle.

Thus let v be a point in V' and Z be a vector tangent to V' at this point. We
begin by extending Z to an invariant vector field along the orbit of v by setting

Z(t-v) =Tyt(2).
We then extend Z to a vector field (still called Z) on V and set

1
J(v) = /O Ao (Y (t - 0))dt

(here, as the readres have understood, ¢ denotes both an element of S = R/Z
and the corresponding element in [0, 1]) and differentiate. We must calculate the
derivative of the function

v Aoy (Y (- 0))
on Z (for a fixed ¢ in S*), which we see is equal to

(L2N) o (Y (- 0)) + Ao (LY )(E - 0).

The second term of this sum is zero. Indeed, we have LzY = —Ly Z, and (Ly Z)(t-
v) depends only on the field Z along the orbit of v (see Lemma III.1.3). Then, since
Z is invariant along this orbit, we have Ly Z (¢ - v) = 0.

We now compute the first term. We have

dN(Z,Y)=Z -NY) =Y - \Z) = M|Z,Y)).

We have already said that the bracket [Z,Y] is zero at the points ¢ - v; thus the last
term is zero, and we have

(L) oY (£ -0)) = (AN (Z(2 - 0), Yt 0)) + (Ly Vo (Z(E- V).

To calculate (dJ),(Z), we have to integrate the remaining two terms on [0, 1].
We start by the second term. By differentiating the function

t— Ao (Z(t-0)),
we get
%(Am(za 0))) = (Ly N eo(Z(t-0)) + Mo (Ly 2)(E - 0)) = (Ly N Z(E - ).

Then integrating gives us

1 1 d
/O(Ly)\)t.v(Z(t-v))dt:/o %()\t.v(Z(t-v)))dtzo.
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Up to now, we have only used the fact that w is exact and that we can extend Z
to an invariant vector field along the orbit of v. We now will use the fact that Y is
the fundamental vector field of a symplectic action; that is, we have

Lyw =0, or diyw = 0.
Since Y and Z are invariant along the orbit of v, we see that the function
t— wi (Z(t-v),Y(t-0))

is constant. Indeed, its derivative with respect to t is

d
(%wm) (Z(t- ), Y () + @i (By Z)p, V(£ 0)) + Wi (Z(E- ), (Ly Y)(E-v)),
a sum of three terms all of which are equal to zero. Finally, we have that

1
/0 wo (Z(t-0), Y (t-v))dt = wy(Z,Y (v)),

that is,
(dJ)s(Z) = wo(Z,Y (v)),

which is what we wanted to prove. O

REMARK II.1.3. We did not actually use the full hypothesis that the action is
symplectic (Lyw = 0). Instead, we only needed the fact that

iyLyw =0.
Thus the proposition remains true under this weaker condition.

II.1.c. Hamiltonian Torus Actions. More generally, if a torus T' (written
as a product (S1)*) acts on a symplectic manifold W, we obtain k vector fields
X1,..., Xk, the fundamental vector fields of the k factors. We say that the action
is Hamiltonian if each of these is a Hamiltonian vector field. By putting together
all of these periodic Hamiltonians, we obtain the map

H=(Hy,...,H): W — RF,

which is called a moment map®.

The Lie brackets of the fundamental vector fields X7, ..., X are 0 since the
group T* and its Lie algebra are Abelian®. This implies that {H;, H;} = 0 and
the subspace of T,,W generated by the vectors Xi(z),..., Xk(x) is isotropic (see
Section 1.3).

We deduce from this that H is constant on the orbits. We have

dH;(X;) ={H,;,H;} =0,

and thus (dH), is zero on the subspace generated by the fundamental vector fields,
that is, on the tangent space to the orbit of z.

St is easy to find definitions that are more intrinsic (here I made use of a basis) and more
general (by replacing the torus by a Lie group). See, for example, [15].

4Here we use the fact that the bracket of fundamental vector fields is the fundamental vector
field of the bracket.
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Orbits, Effective Actions. By using equivariant tubular neighborhoods of the
orbits, one can show® that

« the stabilizers of the points in a neighborhood of = are subgroups of the
stabilizer of = (since the torus T" is Abelian).

o if W is connected, there is a dense open set in W whose points have
the same stabilizer (since the group is compact and Abelian), and, in
particular, this stabilizer is contained in all the stabilizers of the points
of W.

We say that the action is effective if each element of the torus (except 1) effectively
displaces a point on the manifold

VteT —{1},3zeW, t-xz#ux.

This is to say, equivalently, that the intersection of all the stabilizers of points of W
is the trivial subgroup. Thus there is a dense open set of points of W with a trivial
stabilizer. Consequently the orbits of these points are tori T'.

We suppose that the torus T acts effectively on the manifold W. The vectors
X1(z),..., Xp(zr) are independent on the dense open subset U of W consisting of
points x with trivial stabilizer.

As in Section 1.3, we deduce that the maximum possible dimension of a torus
acting effectively on a 2n-dimensional symplectic manifold is n. Hence the moment
map of this action is an integrable system.

ExampLE I1.1.4. In Example II.1.1, we saw that the harmonic oscillator H =
1(p? + ¢?) is the moment map for the action of S* on R? by rotation about the
origin. More generally,

1

H=5pi+d 0 +a)

is the moment map for the “product” action of the torus 7" on R?”. The most
beautiful of all these Hamiltonian actions® is that of the torus 7™ on the projective
space P"*(C). See Exercise I1.5.

Exercises 11.3, 11.4, I1.5; see also IV.20.

I1.2. The Arnold—Liouville Theorem

This theorem states that in a neighborhood of a compact connected component
of a level set of an integrable system, we are in the situation of a Hamiltonian action
of a torus.

Here we consider an integrable system, that is, a 2n-dimensional symplectic
manifold (W, w) with a map f : W — R™ whose components fi,..., f, are inde-
pendent and in involution.

5See, for example, [21].

6The generalization to the action of the torus T™ of diagonal unitary matrices by conjugation
on the Hermitian matrices is not bad either! See [15] for an elementary discussion (including
figures) of these examples.
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I1.2.a. The Local Action of R™. The manifold W is equipped with a local
action of R™ that is locally free at regular points of fi,..., f, as we show now.
Let X1,..., X, be the Hamiltonian vector fields associated to the f;. These vector
fields commute

[Xl'a Xj] = X{fi:fj} =0.
We then obtain the action of R™ by integrating, i.e.,
tx =l oo opl(x),
where ; is the flow of X; and t = (¢1,...,t,) € R™ is sufficiently close to 0 (so
that ¢! is defined).

This local action is locally free” on the open set of regular points in W, since

the vector fields X; are independent at these points.

When the Vector Fields are Complete. Let us make now the additional hypoth-
esis that the vector fields X; are complete (so the flows ¢;* are defined for all values
of t;). We then have a locally free action of R™ on the open set of regular points on
W. Since the vector fields X; are tangent to the common level sets of the f;, this
action preserves these level sets.

The connected components of the level sets of f are homogeneous spaces of R™
by discrete subgroups. The discrete subgroups of R™ are the ZF lattices of the
vector subspaces of dimension k. Then any connected component of the regular
level sets is R" ™% x T* for some k where 0 < k < n.

Liouville Tori. The compact connected components of the regular level sets are
thus tori 7", and these tori are Lagrangian.

REMARK II.2.1. We do not need to require that the flows are complete to
obtain this result since on a compact connected component, the flow is complete.

REMARK I1.2.2. There are examples of integrable systems whose integrals are
not proper. This is the case for intsance for the Hénon-Heiles system (see Sec-
tion 1.3.c) and for another celebrated system, the Toda system. See, for exam-
ple, [31, 33] for the Hénon-Heiles system and [7] for the Toda system.

Exercises 11.7, 11.8, 11.9.

I1.2.b. Construction of “Action” Variables. We can describe the results
of Section II.2.a by saying that the level sets of the first integrals have a natural
affine structure (see Exercise I1.8).

REMARK I1.2.3. This affine structure is defined by integrating the Hamiltonian
vector fields of the first integrals. In particular, the solutions of the Hamiltonian
system are linear in this affine structure. I will return to this tautology in Chap-
ter IV.

"Recall that a local action of a Lie group G on a manifold W is locally free if the fundamental
vector fields are independent at some point on W. See also Exercise I1.7.
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There is also a transverse affine structure defined in terms of the action vari-
ables, which we will now construct.

Fix a regular value ¢ of f and assume f~1(q) has a compact connected com-
ponent which we denote by F,. We want to study what happens near F,. Since
the regular values of f form an open set, there is a neighborhood U of g in R"
consisting entirely of regularly values.

A Neighborhood of a Liouville Torus. Since F is compact, there is a relatively
compact neighborhood V' of F, in the manifold W such that f(V) C U. Let g be
the restriction of f to V. The map g : V — U is a submersion that I will assume is
proper. By shrinking V' and U as necessary, we can trivialize the fibration g (this
is the Ehresmann fibration theorem [25, 26]) and obtain a diffeomorphism

T7:V—UXxXF,

such that 77! ({u} x F,) = g~!(u), the fiber of u.
As we have remarked, Fj, and the other fibers are tori. Using 7, we can also
construct sections of ¢g. Fix a point p in Fj,. In U x Fy, we have the obvious section

u— (u,p). We look at its image o under 7~ (see Figure 2)

a(u) =77 (u,p).
This is a section of g.

Deformation of the Lattice. We now use this section o to show that the tori
g~ 1(u) can be continuously deformed, in the sense that g~—!(u) is the quotient of R™
by the stabilizer® P(o(u)), which depends only on u and, as a function of u, is €.

Fy F,
Vv U x F,
-
ag R E
p i
u q U u g v

FIGURE 2

The idea is to apply the implicit function theorem to the equation
t-o(u) =o(u).
We fix tg € P(p) C R™. Let A be a neighborhood of ¢y in R” and B a neighborhood
of p in Fy, with A and B sufficiently small so that
teAandueU = 7(t-o(u)) € {u} x B.
8In this proof, I use the notation P(p) to denote the stabilizer of the point p, a lattice in R™,
with the letter P standing for “periods.” These lattices, which play an essential role in the theory

and particularly in this chapter, were foreshadowed by the cream puffs of this book’s opening
quotation.
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Since F, = R"™/P(p), we can think of the open subset B of F, as an open subset
of R"™.
We have thus defined a map
0:AxU—B
(t,w) — 7(t-o(u)) —p
(with subtraction in the sense of the affine structure defined on the torus Fy). We
then have

Ot,u)=0<=71(t-o(u)) =p
= t-o(u) =o(u)
<=t € P(o(u)).

The partial differential (d;©);,,) of © with respect to the variable ¢ is the compo-
sition of the differential (d7);.o(y) of the diffeomorphism 7 and the differential of

0
t — t-o(u). This has rank n since it sends the vectors ETe of the canonical basis
i
to the independent vectors X;(o(u)).

Since the partial differential (d¢©) .,y has rank n, the implicit function theorem
gives us a function 7' : U — R"™ (by shrinking again the open set U if necessary)
such that

{(t,u) €AxUandt=T(u) <t ou) =olu)
T'(p) = to.
Then, by letting ¢y run over a basis of the lattice P(p), we obtain a basis of the

lattice P(o(u)) depending in a € fashion on w.

The Action of the Torus T". Let (T1(u),...,Tn(w)) (for u € U) be such a
basis. This is a basis for the lattice P(o(u)) with periods in R™. The corresponding
vectors Yi(v),...,Y,(v) in T,V form a basis of the vectors tangent to the fiber
(Figure 3).

0/0ta  Ta V-
2

Ty

i
a/0t: X,
T,V

FIGURE 3

For those who like formulas: writing 7T;(u) in the canonical basis of R™ as

Tiu) = 3 Tosl)

i=1
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we have
=3 " T;i(f(v)X;(v).
j=1

The vector fields Y3, ..., Y, are, by definition, periodic with period 1. Moreover, if
we let 1! be the flow of V;, we have that

¥ (v) = (tTi(f(v))) - v,.
This implies that

’

Vi oyt (v) = tTi(f (¥ (v))) - ¥ (v)
=tTi(f(v)) - (H'T;(f(v)) - v)
= ' Ti(f(v)T;(f(v)) - v
(by using the fact that f(@/}j-/ (v)) = f(v)), and thus Y; and Y; commute.

We have thus defined an action of the torus 7" = R"/Z"™ on V. We conclude
that the Y; are periodic with period 1, independent of u.

’

A Primitive of the Symplectic Form. We will construct the action coordinates
by integrating a 1-form on the trajectories of Y;. We now turn to constructing this
1-form. We can assume that U is a ball’; in which case V' can be retracted to F.
We have in particular, that H*(V;R) = H%(F;R).

Now, since F is isotropic, the class [w] of the symplectic form w in H?(F,;R)
is zero. Thus it is also zero in H?(V;R), i.e., the symplectic form is exact on V.
Let A be one of its primitives (i.e., A satisfies w = dA).

Definition of Action Variables. We set

1
- / A(Y:) o g (v)dt.

Here we are integrating the function of ¢ obtained by evaluating the form A at
the point ¢!(v) on the tangent vector Y;. By setting v;(t) = ¢f(v), we define a
loop parametrized by [0,1] that is the orbit of v under the action of the circle
corresponding to Y;. Then the function J;(v) is none other than the integral of the
form A along the path ~;

Ti(v) = / A

ProOPOSITION 11.2.4. The action of the torus T™ on V is Hamiltonian, and its
moment map 1s

J=(J1,...,Jn): V—R"

PrOOF. We will prove this by applying Proposition I1.1.2 (or, more precisely,
the variation of it given in Remark I1.1.3) to the exact symplectic manifold V, for
the action of each of the factors of T™. The only thing we need to check is that

9See, however, Section I1.2.d.
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each of the fundamental vector fields Y; satisfies iy, Ly, = 0. By Cartan’s formula,
we have

ty;Ly,w = iy, diy,w
—ivd (3 Tidfy)
=iy, (Y dmi,; ndsy)

But Y; is tangent to the fibers of f and T} ; is constant on these fibers. Thus Y; lies
in the kernel of dT; ; and in that of df;. U

Some Consequences. Notice that of course J(v) depends only on f(v): it is a
moment map, it is constant on the orbits. This could also be checked directly.

Notice also that the map J has rank n (and so the action of the torus is
effective). Indeed, we have

(dJ)U(Z) = (wv(Zv 1/1)5 et 7wU(Z7 Yn))a
and this linear map has rank n since the vectors Y; are independent and the form w

is nondegenerate.
Exercise 11.10.

I1.2.c. Construction of “Angle” Variables. We summarize the previous
episodes. We have a symplectic fiber bundle

J:V—=U

whose fibers are Lagrangian tori and an action of 7" with moment map J.

As above, we can utilize a section o of the fiber bundle and a diffeomorphism 7
mapping it to U x Fy. Since Fy is a torus R"/Z", we have coordinates (61,...,6y)
on Fy, and thus coordinates (Ji,...,Jn,01,...,60,) on V.

In these coordinates, the symplectic form can be written as

w = ZdJl A\ d01 + Zai,jd.fi AN de

(where no terms including df; A df; appear since the fibers are Lagrangian).

We set n =" a; jdJ; AdJ;. A priori, the a; ; could depend on the 6y; however,
they do not since the fact that w is closed implies that 7 is as well, and thus 1 does
not depend on the ;. More intrinsically, n = o*w is closed since w is.

The form 7 is thus a closed form on U. We have already supposed (and utilized
the fact) that U is contractible. Thus 7 is exact, so n = dA for some form A on U
of the form

A=Y Adl;.
The A; are functions on U. We use them to modify the section o as follows: set
i =0; — A;
(the new “angles”) or

S(Jl,...,Jn):(Jl,...,,]n,ﬂl—Al,...,ﬁn—An),
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or abbreviating,
$(J1yeeeydn) =0(J1, ooy dn) — (A1,..., Ap).
Finally,
s*w=0"w—dA =0,
and thus
w= ZdL' A dp;.

REMARK I1.2.5. We can modify J by adding a constant and modify ¢ by adding
a function of J (only), and still obtain “action—angle” variables.

The Hamiltonian System in Action—Angle Variables. 1t has a particularly sim-
ple form. First of all, the Hamiltonian H is in the algebra generated by the first
integrals, and thus is a function of Jy, ..., J, only. We write this as

H(J?) = h(Jl, ey Jn)
Next, since the coordinates (J1, ..., Jn, ¢1,- - ., ©n) are symplectic, the Hamiltonian
system can be written in these coordinates as
. oh oh
Ji=— =0and ¢; = — =a;(J1,...,JIn).
i R Pi aJ; i(J1 n)
Using this form, it is easy to check that the solutions are angles ¢; depending

linearly on ¢ on the level sets of J. It is clear that such a system is integrable by
quadratures, hence the terminology “integrable system”.

I1.2.d. The Global Problem. One interesting question is to know “how
far” we can extend these action—angle variables. To do this, we return to the proof
and examine the various shrinking operations we applied to the open set U. For
simplicity, we suppose that f is proper. We realize successively that it suffices for
the open set U to satisfy the following properties:

o First of all, U is connected and contained in the set of regular values of f.

e Over U, the bundle g : V' — U is trivial. This is certainly the case if U is
contractible!?.

o The implicit function theorem can be applied globally: since the derivative
of the map © is of rank n as soon as the X; are independent and thus
over the open set of regular values of f.

o We needed to use a primitive of the symplectic form on V. To do this, we
used the isomorphism

H*(U x F;;R) = H?(F,;R)
which, according to the Kiinneth formula, holds whenever
HY(U;R) =0 and H*(U;R) =0,
and in particular whenever U is contractible.

We have shown the following more global result.

10However, note that since the torus bundle V' — U is not a priori principal, it is not
necessarily trivial even when H?(U;Z) is zero. See the examples I1.3.c and I1.3.d.
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ProproSITION I1.2.6. Let U be a contractible open subset of R™ consisting
of reqular values of f and let V be a connected component of f~1(U) such that
f‘V : V. — U has a compact fiber. Then there are global action—angle coordinates
onV.

The foundational article by Duistermaat [24] includes a more general discus-
sion where it is shown that the absence of monodromy, in particular, the simply-
connectedness of U and the triviality of H2(U;Z), implies the existence of global
action—angle variables.

REMARK I1.2.7. If one of the components of f, for example the Hamiltonian,
is proper, then the compactness hypothesis is automatically satisfied.

ExaMPLE I1.2.8. In the case of geodesics on quadrics, one can show (see Sec-
tion IV.3.c and [6]) that the connected components of the set of regular values
are simplices, and in particular contractible, yielding action—angle coordinates over
each of the components (see Section IV.3.d and [10]). However, note that the
inverse images of these components are never connected!.

ExAMPLE I1.2.9 (Counterexamples). There are two classical counterexamples,
the spherical pendulum and the symmetric top (see [24] or [22]). In both cases,
f has an isolated singular point in the middle of the open set of its regular points
(see Exercises 11.13 and IV.12, as well as Figure 7). The open set U in question is
not simply connected, thus failing to satisfy the hypotheses of Proposition 11.2.6.
One can show that the fibration V' — U is not trivial, and thus there are no global
action—angle coordinates for these two systems. See [24] and [22] (and also [11],
for a different point of view).

I1.2.e. The Real Analytic Case. The proof we used here does not work well
in the real analytic case. Indeed, the proof used the Ehresmann fibration theorem,
which does not apply to the real analytic case: there are real analytic families that
are not (analytically) locally trivial. Nonetheless, the real analytic version of the
Arnold—Liouville theorem does hold. Instead of using the fact that the fibration is
locally trivial, followed by the section ¢ and the implicit function theorem, we can
directly show that the level sets form an analytic family of tori, with the lattice
depending analytically on u (see, for example, [44]). Then the rest of the proof
follows in the same way as for the complex case.

I1.3. Examples

We now return to the examples described in Chapter I to study what the
Arnold—Liouville theorem says about these cases, mainly from a topological point
of view.

1 An assertion that is easy to check: geodesics are oriented curves, and this helps the regular
level sets to have an even number of connected components. For a precise counting of Liouville
tori, see [6].
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I11.3.a. The Harmonic Oscillator. All the values of H = %p2+ %qQ except 0
are regular. The Liouville tori are the circles centered at the origin. The angle

variable is the angle 8 of polar coordinates, and the action coordinate is %72 (that
is, H).

|
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FIGURE 4. The Simple Pendulum

I11.3.b. The simple pendulum. Figure 4 shows the level sets of the Hamil-
tonian H, which are the supports for the solutions to the differential system asso-
ciated to

1,
H = §p — €08 q.

The ovals such as the ones shown in Figure 4 correspond to small (almost periodic)
movements of the pendulum.

Although this 2-dimensional example is quite simple, it is still worthwhile to
make sure one understands it completely (see Exercise I1.12).

I1.3.c. The Spherical Pendulum. The regular values and the Liouville tori
for the spherical pendulum are derived in great detail and down-to-earth way
in [22], where one can also find a long discussion of the existence, or rather the
non-existence, of global action-angle variables. It is thus not unfair to propose these
results as an exercise, which, in fact, appears twice in this book: first using a direct
method (Exercise I1.13) and then by a more elegant, calculation-free one using the
methods of algebraic geometry presented in Chapter IV (Exercise IV.12).

I1.3.d. The Top. We use notation from Sections 1.2.g and 1.3.g. The phase
space is the manifold

Wa:{(F,M) eR*xR®| D)% =1 andF-M:a},
and the Hamiltonian is H = %M -Q+1T-L. Let
1
H'(T, M) = 3 |M|?+T- L.

It is easy to show'? that H’ is a first integral for the motion of the top, and that
the functions (H', K') and (H, K) have the same rank.

12The gaps in this proof are enumerated in Exercise II.15.
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We determine now the regular values of the map (H’, K). The rank of this
map at the point (M,T) is that of the pair of linear forms

{(dH/)(RM)(%,U) =L-v+M-p
(dE) @, my (v, ) = L - p

on the vector subspace

I''v=0
M-v+T-p=0.

L I M
Thus we need to determine the rank of the matrix < 0

. Saying that
MLOF) aying tha

this rank is not maximal is equivalent to having

xL + 4+ 2I' + tM =0
tM + yL + + T =0
for some x, y, z, and t not all zero.

o If these two equations are independent, then the vectors L, I', and M are
collinear; thus L = eI" (with ¢ = +1 corresponding to the case where the
axis of the top is vertical) and M = al'. At these points, (H', K) has rank
zero and takes the values H' = %ag + ¢ and K = ca.

o If they are related with, say, t # 0, there exists x # 0 such that yx = ¢,
Xy =z, xt = z. Setting t = 1, we see that there exists a real number A
such that A™'T'+ M + AL = 0.

The regular values of (H', K) are those for which all the roots of the polynomial

Q) = |0+ MA+ LN’

are simple.

In the case where a < 2, the image of the map (H’, K) is very similar to that
of the map (H, K) for the spherical pendulum (see Figure 7). In particular, the set
of regular values is not simply connected. See [22] for a proof that the fibration by
the Liouville tori also has no global section. We now determine these Liouville tori.

PROPOSITION I1.3.1. The regular level sets of (H',K) are connected.

PrOOF. The results of Exercise 11.15 imply that the set of regular values of
(H', K) is connected (although not necessarily simply connected). It thus suffices
to show that certain regular level sets are connected. I will show this is the case
for those those for which K is submersive. Let k be a regular value of

K: W, —R.

The group of rotations about the axis L of the top preserves K ~!(k) by definition:
K is a moment map for the action of the circle on W,. Thus we can consider the
“reduced symplectic manifold” W, = W,/S? (see Exercise 11.4). Since W, has
dimension 4, W, ; is a surface. Since H' commutes with K, we can pass to the
quotient and define a Hamiltonian (which we will still denote by H')

H War — R
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The level set corresponding to the value (h', k) of (H', K) is a circle bundle on the
level set A’ of H' in W, . To establish the proposition, it suffices to show that this
is connected.

Consider the orbit of a point (I', M) of K~1(k). In the orthonormal basis used
to diagonalize the inertia matrix J (see Section 1.3.g), set

M u
I'=|vwn| andM=|wv
k

3

r— (F02) gnaam= (4T
Y3 k

The circle acts as follows

0. (T, M) = ((me(’yl7 : m)) | <ez‘e(uk+ iv))) |

Note also that if M -T" = a, we have k = +a, which is a critical value of K as noted
above. Since we assume k is a regular value, we have y; + i72 # 0, and each orbit
has a unique representative with 4 > 0 and 2 = 0. We fix a 3 in (—1,1). Then
y1=+/1—7%and I'- M = a implies u = (a — k~3)/y1with no restriction on v. We
have thus defined an embedding of Q. into (—1,1) x R

or, better yet,

(T, M) — (73, 0)-

Notice that, in (—1,1) x R, the level sets of the reduced Hamiltonian H’ are
1 — k32
H'(y3,0) = 5 [(L 73) +U2+k2] +7s-
2 "

On the level set corresponding to h’, we see that
v? = (1= (W = k* = 293) — (a — k3)?,

whose intersection with (—1,1) x R is connected. O

I1.3.e. Geodesics on Surfaces of Revolution. I will present the example
of the geodesic flow on surfaces of revolution in Exercise I1.14. Recall that we
showed this system to be completely integrable in Section I.4.a. This exercise aims
to convince the readers that the picture illustrating the cover of [30] is actually a
Liouville torus of the geodesic flow on a surface of revolution.

I1.3.f. Geodesics on the Ellipsoid. I will describe the regular values and
determine action variables for geodesics on ellipsoids in Chapter IV, by using meth-
ods of algebraic geometry. These methods can also be used to count the Liouville
tori (see [6]).

Exercises 11.11, 11.12, 11.13, I1.14, II1.15.
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I1.3.g. Annuli and Tori, a Remark. The figure representing the geodesics
on a surface of revolution appearing on the cover of [30] closely resembles figures
representing the motion of the free end of a top’s axis (see [2] or [8], for example),
the motion of the weight of a spherical pendulum, or the geodesics on an ellipsoid
(see [40] or [6]).

In each of these cases, we see a solution of an integrable system in a configu-
ration space: the geodesic on the surface or the movement of a point on a sphere.
A few such trajectories are shown in Figure 5. Note that in each of these cases,
we have an annulus (topologically, a cylinder) and that the solution in question

T

)

oscillates between the two limiting “circles” of the annulus.

Y

(a) the spherical pendulum (b) a surface of revolution (c) the top

FIGURE 5. Annuli...

What each of these figures represents is a Liouville torus (which lives in a 4-
dimensional phase space) projected onto a 2-dimensional space. This is illustrated

in Figure 6.

FIGURE 6. ... or tori?

Exercises

EXERCISE II.1. Show that the action of S* on the unit sphere in R3 by rotations

about the z-axis is Hamiltonian with the moment map equal to the height function
z. (See Section 1.2.b.)

EXERCISE I1.2. The torus T2 = R?/Z? inherits a symplectic form from R? (see
Exercise 1.8). Check that the formula

t'(xhy): ({E—l—t,y)

defines a symplectic action of S =R/Z on T2. Is this action Hamiltonian?
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EXERCISE I1.3. The symplectic manifold (W,w) is equipped with a symplectic
action of a torus 7. Let X and Y be two fundamental vector fields of this action.
Show that the function

T we(X(2), Y (2))
is constant. Deduce that this action equips the Lie algebra t of T" with a skew-
symmetric bilinear form. Under what conditions is the action Hamiltonian?

EXERCISE II.4 (Symplectic Reduction—Continued). Let F' be a periodic
Hamiltonian on a symplectic manifold W, and let f be a regular value of F'. Check
that S' acts on the submanifold F~!(f) and that this action is locally free.

Now suppose that the action is (globally) free. Show that the symplectic form
on W defines a symplectic form on the quotient manifold F~1(f)/S! (see Exer-
cise 1.4).

Let G be another function on W commuting with F. Show that G defines a
function on the reduced symplectic manifold F~1(f)/S?.

ExERCISE I1.5 (Complex Projective Space). Using the method developed in
Exercise 1.4, define a symplectic structure on the complex projective space

]Pm((C) — ((Cn—i-l _ {0})/(:* — 52n+1/51.
The torus 77! acts on R**! x R**! = C™*! as term-by-term multiplication

(tl, N 7tn+1) . (Zl, ey Zn+]_) = (tlzl, ce ,tn+1zn+1).
Show that this action is Hamiltonian. What is its moment map?

Continuing to use the method of Exercise 1.4, deduce from this a Hamiltonian
action of the torus T"*! on the projective space P*(C). Is it effective? Show
that the image of P"(C) under the moment map of this action is an n-dimensional
simplex'?.

EXERCISE 11.6 (Periodic Hamiltonians are Integrable). Recall that'4, if f is a
regular value of a function F' on a compact manifold W, a neighborhood of the
regular level F~1(f) in W is diffeomorphic to

FU(f) x (f =& f+e).

Assume now that F' is a periodic Hamiltonian. Consider a trajectory I' of Xp
contained in a regular level F~1(f). Assume that that the circle S! acts freely on
the level set F~1(f). By utilizing Exercise II.4 and n — 1 independent functions
in involution on a neighborhood of the image of I' in F~1(f)/S!, show that F is
integrable on a neighborhood of I' in W.

EXERCISE I1.7. Show that the action of the Lie group G on the manifold W is
locally free if and only if there exist a point z in W and a neighborhood U of 1 in
G such that G, NU = @.

B This is a special case of a famous theorem due to Atiyah, Guillemin, and Sternberg [5, 38],
which states that the image of the moment map of the action of a torus on a compact connected
symplectic manifold is a convex polytope.

14T his can be shown by integrating the gradient of F for a Riemannian metric. Notice that,
in this decomposition, F' can be written as F(z,t) = t.
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EXERCISE II.8 (Affine Structure of Fibers). Show that the fibers of a La-
grangian fibration have a canonical affine structure.

EXERCISE I1.9. Show that every compact connected component of a fiber of a
Lagrangian fibration is isomorphic to a torus (as a manifold with an affine struc-
ture).

EXERCISE I1.10 (Transverse Affine Structure). Let g : V — U be a Lagrangian
fibration.

o Let g be a point in U. Show that the cotangent space 77U acts on g 1 (q).

o Suppose that the fibers of g are compact and connected. Show that
these fibers can be identified with the quotient of T7U by a lattice P,
and that there exist 1-forms aj,...,a, in a neighborhood of ¢ such that
(a1(q), ..., an(q)) is a basis of P.

o Show that these forms are closed.

e Let J1,...,J, be local primitives of the a; on a neighborhood U’ of gq.
Show that

(Jiyeooydn) : U — R"

is a local chart for the base U of the fibration.

o We have thus constructed an atlas on U. Show that the changes of coor-
dinates between charts lie in the subgroup of the affine group consisting
of all the affine transformations with linear component in GL(n; Z).

EXERCISE II.11. Determine the action—angle variables for the Hamiltonian sys-
tem on R? corresponding to H = 3p? + Saq®.

EXERCISE I1.12. Determine the regular values of H, the Liouville tori, and an
action variable for the spherical pendulum, and give a geometric description of this
action variable.

EXERCISE I1.13 (Regular Values for the Spherical Pendulum). We use the nota-
tion from Section 1.2.f. Show that the horizontal motions of the spherical pendulum
are critical (a result due to Huygens, see [24]). Write the vector ¢ in the form

1
g=—=T+q
«

for some constant o such that o2 > 1 and a vector ¢’ orthogonal to I', and consider
the vector
p=ag xT,

which itself is horizontal as well. Show that

Xr(q,p) = —aXk(q,p),

and deduce that the values

1 3
H=50" =55
o fora? > 1

1
K=—-a+—
(0%

are critical.
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Next show that the motions where the pendulum remains vertical are critical.
Consider (¢,p) = (£I',0). Show that Xg(g,p) = 0. Deduce from this that the
values (H, K) = (£1,0) are critical.

Show that the set of regular values of the map (H, K) : T'S? — R? looks like the
non-shaded portion of Figure 7 (note that this open set is not simply connected?).
Show that all the regular level sets of (H, K) are connected and that the level set
(H,K) = (1,0) is a “pinched” torus.

K
/ ;K
H c
(1,0) | B
A H
FIGURE 7 FIGURE 8 FIGURE 9

EXERCISE II.14 (Liouville Tori for Surfaces of Revolution). Consider the sur-
face of revolution generated by the curve shown in Figure 8 that we assume is
parametrized by arc length (using the notation of Section I.4.a). Determine the
regular values and show that the image of the map (H,K) in R? resembles the
non-shaded portion of Figure 9. What do the parabolas in this figure correspond
to? Show that the regular level sets consist of

o twol6 tori in parts A and C, and
o four tori in part B.

What can be said about the level sets corresponding to the points on the parabolas?

Show that the geodesics that are not meridians are condemned to oscillate
between two parallels of the surface. What can be said about these parallels?
Give an interpretation in the case of geodesics on the sphere seen as a surface of
revolution about the z-axis.

ExXERrcisE II.15. Fill in the gaps in the study of the top carried out in Sec-
tion I1.3.d):
e Show that H’ is a first integral for the motion of the top and that the
maps (H', K) and (H, K) have the same rank.
o Let Q) = |0+ MA + L)\2H2 (a polynomial of degree 4 in A). Show that
(W, k) is a regular value of (H', K) if and only if the polynomial @ has

155¢e Exercise IV.12 for a calculation-free proof.
165ee Footnote 11.



44

II. ACTION-ANGLE VARIABLES

no multiple roots. Determine the set of (regular and critical) values of
(H', K) (see figures in [8]).
o Draw (the real part of) the elliptic curve
=1 —2?)(W —k? —22) — (a — kx)?

and check that it has two connected components, one of which is compact
and projects into the open interval z € (—1,1).



CHAPTER III

Integrability and Galois Groups

The Arnold—Liouville Theorem,
Revisited Through Differential Galois Theory

The Arnold-Liouville theorem affirms that the solutions close to a sufficiently
general solution of an integrable system closely “resemble” that solution. In this
chapter, we will study (infinitesimally) close solutions by using the algebraic theory
of linear differential equations.

Following a “variational” tradition going back to Poincaré [69], we can associate
a linear differential equation, called the variational equation, to each trajectory of
a vector field X on a manifold W. Ziglin [84] has shown and efficiently used the
fact that any first integral of X allows us to define a first integral of the variational
equation that is invariant under the Galois group.

In the specific case of a generic trajectory of an integrable system, it is easy
to show that the Galois group is “small” (as an algebraic group!). It is connected,
Abelian, and often trivial. A theorem of Morales and Ramis [62, 61] (see also [12])
states that along any trajectory, its identity component must be an Abelian group.

This theorem already has many applications: see [62, 63, 46, 61] and, since
the French edition of this book appeared [13, 14, 57, 19]. It can serve as a criterion
for non-integrability, helping to answer questions such as, “Given a Hamiltonian
system, how can we show that it is (or, rather, that it is not) completely integrable?”
or, more naively, “If I could not find any first integrals, is it because I am clumsy,
or because there actually are not any?” Although it is much easier to prove, the
Morales—Ramis theorem implies a classical theorem of Ziglin [84]. It is strictly
stronger! in the sense that it allows us to show that certain systems, for which
Ziglin’s method fails, are not integrable .

In this chapter, I explain some of these properties of the Galois group while
attempting to minimize the calculations and separating what belongs to the gen-
eral theory of differential equations from what belongs specifically to the symplectic
framework. At the end of the chapter I give a relatively simple example of appli-
cation?.

1We know this a priori, because the Galois group contains more non-commutativity sources
than the monodromy group used by Ziglin. However, the hypotheses used by Ziglin are less
restrictive, since they do not assume that the first integrals commute.

2This is probably the simplest example possible; surprisingly, it is not found in [62] or [61].

45



46 III. INTEGRABILITY AND GALOIS GROUPS

II1.1. Variational Equations, Galois Groups, and First Integrals

I begin by reviewing how to associate a linear differential equation, the varia-
tional equation, to a trajectory of a vector field on a manifold. Then, I show how
the first integrals of the vector field yield first integrals of the linear differential
equation that are invariant under the Galois group of this equation.

II1.1.a. The Trajectory I'. Let X be a vector field on a complex analytic
manifold W. The time ¢ is also a complex variable®.

Consider a trajectory I' of X that is not reduced to a point (that is, a non-
stationary trajectory). This is a complex curve, a Riemann surface, but it is not
necessarily embedded in W. More precisely, for any point zy of W, there exists an
open set U of C and a neighborhood V' of zy such that the flow of X is defined on
UxV

UxV —W
(t, ) — @i().

We define a topology on W using as a basis the sets {¢¢(x)},.;- Then the trajectory
passing through xg is the connected component of x( for this topology. This is the
curve we denote by I'. It has two important properties:

e it is equipped with a coordinate, the time ¢,
e it is equipped with an injective embedding i : I' — W.

REMARK III.1.1. The curve I is globally parametrized by ¢ in an open subset
of C, but this parametrization is not injective in general. In fact, it is often an
infinite covering: think of the case of a differential equation whose solutions are
transcendental functions, for instance of the vector field X (z) =z on C.

IT1.1.b. The Variational Equation. Traditionally (see [69]), one considers
the variational equation as the one describing the solutions that are “infinitesimally
close” to a given solution. If z(t) and y(t) are solutions that are close, then for a
suitable coordinate chart, we can write

y(t) = =(t) + Y (1),
Then, to first order, we have

%;{%_%:me_xmm:wxmmwm~

This linear differential equation in Y is the variational equation that I will now
define in a more intrinsic way.

3For applications to actual differential systems, we will content ourselves with real analytic
systems that we will hasten to complexify. This is a somewhat delicate operation, to be performed
carefully, that we do not dwell on in these notes.
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The Operator D. Consider the vector bundle :*T'W — TI'. A section of this
d
bundle is a field of vectors that are tangent to W along I'. For example, X = — is

) dt
one such section.

LEMMA II1.1.2. The Lie derivative Lx defines an operator D on the local sec-
tions of i*TW satisfying

D(fY) = fY + fDY

for any function f on T.

PrOOF. We define DY by
o extending Y to Y on a neighborhood of T (or of a point on I', since
everything is local);
o calculating LxY (= [X,Y)):
o restricting this vector field to I'.
We check that the result does not depend on the choice of the extension Y of Y by
observing that if Z is identically zero on its restriction to I', we have that Lx Z is
zero on its restriction to I' (in other words, X differentiates only in the direction of
T'). This is what Lemma III1.1.3 below asserts.
The “linearity” with respect to functions is an immediate consequence of the
formula

Lx(fY):(Xf)Y—l—fLXy O

LEmMA II1.1.3. If Z is a vector field on W defined in a neighborhood of T' and
identically zero on T, then Lx Z is zero at every point of T'.

PrOOF. To define Lx Z, we use the flow ¢; on X

LxZ =2 (p).2),_, .

dt
The vector Z(z) is zero at every point z of I', and thus the same is true for
(1)« Z(x). Hence Lx Z is zero at every point of T. O

REMARK III.1.4. In more pedantic terms, V = D ® dt is a connection on the
bundle *T'W. If we allow ourselves to add the zeros of X or points at infinity to T,
the form dt becomes a singular form on I', making it useful to think in terms of a
(singular) connection V rather than the operator D. The “meromorphic” case will
be particularly interesting. In this case, we will speak of an extended trajectory.
We will need this for some later applications, see Section IIL.5.

The Variational Equation. The variational equation is the linear equation
DY =0 or VY =0.

Note that X itself is obviously a solution to the variational equation.
For those who like coordinates, we write this equation in matrix form. Let
(e1(t),...,em(t)) be a basis for the local sections of the vector bundle E — T" and
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write a section Y of E as Y () = > y;(t)e;(t); then

DY = Z(Qiei + yiDe;)

(yiez + Yi Zaz ]ej)

Jj=1

(Zh + Z ag 1yk)61

1 k=1

@
Il
-

p”qg

s
Il
-

p”qg

-
Il

If y is the column vector of the y; and A(t) the matrix with entries A(t);; = a;,i(t),
we then have

g+ A(t)y = 0.

Even more locally, consider an open set W of C™. In this case we can treat the
vector field X as a map

W — Cc™
x— X(z).

- . . 0 0 . L
Restricting the canonical basis (87’ ceey 67) of C™ to the trajectory, using it
1 m

as our basis (e1(t),...,emn(t)), we have
0] _ox
’ 69@ - 5:&',

so that
A(t) = —(dX)at)
Then the variational equation is the linearization 3y = (dX),u)y of the original

differential equation. This is the variational equation “a la Poincaré” alluded to at
the beginning of the chapter.

ExampLEs II1.1.5.

(1) The Case of a Linear System. As above, let W be an open subset of C™.
In addition, suppose that the vector field X is linear i.e., it is a matrix
X € M, (C) with X(z) = X - 2. In this case, the variational equation
along a solution is just the equation itself.

(2) The Case of the Hénon—Heiles Hamiltonian. We use the notation of Sec-
tion 1.2.d. The Hamiltonian system is

G =p1

42 =p2

P1 =43+ i

P2 = 2(A+ q1)qe.

We have already noted that this system has solutions in the plane g3 =
p2 = 0. Along a solution (qi(t),0,p1(t),0), the variational equation is the
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system
Q=P
Q=D
Py = 2M\q1 Q1

Py =2AQs + 201Q>.

(3) The Case of a Geodesic Flow. Consider a Riemannian manifold V' and a
geodesic ¢(t). This is the image in V' of an integral curve of the geodesic
flow considered as a flow on T*V (see Section 1.4). The solutions Y'(¥)
of the variational equation on T*V can be projected in V as tangent
fields along the geodesic. These are the famous “Jacobi fields”, which are
solutions to the linear differential equation

J(t) + R(e(t), J(t))é(t) =0

(see, for example, [75] and [30]).
Exercises I1I.1, I11.2.

II1.1.c. Initial Forms. Consider now a function f on W. Let x be a point
in W. Recall the following lemma.

LEMMA IL1.6. If (df )z =0,...,(d" "' f)y = 0, then (d* ), is well-defined and
is a homogeneous polynomial of degree k

(d*f)y : T,W — C.

PROOF. Let U be a neighborhood of x in W and ¢ : U — C™ a coordinate
chart with ¢(z) =0. For Y € T,W, we set

(d*f)2(Y) =d"(f oo™ )o(Tup(Y)).

It is easy to check that the result does not depend on the coordinate chart chosen
when the preceding derivatives of f with respect to = are zero (we leave the details
as an exercise). O

Exercise I11.3.

If the first non-zero derivative is (d* f)., we let fS = (d*f)./k!, so that f2(Y)
is the homogeneous term of lowest degree in the Taylor series of f at z. In local
coordinates z € C™ centered at = as above, we have

fo@ 1 (2) = Py(2) + higher order terms,
where Py is a homogeneous polynomial of degree k. We then have
f2(Y) = Pu(y),

where y denotes the vector T,p(Y) € C™.
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First Integrals. We now suppose that the function f is a first integral of the
differential equation X (and thus it is constant on the trajectories). This can be
expressed by the fact that f(p:(x)) does not depend on ¢, or, infinitesimally, by the
equation X - f = 0.

We first assume that f is a holomorphic function. For all z in W, let v, (f) be
the order of the zero of f at x.

LEMMA II1.1.7 (Ziglin [84]). If f is a first integral of X, then the function
x +— v,(f) is constant on the trajectory T’ of X.

PRrooOF. By assumption, f o ¢(x) does not depend on t. Thus if
(A )pra) = 05y (df* @) = 0 and (4 )y, (@) # 0

for some value of ¢, the same is true for all values of ¢. O

We now define a function
fe v TW — C

by setting
Fo) = (@ 1)uly) for k= we(f)

for each z € I' and y € T,W. This is called the initial form of f. (The alterna-
tive ugly terminology “junior term” comes from a brutal translation of [84] but,
unfortunately, it seems to be well-established.)

ExaMPLE III.1.8. Once again, we consider the Hénon—Heiles system:
1 A
H =i +p3) —a:(A+a) — 3¢
along the trajectory I' : ¢ — (q1(t),0,p1(t),0) contained in the plane g2 = ps = 0.
We already know that the Hamiltonian H is a first integral of the field X . Its
initial form along I' is

He(t,Q1,Q2, P1, P2) = (dH) (4, (1),0,p1 (1),0) (Q1, Q2, Pr1, P»)
= —Aq1(t)*Q1 + p1(t) Pr.

REMARK III.1.9. As we see in this example, the initial form may depend ex-
plicitly on the time t¢.

ExaMpPLE II1.1.10. The Hamiltonian vector field associated to the function

1
H =i +03) + s + (@ +63)°  A#0
(the anharmonic oscillator of Section I1.2.e) has a particular solution I" whose sup-
port is the curve defined by
1
SPHd =0, g2=p>=0
and parametrized by
=0 i _ 1
g2 =p2 =Y, Q1_\/§t’ 1= NeTEN

t € R*.



III.1. VARIATIONAL EQUATIONS, GALOIS GROUPS, AND FIRST INTEGRALS 51

The initial form of H along I is
Ho - pl-Pl + 46]?@17

and that of the first integral K described in Section 1.3.d is the quadratic form

%ﬁPf :

REMARK III.1.11. Suppose that the function f is only meromorphic. If we write
it as the quotient of two holomorphic functions, we then see that the initial form is
defined (and is well-defined) as the quotient of the initial forms of these functions.
Note that f° is a rational function in each fiber of ¢*7'W and a meromorphic
function on T.

] 1 2
K® = (Q% - XP%)Q% + XlelQQPQ -

Here is a third easy lemma, coming from [69] and [84].

LEmMMA II1.1.12. If f is a first integral of the vector field X, then f° is a first
integral of the variational equation.

PROOF. Using coordinates (¢,y) on W in the neighborhood of 2 € T' in which
X = 9/0t and T is the t-axis, we see that f is a function of y alone and that f° is
its lowest order homogeneous term. Then the solutions of the variational equation
are the constant vectors Y, on which f° is certainly constant. The case where f is
only meromorphic is left as an exercise. O

Exercises I11.4, II1.5.

Invariance Under the Galois Group. The following lemma, which follows easily
from the fact that ¢t — f°(Y'(¢)) is constant when Y is a solution of the variational
equation, completes this subsection.

LEMMA III.1.13 (Morales—Ramis [62]). The Galois group of the variational
equation leaves the initial form f° of the meromorphic integral f invariant.

The readers who do not know enough of differential Galois theory can look at
Appendix A and the references given there.

ProOOF. If Y is a solution, then the function ¢ — f°(Y (t)) lies in the Picard—
Vessiot extension of (M(T"), d/dt) determined by the variational equation (where, as
usual, M(T") denotes the field of meromorphic functions on I'). Since it is constant,
it lies in the invariant field under the Galois group. We fix a point xg of I', and
consider the map

T,,W —C
Y — fo (Y).
For each solution Y (¢) of D with Y(0) =Y, we have
fomy (Y (1) = f2,(Y)

since f° is a first integral.
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Now, let o be an element of the Galois group of the variational equation. If
Y € T, ,W, then o(Y) is the value at z( of the image of the solution whose value
at g is Y. Hence we have

w0 Y) = fo(Y (1))
A
fow(@(Y (1)), since o acts on the solutions while fixing M(I')

(Y(t)), since o fixes constants

= fo,(0(Y)), since f° is constant on the solutions.

Thus the Galois group, viewed as a subgroup of GL(T, W), fixes the rational func-
tion fo. O

II1.1.d. Ziglin’s “Lemma”. This lemma says that if a vector field X has k
independent first integrals, then the same is true for the corresponding variational
equation.

We consider a neighborhood of 0 € C™, with coordinates (z1,...,Tm).

THEOREM II1.1.14 (Ziglin’s lemma [84]). Let f1,..., fr be (germs of) func-
tionally independent meromorphic functions defined on a neighborhood of the origin
in C™. Then there exist polynomials Py, ..., Py, with P; € C[z1,..., 2], such that
the initial forms at the origin of the k functions g; = P;(f1,..., fi) are rational
functions that are algebraically independent in C(x1,...,Tm).

In other words, even if the initial forms of the f; are not independent at the point
x, there are k first integrals in the algebra generated by the first integrals whose
initial forms at x are independent. A proof following Ziglin’s original article [84]
(see also [17]) can be found in Section IIL.6, along with a discussion of the concepts
of independence used in the statement of the theorem.

IT1.2. The Case of a Hamiltonian System

In this section, we will apply the above constructions to Hamiltonian systems
on symplectic manifolds.

A Convention. We will assume that the symplectic manifold on which the
Hamiltonian system is defined is a real analytic; in fact, in almost all of the examples
considered in these notes it is either R?™ or a submanifold of R?" determined by
polynomial equations. Naturally, we will also assume the symplectic forms and the
Hamiltonians in question to be real analytic?.

In this way, everything can be complexified as necessary: differential Galois
theory works on any algebraically closed field (see Appendix A) and for analytic or
meromorphic functions (see Footnote 5).

From now on we assume that W is a symplectic manifold with symplectic
form w and that X is a Hamiltonian vector field.

dor possibly only meromorphic
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II1.2.a. The Poisson Bracket and Initial Forms.

LEMmMA II1.2.1. If f and g are meromorphic functions on W that commute
with respect to the Poisson bracket defined by w, then the initial forms at x are
functions on T, W that commute with respect to the Poisson bracket defined by wy
on this vector space.

PRrROOF. I will consider only holomorphic functions, leaving the meromorphic
case to brave readers. We begin by expanding f and g in power series in a neigh-
borhood of z

flx+h) = f(z)+ f;(h) + higher order homogeneous terms
and similarly for g, so that
{f,9} (x+h)={f2,92}=(h) + higher order terms,

where {, }  denotes the Poisson bracket associated to w, on T, W. If {f,g} =0,
then, in particular, {f2, g5} =0, i.e., f2 and g2 commute. O

REMARK II1.2.2. We carried out these calculations in terms of local coordinates.
Recall (see the discussion around Lemma IT1.1.6) that the higher order terms depend
on the choice of these local coordinates but that this is not the case for the fact
that they are of higher order!

II1.2.b. The Galois Group is Symplectic. We first note that the Galois
group is symplectic in the Hamiltonian case.

LEMMA II1.2.3. The Galois group of the variational equation, treated as a sub-
group of the linear group GL(T,W), is a subgroup of the symplectic group Sp(T,W).

This result is a special case of a general theorem due to Kolchin (see [51]). I
give a proof in Section A.4. The geometric property which is the “raison d’étre”
for this lemma is expressed by the following result.

LEMMA II1.2.4. The variational equation for a Hamiltonian system is of the
form Y’ + AY = 0 with A(t) € sp(2n;C) for all t.

PROOF. Let X be a vector field preserving the symplectic form w (in particular,
this is the case when X is Hamiltonian), so that Lxw = 0. If Y and Z are two
vector fields defined along the trajectory I', we write

0=Lxw)V,2)=X wl,Z2)-w(DY,Z)-w(Y,DZ).
In terms of matrices (having chosen a basis), this implies that
%w(Y(t), Z@t) =wY'+ AY, 2) +w(Y, Z' + AZ)
=wV', 2)+w(Y,Z') +w(AY, Z) + w(Y, AZ).
Thus the sum of the extra terms is zero, i.e., the matrix A satisfies
w(AY, Z) +w(Y,AZ) =0
for all Y and Z, which is precisely the definition of the Lie algebra sp(2n;C). O
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II1.2.c. The Normal Variational Equation. In the case of a Hamiltonian
system, we can use symplectic reduction to decrease the order of the linearized
equation thereby simplifying matters significantly.

We consider an isotropic vector subbundle E C ¢*T'W and its orthogonal com-
plement (with respect to w) E°. Since E is isotropic, we have E C E° (it is this
inclusion that says E is isotropic).

LEMMA II1.2.5. The bundle E is invariant under D if and only if the bun-
dle E° is.

Thus D defines an operator, that we denote Dy, on the symplectic bundle
E°/E.

PROOF. Let Y and Z be sections of E and E°, respectively. Then w(Y, Z) is
identically zero, so that we have

0=X w¥,Z)=(Lxw) (Y, Z2)+w(DY,Z)+w(Y,DZ).
Since L xw = 0, this implies that
w(DY,Z)+w(Y,DZ) =0
for all Y and Z, giving us the desired result. O

If the trajectory I is not stationary, the vector bundle :*T'W must still contain
an isotropic subbundle, the tangent bundle TT generated by X. Let Q be the
level set of the function H containing I'. Then the orthogonal complement of TT
is *TQ: since w(X,Y) = —dH(Y), the orthogonal complement of X is just the
kernel of dH.

It is clear that the subbundle 7T of ¢*TW is invariant under D. Indeed, if X
and Y are tangent to T, then LxY = [X,Y] is tangent to I'. Hence the lemma can
be applied to

TT C *TQ C i*TW.

We denote the reduced bundle® i*T'Q/TT by N (for “normal,” since it is the sym-
plectic normal bundle of T"). Tt is equipped with the operator Dy, and the equation
DnZ = 0is called the normal variational equation. Just as for the usual variational
equation, it is sometimes convenient to consider the connection Vy = Dy ® dt.

ExAMPLE I11.2.6 (Hénon—Heiles—Continuation). We return to the linear sys-
tem obtained by linearizing the Hénon—Heiles Hamiltonian system (see Section I1.2.d
and Example II1.1.5). Consider a solution I" contained both in the plane go = pa = 0
and the level set H = 0. For simplicity, we write (¢1,p1) = (x,y). Then the support
of the solution I' is the curve

1 A

§y2 - gmg =0 (xvy) 7é (070)

53ee Exercise I.4.
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The symplectic bundle normal to I' can be identified with the trivial bundle with
fiber the (Q2, P») plane. Then the normal variational equation can be written as

Q2= P
Py =2(A+q1(t)Q2
or, by setting ¢ = x and Q2 = £, as the equation

£ —2(A+z(t)E=0.

ExAMPLE II1.2.7 (Reduction for Jacobi Fields). In the case of a variational
equation along a geodesic of a Riemannian manifold, which is a differential equation
of order 2n, one often only considers to Jacobi fields orthogonal to the geodesic.
In the cotangent bundle of V', this corresponds exactly to the reduction operation
given above. In this context, it should not come as a surprise that the space of
Jacobi fields has dimension 2n — 2.

II1.3. The Case of an Integrable System

In this section, I study what symplectic geometry says about the Galois group
of a variational equation in the case of a completely integrable system. As we
have seen above (Lemma II1.2.3), the Galois group is a subgroup of the symplectic
group; now, in addition, it must preserve the n initial forms, which Ziglin’s lemma
(Theorem III.1.14) allows us to assume to be independent.

As a geometric introduction, I begin (Section II1.3.a) with an explanation of
what the Arnold-Liouville theorem (Chapter II) says about the Galois group along
a generic trajectory. Then (Section III.3.b), I derive the restriction placed on the
Galois group by the preservation of n independent linear forms. The moral of these

»

two sections is that along a generic trajectory, the Galois group is “tiny,” and cer-
tainly Abelian and connected. Finally, I prove the more refined non-integrability
theorem of Morales and Ramis (Section III.3.c), which states that, for any trajec-
tory, the Galois group is “almost” Abelian. We will need to wait for the reduction
technique that will be introduced in Section III.4, before applying this result to
non-integrability. Before doing that, I give an application to the calculation of

some Galois groups.

I11.3.a. Along a Generic Trajectory of an Integrable System. Consider
an integrable system on a (real analytic) symplectic manifold, and suppose that one
of the first integrals (the Hamiltonian itself, for example) is proper. Then we can
invoke the Arnold-Liouville theorem® to write the system in terms of “action-angle”
variables.

The Hamiltonian System in Action—-Angle Variables. Consider now an open
subset U of R™, a torus 7" = R"/Z", and the manifold W = U x T™ with the
symplectic form

w=dxy Ndby + -+ dzx, N db,,

6For a real analytic version, see, for example, [44].
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where the z; are the coordinates in U and the df; are the 1-forms on T" corre-
sponding to the coordinates 64, ..., 6, of R".

Given a function h : U — R, we are interested in the Hamiltonian system
associated to the composition

H:W-—U-R,

that is, in the differential system

oh
- 81‘1
(defined here on the covering U x R™ — W). Since the functions x; are n indepen-
dent first integrals in involution, this Hamiltonian system is completely integrable.

=0 6

(x1,...,2n)

The Solutions. Choose a solution
oh
Ty = Aq, oi:_(ala"'7a’n)t+9? 1<Z<na
8@

which is globally parametrized by ¢t € R. The trajectory I is

h
(a) R if the partial derivatives g
.

of the same rational number TZ> 0,
(b) R/TZ otherwise.

(a1,...,ay) are not all rational multiples

The Solutions of the Variational Equation. The variational equation along I is
simply the linearized system

. . n 2
Xi:() G)i:Z%(al,...,an)Xj,

with solutions
. 9%h

1 (%claxj

X, = A @:(

J

(CLl, .. .,an)Aj)t—i— (“)?

Note that

(a) When I' = R, the solutions are well defined on T".
(b) When I' = R/TZ, we have two possibilities:
(b’) There is an integer m such that ©;(t+mT) = ©;(¢) for all ¢, implying
that the solutions are well defined on a finite covering on I'. Such an
integer exists if and only if the numbers

n 82h
jzzl 761.%61.] (&1, ey an)Aj
are rational for any choice of the A;, and this occurs exactly when the
Hessian matrix of h at (a1, ..., ay) is identically zero. In this case, the
solutions of the variational equation are the constants. An interesting
special case is when h is linear. This the case where we consider a
Hamiltonian action of the torus 7™ and where the fundamental vector
field X is associated to a closed subgroup of this torus. See more
generally Exercise I11.6.
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(b”) Otherwise, some of the solutions can be defined only on the universal
covering R of I
As we have already noted, it is preferable to complexify the situation so that
the Picard—Vessiot method can be utilized efficiently. This is why we have only
considered real analytic objects. We now consider the complexified trajectory I'c,
here the germ of C D R or C/TZ D R/TZ. Concretely, the field M(I'¢c) of functions
on I'c is the field of fractions of
o the ring of complex analytic functions defined on a neighborhood of R C C
if T =R, or
o the ring of periodic complex analytic functions of period T defined in a
neighborhood of R € C if I' = R/TZ. In this case, we set z = exp(it/T);
then the elements of M(I'¢c) are the quotients of the analytic functions
(of 2) defined on a neighborhood of S* C C*.

The Galois Group. Cases (a) and (b’) yield trivial Galois groups. In case (b”),
the Picard—Vessiot extension is generated by t. The Galois group is a 1-dimensional
additive group. It is represented in the symplectic group by

Id 0
cr+— ,
cA Id
where A is the Hessian matrix of h at (aq,...,a,). We have thus proved:

ProrosiTioN I11.3.1. Let H be an integrable Hamiltonian on a real analytic
symplectic manifold. The Galois group of the variational equation along a trajectory
contained in a compact component of a regular level set of the first integrals is a
connected subgroup of dimension < 1 of the symplectic group.

Exercises I11.6, II1.7, III.8.

II1.3.b. Subgroups of the Symplectic Group Preserving Linear
Forms. We have said that the Galois group is a symplectic group (Lemma I11.2.3)
and that is preserves initial forms. When these are independent linear forms, we
have the following simple result.

LeEmMA II1.3.2. The subgroup of the symplectic group Sp(2n) consisting of
transformation preserving n independent linear forms in involution is a conjugate

of the group of matrices of the form
Id 0
A1d)’

where A is an n X n symmetric matric.

PROOF. This can be proved by elementary methods of linear algebra (see Ex-
ercise 1.6). First of all, the n linear forms in involution generate a Lagrangian
subspace of the dual space. We next look for the symplectic transformations of the
dual that restrict to the identity on this Lagrangian. This is done by extending the
n forms to a symplectic basis. Finally in this dual basis, our transformations are
the desired matrices. O
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REMARKS II1.3.3.

(1) The first integrals may be independent along I' even if I" is not contained
in a regular level set (see, for example, Exercise I11.17).

(2) This group has dimension n(n+1)/2 which gives a very crude bound when
applied to the Galois group where we have already seen (at least in the
case where one of the first integrals is proper) that it has dimension at
most 1.

(3) The group obtained here is isomorphic to the additive group of the vector
space of n X n symmetric matrices. In Example I11.3.14, we will see that
the Galois group may contain multiplicative factors when there are initial
forms of higher degree.

(4) This group is connected as well as Abelian. Since it is an additive group,
it is easy to check that all its algebraic subgroups are connected (see
Exercise IIL.8).

COROLLARY 1I1.3.4. Let H be a completely integrable Hamiltonian and let T be
a trajectory of Xy along which the first integrals are independent. Then the Galois
group of the variational equation along I is a connected Abelian group.

PROOF. Let x be a point on I'. Since the first integrals at = are assumed to be
independent, their initial forms are independent linear forms” on T, W. We apply
Lemma I11.3.2. The Galois group is thus an algebraic subgroup of the additive group
of symmetric matrices and thus it is Abelian and connected, as noted above. [

REMARK II1.3.5. We do not require here that the level set containing I" to be
regular but only that the points of I' are regular. In addition, we also do not require
that one of the first integrals is proper. Compare this result to Proposition I11.3.1.

Next is an example where Lemma II1.3.2 is applicable but where the Galois
group is of dimension 2 (and where we cannot apply Proposition II1.3.1, as none of
the integrals is proper and the level set is not regular).

ExaMmPLE II1.3.6 (An Integrable Hénon—Heiles Hamiltonian). We consider the

Hénon—Heiles Hamiltonian:

1 A
H =5t +13) — d3a1 — gq?

on R*. When X\ = 6, we know a second first integral, i.e., the function

K = q3 + 4445 + 4p2(p2q1 — p1g2)

(see Exercise 1.21).
We consider the trajectory I' of X defined by

g2 =p2 =0, p? = 4¢3 +2h for h #0.

We use the Weierstrass p-function® associated with the smooth elliptic curve I' to
parametrize the trajectory by the time ¢

a=p1), =g

"See Remark T11.3.12.
8See Appendix B for the differential equation satisfied by the Weierstrass gp-function.
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The variational equation along I' is the system
Q=P P =12¢:Q;

Q2=P Pr=2qQo,
which is equivalent to the two (independent) equations

Q1 = 12p(1)Q1 and Q2 = 2p(t)Qe.
Each of these is an example of a “Lamé equation”. The first has @1 = p(¢) as an
obvious solution, while the second is just as obviously satisfied by Q2 = ©'(t). It
is a classical and a fairly easy problem® to show that neither of these has another
biperiodic solution, that the Picard—Vessiot extension has transcendence degree 1
in both cases and that the Galois group is additive. The Galois group of the system
is thus the group of matrices of the form

| o

5 with «, 8 € C,
U
0B

which is a connected group of dimension 2.

II1.3.c. The Morales—Ramis Theorem. Results like Proposition III.3.1
and Lemma II1.3.2 impose severe restrictions on the Galois groups along generic
trajectories of a completely integrable Hamiltonian system. Because these restric-
tions can be summarized by the word “generic”, these results cannot serve as a
criterion for non-integrability. The Morales—Ramis theorem, on the other hand,
provides such a criterion. It is based on a result, that we consider to be the key
lemma of [62], a lemma analogous to II1.3.2 but a little more general although not
much harder to prove.

LEmMA I11.3.7 (Key Lemma). Let (FE,w) be a symplectic vector space of di-
mension 2n. Let Fy,...,F, be functionally independent C' functions in involution
on an open subset of E. If g is a Lie subalgebra of sp(E) preserving the F;, then g
is Abelian.

In the statement of this lemma, the Lie algebra g is a Lie sub-algebra of sp(FE),
so any Z € g can be considered as an endomorphism of £. Thus we can consider
the map

x+—Z-x
as a vector field on E. Saying that Z fixes a function F' defined on an open subset
of E is then equivalent to saying that the vector field Z fixes F' (that is, Z - F = 0),
or, equivalently, that (dF') o Z = 0.

Proor oF THE KEY LEMMA. Let V be a common level set of the F;, which
we suppose is regular. Its tangent space, the intersection () (ker dFj), is generated
by the Hamiltonian vector fields Xy, ..., X,, of the functions Fi,..., F,.

9See the chapter on Lamé equations in the second volume of [39].
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Let Z € g. Since dF; 0 Z =0, Z(x) € ker(dF;), for all i. Thus

Z(x) € ‘ﬂl ker(dF;), = (X1(x),..., Xn(2))° = (X1(2),..., Xn(z))
for € V. Thus Z can be written as Z = )" \; X for some functions Ai,..., A,.
Since Z € sp(FE), we have Lzw = 0 (see Exercise II1.10). This implies that
dizw =0, i.e., izw is a closed form. Thus the vector field Z is Hamiltonian, here it
is globally Hamiltonian, since F is a vector space, and thus izw is (globally) exact.
Hence Z = X, for some quadratic form g. Then

[Xi, Z] = [X3, Xg] = Xyp.) = 0,
since {F;,g} = Z - F; = 0. But

{Xi, i )‘ij} = i (X - A)X; + A [X5, X;])
j=1 ;

<
I
—

I
M=

(Xi - Aj) Xy,

<.
I
—

since the F; commute. Eventually X; - A\; = 0 for all ¢ and j, so the functions
Al,..., Ay are constant on V. Hence Z = )" \;(V)X;.

Let Z' be another element of g, which we write as Z' = Xy and 2’ =
> A;(V)X; as above. We compute

2,2 = [Xg, SN (V)X;] = 30 (X - X (V) X + 32N (V)[Z, X5

Since both terms of the last sum are zero, the vector fields Z and Z’ commute.
Hence (see Exercise II1.9), the endomorphisms Z and Z’ commute in g and g is
indeed Abelian. O

Exercises I11.9, 1I1.10, III.11.

REMARK III.3.8. Note that we have utilized the power of infinitesimal calculus
and, in particular, the fact that the group G is a Lie group; note that this applies
to the Galois group, which is an algebraic group. Unfortunately, we lose all control
over properties of connectedness.

REMARK II1.3.9. Under the hypotheses of Lemma II1.3.2, the proof of the key
lemma gives us for the Lie algebra the result corresponding to the conclusion of
Lemma III.3.2, i.e., the matrices Z are linear combinations of the F; Xr,, symmetric
in ¢ and j.

This brings us to the Morales—Ramis theorem.

THEOREM II1.3.10 ([62]). Let T' be a trajectory of the Hamiltonian vector
field X on the symplectic manifold W of dimension 2n. If X has n independent first

integrals in involution, then the Lie algebra of the Galois group of the variational
equation along I' is Abelian.
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PROOF. Fix a point x on I', and let E be the symplectic vector space T, W
and w the (constant) symplectic form w,. Ziglin’s lemma (Theorem I11.1.14) pro-
vides us with n independent functions on this vector space, the initial forms at x
of n independent first integrals of X. We denote them by Fi, ..., F,.

By virtue of Lemma II1.2.1, these functions are in involution, by virtue of
Lemma IIT1.1.13, the elements of the Galois group preserve the F;. By virtue of
Lemma I11.2.3, the Galois group is a subgroup of the symplectic group. The theorem
is then a consequence of the key lemma. O

REMARK III.3.11. This theorem must be refined for use in applications. In
particular, we will have to add singular points and/or points at infinity to I'. How-
ever, I have preferred to present this “simple” version since it captures the main
ideas of the result. The applications discussed in Section III.5 will use more refined
versions.

REMARK II1.3.12 (A Remark About Independence). Ziglin’s lemma seems to
address only the question of independence at a point. By letting f1,..., fx be first
integrals and ¢; be the flow of the Hamiltonian vector field X, we see that

Toope(X i (0)) = X1 (02 (20)),
since [X, X¢,] = 0. Thus if the vectors Xy, (2¢), ..., Xy, (x0) are independent, their
images under the isomorphism (¢;), are independent as well. We conclude that if
the first integrals fi,..., fi are independent at o € I', then they are independent
at every point on I'.

I11.3.d. Applications to Calculating Galois Groups. In addition to giv-
ing us the non-integrability criterion of Theorem III1.3.10, the proof of the key
lemma also has applications in determining the “size” of the Galois group.

Consider the case where k initial forms of the first integrals are linear and the
remaining n — k are quadratic. Then the key lemma implies that the elements of
the Lie algebra of the group G are

Z@)= > aij (F@)Xe +F@)Xe)+ > bXq,(x),
1<i<s<k j=k+1

which imply the following bound on the dimension of this Lie algebra
k(k+1)
2
We also note that this bound improves for small &, i.e., the more the level set is
critical, the better result the key lemma yields for the Galois group.

+n—k.

In the case of a system with two degrees of freedom and a trajectory contained in
a regular level set of a Hamiltonian along which the second first integral is quadratic,
the dimension of the Galois group is bounded by 2. We have encountered examples
of this in Section II1.3.b.

We consider the case of a “very” singular level set. If we write

Z(z) = Z Xi(2) XF, (2),
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Z(x) is a linear vector field. If F; is a homogeneous polynomial of degree d;, we see
that X g, (x) is a vector field whose components are homogeneous polynomials of
degree d; — 1 in . When d; —1 > 2, this forces the coefficient \;(z) to be identically
zero. This gives us the following refined result.

ProrosiTiON II1.3.13. Suppose that along T, the initial forms of the first in-
tegrals consist of

e k linear forms,

e ! quadratic forms,

e and n — k — £ polynomials of degree > 3.

E(k+1)

5 + L.

Then the Lie algebra of the group G is Abelian with dimension <

ExampLE II1.3.14. Here is an example where the key lemma helps us deter-
mine the Galois group. This is the exampe of the anharmonic oscillator that we
already considered in Sections I.2.e and 1.3.d and Example I11.1.10. Recall that the
Hamiltonian for the anharmonic oscillator is

1
H=gpi+p3) +ra+ (@ +a)°  A#0

that we consider along the solution I'

) )
= :07 = — :——, teR*
q2 = P2 q1 \/§t P1 \/§t2

The solution I' has as support the curve ip} + ¢f = 0, g2 = po = 0. The initial
forms of the first integrals H and K (see Section II1.1.10) along I" are

H° =p1 P +4¢; Q1

and

1
<@ P;.

] 1 2
K°® = (Q% - XP%)Q% + - 1p1Q2 P — 3

A

The associated Hamiltonian vector fields are

o the constant field

AXVHO - (pla 07 _4(]%; 0)

o the linear field

2 2 1 2
Xgo = (0,2 ——2P0—2(2——2) _ZapPs ).
K ( 7)\611131@2 P20, 0~ 3P Q2 N1 P

The elements Z of the Lie algebra of the Galois group are the linear combina-
tions

Z = AH°Xgo + BXgo.
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Here it is nicer to write these as block matrices by writing the coordinates in the
order q1,p1,q2, p2. Then the matrix Z takes the form

[4Agipy  Ap} 0 0
—16A4¢% —4Agp, 0 0
Z= 0 0 2B 2B
N qiP1 \ q1
1 2B
i 0 0 —2B(Q% - XP%) _T(hpl_

The matrix Z is nilpotent when B = 0 and diagonalizable when A = 0. The
second term represents the normal Galois group and. The Lie algebra of the Galois
group is the sum of

e a tangent component contained in the Lie algebra of matrices

e« and a normal component contained in the Lie algebra of matrices

(> )

The identity component of the Galois group is thus contained in the group of
matrices

; with (a,b) € C x C*.

0 bt

The Variational Equation. In this case, the variational equation is
i . 5 6
Q=P P=-12¢Q1 = t_le
) . 1
Q=P P,= —2()\ + Qq%)Qg = —2()\ — t_Q)QQ
As we could expect from what we have seen above, the system is composed of two
independent subsystems equivalent to the two equations
. 6 . 1
Ql:t_QQl’ Q2=—2()\—t—2)Q2~
The solutions of the first are Ct3 + Dt~?2; its Galois group is trivial and thus
(strictly!) contained in that of the matrices
a
The second is a “Whittaker equation”, and what we have seen above implies
that its Galois group is a subgroup of the multiplicative group of diagonal matrices.

It is a classical result (that is to say, one well known to specialists) that this group
is in fact the entire multiplicative group.
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IT1.4. Towards Applications: The Reduction

It might appear surprising that a statement like Theorem II1.3.10 would have
applications. If we want to use it to show that a Hamiltonian system on a manifold
of dimension 2n is not integrable, we would need not only to find a particular'®
solution, the curve I', but, in addition, we would need to show that the Galois group
of the corresponding variational equation is sufficiently non-abelian'?.

The variational equation has order 2n. Although we can reduce the order using
the fact that X is a solution, it still remains fairly impractical after doing so, even
for a Hamiltonian system with only two degrees of freedom (n = 2).

As we have seen in Section III.2.c, the fact that the system is Hamiltonian
allows us to utilize a standard process of symplectic geometry and Hamiltonian
mechanics to reduce the order of the differential equation by constructing a linear
differential equation of order 2n — 2 whose Galois group is forced to be Abelian,
analogous to the result of Theorem II1.3.10.

For a system with two degrees of freedom, we thus obtain a second order equa-
tion, and there exists an algorithm that allows to know whether the identity com-
ponent of the Galois group is not solvable (and, in particular, not Abelian). This
is Kovacic’s algorithm (see, for example, [17]), which has been successfully used in
applications termed “non-academic” by Morales and Ramis (see [62, 61] and [46]).

REMARK II1.4.1. Lemma III.2.5 allows us to reduce the order of the variational
equation. In fact the more independent first integrals in involution along I' we
know, the greater the reduction. If f; = H, fo,..., fi are independent and satisfy
{fi, fj} =0, then along I" the corresponding Hamiltonian vector fields generate an
isotropic vector subbundle of rank k whose orthogonal complement is the tangent
bundle of the common level set of the f; containing I'. The reduction process allows
us to construct a linear differential equation of order 2n — 2k.

I11.4.a. The Galois Group of the Reduced Equation. As we did in Sec-
tion II1.3.b, we begin with a simple result from symplectic geometry.

PROPOSITION I11.4.2. The subgroup of the symplectic group Sp(2n) consisting
of transformations that preserve k independent linear forms in involution is a con-
Jugate of an extension of a subgroup of Sp(2n — 2k) by a subgroup of the group of
matrices of the form

)

A pl1d g
o 0]0 Id

PRrROOF. We adapt the proof of Lemma II1.3.2. Let G be the group in question

and F the isotropic subspace of the dual E* of the vector space generated by
10and good enough...
iy short, the theorem is easy to prove because the Galois group is big enough to have a Lie
algebra, while it seems hard to apply because this Galois group is too big to be calculated.
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the k linear forms. The elements of G determine transformations of the reduced
symplectic vector space F°/F. In other words, we have a morphism of groups

G — Sp(2n — 2k).

Let us determine its kernel. This is the subgroup of Sp(2n) consisting of the linear
transformations of E* that when restricted to the co-isotropic subspace F° are
linear maps of the form

x—x+ f(x)

for some linear map f : F° — F that is zero on F. In a symplectic basis of the
form

Fy, ..., Fy (our linear forms), Fyy1,...,EFn,91,..., gn,

F° is the subspace generated by all the F; and gx41,...,9,. In this basis, the
matrices of the transformations in question are the matrices

Id alA o

0 0[g 1d

This gives us the desired result by transposition. O

REMARK III.4.3. The group of matrices of this form, as well as all of its al-
gebraic subgroups, are connected. To check this, we order the basis vectors as
follows

Fla"'7Fkagla'"7gk7Fk+17"'7Fnagk+17"'7gn

and write the matrices as block matrices

Id|A| a
0|Id{0 |,
0|b|Id

where A is a k x k matrix, a a matrix with k£ rows and 2n — 2k columns, and b
a matrix with 2n — 2k rows and k columns. The group structure on the triples
(A,a,b) is given by

(Aya,b) - (A,d )= (A+ A +ab,a+d b+ ).

This group is an extension of the additive group of the vector space My on—2k X
Moy ok, by that of the k x k matrices. This implies the connectedness of all its
algebraic subgroups.

The group of all the symplectic transformations preserving k linear independent
forms has the same number of connected components as its image in Sp(2n — 2k).

ProrosiTION 111.4.4. Let H be a completely integrable Hamiltonian on a sym-
plectic manifold of dimension 2n, and let I be a trajectory along which k of its first
integrals are independent. Then the Lie algebra of the Galois group of the normal
variational equation is Abelian.
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PRrROOF. We fix a point = of I" and consider the symplectic group of T, W = E.
Let G be the group of all the symplectic transformations of E preserving the initial
forms of the first integrals (and, in particular, the linear forms Fi, ..., Fj, the initial
forms of k independent integrals). From the key lemma (Lemma II1.3.7), the Lie
algebra of G is Abelian.

We have just seen that G is equipped with a projection onto Sp(2n — 2k).
Let Gxn be its image in this group. Finally, consider the Galois group of the
normal variational equation (reduced by the k integrals). This is a subgroup of the
symplectic group of the reduced space F'°/F, and it preserves the reductions of the
linear forms; thus it is a subgroup of G. Since Gy is a quotient of G, its Lie
algebra is Abelian, and since the reduced Galois group is a subgroup of Gy, it also
is Abelian. O

It is in fact Proposition I11.4.4 that has applications to non-integrability.

The Reduced Galois Group is a Quotient of the Galois Group. Before moving
on to applications, let us make a parenthetical observation. Proposition I11.4.2
concerns any subgroup of the symplectic group preserving linear forms; we will now
give the corresponding result for Galois groups. Surprisingly (and this surprise is
the reason why we give this result here), the proof yields exactly the same groups
as Proposition I11.4.2.

ProrosiTiON I11.4.5. Let H be a Hamiltonian on a symplectic manifold of
dimension 2n. Suppose that I' is a nonstationary trajectory of X, and that the
system has k independent first integrals in involution along I'. Then the Galois
group of the variational equation along I is isomorphic to an extension of a subgroup
of Sp(2n — 2k) by a subgroup of matrices of the form

A pglld g

This is of course a direct corollary of Proposition II1.4.2: if H = fi,..., f
are the first integrals and = is a point on I', the initial forms of the f; are k
independent linear forms in involution on 7, W, and the Galois group is a subgroup
of the symplectic group preserving them. The following proof shows that we can
not obtain a better result by making the group in question a Galois group, at least
if we do not use any specific properties of the trajectory.

REMARK III.4.6. In the proof, we will construct the solutions of D by using
those of Dpy. To do this we need bases. We will use the fact that the holomorphic
bundle ¢*TW — T on the noncompact Riemann surface I' is analytically trivial, a
non-trivial result that can be found in [29]. The key ingredients of the proof of this
theorem are

o It is possible to trivialize the bundle among the €> bundles on I'.
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e There exist many holomorphic functions on I'; or, more precisely, the
group H!(Or) is trivial, and thus a € trivialization will yield a holomor-
phic trivialization.

Similarly, the proof provides a symplectic analytic trivialization in the case of a
symplectic bundle.

“DIFFERENTIAL EQUATION” PROOF OF PROPOSITION II1.4.5. The Hamil-
tonian vector fields X; = Xg, X; = Xy, (for 2 < i < k) generate an isotropic
subbundle F' of i*TW — T of rank k. Choose vector fields Y7 (t),. .., Yy(¢) along I’
such that

w(X;,Y;) =9, and w(Y;,Y;) =0.
Any section Z of i*TW can be written as
k k
Z=> NXi+ > wYi+Zy,

i=1 i=1
where Zy is orthogonal (with respect to w) to the symplectic subbundle of ¢*TW
generated by the X; and Yj: from the way we chose these vector fields, we can
identify the reduced symplectic bundle F°/F to a subbundle Fi of i*TW, of which
Z N is a section.

Since the vector field X is a Hamiltonian vector field, we have L xw = 0, from
which we deduce that the operator D is symplectic: w(DU, V) + w(U,DV) = 0.
We also see that it defines an operator Dy on the reduced bundle (see [62]): by
differentiating the equalities w(Zy, X;) = 0 we obtain that w(DZy, X;) = 0 for all
i, and thus that we can write

DZy =Y 0i(Zn)Xi+ (DZy)w,

with the last term denoting the projection of DZy onto Fiy and representing Dy Zn
via the isomorphism of Fy with F°/F.
Now by differentiating the equalities w(X;,Y;) = constant, we have that

w(X;, DYj) = 0 for all ¢ and j,

from which we deduce that DY} is orthogonal to all the X, that is
k
DY = ajiXi+ Bj,
i=1
where Bj is a section of Fiy.
Finally, if Z is any section of i*T'W written as

k k
Z=> NXi+ Y Y+ 2n,

i=1 i=1
we have that
k k k k

Dz = Z (}\i + Zﬂjaj,i)Xi + ZﬂiYi + (DNZN + ZN@‘BZ‘)~

=1 j=1 i=1 =1
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The differential equation DZ = 0 is thus equivalent to the system

i =0 for 1<i<k
DNZN‘FEi,UiBi:O-

In the vector space of solutions there is the subspace of codimension k of solu-
tions to

)'\i—l—ai(ZN) =0 forl1<i<k
DnZn =0,

corresponding to taking all the p; to be zero. These solutions are obtained from

the solutions of the normal variational equation Dy Zx = 0 by the quadratures

M=—/m@M-

The solution Zy = 0 yields the constants )\;, i.e., the vectors X;. Then if
Z1y..., Zon_ok is a basis for the solutions of Dy Zx = 0, the expressions

k

- Z (/ai(ZZ))Xi + Zy

are 2n — 2k independent solutions (which are also independent of the X;).
Hence a fundamental matrix of solutions is of the form

Id| A
0o(Id| o |,
018 |Zo

where the blocks correspond to the blocks (X1, ..., Xg), (Y1,...,Y%), (Fn) and Z;
is a fundamental solution matrix of the normal variational equation.

This shows that the Picard—Vessiot extension of the variational equation is an
extension of that of the normal variational equation, and that the Galois group
Gy of the normal variational equation is a quotient of the Galois group G of the
variational equation.

Thus it is easy to evaluate the Galois group by “solving” the differential system,
that is to say by being more precise about the form taken by the matrices A, x, 8
in the fundamental matrix.

We have seen that the matrix « consists of the primitives of the —«a;(Z;) (for
1<i<kandl</?<2n—2k). The matrices A and [ are obtained by considering
the solutions where one of the pu; is a nonzero constant. We fix an i between 1
and k, choose

pj =0 forj#iandp, =1
and solve
Nj+ajitailZy) =0 for1<j<h
DnZi + B; = 0.
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The second equation is solved by utilizing the variation of constants technique
which yields solutions of the form

Z]iV:ZO-Uo—/ZQ-Bi.
We can then solve the first by a new quadrature.

Consider now an element o of the Galois group G of the variational equation
and suppose that it lies in the kernel of the morphism G — Gpy. That is, we
suppose that ¢ induces the identity on the Picard—Vessiot extension of the normal
variational equation. Let us find out how o transforms the fundamental matrix
written above.

o First, note that o fixes the X; obtained for p; equal to zero and con-
stant \;.

e On the other hand, o fixes the Z, and transforms the matrix a of the
primitives of the —a;(Zy) into o+ a, where a is a constant matrix (which
could be identically zero, if the «;(Zy) have primitives in the field of
functions on our curve T').

 To finish, consider the effect of o on solutions of the form

k
Y+ > XX+ Ziy.
j=1
We have that O’(Z]iv) = Z}y + Zy - b;, where b; is a constant vector in Fiy
and O’()\E) = )\; + C@j + Oéi(Zo bl)
Finally all the elements of G that are sent to the identity in G form a subgroup
of the group of matrices of the form

Id|C| a
cC|id|b |,
a|0|Id

as stated (modulo the ordering of the basis vectors). O

Note that this proof contains the following result (which is classical but not
logically necessary here).

COROLLARY II1.4.7. The Galois group of Dy is a quotient of the Galois group
of D by an Abelian group.

Exercises I11.13, TI1.17.

II1.5. The Example of the Hénon—Heiles System

Consider the Hénon—Heiles system, which we have already encountered several
times in these notes. The Hamiltonian can be found in Section 1.2.d, and, as we
saw in Section 1.3.c, it is integrable when A\ equals 6. We will now show that this
case is exceptional and that the system is not integrable in general.
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To apply the techniques developed above, we first must choose a trajectory.
We have seen (also in Section 1.2.d) that the system has solutions in the plane
q2 = p2 = 0. We split our discussion into two cases.

e When A # 0, we will take

(which is the answer to Exercise 1.19).
o If A =0, we will take

1

We will consider the normal variational equation along this trajectory, which here
is the second order equation

§(t) —2(A+z(t)§ =0

(see Example I11.2.6), and, specifically:
. 6
o the equation §(t) - Z(A + W)ﬁ =0for A\#£0
e the equation £ —t£ =0 for A = 0.

These equations are well categorized by the botanists of differential equation

The XA # 0 Case. We begin by making the small change of variables ¢t = uz to
obtain the equation
d?¢ ( 12

2 —

o If A =0, there is not much to do, the equation keeps its original form and
is a “Cauchy equation”.

o If A # 0, we can choose u so that 24u? = 1/4, which puts the equation
in the form

d?¢ 1 12

= (G-

This is a “Whittaker equation”, which we have already encountered as a

special case of the anharmonic oscillator in Example II1.3.14.

The A =0 Case. In this case, the equation is an “Airy equation”.

These equations have been categorized, studied, explained, and all together
thoroughly explored. The most interesting thing here is to see how we can apply the
Morales—Ramis theorem. Since this is the simplest example and since it isabsent
from the literature, we will go through this case in detail. Necessary hints and
references for the other cases will also be provided.

II1.5.a. The Case of the Airy Equation.
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Ezxtending I'. In this case, the curve I'

1 1

is a complex line that is globally parametrized by ¢t € C. The differential field to
consider is thus the field of meromorphic functions on C.

From existence theorems for solutions to linear differential equations, we know
that the solutions of the equation 5 —t€ = 0 are holomorphic functions on all of C;
in other words, they are entire functions. In this case, the Picard—Vessiot extension
is trivial: all the solutions are already in the base differential field!

Nonetheless, this equation is famous and there are good reasons for this. Most
notably, its solutions are entire but certainly not rational (this is an easy exercise;
see Exercise I11.14). Moreover, if we treat it as a differential equation with coeffi-
cients in the “small” field C(¢), then its Galois group is exactly SL(2;C) (and its
Lie algebra is certainly not Abelian; see Section A.5). The readers have probably
noticed that Sp(2; C) = SL(2;C) (for the real case, see Exercise 1.5).

The ideal would thus be to replace I' = C by a curve whose function field is
exactly the rational function field C(¢). To do this, we just need to add a point at
infinity (see Exercise A.4) and consider I' = T' U {co} instead.

Then we must complete and extend everything as follows:

o We complete W = C* by adding a hypersurface at infinity. The simplest
way to do this is to add a hyperplane and to consider W’ = P4(C). The
new manifold W’ then has homogeneous coordinates

x
[xlax2ay17y27'z] with q1 = _17 etc.
z

and W corresponds to z # 0.

« We complete I' = {[1t — A,0, 3,0, 1]}te(C by adding the point (at infinity)
with homogeneous coordinates [1,0, 0,0, 0].

o We extend the symplectic form w to a form w’ on W’ (see Exercise II1.16).
The form w’ is meromorphic and has poles on the hyperplane at infinity
(which corresponds to z = 0).

e We extend the Hamiltonian H to a meromorphic function on W’ which
presents no difficulties since H is a polynomial.

o We then ask ourselves if there exists a function K on W that extends to
a meromorphic function on W’ such that H and K commute. Thus we

restrict ourselves to rational first integrals in the coordinates ¢; and p;.
Now, it remains for us to convince ourselves that we can apply a variant of
Theorem II1.3.10 to this new situation and deduce from it the assertion of the
following proposition:

PROPOSITION 1IL5.1. The Hamiltonian H = £(p? + p3) — ¢3(A + q1) has no
second first integral that is rational in (q1,q2,p1,p2)-

PROOF. The normal variational equation along I” is an Airy equation. The
identity component of its Galois group on C(t) = M(I”) is exactly the group
SL(2; C), and thus it is not Abelian (see Section A.5). O
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REMARK II1.5.2. The completed curve I' is still simply connected, and the
corresponding Galois group contains no monodromy (in other words, the solutions
are entire). As academic as this example is, it cannot be solved by the methods
of [84].

IT1.5.b. The Whittaker Equation. The solution I' that we have chosen can

be parametrized by ¢ € C — {0} as follows

te (06) = 33, 0,m1(1) = —12,0).
The point ¢; = 0, p; = 0 is a singular point for the Hamiltonian and a zero for the
corresponding vector field. Therefore, it is natural to consider the curve T' obtained
by adding this singular point to I'.

This time, the extended curve T lies in W = C*, which we do not need to
complete. It is parametrized by ¢t € (C — {0}) U {o0}.

By applying an ad hoc version of their theorem to the curve I, Morales and
Ramis have explained (see [62], and also [61]) that when the normal variational
equations is a Whittaker equation (that is, when A # 0), the system is not integrable
(with a meromorphic second first integral), except possibly when

S_ kk+1) for some k € Z.
A 2
REMARKS IIL.5.3.

(1) The case A = 6 corresponds to k = 1, and so the Morales-Ramis theorem
does not forbid its integrability. Of course, this is a good thing, because
we found a second first integral for this case in Exercise 1.21. In [61,
Chapter VI], Morales uses a refinement of these methods to show that
only when A equals 1, 2, 6, or 16 can the system be integrable.

(2) We have already encountered a Whittaker equation with an Abelian Galois
group in Example II1.3.14. In fact, we showed that its Galois group is a
subgroup of the group C*, by using the integrability of the system in
question (the anharmonic oscillator).

(3) As we have already noted, the case A = 0 corresponds to a Cauchy equa-
tion. The Galois group, at least on C(¢), is Abelian (see Example A.3.3),
and so we are unable to conclude anything in this case.

Exercises I1I1.14, III.15, III.16.

IT1.6. Appendix: Proof of Ziglin’s Lemma

I begin with a few explanations on the statement of Theorem III.1.14.

It is about germs, which just means that we are looking at power series: the
ring of germs of holomorphic functions at 0 is the ring C{xy,..., 2} of conver-
gent power series, while the ring of germs of meromorphic functions is its field of
fractions.

The theorem also mentions two different concepts of independence:

e The f; are functionally independent, i.e., the derivatives must be linearly
independent (this is an open condition).
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o The initial forms are algebraically independent in the field of rational func-
tions. Now, in C(x1, ..., %), the properties of algebraic and functional
independence coincide!?.

Another useful remark on independence is the following proposition whose proof
will appear along the way to proving Ziglin’s lemma.

ProposITION I11.6.1. If the initial forms f7,..., fy at 0 are independent, then
f1,.- -, [ are functionally independent.

Before giving the proof, here is a simple but enlightening example involving
only two functions (k = 2) and three variables (m = 3).

ExaMPLE III1.6.2. We consider the two functions
fi = 2% and fo = 21 + T12073,

which are clearly and functionally independent. It is equally clear that their initial
forms at 0,

=22 and f5 = x1,
are dependent, since
=057
Then by taking
g1 = f1and g2 = f3 — f1 = 23523 + 20]w073,
we obtain the independent initial forms
gy = 7 and g5 = 223 w923,

Note that go was constructed by using a polynomial annihilating f7 and f5. A gen-
eralization of this construction will be used in the proof of the theorem.

We will need some notation and a few lemmas for the proof. We let d(f) =
deg f° (= degu® — degv® if f = u/v) and d(0) = +oo0.

LEMMA II1.6.3. Let f : U — C be a meromorphic function. Then

a(5) = a1,

of
50 70

ProoOF. If f is holomorphic at 0, we can write f = ) aq,2® and f° = a a7,
where |y| = d(f) is minimal. Then

of 8
(%ci = Zoﬁaamx_ia

with equality if and only if

12This statement is left as an exercise, although not an entirely trivial one. To prove it,
one needs to use the fact that any derivative of a field K of characteristic zero can be lifted to a
derivative of an extension L/K.
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so that o7°
= —1 if
ol it o

of af \°
d(ami)zdeg(axi) ol ifafo
ox;

The case where f is only meromorphic is left to the readers... O

£0

=0.

.. as is the (analogous) proof of the following lemma.

LEMMA I11.6.4. Let f1,..., fr be meromorphic functions and iy, ..., 1 be inte-
gers in {1,...,m}. Then
D(fla"'7fk)
A ) B Y ) ~ k,
D(xil, e ,xik)

with equality if and only if
D(f1,--- [%)

s CARERRLE/ YA
D(xil,...,xik)

With this lemma, we can already prove Proposition III.6.1.

Proor or ProprosiTION II1.6.1. If the initial forms f7,..., f; are indepen-
dent, there are indices 41, ..., 7 such that
D(f?, -5 f7)
D(xil, .. .,Jiik)
Then Lemma II1.6.4 implies that

d(H) = d(fi) = k < +oc.

Hence the Jacobian cannot be identically zero, and the f; are independent. O

£ 0.

LEMMA II1.6.5. Let f1,..., fr be meromorphic functions on U. Define a gra-
dation on the ring of polynomials Clz1, ..., zi] by assigning the weight d(f;) to the
variable z;. Let P € Clz1, ..., zx| be a homogeneous polynomial of weight v. Then

d(P(fla7fk)) Z v,
with equality if and only if
P(ff,.- &) #0,

in which case we have
(P(f1io-- s fi)" = P(fL - fr)-

PROOF. I will only consider the case where all the f; are holomorphic, leaving
the meromorphic case as an exercise. We have

fi = f7 + higher order terms,
and thus
P(f1,...,fx) = P(f{,..., fi) + higher order terms.

If the term P(f7,..., f7) is nonzero, it is the initial form, and we obtain the last
equality given in the statement as well as the equality of v with d(P(f1,..., fr))-
Otherwise, the initial form has higher degree. O



II1.6. APPENDIX: PROOF OF ZIGLIN’S LEMMA 75

PROOF OF ZIGLIN’S LEMMA. We proceed by induction on k. It suffices thus to
carry out the last step. We suppose that f7,..., fo_; are algebraically independent.
If (f1,..., fr) are meromorphic functions, we set

k
. D(f1,--s fx)
BTN e SR PP
1 f1 fr) W N D, ) ; (fi)
which is a nonnegative integer by Lemma III.6.4. We prove the “Lemma” by
induction on this integer p. If p = 0, we have equality in Lemma II1.6.4 and thus
the initial forms f7,..., f; are independent. Now suppose that ¢ > 0. We show
that one can find a function g which is a polynomial in the f; and is such that

,u(fla"'vfk—lvgk) < :u(flvvfk)
From Lemma II1.6.4, we have that

D(f1,..., fx)

— 2 =0 for anyil,...,ik.
D(xil,...,xik)

Hence the initial forms f7,..., f¢ are functionally related, and thus they are al-
gebraically dependent (a result we decided to accept above). Thus let P be an
algebraic relation, i.e., a polynomial in Clz1,. .., zx] such that P(f7,..., fo) = 0.
We choose P of minimal degree.

We equip the ring C[z1, ..., 2] with the gradation of Lemma II1.6.5 where the
weight of z; is the degree of f?. By decomposing P into a sum of terms homogeneous
in this graduation, we can suppose that this polynomial is homogeneous of weight v.

We have made the hypothesis that f7,..., fg_; are algebraically independent
thus we know that the polynomial 9P/0z; is nonzero and that its degree is less
than that of P. Since P was chosen to have minimal degree, we have

oP .. o
T%(fl,---,fk)#o-

Set g = P(f1,..., fx) (see Example I11.6.2), and let iq,... 49 be the indices
such that the minimum is achieved in the definition of p. Then we have

w(fi, s fo—t1, 9%)

D(fl""7.fk—1,gk) k—1
Sd( D(ziy,. .., 2i,) )_;d(fi)—d(gk)+k

D(f1,..., oP k
< d(Ha_zk(ﬁ"”’fk)) _;d(fi)+d(fk) —d(gr) +k
k
< d(?—i(h,...,fﬂ)+(d(H) - ;d(fi) +k>+d(fk) — d(g).

We now evaluate these terms one by one:
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o By the minimality of the degree of P, the polynomial 9P/0z is not zero
on f7,..., fi. Therefore, Lemma III.6.5 implies that

aP , aP
d(a—Zk(fl,...,fk)) = weight of o (21, ..., 2)

8zk
= weight of P — weight of zj
=v—d(fr)
by the definition of the gradation.
e From the choice of the indices i1, ...,ix, we have
k
D(f1,---, fr)
Ao N A(f) k= pfs e ).
D(xil,...mik) ;

e Finally, Lemma II1.6.5 implies that d(gx) > v since gr = P(f1,..., fx),
which is zero on the f;.

Thus our sequence of inequalities gives

,u(fla"':fk—lvgk) < (l/—d(fk))—|—,u(f1,...,fk)+d(fk)—V<[L(f1,...,fk),

which is exactly what we need to conclude the desired result via induction. O

Exercises

EXERCISE III.1. Give a proof of Lemma III.1.3 using (well-chosen!) local co-
ordinates on W.

EXERCISE III.2. Let X be the fundamental vector field for the action of the
circle S! on a manifold W. Describe the trajectories of X in terms of this action.
Fixing a trajectory, describe the solutions of the variational equation.

EXERCISE II1.3. Let U and V' be neighborhoods of 0 in C™, and let ¢ : V — U
be a diffeomorphism such that #(0) = 0. Consider a function f on U. Evaluate
d?(f o1)o and show that, if 0 is not a critical point of f,

d*(f o1p)o # (d*f)o o Totp.

EXERCISE III.4. Check that the initial form H®° from Example I11.1.8 is con-
stant along the solutions of the linear system given in Example III.1.5.

EXERcISE II1.5. Similarly, check that the initial forms H° and K° from Ex-
ample I11.1.10 (the anharmonic oscillator) are constant along the trajectory I'.

EXERCISE II1.6. Under the hypotheses of Exercise I1.6 on periodic Hamiltoni-
ans, show that the Galois group along all the nonstationary trajectories is finite'?.

ExERCISE II1.7 (Singular Action—-Angle Variables). Consider a Hamiltonian
system written in the (real analytic, symplectic) coordinates

xla"'7x/€7917"'70/€7€/€+17"'7§n777k+17"'777’n (k> ]-)7

B a neighborhood of one these trajectories, a periodic Hamiltonian is always integrable
(see Exercise I1.6).
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. : oh

r; = 0 91' = 8mi(x1,...,xk,Tk+1,...7Tn)
: oh ) oh

§ = a—ij U —a—ijj-

Here 7; denotes the quadratic form

1

Check that z1,..., 2k, Tkt1,- .-, Tn are n first integrals in involution'®. Deter-
mine explicitly the trajectories contained in a level set 7441 = --- = 7, = 0, and
check that they are R or R/Z.

Determine the variational equation along such a trajectory and its solutions.

In the case where the trajectory is periodic (although the arbitrarily close ones
may not be), describe the Picard—Vessiot extension. Show that the Galois group
contains a 1-dimensional additive component and multiplicative components, and
that its dimension is < 1+ n — k.

EXERCISE III.8. Let G be an algebraic subgroup (that is, G is described by
polynomial equations) of the additive group C™. Show that, if G contains a nonzero
element z of C™, G contains the line generated by z. Deduce from this that G is a
vector subspace of C™ and is, in particular, connected.

EXERCISE I11.9. Let Y and Z be endomorphisms of E. Check that their bracket
[Y, Z] as vector fields on E is the vector field corresponding to the endomorphism
ZY — Y Z (the opposite of the bracket of the endomorphisms).

EXERCISE I11.10. Check that an endomorphism Z of FE lies in the Lie algebra

sp(F) if and only if, as a vector field, it fixes the symplectic form (i.e., if and only
if Lzw=0).

EXERCISE IIL.11. Consider the vector space C?" with the complex form
Y. dpi A dg;.

Letting F be a linear form, what can be said about the corresponding Hamil-
tonian field? Let F' and G be two linear forms. The map

Y — F(Y)XG + G(Y)XF

defines a vector field on C?*. Show that it is the Hamiltonian vector field associated
to a quadratic Hamiltonian, and determine this Hamiltonian.

Now, suppose that F1, ..., F, are independent linear forms in involution. Show
that there is a symplectic basis of C2" in which the linear vector field

Yi— FJ(Y)XFz =+ E(Y)XF]‘
has a matrix whose only nonzero entries are on the i-th row and the j-th column
or the j-th row and the i-th column of the upper right block.

Finally, suppose that fi,..., f, are n independent analytic functions in invo-
lution and that I' is a trajectory of Xy contained in a regular common level set

14T his type of singular action—angle variables is considered by Eliasson in [27]; see also [23]
and [44].
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of the f;. Show that the proof of the key lemma (Lemma III1.3.7) implies that the
Lie algebra of the Galois group of the variational equation is conjugate to a Lie

00
subalgebra of the Abelian Lie algebra of matrices lg\ﬁl € sp(2n; C)15.

EXERCISE I11.12. Consider the Hamiltonian'®

H = ai1qip1 + a2q2p2

on R* (where a; and s are nonzero constants to be given later). Show that the
Hamiltonian system has solutions contained in the plane go = p2 = 0 and choose
such a solution I'. Check that the Riemann surface I'¢ is (the germ of) C/ (if—f)Z
and that the field of meromorphic functions is the field of fractions of the ring of
germs of holomorphic functions in z = e®*.

Suppose that a;q /e is a nonzero, non-integral rational number. Determine the
Galois group.

More generally, consider the quadratic Hamiltonian

H = a1g1p1 + -+ + an@ndn

on R?" along a trajectory
@ =ae™,  pr=be,  @p=-=g,=pa=---=p, =0,

and adjust a; to obtain any product that one would wish of cyclic groups and
multiplicative groups as the Galois group.

EXERCISE II1.13. Let k be a differential field on C and let a be an element of k.
Consider the linear differential system

=0
2 = ap.

Show that the Picard—Vessiot extension K has transcendence degree at most 1. We
suppose the degree is 1 and there is an element Z of K such that K = k(Z) and
Z' = a. What are the solutions of the system? Show that the Galois group is

1
conjugated to the “additive group” of matrices <0 ;)

ExERCISE II1.14. Show that the Airy equation y” — ty = 0 has no rational
solution.

EXERcISE II1.15. Let f be an entire function on C satisfying an algebraic
equation with coefficients in C(¢). Show that there exists constants A, B, and C
such that

|f(6)] < A+ BJt|°
for large enough |¢t|. Deduce from this that f is a polynomial.
15Compare this result with Lemma III.3.2.

161 ike all quadratic Hamiltonians, H is integrable (see [83] and Exercise 1.26). Here K =
q2p2, for example, is a second first integral.
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EXERCISE II1.16. Show that the form w = dpi A dg1 + dpa A dga on C* can be
extended to a meromorphic form on P4(C).

EXERCISE II1.17. Consider an analytic function H on the complex symplectic
vector space C*. We suppose that the plane
E:qg=p=0
is stable under H in the sense that
(Ve E) Xu(z) € E.
Show that H takes the form

H(q1,q2,p1,p2) = h(q1,p1) + %p%f + qapagp + %qgg
for some functions h on C2, f, ¢, and g on C*.

Choose a trajectory I' of X contained in E that we suppose does not reduce
to a point. What is the degree of the initial form H° of H along I'?

Determine the variational equation along I'. Show that the reduced symplectic
bundle along I" can be identified with the trivial bundle I' x (Q2, P»), and determine
the normal variational equation satisfied by (Q2, Ps).

Is the Hamiltonian

1 1
H = Z(p] +13) + =45 (q1 + 3q2p3)

2 2
integrable?
Now consider the Hamiltonian
1
H = 2pi — Agi™ + i3,

where > 1 is an integer. Show that the Hamiltonian system associated to H is
integrable. (Try calculating the Poisson bracket of H with a function of g2 alone.)

Check that there is a value of A such that Xy has a trajectory contained in
of the form

@ =t p=ot"!

for some real number a (to be determined). Is it contained in a regular level set
of H? For this value of A and trajectory I', determine the Galois group of the
normal variational equation along T'.






CHAPTER IV

An Introduction to Lax Equations

The Arnold—Liouville Theorem,
Revisited Through Lax Equations

Solving certain completely integrable Hamiltonian systems involves algebraic
curves and functions related to these curves: elliptic curves and Weierstrass func-
tions, for example. An elegant way to understand the appearance of these curves is
to write the differential system in the form of a Lax equation, namely in the form

% = A)\B)\ — B)\A)\ = [A)\, B)\],

where Ay and B) are matrices whose entries are the dynamical variables that inter-
est us. The additional independent parameter A plays an important role by bring-
ing into play algebraic curves, those of equations det(Ay — pId) = 0 (the spectral
curves). With the aid of the eigenvectors of the matrices Ay, we can finally connect
geometry (the family of common level sets of the first integrals) to an algebraic
model (the family of Jacobians of the spectral curves). Recall that the Jacobian of
a curve is a complex torus, and that its real part is a union of real tori, just like a
regular level set of an integrable system.

It is hardly an exaggeration to say that this chapter can be thought of as
an effective version of Chapter II. I will try to show how these algebro-geometric
methods can be used to effectively solve some questions left hanging by the Arnold—
Liouville theorem:

o The affine structure of level sets (linearization on the Liouville tori). Often
the solutions of the differential system can be considered to be “linearized
on the Jacobian of the curve”—which can be seen as an algebraic version!
of the Arnold-Liouville theorem (see Theorem IV.2.5).

o The determination of the regular values. These techniques allow us to
relate the regularity of a given level set to the smoothness of the cor-
responding spectral curve, thus easily yielding which values of the first
integrals are regular.

o The counting of the Liouville tori and the study of their bifurcations. We
can also use these methods to count the Liouville tori on a given regu-
lar level set, and even to study their bifurcations. This point of view,
which was used successfully in [16] to determine the Liouville tori of the

1But this version is much more precise: the Hamiltonian vector fields are linear for an
affine structure on the level sets they themselves define—a tautology that was the basis of Re-
mark I1.2.3—and here the Jacobians burst in fully armed... with their canonical affine structure!

81
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Kowalevski top, and in [6] to count those of the geodesics on quadrics, is
developed in [8].

o Construction of action variables. Instead of considering a single regular
level set, we consider this time the whole family of these level sets (which
is an open subset of the symplectic manifold). From the algebraic point of
view, we can model this by the family of Jacobians sitting over the family
of spectral curves.

In this chapter the readers will find an introduction to Lax equations and spec-
tral curves (Section IV.1), the definition of the eigenvector map and a linearization
theorem (Section IV.2), and in an appendix a survey of a method for constructing
Lax equations (Section IV.4). The simple example of the spherical pendulum will be
used throughout the chapter to illustrate the methods I will present. Section IV.3
contains a fairly complete study of the more elaborate example of geodesics on
quadrics.

IV.1. Why Algebraic Curves?

IV.1l.a. A Simple Example. We return to the example of the spherical pen-
dulum (Sections I.2.f and 1.3.e).

Choose an orthonormal basis whose third vector e is vertical (that is, parallel
to the gravitational field I'): e = —I". Let us determine the height g5 of the weight
as a function of time.

The differential equations are

g=pand p=—es— (—gs + pl]*)a,

and so, in particular, g5 = p3. Using the two first integrals H = 3 IplI> + ¢ and
K = qip2 — q2p1 and the relations ||¢||> = 1 and p- ¢ = 0, we can easily eliminate
the other unknowns and find that

@ =p3=2(H—q)(1—q3) — K°.

This leads us to consider the curve with equation y?> = P(z) with P(z) =
2(H —2)(1 —2?) — K2,

This is a cubic curve in the plane C2. By adding a point at infinity we can
treat it as an “elliptic curve”. We can also easily put this equation in the standard
form: y? = 423 — gox — g3 and parametrize it by a lattice in C and a Weierstrass
p-function. This allows us to effectively solve the equations (Exercise IV.1).

Since the polynomial P is negative at —1 and 1, it has two real roots in the
interval (—1,1) and one in (1, 4+00). Now, since the weight is restricted to the unit
sphere, its height must be between —1 and 1. It is thus limited by the parallels
corresponding to the two roots of P contained in this interval (see Figure 5 of
Chapter II). From this, we can draw two lessons:

« The elliptic curve y?> = P(x) arises naturally in the search for solutions.
e The real geometry of this algebraic curve gives us information about the
dynamics and the geometry of the system.
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We will now present a theoretical framework that explains why many completely
integrable systems are connected to algebraic curves.

REMARK IV.1.1. There are very simple integrable systems with no hope of
being approachable by algebro-geometric methods. Think, for example, of the
geodesic flow on a surface of revolution (see Section I.4.a).

Exercises IV.1, IV.2.

IV.1.b. Lax Equations and Algebraic Curves. A Lax equation with spec-

tral parameter is an equation of the form
d
—A\=[A\, B
R [Ax, Bal,

where
o A and B are matrices and [, | is the matrix bracket [A, B] = AB — BA,
o these matrices are polynomials in ), an independent variable called the
spectral parameter,
e B may depend on A (so the equation is not linear).

REMARK IV.1.2. We could also consider Lax equations in which A and B
are linear operators that are more general than matrices, for example differential
operators. See [66] and [42] for an introduction and further references.

EXAMPLE IV.1.3. We identify the vectors in R? with the skew-symmetric ma-
trices and the vector product with the matrix bracket (as in Exercise IV.3). Then
the differential equation

d
E(m+MpX®—A%?=M+A@xq%—ﬁﬂpxq—kﬂ

for (q,p) € T'S?, is equivalent to

Gg=qgx(pxq) =p
PXq+tpxg=pxqg=—qxT,

namely, to the system

{d=p
p=T+ag=-T—(q-T+|pl[*)q.

We recognize the Hamiltonian system describing the spherical pendulum? (Sec-
tion 1.2.f).

ExampLE IV.14. If ', M, L, and () are skew-symmetric matrices of order 3,
the differential equation

%(F—f—MA—i—L/\Q): [T+ MA+LA2,Q + L]

2This is Alexei Reyman who gave me this Lax equation when I was preparing my Lisbon
course and wanted to illustrate it by an example that was not already in [8]. Thanks to him!
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is a Lax equation with spectral parameter. One can check (Exercise IV.4) that
when M — € is collinear to L, this equation is equivalent to the Hamiltonian system
describing the motion of a symmetric top (Sections 1.2.g and 1.3.g).

EXAMPLE IV.1.5 (The Euler-Arnold Equation). In Section I.3.f, we have said
that the motion of a free body can be described by the differential system M =
M x , where M and Q are related by M = JQ. By treating a vector in R3
as a skew-symmetric matrix and the vector product as the matrix bracket (see
Exercise IV.3 if necessary), we can write this as

M=[M,Q], M=JQ+QJ,

where J is a diagonal matrix (a function of J!). This new way of writing the equation
makes sense in dimension N, i.e., we can take M and 2 to be skew-symmetric
matrices of order N (and thus elements of so(/V)) and J to be a symmetric matrix.
This system was put in the form of a Lax equation by Manakov [59]

d

7 (M 4AT%) = [M +A%,Q 4 AJ]
It also describes the geodesic flow of an invariant metric on the group SO(N) (see [2,
Appendix 2]), which is why this differential equation is called the Arnold-Euler

equation.
Exercises 1V.13, IV .4, IV.5.

IV.1.c. Isospectral Deformations and the Spectral Curve. The matrix
bracket is the infinitesimal form of conjugation. Consequently, a Lax equation is
the infinitesimal form of an equality

A)\(t) = U)\(t)ilA)\(to)U)\(t).
Skeptical readers are invited to work out Exercise IV.6. Those who want to be
“absolutely sure” should even work out Exercise IV.7. Now that everyone is con-
vinced, the matrix A, remains its own conjugate, and, in particular, its eigenvalues

are independent of the time ¢. Thus we say that the Lax equation determines
“isospectral” deformations.

The Spectral Curve. A differential system written as a Lax equation always has
many first integrals: all the eigenvalues of the matrix Ay, or, if one prefers, all the
coefficients of its characteristic polynomial.

Here is where the spectral parameter \ begins to play an important role: the
characteristic polynomial det(A) — pId) of the matrix is a polynomial in two vari-
ables A and p. And what is a polynomial in two variables if not the equation of an
algebraic curve in the plane C2?

This curve describes the spectrum of Ay, it is thus called the “spectral curve”.

Remark that to each value of A there are associated N values of pu, the N
eigenvalues of the matrix Ay (with multiplicities)®, where N is the size of the matrix
Aj. In other words, the spectral curve is a ramified covering of C of degree N.

3From now on, it would be wise to take the polynomials in question as complex and thus as
defining complex curves. We will remind ourselves of their real origins when we will need it.
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REMARK IV.1.6. The equation det(Ay — pId) = 0 defines an affine curve
Co={(\p) €C x C | det (A — pId) =0},

but it can be completed and normalized by adding points over A = oo (see Appen-
dix B). We thus obtain a curve C' (a Riemann surface) together with a covering
A :C — P! I will discuss this completion more concretely in Section IV.2.c.

REMARK IV.1.7. The spectral curve does not depend on the matrix B. What
the latter describes is a differential equation, i.e., a flow on a set of isospectral
matrices A.

ExaMPLE IV.1.8. We return to the Lax equation describing the spherical pen-
dulum (Example IV.1.3). The characteristic polynomial of a skew-symmetric ma-
trix A of order 3 is

det(A — plId) = —p(u® + ||A]%).

Hence we will consider here the equation of the spectral curve?

12+ [lg+ AP x @) = NT||" = p? + A* +2KN% + 2HN? + 1,

where we find the first integrals H (energy) and K (momentum with respect to the
vertical axis) as expected (see Section I.2.f). This curve, completed by adding two
points above A = oo, has genus 1 (see Exercise B.1 if necessary). We remark that
it contains no real points; however, this does not prevent it from being useful (see,
in particular, Exercise IV.12).

Exercises IV.6, IV.7, IV.8, IV.9, IV.10.

IV.2. A Linearization Theorem

We obtained the spectral curve by considering the eigenvalues of the matrix Ay.
We will now consider and use, even exploit, its eigenvectors.

IV.2.a. Definition of the Eigenvector Map. Fix now the curve C, and
consider the isospectral family T of matrices Ay for which C' is the spectral curve
(which means fixing the values of the first integrals, i.e., the characteristic polyno-
mial).

Suppose that the polynomials Ay have a simple spectrum for almost all values
of ), so that the eigenspaces are lines, and that these lines span the space CN.
Then A : C — P! is a ramified covering of degree V.

PropoSITION IV.2.1. Let Ay be a polynomial of matrices over To. If the
curve C' is smooth, then there exists a unique complex line bundle on C defined as
the subbundle of C' x CN whose fiber at (A, i) € C is, when p is a simple eigenvalue
of Ay, the eigenspace of Ay associated to p.

4We could eliminate the superfluous factor u by replacing the 3 x 3 matrices by complex 2 x 2
matrices, namely via the isomorphism s0(3) 2 su(2). See [32] for applications of this remark to
studying the top.
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PRrOOF. Consider the submanifold V of C' x PN=1(C) defined by
V={(\u,d)|dCker(Ay— pnld)}

(where d denotes a line in CV, considered as a point in PY~1(C)) and the subman-
ifold of V

Vo ={(\, p,d) € V| p is a simple eigenvalue of Ay} .
Let F be the set of points of C' where two eigenvalues coincide. Since F' is finite

under our hypotheses, it must be the ramification locus of the covering A : C' — P'.
We want to show that the bijection

f:C—F—V,
(A, 1) = (A, 1, d)

has a holomorphic extension to the entire curve C, with values in the closure V
of V.

Let a be a point in F'. Since the curve C' is smooth, it has a local coordinate z
centered at a, and we have, for nonzero z,

f(2) = (2 [21(2), .. an(2)])

(where the coordinate z represents the points (A, ) of the curve in a neighborhood
of a and [x1, ...,z x| the homogeneous coordinates for PV ~1(C)). In this expression,
the functions x; are holomorphic except at 0, where they may have a pole. Thus,
for m sufficiently large (but not too large!), we can extend f on a neighborhood of
0 by setting

o(z) = (z,[z"x1(2),..., 22N (2)]). ]

REMARK IV.2.2. Note that this proof required not only that C' is smooth but
that it is a curve.

We thus have constructed a map taking values in the Picard group
vc : Te — Pic(C)

(for a certain integer® d). To the polynomial Ay, ¢¢ associates the dual L of bundle
V of eigenvectors. (We have chosen to utilizer the dual because this is the one who
has positive degree: the coordinates of the eigenvectors are holomorphic sections.)
We call the map ¢¢ the eigenvector map.

ExXAMPLE IV.2.3. It is often possible to produce a divisor which represents the
image of a point in To. We will see this in the example of geodesics on quadrics,
which we will study in Section IV.3.b. In the case where the Lax matrix is a 3 x 3
skew-symmetric matrix, it is easy to calculate its eigenvectors and obtain a concrete
description of the map ¢¢. In particular, this is the case for the spherical pendulum
(see Exercise IV.11) or for the top (this time, the exercise is worked out in [8]).

5The degree d is a function of the size of the matrix A, and its degree as a polynomial in A,
that it is not indispensable to make explicit here.
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We want to understand what pc(Ax(t)) describes in Pic?(C) when Ay (t) is a
solution to a Lax equation. Since Ay(t) is a solution of a differential equation, we
are interested in the differential equation satisfied by the image. Thus we want is
to calculate the tangent map associated to ¢¢

Tyc : TTe — T Pict(C).

This calculation was performed in great generality by Griffiths [36] (see also [8,
Appendix 3], which closely follows [36]). The special case of Lax equations ob-
tained from R-matrices on loop algebras is due to Adler and van Moerbeke [1] and
Reyman [70]. This is the case I explain now in a very down-to-earth way, following
the presentation in [42].

IV.2.b. The Torus Picd(C) and Its Tangent Space. The tangent map of
pc takes values in the tangent bundle of Picd(C), so I start by describing this
bundle.

We think of a line bundle as being described by a cocycle (see, e.g., Appendix B)
and consider the exact “exponential sequence”

HY(C:2) — HY(C:00) 22 B(C;07) -2 52 (2

which presents the vector space H'(C;O¢) as a covering of Pic?(C), and thus as
its tangent space (and also as the tangent space of Pic?(C)).

If 3 € HY(C;0c¢) is the class of a 1-cocycle, then exp 3 describes a bundle of
degree 0. Similarly, if we fix a bundle of degree d described by a cocycle ¢, then
exp(t0d)c describes a bundle L; of degree d that depends linearly on t.

exp
B
Ly
H'(C;0¢) Pic?(C)
FIGURE 1

This is what I explain now:

o these linear families are the images of the solutions of a certain Lax equa-
tion,

« more precisely, to each § I will associate a matrix By such that the bundle
defined by exp(¢83)c is the image of a solution Ay (t) of A\ = [Ax, Bals

e to do this, I will give a fairly concrete description of the elements of
H'(C;0¢) by using an embedding of C' in a complex surface S.
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IV.2.c. The Spectral Curve As Seen in O(n). The surface S in which we
embed the spectral curve C is simply the total space of the bundle O(n) on P,
where n is the degree of Ay as a polynomial in .

Let Uy = P! — {0} and U, = P! — {0}. Recall (see Appendix B) that the
bundle O(n) can be obtained by gluing Uy x C and Uy, x C via

o (),

And the notation is good: A is the “affine” coordinate (centered at 0) and setting
N =1/X (the coordinate centered at oo), we have

det(Ay — p1d) = det (Eﬂ:AN - uld)
=0

— det (; (Xn: AN /\’"uld)) .
1=0

Hence we can consider any point (A, ) in C as a point in the total space of O(n)
allowing us to see the curve C' as embedded in the surface S.

We can also interpret this embedding by saying that p is a section of the bundle
A*O(n) on C.

REMARK 1V.2.4. This is indeed an embedding of the complete curve C. The
partial compactification of C? in the total space of the bundle O(n) on P*(C) is
actually the most natural place to construct the completion of the affine curve.

IV.2.d. The Elements of H!(O¢) as Polynomials in (), ;). The advan-
tage of seeing C in S is that H'(S;Og) can be described simply, thereby giving us
a very concrete description of the elements of H(C;O¢).

The surface S is the union of the two open sets Uy x C and Uy, x C. We show
that H(Uy x C,0g), H (U x C,05), and H'((Uy N Us) x C,0g) are zero, so
we can calculate H!(S;Og) simply by using the 1-cocycles of the covering of S by
these two open sets. In this way H'(S;Og) can be interpreted as the vector space
of holomorphic functions on C* x C, that is to say, the series

E E ai,j)\llﬂ
i€Z jEN

modulo those that can be extended to Uy x C, i.e., the series ;>
and those that can be extended to Uy, x C, i.e., the series

Z Zai7j)\/iuj = Z Zai7j)\—71j—iuj'

ieN jeN ieN jeN

SN\ y,d
jeNam)‘ W,

We now consider the embedding of C' in S. The polynomial det(Ay — pId)
has degree nN, and the functions on S which are 0 on C' are those in the ideal
generated by this polynomial. We can write this as an exact sequence of sheaves

det(Ay — p1d
0 — 0g(—nN) M ZHID o e
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Since S is covered by two open sets, the group H?(S; O(—nN)) is trivial. Thus the
inclusion C' — S induces a surjection

H'(S;05) — H'(C;0¢)

and we can say more precisely that the elements of H*(C;O¢) can be described as
elements of H'(S;Os) modulo the equation of C, that is det(A) — pId) = 0.
In conclusion, any element of H!(C; O¢) can be represented as a Laurent poly-

nomial of the form
N-1

1 i
B, ) = F Z bi(A)p
i=0
for an integer k and polynomials b;.

IV.2.e. Cocycles and Lax Equations. As we have already noted, for a
cocycle ¢ determining a bundle of degree d on C, that exp(t3)c also determines a
bundle L; of degree d. As we announced it, we will identify L; with the image of a
matrix A ().

1 _ )
THEOREM IV.2.5. Let S(\, p) = 3 Zfiol b;(\)ut be an element of H'(C; O¢),
and let

L N
By=(— Y bi(NA;
A ()\k ; M) ’\)+
be the polynomial part of B(\, Ax). Then the image of a solution Ax(t) of the Lax

equation AA = [Ax, B)] under the eigenvector map ¢ is a bundle Ly determined
by a cocycle exp(tf)c.

ExampLE IV.2.6. Continuing to consider the Lax equation for the spherical
pendulum (see Example IV.1.3), we have

Ax=g+Apxq)—XNT and By =px q— A= (A4, .

Thus the eigenvector map linearizes the flow on the Jacobian of C. Here the
cocycle 3 is A1 p.

REMARKS IV.2.7.

(1) The choice of ¢ is related to the choice of the initial condition pc(Ax(0)).

(2) As Griffiths explains in [36], we expect a priori that By is not unique (we
could add any polynomial in Ay) and this foreshadows the cohomological
nature of the objects in question.

(3) This result has some beautiful applications. For example, one can use it to
determine the regular values of an integrable system. See Exercise IV.12
for the simple case of the spherical pendulum and Section IV.3 for the
case of geodesics on quadrics.

PROOF. For this proof, it is simpler to work with the eigenvectors themselves.
Thus let v(t) be a section of LY. Abusing notation, I will also write v for the section
over Uy and v’ the same section over Us,. In this way we have

v = exp(—tB(A, 1))yv'
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(with the — sign since v is a section of L}, and with v denoting a cocycle that
determines a bundle of degree —d, for example v = c¢~!). Differentiating with
respect to t yields

0 = —Pv + exp(—t[)y0'.
But since v is an eigenvector of Ay with eigenvalue p, i.e., Ayv = pv, we have that
B, v = B(A, Ax)v.

We decompose (A, 1) into a polynomial component and a “Laurent polynomial
without constant term” component

B p) =B 1)+ — B, 1) -
and thus we see that
b+ B, Ax) v = BN, Ax)—v + exp(—tB(\, )0’
= exp(—tf)y (v + B(A, Ax)-v") .

In this equality, the left side is holomorphic in A and the right side is holomorphic
in A7!, so that the equality defines a section of L. Finally, 3(\, Ay) is what we
want to call B) so that this section can be written over Uy as

v+ Bywv.

We have assumed that the eigenvalues of Ay are, generically, distinct, so that
© 4+ Byv is an eigenvector of Ay with eigenvalue p, and thus

Ayv=pv

{Ax(z} + Byv) = (v + Byv).

This implies that
A0 + (AxByv — ByAyv) — ud =0,
or, in other words,
AU+ [Ax, BaJv — po = 0.

By comparing this equality to the one we get by differentiating Ayv — pv = 0 with
respect to the time ¢, we get

A)\’U = [A)\, B)\]U.

Then, since we can find a basis of eigenvectors for Ay, we see that Ay does in fact
satisfy the differential equation

Ay = [Ay, By

for the matrix By we have constructed. O

Exercises IV.11, IV.12.

IV.3. The case of Geodesics on Quadrics

In this section, I utilize and illustrate the methods presented so far to determine
the regular values and action variables for geodesics on quadrics. Notation is that
of Section I.4.b. The matrix I is the matrix with entries I'; ; = (p;u; — pju;)/cuic;.
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IV.3.a. The Lax Equation and the Spectral Curve. The system is de-
scribed (by Moser in [65], and) by Lax equations obtained by the method explained
in Section IV.4. We define p ® p and p X u to be the matrices with entries

(p®p)ij = Pibjs (P Aw)ij = pitj — pjui.
It is easy to prove the following result (Exercise IV.14).

ProrosiTION 1V.3.1. The Hamiltonian system describing the geodesics of the

quadric Qg on the space D, of lines of R™"t! is equivalent to the Lax equation
Ax = [Ay, By, where

Ay=aXN 4+ pAuA—p®p and By =a "N +T.

Exercise IV.14.

We now determine the spectral curve. The matrix p ® p is the matrix of
the orthogonal projection onto the line generated by p, while the image of the
matrix p A u is the subspace generated by p and u. Thus Ay is a perturbation
of the diagonal matrix « by terms of rank at most 2. It is easy to calculate its
characteristic polynomial® (see [65]).

Considering the form of the matrix Ay, it makes sense to call the eigenvalue
A2z . We then write

Ay = A2Id = M (a—2Id) | Id+A " (a—2zId) " HpAu—2"Tpep) |.

C

We choose a basis ej,...,e,+1 to write
det(Id+A"1C)ey A+ Aeprr = (IAHATTO)M ey A Aepyt)
:el/\---/\enﬂ—i—)\*l(Tr Cler A+ ANepyt
+AT2(Tr C™)ey A Aenya

(rank C' < 2, implying that C”3 = 0, thus there are no other terms). But a — zId is
diagonal and p Au has no diagonal term, so the trace of the matrix (a— 2z Id)~'pAu
must be zero. Hence

TrC = —A"'Tr((a— 21d)"'p®p) = —A""q.(p),

where ¢, denotes the quadratic form Y 22 /(c; — 2) (we use the notation ¢, for its
polar form). Similarly, p ® p has rank 1 and we compute

Tr C*2 = Ty (((a —zId) " 'p A u)2) = q.(p)g:(u) — ¢=(p,u)>.
Finally,
det(Ay — Az1d) = A" "2 det(a — 21d) (1 — A%(g:(p) — (¢:(9)gs(w) — 9= (p,u)?)))

= N2 det(a — Zld){l = A (s (p,w)? — q:(p) (a:(u) — 1))}.
\I’z(pyu)
6n [65], Moser considers more generally Lax equations with a matrix Ay that is a perturba-

tion of rank at most 2 of an invertible diagonal matrix (which includes the Euler—Arnold equation,
which we discussed in Example IV.1.5).



92 IV. AN INTRODUCTION TO LAX EQUATIONS

The rational function ¥, (p,u) can be written as

(. = el

where @), is a polynomial of degree n in the variable z whose coefficients are
functions in p and wu.

REMARK 1V.3.2. The rational function ¥, (p, u) is just the discriminant of the
quadratic polynomial (in ¢)

¢:(u+tp) — 1= f.(u+tp),

which we discussed in Section I.4.b. Thus ¥,(p,u) = 0 if and only if the line of
the {u + tp} is tangent to the quadric Q.. Viewed as a function of the space of
lines D,, in R, ¥, is the Hamiltonian of the system describing the geodesics on the
quadric Q.

We can also decompose

Qpu(2)

[T(ei — 2) — a2

with
2
s — D
Fi(p,u)=p?+ZM for 1 <i<n+l.
Yy Q —
J#i

Note that the n + 1 functions F; satisfy > F; = 1.

REMARK IV.3.3. In Section I.4.b, we utilized the roots z1, ..., z, of the poly-
nomial @), ,, as first integrals. The coefficients of the characteristic polynomial are
also first integrals as are the functions F;, the “Uhlenbeck integrals”. The z; are in
involution, similarly so are the F;. This is also a consequence of Proposition IV.4.1
and of the construction of the Lax equation.

The Spectral Curve. The spectral curve is the completion C' (normalized at
infinity) of the affine curve defined by

Qp.u(z)

[1(ei = 2)°
The function z : C' — P! is a double covering of P! ramified at the o, at the roots
of Qp.u, and at oo (there is only one point over z = 0o on C).

Thus the curve C' is hyperelliptic with genus n. Let 7 denote the hyperelliptic
involution 7(\, z) = (=, 2).

I will always think of C' as the completed curve, even when I use the affine
equation. Note that C' is a real curve (its equation is real). When there is a risk of
confusion, I will call Cg its real part.

)\2 = \I’z(pau) =

REMARK IV.3.4. We have Q(a;) = Fj, thus if Fi(p,u) =0, o is a root of Q.
and the corresponding curve is singular or, more precisely, it is no longer a curve
of genus n.
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4 /—\\

FIGURE 2. The real part of the spectral curve

v

The Real Part of the Spectral Curve. We mention some properties of the real
part of the curve C, which will be useful for determining the action variables.

ProrosITION 1V.3.5. If the curve C is smooth with genus n, then its real
part Cr has n+ 1 connected components Cy, . ..,C, and z(C;) C (e, iy1) (where
ap = 00).

REMARK IV.3.6. As we noted in Section 1.4.b, Chasles’ theorem implies that
the roots of the polynomial @, ,, are real. What we have here is actually a bit more
precise, since we know where these roots are relative to the «;. We can reformulate

the proposition by saying that the roots zi,...,z, of p,u are real and that if we
order {z1,...,2n,01,...,Qpt1} a8 —00 < by < -+ < bayyo, then z; = by;_1 or by;.
This is a classic result [50, 67, 6].

Recall (again from Section 1.4.b) that the roots z1,...,2, of Qp,. determine

n quadrics Q,,...,Q,, of the confocal family defined by the «;, i.e., the ones to
which the line in question (an element of D,,) is tangent. The position of the z;
with respect to the a; determines the type of the real quadrics @.,. For example,
the configuration shown in Figure 2,

o < 21 < 29 < g < O3
corresponds to two hyperboloids of one sheet.

PROOF. We begin by determining some real points on C. Instead of considering
U.(p,u) in the form Q(z)/[[(c; — z), we use the form given in its definition (see
Section 1.4.b)

U (p,u) = ¢:(p,w)” — ¢:(p)[gz(u) - 1].
We immediately see that the equation of C' is satisfied, for example, by A =
+¢.(p,u) with ¢.(p) = 0 or with ¢,(u) = 1. If (1,...,{, are the n solutions of

¢-(p) = 0, we let R; denote the point on C with coordinates (X, z) = (—¢, (p, u), §;)-
We write

2 Py n+1
Z aipi - _ H(il( _) 3 with R(z) = pr H (; — 2),

i=1 i
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so that R(«a;) = p? 14 (@i — ;). Thus R(e1) > 0, the signs of R(«;) alternate,
and R has a real root in each interval [, a;y1) (with ¢; = a4 only if p; = 0).
We now consider the roots of ). We simply look at the sign of ¥ — z:

e We have U_,, >0 and ¥, <O0.
o The sign changes at each «; and at each of the real roots of ) (and nowhere
else).
« We know that R; € Cr and, by definition, that U¢, (p, u) = ¢¢, (p,u)* > 0.
Thus we observe that the sign of W, changes at least two times in each interval
(=00, (1], [€15¢2)s - - -5 [Cn—1, Cn], hence that @ has at least one root in each of these
intervals. Since its degree is n, this is enough to prove the proposition. O

REMARK IV.3.7. The (real) points Ry,..., R, depend not only on the level
sets of the first integrals associated to the curve C but also on the point (p,u) used
to define them. These will reappear below as a form of the eigenvector map.

Later, we will use the points Si,...,5, of C whose coordinates are
(0,21),...,(0,2,), respectively. Figure 2 represents one of the four (= 2")
possible configurations of the real part of the curve C, with the points R; and S;
for the case when n = 2.

IV.3.b. The Divisor Associated to the Eigenvectors. We will now de-
termine the image of the point (p, ) under the eigenvector map as an explicit form
of the divisor of the zeros of a holomorphic section of the vector bundle dual to the
eigenvector bundle. Equivalently, we will construct a nowhere zero meromorphic
section of the eigenvector bundle and determine the divisor of its poles.

Concretely, we want to understand how an eigenvector of the matrix Ay can
become infinite. Thus we fix a point (p,u) € D,. Any vector in R"*! can be
written uniquely as ap + pu + v, where v is orthogonal to the subspace generated
by p and u. To ensure that the eigenvector is nonzero, we normalize by taking
a = 1. Then we look for a vector of the form

w=p+ pu(\ 2)u+v(\ 2) in the kernel ker(Ay — A\?z1d).

More precisely, we look for the divisor of the poles of such a section of L.

Since ||p]| = 1, p + pu + v can be infinite only if pu 4+ v is. So for a given
(p,u), we look for the values of (), z) such that ker(Ay — A2z 1d) contains a vector
orthogonal to p.

We recall that Ay — A2z 1d has the form —p® p+ AM, ., and that p @ p is zero
on the vectors orthogonal to p. Thus we look for the (A, z) on C such that

ker (A\My.) Npt #0,

where My, =pAu+ A(a— z).
We first look at the case where A = 0. Then z = 0o or Qp..(2) = 0, and the
eigenvectors of the matrix Ay — A\22Id = —p ® p are
« the vector p for the eigenvalue —1 and
o all the vectors in p* for the eigenvalue 0.
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The eigenvalue is

9 2Q(z) ) -1 ifz=o00
[[(ei=2) |0 ifQ(z)=0,

but in the first case, our normalization implies that the eigenvector is p and thus
is bounded. On the other hand, if z; denotes a root of @ (i.e., the point on the
curve is one of the S;), our eigenvector tends to infinity, since it is, as it must be,
orthogonal to p and normalized to p + u + v, the limits of the eigen-directions are
the n normals of the n quadrics defined by z1, ..., z,. These n vectors are usually
called the Chasles frame: another theorem of Chasles asserts that these n normals
are pairwise orthogonal.

Finally, we suppose that A # 0. Then we look for the kernel of the restriction
of My, to p*. Explicitly, we have

Mz (pu+v) = p(p Au)(u) + Ma — 2)(pu 4 v)
= pllul®p+ A (e —2) (pu +v) .

If 4 =0 or u=0,then M) .(v) = Mo — z)v is zero only if v = 0. Thus we can
suppose that ;= 1 and u # 0. Our equation then becomes
[ull*p+ A (= 2) (u+v) =0,
that is
2
el

v = 3 (a—2)"'p—u

with v - p = 0, that is, [(a — z)flp} -p=20,5s0¢q.(p) =0, and with v-u = 0, we
finally see that A = —¢.(p, u). We have thus retrieved the points R; which we used
to describe the real part of C' and have proved the following proposition.

PROPOSITION 1V.3.8. The image pc(p,u) is the class of the divisor
Ri+ +R,+S1+--+5,
in Pic®" C.
The divisor Sy +- - -+ 5, does not depend on (p, u), so we can content ourselves

with Ry 4+ -+ + R, and its class in Pic"(C). But we know that the points R; are
real and distributed among the components C1,...,C), of Ck.

ProrosITION 1V.3.9. The eigenvector map
vo : Te — Pic"(C)
takes its values in the real torus Cy x - -+ x Cp, C Pic"(C).

PrOOF. The only thing which is left to show that the real torus C; x --- x C),
is actually embedded in Pic™(C). We see it as a subspace of the Cartesian product
Cg, or even as a subspace of the symmetric product Cﬂ({l) = C§ /6, by utilizing the
ordering on R. This symmetric product is a subset of the symmetric product C(™)
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of the complex curve, which can be mapped into the Picard group via the linear
equivalence relation. In short, we have

Cy x---xCp cCMccm X, pich(0),
where only the last arrow is not injective. However, the following lemma implies

that its restriction to C7 x --- x C), is injective.

LEMMA 1V.3.10. Let V be the open set of C™ defined by
V={Pi+- -+ P, | P, #7(P;) and z(P;) # oo} .
The restriction of the map u to 'V is injective.

This is a direct application of the Riemann—Roch theorem, its proof will be
given below in Section IV.3.e. It is clear that C7 x --- x C,, is contained in V,
since the C; are stable under the hyperelliptic involution 7 and Cjy, which does not
appear here, is the only component of Cgr containing points with z infinite. (]

Starting from Proposition IV.3.9 we will be able to treat the eigenvector map
pc as one with values in Cy X - -+ x C),. In particular, we can forget the Jacobian
and the complex curve.

IV.3.c. Regular Values. The family of first integrals Fy, ..., F,+1 define a
map
F:D, — E,
where E is the hyperplane with equation Y. z; = 1 in R"*!. Here is a nice way of
applying Theorem IV.2.5.

THEOREM 1V.3.11. A point in E is a reqular value of F if and only if the
corresponding spectral curve is smooth with genus n.

FI1GURE 3. Regular values for n = 2

REMARK 1V.3.12. Although it can be tedious to determine for which values
of (p,u) the map F' has rank n, it is easy to decide when the curve C' is smooth
with genus n: for this to be true it is necessary and sufficient that the ramification
points of z are distinct, that is to say, if @, , has n distinct roots that are distinct
from the «;.
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The critical values of the map F' are thus on the discriminant of the polynomials
Qp,n and on the hyperplanes F; = 0, which are tangent to it. Figure 3 shows these
critical points for n = 2, that is to say, in the case of quadrics in R3. The shaded
region consists of the values that are effectively attained, i.e., those that correspond
to the z; that satisfy the conditions of Proposition IV.3.5 or Remark IV.3.6.

REMARK IV.3.13. As already noted in Example I1.2.8, the connected compo-
nents of the set of regular values are contractible.

The proof of Theorem IV.3.11 is based on the following lemma, which describes
the tangent map associated to the eigenvector map p¢.

LEMMA 1V.3.14. The images under the tangent map associated to wc of the
Hamiltonian vector fields associated to the functions Fi,..., F, are independent
vectors in the tangent space H*(C;O¢) of Pic(C).

I will prove this lemma at the end of this section (Section IV.3.e) by utilizing
the linearization theorem (Theorem IV.2.5) via the following lemma:

LEMMA 1V.3.15. The matriz By satisfies By = ()\3A;1)+,

PROOF. First, we note that this takes place in the space of matrices of order
n + 1 and that A;l is indeed a polynomial in Ay. The proof is then a simple
calculation

Av=2(a+@EAuA™ = (pep)AT?)
= Na(ld+a ' (pAu)A ™ —a Hpop)AT).

D

Thus we have A;l = \"2D" a1 with
D' =TId—at(pAu)A™! mod A2,

and, finally,

(ABA;1)+ =Xt —atpAru)at =xat +T. O

PrOOF OF THEOREM IV.3.11. The map ¢¢ : T¢ — Pic(C) is well defined as
soon as C' is smooth. If the n vectors have independent images, then they must be
independent themselves, and the curve C' corresponds to a regular value.

To establish the converse, we look at each component of the discriminant:

e The hyperplanes z = «; or F; = 0 are critical since the images of the
(p,u), with p; = 0 and u; = 0 annihilate dF;.

o Consider the points of the discriminant of @, that is to say, the level
sets Fi,...,F, such that @Q has a double root z. This level set contains
common tangents to two quadrics that coincide. For reasons of degree,
these lines are contained in @),. Such a line is clearly a fixed point of the
flow of ¥,, and thus the level set is critical. O

Here is another application of Lemma IV.3.14, which we be useful in Sec-
tion IV.3.d for determining the action variables.
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COROLLARY IV.3.16. The map pc : Tc — C1 X --- x Cy, is a covering.

PROOF. The tangent map is everywhere injective and the two manifolds are
compact. O

REMARK IV.3.17. Since C; x --- x (), is a torus, this corollary guarantees
that T¢ is union of tori... which the Arnold-Liouville theorem already told us long
ago. This does not help in counting the tori (the covering has degree 2! and
Tc could have any number of components between 1 and 2"*1). Nevertheless, we
can still use algebraic geometry to determine the number of Liouville tori (see [6]).
This number is a power of 2, with the exponent being the number of types of
real quadrics appearing twice in the list Q,,,...,Q.,. For example, there are two
Liouville tori when 1 = 2 (see Figure 3), except for values lying in the small region
with a boundary on the discriminant, in which case there are four Liouville tori
(see Exercise IV.15).

Exercise IV.15.

IV.3.d. Action Variables. We now turn to the question of action variables.
We no longer restrict ourselves to a level set T¢, or to a curve C, or even to a
Jacobian, but instead we will return to the global setting of the symplectic manifold
D,, or at least to a connected neighborhood of a Liouville torus. Indeed, as promised
in Example I1.2.8, we will construct action variables that are “as global as possible”,
that is, global over each component of the set of regular values of the first integrals.

We thus fix one of these components A, that is to say, we fix the position of the
z; with respect to the oy or the type of the real parts of the quadrics Q,,...,Q,,
or the real part of the spectral curves. We consider the family € of spectral curves
that is a convenient completion of

{(F,/\,Z)EAX]RX]RMQ:Z Fj }

aj—z

over A: the points at infinity are the same on all the curves, so there is no problem
in completing all the curves as a family. We will also use the product bundle C,
viewed as the family” of the CF over A.

As one might expect (see Section II.2.b), we construct the action variables
by integrating a primitive of the symplectic form on loops forming a basis for the
fundamental group of the Liouville tori. We already have what we need to construct
such a basis: up to a covering, a Liouville torus is a product Cy x - -+ x C),. We also
have a (global) primitive of the symplectic form on the symplectic manifold D,,
containing the Liouville tori. This, in fact, is isomorphic to T'S™. The form

n+1

o= Z u;dp;
i=1
is a primitive of the symplectic form.

TThis is a baby version of the relative Jacobian, which will suffice for our purposes because
of Proposition IV.3.9.
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There is still a bit of work to do since the basis of the fundamental group is
from “the Jacobian way”, while the 1-form comes from “the Liouville way”.

Thus we begin by constructing a form on C,. We make use of the form Adz
on each of the curves C, which then defines by the same formula a form on € with
which we finally construct a form

g = i )\lel
i=1

on C,.

REMARK IV.3.18. The form Adz is a meromorphic form on the complex
curve C. It has a double pole at the point z = co of C, which lies on none of the
other components C1,...,C, of Cr that interest us (this is an easy exercise; see
Exercise B.12).

We send F~1(A) into €, by the eigenvector map
2 (pau) — (F(pvu);Rla <. '7Rn);

and we have the following lemma (whose calculation-intensive proof is given in
Section IV.3.e).

LEMMA 1V.3.19. The form o satisfies
oo =2(—-1)""a.

Finally, we denote by Cy(F),...,Cp(F) the n components Ci,...,C,, of the
real part of the curve corresponding to F.

THEOREM 1V.3.20. Let U be a connected component of the inverse image of
a connected component of the set of regular values. There are nonzero integers
my, ..., My such that

U—R"
mi mp
(pau)'—>(_/ Ua"'a_/ U)
2 Jeur) 2 Jouwr)
are action variables.
PROOF. The m; are the smallest integers such that there is a basis y1,...,vn

of the fundamental group of a Liouville tori contained in U with the image of ~;
under ¢ being m; times the loop C;. Their existence is assured by Corollary I'V.3.16.
O

IV.3.e. The Proofs of Three Lemmas.

PrOOF OF LEMMA IV.3.10. We fix points Py,...,P, of C such that P; +
--++ P, lies in V. The lemma asserts that the only meromorphic functions on the
curve C having, at worst, simple poles at P,..., P, are the constant functions.
This is a direct application of the Riemann—Roch theorem, which tells us that the
dimension of the space of these functions is

deg(Pr+---+Py) —n+1+i=1+i
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where ¢ is the dimension of the space of holomorphic functions on C' having a
zero at each Pj. Since the curve C is hyperelliptic with genus n, we know all the
holomorphic forms on C' explicitly

Mdz for g a polynomial of degree < n — 1.
Y

If ¢ = deg g, the divisor of this form is

(—g(z)dz) =21 +721+ -+ Zi+7Zi+ (n— € — 1)o0,
Yy

where we have denoted by oo the divisor of degree 2 of the poles of z and Z; is a
point on C' above a root of the polynomial g.
Now, in order to have

AT+ A+ Zyg+mZ+ (n—L—1)00 = Py + -+ Py,

it is necessary that P; = 7(P;) or that z(P;) = oo at least once. Thusif P +---+P,
lies in V', we must have ¢ = 0. O

ProoOF OF LEMMA 1V.3.14. We show that the Hamiltonian vector fields cor-
responding to the functions ¥,,,..., ¥, have independent images. By definition,
each U, is a linear combination of Fi,..., F, (replace F,41 by 1 — Y F;), so the
images of the Hamiltonian vector fields of Fi, ..., F;, also generate a subspace of
dimension n.

Consider the image of the Hamiltonian vector field of ¥ (that of ¥, is obtained
by replacing everywhere a; by «; —z). By Lemma IV.3.15 and Theorem, we see that
the corresponding eigenvector bundle can be constructed from a cocycle exp(tf)c
with

5(/\,“) _ )\BN—l — /\3/\_22:_1
seen as a cocycle of the covering of C' by the two open sets Uy (where A\ # 00)
and Uy, (where \ # 0) representing an element of H' (C; O¢). Thus this cocycle
represents the image of the Hamiltonian vector field of ¥y under the tangent map
associated to the eigenvector map.

By replacing everywhere a; by a; —z;, we see that the images of the Hamiltonian
vector fields corresponding to ¥,,,..., ¥, are the classes of the cocycles

AMz—z21)"" Az —z) !
in H* (C; O¢). To complete the proof of the lemma, we just need to verify that these

are independent. This is a residue calculation. We will choose a basis 71, ..., 71, of
the vector space H%(C; Q%) of holomorphic forms such that the matrix with entries
AN
resy=o ( L )
Z—Zj

is (diagonal and) invertible. This will give us an injective linear map
H'(C;00) — H°(C;9¢)"

sending the classes of the cocycles A\(z—z;) ™! to a basis of H(C; Q})*, thus proving
the independence of these cocycles.
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By writing the equation of C' in the form

AL —2)] = @@L -2,

(that is, y*> = P(z) for a polynomial P of degree 2n+1), we see that the holomorphic
forms on C are all of the forms

f(z)dz
MI(e = 2)°
where f is a polynomial of degree at most n — 1. We let P; be the polynomial
P =T -2 = 22
i T
Since the z; are distinct, the P; are a basis of the space of polynomials of degree at
most n — 1, and the forms
Pi(2)dz
T N las — 2)

are a basis of H°(C; Q). We now consider the meromorphic forms

1<i<n

An);
z — Zj

7i,j: 1<Z,j<n
The form +; ; has a pole at a point S, only if ¢ = j = k, and it has no pole at oo.

Then we have
P;(2)dz
resx—o(7i,;) = 0i,j ress, EEE L

and we see that the matrix is diagonal. In a neighborhood of S;, A is a coordinate
on C and z = z; + A; )% + 0()\?), from which we deduce the value of the residue
ress, P;(2)dz _ Lz — %)
"z = z) [1(as — 2) [, (s = 2i)
hence, the diagonal terms of the matrix are nonzero, which is what we wanted to
prove. O

PrOOF OoF LEMMA IV.3.19. It seems to me that this result ought to be tau-
tological, this is why I am ashamed, for lack of a better method, to give a proof
based on pure calculation. Let us evaluate

SD*O' = Z (4¢ (pa u)d<1
i=1

We write the relation

ntl 2 z
z,p) = ¢=(p) = Z ajpj_ z H(ij(- Z z)’

differentiate it and then evaluate it at one of the roots ¢ (one of the (;) of R to
obtain

09
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so that
2¢¢(p, dp)

W=
a(C,P)

and

—pe(p, w)dC = 2@4(1959)%(197 dp)
5, (&P)

On the other hand, R(z) = [[(¢x — #) and thus

@(C p) = R'(G) _ _Hk;ﬁi(gk - G)
92" [I(e; = G) Hj(aj —G)
We get
e (p % (p,dp) =
@0—22 —ZZAJPJCZPJ
(Cla ) Jj=1
with

_ - P (p7 U)
=2 P
i=1 (o — Ci)g((ivp)

Let us evaluate A;. Since all the j play exactly the same role and there are already
so many indices to keep track of, I will limit myself to calculating A,

- e¢: (P w) Hz;ﬂ(aé —Gi)
LG —G) a1 =G

Hf#l —G) s bjuj
Z < izl Ck —G) e G

A=

n

Hz;ﬂ o = Gi) - Hz;ﬂg o = Gi)
p1U1Z (01— G) Hk¢z(<k_<1) JZQ a JZ Hk# Gk = Gi)

n+1
= —Bp1u1 — Z ijjUj.

...we first calculate the C;. To do this, expand the rational fraction

HZ#LJ‘(O‘Z —Z)
Hk;«él(Ck - Z)

into partial fractions (the term ¢ = 1 in the sum defining C; is D(¢1))

D(Z) =

n

. Hz;&lj o — Gi)
- Z Z Cz Hk#ll( Ci).

1=
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By replacing Z by ¢; in this equality, we see that C; = 1. Next, we calculate B

- - Hz;q(ai - G)
b= ; (1 = i) i (G = Gi)

1 H@gi(al —Ce) Hz;ﬂ(ae - G)
Gi) Z

N [T (a1 = i1 Hk¢i(<k - G)

1
= WE(OQ),

where E(Z), a polynomial of degree at most n — 1, equals (—1)"~1 [ozi (e = G)
at (;, so that
EZ)=(-1)""]](as = 2) = [[(en -

s#1 i=1
We deduce from this the equality
(=D)" M o (05 — o)

R(az)

Since we also have that R(a;) = p? [Tjz1 (e — a1), B is simply equal to —1 +
(—=1)"~1/p?, and, eventually,

B = -1

(_1)77, 1 n+l
Alz—plul(T ) ijuj
_1u
= (=1)" 1_7
( ) P1

using the fact that the vectors p and u are orthogonal. Similarly, A; =
(=1)""tu;/p;, and, finally,

n+1
%) 0—2ZAijdpJ—2 ) 1Zujdpj,

which is what we wanted to prove. (I

IV.4. Appendix: How to Construct Lax Equations (an Overview)

A Lax equation is a differential equation in a space of matrices and we have
seen that it has many first integrals. To understand it as a completely integrable
Hamiltonian system, we also need a minimum amount of symplectic data. In fact,
the space of matrices has exactly what we need to make Hamiltonian systems.
This is because the (duals of the) Lie algebras are naturally equipped with Poisson
brackets. I begin here with a review of this notion.

IV.4.a. Poisson Structure on the Dual of a Lie Algebra. I give here
a quick description of the Kirillov-Kostant—Souriau structure (see [48, 52, 74])
on the dual of a Lie algebra. For more details, see Kirillov’s book [48] and the
symplectic geometry texts cited earlier, especially [56] and [15].
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The Dual of a Lie Algebra. As we know, a (real or complex) vector space g is
a Lie algebra if it is equipped with a skew-symmetric bilinear bracket

[\ ]:gxg—3g
satisfying the Jacobi identity
X, V.2l + IV, [Z2, X]| +[Z,[X,Y]]=0 VXY, Zeg.

Consider now the dual vector space g*. Note that the Lie bracket of g does
not define a Lie algebra structure on g* in any natural way. Instead, it defines
a Poisson bracket (which was discovered and studied by Kirillov, Kostant, and
Souriau). If f € €*°(g*) is a function and & € g* is a point®, then df (£) is a linear
form on T¢g* = g*, which we can consider as an element of g via biduality. For
fyg € C=(g*), define

{f,9} (§) = (& [df(£), dg(&))),

where ( , ) is the duality. This gives us a Poisson bracket: {, } is obviously
skew-symmetric, satisfies the Jacobi identity, and also satisfies the Leibniz identity
because it only involves differentials of functions.

Although it has a Poisson bracket, there is no reason why g* should be a
symplectic manifold. Indeed, the example given in Exercise IV.3 has odd dimension.
Nonetheless, the “Poisson manifold” g* (as all Poisson manifolds) is foliated by
symplectic manifolds (see [81] for the geometry of Poisson manifolds). Here the
leaves of the foliation are the coadjoint orbits. See Exercise IV.19.

Just as on a symplectic manifold, we can define Hamiltonian vector fields for
the functions on g*. The vector field X is the vector field defined by the way it
derives functions

Xy-g=1{f,9}.

Adjoint and Coadjoint Representations. Finally, recall that ad (for the adjoint
map) denotes the map

g — Endg
X— (Y — [V, X])

and ad” (the coadjoint map) denotes its transpose
g — Endg*
which is defined by
(adk &,Y) = ({ad_x V) = (£ [X,Y]).
Exercises V.13, IV.16, IV.17, IV.18, IV.19, IV.20, IV.21.

IV.4.b. R-Matrices and Lax Equations.

81 use systematically capital Latin letters for elements in g and Greek letters for elements in
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Classical R-Matrices. I follow closely the article [73] of Semenov-Tian-Shanski.
In this article, we learn that a classical R-matrix is a linear map R : g — g (where
g is a Lie algebra) satisfying a “Yang—Baxter” equation.

Any linear map R can be used to define a new skew-symmetric bracket on g

[X,Y]r = [RX,Y] + [X, RY].

The Yang-Baxter equation, which we do not need to write down here, simply
expresses the condition that this new bracket satisfies the Jacobi identity, in other
words, that (g,[, ]g) is a Lie algebra. In particular, g* is then equipped with a
second Poisson structure, naturally written as {, } .

Also as we learn in reading [73], the first use of R-matrices is to construct
integrable systems.
PROPOSITION IV 4.1.

(a) If v is an invariant function on g*, then

Xf(f) = adj?dcp({) €.

(b) If ¢ and ¥ are invariant, then
{907 dj} = {907 ¢}R = 0

In this statement, Xf is the Hamiltonian vector field associated to ¢ via the
Poisson bracket {, },. Thus Assertion (a) defines a Hamiltonian system, while
Assertion (b) provides a list of first integrals.

PROOF. The invariant functions on g* discussed here are the functions invariant
under the coadjoint action (Exercise IV.16) or, equivalently, the functions satisfying

(€, [dp(€),Y]) =0 forall§cg”Y cg.

But then we have

{0, ¥} g (&) = (&, [Rdp(€), dyp(E)]) + (&, [dep(§), Rdy(E)])
= (&, [Rdp(§), dy(E)])

for any function v, which proves the first assertion. Moreover, if 9 is also invariant,
then the remaining term is zero, giving us the second assertion. O

If g is equipped with an invariant non-degenerate symmetric bilinear form,
we can use this bilinear form to identify g with g* and ad with ad*. Thus the
Hamiltonian system corresponding to the invariant function ¢ can be written as

%A = [Av RVA(P],
where V denotes the gradient. This is indeed a Lax equation.

Proposition IV.4.1 contains a list of first integrals in involution. To get an inte-
grable system, we still need to be in a symplectic manifold of the right dimension,
namely, of sufficiently small dimension (since the number of independent functions
is limited by the rank of the Lie algebra g).
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Infinite-Dimensional R-Matrices and Algebraic Curves. Although we have uti-
lized duality and, worse, bi-duality in a significant way, an important class of maps
involving R-matrices is in the framework of infinite-dimensional Lie algebras of the
form g[\, A~!], where g is a (honest) Lie algebra of matrices, \ is an independent
variable, and R is the endomorphism associated to the decomposition

g AT =g+ AT g

via R(P) = Py —P_ (where P, and P_ are the polynomial and Laurent components
of P, respectively).

In this framework, we obtain Lax equations “with spectral parameter”: the
coefficients of the matrices are polynomials in A and A~ 1.

The algebras g[A\, \7!] (and their various completions) are called “loop alge-
bras”. If g is equipped with an involution o, we can also construct a subalgebra of
g[\, A71], the “twisted loop algebra”

L(g,0) = {A € g\ AT [ A(=X) = o(AWN))} -

The algebra L(g, o) is also equipped with a natural R-matrix corresponding, in the
same way as above, to the decomposition into negative and positive powers of A.

REMARK IV.4.2. It is convenient to use Laurent polynomials in A to write the
“R-matrix” in this case. To obtain true polynomials in A, we can just multiply the
matrix Ay by a suitable power of A (as we did in Section IV.1.b).

The invariant functions on g are in involution and provide us with numerous
first integrals, since they are polynomials in A whose coefficients are all conserved
quantities. And as we noted in Section IV.1.b, they give us something even better:
if a matrix A, () is a solution to a differential equation of the form
d
200 = [Ax(), BA(®)],
then its eigenvalues do not depend on the time ¢ and its characteristic polynomial
defines an algebraic curve (the spectral curve)

{(A ) | det(Ay — pu1d) = 0}

REMARK IV.4.3. The matrices B) obtained by this method are precisely the
type studied in Section I'V.2.e, and so the results of that section apply: the solutions
of a Hamiltonian system constructed in this way are linearized on Jacobians.

Exercise IV.22.

IV.4.c. Construction of Examples. As we have seen, the R-matrix method
can be used to construct many integrable systems written as Lax equations. But
conversely, it is not always obvious to put a given integrable system into the form of
a Lax equation. It is very easy for the simple examples of the spherical pendulum
and the symmetric top (the Lax equations given in Section IV.1.b were not hard
to invent). It is less obvious, in the case of geodesics on quadrics (which is due to
Moser [65]). The case of the Kowalevski top, for example, resisted for a long time.
Here I show a general construction yielding the Lax equations for all these systems.
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One of its most beautiful successes (and certainly its “raison d’étre”) is the case of
Kowalevski (see [18]). I will just summarize here the ad hoc part of [71] where the
readers can find more details and numerous examples. The argument will involve
what Reyman and Semenov call “multidimensional tops”.

I will go through the construction fairly quickly, and the readers can skip this
section in the first reading: it is indeed very easy to check that the Lax equations
obtained are in fact equivalent to the systems they are supposed to represent.

We consider a group G of matrices and a compact subgroup K, the subgroup
of the fixed points of an involution . Our examples will simply be
o« G =SL(n;R), K =S0(n)
« G =50(p,q), K =S0(p) x 50(q),
and I will not do any more general theory here. The derivative of o at 1 is also a

(linear) involution of the Lie algebra g, which we will again call 0. We decompose
this Lie algebra as

g=top,

where £ is the Lie algebra of K (and the vector space of fixed points of o) and p is
the eigenspace of o for the eigenvalue —1.

ExampLES IV.4.4.

o If G = GL(n;R) and o(A) = (*4) ", we have that K = SO(n) so that g is
the Lie algebra of matrices, ¢ = so(n) is the Lie algebra of skew-symmetric
matrices, and p is the vector space of symmetric matrices.

« If G = SO(p,q), still with o(A) = (t4)”", we have that K = SO(p) x
SO(q) and g = so(p, q), the space of (p+ ¢) X (p + q) matrices such that
X = —JXJ (where J is the matrix of the standard quadratic form with
signature (p,q)). The Lie algebra ¢ is so(p) x so(q) and p is the vector
space of matrices

s 0
In both of these cases we identify g with g* via the invariant nondegenerate
bilinear form

(X,Y) — —Tr(XY),

This also identifies € with £ and p with p*.
We now fix a matrix a € p* = p, and consider the set of matrices of the form

a\+ 0+ s\7! with £ € & and s € p*.

This is an (affine) subspace of the dual L(g,o)* of the twisted loop algebra and is
equipped with the Poisson structure of the dual of £ & p.

The group K acts on £ and p* (Exercise IV.18). Let V' be a manifold equipped
with an action of K and an equivariant map j : V — p*. We extend the action of
K on V to a Hamiltonian action on 7"V with moment map

W TV — ¢
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(Exercise IV.20). We deduce from this a map
™V — & op” — L(g,0)*
(v,9) = (v, 9),i(v)) —— ad+ p(v,0) + VA,
which preserves Poisson brackets (Exercise IV.21). Then from Proposition IV.4.1

we deduce the the following:

ProrosiTiON 1V.4.5. The invariant functions of Ay are in involution with
respect to the Poisson bracket of T*K (respectively of T*V ).

We still need to choose a Hamiltonian. We fix an invariant function ¢ on g. To
the function ¢ we associate a (completely integrable) Hamiltonian on the cotangent
bundle T*K via 1

H{(k, k) = =5 Te(3(k)r) - Tr(bk™" k),

where

o the symmetric endomorphism J is ¢”(a),

« the “kinetic component” is quadratic and given by J(k),

o the b that appears in the “potential component” is b = dy(a).

We consider the Lax equations Ay = [Ax, B)] with
Ay =ar+r+ (7' fE)A"" and By = bA + (k).

This construction gives Lax equations for the following systems (with some gener-

alizations to higher dimensions).

EXAMPLE IV.4.6 (The Spherical Pendulum). Here G = SO(3,1) and K =
SO(3). Then p = R? with the usual action of SO(3). The manifold V is the
sphere S? and j : S? — R? is the standard embedding. The matrix Ay is

0 Tr pAq |0 0 q

v o 0o |o tg o

The simplest Hamiltonian is

1 2
B3
(in the notation of Sections I1.2.f and IV.1l.a, a = " = —e3). This gives rise to the

Lax equation of Exercise IV.5. Note, however, that this is not the Lax pair we
encountered in Example IV.1.3. As one might expect, Lax pairs are not unique.

EXAMPLE IV.4.7 (The Symmetric Top). The same method also gives us a Lax
pair for the symmetric top. Here again G = SO(3,1), K = SO(3), but, this time,
the Hamiltonian is 1

H= §M-H(M)+P-63.

The Lax pair is (Ay, By), where

0T ~M 0 0L
Ay = AT+ + A
g (fr o) < 0 o) ‘L0



EXERCISES 109

and By is the polynomial component (A3), of A3.

The corresponding Lax equation is equivalent to the system describing the
symmetric top (Exercise IV.10). Once again, this is not the Lax pair we encountered
in Example IV.1.4.

ExaMPLE IV.4.8 (The Kowalevski Top). This is the most beautiful success of
this construction. We get it in the case where G = SO(3,2) and K = SO(3) x SO(2)
(see [18, 71], as well as the applications in [16] and [8, Chapter III}).

EXAMPLE IV.4.9 (Geodesics on Quadrics). Here G = SL(n + 1;R) and K =
SO(n + 1), and the decomposition g = so(n) @ p is the decomposition of a matrix
into the sum of a skew-symmetric matrix and a symmetric matrix. We choose a
to be the diagonal matrix a = (a, ..., a,41) of the quadratic form (Az,x) in an
orthonormal basis. The manifold V' is the sphere S™, and the equivariant map 7,
which sends it into the space of symmetric matrices, is p — —p ® p.

The moment map for the action of SO(n+1) on T*S™ is given by u(p, u) = pAu
(Exercise IV.20). We find that Ay is the matrix

Av=da+pAu—N"1pep,

which is, within a factor of A\, the same as was used in Section IV.3.

Exercises

EXERCISE IV.1. Determine the solutions g3(t) of the differential equation de-
scribing the height g3 of the spherical pendulum utilizing the Weierstrass p-function
associated to the elliptic curve obtained in Section IV.1.a.

EXERCISE IV.2. For the symmetric top, let x3 be the height of the end of
the axis of rotation. Show that x3 satisfies a differential equation of the form
#3 = P(x3), where P is a cubic polynomial® with two roots in (—1,1) and one in
(1,400) (see [2]).

Deduce from this that the end of the top’s axis oscillates between two parallel
circles on the unit sphere (as experience would suggest).

EXERCISE IV.3. Show that the isomorphism of R3 onto the vector space of
skew-symmetric matrices

T 0 —z2 vy
yl— | 2z 0 —=z
z -y x 0

sends the vector product to the matrix bracket.

EXERCISE IV.4. Show that the Lax equation given in Example IV.1.4 is equiv-
alent to the system

r=[9Q, M=[MSQ], L=[M-Q1L|.

9This polynomial has already appeared at the end of the proof of Proposition I1.3.1 and in
Exercise I1.15.
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Deduce from this that it is also equivalent to the Hamiltonian system describing
the motion of the solid in the case of a symmetric top (see Section I1.3.g).

EXERCISE IV.5. Fix a vector I € R3, and consider the 4 x 4 matrix

where p and g are vectors in R3 and where the vector product p x ¢ is identified

with the corresponding 3 x 3 skew-symmetric matrix (see Exercise IV.3 for this

identification). To simplify notation, we write this matrix in the form
Ay=—T@e)N+PADN+ (¢ ® e4).

The differential equation

d
%AA =[Ax,—(T'®es)A +p A g

is a Lax equation with spectral parameter. Show that it is equivalent to the differ-
ential system
¢=qx(pxq)

~ =

pxq=—qgxTI.
Now, suppose that ||q||2 =1land p-q=0 (ie., (¢,p) € TS?). Show that the Lax
equation is equivalent to

qg=p

pxqg=—qxT,

that is to say, the Hamiltonian system for the spherical pendulum.

EXERCISE IV.6 (Isospectral Deformations). Let U(t) be an invertible matrix
solution of the differential equation Uy = U\ B,. Show that A, satisfies
d
dt
if and only if it is a solution of Ay = [Ax, By]. Then show that the solutions of the
Lax equation are the matrices Ay (t) = Ux(t) "t Ax(to)Ux(2).

(U)\AAU)Tl) =0

EXERCISE IV.7 (A Pedestrian Proof). Show that if A, (t) satisfies a Lax equa-
tion, then Tr(AY") is constant for all m and thus the coefficients of the powers of A
in the polynomial Tr(AY") are first integrals for the Lax equation.

EXERCISE IV.8 (An Exercise of Minor Interest). Calculate the characteristic
polynomials of the matrices in Exercise IV.5 to show that

det(Ax — pId) = g — 122 [lqlf” + p2X2(|Ipl* + 2¢3) — 12X — (P12 — p2g1)? N

and retrieve the first integrals H and K given in Sections [.2.f and I.3.e. The
equation of the spectral curve is

pt — g+ 22N H — p2Xt — K200 = 0.
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EXERCISE IV.9. We return to the Lax equation of Example IV.1.4. Show that
the characteristic polynomial of I' + M\ + L)\? is

—p(p? 4+ 14+ 20 M)A+ (|M|* + 2T - L)A2 + 2(M - L)A® + %),
Retrieve the first integrals for the motion of the top given in Sections I.2.g and 1.3.g.

EXERCISE IV.10. Consider the Lax equation

dA)\
22X (A, B
dt [ Ay )\]7

where Ay and B) are in 50(3,1) and are defined by

0or —-M 0 0 L
Ay = A4 + A
A (tr 0) < 0 0) 'L 0
and B) is the polynomial component (A%\)Jr of A3 (see Example IV.4.7). Show

that this is equivalent to the system describing the symmetric top.

EXERCISE IV.11. Let A be the skew-symmetric matrix

0 —z y
A=\ 2 0 -z,
-y x 0

and let u be an eigenvalue of A such that p? + 22 + y? + 22 = 0. Check that
—xz — p1y
NEEaTE
V=|—-yz+pux
1

is an eigenvector of A for the eigenvalue p. We now suppose that

X
y | =q+ApAqg)—NT,
z

in other words, we consider the example of the spherical pendulum (Section IV.1.3).
Show!? that the divisor of the poles in V has the form

R++R_+OO

where oo denotes the divisor of degree 2 over A = oo on C and R4 and R_ are the
points with coordinates

41 Fige
U1 F 102

A(Ry) = and p(Ry) = i (g3 + A(Ra)vs + MRx)?)

—where vy, v9, and v are the coordinates of p X gq.

10This calculation is given explicitly (for the top) in [8].
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EXERCISE IV.12 (Regular Values for the Spherical Pendulum (again)). Fix a
point (H, K) € C? and consider the spectral curve C' with equation

P24+ H2KN £ 2HN +1=0

as well as the level set T¢ in the complexification!! of T'S2.
Suppose that the curve C' is smooth.

o Show that the eigenvector map ¢ is constant on the orbits of the vec-
tor field Xx (see Section 1.3.¢). Determine the points of T where X
vanishes and the possible values of H and K.

o We said (in Example IV.2.6) that the image of the vector field X g under
the tangent map associated to ¢¢ is the cocycle class 3 = A~ . Calculate
resyx—o(BdA/u), and deduce that the image of X is never zero.

From this, deduce that if the complex curve C' is smooth, then the level set T is

regular.
Show that the curve C' is singular exactly when H and K satisfy
1 3
H=_-u’——
2 2u? N
) for some u € C
u

(hint: write that the polynomial A* + 2K \? +2H A2 + 1 has a double root u). Show
that the level set T¢ is critical when C' is singular (use the horizontal motions, see
Exercise 11.13).

We return (at last!) to the real setting. Determine the image of the map
(H,K) : TS? — R? and the set of its regular values (finding again Figure 7 of
Chapter II)!2.

EXERCISE IV.13. Consider the Euclidean space R?. Show that the vector
product defines a Lie algebra structure on R®. Using the Euclidean structure,
identify it with its dual. Show that the coordinate functions z, y, and z satisfy

a 0
{z,y} (v) = <U, 01],] b > = abc
0 0

(with v = Ya, b, c)) and, similarly, that
{z,y} (v) ={y, 2} (v) = {z,2} (v) = abe.

EXERCISE IV.14. Show that the Lax equation given in the statement of Propo-
sition IV.3.1 is equivalent to the system

{pAqup/\d: pAwT] = [p@p o]
pPRp+pR@p=pepT]

HThis is just {(q,p) eC*xC3||ql?=1and q-p= 0}.
125¢e [11] for a study of the monodromy of this system utilizing methods of algebraic
geometry.



EXERCISES 113

Using the Hamiltonian system corresponding to the Hamiltonian W given in Ex-
ercise .24, show that this system is equivalent to the Lax equation.

EXERCISE IV.15. Here we address the problem of geodesics on quadrics in R3
(in the notation of Section IV.3, this is the case n = 2). Determine which type of
quadrics Q,, @., correspond to the different connected components of the set of
regular values of the map F' (the shaded regions of Figure 3). Give the corresponding
forms of the real part of the spectral curve.

Consider a critical value F' on the discriminant of the polynomial @ (but not
on one of the lines F; = 0). The level set Tp corresponds in D,, to the limiting
situation of the common tangents to two confocal quadrics which just coincided.
What is the real type of these quadrics? What are the common tangents? Show
that the critical level set Tr consists of four disjoint circles!s.

EXERCISE IV.16. The group G acts on itself by conjugation. Let g also denote
the map

a-L.q

h+— ghg™!

Show that the maps T1g : g — g define an action of G on g. This is called the
adjoint action, and we write T1g(X) = Ady X. What relation is there between Ad
and ad? Determine the action and the orbits when G = SO(3).

The coadjoint action Ad* of G on g* is defined by

(Ad €, X) = (6, Ad, 1 X).

What relation is there between Ad* and ad*? What is the fundamental field on g*
associated to X by the coadjoint action?

EXERCISE IV.17. Suppose that the Lie algebra g is equipped with a non-
degenerate bilinear form that is invariant under the adjoint action of the group G
(see Exercise IV.16). Show that duality can be used to define a Poisson bracket
on g. Show that this is the case when G = SO(n) (and, more generally, when G is
compact) or when G = SL(n;C).

EXERCISE 1V.18. Consider a Lie group G equipped with an involution o. Let

K be the subgroup of its fixed points. Decompose the Lie algebra g of G
g=top

where the components are the eigenspaces of o for the eigenvalues 1 and —1, re-

spectively. Check that the restriction to K of the coadjoint action of G fixes the

subspaces £* and p*.

Suppose that G is the group SO(3,1) of isometries of the diagonal form with
signature (3,1) and that o(A4) = ‘A~! so that K = SO(3). Show that p can be
identified with R? and that the operation of K on p* can be identified with the
usual action of SO(3) by isometries.

13This hints at the fact that close regular level sets consist of four Liouville tori [6].
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EXERCISE IV.19 (The Symplectic Form on Coadjoint Orbits). For each & in g*,
Define a skew-symmetric bilinear form w¢ on g by setting
wf(Xa Y) = <§7 [X7 Y]> = _<ad§( §7Y>
What is the kernel of we? Show that the formula
we(adk € ady §) = we(X,Y)

defines a symplectic form @ on the coadjoint orbit of £ and show that the Poisson
bracket corresponding to @ is the Poisson bracket of g*.

EXERCISE 1V.20. Assume that G is a Lie group acting on a manifold V. Show
that the formula
9-(0,9) = (9-v,'Thg ™ ()
defines an action of G on T*V. Show that this action preserves the Liouville form «.
For X € g, let X and X be the corresponding fundamental fields on V' and
T*V | respectively. Define a map

ux TV —R

by px (v, ) = (@, X(v)). Show that px (v, ) = i;a, and deduce that

dux = —z;da,

implying that )? is the Hamiltonian vector field corresponding to px. Finally,
define the moment map
w:TV —g*
by (u(v,¢), X) = px (v, ). Show that p is equivariant, that is
Adg p(v,0) = plg - (v,9)).
Consider the natural action of SO(n) by isometries on the unit sphere S"~! in
R™. Determine the moment map for the action on T*S"~1.

EXERCISE 1V.21. We use the notation from Exercise IV.18. Suppose that the
group K also acts on a manifold V', and let p : T*V — £ be the moment map
(see Exercise IV.20). Finally, suppose that j : V' — p* is a K-equivariant map, and
consider the map

n:TV — & ap”
(v, ) — (u(v, ), j(v)).
We want to show that this map preserves Poisson brackets; that is, if f and g are
two functions on € @ p*, then
{f o ﬁ?.g o ﬁ}T*V = {f7 g}é*@p* o /7
First, show that it suffices to check this when f and h are linear functions on £* ®p*,
in which case the above relation can be written as

{Xoﬁ,Yoﬁ}T*V:[X,Y]goﬁ.

Show that this holds when X, Y € p, then when X, Y € £ and finally when X € p
and Y € £ to achieve the desired result.
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EXERCISE IV.22. Let g be a Lie algebra, and let a and b be Lie sub-algebras.
Suppose that the vector space g is a direct sum of the two subspaces a and b, and
let P4 and P_ be the projections onto a and b, respectively, corresponding to this
decomposition. Show that the linear map

R:%(P+—P_):g—>g
is an R-matrix.

Let g = sl(n;C) be the Lie algebra of complex matrices with trace zero, a
the Lie sub-algebra of lower triangular matrices (with trace zero), and b that of
skew-symmetric matrices. Show that g = a @ b (as vector spaces).

Consider the invariant bilinear form on g

(X,Y) = Tr(XY).

Show that it is non-degenerate, that a' is the subspace of strictly lower triangular
matrices (with diagonal entries all zero), and that b+ is that of symmetric matrices.
Consider the function ¢ defined by ¢(A4) = 1 Tr(A?). Determine its gradient.

Show that the Hamiltonian system associated to ¢ on a* = bt is

dA

E = [Av B]a
where B is the skew-symmetric matrix whose entries above the diagonal are those
of the symmetric matrix A. Show that the functions Tr(AF) are first integrals of

this system!.

14This construction is the origin of a Lax equation for a famous Hamiltonian system, the
(non-periodic) Toda system. See [1].






APPENDIX A

What One Needs to Know About
Differential (Galois Theory

In this appendix, I give the definitions of the basic notions of differential Galois
theory (differential field, Picard—Vessiot extension, Galois group). For more details,
see [47] and [58].

A.1. Differential Fields

We consider here a differential field, that is, a field k equipped with a derivation,
i.e., an additive operator ’ that satisfies

(ab) = a'b+ al'.

We suppose that the field of constants of k (the set of elements a such that
a’ = 0; see Exercise A.3) is isomorphic to C (it does not really matter that this is
exactly C, what is especially important is that this is an algebraically closed field
of characteristic zero).

We will also use differential rings, with the obvious definition. A differential
ideal of a differential ring is an ideal that is closed under derivation.

ExaMPLE A.1.1. Let T" be a connected open subset of C, and let k = M(T") be
the field of meromorphic functions on I'. This is a differential field (with the usual
derivation of functions) whose field of constants is indeed isomorphic to C.

This is the most basic example one should keep in mind. More generally, one
can consider the field of meromorphic functions on a Riemann surface, but we have
to choose a derivation.

EXAMPLE A.1.2. Let T" be a connected (but not necessarily compact) Riemann
surface equipped with a holomorphic vector field X. Let k = M(T") be the field of
meromorphic functions on I'. The vector field X defines a derivation® on k

X(fg)=X(f)g+ fX(g)

If X is not identically zero, then the functions f such that X (f) = 0 are constant
on the open set where X is nonzero, and thus are constant on I'.

ExaMPLE A.1.3. The field C(¢) of rational fractions in the variable ¢ with the

d
derivation T is a differential field.

1Indeed7 a vector field is also a derivation of functions.

117
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The field C(t) is the field of meromorphic functions on the Riemann sphere,
and thus it is a special case of the example of the field of meromorphic functions
on a Riemann surface (Example A.1.2). See Exercise A.4.

Naturally, a differential field that is a field extension of the field k whose deriva-
tion is an extension of that of k is called a differential extension of k.

Of course, there are algebraic extensions in this theory. For example,
C(t,u)/(u?—t) is an extension of degree 2 of C(t) and we can extend the derivation
by setting v’ = 1/2u. But the real purpose of this theory is to study extensions
(usually transcendental) obtained in solving (linear) differential equations. Thus
we consider an operator L on k of the form

L.-y= i aiy™
i=0

where a; € k and 3y denotes the i-th derivative of y. More generally, we can
consider an m x m matrix A with coefficients in k£ and study the extensions of & in
which the equations L -y =0 or Y’ + AY = 0 have solutions.

ExAaMPLES A.1.4. We consider the example where k = C(t).

(1) All the solutions of the differential equation y’ = 0 are in k.

(2) This is not the case for y' = ay, where we need to perform quadratures
and to use exponentials.

(3) Let a be a complex number. A necessary and sufficient condition that all
the solutions of the differential equation ¢y’ = ay/t are in k is that o € Z.

Exercises A.1, A.2, A.3, A 4.

A.2. The Picard—Vessiot Extension

We consider a differential system Y’ + AY = 0, where A is an m X m matrix
with entries in k. It is not hard to check that its solutions form a vector space of
dimension at most m over the field of constants C. We will show that there always
exists a differential extension K of k for which the solutions form a vector space
of dimension exactly m. We will even construct a “minimal” extension having this
property, in the sense that:

o its field of constants is C (so we do not need to add constants),

o there exists a “fundamental” solution with entries in K, that is, a square
matrix Z whose columns form a basis for the solutions, or in other words,
an invertible matrix Z such that Z’ + AZ =0,

o the field K is generated over k by the entries of Z.

Such an extension, the differential version of the decomposition field for an
algebraic equation, is called a “Picard—Vessiot extension”. A theorem due to
Kolchin [51] asserts that such an extension exists and is unique up to isomorphism.
We now give a simple construction of this extension (see [58] or [55]).

We begin by crudely constructing an extension that we know contains a fun-
damental solution by considering the ring

A = k[Zl’l, ey Zl,m; Z271, seey Zm,m; (det Z)il].
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Here we have added m? variables, considered as the entries of a matrix Z and we
require that this matrix Z be invertible?. Then we define a derivation on the ring 2
by extending that of k via the rule

Zz{7j = (Z/)i,j and Z/ =—-AZ.

By definition, Z is a fundamental solution and 2 is generated over k£ by the entries
of this solution. Unfortunately, 2 is not a field.

We then choose a differential ideal ¢ in 2 that is maximal among the differential
ideals. Note that g may not be a maximal ideal; however, as the following lemma

shows, 2/q is still an integral domain®.

LEMMA A.2.1. If q is a differential ideal of a differential ring A, then its radical
V4 is a differential ideal.

Proor. Let z € /4, so that 2" € g for some 7. We differentiate 2" and show
using induction that
(2" = (2 + za
for some a € A, or in other terms, we have
1
neo_ - r(r) _ ) )
() == (N ~za
We know that 2" € q, which is a differential ideal. Hence (2')" € ,/q and thus
e \/q. O

LEMMA A.2.2. If q is a differential ideal that is maximal among differential
ideals of the differential ring A, then the quotient ring B = 2A/q is an integral
domain.

PROOF. First, note that 8 contains no nilpotent elements. Indeed, the previ-
ous lemma asserts that the nilpotent elements form a differential ideal of B (as it
is the radical of the zero differential ideal), and B contains no proper differential
ideal.

Let a be a nonzero element of 6. We consider the ideal I of elements that
annihilate a. We want to show that I = {0}. For b in I, we have

0= (ab) =a'b+al,
so that
abl = —a’b and (ab')? = —d’(ba)b’ = 0.
Thus ab’ is nilpotent and thus it is zero. Thus &’ € I. Hence I is a differential ideal
of A, and thus I = {0} and B is an integral domain. O

Now knowing that the quotient ring B = 2(/q is an integral domain, we define K
(which is the Picard—Vessiot extension we have been looking for) as its field of
fractions. One can show (once again, see [58]) that:

2In the terminology of differential equations, det Z is the Wronskian.
3The proof given here is inspired—to say the very least—by the appendix of [55].
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o The field K is a differential field. (This follows since 9B is a differential
ring because the ideal q is differential, and the derivation on B can be
extended to one on K (Exercise A.2).)

o The field of constants of K is the same as that of k (Exercise A.7).

o The matrix z of the images of Z; ; is a fundamental matrix of solutions
(it has been constructed for exactly that purpose).

To establish the uniqueness of K up to isomorphism, one uses again the fact
that the field of constants is algebraically closed, but we will not discuss this here
(see [58] instead). Consequently, the result of the construction does not depend on
the choice of ideal q, a property we will exploit below.

Exercises A.5, A.6, A.7, A.8.

A.3. The Galois Group

As in the theory of algebraic equations, the Galois group of the equation
Y’ 4+ AY = 0 is the group of (differential!) automorphisms of K fixing k. That is,
these are the automorphisms ¢ : K — K such that
o), = Idy; and (0(u))’ = o(u') for all u in K.
We write this group as Gal(Y’ + AY).

A.3.1. Representation in the Linear Group. As the Galois group of an
algebraic equation of degree m can be represented in the symmetric group &,,,
the Galois group of a differential equation of order m can be represented in the
linear group GL(m;C) (here m is the order of the differential equation or the size
of matrix A). Here is how this is done. If z; is a column of a fundamental matrix
of solutions z, it is a solution to the differential equation. Thus we have

2+ Az; =0,
and thus,
0=o0(z + Az) = o(z)) + Ao (z),
since o fixes k and A has entries in k. Finally, since o is differential, we see that
(0(2:)) + Ac(z;) = 0.
Hence o(z;) is also a solution of the equation and we can express it in the basis

(21, Zm)s

m
o(z) =D ¢z
j=1
for some constants ¢;; € C. Since o is an automorphism, (o(z1),...,0(zy)) forms

a basis for the vector space of solutions and the matrix ¢ with entries (¢;;) is
invertible. The morphism

Gal(Y' + AY) — GL(m;C)
o c

is injective. We have shown that the Galois group is indeed represented in
GL(m;C). We could also show that it is an algebraic subgroup of GL(m;C)
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(this is a theorem due to Kolchin). The proof consists of “transforming” the
ideal q used in the construction of the Picard—Vessiot extension into an ideal of
ClY11---, Yo m,det(Y; ;)] (the ring of the linear group) that vanishes exactly on
the elements of the Galois group. It uses techniques of commutative algebra that I
have not assumed the readers of this book are familiar with; see [58] for this proof.

REMARK A.3.1. The representation obtained depends on the choice of the basis
(#1,.-.,2m), but a different choice clearly yields a conjugate representation.

A.3.2. Examples. Here are two very classical examples of calculations of Ga-
lois groups.

EXAMPLE A.3.2. We return to the equation y’ = %y over k = C(t) (see Ex-
ample A.1.4 and Exercise A.8).

o The extension k(t*)/k is trivial when « € Z.

o It is algebraic if and only if @ € Q. If @ = p/q is an irreducible fraction
with ¢ > 0, then the Picard—Vessiot extension is C(¢)[u]/(u? — t*), which
is algebraic of degree q. Since u? = tP, we have

;D Pt
u ==-—,
qui~t

implying that the differential and algebraic Galois groups coincide. Here
the algebraic Galois group is the group of ¢ defined by o(u) = (u for ¢ a
g-th root of 1, and is thus isomorphic to Z/qZ.

o If @ ¢ Q, then the extension is transcendental (with transcendence de-
gree 1). The Galois group is the linear group C* itself, which acts on the

1-dimension space of solutions by multiplication.

EXAMPLE A.3.3 (The Cauchy Equation). We consider the equation

1

a
Yy — =y =0, acC
over k = C(t). We consider first its relation with the first-order equations
,
—_Zy=0
Y P )
for @« € C to be chosen. If w is a solution of this equation, then tu’ = au. By
differentiating and multiplying by ¢, we obtain
t*u” + (a — a®)u = 0.

Thus if « is chosen so that
a?—a—a=0,

the solutions of the equation ty’ = ay are also solutions of t2y” = ay.
Moreover, if a1 and as are the two roots of this quadratic equation and w1 and
ug are solutions of the corresponding differential equations, we have

Uu
t

‘m = (a2 )

uy sy
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so that if oy # aw, the two solutions obtained are independent. Assume now that
a # —1/4, so that u; and us are independent. Then we obtain the Picard—Vessiot
extension of the equation y” = ay/t? by composing those of the y' = a;y/t. If
Yy = a;y/t, we have that
% %
o(y) = oly) = (Sy) = Foly)

for any o in the Galois group, since o fixes C(¢). Hence the Galois group fixes the
solution lines of the two first-order equations and thus is contained in the subgroup

of GL(2;C) consisting of diagonal matrices. In particular, it is Abelian.

Exercises A.9, A.10, A.11.

A.3.3. The Galois Correspondence. As in classical Galois theory, there is
a correspondence between the intermediate differential extensions of a differential
extension K/k and the (algebraic) subgroups of the Galois group Gal(K/k). An
analog of the “fundamental theorem” can be proved (see [58]). This states that
if K/k is a Picard—Vessiot extension and L is a differential subfield of K and an
extension of k, then the extension L/k is a Picard—Vessiot extension if and only if
the Galois group of K/L is normal in that of K/k. In this case, we have

Gal(L/k) = Gal(K/k)/Gal(K/L).
A.4. The Galois Group of a Hamiltonian System is Symplectic

I show now that, in the case of a Hamiltonian system, the Galois group is in
fact a subgroup of the symplectic group Sp(2n;C) (which is itself a subgroup of
GL(2n;C)), that is to say, I prove Lemma III.2.3.

Consider the complex symplectic vector space C?*. The symplectic form is

0 Id
the bilinear form whose matrix in the canonical basis is J = W o) The
symplectic group Sp(2n; C) consists of matrices M satisfying the algebraic equation
'MJM = J (see Section I.1.a).

Proor OF LEMMA II1.2.3. First, we consider the group GL(2n;C) from an
algebraic point of view. This is the subspace of the set of matrices defined by
the equation det Z # 0. In other words, the ring of algebraic functions on the
linear group GL(2n;C) is the ring C[Z; ;, (det Z)~!]. (Note the analogy with the
ring A used in the construction of the Picard—Vessiot extension, which is the ring
of GL(m; k).)

We now look at its subgroup Sp(2n; C), which is defined by the ideal I generated
by {ZJZ —J. We will make a clever choice for the ideal q utilized in the construction
of the Picard—Vessiot extension. This should be a (maximal differential) ideal of
the ring A = k[Z; j, (det Z)~1], the ring of the group GL(2n;k). It is natural to
consider the ideal (I) = Il of the group Sp(2n;k) and then to choose ¢ to be a
maximal differential ideal containing (I). The key in making this choice possible is
the following lemma.

LEMMA A4.1. If A € sp(2n;C), then the ideal (I) is a differential ideal.
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Recall that A, the matrix of the system, is utilized to define the derivation
of 2 and that, in the case of a Hamiltonian system, it lies in the Lie algebra of the
symplectic group (this is Lemma I11.2.4). Let us assume Lemma A.4.1 for now and
see how to use it to complete the proof.

Since ¢ is a maximal ideal containing (I), the matrix z that is the image of Z
in B = 2A/q lies in the symplectic group on %B. Moreover, the Galois group of
Y’ 4+ AY, the group of differentiable k-automorphisms of the field of fractions K
of B, is also the group of differential k-automorphisms of the ring 8.

Let o be an element of this Galois group. Since z € Sp(®8), we also have that
o(z) € Sp(B) (the equations defining the symplectic group have coefficients in the
field of constants C). As noted above, the matrix o(z) is a fundamental matrix of
solutions, and thus it can be expressed in terms of a matrix ¢ € GL(2n; C)

o(z) = zc.

In this equation, z and o(z) are symplectic with entries in %, while ¢ is a priori
only in the linear group, but with constant entries. Thus, in fact, ¢ € Sp(B) N
GL(2n;C) = Sp(2n; C).

In conclusion, the representation o — ¢ of the Galois group in the linear group
has values in the symplectic group. O

PROOF OF LEMMA A.4.1. We want to show that the ideal (I) generated by
the equations of the symplectic group is differential, i.e., that for any w in (I), v’ is
also in (I). The elements of (I) are of the form

U:Zam (tZJZ—J)ij with Qi,j e A
Thus
!/
u' =Y ai (1292 0), Y ey (ZIZ ).
The first term is clearly in (/). Let us show that the second is zero. Indeed, we
have

(‘zJz - J)I =1'7'J7Z +'2JZ" since J is constant
= -"7'AJZ —'ZJAZ since Z' = —AZ
— (AT + JAVZ
=0 since A € sp(2n). O

This proof can be easily adapted to more general situations than the symplectic
group. The good statement is:

ProroSITION A.4.2. Let G be an algebraic subgroup of the linear group
GL(m;C), and let g be its Lie algebra. If A € g ® k, then Gal(Y' + AY) is a
subgroup of G.

Proor. Replace I by the ideal defining the subgroup G in the ring of GL(m; C).
To check that the proof of Lemma A.4.1 applies to this situation, we just need to
check that f(Z) =0 for f € I and A € g. We calculate

f(2) = (df)2(Z") = —(df)z(AZ),



124 A. WHAT ONE NEEDS TO KNOW ABOUT DIFFERENTIAL GALOIS THEORY

and it remains to check that (df)z(AZ) = 0 if (df)1a(A) = 0. This follows by
setting Z to Id and using the fact that f is a relation defining a subgroup. O

A.5. An Example: the Airy Equation

I work through the example of the Airy equation in detail since I have utilized
it in Section III.5.

A.5.1. Calculation of the Galois Group. Consider the differential equa-
tion y"” — ty = 0 over the field C(t) of rational fractions. We prove the following
proposition.

PROPOSITION A.5.1. The identity component of the Galois group of y"' —ty =0
over C(t) is not Abelian.

To do this, we prove two easy lemmas.
LEMMA A.5.2. The Galois group Gal(y" — ty) is a subgroup of SL(2;C).

PROOF. Let (u,v) be a basis of the vector space of solutions in a Picard—Vessiot
extension. We calculate the derivative of the Wronskian

!/

u v
= (uwv' —u'v) = w” —u'"v =u(tv) — (tu)v = 0.

!
w = |

u v

Thus w is a constant. By multiplying one of the solutions by a constant, we can
suppose that w = 1. Next, for o € Gal(y” — ty) we have

a(u) o(v)

=deto.
o(u') o)

1=0(1) = ofw) = |

U
= det U’ oo

Hence the Galois group is indeed contained in SL(2; C). O
LEMMA A.5.3. The Picard—Vessiot extension is not finite.

In particular, we note that the Galois group Gal(y” — ty) is not finite.

PROOF. If it were finite, then the solutions, which we know are entire, would
be solutions of polynomial equations with coefficients in C(¢), and thus polynomials
(Exercise II1.15). But this is impossible (Exercise I11.14). O

PROOF OF PROPOSITION A.4.2. Suppose that the identity component of the
Galois group were Abelian. It is not difficult to show* that if an infinite algebraic
subgroup G of SL(2;C) has an Abelian identity component, then

o cither the elements of G are simultaneously triangular
e or G has a subgroup (that we call H) of index 2 whose elements are
simultaneously diagonal.

4Gee Proposition A.5.5.
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In the first case, there is a solution u of the Airy equation such that o(u) is
collinear with u for all o € Gal(y” — ty). Then we have

u\
4 (z) byt
implying that u'/u € C(t). Let z = «’//u. Then, by differentiating v’ = zu, we find
that (t — 22)u = 2’u and thus z is a solution of the “Riccati” differential equation
2 =t— 2%
In the second case, let (u, v) be a basis of common eigenvectors for the elements
of H. Then, we see, for o € G,

. ) u u u u
eithero“ | — | =—, oro|—|)=—.
u u u u

Hence v/ /u lies in a quadratic extension L of C(t) (with Galois group G/H). Sim-
ilarly, = u’/u is a solution of the differential equation 2’ =t — 22.

Thus, if we suppose that G° is Abelian, this would imply the Riccati equation
2z =t — %2 has either a rational solution or a solution in a quadratic extension
of C(t). The end of the proof consists in showing that this is impossible. This is
elementary but rather calculation-intensive.

In the first case, we quickly arrive at a contradiction. We write z as a quotient

of polynomials
z=—==, degf=m, degg=n.
g
By differentiating, the Riccati equation implies that
f'g—fg + 1* =tg".

If m > n, then the degree of the left side is 2m, which is strictly greater than the
degree 2n + 1 of the right side. If m < n, then degree of the left side is < 2n, while
that of the right is 2n + 1. This is the contradiction we were looking for.

Obtaining a contradiction in the second case is somewhat more involved, but
the idea is the same, i.e., to show there would exist a rational function which

satisfies a complicated differential equation that, in fact, has no rational solution.
The function z satisfies

2 =t—22
Z2+rz+s=0, rseC(t).

We will eliminate z and s to obtain a differential equation satisfied by the rational
function r. We differentiate the above algebraic equation to obtain

222 +r'z+1r2' +5 =0,
and then utilize the Riccati equation to obtain
223 —r22 4+ (2t + 1)z +rt+5 =0.
Then we add 2z(22 + 7z + s), which equals zero, to see that

22 4 (2t 4+ 25+ )z +rt +5 =0,
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which is another quadratic equation satisfied by z. We deduce that
2t + 25+ 1/ =1?
rt+ s =rs.

The first equation gives us s as a function of r

r2 — ! ;
5= —t.
2
By differentiating this same equation, we express s’ in terms of r

i

r

s=r'—1——,
2

and we put this into the second equation. After all this gymnastics, we have shown
that r must be a solution of the differential equation

P =3 4+ —Art+2=0.

Finally, we show that there is no rational fraction r = f /g satisfying this differential
equation. Set m = deg f and n = degg. We substitute r = f/g into the differential
equation supposedly satisfied by r and multiply it by g to eliminate denominators,
the numerator becoming a linear combination of the polynomials
91" fad", 9f'd's 192 ffg, 129, 1P, tfe? o°

If m = n, the term tfg? does not vanish. If m > n, we have the same problem
with f3, and if n > m+ 1, ¢ remains. Unfortunately, if n = m + 1, the terms ¢ f g>
and g3 have the same degree, so we need to look at their coefficients a little more
closely.

We expand 7 as a Laurent series around one of its poles a
(tfika)k 4+ (tc——la) + a holomorphic function.
To be a solution of the complicated differential equation satisfied by r, we must
have equality between the two largest of the numbers k + 2, 2k 4+ 1, 3k, so k = 1.
In this same differential equation, a term ¢/(t — a) gives

L in 7", i in —3rr’, and L in 73,
(t —a)? (t —a)® (t —a)?
and thus ¢ must satisfy c¢(c? + 3¢+ 2) = 0, and either ¢ = —1 or ¢ = —2 if a is truly
a pole of r.
Finally, since r = f/g with degg = deg f + 1, we have f(t) = at™ + - - -,
g(t)y =ttt + ... and

T =

m—+1
r(t) = Z G with ¢; = =1 or — 2.

t—a;
i=1 ’

Hence a = ¢; + -+ + ¢me1 € Z. But to eliminate the terms in tfg? (coming from
—4tr) and g3 (coming from +2), we must have —4a + 2 = 0 which is impossible
since « is an integer! O

REMARK A.5.4. By refining the proof a bit, one can show that the Galois group
is exactly SL(2;C). See [47], the origin of this “algebraic” proof.
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A.5.2. Subgroups of SL(2;C). For completeness, I establish the properties
of the subgroups of SL(2; C) that I utilized in the proof of Proposition A.4.2.

PROPOSITION A.5.5. Let G be an algebraic subgroup of SL(2; C) whose identity
component G° is an Abelian group. Then

e either G is finite,

e or G has a subgroup of index 2 consisting of elements diagonalized by the
same basis,

e or all the elements of G are triangular in the same basis.

PrOOF. We begin by examining the identity component G°.

o Either G° = {Id},
o or G° contains an element h # £ 1d, in which case:

— either h is diagonalizable in a basis (u,v): since G C SL(2;C), the
eigenvectors of h are distinct and since G° is Abelian, all the elements
of G° are diagonalizable in the basis (u,v),

— or h is not diagonalizable, in which case, there is an eigenvector u
(since h is a complex endomorphism) that is an eigenvector for all the
elements of the Abelian group G°. Thus all elements are triangular
in a basis (u,v).

We now look at the group G itself. When G° = {Id}, G is finite (using the fact
that G has a finite number of connected components; this is the only place where
we use, in a very weak way, the fact that G is algebraic. If G° # {Id}, let us show
that G fixes the set of common eigenvectors of the elements of G°. Let u be such
a vector and g € G, h € G°, we have

(ghg™")(g(u)) = gh(u) = g(Au) = Ag(u),

thus g(u) is an eigenvector of ghg~—!. We recall that the identity component G° is
a normal subgroup of G and therefore ghg™! is an element of G°.

o If the subgroup G° is not diagonalizable, we conclude that the unique
(common) eigenline of its elements is fixed by G, and thus all the elements
of H are triangular in a basis (u, v) where the first vector is an eigenvector.

o If (u,v) is a basis for which the subgroup G° is diagonal, then any element
of G sends u to an eigenvector of G°, that is to a Au or \v.

— If they all fix the line generated by u, they also fix the one generated
by v, so all the elements of G are diagonal in the basis (u, v).
— If an element g of G sends u to Av, then the matrix of g in the basis
-1
(u,v) is <?\ _)(\) ), so that g2 = —Id. Thus G has a subgroup of

index 2 consisting of diagonal elements in the basis (u,v). (]
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Easy Exercises on Differential Galois Theory

EXERCISE A.1. Is the ring of €" functions on R a differential ring (for the usual
derivative of functions)? What about the ring of > functions?®

EXERCISE A.2. Show that a derivation on an integral domain can be extended
uniquely to a derivation on its field of fractions.

EXERCISE A.3 (Field of Constants). Let k be a differential field and let C' C k
be the set of its constants, i.e., the elements a such that a’ = 0. Show that C is a
field, that ’ is a C-linear operator, and that k is a C-algebra.

EXERCISE A.4. Let I' be the complex projective line P!(C) considered as I' =
CU {o0}. Check that the field of meromorphic functions on I' is the field C(t) of

d
rational functions and that the vector field o on C extends to a vector field X on

I'. Determine its zeros (see Figure 1).

N

AN

d
FIGURE 1. Trajectories of T near 0 and oo

EXERCISE A.5. Write a system Y’ + AY = 0 that is equivalent to the equation
L.-y=0.

EXERCISE A.6. Consider the differential field k = C(t), the ring C[[t]] of formal
power series, and its field of fractions K, so that K is a differential extension of k.

Show that the equation 3’ = y has no nontrivial solution in k but has solutions
in K. Explain why K is not a Picard—Vessiot extension of this equation.

EXERCISE A.7. Let k be a differential field with field of constants C' and let 2B
be a differential k-algebra. Suppose that B8 has no proper differential ideal. Show
that the constants of the field of fractions of 8 are the constants of 8. Let Cs be
this field of constants.

Now, suppose that C' = C and that B is a finite-type k-algebra. Let m be
a (ordinary) maximal ideal. The projection B — 9B /m identifies k& with a sub-
field. Show that the extension (28/m)/k is algebraic and that any constant of B is
algebraic over C. Finally, show that Cy = C.

5The ring of C*° functions is never an integral domain, unlike the ring of holomorphic func-
tions on a connected open subset of C, which is because of the principle of isolated zeros. This is
one of the reasons that differential Galois theory is restricted to analytic functions.
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EXERCISE A.8. Consider the differential field ¥ = C(¢) and the differential

equation
/

Y :%y (for o € C).

Show that this equation has a rational solution if and only if a € Z, then that it
has an algebraic solution over C(¢) if and only if o € Q.
Show that K = k(t) is a Picard—Vessiot extension of this equation.

EXERCISE A.9. Given two complex numbers a and b, determine the Galois
group over C(¢) of the linear differential equation with constant coefficients

y" — 2by’ + a*y = 0.
EXERCISE A.10. Let k be a differential field with field of constants C and
derivation a +— a’. Consider the differential equation
y' —ay' +by=0

and a Picard—Vessiot extension K of this equation. The Wronskian of two inde-
pendent solutions v and v is denoted by

w=|

1o

u v

which is an element of K. Show that w € k if and only if the Galois group is a
subgroup of SL(2; C). Calculate w’, and deduce that the Galois group is a subgroup
of SL(2;C) if and only if a = ¢//c for some element ¢ of k.

EXERCISE A.11. Determine the Galois group of the Cauchy equation

1

a
Yy —t—2y=0,

depending on whether or not the roots of a? —a —a = 0 are in Q.






APPENDIX B

What One Needs to Know About
Algebraic Curves

In this Appendix, I describe the properties of algebraic curves and their Ja-
cobians that are used in this book. For more about complex curves (or Riemann
surfaces), see the books by Griffiths and Harris [37], Farkas and Kra [28], and
Reyssat [72].

B.1. Complex Curves and Riemann Surfaces

B.1.1. Completion of Affine Curves. The algebraic curves appearing in
Chapter IV are given by polynomial equations P(x,y) = 0; such curves are called
“affine” curves (since they lie in the affine plane C?). As such they are not compact:
they always have points at infinity. They can even be singular. Nonetheless, the
singularities can be removed and the curves can be completed to become Riemann
surfaces.

A Riemann surface is a complex analytic manifold of dimension 1, which we
will assume here to also be compact and connected!. To a curve C'p defined by

Cp= {(xvy) ecC? | P(z,y) :0}

is associated a (well-defined) compact Riemann surface Xp such that there exist
two finite subsets £ C Cp and F' C Xp with Cp — F = Xp — F. Thus the two
surfaces coincide except for a finite number of points: Xp is compact while Cp
never is, and Xp is smooth while Cp may be singular at some points of E (if Cp
is smooth, then ' = &, and Xp is a completion of Cp).

We say that the Riemann surface Xp is the “normalization” of C'p. We can
also complete a singular affine curve by adding points “at infinity”, namely, without
changing its singular points. In fact, this cannot be avoided if we want to complete
a family of curves in a uniform enough way, a situation we encounter in integrable
systems, and thus in this book.

This is a very concrete operation, which we can perform by separating the
branches at infinity without worrying about what happens at finite distance. A
simple example is found in Exercise B.1.

ExampPLES B.1.1.

e We complete C (which can be viewed as the planar affine curve with
equation y = 0) by adding a point at infinity. The Riemann surface

1Although we did use non-compact Riemann surfaces in Chapter III.

131
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thus obtained is the complex projective line P! = P1(C) or the “Riemann
sphere”.

« Consider the affine curve with equation y? = Q(z), where Q(z) is a cubic
polynomial. If the roots of @ are distinct, then the curve is smooth, and
we can complete it by adding a point at infinity. The Riemann surface
obtained is an “elliptic curve”.

B.1.2. The Genus of a Curve. The most fundamental invariant of a curve
is its “genus”, an integer g for which there are numerous equivalent definitions?.

The genus fully determines the topology of the Riemann surface X, since it is
the number of its handles or, equivalently, we have

H\(X;7)=7%.

It also tells us a lot about the analytic structure, since it is also the dimension of
the complex vector space of holomorphic forms on X, that we write (with notation
that will be explained in Section B.3),

g = dim H° (Q}() ,

where Q% denotes the sheaf of germs of holomorphic forms and H° (Qﬁ() the space
of its global sections, the space of holomorphic forms.

ExampPLES B.1.2.

o The projective line P! is a Riemann surface of genus 0 (it is a sphere).

« Elliptic curves can be obtained as quotients of C by lattices. Therefore,
these are topologically tori and thus curves of genus 1. The Weierstrass gp-
function associated to the lattice A is the solution of a differential equation
of the form

©'(2)? = 4p(2)° = g2(2) — g3,
so that z +— (p(2),9'(z)) parametrizes the curve with equation y? =

423 — gow — g3. This yields an isomorphism of C/A with the completion
of this curve (with the poles of p being sent to the point at infinity).

The most useful result about curves is certainly the Riemann—Roch theorem,
a very precise theorem about the existence of meromorphic functions (see Sec-
tion B.4.2). One of its consequences is the equivalence of the two definitions of
genus I just mentioned.

An easier, but very useful, result is the Riemann—Hurwitz formula, which con-
cerns a map f : X — X’ between two Riemann surfaces. The formula in question
is the result of a simple calculation of the Euler characteristic, allowing the genus
of X and of X’ to be compared.

For example, if the map f has degree 2, then the Riemann—Hurwitz formula
asserts that the Euler characteristic 2 — 2g of X is twice the Euler characteristic
2 — 2¢’ of X’ minus the number of ramification points.

2There are eighteen of them in [72].
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ExAaMPLES B.1.3.

« A double covering of P! ramified at four points is a curve of genus 1.

o Curves with a map of degree 2 taking values in P! are called “hyperel-
liptic” curves. These appear often throughout this book. They are the
curves with an affine equation of the form y? = Q(z) (the map of de-
gree 2 is (z,y) — x, see Exercise B.1). There is an involution defined
on these curves, called the “hyperelliptic involution”, which is simply the
map (x7y) = (xv _y)'

By applying the Riemann—Hurwitz formula, we see that the genus of
the curve is g if deg@Q = 2g + 1 or 2¢g + 2.

B.2. Line Bundles on Curves

A (holomorphic) line bundle on a Riemann surface X is a complex surface L
with a projection 7 : L — X whose fibers are complex 1-dimensional vector spaces
and which is locally trivial in the sense that:

e The curve X is covered by open sets U such that there exists a homeo-
morphism ¢y making the diagrams

commutative.
o If U and V are two open sets of the covering, then

pYv o Spl}l(xv a) = (CE7 fVU(x) : O[)
over UNV, for some holomorphic function fyy that does not vanish. The

function fyy is called the transition function between the two trivializa-
tions (U, oy ) and (V, oy ).

ExAMPLES B.2.1.

e The trivial bundle, L = X x C with the natural projection (we can take
U=X, fvv=1).

« The tautological bundle O(—1) — P! (I will explain the notation in Sec-
tion B.4.1)

0(-1)={(t,v) eP' xC* |v et} CP' xC?

(the points £ of P! are the lines in C? passing through 0) with the natural
projection to P'. The bundle can be trivialized on the two open sets U
(where £ #£ C x 0, i.e.,y #0) and Uy, (¢ #0 x C, z #0).

Write o and oo for ¢p, and ¢p. . The local trivializations are

Uy x C L 7T_1(U())

(Z, b) — ([Zv 1]7 (bzv b)),
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and, similarly,
ool
Uso x C 2 771U,
(Zlﬂ a’) — ([17 z’], (a7 CLZ/)).

Then by identifying Uy N Us with C* via the coordinate z of Uy, we can
write @ © @51 as

C"xC — UyxC — U xC — C*xC
1 b
(z,) — (z,b) +— (;,bz) — (z, ;)
Thus the transition function is fooo(2) = 1/2.

o The tangent bundle. Let (U, gi) be an atlas of of coordinate charts of X,
ie,, gy : U — C is a homeomorphism and gy o g[}l is a holomorphic
function on gy (U NV). The bundle defined by gluing together the U x C
by fvu(z) = (gv o gy') () is the tangent bundle of X, which we write
as T'X.

o Its dual is the cotangent bundle, T*X or Kx, which is also called the

“canonical bundle”3.

There is an obvious notion of isomorphism for bundles.

Group Structure. The tensor product of two holomorphic line bundles is again
a holomorphic line bundle, and the same is true for the dual of a line bundle. The
tensor product thus endows the set of isomorphism classes of line bundles on X
with a group structure, the identity is the trivial bundle and the inverse of a bundle
is its dual (see Exercises B.2, B.3 and B.4).

EXAMPLE B.2.2. On P!, O(1) denotes the dual of the tautological bundle
0(-1), and O(n) is the |n|-th tensor power of O(1) (if n is positive) or of O(—1) (if
n is negative). See Exercise B.5.

Sections. On a compact Riemann surface, the only holomorphic functions are
the constants (a direct application of the maximum modulus principle). Some
line bundles, though, have holomorphic sections, which are the closest analog to
functions.

A holomorphic (resp., meromorphic) “section” of 7: L — X isamaps: X — L
such that m o s = Idx such that for any local trivialization,

U\ (U) 2 U x

the map oy o s(z) = (2, sy(z)) being holomorphic, resp. meromorphic. In either
case we also have that on UNV | sy = fyv sy, where fyy is the transition function
mentioned above.

All line bundle have meromorphic sections. This is not trivial but follows from
general results about the existence of functions (the Riemann-Roch theorem).

3If X is an analytic manifold of dimension n, then T* X is a vector bundle of rank n and its
maximal exterior product A"T*X is is denoted by K x and is called the canonical bundle. It is is
also a line bundle. Note that these two objects coincide for curves (n = 1).
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B.3. Sheaves and Cocycles

The set of germs of sections of a bundle form a sheaf*. T will not make a general
theory of sheaves here (see [34]).

ExAMPLES B.3.1.

e The sheaf Ox of germs of holomorphic functions corresponds to the trivial
bundle X x C.

o The sheaf QY of germs of holomorphic 1-forms corresponds to the bundle
T*X (or Kx, since X is a curve).

Sheaves are designed to make cohomology. We will content ourselves to a
description of the groups H°(X;J) and H'(X;J) when J is the sheaf of sections
of a line bundle on X.

The vector space H°(X;JF) is the space of global sections of the sheaf F. For
example, saying that the holomorphic functions on X are constant is equivalent to
saying that H°(X;Ox) = C, and saying that the holomorphic forms form a space
of dimension g is equivalent to saying that dim H°(X; Q%) = g.

EXAMPLE B.3.2. One can check (Exercise B.6) that H°(P!; O(n)) is isomorphic
to the vector space of polynomials of degree at most n if n is positive and is the
trivial vector space otherwise.

The group H!(X;JF) is the group of the 1-cocycles. We fix a covering of X. A
1-cocycle is a set of sections (fyy ) of the sheaf F over the intersection U NV of any
two sets of the covering, satisfying a compatibility condition (precisely called the
“cocycle condition”) on the intersections of three open sets of the covering. Like
any cohomology group, H'(X;J) is a quotient which in our case is the quotient of
the group of cocycles by the subgroup of coboundaries (which are the cocycles of
the form fyyv = fu — fv, where fy and fy are defined on U and V).

The result of this operation depends on the choice of the covering. To define
H'(X; ), one needs to take into account the choice of the covering. For a curve X
covered by two affine open sets Uy and Uy, (the case we are interested in), H!(X; F)
is indeed the quotient group of 1-cocycles for the covering X = Uy U Uy, by the
group of coboundaries.

REMARK B.3.3. The same result holds for the total space of the bundle O(n)
on P! covered by the two open sets Uy x C and U, x C; this is a result we used in
Section IV.2.d.

ExAMPLE B.3.4. Consider the bundle O% of germs of non-vanishing holomor-
phic functions on the curve X. A 1-cocycle is exactly the same thing as a family of
transition functions defining a line bundle on X. Moreover, a cocycle determines
the trivial bundle if and only if it is a coboundary.

The set of isomorphism classes of line bundles on X can be identified with
H'(X;0%). Notice that this is a group.

4Hovvever7 there are many sheaves that do not come from line bundles, or even vector bundles.
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We still have to mention the unavoidable “exponential exact sequence”. At the

level of sheaves, this is
07— 0x 2P, 0% 0,

and at the level of cohomology groups this is
1 1 Lyqwy deg 2
— H(X;Z) — H'(Ox) — H (0%) —— H*(X;Z) —,
with a “degree” homomorphism that will be discussed later.

Finiteness. When X is compact and JF is the sheaf of sections of a line bundle,
the spaces H*(X;J) have finite dimension. This is not a trivial result; see, for
example, [72] or [37].

B.4. The Picard Group, the Riemann—Roch Theorem, the Jacobian

B.4.1. Divisors and the Picard Group. To each meromorphic section of
a line bundle is associated a divisor on the curve. A divisor is a formal linear

D= ZmiPi,

el

combination

where I is a finite set, m; € Z, and P; € X. For example, the meromorphic
function f on X defines the divisor

(f) = zeros of f — poles of f

(counted with multiplicities). A meromorphic form similarly defines a divisor as
well.

The divisors form a group Div(X), the free Abelian group generated by the
points of X.

There is a natural homomorphism from the group Div(X) to Z, the degree

deg : ZmiPi — Zmi.

For example, functions have as many zeros as poles, so the divisors of functions have
degree 0. Those of meromorphic forms have degree 2g — 2 (another consequence of
the Riemann-Roch theorem).

The Picard Group. The group Div(X) is both huge and not very significant. To
give it more meaning, we define an equivalence relation on it that takes into account
the analytic structure of the surface, this is the notion of “linear equivalence”

D ~ D' & there exists a meromorphic function f such that D — D' = (f).

The quotient group is the Picard group Pic(X). Since the divisors of functions have
degree zero, the degree homomorphism is well-defined on Pic(X). The component
with degree d is denoted Pic?(X). The component Pic’(X) is a subgroup.
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Divisors and Line Bundles. To a meromorphic section s of a line bundle L —
X, is associated a divisor (just as for a function)

(s) = zeros of s — poles of s.

For example, the line bundle O(n) on P! has a section whose divisor is of degree n,
justifying this notation.

If s and s’ are two meromorphic sections of the same bundle L, s/s’ is a
meromorphic function on X. Indeed, on each open set U trivializing L, sy /sy is
a meromorphic function gy and all the gy can be glued together to form a global
function since, on an intersection U NV,

I /
sy = fuvsv, sy = fuvsy.
Hence
SU SV
T
s, s,

and gy =gy onUNV.

We thus have a homomorphism from the group of isomorphism classes of line
bundles to the Picard group. This homomorphism is an isomorphism. The key
remark leading to this is that a divisor determines a line bundle, which we now
discuss.

Line Bundles and Divisors. We begin with the case of a point P. Cover X by
an open set U of a chart around P and V = X — {P}. If z is a local coordinate
centered at P, then it is a holomorphic function that is non-zeroon UNV = U—{P}.
We glue U x C and V' x C over U NV via

(z,) — (z, za).

It is clear that the line bundle obtained has a holomorphic section with divisor P:
this is the section that is identically 1 on V and z on U. We let Lp be this line
bundle.

More generally, if D = > m;P; is a divisor, we define Lp = ®L%imi. (Here,
of course, L&™ means (L*)®(=™) when m < 0.)

Degree. Finally, note that by the definition of the degree of a line bundle as
the connecting homomorphism in the exponential exact sequence, the degree of the
bundle Lp is 1, and the two notions of degree coincide. We deduce, for example,
that the degree of O(n) is n, justifying again our notation.

B.4.2. The Riemann—Roch Theorem. If D is a divisor on the curve X
with genus g, we denote by Lp the line bundle thus associated to D or the sheaf
of its local sections. The Riemann-Roch theorem then asserts that

dim H*(X; Lp) —dim H*(X; Lp) = deg D — g + 1.

REMARK B.4.1. The space H°(X; Lp) is that of global holomorphic sections
of Lp. By the definition of Lp, it is the space of meromorphic sections of X with
divisor satisfying

(f)+D >0
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(in the sense that all the coefficients are non-negative). Similarly, H!(X;Lp) is
isomorphic to the dual of H?(X; QY @ L%) (Serre duality), so this space has the
same dimension as the space of meromorphic forms 1 on X with divisor satisfying

(m)—D=0

(see Exercise B.10). The Riemann-Roch theorem is thus a theorem about the
existence of functions. See [72] or [37]°.

B.4.3. The Jacobian. To any curve of genus ¢ is associated a complex torus
of dimension g, its Jacobian, which can be described with the aid of integration of
differential forms or by divisors and line bundles.

We begin with the integration of holomorphic forms. Let X be a complex curve.
There is a natural map (integration)

Hi(X;Z) — H° (%)
v (w — /w),
~
which can be shown to be injective. Its image is the “lattice of periods” A = Z>29
in H° (Q%)" = CY (by utilizing the Riemann-Roch theorem). The Jacobian is the
quotient torus
Jac(X) = H° (Q%)" /A,
which a complex torus of dimension g. The tangent space of Jac(X) at each point is
canonically isomorphic to H° (Qﬁ()*, which, in turn, is isomorphic to H'(Ox), the
first cohomology group of the sheaf Ox of germs of holomorphic functions on X.
This isomorphism is a simple special case of Serre duality.

B.4.4. The Abel-Jacobi Map. The Abel-Jacobi map is simply the integra-
tion map
Div’(X) — H° (Q4)" /A
P;

B - Q) (o [ )
Qj
(one can integrate on any path connecting (); to Pj, the result in the quotient
does not depend on the choice of path). The Abel-Jacobi theorem asserts that this
defines an isomorphism
Pic’(X) — Jac(X).
If Q is a given point on X, the map
u: X — Jac(X)

P

P o [

5Some proofs seem short and elementary. This is the case for those remaining in an algebraic
framework [37]. It is also the case for some proofs written in an analytic framework... however,
one must at least use the nontrivial fact that the spaces H*(X; L) are finite dimensional.
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is injective if g > 1, and, in particular, an isomorphism if g = 1. In other words, up
to the choice of the point @), the curves of genus 1 are isomorphic to their Jacobians,
and thus are groups.

Note also that u induces an isomorphism

Uy : H1(X;Z) — Hyi(Jac(X);Z)

by the definition of Jac(X).

The divisors that are linear combinations of points with positive coefficients
are called “effective”. Note that the effective divisors of degree d are exactly the
points in the symmetric product

X@ = x1/s,.

The natural map
X@ — Pic?(X)

is surjective for d > g.

Exercises to Check Comprehension of the Definitions

EXERCISE B.1. Let P be a polynomial of degree 2n + 2 with only simple roots.
Consider the affine curve C' with equation y?> = P(z). Show that C' is smooth.

Consider the projective completion of this curve (in P?(C)). Check that it has
a unique point at infinity, which is always a singular point, and that in the neigh-
borhood of this point, the curve consists of two smooth branches that are tangent
at the point at infinity. Construct a (compact connected) Riemann surface X by
adding two points to C.

Show that the map = : C — C can be extended to a meromorphic function
on X. Show that the genus of X is n.

EXERCISE B.2. If the bundles L and L’ are given by the transition functions

fuv and f{;, (for the same covering), what transition functions determine the line
bundle L ® L'?

EXERCISE B.3. If L is determined by the transition functions fyy, what are
the transition functions of the dual L*?

EXERCISE B.4. Show that if L is a line bundle on a curve, then L ® L* is
canonically trivial.

EXERCISE B.5. Show that the transition function of the bundle O(n) — P! on
UpNUs I8 foo,0(2) = 2™.

EXERCISE B.6. A section of O(n) is given by two holomorphic functions sg
and soo satisfying so(z) = 284 (2") on C*.

For positive n, show that sg is a polynomial of degree at most n and, conversely,
that such a polynomial defines a section on O(n).

What happens when n is negative?
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EXERCISE B.7. Let P be a point in P!. Show that L p is isomorphic to a bundle
O(n) for some integer n and determine this integer. Show that the group Pic(P!)
is isomorphic to Z.

EXERCISE B.8. Let A be a lattice in C. Show that the form dz (on C) defines
a holomorphic form on X = C/A with no zeros. What can be said about the
cotangent bundle of X7

EXERCISE B.9 (The Cotangent Bundle of P!). Show that the form dz (on C)
defines a meromorphic form on P! and that the cotangent bundle of P! is isomorphic
to the bundle® O(—2).

EXERCISE B.10. Let P be a point on the curve X so that the line bundle Lp
has a section whose divisor is P. Show that H°(X; Lp) can be identified with the
space of meromorphic functions on X having, at worst, a simple pole at P and no
other pole. More generally, if D is a divisor, show that H°(X; Lp) is isomorphic
to the vector space of meromorphic functions f satisfying

(f)+D>0.

Fix a meromorphic form w on X. Show that H°(X; QY ® L%) can be identified

with the vector space of meromorphic functions f on X satisfying
(fw)=D =20
and to the vector space of meromorphic forms 7 satisfying

(m)—D >0.

EXERCISE B.11. Consider the Riemann surface constructed in Exercise B.1,
with its meromorphic functions x and y. Determine the divisors of the functions x
and y and of the form dz.

Show that the forms 2™dzx/y are holomorphic on X for 0 < m < n—1. These n
holomorphic forms are independent, and thus are a basis for H°(X; Q).

EXERCISE B.12. As in Section IV.3, consider the curve C' determined by

AQ — Q(Z)
TT(a; — )
Let oo be its unique point above z = oo, S1,...,5, the ramification points where

@ =0, and Ay,...,Ap41 the points (00, ;). Show that the divisors of A and dz
are
N=5S1++Sp,+o00—A4 — - — A1
and
(dz)=514+-+Sp+A1 4+ + A1 — 300.
Deduce from this that Adz has a double pole at co and no other pole.

6The tangent bundle is thus O(2). Figure 1 in Appendix A shows its holomorphic section
d/dz with its double root at infinity.
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effective, 29, 34
Hamiltonian, 25, 26, 29, 33
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action—angle variables, 35, 36, 42, 55, 76
adjoint, 104, 113
action, 113
Adler, 87
affine
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Airy equation, vi, 70, 71, 78, 124
algebra,
differential, 117
Lie, vii, 6, 25, 59
loop, 106
symplectic Lie, 2, 20, 22, 53
twisted loop, 106, 107
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curve, vi, 81, 106
group, 2, 58, 65, 120, 123
algorithm, Kovacic’s, 64
angle variables, 34, 35, 42
angular momentum, 9
anharmonic oscillator, 8, 11, 50, 62, 76
annulus, 40
Arnold, see Arnold—Liouville theorem,
Euler—Arnold equation
Arnold-Liouville theorem, v, 25, 29, 36, 45,
55, 81
Atiyah, 41
Atiyah—Guillemin—Sternberg convexity the-
orem, 41

basis, symplectic, 1, 20

Baxter, 105

body,
Euler—Poinsot, 12
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integrability of, 12, 13
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bracket,
Lie, 6, 77, 104
Poisson, 5, 21, 53, 103
bundle,
canonical, 134
cotangent, 3, 134
line, 133
tangent, 134
tautological, 133
trivial, 133

canonical
bundle, 134
form, 3
symplectic form, 3
Cartan formula, 5, 19, 25, 34
Cauchy equation, 70, 72, 121, 129
characteristics, 14, 20
space of, 14, 20
Chasles
frame, 95
theorem, 16, 18, 95
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Clairaut integral, 15, 23
coadjoint, 104, 113
action, 113
orbit, 104, 114
coboundary, 135
cocycle, 87, 89, 135
cohomology, 135
coisotropic, 2
complexification, 52
complex
projective space, 41
symplectic form, 5
symplectic manifold, 4
confocal quadrics, 16, 93, 113
connection, 47, 54
constants, field of, 117, 128
coordinates,
action, 30, 35, 39, 42, 98
action-angle, 35, 36, 42, 55, 76
angle, 34, 35, 42
cotangent bundle, 3, 134
cream puff, i, 31
curvature, 19
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affine, 85, 131
algebraic, vi, 81, 106
elliptic, 44, 81, 82, 109, 132
hyperelliptic, 92, 133
spectral, 81, 84, 88, 91, 92, 106

Darboux theorem, 4, 18
deformation, isospectral, 84, 110
degree, 136, 136, 137
derivation, 117, 117
derivative, Lie, vii
differential

algebra, 117

extension, 118

field, 117

ideal, 117

ring, 117
divisor, 136
dual of a Lie algebra, 103, 112, 113, 114
Duistermaat, 25, 36

effective action, 29, 34
Ehresmann fibration theorem, 31, 36
eigenvector map, 85, 89, 95, 97
Eliasson, 77
ellipsoid, v, 15
elliptic curve, 44, 81, 82, 109, 132
equation,
Airy, vi, 70, 71, 78, 124
Cauchy, 70, 72, 121, 129
Euler—Arnold, 84, 91
Euler-Lagrange, 13
Korteweg—de Vries, vii
Lamé, 59
Lax, vi, 81, 83, 84, 89, 104, 105, 108, 110
normal variational, 54
Riccati, 125
variational, 45, 47, 51, 53
Whittaker, 63, 70, 72
Yang—Baxter, 105
Euler characteristic, 132
Euler—Arnold equation, 84, 91
Euler-Lagrange equation, 13
Euler—Poinsot body, 12
exponential exact sequence, 87, 136
extension,
differential, 118
Picard—Vessiot, 51, 57, 59, 71, 78, 117, 77,
119, 121, 124

fibration, Lagrangian, 34, 42, 42
field,
of constants, 117, 128
differential, 117
first integral, v, 10, 45, 45, 50, 51, 52
second, 11, 71
form,
canonical, 3
canonical symplectic, 3
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complex symplectic, 5
holomorphic, 5
initial, 49, 52, 53, 58, 61, 66, 73
Liouville, 3, 20, 98
meromorphic, 71, 79, 136, 138
quadratic, 22, 24
symplectic, 3, 114
volume, 2
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Cartan, 5, 19, 25, 34
Kiinneth, 35
Riemann—Hurwitz, 132

free body, 12, 84

fundamental
matrix, 68, 120, 123
theorem of Galois theory, 122
vector field, 25, 113

Galois
correspondence, 122
group, vi, 45, 51, 51, 53, 55, 57, 58, 59,
61, 61, 64, 65, 71, 78, 117, 120, 121,
122, 126
theory, fundamental theorem of, 122
genus, 132
geodesic
flow, 13, 13, 49
flow, integrability of, 15, 16, 23, 84
geodesics, 13, 49
on an ellipsoid, 15, 39, 40
on hypersurfaces, 14
on quadrics, 15, 36, 39, 82, 89, 106, 109
space of, 21
on the sphere, 43
on surfaces of revolution, 15, 39, 43, 43
germ, 52, 72
Goldman, 13
system, 13
Griffiths, 87, 89
group,
algebraic, 2, 58, 65, 120, 123
Galois, vi, 45, 51, 51, 53, 55, 57, 58, 59,
61, 61, 64, 65, 71, 78, 117, 120, 121, 122,
126
Lie, vii, 25
linear, 120, 123
monodromy, 45
Picard, 86, 136
of rotations, 7, 11, 26, 29, 38, 40
symplectic, 2, 20, 20, 61, 122
Guillemin, 41

Hamiltonian
action, 25, 26, 29, 33
mechanics, v
periodic, 26, 26
system, 6, 35
vector field, 5, 21, 104
harmonic oscillator, 7, 11, 26, 29, 37
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Hénon—Heiles system, vi, 8, 11, 22, 30, 48, Kiinneth formula, 35
50, 54, 58, 58, 69 Lacranse
integrability of, 11, 23, 72 tgo %2
Hitchin, 13 b .
see also Euler—Lagrange equation
system, 13

Lagrangian, 13
fibration, 34, 42, 42
submanifold, 19
subspace, 2
torus, 30, 34

Lamé equation, 59

lattice, 132, 138

holomorphic form, 5
Hurwitz, 132

Husson, 13

Huygens, 42

hyperboloid of one sheet, 93
hyperelliptic curve, 92, 133

ideal, differential, 117 of periods, 31, 32, 138
identity, Lax equation, vi, 81, 83, 84, 89, 104, 105,

Jacobi, 6, 104 108, 110

Leibniz, 5, 104 Leibniz identity, 5, 104
independence, 11, 52, 61, 72 Lie
inertia, 9 algebra, vii, 6, 25, 59
in involution, 10 algebra, dual of, 103, 112, 113, 114
initial form, 49, 52, 53, 58, 61, 66, 73 algebra, symplectic, 2, 20, 22, 53
integrability, bracket, 6, 77, 104

of the geodesic flow, 15, 16, 23 derivative, vii

of the harmonic oscillator, 11 group, vii, 25

of quadratic Hamiltonians, 24 Liouville

of the simple pendulum, 11 form, 3, 20, 98

of the spherical pendulum, 11 torus, 30, 31, 36, 38, 39, 39, 42, 81, 98,

of a rigid body, 12, 13 113

of the Hénon—Heiles system, 11, 23, 72 see also Arnold-Liouville theorem
integrable linear

system, 10, 29, 35 equivalence, 136

vector field, 11 group, 120, 123
integral, line bundle, 133

Clairaut, 15, 23 Lisbon, viii, 83

first, v, 10, 45, 45, 50, 51, 52 locally free action, 30, 41

Kovalevska}-/a, 13 loop algebra, 106

meromorphic, 13 twisted, 106, 107

polynomial, 13

Uhlenbeck, 92 Manakov, 84

manifold,

inverse scattering, vii
involution, in, 10
isospectral deformation, 84, 110

complex symplectic, 4
Poisson, 104

isotropic, 2, 11, 19, 28 reduced symplectic, 38, 41
) symplectic, 2, 3

Jacobi, map,

identity, 6, 104 Abel-Jacobi, 138

theorem, 16, 17 adjoint, 104

vector field, 49, 55 coadjoint, 104

see .also A.;belfJacobi map eigenvector, 85, 89, 95, 97
Jacobian, vi, 81, 96, 106, 138 moment, 26, 28, 33, 34, 38, 40, 107, 114
Kirillov, 103 Marseilles, viii, viii
Klein, 12 matrix,
Kolchin theorem, 53, 118, 121 fundamental, 120, 123
Korteweg, vii R, 105, 106, 115
Korteweg—de Vries equation, vii mechanical system, v
Kostant, 103 mechanics, Hamiltonian, v
Kovacic’s algorithm, 64 Melrose, 14
Kowalevski diagram, 14

integral, 13 meridian, 15

top, 13, 82, 106, 109 meromorphic
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function, 51

form, 71, 79, 136, 138

integral, 13
Mineur, 25
moment, 10, 11, 12, 15

map, 26, 28, 33, 34, 38, 40, 107, 114
monodromy, 36, 45, 72, 112

group, 45
Morales—Ramis theorem, vi, 13, 45, 60, 70
Moser, vii, 18, 91, 106

path method, 18

orbit, coadjoint, 104, 114
oscillator,
anharmonic, 8, 11, 50, 62, 76
harmonic, 7, 11, 26, 29, 37

parameter, spectral, 81, 83
pendulum,
simple, 8, 11, 22, 37, 42
spherical, 9, 11, 23, 36, 37, 40, 42, 82, 83,
85, 89, 89, 106, 108, 109, 110, 111, 112
Perec, i
periods, 31
lattice of, 31, 32, 138
periodic Hamiltonian, 26, 26
Picard group, 86, 136
Picard—Vessiot
extension, 51, 57, 59, 71, 78, 117, 77, 119,
121, 124
theory, vi
Poincaré, 45, 48
Poinsot, 12
Poisson
bracket, 5, 21, 53, 103
manifold, 104
polynomial integral, 13

quadratic

form, 22, 24

Hamiltonians, integrability of, 24
quadrature, v, 35
quadrics, 15

confocal, 16, 93, 113

geodesics on, 15, 36, 39, 82, 89, 106, 109

Ramis, see Morales—Ramis theorem,
reduced symplectic manifold, 38, 41
reduction, 20, 20, 41, 54, 55, 64
Reyman, 83, 87, 107
Riccati equation, 125
Riemann—Hurwitz formula, 132
Riemann—Roch theorem, 96, 100, 132, 136,
138

Riemann

sphere, 132

surface, 46, 85, 117, 131, 133
rigid body, 9

Euler—Poinsot, 12

free, 12, 84

integrability of, 12, 13

ring, differential, 117

R-matrix, 105, 106, 115

Roch, see Riemann—Roch theorem
rotations, group of, 7, 11, 26, 29, 38, 40

second first integral, 11, 71
section, 31, 34, 134
Segal, vii
Semenov-Tian-Shanski, 107
Serre duality, 138
sheaf, 132, 135
simple pendulum, 8, 11, 22, 37, 42
Sommerfeld, 12
Souriau, 103
space,
complex projective, 41
of characteristics, 14, 20
of geodesics, 21
of lines, 4, 14
spectral
curve, 81, 84, 88, 91, 92, 106
parameter, 81, 83
sphere, 4, 7, 40
Riemann, 132
spherical pendulum, 9, 11, 23, 36, 37, 40,
42, 82, 83, 85, 89, 89, 106, 108, 109,
110, 111, 112
Sternberg, 41
Strasbourg, viii
subspace,
Lagrangian, 2
surface, 4
of revolution, v, 15, 39, 40, 43, 83
Riemann, 46, 85, 117, 131, 133
symplectic
action, 25, 40
basis, 1, 20
form, 3, 114
form (canonical), 3
form (complex), 5
geometry, v
gradient, 5
group, 2, 20, 20, 61, 122
Lie algebra, 2, 20, 22, 53
manifold, 2, 3
reduction, 20, 20, 41, 54, 55, 64
submanifold, 21
vector space, 1
system,
Goldman, 13
Hamiltonian, 6, 35
Hénon-Heiles, vi, 8, 11, 22, 30, 48, 50, 54,
58, 58, 69
Hitchin, 13
integrable, 10, 29, 35
mechanical, v
Toda, 30, 115

tangent bundle, 134



tautological bundle, 133
theorem,
Arnold-Liouville, v, 25, 29, 36, 45, 55, 81
Atiyah—Guillemin—Sternberg  convexity,
41
Chasles, 16, 18, 95
Darboux, 4, 18
Ehresmann fibration, 31, 36
fundamental, of Galois theory, 122
Jacobi, 16, 17
Kolchin, 53, 118, 121
Morales—Ramis, vi, 13, 45, 60, 70
Riemann—Roch, 96, 100, 132, 136, 138
Ziglin, 13, 45, 45
theory, Picard—Vessiot, vi
Toda system, 30, 115
top, v, 12, 36, 37, 40, 43, 84, 106, 108, 110,
111, 111
Kowalevski, 13, 82, 106, 109
Lagrange, 12
torus, v, 20, 28, 40, 40, 42
Lagrangian, 30, 34
Liouville, 30, 31, 36, 38, 39, 39, 42, 81, 98,
113
trajectory, 5, 10, 46, 46
trivial bundle, 133
twisted loop algebra, 106, 107

Uhlenbeck integral, 92
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van Moerbeke, 87

variables,
action, 30, 35, 39, 42, 98
action-angle, 35, 36, 42, 55, 76
angle, 34, 35, 42

variational
equation, 45, 47, 51, 53
equation, normal, 54
tradition, 45

vector field, 1, 117
fundamental, 25
Hamiltonian, 5, 21, 104
Jacobi, 49, 55

Vessiot, see Picard—Vessiot

Picard—Vessiot theorem

volume form, 2

de Vries, vii

Vi-Ngoc, 25

extension,

Weierstrass p-function, 58, 81, 82, 109, 132
‘Whittaker equation, 63, 70, 72
Wronskian, 119, 124, 129

Yang, 105
Yang-Baxter equation, 105
Ziglin
lemma, 52, 61, 72, 75
theorem, 13, 45, 45



