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Preface

Floer homology is today an essential technique in symplectic topology. In-
spired by ideas of Witten and Gromov in the 1980s, it has made possible the
resolution of many difficult problems, and continues to do so.

This book is devoted to the solution of one of these problems, a famous
conjecture due to Arnold, which proposes to give a lower bound for the num-
ber of periodic trajectories of a Hamiltonian system using an invariant that
depends only on the topology of the symplectic manifold on which this system
evolves. This lower bound greatly resembles the famous Morse inequalities,
which give a lower bound for the number of critical points of a function. The
similarity is not accidental: Floer homology is an (infinite-dimensional) ana-
logue of the homology of the manifold as computed by the Morse complex “a
la Witten”: in both cases the main role is played by the moduli spaces of tra-
jectories connecting the critical points (of a function for the Morse homology,
of a functional for the Floer homology).

In 2004-2005, we gave a course, or rather two courses, on these notions
for first- and second-year graduate students. We of course began with Morse
theory. We like Milnor’s book very much, in which we had both learned about
the existence, the abundance and especially the usefulness of Morse functions,
so we started writing notes for the students, it was quite easy. . .

And then it became more difficult—there was no book giving the more
modern point of view on Morse homology, with the construction and the in-
variance properties of the Morse complex defined using spaces of trajectories,
which would allow us to move on to the construction of the Floer complex.
We could no longer copy; we now needed to use a bit of imagination.

Having completed the first part of the course to the satisfaction of the
students, we tackled Floer homology. The objects and techniques of Morse
homology that we, topologists and geometers, use every day, were trans-
formed into objects and techniques of Floer homology. The charm, or one of

xi



xii Preface

the charms, and the strength, of this theory, lie in the fact that in addition
to geometry and topology, it uses much analysis, Fredholm operators and
Sobolev spaces. Explaining this to genuine students is not an easy task. This
is why we decided to continue writing lecture notes.

Even though many works of research have used and still use these tech-
niques, and many students need them at present, no reasonably self-contained
book existed on this subject.

Five years have passed, in which we have honed, corrected, lengthened,
made more precise, added upper bounds, lower bounds, equalities, compar-
isons, stated and proved seventy-three theorems, one hundred and twenty-one
propositions and one hundred and three lemmas, drawn ninety-eight figures!
(and set out a certain number of exercises that, contrary to custom, do not
contain the proof of any important result “left as an exercise for the read-
ers”). ..

Five years have passed, in which other students have read these notes and
have made remarks that convinced us that our notes satisfied a need and that
it would be stupid not to improve them even further in order to turn them
into a book.

Here is the book, devoted to the power and glory of homological methods
“a la” Morse—Floer.

What You Need to Know...

It was difficult pretending to write a self-contained book. Nevertheless, it
results from a course given to genuine graduate students—for whom we first
needed to “recall” what a manifold is. Keeping them and their fellow students
in mind, we therefore gathered at the end of the book, in three appendices,
“what you need to know”: the basic results of differential geometry, algebraic
topology and analysis that we use. Sometimes we include complete definitions
and/or proofs, other times we only give indications. The index should help
readers find their way.

Thanks

To all students who have undergone this course, in particular to Emily Bur-
gunder, Olivier Dodane, Shanna Li, Alexandre Mouton, Emmanuel Rey, Nel-
son Souza.

To Agnes Gadbled who carefully read many preliminary versions of this
text. To Clémence Labrousse and Vincent Humiliere for their questions and

1 See footnote 2.
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suggestions. To André Carneiro for the corrections he suggested. To Em-
manuel Opshtein for the answers he helped us find.

To Frangois Laudenbach, Dusa McDuff. To Jean-Claude Sikorav for his
close and enthusiastic reading, the many pages of comments he wrote, the
stimulating discussions we had with him.

To Claude Sabbah, for his technical advice, for having welcomed this book
into his collection and especially for having patiently waited for it.

Preface to the English Edition

The first edition (in French) appeared in 2010. For this new version:

e Following the advice of the Springer referees, we added a few pages on the
relation Morse/cellular homology (this is Section 4.9).

e Following the advice of some of our first readers, we corrected hundreds
(and there is no exaggeration here) of misprints and mistakes (among

which, we must confess, quite a few mathematical errors).?

We are very grateful to all these people and we thank them.

We are especially grateful to Felix Schlenk for his friendly suggestions and
questions. A warm thank you again to Dusa McDuff for her kind advice and
remarks.

We have also updated the list of references (see footnote 3 page 468),
adding especially recent books and papers of some of the leading experts
in the field, the very clear paper on the definition of the Conley—Zehnder
index [43], as well as the new results obtained by one of the authors [23, 24]
and a few words on the history of the Arnold conjecture by the other [6].

Note that the symbol O means either the end of the proof or the absence
of proof. a0

Last, but not least, we thank Reinie Erné, who managed to make, very
kindly and patiently, a great translation work of a quite technical text.

Michele Audin & Mihai Damian

2 This led us to add a few items to those mentioned above, so that this edition contains
seventy-four theorems, one hundred and twenty-four propositions, one hundred and eleven
lemmas and one hundred and two figures.
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Introduction to Part 1

This first part is devoted to Morse theory, with as its main objective the
complex defined by the critical points of a Morse function and the trajectories
of a gradient field.

It is a theory whose very first building block is the remark that studying a
(well-chosen) function can give rather precise information on the topology of a
manifold. The most classic example—these are often also the most instructive
ones—is that of the “height” function R® — R and its restriction to the
different submanifolds represented in Figures reffig0-1 to 3. In the three cases
we consider, the function f is the restriction of (z,y, 2z) — 2.

Fig. 1 The round sphere

The first figure (Figure 1) represents the “round” sphere, that is, the unit
sphere
§? ={(z,y,2) eR? | 2® +y* +2* =1} .
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The level sets f~1(a) are

1%} ifa< -1

a point ifa= -1
acircle if —1<a<1
apoint ifa=1

%] ifa>1.

Moving upward along the values of the function, we note that the level sets
all have the same topology until we meet an accident where the topology
changes and subsequently remains the same until the next accident.

The same holds for the “sublevel sets”, that is, what lies below a given
level. These are first empty, then (briefly) one point, then a disk, and finally
the whole sphere.

The accidents are the critical values of the function, which correspond to
the critical points, those where the differential of f is zero, where the tangent
plane is horizontal, the north and south poles of the sphere. Of course, the
south pole is the minimum of the function and the north pole is its maximum.

Fig. 2 The torus

The situation is analogous for the torus in the next figure (Figure 2), except
that there are now critical points that are not extrema of the function, namely
the two “saddle” points. The corresponding level sets are curves in the form
of an eight (one is traced in the figure), and are therefore not submanifolds.
The regular, noncritical level sets must all be submanifolds because of the
submersion theorem.
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One of the first results of this theory is a theorem due to Reeb (at least for
Morse functions). We will prove it in this context. It asserts that a compact
manifold on which there exists a function with only two critical points is
homeomorphic to a sphere. Of course, there are also functions on the sphere
with more critical points.

N

Fig. 3 A different sphere

The third figure (Figure 3) is included to illustrate this. Since it is easy to
visualize, we have kept the “same” height function and “made a dent” in the
sphere. Consequently, the submanifold is obviously still diffeomorphic to a
sphere, but the function now has two local maxima and a saddle point. Note
that the parity of the number of critical points of the new function is the
same as that of the original one. If we assume that they are nondegenerate
(an important property that will be defined later (and that is satisfied by the
critical points in our figures)), then modulo 2 the number of critical points
equals the Euler characteristic of the manifold, an invariant that does not
depend on the function but only on the manifold.

The concept of Witten spaces of trajectories allows us to present a finer in-
variant. It is clear that the torus and sphere are very different manifolds even
if the two admit a function with four nondegenerate critical points. This
invariant is what is nowadays called the Morse homology H M (V) of the
manifold. It is the homology of a complex, the Morse complex, constructed
from the critical points of a Morse function by “counting” its trajectories
along a vector field that connects them. .. These trajectories are those of the
gradient of the function (with respect to some metric). In the case of the
height function (and the Euclidean metric) one could think of the trajecto-
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ries of water drops flowing on the surface from one critical point to another.
Ultimately, this homology depends only on the (diffeomorphism type of the)
manifold. The remarks we just made concerning the number of critical points
on such and such manifold can be expressed in the famous “Morse inequal-
ities”: the number ¢ of critical points of index k of a Morse function on a
manifold satisfies

Cl 2 dlmHMk(V)

It is therefore natural for these objects to be the subject of the first part
of this book.



Chapter 1
Morse Functions

All manifolds and functions we consider here are of class €, even if, in
general, @' regularity suffices!

1.1 Definition of Morse Functions

1.1.a Critical Points, Nondegeneracy

Let V be a manifold and let f: V — R be a function. A critical point of f
is a point x such that (df), = 0.

Remark 1.1.1. We know that at least if V' is compact, f always has critical
points, since it has at least a minimum and a maximum.

At a critical point of f we can define the Hessian or second-order derivative.

Remark 1.1.2. Recall that a function on a manifold does not have a second-
order derivative: we can always compute a second-order derivative in a chart,
but the result depends on the choice of the chart. The second-order derivative
is well defined on the kernel of the first-order derivative... We will content
ourselves with defining it at the critical points. See Exercise 1 on p. 18.

Rather than using a chart and showing that the result does not depend on
it, let us invoke a more intrinsic argument (as in [54, p. 4]). If x is a critical
point of f and if X and Y are vectors tangent to V at x, then we set

(d)):(X.Y) = X - (V- (@),
where Y denotes a vector field extending Y locally. Since

XV @)=Y (X f)z)=[X,Y]e f=(df)o([X,Y]) =0,
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the expression is a symmetric bilinear form in X and Y. The same compu-
tation also shows that this form is well defined, that is, the result does not
depend on the chosen extension Y.

We will say that a critical point is nondegenerate if this bilinear form is
nondegenerate. Moreover, we will say that a function is a Morse function if
all its critical points are nondegenerate.

1.1.b Examples and Counterexamples

The critical points of the height function on the sphere are nondegenerate.
Indeed, in the neighborhood of the point (0,0,¢) € S?, we can take (z,y) as
local coordinates. Then

flzyy)=z=ey1—22—y?

is a function whose second-order derivative is the quadratic form

(de)(0,0,E) (CIT, y) = _5(1‘2 + yz),

which is indeed nondegenerate.

Constructing functions with degenerate critical points is very easy, for
example by taking a degenerate quadratic form, which will be its own second-
order derivative at 0, or worse, by taking a polynomial of higher degree, such
as the function x — 2% from R to R, which has a degenerate critical point
at 0.

For other examples, see [54] and this chapter’s exercises (see also Re-
mark 4.4.5).

1.2 Existence and Abundance of Morse Functions

Showing that there exist Morse functions on all manifolds is less easy, but it
is true. In this section (which paraphrases [54]), we show that on a compact
manifold there exist many (in a precise sense) Morse functions (in fact, we
will show this for any manifold that embeds as a submanifold into R" for
some n).

1.2.a Existence of Morse Functions

Let us use the embedding theorem (Theorem A.1.2) and show the existence
of Morse functions on the submanifolds of R".
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Proposition 1.2.1. Let V.C R" be a submanifold. For almost every point p
of R™, the function

f:V-—R

2
z— |z —pl
is a Morse function.

Proof. The differential of f, is

T fp(€) = 2(x —p) - &,

so that z is a critical point if and only if (x — p) is orthogonal to T,V.
We choose a local parametrization of V' (as authorized by the submanifold
theorem, that is, Theorem A.1.1) by

(U1, ..., uq) — xz(u1,...,uq).

In these coordinates, we have

of, .. . o
6ui a 2($ p) 8ui
and o2 f or 9 o2
P _9 ogr 9T —n)- r .
D0, (auj u; T@P) auiauj)

The point x is therefore a nondegenerate critical point if and only if the vector
x —p is orthogonal to 7,V and the matrix above has rank d. To show that f,
is a Morse function for almost all p, it therefore suffices to show that the p
that do not satisfy this condition are the critical values of a > map and to
apply Sard’s theorem (Theorem A.2.1). We therefore consider the “normal
fiber bundle” of V in R, that is, the space

N=A(z,v) eVxR"|v LT, V}CV xR",
and the map

E:N—R"
(z,v) — x + .

The proposition is then a consequence of the following lemma.
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Lemma 1.2.2. The normal vector bundle N is a submanifold of V x R”.

The point p=x +v € R" is a critical value of E if and only if the matriz

0% f _2((% Oz 8%)

- v = —_— — ) —
8ui6uj 6uj Bul 6u16u]
is not tnvertible.

Proof. Since V is a submanifold of R™, there is a (local) chart that sends R™
onto an open subset of R”, and R?% onto an open subset of V. The tangent
map of the chart sends the canonical basis of R™ onto a basis of vectors
tangent to V followed by vectors generating a complement. It then suffices
to make this basis orthonormal in order to obtain n — d vectors vy,...,v,_g
that at every point of V form an orthonormal basis of (7, V)*. The map

n—d
(U1, -y UGyt ey tng) — ( z(ug,...,u z:tvz ul,...,un_d))

is then a local parametrization of N, which is therefore a submanifold of
V x R™. In these coordinates, the partial derivatives of E are

oE n—d oy
_ Z ti k
3ui 8ul 6 U,
OF
— = ;.
ot; 7
Computing the inner products of these nm vectors with the n independent
vectors
ox ox
— ey ULy, Un
8U1 8ud ! n—d

gives a matrix that has the same rank as the Jacobian of E and that is of

(5 5 * S5 7)) (S )

the form

0 Id

Now vy, is orthogonal to dz/0u;, so

0 (. 00y _Ou b O,
3ui F an B 811@ an k auia’le e
This completes the proof of the lemma. . . O

and therefore that of the proposition. O
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We will come back to the points p for which f,, is not a Morse function in
Remark 1.4.1.

Remark 1.2.3. Note that this proof uses a nontrivial part of Sard’s theorem
(though not the most difficult one, which would be the case where the dimen-
sion of the source is greater than that of the target: here the two manifolds N
and R™ have the same dimension).

1.2.b Genericness of Morse functions

Proposition 1.2.1 shows that there exist many Morse functions on any sub-
manifold of R™. Using the same tools and still following [54], we will now
show that every C* function can be approximated by a Morse function.

Proposition 1.2.4. Let V be a manifold that can be embedded as a subman-
ifold into a Fuclidean space and let f : 'V — R be a C® function. Let k
be an integer. Then f and all its derivatives of order < k can be uniformly
approrimated by Morse functions on every compact subset.

Proof. We fix a real number ¢ (whose aim is to be sufficiently large). We
then choose an embedding of V' in R™ for n sufficiently large, where the
first coordinate is the function f (it suffices to add this coordinate to an
embedding into a space of dimension n — 1):

hx) = (f(x), ha(), ..., hn(2)).

By Proposition 1.2.1, for almost every point

p=(—c+e1,e9,...,6,)

near (—c,0,...,0), the function f, is a Morse function. Consequently,
_ (@) — ¢
g(z) ==

is obviously also a Morse function. Moreover,

g(x) = 2% (f(2) +c—e1)® + (ha(z) —e2)® + - + (hn(z) —£,)* — &)

Fx) + flz)? +2§ hi(x)*  eif(z) +CZEihi(x) n ZE’LQ ey

which shows (for ¢ sufficiently large and the ¢; sufficiently small) that g is a
uniform approximation of f on any compact subset, as announced. a
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Without embedding the manifold V' and by using transversality, the fol-
lowing result can be proved.

Theorem 1.2.5. Let V' be a compact manifold. The set of Morse functions
on 'V is a dense open subset of C°(V;R).

The proof can be found in Exercise 9 on p. 20 (using “transversality with
constraints”) and, if necessary, the definition of €>°(V;R) can be found in
Subsection A.3.b.

1.3 The Morse Lemma, the Index of a Critical Point

Let us now describe what happens near a critical point of a Morse function.

1.3.a The Morse Lemma

In the neighborhood of a critical point, a function is closely approximated by
(half of) its second-order derivative. The Morse lemma gives a much better
result: after changing the chart, if necessary, the two are equal.

Theorem 1.3.1 (Morse lemma). Let ¢ be a nondegenerate critical point
of the function f :V — R. There exist a neighborhood U of ¢ and a diffeo-
morphism ¢ : (U,¢) — (R™,0) such that

foap_l(xl,...,xn):f(c)—Zx?—i— Z x?
j=1

j=i+1

Proof. This result can be proved by using Hadamard’s lemma, as Milnor
does in [54]. The proof we choose here is a direct application of the implicit
function theorem and can be found in [47]'.

By using a chart, since the result is local, we may, and do, assume that
V' = R"™ and that the critical point ¢ is 0. By taking the composition with
an isomorphism of vector spaces, we moreover may, and do, assume that the
quadratic form (d?f) is diagonal.

1 The main advantage of this proof is that it gives a slightly more general result than the
Morse lemma: near a critical point, a function can be written as the sum of a constant, a
quadratic form of rank k < n and a function in the remaining n — k variables whose partial
derivatives of orders 1 and 2 are all zero at the point in question.
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We will prove the result by induction on the dimension. We begin with
the case n = 1, where

F(a) = F(O0) + 3£ (0)a? + e(x)a?
= £(0) % az?(1 + £(x))

for a positive real number a and a C*° function &, namely

() = % /O O W) (e — 12 ar.

We set

1 = @(z) = zv/a(l + &(x)).
It is clear that ¢ is a local diffeomorphism (since ¢'(0) = /a # 0), which
allows us to apply the local inversion theorem, so that in the neighborhood
of 0, we have

foyp™H 1) = f(z) = f(0) £aT.

This is the theorem for n = 1.

Next, we write R® = R x R"~!, with points denoted by (z,y). We write
f(xz,y) = fy(z), considering the functions f, in one real variable as the
parameter y varies in R*~!. The second-order Taylor polynomial of f is

Fa9) = 1,(0) + F5(0)z + L F1(0)a? + %2z, ).

If the term f; (0) is zero, then we proceed as in the case n = 1, since f,/(0) # 0
(otherwise there would be a zero column in the matrix of second-order deriva-
tives of f), which allows us to write

fz,y) = f,(0) £ a(y)z*(1 +e(z,y)) with a(y) > 0.
The map
¢ (z,y) — (1 =zv/a(y)(1 +(2,9)),y1 = y)

is a local diffeomorphism as in the case n = 1 and, again as in that case, gives

f o L)0_1(3"17:'41) = j:.’II% + f(oayl)a

allowing us to conclude by induction.
Let us therefore show that it is possible to reduce to the case where

fy(0) = 0. Let us seek the critical points of f,, that is, the solutions of the



14 1 Morse Functions

equation
of
— =0.
5 (& Y)

Under our hypotheses on (d?f)g, we know that
0% f
@(07 0) # 0,

so that the implicit function theorem asserts that, in the neighborhood of
(0,0), our solutions are the points of the graph & = ¢(y) of a function ¢
defined and of class @ in the neighborhood of 0 € R™~!. Since we have
supposed that the second-order derivative is diagonal, the derivative of 0 f/dx
with respect to the variable y is zero at (0,0). Consequently, (dy)o = 0.

We now use the local (in the neighborhood of 0) diffeomorphism &(z,y) =
(z+¢(y),y), whose differential at 0 is the identity. The function f o satisfies

L(foB)(0,5) =0

dg(f © 45)(0,0) = (d2f)(o,o)-

By integrating the local diffeomorphism @ into the notation, that is, by using
the notation f for the function fo®, we reduce to the case of a function with
the desired property. This concludes the proof of the Morse lemma. a

A chart in whose open set the coordinates given by the Morse lemma are
defined is called a Morse chart.

An immediate corollary of the Morse lemma is the following (see also
Exercise 2 on p. 18).

Corollary 1.3.2. The nondegenerate critical points of a function are
isolated. a

In particular, a Morse function on a compact manifold has finitely many
critical points.

The integer ¢ that appears in the statement of the Morse lemma is the
index of the critical point (it depends only on the critical point, (n — 4,4) is
the signature of the second-order derivative quadratic form).

Remark 1.3.3. A critical point of index i of f is a critical point of index
n—1iof —f.
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1.3.b Examples of Critical Points
Extrema.

A local minimum of a Morse function is a critical point of index 0. The figures
below represent a minimum of the height function (on the manifold) and a
few level sets of the function near a minimum in a Morse chart.

7D
T/

=
~—

Fig. 1.1 A minimum Fig. 1.2 Critical point of index 0

A local maximum is a critical point of index n (the dimension of the
manifold). Figure 1.2 can also represent the level sets of a function in the
neighborhood of a maximum.

Index 1.

The critical points of index 1 of a function in two variables are those that we
saw appear on the torus. These points are called “saddle” points or “passes”.
Figure 1.3 explains the word “saddle”. The term “pass” also fits well: this
figure can also evoke a mountain pass, “the highest point between two sum-
mits”, as “defined”? by geography manuals. Likewise, Figure 1.4 evokes level
curves in the neighborhood of a pass on a topographic map.

1.4 Examples of Morse Functions

The classic examples of Morse functions we present here will be used in this
book.

2 The definitions “narrow passage between two mountains” or “depression forming a pas-
sage between two mountain summits” found in dictionaries are not much more precise.
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AN

Fig. 1.3 A saddle point
Fig. 1.4 Critical point of index 1

1.4.a The Function (Square of the) Distance to a Point

As said in Subsection 1.2.a, the functions f, = ||z — pl||® are, in general, Morse
functions. Figure 1.5 shows the two critical points of such a function on a
torus and the unit sphere in R3.

Remark 1.4.1. The only point for which f, is not a Morse function on the
sphere is the center of the sphere. More generally, we call the points p of R™
for which f,, is not a Morse function “focal points” of V' . This terminology is
justified by the fact that at such a point (for a hypersurface) infinitesimally
close normal vectors meet. If we imagine the hypersurface to be a light source
and the normal vectors to be the light rays that it emits, then the light
intensity builds up at these points, whence the name “foci” or “focal points”.

max

_-index 1

index 1

_ min

Fig. 1.5 The function “distance to p” on a torus and on a sphere
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In general, a point of a submanifold is critical for the distance function
if the submanifold is tangent (nontransversal) to the sphere with center p
passing through this point.

1.4.b Height Functions

The three height functions presented in the introduction are Morse functions:

e On the sphere S?, with two critical points of indices 0 (the minimum,
south pole) and 2 (the maximum, north pole)

e On the torus T2, with four critical points: the minimum, the maximum
and two intermediate critical points of index 1

e Again on the sphere S?, with four critical points: the minimum, a critical
point of index 1 and two local maxima.

Remark 1.4.2. We can also see the height as the distance to a point at
infinity in the direction of the z-axis.

1.4.c On the Torus T2

There are many other Morse functions on the torus! Consider, for example,
the function

f:R* =R
(z,y) — cos(2mx) + cos(27y)

and the function that it defines on the torus T? = R?/Z?, which we also

denote by f. This is a product function. It has four critical points:
e A minimum, the point (1, )

e Two critical points of index 1, the points (%, 0) and (0, %)

e A maximum, the point (0,0).

A\
N\N774

Fig. 1.6 A Morse function on the torus

We invite the readers to verify these assertions (the verifications are
straightforward). Figure 1.6 shows a few level sets of the function f on the
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torus. Note that the minimum is at level —2, the two critical points of index 1
are at the same level 0 and the maximum is at level 2.

Exercises

Exercise 1. Let U be an open subset of R™ and let f : U — R be a > func-
tion. Let V be an open subset of R™ and let ¢ : V' — U be a diffeomorphism.
Compute (d*(f o ¢)), (for y € V).

Let M be a manifold and let ¢ : M — R be a function. Show that the
bilinear form (d2g), is well defined on the vector subspace

Ker(dg), C T, M.

Exercise 2. The cotangent vector bundle 7*V of the manifold V' is endowed
with its natural manifold structure (recalled in Appendix A). Verify that we
can see the differential df of a function f:V — R as a section

af . vV — TV

of the cotangent vector bundle (which is an embedding of V in T*V).

What are the critical points of f in this terminology? Show that the point a
is a nondegenerate critical point of f if and only if the submanifold df (V') is
transverse to the zero section at the point in question.

Prove that a nondegenerate critical point of a function is isolated (without
using the Morse lemmal).

Exercise 3 (Monkey Saddle). We consider the function
f:R>—R
(z,y) — 3 — 3xy?.

Study the critical point (0,0). Is it nondegenerate? Draw a few regular level
sets of the function f as well as its graph.

Exercise 4. If f : V — R and g : W — R are Morse functions, then
f+g:V xW — R is also a Morse function whose critical points are the
pairs of critical points of f and g.
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Exercise 5 (On the Complex Projective Space). By passing to the
quotient, the function on C™*1—{0} defined by

. 2
Dim0J 12l
2
Z;LZO |Z]|

induces a function on the complex projective space P™(C), which we still
denote by f.

Verify that this is a Morse function whose critical points are the points
[1,0,...,0] (of index 0), [0,1,0,...,0] (of index 2) and so on up to [0,...,0,1]
(of index 2n).

Readers eager to know where this function may well have come from
(from [54], of course, but before that?) can turn to Remark 2.1.12.

f(zoyey2n) =

Exercise 6 (on the sphere and on the real projective plane). With
essentially the same formula, let us now consider the function

f:8% —R
(z,y,2) — y* +22°

and the resulting function g : P?(R) — R on the real projective plane that
follows from it by passing to the quotient. Verify that f (and therefore g) is a
Morse function and show that it has six critical points (and therefore that g
has three):

e Two points of index 0, the points (£1,0,0), at level 0
e Two points of index 1, the points (0,+1,0), at level 1
e Two points of index 2, the points (0,0, £1), at level 2.

Figure 1.7 shows a few level sets of this function on the sphere. The critical
level set containing the two points of index 1 consists of the two circles defined
by intersecting the sphere with the planes z = +=.

Exercise 7. In a square, draw the level sets of the height function on the
“inner tube” torus (the answer is somewhere in this book).

Exercise 8 (a projective quadric). We consider the “quadric” @ in
P3(C) defined by the equation

2,20 .2, .2
2o+ 21 + 25 + 235 =0.

Show that @ is a compact submanifold of the manifold P3(C) of (real) di-
mension 4.
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s

Fig. 1.7 A Morse function on the real projective plane

Let us write z; = z; + iy; (for 0 < j < 3) and 2z = x + iy for z € C*, with
z,y € R*. We fix two real numbers A and p and, for z € C*, we set

f(z) = Mzoyr — w1y0) + p(w2y3 — 23Y2).

Verify that for |u| = 1, we have

fluz) = f(2)
and deduce from it that fdeﬁnes a function
f:P3C) —R.

Suppose that the real numbers A and p occurring in the definition of f satisfy
0 < A < pu. Let g be the restriction of f to Q). Show that g is a Morse function
that has a local minimum, a local maximum and two critical points of index 2.

Exercise 9. In this exercise, we propose a different proof of the existence
of numerous Morse functions on a manifold, and more precisely of Theo-
rem 1.2.5:

(1) Using, for example, Exercise 2, show that the set of Morse functions on
the compact manifold V is open for the €2 topology, and therefore also for
the €*° topology.

(2) Let a € V and let U be the open set of a chart centered at a. We let F
denote the space of differentials of the functions defined on U (or of exact 1-
forms), seen as a subset of C>°(U; (R™)*) (for every x € U, (df), is a linear
functional on R™). Note that F is not an open subset. Let a be a plateau
function with support in U and value 1 on a compact neighborhood K
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of a. For ¢ = df € F, we let

F:Ux(R"Y—R
(x,A) — f(z) + a(x)A - x.

Compute® (D1F)(z,4) for € K and show that F' is a submersion
K x (R")" — (R™)".

Show that F is locally transversal to {0} (in the sense of Subsection A.3.c).
(3) Show that every point a of V' admits a compact neighborhood K such that
the set of functions f : V' — R whose critical points in K are nondegener-
ate is dense in € (V; R).
(4) Deduce a proof of Theorem 1.2.5 from this.

3 If f is a function of two arguments (u,v) € U x V. C E x F, then we let (D1£) ()
denote the linear map
(le)(u,v) :EFE— R

that is the partial differential of f with respect to the first variable. The analogue holds
for (DQf)(u,'u)'






Chapter 2
Pseudo-Gradients

In this chapter, we define, construct and study pseudo-gradient fields, whose
trajectories connect the critical points of a Morse function. These vector
fields allow us to define the stable and unstable manifolds of the critical
points, which will play an important role. We call attention to the “Smale
property” because of which, for example, there are only finitely many trajec-
tories connecting two critical points with consecutive indices and we prove
the existence of pseudo-gradient fields satisfying this property.

2.1 Gradients, Pseudo-Gradients and Morse Charts

2.1.a Gradients and Pseudo-Gradients

If f is a function defined on R"™, then we are familiar with its gradient, the
vector field grad f, whose coordinates in the canonical basis of R™ are

grad, f = (%”%)

More succinctly, it is (also) the vector field defined by

(grad, f,Y) = (df)(Y)

for every vector Y € R™ (where, of course, the angle brackets ( , ) denote
the usual Euclidean inner product in R™). The most important properties
of this vector field are due to the fact that this inner product is a positive
definite symmetric bilinear form:

(1) It vanishes exactly at the critical points of the function f.

23
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(2) The function f is decreasing along the flow lines of the field — grad f:

d s
7 (F(@" @) = —llgrad,. (s fI* <0,

Remark 2.1.1. More generally, if the manifold V is endowed with a
Riemannian metric (see Section A.5), then a function on V has a gradient
defined by the same formula,

(grad, f,Y) = (df)(Y)

for every Y € T,.V.

Remark 2.1.2. There is no doubt that the conjunction of the terms “flow”
and “height” is at the source (if we dare say so) of the (recent) tradition to
use the negative gradient: the flow moves downward. We have conformed to
this convention, as do [66] and [49], but not [46].

Let f: V — R be a Morse function on a manifold V. A pseudo-gradient
field or pseudo-gradient adapted to f is a vector field X on V such that:

(1) We have (df),(X,) < 0, where equality holds if and only if z is a critical
point.

(2) In a Morse chart in the neighborhood of a critical point, X coincides with
the negative gradient for the canonical metric on R™.

Remark 2.1.3. A pseudo-gradient is a rather particular vector field. See
Exercise 10 on p. 52 for vector fields that are not pseudo-gradients.

2.1.b Morse Charts

Fig. 2.1 Maximum and minimum

This notion allows us to make the Morse charts more precise by specifying
the trajectories of a pseudo-gradient field X. For example, Figure 2.1 finally
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shows the difference between a maximum (on the left) and a minimum (on
the right).

Figure 2.2 shows a Morse chart for a critical point of index 7. The chart
or, strictly speaking, the model in R", appears on the left. On the right we
can see its image in the manifold (the function is the height). Let us fix some
notation. In R", the quadratic form @ is negative definite on V_, a subspace
of dimension 4, and positive definite on V,. We set

Ule,n) = {z € R" | — < Q(z) < ¢ and ||z—|*z+|* < n(e +n)} .
Since we are in R", the function @ has a gradient, namely
—grad;, ., Q=2(z_,—z4).

The boundary of U(e, n) is made up of three parts:

e Two subsets of the sublevel sets of Q:

0.U = {z €U | Q(z) = e and [z |* < n}
e A set of pieces of trajectories of the gradient grad Q:

U = {w € U | o Pl |2 = n(e +m)}

See Figure 2.2. The notation we use here is that of [46].

Fig. 2.2 A Morse chart
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Remark 2.1.4. By the definition of the gradient in R", the trajectories of
the gradient are orthogonal to the level sets of the function (the tangent space
to a level set is the kernel of the differential of the function). It is therefore
not a coincidence that on the model shown in Figure 2.2, they show up as
equilateral hyperbolas from two orthogonal families.

Taking a closer look at the two parts of the figure proves to be useful.
In both parts, we have indicated the critical level set (let us say that it is
level 0), two positive regular level sets and two negative regular level sets and
trajectories of the gradient that delimit the chart, as well as trajectories of
the negative gradient that end or begin at the critical point.

If a is a critical point of the function f, then a neighborhood of a is
described by the Morse lemma as the image of some U(e,n) under a dif-
feomorphism h. We will denote such a neighborhood by 2(a). We will also
write

0+82(a) = h(0+U), 0pf2 = h(0U),
etc. We will try to use the following notation consistently, as in Figure 2.2:

e (2 for the images of charts ({2 is a subset of the manifold)
e U for the chart domains, the models (U is a subset of R").

2.1.c Existence of Pseudo-Gradient Fields

Pseudo-gradient fields exist for all Morse functions on all manifolds. This is,
for example, a consequence of the existence of Riemannian metrics and, more
exactly, of the existence of Riemannian metrics with a prescribed form on a
given subset of the manifold (a neighborhood of the critical points). In any
case, it is a simple consequence of the existence of partitions of unity, as we
will show now.

Proof of the Existence of Pseudo-Gradients. Let ci,...,c¢. be the critical
points of f on the manifold V (there are finitely many because V is
compact and the critical points of a Morse function are isolated) and let
(U1, h1), ..., (Ur, h) be Morse charts in the neighborhoods of these points.
The open images §2; are, of course, assumed to be disjoint. We add more
sets and obtain a finite open cover (£2;)1<j<n of V by images of open sets
of charts (Uj, h;). We may, and do, assume that in this cover, the critical
point ¢; is contained only in the open set (2;.

For a function g defined on an open subset of R", we let grad g be its
gradient for the standard Euclidean metric on R"™. For every index j, we
define a vector field X; on the open set f2; by pulling back the gradient
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of foh; toV, that is, by the formula
Xj(x) = —(Thgl(m)hj)(gradh.;l(w)(f o hj))

(the formula may seem complicated, but the object itself is very simple: we
have taken the gradient of the function f o h;, a vector field on Uy, and have
transformed it in a natural manner into a vector field on {2;). By the very
definition, X; - f < 0 on §2; (this is one of the properties of the negative
gradient). Moreover, X; vanishes only at the critical point of f on U; (for
j<r).

Next, we use a partition of unity (y;); associated with the cover (£2;);
to extend the local vector fields X; to vector fields )N(j defined on all of V,
setting

)Z'](;U) _ {cpj(:r)Xj(x) if x € 82

0 otherwise.

The last step is to set
N
X =YX,
j=1

As expected, the resulting vector field X is a pseudo-gradient adapted to f,
since we indeed have
N ~
(Adf)o(Xz) = D _(df)a((X))z) < 0.

Jj=1

If this inequality is an equality, then ¢;(z)X;(x) = 0 for every j, so that
either « is a critical point, or ¢;(z) = 0 for every j (which is absurd).

Let ¢; be one of the critical points of f. By construction, X coincides with
the image of the Euclidean gradient on the complement in U; of the union
of the other open sets U;, a complement that is a neighborhood of ¢; that
contains a small Morse chart in the neighborhood of ¢;. ad

2.1.d Stable and Unstable Submanifolds

Let a be a critical point of f. Denote by ¢*® the flow of a pseudo-gradient.
We define its stable manifold to be

Wé(a) = {x eV | lim ¢°(x)= a}

s——+o0
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and its unstable manifold to be
W(a) = {x eV | Slir_noogos(ac) = a}.
In an open subset U = U(e, n) of R™ as in Section 2.1.b, we have
W 0)=UNV, and W*0)=UNV..

In the notation of Subsection 2.1.b, the stable manifold of a is obtained from
the union of (U NV,) = h(W#(0)) and

o, UNV,) xR

by identifying (z,s), for  on the boundary and s > 0, with ¢®(x). See
Figure 2.3. If k is the index of the critical point a, then h(0;U NV,) is a
sphere of dimension n — k — 1; it is the image under the diffeomorphism h of
the sphere ||z |2 = ¢ in V. (vector space of dimension n — k).

Hence the stable manifolds and, likewise, the unstable manifolds, are sub-
manifolds: outside of the critical point, the stable manifold is the image of
the embedding (z, s) — ¢*(z) and in the neighborhood of the critical point,
it is the image of V. This argument also shows that W?(a) is diffeomor-
phic to the disk of dimension n — k (and likewise that W*(a) is diffeomor-
phic to the disk of dimension k): W*(a) can be obtained by compactifying
S7—k=1 % R by adding the unique “point at infinity” a. It is also the quotient
of S"~#~1 x| — 00, +00] by the equivalence relation that identifies the sphere
Sn—k=1 » {400} with a unique point.

We have proved the following result.

Proposition 2.1.5. The stable and unstable manifolds of the critical point a
are submanifolds of V' that are diffeomorphic to open disks. Moreover, we

have
dim W*(a) = codim W*(a) = Ind(a). O

Here, Ind(a) denotes the index of the point a as a critical point of f.

Trajectories of the Pseudo-Gradient Field.

Let % or ¢° denote the flow of the pseudo-gradient X. The most important
property of the flow lines or trajectories of the vector field X is that they all
connect critical points of the function f: all trajectories come from a critical
point and go toward another critical point.

Proposition 2.1.6. We suppose that the manifold V is compact. Let ~y :
R — V be a trajectory of the pseudo-gradient field X . Then there exist critical
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W*(a)

Snfkfl

W*(a)

@ (x) for s <0 0

Fig. 2.3 Stable manifolds

points ¢ and d of f such that

sl}r_noo v(s)=¢ and Sl}r_{loo ~(s) =d.

Proof. Let us show that v(¢) has a limit when ¢ tends to +oo (for example)
and that this limit is a critical point. We must prove that v(t) reaches Sy (d) =
0+ 02(d) N W#(d) for some critical point d of f. We suppose that this is not
true. Then every time that the trajectory - enters a Morse neighborhood, it
must also leave it without ever being able to return to it since f is decreasing
along 7. Let sg be the time at which ~ leaves the (finite) union of the Morse
charts of the critical points, that is,

2= U £2()
c€Crit(f)

(of course, Crit(f) denotes the set of critical points of the function f) for the
last time. There exists an €9 > 0 such that

VeeV -0, (df):(Xs) < —eo.
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Consequently, for every s > sg, we have

f@@»—fwww>=/$“f°”du

so  du
= / 0 () ) (X () e
< —eo(s — s0),
so that
limf(3(s)) = —oo,
which is absurd. O

2.1.e Topology of the Sublevel Sets: When We Do Not Cross a
Critical Value

The topology of the level sets does not change as long as we do not cross a
critical value. The same holds for that of the sublevel sets. Let

Ve =f"(] - o0,a])

denote the sublevel set of f for a. In Subsection A.2.c, we said that if a is a
regular value, then V® is a manifold with boundary.

Theorem 2.1.7. Let a and b be two real numbers such that f does not have
any critical value in the interval [a,b]. We suppose that f~1([a,b]) is compact.
Then V' is diffeomorphic to V°.

Proof. We use the flow of a pseudo-gradient X to retract V' onto V. We fix
a function p : V' — R with values

—71 on f~1(la
@00 [ ([a,b])

0 outside of a compact neighborhood of this subset.

The vector field Y = pX is zero outside of a compact set, so that its flow °
is defined for every s € R. For a fixed point « € V, we consider the function
s+ fo1®(z) in one real variable. If *(z) € f~!([a,b]), then we have

d d
—foU" (@) = (df)yen (347 (@)

= (df ) o @) (Yoo ()
= —1.
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Hence, for v*(x) € f~1([a, b]), we have
fovi(x) =—s+ f(z).
It follows that the diffeomorphism %°~® of V sends V? onto V. O
Remark 2.1.8. The map
r: VP x[0,1] — V*°

x if f(x) <

(z,8) —> . ¢
Y@= (2) ifa< f(x) <b

is a deformation retraction of V® onto V@, that is, o = Id, r; equals the inclu-
sion on V¢ for all t and r1 has image V*. Consequently V¢ is a deformation
retract of V°.

Corollary 2.1.9 (Reeb’s theorem). Let V be a compact manifold. Sup-
pose that there exists a Morse function on V that has only two critical points.
Then V' is homeomorphic to a sphere.

1

D .

Fig. 2.4 Reeb’s theorem

Proof. The two critical points must be the minimum and the maximum. We
may, and do, assume that f(V) = [0,1]. Then for ¢ > 0 sufficiently small,
the Morse lemma asserts that f~1([0,¢]) and f~1([1 —¢,1]) are disks D". By
Theorem 2.1.7, the sublevel sets V¢ and V!¢ are diffeomorphic. Hence V1 ~¢
is also a disk D™ and V is the union of two disks glued along their boundaries.
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It is a classic result that V' is then homeomorphic to a sphere: we can construct
an explicit map
h:.D’{LUIdD;I —)D{LULPD;L

by setting
T ifx € DY
W) = § llzll o(z/llz])) if = € DF — {0}
0 ifx=0¢€ Dj.

This is a homeomorphism from the standard sphere (where the two disks are
glued via the identity map on S”~!) onto our manifold (where the two disks
are glued via the diffeomorphism ). O

Remarks 2.1.10. First, the theorem remains true if the two critical points
are not assumed to be nondegenerate. Second, it is not true that the mani-
fold V is diffeomorphic to a sphere; this is even an important argument in the
construction of manifolds that are homeomorphic to the sphere without being
diffeomorphic to it. For these two results, see the references in the book [54,
p. 25].

2.1.f Topology of the Sublevel Sets: When We Cross a Critical
Value

Both the topology of the level set and that of the sublevel set will change.
The following theorem expresses how.

Theorem 2.1.11. Let f : V — R be a function. Let a be a nondegenerate
critical point of index k of f and let « = f(a). We suppose that for some
sufficiently small € > 0, the set f~*(Ja — &, + €]) is compact and does not
contain any critical point of f other than a. Then for every sufficiently small
e > 0, the homotopy type of the space V'€ is that of V¢ with a cell of
dimension k attached (the unstable manifold of a).

Remark 2.1.12. This theorem allows us to justify the appearance, or rather
the parachuting in, of the Morse function on P"(C) that was discussed in
Exercise 5 on p. 19.

We begin with a very natural description of the (say, complex) projective
space. It is, as all geometers know, the union of an affine space and a hy-
perplane “at infinity”. By considering things the other way around, we can
say that the complex projective space P"(C) is obtained from P"~1(C) by
adding a C”, or disk D?". Step by step, this defines a “cellular decomposi-
tion” of P™(C): we begin with a point (this is P°, the point [1,0,...,0]), we
attach a disk of (real) dimension 2 (we now have P!(C), the cell of points
[a,b,0,...,0]), and so on.
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The Morse function in Exercise 5 enables this reconstruction, as is ex-
plained in Theorem 2.1.11. We begin with the minimum (this is precisely our
point [1,0,...,0]), where the function has value 0. The first critical value is
then 1. This corresponds to the critical point [0,1,0,...,0], which has in-
dex 2... and enables us to attach a cell of dimension 2, and so on. In this
sense, this function is “perfect”.!

Proof of Theorem 2.1.11. Let us begin by presenting the ideas of the proof
while contemplating Figure 2.5. The cell D¥ is the piece of the unstable
manifold of a shown in this figure. We proceed as follows:

(1) By modifying f, we construct a function F' that coincides with f outside
of a neighborhood of a where F' < f, so that F~1(] — 0o, « —¢]) will be the
union of V¥~¢ and a small neighborhood of a (the part with horizontal
hatching in Figure 2.5).

(2) Now, Theorem 2.1.7 and Remark 2.1.8 applied to the function F' give the
hatched part F~1(] — oo, + €]) as a retract of V¢ (which is also the
sublevel set of the modified function F' for o + ¢).

(3) We can then position ourselves in a Morse chart to show that the subset
of V' consisting of the piece of the unstable manifold together with V*—¢
is a deformation retract of F~1(] — o0, a + ¢]).
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Fig. 2.5
Fig. 2.6

I There is also a precise mathematical definition of the expression “perfect Morse function”,
of which the one considered here is the prototype.
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Construction of F'.

We choose a Morse chart (U,h) in the neighborhood of a and an ¢ > 0
that is sufficiently small that f~!([a — €, + ¢]) is compact and that U
contains the ball of radius v/2¢ with center 0. The disk D is the subset of U
consisting of the (x_,x ) such that ||x_||?> < ¢ and 24 = 0. In Figure 2.5, as
in Figure 2.6, the sublevel set V¢ is indicated with oblique hatching while
f Y[ — &, +¢€]) is dotted. The cell, the disk D¥, is a thick line segment.

We construct the function F' by using a €>° function y : [0, +-00[ — [0, 400
with the following properties:

o u(0)>¢
o u(s)=0for s > 2
o —1< u/(s) <0 for every s

2e
Fig. 2.7 The function p
We define F' by setting
Fla) = {f(a:) 2 2 2 fegow@
o= lla- 12 + s |2 (lo- |2 + 2oy |2) i = Ao, o).

Note that the sublevel set of F for a+¢ is exactly the sublevel set V¢ of f.
Indeed:

e Outside of ||z_||? 4 2||z4||* < 2, we have F = f.
e In the interior of the ellipsoid in question, we have

1
F(z) < f(z) = a—|lz_|* + a4 |* < a + §||f6—||2 +llzi|? <o te.
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Moreover, the critical points of F' are the same as those of f, since

dF = (_1 — ([l |1* + 2||$+||2)) 20_ - dr_

<0

(1 2 (e | 4 2l 7)) 2 -y

>1

vanishes only for x_ = x4 = 0, that is, at a.
We now know that

FlYa—ea+e]) C fHa—ea+e]);

in particular, this region is compact. Moreover, it does not contain any critical
points of F': the only possible candidate would be a, but

Fla)=a—p0) <a—e¢.

It follows that F~1(] — 0o, a+¢]) is a deformation retract of VT¢. Let H be
the horizontally hatched part in Figure 2.5 (it is clear in Figure 2.8), that is,
the closure of F~1(] — 0o, a + ¢]) — V¥~¢. We have, in particular,

F Y] —o0,a+e]) =V UH.
The retraction.

We define the retraction by following the arrows indicated in Figure 2.9.
Explicitly, r; is the identity outside of {2(a) and we define r; on U (rather

part 3

L

part 2

Fig. 2.9
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than on 2(a), to simplify the notation) as follows:

e On region 1 (Figure 2.9), that is, on ||z_||?> < ¢,

ri(x_,xy) = (z_, tey).

e On region 2, defined by € < [|z_||* < e[|z, ||?, we set

rt(x_,£+) = (.13_, 3t$+),

where
Viz—|* -«
24|l

is the appropriate number to make the formulas continuous.
e On region 3, which corresponds to V=< and where ||z, |> + & < ||z_|?,
we simply take r; = Id. O

2.2 The Smale Condition

Let us return to the stable and unstable manifolds of the critical points.

2.2.a Examples of Stable and Unstable Manifolds

Here are the stable and unstable manifolds of the critical points of the exam-
ples considered earlier.

The height on the round sphere.

Let a be the minimum and let b be the maximum. We have
W(a) = S* — {b}, W“(a) ={a}

and likewise
We(b) = {b}, W) =5"—{a}

(for every pseudo-gradient field).

The torus.

We begin with the height function on the inner tube torus. Let a, b, ¢, d be
the critical points ordered according to the values that the function takes in
them (Figure 2.10). The pseudo-gradient field used here is simply the gradient
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d
d - c _ d
a < = a
b
A A A
d c d
- Fig. 2.11 Another point of view on

the same thing
Fig. 2.10 The height on the torus

for the metric induced by that on R3. The stable manifold of a consists of
all points that descend to a, that is, the complement of the trajectories in
the figure that end at b or at ¢. Hence W#(a) is homeomorphic to an open
disk. The stable manifold of b consists of the two trajectories starting at ¢ and
ending at b. Hence W*(b) is diffeomorphic to an open interval. The same holds
for the stable manifold of ¢, which consists of the two trajectories starting
at d that we see in the figure. We should note that in this example (which was
chosen for this reason), the unstable manifold of ¢ and the stable manifold
of b have two open intervals in common. Figure 2.11 shows a few level sets
of the same function in a square, which solves an exercise suggested in the
previous chapter. It also shows a few trajectories of the gradient.

Fig. 2.12 The torus, again
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The situation is somewhat different in the case of the other Morse function
that we encountered on the torus T2, namely

f(z,y) = cos(2mx) + cos(2my).

Let us again denote the extrema by a and d and the critical points of index 1
by b and c. Figure 2.12 shows the gradient lines that connect the two critical
points (here we use the gradient for the “flat” metric on the torus, that is, for
the usual metric on R?; as we can see, the lines in question form true right
angles with the level sets). We can clearly see that W*(a) is the open square
(that is, an open disk), that W#(b) is an open interval (the horizontal side
of the square in the figure), as are W*(b) (vertical segment), W?*(c) (vertical
side) and W*(c) (horizontal segment), while W*#(d) is reduced to d. Note that
W (b) and W*(c) do not meet.

The Height on the “Other” Sphere.

From Figure 2.13, the readers will be able to determine the stable and un-
stable manifolds of the four critical points of the height function (for the
gradient of the metric induced by that on R?).

Fig. 2.13 The other sphere Fig. 2.14 The projective plane

The Morse Function on P2(R).

Figure 2.14, in turn, shows the stable and unstable manifolds of the three
critical points a (minimum), b (index 1) and ¢ (maximum) for the function
considered before (in Exercise 6 on p. 19) on the real projective plane P?(R).
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2.2.b The Smale Condition

We say that a pseudo-gradient field adapted to the Morse function f satisfies
the Smale condition if all stable and unstable manifolds of its critical points
meet transversally, that is, if

for all critical points a,b of f, W"“(a) h W*(b).

Remark 2.2.1. Certain stable and unstable manifolds always meet transver-
sally. For example, we always have:

o W¥(a) m W#(a) (for the same critical point), which is what we see in a
Morse chart around a.

o W¥(a)NW?#(b) = @ if a and b are distinct and f(a) < f(b) (in particular,
these stable and unstable manifolds are transversal).

If the vector field satisfies the Smale condition, then for all critical points a
and b, we have

codim(W*(a) N W?*(b)) = codim W*(a) + codim W?(b),

that is,
dim(W*(a) N W?(b)) = Ind(a) — Ind(b).

Under our condition, this intersection is a submanifold of V', which we will
denote by M(a,b). It consists of all points on the trajectories connecting a
to b:

M(a,b) = {a: eV Sggloogp () = a and sl}gloocp (z) = b}.
Proposition 2.2.2. The group R of translations in time acts on M(a,b) by
s-x = @*(x). This action is free if a # b.

Proof. The fact that this is a group operation is clear. If a # b, then there is
no critical point in M(a, b). Let = € M(a, b). Since x is not a critical point, we
know that f(¢*(z)) is a decreasing function of s, so that if ¢*(z) = ¢* (),
we necessarily have s = s’. Hence the action is free. a

The quotient is therefore a manifold, which we will call £(a,b). Its dimen-
sion is
dim £(a,b) = Ind(a) — Ind(b) — 1.
Remark 2.2.3. It is clear that the quotient is a separated space. In fact,

the most convenient way to consider this quotient is the following. If « is
a value of f lying between f(a) and f(b), then M(a,b) is transversal to the
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level set f~!(a): this level set has codimension 1 and the vector field X is
transversal to it (by definition, it is not tangent to the level set, or we would
have df (X)) = 0 at a noncritical point). All trajectories starting at a meet this
intermediate level set at exactly one point, so that £(a,b) can be identified
with M(a,b) N f~1(a).

Hence, if a and b are two (distinct) critical points and if the gradient that is
used satisfies the Smale condition, then for M(a, b) or £(a, b) to be nonempty,
we must have

Ind(a) > Ind(b).

In other words, the index decreases along the gradient lines.
We will come back to these spaces at length in the next chapter.

Examples 2.2.4. All examples presented above satisfy the Smale condition?,
except for that of the height function on the torus. Indeed, the manifolds
W#(b) and W*¥(c) are not transversal, as we have already noted without
knowing the example in Subsection 2.2.a and Figure 2.10. Moreover, we have
trajectories connecting two critical points of index 1, which, as we just saw, is
forbidden. This “bad” vector field is the gradient for the Riemannian metric
on the torus induced by the surrounding Euclidean metric.

The Smale condition forbids the existence of flow lines such as those shown
in Figure 2.15. Figure 2.16 shows the trajectories of a neighboring field satis-
fying the Smale condition (obtained by the general method explained in the
following subsection).

\_/ \_/
a5 AN

Fig. 2.15 Fig. 2.16

2.2.c Existence

Following [72], let us now show the existence and genericness of pseudo-
gradient fields satisfying the Smale condition.

2 In the cases of the “other sphere” and of the projective plane, this holds, for example,
by virtue of Exercise 11 (p. 52).
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We first note that after replacing f by another function that is arbitrarily
close in the C! sense, if necessary, we may, and do, assume that f takes on
distinct values at all of its critical points. Indeed, outside of {2, we have (by
compactness) df (X) < —eo for some g9 > 0. We then choose a function h
that is constant on each Morse chart (2;, satisfies |dh| < &¢ and for which

flei) +h(ei) # f(ej) + () for i # j.

The function f+h is still a Morse function, with the same critical points as f,
and the vector field X is still an adapted pseudo-gradient, but the critical
values are now distinct.

Theorem 2.2.5 (Smale Theorem [72]). LetV be a manifold with bound-
ary and let f be a Morse function on V with distinct critical values. We
fix Morse charts in the neighborhood of each critical point of f. Let {2 be
the union of these charts and let X be a pseudo-gradient field on V that is
transversal to the boundary. Then there exists a pseudo-gradient field X' that
is close to X (in the @' sense), equals X on §2 and for which we have

W5 (a) h W, (b)
for all critical points a, b of f.

Let us clarify the notion of C! proximity used here: the statement asserts
that for every € > 0, for every cover of V' by charts ;(U;) and for every
compact subset K; C U;, there exists a vector field X’ such that

1T 1 (X') = T H (X)) < e
for the C! norm on Kj;, as well as the stated properties.

Remark 2.2.6. A vector field X’ sufficiently close to the pseudo-gradient
field X in the C' sense and equal to X on {2 is itself a pseudo-gradient field.
For the sake of simplicity, we will call such an X’ a “good approximation”
of X.

Remark 2.2.7. This theorem is sometimes called the “Kupka-Smale” the-
orem because Kupka also gave a proof. The one we imitate here is Smale’s
proof.

Proof of Theorem 2.2.5. Since the critical values of f are distinct, let us ar-
range them in order:

Crit(f) = {ec1,...,¢q} with f(e1) > f(e2) > -+ > fley),
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and let a; = f(¢;). The proof of the theorem will use an induction based on
the following lemma.

Lemma 2.2.8. Let j € {1,...,q} and let ¢ > 0. There exists a good approz-
imation X' (in the @' sense) of X such that:

(1) The wector field X' coincides with X on the complement of
ffl([ozj +e,a5 + 2¢e]) in V.

(2) The stable manifold of ¢; (for X') is transversal to the unstable manifolds
of all critical points, that is,

W (c;) th W (cp).

Let us (for the time being) admit the lemma and prove the theorem. We
let P(r) denote the following property: there exists a good approximation X
of X such that for every p < r and every i, we have

Wi, () W, (o).

Note that:

e Property P(q) is exactly the theorem.

e Property P(1) is true for a trivial reason: the critical point ¢; is the max-
imum of f and its stable manifold is reduced to itself, so that it does not
meet any unstable manifold of any critical point lying below c¢;.

e And Property P(2) follows from the lemma with j = 2.

Let us therefore assume that P(r — 1) is true and show that P(r) is then
also true. We have a vector field X/ _; such that the stable manifold of ¢,_; is
transversal to all the unstable manifolds. We apply the lemma to the vector
field X/ _; and j = r. This gives a vector field X/ that, in particular (this is
the first property given by the lemma), coincides with X/ _; outside of the
narrow strip where a,. +¢ < f < «a, + 2. Moreover, since for every p < r—1,
the stable manifold of ¢, for X/ _; lies above this strip, the stable manifold
is the same for X _; as it is for X/ (see Figure 2.17). We therefore have

Wi (o) NWXo (ei) = Wi, (ep) N Wi, (ci)

r—1
for p < r —1 and for every i, so that
W5 (ep) h W, (ci).
For p = r, the lemma implies (this is the second property) that

Wi (er) 1 W (o). 0
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Qr—1

oy + 2¢
ap +¢€
Qg

Proof of Lemma 2.2.8. It can be useful to consider a Morse chart in the
neighborhood of ¢;. Figure 2.18 shows one (twice). We choose an e suffi-

f7Hay +2¢)

Wx(¢j)

%Q

M ay + 2¢)

Fig. 2.18 In a Morse chart

ciently small so that

a; + 2e < Q1.

Let k denote the index of ¢;, and let Q@ = W*(¢;) N f~(cj + 2¢). Then @Q is
a sphere of dimension n — k — 1. We consider a tubular neighborhood of this
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sphere @ in f~1(a; +2¢), of the form @ x D¥, which we see in a Morse chart
in Figure 2.18, and in Figure 2.19.

o + 2

a;+¢€

Fig. 2.19 In the manifold

Then there exists an embedding
@ D* x Qx [0,m] — f oy + ¢, a; + 2¢)

such that:

e U restricted to {0} x Q x {0} is the embedding of @ in f~!(a; + €).
e U restricted to {0} x @ x {m} is the embedding of @ in f~*(a; + 2¢).
e If z is the coordinate in [0,m] C R, then

o(-5)-x

The unstable manifolds are transversal to the level sets. In particular,
they meet D¥ x @ along a manifold P’ (that is not connected in general). If
W5 (¢j) m P’, then there is nothing to prove. The proof will therefore consist
in modifying X into X’ on f~(Jay; + €, j + 2¢[) in such a way that

ng('l(cj) m Pl.

The modification will take place inside the image of ¥. Let us therefore
position ourselves in D* x Q x [0,m] with X = —9/9z. Figure 2.19 shows
what happens in the manifold, while Figure 2.20 shows the model.
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Fig. 2.20 The model

Let P be the submanifold ¥~}(P’') C D* x Q x [0,m]. As seen in the
model, the desired transversality condition W§,(c;) M P’ can be written as

W5 P with W, = {qb;(f(O,q,O) |s>0,q¢€ Q}.
In the initial situation, X' = X = —9/9z, so that
PNW$ =Pn{(0,q,8)]s>0,qg€Q}=Pn{0,4,0)| ¢€Q} =g 1(0),

where g : P — D¥ is the projection (z,q,z) + z.

The proof will consist in making 0 a regular value of g. By Sard’s theorem,
there is a vector w in D¥, as close to 0 as we want (say ||w|| = d), such that
w is a regular value of g. We are going to construct a perturbation X’ of the
vector field X such that

We will then have W§, N P = g~ !(w), which implies that W§, N P is a
submanifold of codimension k£ in P. The equality

codimp Wx, N P = codimy Wx,

implies the transversality of the two submanifolds W%, and P.
The lemma “in the manifold” now results from the following lemma “in

the model”.

Lemma 2.2.9. There exists a vector field X' close to —0/dz (in the C
sense) such that:
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(1) X' = —0/0z near (D* x Q x [0,m]).
(2) ¢x7(0,4,0) = (w, g, m).

Proof. Let (v1,...,v;) be the coordinates of w € D*. We set

where:

e The function 3; is zero outside of [0, m] and satisfies |3;(s)| <, |Bi(s)] <n
and [ B;(t) dt = v; (where 7 is a small fixed positive number correspond-
ing to the desired precision of the approximation).

e The function 7 is, in turn, defined on D*, has values in [0, 1], is identically
zero near OD* and satisfies v = 1 on ||z|| < 1/3 and |0v/0z;| < 2.

See Figures 2.21 and 2.22.

Vi
m

-\

0

Dk

Fig. 2.21 The function 3;

Fig. 2.22 The function ~

It is clear that the vector field X' satisfies the first stated property. To
prove that it also satisfies the second one, we first consider the vector field

//7727 . -
X0 = 0z ZlﬂZ(Z)axi

1=

(we have left out y(x)). To determine ¢/ (0,q,0), we must solve the differ-
ential system

63%‘

55 = Pilz(s)), 2(0)=0
% =0, q(0)=g¢
0 _ 2(0) =0

ds
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whose solution is

2i(s) = /0 _Bi(—t)dt = O_S Bi(—t) dt
q(s) =q
z(s) = —s.

We therefore have
©xn(0,4,0) = (w,q,m)

and, since for s € [—m, 0], the norm satisfies ||z(s)|| < 1/3 (for sufficiently
small 3;, that is, for sufficiently small w), we remain in the part of the disk
where v = 1, so that the formula indeed gives the flow of X". O

This completes the proof of Lemma 2.2.8. O

2.2.d An Illustration, the Height Function on the Torus

Let us return to the example of the height function on the torus of dimen-
sion 2, with gradient field X that does not satisfy the Smale property, as
noted in Examples 2.2.4. We first copy Figures 2.10 and 2.11, indicating the
two level sets for aw + € and « + 2¢ above the critical point b between which
we need to modify the vector field.

<
<t
<
<t
<«

Ak

o+ 2 < 5 > a+te
a4+ 2 \
a t+e A A 4
a d ¢ d
Fig. 2.23 Fig. 2.24

A Morse neighborhood of the critical point b is clearly visible in the middle
of Figure 2.24. We extract it from this figure (Figure 2.25) and modify the
vector field in the useful part of the model (Figure 2.26). This last figure
shows the same model as Figure 2.20, namely a Q x D* x [0,m], but Q is
now a sphere of dimension n —k —1 = 0 and D* is a disk of dimension k = 1.
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Fig. 2.26 The modification in the

Fig. 2.25 Extract of the model
model

Put back into the surface, the modification gives a vector field with the
expected property (Figure 2.27).

d - c d
A\ Y
a
b
A A
d - c - d

Fig. 2.27 The modified field

2.3 Appendix: Classification of the Compact Manifolds
of Dimension 1

2.3.a Morse Functions and Adapted Vector Fields on a Manifold
with Boundary

Let us now consider a manifold with boundary V. We fix a vector field X
defined in a neighborhood of OV in V', which we assume to be incoming, that
is, such that for every chart ¢ : U — V (where U is an open subset of the
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half-space z, < 0 in R"™) and every x € OV N¢(U), we have

K2

_ ~ 0 _
Ty-1(a)p 1(Xz):2a¢% with a, (¢~ (z)) < 0.
=1

Tn

Fig. 2.28 Incoming vector field

Constructing such a vector field is easy, for example by starting out with
the vector field —9/0x,, on R™ and using a partition of unity.
We can also construct a Morse function f on V such that

df(X) <0 in the neighborhood of OV
by first defining it in the neighborhood of the boundary, setting
flex’(z))=s forsel0,d]if x € OV,

then extending it arbitrarily to V and finally taking a perturbation, if neces-
sary, in order to have a Morse function.

Next, we extend X, which up to now has only been defined in the neigh-
borhood of the boundary, to a pseudo-gradient field adapted to f that we
will still call X.

Remark 2.3.1. It is not true that every Morse function on a manifold with
boundary admits a pseudo-gradient field transversal to the boundary (think
of the projection of the unit disk onto a straight line). That is why in this
construction we have chosen to start out with the vector field.
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2.3.b The Classification Theorem

Theorem 2.3.2. Let V' be a compact connected manifold of dimension 1.

Then V is diffeomorphic to S* if OV = @ and diffeomorphic to [0,1] other-
wise.

Proof. Let X be a vector field that is incoming along the boundary, let f be
a Morse function for which X is an adapted pseudo-gradient field (we can
construct such a vector field and such a function as indicated above). The
critical points of f are local minima and maxima. The proof is based on the
fact that all trajectories that are not stationary at a maximum end up at a
minimum. Let ¢q,..., ¢, be the minima of f. The stable manifold W*(¢;) is
diffeomorphic to an (open) interval; it consists of the two trajectories ending
at ¢; and the point ¢; itself. In the closure A; of this stable manifold there

are (moreover) the starting points of these two trajectories. These starting
points:

e cither are both maxima (in which case they can either coincide or not)

e or at least one of them is a boundary point of V' (in which case they are
distinct).

It is also clear that, as the closure of a connected space, A; is connected.
Clearly, if A; consists of W*(¢;) and a unique point, then the latter is a
maximum and A; is diffeomorphic to a circle. Likewise, if A; consists of the
stable manifold and two added points, then A; is diffeomorphic to a closed
interval.

Note that the union of the A; is all of V: if z € V', then its trajectory tends

to a minimum and lies in one of the stable manifolds, unless z is a maximum,
but then it lies in the closure of a stable manifold.

Fig. 2.29
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If £ = 1, then the theorem has now been proved. Otherwise, since V is
connected, there exists an 7 > 2 such that Ay N A; # @. This intersection
contains only local maxima, since these are the only points from which we
can descend to two different minima. In particular, 9V N (4; N 4;) = &. In
A1 N A;, there are at most two points. We have two possibilities:

e If this intersection contains two points, then the two are maxima, A; U A;
is diffeomorphic to S* and we are done.

e If on the contrary, it contains only one point, then A; UA; is diffeomorphic
to [0,1]. If A; U A; =V, then we are done.

And if this is not the case, then we continue adding A;’s until they run
out. O

There exist other ways to prove this theorem, which may be simpler
(see [55]). This proof using Morse theory has the advantage of preparing
other, analogous, proofs, such as that of Proposition 4.5.1.

2.3.c An Application, the Brouwer Fixed Point Theorem

We will now use Sard’s theorem and our knowledge of manifolds of dimen-
sion 1 to prove Brouwer’s famous theorem (this proof comes from Milnor’s
book [55]).

Theorem 2.3.3. Let ¢ : D™ — D™ be a continuous map; then it has a fized
point.

Proof. The first part of the proof consists in reducing to the case where ¢
is a € map. We will not give the details here (see [45]). Next, starting
from ¢, which is assumed to be €*° and without fixed points, we construct a
retraction

r:D" — §n1

by sending 2 € D™ to the intersection point of the sphere S”~! and the ray
starting at ¢(z) and going through z. This way, if « is a point of the sphere,
it stays in place. We thus have a C>° map r that restricts to the identity on
the boundary. Sard’s theorem asserts that this map has regular values. Let
a € S"~! be one of them; then r~!(a) is a submanifold of dimension 1 of D",
with boundary

or~(a) =r~*(a)NnOD™ = {a}.

But a manifold of dimension 1 with boundary is diffeomorphic to a union of
circles and closed intervals, so that its boundary consists of an even number
of points. This gives a contradiction, and therefore the existence of a fixed
point. a
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Exercises

Exercise 10. Show that the vector fields whose flows are drawn in Fig-
ure 2.30 are not pseudo-gradient fields.

S M
= AK

Fig. 2.30

Exercise 11. Let V be a manifold of dimension 2 endowed with a Morse
function with a unique critical point of index 1. Show that every pseudo-
gradient field adapted to this function satisfies the Smale condition.

Exercise 12. We fix an integer m > 2. Find all critical points of the function
f:P1(C) = R defined by
N A o |

(2> + 21 )m (|2 +1)m

f([z0,21]) =

(in homogeneous coordinates or in the affine chart z; # 0). Verify that for
m = 2, the function f is not a Morse function.?

Fig. 2.31

3 Tt is a Mores-Bott function (see [14]): its critical points form submanifolds (here P*(R)
for the maximum) and the second-order derivative is transversally nondegenerate.
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We suppose that m > 3. Show that f is a Morse function and has two
local maxima: the points 0 and oco; m local minima: the m-th roots of —1;
and m critical points of index 1: the m-th roots of 1.

Hint: We can determine the critical points using the derivatives with re-
spect to z and Z, and then use a second-order Taylor expansion of f(u) with
respect to w in the neighborhood of 0 (to study the critical points at 0 and co)
or the analogous expansion of f({(1+ w)) (to study the critical points at ¢
with (™ = £1).

Show that there exists a pseudo-gradient field such as that shown (in an
affine chart) in Figure 2.31 (for m = 3). More generally, see the article [9] in
which an analogous function (defined on P™(C)) plays an important role.






Chapter 3
The Morse Complex

In this chapter, we consider a compact manifold V' endowed with a Morse
function f and a generic (that is, satisfying the Smale condition) pseudo-
gradient field X. For every integer k, we let Cj(f) be the vector space over Z /2
generated by the critical points of index k of f. We will simply denote this
by Cy when there is no risk of confusion. Using the connections between
critical points established by the trajectories of X, we define maps

8X : Ok — Ok—l-

We also show that
Ox 00x : Chp1 — Cr1

is the zero map, so that (Cy(f),dx) is a complex of vector spaces over Z/2,
whose homology is

Hk(C*(f),ax) = Ker@x/lmax = Hk(f,X)

Finally, we show that even though the complex itself depends on the choices
of f and X, its homology does not (for those who know what this is, it is in
fact the modulo 2 homology of V).

See Section B.1 for the definitions and basic properties of the objects used
here.

55
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3.1 Definition of the Complex

We define the vector space

Cr(f) = {ZCECritk(f) acc | ac € Z/2}a
where Critg(f) of course denotes the set of critical points of index k of f.

3.1.a The differential

In order to define dx on Ci(f), it suffices to know how to define dx (a) for a
critical point a of index k. This must be a linear combination of the critical
points of index k — 1:

Ox(a) = Z nx(a,b)b, with nx(a,b) € Z/2.

beCrity_1

The idea is to define nx(a,b) as the number (modulo 2) of trajectories of X
going from a to b, that is, as the cardinal of £(a, b). We will show in Section 3.2
that this number is indeed finite.

3.1.b It is a Complex

A complex! is a family (Cy).=1,. , of vector spaces® connected by linear
maps

O — Cr_yq

satisfying O o 9*+1 = 0. Consequently, the image of 9**! is contained in the
kernel of 9% and the quotient

Hj, = Ker 0% /Im 9%+,

which measures the nonexactness of the complex, is a vector space called the
homology of the complex (in degree k).

To prove that we are indeed dealing with a complex, we must verify that
Ox o Ox = 0. Since

Ox o0 0x(a) = Z (Z nx(a,c)nx(c,b))b

beCrity_1 c€Crity,

I For this algebraic formalism, see Section B.1 and the references given there.

2 Here we use vector spaces over Z/2; the correct general notion uses modules over a
commutative ring, which includes the case of abelian groups. See Section 3.3.
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(for a € Critg11), it suffices to prove that given two critical points, a of index
k+ 1 and b of index k — 1, the sum

Z nx(a,c)nx(c,b)

ceCrity,

is zero. This number equals the cardinal of the disjoint union

1T £L(a,c¢) x L(c,b).
ceCrity (f)

This idea is therefore to prove that this set of points (which we will have
shown to be finite) is the boundary of a manifold of dimension 1.

Figure 3.1 gives a heuristic argument making this result seem plausible. It
shows the unstable manifold of a, which consists of the trajectories connect-
ing a to b (this figure is one fourth of Figure 2.12). The set of these trajectories
must be a manifold of dimension 1 (represented on the right in the figure),
a union of open intervals that can be compactified by adding “broken” tra-
jectories through the points c1, co with intermediate indices, giving closed
intervals or circles. The property results from the fact that the manifolds of
dimension 1 with boundary have a boundary consisting of an even number
of points, as we saw in Theorem 2.3.2 (and we are computing modulo 2).

Fig. 3.1

To make this rigorous, we will need a compactness result (established in
Section 3.2.b) and a precise description of the boundary, namely the fact that
the set of connections from ¢ to e can indeed by compactified by adding the
broken trajectories (see Section 3.2.c).
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3.1.c Examples

Let us return to the examples of Morse functions with generic pseudo-
gradients given in Section 2.2.a (with the notation of that section).

The Height on the Round Sphere.

In this case, Cy = Z/2, with generator a, C; = 0 and Co = Z/2, with
generator b. The homology is

0 if 2
" — if « # 0,
Z/2 for x=0,2.

The same computation with the height function on the unit sphere S™
in R™*!, which, again, has only a minimum and a maximum, gives

0 ifx#0,n
H, =
Z/2 for x=0,n.

The Height on the Other Sphere.

This time, Cy = Z/2, with generator a, C; = Z/2, with generator b and
Cy=7Z/2® Z/2, with generators ¢ and d. By counting the trajectories con-
necting the critical points naively, we find

Oc=0b, 0d=0b, 0b=2a=0,

so that
Hy=17/2
H1 = 0
Hy,=7/2.

Even though the complex is quite different, its homology is the same.

The Torus.

Let us now consider the function cos(2mx) + cos(27y) on the torus. We have
Co = Z/2, with generator a, C1 = Z/2 ® Z/2, with generators b and ¢ and
Cy = Z/2, with generator d. The differentials are

0d=2b+4+2c=0, 0b=0c=2a=0.
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Hence the homology modulo 2 is

Hy = 7Z/2
H=7/207Z)2
Hy=17/2

(which is indeed the homology of the torus 72). The readers should prove
that the complex associated with the height function and the vector field
described by Figure 2.27 has the same homology.

The Complex Projective Space.

This time, there are only critical points with even index, one in each dimen-
sion. The C}, are Z/2 if k is even and at most 2n and 0 otherwise. All the
differentials are zero and the homology of the complex is

* =

{Z/Q if x = 2k with k < n,
H —

0 otherwise.

The Real Projective Plane.

Now Cy = Z/2, with generator a, C; = Z/2, with generator b and Cy = Z/2,
with generator ¢. We have dc = 0 and 9b = 0, so that

H*{Z/Q if0<x<2

0 otherwise.

We will show (this is Remark 4.1.2) that the homology of the complex only
depends on the diffeomorphism type of the manifold. In particular, from the
examples given above we deduce the following corollaries.

Corollary 3.1.1. The complex projective space of (complex) dimension
n > 2 is not diffeomorphic to the sphere S*".

Corollary 3.1.2. The sphere S?, the torus T? and the real projective plane
P2(R) hawve distinct diffeomorphism types.
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3.2 The Space of Connections Between Two Critical
Points, or of “Broken Trajectories”

3.2.a The Space of Broken Trajectories

If @ and b are two critical points of f, then we let £(a,b) denote the set of
trajectories of the vector field X that go from a to b. We define the set of
broken trajectories from a to b as follows:

L(a,b)= U Lla,e1) x -+ x L(cg—1,b).
c; €Crit(f)

Let us recall that the index is decreasing along the trajectories of X; hence
only the £(¢;, ¢i+1) with Ind(c;) > Ind(c;41) contribute.

As is suggested by the notation, this space is meant to be a compactifica-
tion of L£(a,b). The first thing to do is to endow it with a topology. This will
of course need to induce the product topology on each term of the union. In
the example described by Figure 3.1, £(a,b) is an open interval and £(a, ¢1)
and L(c1,b) are points, as are L(a,c2) and L(c2,b). We of course hope to
endow the space £(a,b) with a topology that makes it a closed interval. See

Figure 3.2.
o _— ) ° °
L(a,c1) x L(c1,0) U L(a,b) U L(a,c3) x L(ca,b) = L(a,b)
Fig. 3.2
Therefore let A = (A1, ..., ) be a broken trajectory. It connects a certain

number of critical points. Each of these admits a Morse neighborhood that
we denote by £2(c;). The trajectory \; exits £2(¢;—1) to enter £2(c;). Let U;_,
be a neighborhood of the exit point of (2;_; contained in its level set and
likewise, let U;r be a neighborhood of the entry point in {2; contained in its
level set. See Figure 3.3.

We let U~ (or U*) denote the collection of U;” (or of U;") respectively,
and we say that u = (u1,...,pu,) € WA, U, UT) if there exist integers

O0<ipg < - <ip_1 <1t =¢q

such that:

o ;€ L(cy;,ciy,,) for every j < k.
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[N
BN

Fig. 3.3

e uj exits the charts £2(c;; ), £2(¢ci;41), - - -, £2(¢ci;,, —1) through the interiors of
the corresponding U~ and enters the charts £2(c;;11), ..., £2(c;,,, ) through
the interiors of the U™.

The W(X, U™, U™") form a fundamental system of open neighborhoods for
a topology on £(a, b).

Remarks 3.2.1. In this definition, ¥ < ¢ (the trajectory u does not have
more components than A). Moreover, if A is a trajectory of X going from a
to b, then a fundamental system of open neighborhoods of A is given by the set
of trajectories connecting a to b that leave {2y and enter {2, sufficiently close
to A. It is clear that the resulting topology coincides with the topology on
L(a,b) (defined earlier as the quotient of the set of points on the trajectories
by the translations).

3.2.b Compactness

We now prove the following result.

Theorem 3.2.2. The space £(a,b) is compact.
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Remark 3.2.3. The topology on the space £(a, b) is defined using the topol-
ogy on V. It is therefore clear that it admits a countable fundamental system
of open neighborhoods and it is justifiable to prove the compactness using
sequences (it is moreover metrizable). The purists will also note that the only
part of the compactness of this space that we will use is this property of the
sequences.

Corollary 3.2.4. If Ind(a) = Ind(b) + 1, then the space L(a,b) is a finite set
of trajectories.

Hence nx(a,b) € Z/2 is well defined. This corollary is immediate: in this
case L(a,b) = L(a,b) and the latter, which is a manifold of dimension 0, is
now compact. O

Proof of Theorem 3.2.2. Let (£,) be a sequence of trajectories in £(a,b).

We begin by assuming that ¢, € L(a,b). The trajectory ¢, exits £2(a)
through a point ¢, and enters 2(b) through a point . The point £, is
in the intersection of the unstable manifold of a and the boundary of 2(a),
which is a sphere, and therefore compact. After extracting a subsequence, if
necessary, we may, and do, therefore assume that

lim¢, =a~ and limﬁ;‘; =bt.

Let v(t) = ¢%(a™) be the trajectory of a= and let ¢; = limy—, o0 Y(t), sO
that ¢; is a critical point and v € L(a,c;). Let d* be the entry point of
in £2(c;1) (Figure 3.4). By the theorem on the dependence of the solutions of
differential equations on the initial conditions, ¢, must also (at least for n
sufficiently large) enter £2(cy), through a point d;". We have limd} = d™ by
the following lemma.

Lemma 3.2.5. Let x € V — Crit(f) and let (z,) be a sequence that tends
to x. Let y, and y be points lying on the same trajectory of X as x, and x,
respectively. We moreover suppose that f(yn) = f(y). Then

Proof. Let U be a neighborhood of Crit(f) that does not contain x, y, Z,, yn

(for n sufficiently large). As in the proof of Theorem 2.1.7, we consider the

vector field 1

)t
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defined on V — U. Let v denote its flow. The trajectories of Y are the same
as those of X and, moreover,

fh(2)) = f(z) — t.

‘We then have

Yn =V f(y)+F (@) (@n) =V f )+ f(2a) (Tn)

and
Y=Y s+ (@),
so that limy,, = y. a

Fig. 3.4

If ¢; = b, then we consequently have lim ¢,, = v and the sequence ¢, has
a convergent subsequence. If this is not the case, then d; does not lie on the
stable manifold of ¢, so that ¢, exits {2(c1) through a point d;,. We may,
and do, assume that the sequence d;; converges to a point d~. This point lies
on the unstable manifold of ¢;. If this were not the case, then d~ would be
on the trajectory of a d, with f(dx) = f(d;}) that moreover is not in W*(cy).
By virtue of the previous lemma, d; tends to d,, so that d, = d*, which is
absurd since dt € W*(cy).

We are left to consider the general case of a sequence of elements of £(a, b).
There exist critical points c1,...,c,—1 such that, for n sufficiently large and
up to the extraction of a subsequence, we have

b= (0, ..., 00) € L(a,c1) X -+ x L(cq—1,b).
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We apply the previous result to £, and then to ¢2,... (4. a

Note that, as suggested by the notation, £(a,b) is indeed a compactifi-
cation of L(a,b), in the sense that there are elements of £(a,b) arbitrarily
close to any element of £(a,b). This is a consequence of the proposition be-
low, which itself is a consequence of the arguments used in the proof of the
compactness theorem (that is, the Cauchy—Lipschitz theorem).

Proposition 3.2.6. Let A\ = (A1, \2) € L(a,b) with \y € L(a,c) and
Ao € L(c,b). For every U™, U™, there exists an

e L(a,b)NW(A, U, UT). O
In the following subsection we will give more details on this proposition.

3.2.c The Structure of a Manifold with Boundary on the Space of
Broken Trajectories

The following theorem implies that dx o dx = 0.

Theorem 3.2.7. If Ind(a) = Ind(b) + 2, then L(a,b) is a compact manifold
of dimension 1 with boundary.

We already know that £(a,b) is a manifold of dimension 1 (by applying
the Smale condition). The theorem is therefore a consequence of the following
proposition.

Proposition 3.2.8. Let V' be a compact manifold, let f : V — R be a Morse
function and let X be a pseudo-gradient for f satisfying the Smale prop-
erty. Let a, ¢ and b be three critical points of indices k + 1, k and k — 1,
respectively. Let \y € L(a,c) and Ay € L(c,b). There exists a continuous
embedding 1 from an interval [0, 8] onto a neighborhood of (A1, A2) in L(a,b)
that is differentiable on 10, [ and satisfies

{ww) = (M1, A2) € L(a,b)
U(s) € L(a,b) fors#D0.

Moreover, if (€,) is a sequence in L(a,b) that tends to (A1, \2), then £, is
contained in the image of 1 for n sufficiently large.

Remark 3.2.9. The last assertion is essential for proving that (A1, A2) is a
point on the boundary: there is only one branch arriving there.
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a

Fig. 3.5

Proof of Proposition 3.2.8. We set f(c) = a and we choose € > 0 such that
fl(a+e¢) and f~(a — €) meet the Morse chart £2(c) along 9, £2(c) and
0_12(c), respectively. We use the notation defined before, namely

Si(e)=Wo(e)N fH(a+e) = gnht
Wh(e) N f~ (o — ) = §5L.

‘OJ
—
()
~
|

Let a; =S4 (c)NA;. The unstable manifold W*(a) meets f~!(a+e¢) transver-
sally along a submanifold P of dimension k. Since X satisfies the Smale prop-
erty, P meets S (c) transversally at a finite number of points including the
point a;1. Let

D*(8) = {(1,..., ) | [zl < 6}

and let ¥ : (D*(8),0) — (P,a1) be a local parametrization of P such that
Im#NSi(c)={a1}.

We may, and do, assume that D = Im ¥ is contained in 0 £2(c). The disk D
is shaded in Figure 3.6. By letting D — {a1} descend along the trajectories
of X, we obtain an embedding

&:D—{a1} — 0_0(c).
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fHa+e)

Fig. 3.6

The image of @ is the shaded annulus shown in Figure 3.63 (in this figure,
S_(c) is the inner boundary of the shaded annulus). We have the following
result.

Proposition 3.2.10. After restricting the size of D, that is, after taking the
restriction of ¥ to a disk with radius 6’ < &, if necessary, the union Q =
Im® U S_(c) is a manifold of dimension k with boundary, and its boundary

is 0Q = S_(c).

This proposition allows us to conclude the proof of Proposition 3.2.8. The
image of @ is an open subset of the intersection of the unstable manifold
of a and the level set f~!(a — €). Since X has the Smale property, we will
therefore have

We(b) M Im P

and we also have

W (b) th S_(c).

Consequently W#(b) N @ will be a submanifold of dimension 1 in 0_£2(c) C
[~ (a —¢€), and its boundary is W*(b) N 9Q = L(c,b).

3 This figure is the very core of the proof.
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Let as be the intersection point of Ao and S_(c¢) and let us define a
parametrization

X (0,0 — WP nQ

of this manifold with boundary: the point 0 is sent onto the point as. We also
have a map
P tox:]0,6[ — WD) N (D — {a1}).

When s — 0, the values =1 o x(s) tend to a; (by applying Lemma 3.2.5).
We can therefore extend it to [0, d[, thus obtaining the desired :

¥ [0,n] — L(a,b) with ¥(0) = (A1, Xa).

Now, let (£,) be a sequence in L(a,b) that tends to (A1, A2). Let £} and £,
denote the entry and exit points of /,, in the Morse chart of c. We have

lim ¢ =a;, lim ¢, =ayand (L)) =4,
n—-+oo n—-+o0o

For n sufficiently large, ¢} € D — {a1}, whence ¢,, € ), which implies that
0, € QNW?3(b) =Imy.
It follows that ¢,, € Im . a0

We still need to prove the proposition. Let us begin by restating it in the
Morse model U C R*F x R»™* with

floo,op) = —llo—|? + llz4]?, X =—gradf
and Sy = {(a—sas) |- = 0, 2|2 = e} € (o),
S_={(e_zy)|zy =0,lz_|* =c} C f (o).

Figure 3.7 shows exactly the same thing as Figure 3.6 but now in the Morse
chart (the level sets of f are no longer represented by horizontal planes, but
by quadrics).

Proposition 3.2.11. Let a € S1 and let D C 0,.U be a disk of dimension k
and radius § that meets S4 transversally at a. Let

¢38+U—S+—>8_U—S_
be the embedding defined by the flow of X. Then

Q=d(D—{a})US_
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Fig. 3.7

is a manifold with boundary, and its boundary is 0Q = S_.
To prove this proposition, we will use yet another lemma.

Lemma 3.2.12. The embedding
¢:0,U—-5;, —0_U-5_

defined by the flow of X is given by

o) = (12 o o=l y

+
[l el
Proof. We simply integrate X, whose flow is
@s(x_,x+) = ( 25'1:—’6_25$+)'

If (x_,2z4) € 04U and z_ # 0, then there exists an s such that

P = -

+
el [l |

Since ||z || > ||x—]|, we have s > 0; moreover,

(lesl, L

_, T ) €o_U. |
[ R

Proof of Proposition 3.2.10 or 3.2.11. Let D be a disk as in the statement of
Proposition 3.2.11. Since S consists of the z with z_ = 0 and since D h S,
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we know that 0 is a regular value of the restriction of the projection
7:0.U— DF m(z_,xy)=ax_
to D. Using the local inversion theorem, we may, and do, assume that
D = {(z_,h(z_)) | z_ € D*(5)}
where h : D*(§) — D"~* satisfies
|h(z_)|)* = lz—||*> +&, thatis, (z_,h(z_)) € O,U.
We set g = h/||h|| : D¥ — S"7*~1 so that
D= {(z_,Ve+|z_|2g(z_)) | z— € D¥(9)}.
By the lemma, we have
(D —{a}) = {(Ve + [a—[Pa—/|a—]|, |2-|lg(z-)) | =— € D*(5) — {0}}.

Let us use “polar” coordinates (p,u) € ]0,0[ x S¥~' on D¥(§) — {0}. Then
®(D — {a}) is the image of

H:0,0[x S — o U

(p,u) — (Vp* + e u, pglp,u)).

Since the map g is defined on the entire disk D*, we can extend H to the
product [0, 5[ x S¥~! by setting

H(0,u) = (Veu,0) € S_.

Consequently, &(D — {a}) U S_ is indeed a manifold with boundary, and its
boundary is S_. ad

Conclusion.

We have now shown, as announced at the beginning of this section, that the
set of connections between two critical points can be compactified by adding
broken trajectories.

3.2.d Manifolds with Boundary

The construction of Cy(f), the definition of dx and the fact that 9x cdx =0
extend to manifolds with boundary provided that none of the critical points
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of f lie on the boundary and that the field X is transversal (nontangent) to
this boundary, so that the connections between critical points stay far away
from the boundary. See, more generally, Sections 2.3.a and 3.5.

Remark 3.2.13. We will need an analogous definition for a manifold
with cornered boundary* V x [0,1]%. We require that near the boundary
A(V x [0,1]%), the pseudo-gradient is of the form

0 0
Y ) — 4+ - ) —
+ g1 ( 1)81%1 + "ng(k)atk
for a vector field Y that coincides with X near the boundary of V' and for
functions g; that are nonzero at 0 and 1.

3.3 Orientation, Complex over Z

If ¢ is a critical point of the Morse function f, then its stable manifold W*(c),
which is diffeomorphic to a disk, is an orientable manifold. We now choose,
for each critical point ¢, an orientation of the stable manifold W?(c). Note
that this corresponds to choosing a co-orientation of the unstable manifold
W¢(c): a co-orientation of the vector space T.W"(c) is, by definition,? an
orientation of the complement T.W*(c).

If @ and b are two critical points, then the intersection W*(a) N W*(b)
(we still assume that this intersection is transversal) is therefore an oriented
manifold. The same holds for its intersection with a regular level set (a regular
level set is co-oriented by the transverse orientation given by the pseudo-
gradient field X that is used). Hence the space of trajectories £(a,b) is an
oriented manifold.

We define C,(f) to be the free abelian group (Z-module) generated by the
critical points of f. Let us repeat that we have fixed, once and for all, an
orientation on each W#(c). We therefore have

Cr(f) = {Zcecritk(f) acc | ac € Z}-

When Ind(a) = Ind(b) + 1, the space £(a,b) is an oriented compact manifold
of dimension 0, that is, it is a finite number of points, each endowed with a

«. )

4 We adopt this term to translate the elegant “variété &4 bord anguleux’
Francois Latour [46] for “with boundary and corners”.

introduced by

5 See Exercise 14 on p. 81, if necessary.
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sign. Let Nx(a,b) € Z denote the sum of these signs and let us set

Ox : Cx(f) — Ci—1(f)

ar— Y Nx(a,bb.
beCritr_1(f)

Note that the nx(a,b) used to define the complex modulo 2 is none other
than the reduction of Nx (a,b) modulo 2.

In order to guarantee that (Cy(f), dx) is a complex, we still need to verify
that dx o x = 0 in this new context. This is of course a consequence of the
fact that Theorem 3.2.7 contains a statement on orientation. Clearly, the
compactification of an oriented manifold of dimension 1 to a manifold with
boundary gives an oriented manifold with boundary... We must still verify
that the orientation induced on the boundary is indeed the one we set on the
boundary. This is not very difficult, especially if we consider Figure 3.6 or
[46, pp. 155-156] carefully. We therefore leave this verification to the readers.

3.4 The Homology of the Complex Depends Neither on
the Function Nor on the Vector Field

In this section, we show that the homology of the Morse complex depends
neither on the function nor on the pseudo-gradient field used to define it.

The following proof is inspired by [46]; it is also suggested in [49]. It is based
on an original idea of Floer [31] which was, at the time, completely new, even
though it was central to his work. In it, we use well-chosen deformations of
one Morse function into another.

Remark 3.4.1. There exist maps F' : VxR — R that interpolate between fy
and f; and that are Morse functions. However, in general, we cannot guar-
antee that each of the Fy is a Morse function: when a critical point is born
or dies, we pass through a degenerate critical point. See Figure 3.8 where an
intermediate function F has a degenerate critical point.

Theorem 3.4.2. Let V' be a compact manifold. Let fy, f1 : V — R be two
Morse functions and let Xo, X1 be pseudo-gradients adapted to fo and f1,
respectively, with the Smale property. Then there exists a morphism of com-
plexes

D, : (C*(fo),aXo) — (O*(f1)76X1)

that induces an isomorphism in the homology.
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aanh

Fig. 3.8 Function F' and functions F

Proof. We will proceed in several steps. We first choose a function

F:Vx[0,1—R
(x,8) — Fy(x) = F(x,s)

such that
F,=fy forsel0,3]
F,=f forse[%,l}.

(1) From this, we will deduce a morphism
o7+ (Cu(fo), 0x,) — (Cilf1). 0x,)-

(2) We will verify that if (f1, X1) = (fo, Xo) and Is(z) = fo(z) for every z € V

and every s € [0,1], then
o' =1d.

(3) Finally, we will show that if fo : V — R is a Morse function and X is
an adapted gradient (with the Smale property), if G is an interpolation
between f1 and fo that is stationary for s € [0,1/3] U [2/3,1] and if H
is an interpolation between fy and fo with the same properties, then the
morphisms induced in the homology by

P% 0@ and O : (C.(fo),0x,) — (Cilf2),0x,)

coincide.

If these three properties are satisfied, then it is clear that #¥ will have to
induce an isomorphism in the homology. To show this, we use an interpola-
tion G between f; and fy and the constant interpolation H = I between fj
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and itself and we apply the properties, which give that ¢ and &% induce
isomorphisms that are each other’s inverses.

First Step.
We first extend F' to V' x [—-1/3,4/3] by setting

F,=fy forse [—%,O]
Fo=f1 forsel(l,jl.

We consider a Morse function g : R — R whose critical points are 0 (its
maximum) and 1 (its minimum), which is increasing on | — c0,0[ and on
|1, +o00[ and sufficiently decreasing on ]0, 1 that

F
Ve eV, Vselo,1], %—5(3375) +4'(s) <0.

Fig. 3.9 The function g
The function F = F+g: V x [-1/3,4/3] — R is a Morse function whose
critical points are
Crit(F) = Crit(fy) x {0} U Crit(f1) x {1} .
Moreover, for a € Crit(fy),
Indz(a,0) = Indy,(a) + 1,

while for b € Crit(f),
Ind (5, 1) = Tndy, (b).
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Using a partition of unity, we construct a pseudo-gradient field X that is
adapted to F' and coincides with

Xo—gradg onV x [—%, %}

X1 —gradg onV x[2,3]
(where, of course, grad g denotes the Euclidean gradient of g). Thus X is
transversal to the boundary of V' x [—1/3,4/3]. We replace X by a small per-
turbation X that has the Smale property and that we may, and do, assume to
be transversal to the sections V' x {s} for s € {—1/3,1/3,2/3,4/3}. Note that
a small perturbation of an adapted pseudo-gradient field satisfying the Smale
property is an adapted pseudo-gradient field with the same property... and
the same number of trajectories connecting two critical points of consecutive
indices (there is a bijection between the sets of trajectories of the two fields).
This is expressed in the following proposition.

Proposition 3.4.3. Let f : V — R be a Morse function and let X be a
pseudo-gradient field adapted to f that has the Smale property. Every vector
field X sufficiently close to X (in the @' sense) is an adapted pseudo-gradient
field that still has the Smale property. Moreover, we have

(Cu(f),0x) = (C«(f), O%)- O

We can therefore choose X such that

(Co(Flvxi1/3,1/3): 05) = (Cu(fo + gli—1/3.2/31)s Oxo-tgrad g)
= (Cx41(f0),0x,)

and likewise such that

(C*(ﬁ|Vx[2/3,4/3])75§) = (C*(fl + 9|[2/3,4/3])a 8X1+gradg)
= (C*(fl)aaXl)'

Let us now consider the complex associated with the Morse function F and
field X on the product V' x [—1/3,4/3]. The trajectories of the vector field X

that connect two critical points of F' can be divided into two kinds: those

that remain in the section s € [—3, 4] or in the section s € [2, 3], which are

373
trajectories of Xy or of X7, and those that go from a critical point of fy (in

11 4

the section s € [—%,1]) to a critical point of fi (in the section s € [2,3]).

We have

Crs1(F) = Cr(fo) ® Crya (f1).
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Taking into account the above, in this decomposition,

0% : Cx(fo) ® Cry1(f1) — Cr-1(fo) ® Cr(f1)

) dx, 0
Y o\er ay, )

" : Cr(fo) — Cu(f1)

has a matrix of the form

The element

is given by

o (a)= Y ng(a,bb,

beCrity, (f1)

where n ¢ (a, b) counts the trajectories of X connecting a € V x {0} N Crit(F)
tob eV x {1} N Crit(F).
The relation dg o 05 = 0 gives

¥ 00x, +0x, 0" =0 or & 00y, = 0x, 0 BF,

hence ®* is indeed a morphism of complexes.

Second Step.
If f1 = fo and Xy = X7, then we begin with

I:V x[0,1] — R defined by I(x,s) = fo(x) for every s

and we use a function g as above. The vector field X = Xy 4 grad g is an
adapted pseudo-gradient field and satisfies the Smale property. Moreover,
for every critical point a of fy, there exists a unique trajectory of X that
connects (a,0) to (c,1) with Indy (a) = Indy (c): the trajectory between
(a,0) and (a, 1) whose projection on V is constant. Consequently, ¢' = Id.

Third Step.

We now have interpolations F'; G and H from fj to f1, f1 to f2 and fy to fo,
respectively. We interpolate between these functions by choosing a function

K:Vx [f%,%} X [%,%] — R, K(z,s,t) = K,(x)

satisfying the properties summarized by Figure 3.10:
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4
3 t
f2
Jo i | F
1 % s
3 3
iln G
3
Fig. 3.10
o K,,=H, forse[-1/3,1/3].
[ KSvt = Gt for s € [2/3,4/3]
o K,,=F;forte[-1/3,1/3].
o K.i= foforte(2/3,4/3].

We also use a Morse function g : R — R such as that used before (and whose
graph is shown in Figure 3.9), which has as its only critical points 0 of index 1
and 1 of index 0, is increasing outside of [0, 1] and satisfies

837]8{(56,3%) +9'(s) <0 forall (z,s,t) € V x]0, 1[><[%, %]

and

K
%(z,s,t) +4'(t) <0 forall (z,5,t) €V x[3,3]x]0,1[.

Finally, let K be the function defined by

K(z,s,t) = Ks1(z) + g(s) + g(t).

By the choice of~g, the critical points of K are in the shaded area in F ig-
ure 3.10, where K(z,s,t) can be written as f;(z) + g(s) + g(t) (for i = 0,1
or 2). In particular, it is a Morse function whose critical points are
Crit(K) = [Crit(fo) x {0} x {0}] U [Crit(f1) x {1} x {0}]
u [Crit(f2) x {0} x {1}} U [Crit(fg) x {1} x {1}]

The indices of these critical points are as follows:
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e If a € Crit(fy), then Indz((a,0,0)) = Indy, (a) + 2.
o If b € Crit(f1), then Indz((b,1,0)) = Indy, (b) + 1.
o If ¢ € Crit(f2), then

Indz((c,0,1)) =Indy,(c) +1 and Indz((c,1,1)) = Indg,(c).

Let X denote the pseudo-gradient field adapted to F' constructed above and Y’
the one adapted to G. Once more using a partition of unity, we define a
pseudo-gradient field X adapted to K such that:

e For s € [-1/3,1/3], X(x,s,t) = Z(x,t) + grad g(s), where Z is a pseudo-
gradient for
H(z,t)+g1):V x[-1,3] —R.
e For s € [2/3,4/3], X(z,s,t) = Y(x,t) 4+ grad g(s), where Y is a pseudo-
gradient for G.
e Forte[-1/3,1/3], X(z,s,t) = X(z,s) + grad g(t).
e Forte[2/3,4/3], X(x,s,t) = Xo + grad g(s) + grad g(t).

We then take a perturbation X of X in order to have the Smale property,
assuming, as in the first step, that outside of V' x [1/3,2/3] x [1/3,2/3], the
trajectories of X connecting critical points of consecutive indices are in a
one-to-one correspondence with those of X (Proposition 3.4.3).

Let us now consider the complex of critical points associated with K and X.
The manifold V x [—4, 3] x [~ %, 3] does not have a (smooth) boundary, but
the conditions of Remark 3.2.13 are satisfied. We have

Cr1(K) = Cr-1(fo) ® Cr(f1) ® Cr(f2) ® Cr41(f2)-

The diagram in Figure 3.11 shows the connections between the different mor-
phisms we have used. In this decomposition, the differential can be written as

dx, 0 0 0

®F 9y, 0 0
ox=1| .

®H 0 Ox, 0

S ¢ 1d oy,

The identity 5 o 03 = 0 gives
Sodx, +P%od" + 0" +9x,05=0

or
@GoéFfQH:503XO+3XQOS.
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a
oF
B ———
0x, dx,
~ ~
V x0x0 Vx1x0
/

Id
e
0x, dx,
~ ~
Vx0x1 Vx1lxl1
/ /

Fig. 3.11

We deduce from this that $¢ o & and & induce the same morphism in the
homology. a

3.5 Cobordisms

Let us now consider cobordisms. A cobordism is a manifold with boundary V'
whose boundary 0V is decomposed into

OV =0_VUd.V

(the two parts 9+ V are unions of arbitrarily chosen components of 9V'). We
generalize the construction of Section 2.3.a. We fix a vector field X (con-
structed, for example, using a partition of unity) on a neighborhood of 9V
in V that is:

e pointing outward along 0,V
e pointing inward along 0_V.
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We construct a Morse function f on V such that
df(X) < 0 in the neighborhood of OV

as follows. We first define it in the neighborhood of the boundary, for example
by setting

flox(x)) =5 forse[0,0]if z € 0, V,

flp%(x)=—s forse0,d]ifxed V,

then we extend it arbitrarily to all of V' and finally we take a slight pertur-
bation in order to obtain a Morse function.

We can then extend X to a pseudo-gradient field adapted to f that we
will still denote by X.

Let us recall (this is Remark 2.3.1) that for this construction, we need to
begin with a vector field that is transversal to the boundary and that the
Morse function is not completely arbitrary.

Example 3.5.1. In Figure 3.12, the manifold is a disk D™ and its boundary
is a sphere S™~!. The Morse function is the height and the vector field is
indicated in the figure. On the left-hand side, S"~! = 0, V, on the right-
hand side, S ! =0_V.

Fig. 3.12

Remark 3.5.2. The modifications that we applied to a pseudo-gradient field
to give it the Smale property took place in neighborhoods of the critical points
(and therefore far from the boundary in this case). We can therefore carry
them out in the same manner here.

We can then also define (Cy(f),0x) as in the case without boundary.
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The proofs of the compactness and of the relation 0x o 0x = 0 are iden-
tical to those we gave in the case without boundary because all connections
between critical points will stay far from the boundary.

Fig. 3.13

Remark 3.5.3. The complex does not depend on X |9y as long as this stays
transversal to the boundary, pointing outward along 0,V and pointing inward
along 0_V (we can modify X far from the critical points).

Let us now show that the homology of the complex depends neither on
the function nor on the vector field. Let fy and f; be two Morse functions
on V, each endowed with an adapted pseudo-gradient that has the Smale
property. We assume that the two vector fields Xy and X7 coincide in the
neighborhood of the boundary. Let us choose, as before, a path f; from fy
to f1 that we suppose to be stationary near the two extremities:

fi=fofort<1/3 and f,=f1 fort>2/3.

We also suppose that df;(X) < 0 in the neighborhood of V. We extend f; as
a stationary function on [—1/3,0] and [1,4/3]. We use a function g as before
(Figure 3.9) such that

Ofi(x)
ot

Vie [3, 2], VaeV, ¢t)+ < 0.

As in the proof of the independence, we set
F(a,t) = fi(x) + g(x) for (e.t) € V x [=1,4].

Again as in that proof, the critical points of F' are those of fj in the section
t = 0 and those of f1 in the section ¢t = 1, with an index jump for those in
the section t = 0.
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Finally, we construct a pseudo-gradient X for F such that
X —gradg near OV x [0,1]

X =4 Xy—gradg onV x[—1/3,1/3]
X7 —gradg onV x[2/3,4/3].

We then only need to take a slight perturbation in order to obtain the Smale
property. In short, we form the complex (C,(F'),d5). As in the case without
boundary, we have

a 0
€ur).05) = (Gt e . (3, ).
which defines a morphism of complexes

P : (Ci(fo), O0x,) — (Cu(f1), Ox,);

which we can prove, as before, to induce an isomorphism in the homology.

To conclude, in this case, the homology of the complex depends only on V'
and on the partition of the boundary as 0V =0,V UOJ_V.

Also note that @ does not depend on F. To convince yourself of this, for
a different “interpolation” F’, take G = Id and H = F” in step (3) of the
proof of Theorem 3.4.2.

Exercises

Exercise 13. What is the homology of the complex associated with the func-
tion defined in Exercise 12 (p. 52) and the vector field suggested in the same
exercise?

Exercise 14. Let E and F' be two vector subspaces of a finite-dimensional
real vector space. Show that an orientation of F is an equivalence class of
bases of E for the equivalence relation

B ~ B’ < dets B’ > 0.
Likewise, verify that the relation

BB = det(gvgo)(ﬁl, Bo) >0
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defines an equivalence relation on the bases of the complements of F' that
does not depend on the chosen basis By of F'. The equivalence classes are the
co-orientations of F'.

Verify that if E is oriented, F' is co-oriented and F and F' are transversal,
then E'N F is co-oriented.

Exercise 15. Determine the homology of the complex (C,(f;Z),dx) for the
examples of Morse functions on the manifolds P"(C), T2 and S™ used in this
book.



Chapter 4
Morse Homology, Applications

In this chapter, we give a few computations and a few applications of Morse
homology: the Kiinneth formula for products, the Poincaré duality, the Euler
characteristic (and the Morse inequalities), the link with the connectedness
and the simple connectedness of the manifold in question. We also show the
functoriality of Morse homology and present a long exact sequence for a pair
(W, V) (where V is a submanifold of the manifold ).

4.1 Homology

Since the homology H.,(f, X) of the Morse complex on a manifold V' depends
only on V', we denote it by HM,(V;Z/2) (for “Morse homology modulo 2”
of V). Likewise, the homology of the complex taking into account orientations,
as in Section 3.3, is denoted by HM, (V';Z). In fact (for those who know what
this is), it is the modulo 2 homology (and the integral homology, respectively)
of the manifold V' (see Section 4.9). This chapter’s results are true both
over Z/2 and over Z (unless explicitly stated otherwise). We will mostly
use the complex with integral coefficients and will denote its homology by
HM, (V).

In the case of a manifold with boundary V' whose boundary 0V is decom-
posed as OV = 0_V U 0.V, we likewise define the relative Morse homology
HM,(V,0,V;Z/2) to be the homology of the complex (Cy(f),dx)-

Example 4.1.1. In the case of the disk (see Figure 3.12), the figure on the
left gives
0 ifx#n

HM, (D", 5" ') =
Z if x=n,

83
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while the one on the right gives

0 ifx#0
HM,(D") = 7
Z if x=0.
We expect this “homology” to satisfy a certain number of properties, for
example functoriality and good behavior with respect to Cartesian products.

Remark 4.1.2. Let us note a tiny step toward a type of functoriality (see,
more generally, Section 4.6). If ¢ : M — N is a diffeomorphism, then ¢
induces an isomorphism

@t HM, (M) — HM,(N).

Indeed, if g is a Morse function on N, then g o ¢ is one on M. If X is a
pseudo-gradient field adapted to g o o on M satisfying the Smale property,
then ¢,(X) is such a vector field for g on N. It follows that we have an
isomorphism of complexes

(C*(g o (P)?aX) — (C*(g)7 890*)()'

Homology of a Disjoint Union.

Before moving on to more serious matters, let us also note that the Morse
homology of a disjoint union is the direct sum of the homologies of the com-
ponents. Indeed, if f and g are Morse functions on V' and W, respectively,
and if X and Y are suitable vector fields, then clearly

Co(f119) = Cu(f) @ Crlg) and Dy 17, = Ox @y

Notation.

In order to simplify both the writing of this text and its reading, we will
sometimes write C,(f, X) for the complex associated with a function and a
vector field. We will allow ourselves to describe such a pair (f, X) as “Morse-
Smale” when the first is a Morse function and the second is an adapted
pseudo-gradient field satisfying the Smale condition.
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4.2 The Kinneth Formula

If M and N are two manifolds endowed with Morse functions f and g and
pseudo-gradient fields X and Y (satisfying the Smale condition), respectively,
then f + g is a Morse function on M x N and (X,Y") is an adapted pseudo-
gradient field satisfying the Smale condition. The critical points of f + g are
the points (a,a’), where a is a critical point of f and a’ is a critical point
of g. The index of (a,a’) is the sum of the indices of a and o’. Let (a,a’) be a
critical point of index k of f+ g (with a a critical point of index ¢ of f and o
a critical point of index j of g) and let (b,b') be a critical point of index k— 1
such that there exists a trajectory of (X,Y’) connecting (a,a’) to (b,b'). The
flow of (X,Y) is
Pixv) (@ 9) = (¢ (@), 93 (1))

In particular,
L(X,Y)((aﬁ a,)v (ba b/)) = LX(a’a b) X Ly(a/, b/)

If a # b and o' # ¥V, then for £Lx(a,b) x Lx/(a’,b’) to be nonempty, we must
have
Ind(a) > Ind(b) +1 and Ind(a’) > Ind(d') + 1,

that is,
Ind(a,a’) > Ind(b,d") + 2.

Hence, for points (a,a’) and (b, ") with consecutive indices, we have

axLy(a,b) ifa=b

L a,a’),(b,t)) =
cer((a @), (b:07) {Lx(a,b) xa ifad =V

and consequently

ny (a/,b) ifa=5b
n(X»Y)((av CL/), (ba b/)) = \"Xx (a, b) if a" =0

0 otherwise.

The map

P : ‘+EB:]€C'1'(f) ® Cj(g9) — Cr(f +9)

defined by
Pla®a) = (a,a)

is an isomorphism of abelian groups.
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Proposition 4.2.1. The map ¢ defines an isomorphism of complexes
(Cu(f) @ Cul9),0x @1 +1®0y) — (Cu(f +9), Ox,v))-

Proof. Let a be a critical point of index 7 of f and let a’ be a critical point
of index j of g. On the one hand, we have

POx ®1+1®0y)(a®d)=d0x(a)@d +a® dy(d))

:@( > onx(@bbed+ Y ny(a’,b')a®b’)

beCrit; 1 (f) b €Crit;_1(g)

Z nx(a, b)(b, a/) + Z nY(al7b/)(a7bl)7

beCrit;—1(f) b’ eCrit;_1(g)

and on the other hand, we have

IdxyPla®ad) = Z nix,v)((a,a’), (b,0"))(b,b")
(b,b")€Critiyj—1(f+g)

= Z nX(a,b)(b, a/) + Z nY(alvb/)(avbl)7

beCrit; 1 (f) b €Crit;_1(g)
by the remark made above. O

This works well over Z (with orientations) and over Z/2 (without). Taking
the homology, on the other hand, it is more convenient to work over Z/2 (the
necessary homological algebra can be found in Appendix B.1.a). From this
we deduce the following result.

Corollary 4.2.2. The modulo 2 homology of (C«(f+9),0(x,y)) on the prod-
uct M x N is isomorphic to the tensor product of the modulo 2 homologies

of (C«(f), 0x) and (Ci(g), Iy ).

Corollary 4.2.3 (Kiinneth Formula). If M and N are two compact man-
ifolds, then there is an isomorphism

HMy(M x N;Z/2) — @ HM;(M;Z/2) ® HM;(N;Z/2).
i+j=k

The proof is an immediate consequence of Proposition 4.2.1 and Proposi-
tion B.1.1. a
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4.3 The “Poincaré” Duality

We know that the critical points of index k of f are the critical points of
index n — k of —f (n is the dimension of the manifold). Moreover, if X is a
pseudo-gradient adapted to f, then —X is a pseudo-gradient adapted to —f.

If a € Critg(f), then let a* denote the same point regarded as a critical
point of the function — f, so that

{a ] a € Critg(f)} is a basis of Ci(f)

while
{a* | a € Critg(f)} is a basis of C,_r(—f).

The vector space Cy,—x(—f) is isomorphic to Ck(f), but it is better to think
of it as being its dual (whence the notation):

Cnfk(_f) = Ck(f)*

Thus, by definition, the transpose
Ox : Cppy1(—=f) = Cpi(=f) of Ox : Ci(f) — Cr-1(f)

is the differential O_ x of the complex (Ci(—f),0_x). We therefore have the
following result.

Proposition 4.3.1 (Poincaré Duality). Let V be a compact manifold
of dimension n. If V is without boundary, then HM, 1(V;Z/2) is iso-
morphic to HMy(V;Z/2). If V has a boundary 0V = 0,V UI_V, then
HM;,(V,0,V;Z/2) is isomorphic to HM, _(V,0_V;Z/2). O

For example (this is the case where 0,V = @),

HM,,(V;Z/2) is isomorphic to HM,,_;(V,0V;Z/2).

In order to state an analogous result for the integral homology, we must be
able to associate a critical point a* of index n — k of —f with an orientation
of W#(a*) = W"(a) to any critical point a of index k of f with an orienta-
tion of W*(a). To simplify the statement, let us therefore suppose that the
manifold V is oriented: an orientation of W#*(a) then defines an orientation
(and not only a co-orientation) of W*(a). The arguments used above remain
valid and we obtain an analogous result for the free part of the homology
groups.
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Proposition 4.3.2 (Poincaré Duality for Oriented Manifolds). Let V
be a compact oriented manifold of dimensionn. If V is without boundary, then
the abelian groups HM,,_,(V;Z) and HM(V;Z) have the same rank. If V
has a boundary OV = 04V UJ_V, then the abelian groups HM(V,0,V;Z)
and HM,,_;,(V,0_V;Z) have the same rank. O

Remark. The torsion part of HM; and HM, _j may differ as we note for
V = P3(R), where HM;(P3(R);Z) = Z/2 and Hy(P3*(R);Z) = 0. See
Exercise 25 (on p. 129) for the computation of HM, (P™(R);Z).

4.4 Euler Characteristic, Poincaré Polynomial

Here is a direct application of the independence of the homology.

Corollary 4.4.1. The number of critical points modulo 2 of a Morse function
depends only on the manifold and not on the function.

Proof. Let us write down the complex associated with a Morse function and
a pseudo-gradient:

On, o1 o

On
+ Cphoqg — -+ —— Cyp —— 0.

0 Cy,

We then have the following equalities:

= Z(dim Ker 9y, — dimIm dy41) mod 2

= dim HMy(V;Z/2) mod 2. 0
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Remark 4.4.2. What we have done is just to use algebra and the definition
of the homology of the complex to show that

S (-1)*dim Gy, = 3 (~1)F dim HM;.

k k

However, we have used the “rank-nullity theorem”, so that it is wise to
work with vector spaces, that is, to work over a field. This explains why it is
the homology with coefficients in Z/2 that we use here.

This number is the Euler characteristic of the manifold V' (modulo 2). By
definition, the Euler characteristic is

(—1)* dim HM,,(V;Z/2)

M=

x(V) =

b
Il
=]

(—1)*(dim Ker 9y, — dim Im 0y 1)

I
NE

i
o

(—1)*(dim Ker 9y + dim I )

[
NE

>
Il
o

(=1)% dim Cy(f).

I
NE

bl
Il
o

So the Euler characteristic of a manifold is the alternating sum of the number
of critical points of a Morse function on it.

More precisely, we have

# Crit(f) > ) _(dimKer 0y — dimIm dg 1) = » _ dim HM,(V;Z/2),
k=0 k=0
which leads to the following result.

Proposition 4.4.3 (Morse Inequalities). The number of critical points of
a Morse function on a manifold V is greater than or equal to the sum of the
dimensions of the (Morse, modulo 2) homology groups of this manifold. O

If we define c;(f) to be the number of critical points of index k of the
Morse function f and let 8y = dim HM(V;Z/2) (the kth Betti number
of V'), then the proposition can be written as

Ck‘(f)ZBkv ngv

a series of inequalities known as the Morse inequalities.
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Example 4.4.4. We saw that in the case of the torus 72, the sum of the
dimensions of the homology groups is 4. Therefore a Morse function on the
torus must have at least four critical points.

Remark 4.4.5. It is possible to construct a (degenerate) function on the
torus that has only three critical points (but no less, because of Reeb’s the-
orem, Corollary 2.1.9, and Remarks 2.1.10). In Figure 4.1, the degenerate
critical point is in the middle, the two other critical points are the minimum
and the maximum; it is a “monkey saddle” (see Exercise 3 on p. 18).

DN

AN

Fig. 4.1 Level sets of a function with three critical points on the torus

It is moreover possible, in a compact connected manifold of dimension n,
to construct a function with n 4+ 1 critical points. One strategy, developed
in [76], is to first construct a Morse function on the manifold with at most
n + 1 critical level sets, all connected (a result by Smale, see [53]), and then
to modify the function in the neighborhood of each critical level set in such
a way that it has only one (degenerate) critical point in this level set.

Example 4.4.6. The Euler characteristic of the sphere S™ is
x(5") =1+ (=1",

that is, 0 if n is odd and 2 if n is even. For example, the Euler characteristic
of the sphere of dimension 2 is 2. This is the same Euler, the same 2 and the
same alternating sum as in “Euler’s polyhedral formula” on the number F' of
faces, E of edges and V' of vertices of a connected polyhedron, F— E+V = 2.

Remark 4.4.7. The Euler characteristic of a compact manifold of odd di-
mension without boundary is zero: by the Poincaré duality, the terms in the
alternating sum cancel each other out in pairs.

Using the Betti numbers, S, (V) = dim HMy(V;Z/2), we define the
Poincaré polynomial
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For example, Ps1(t) = 1 + ¢ and more generally,
Psn(t) =1+ t".

Moreover,
Ppnicy(t) =1+ 4 + 127,

and
Pro(t) =1+2t+1%, Ppery=1+1t+1t%

The Kiinneth formula immediately gives the relation
PVI X Va (t) = PVI (t)Pvz (t)

Writing 77 = St x -+ x St (n times), it follows that

Br(T") = (Z)

In particular, by applying Remark 4.1.2, we deduce that the sphere S™ is
only diffeomorphic to the torus T if n = 1. There are obviously quicker ways
than Morse theory to obtain this result (for example, the sphere is simply
connected and the torus is not).

It also follows (for t = —1) that

x(Vi x Vo) = x(Vi)x(Va).

Example 4.4.8. We find x(S? x S%) = 4. Taking the sum of the height
function on S? with itself gives a Morse function on S? x S? that has only
four critical points: a minimum, a maximum and two critical points of index 2,
which is consistent with our results, since 1 + 2+ 1 = 4.

4.5 Homology and Connectedness

4.5.a Connected Components and Homology

Proposition 4.5.1. If V is a compact connected manifold, then

HMy(V;Z)2) = 7,)2.
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92
Proof. Let B be the vector subspace of dimension r — 1 in Cy(f) generated

by the a1 + a; (for 2 < i <r). We will show that B is exactly the image of

8X : Cl(f) — Co(f)
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1
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Fig. 4.2

We begin by showing that dxC; C B, which is the easy inclusion. Let ¢
be a critical point of index 1. Its unstable manifold is of dimension 1, there
are therefore only two trajectories of X starting from c¢. These end up at
two local minima a; and a; (which are not necessarily distinct). We therefore
(a1 4+ a;) + (a1 + aj) € B.

have
Oxc = a; + aj

Hence 0x(C1(f)) C B.
Conversely, let us show that B C dx(C1(f)) (this is the central part of
the proof). It suffices to show that for every i, a; is in the same homology

M(z,y).

class as a;. Let
N=V-—
Ind(z),Ind(y)>2



4.5 Homology and Connectedness 93

Note that with Ind(z), Ind(y) > 2, we have codim M(z,y) > 2, so that N is
connected. For j =1,...,7, we set

Aj ={z € N |z ison a (broken) trajectory ending at a;} .

The sets A; are connected (all points of A; are connected to a;), N is the
union of the A; and Aj; is the union of the stable manifold of a; and the
orbits ending at a; and passing through a critical point of index 1. Figure 4.2
shows part of IV, with the corresponding parts of A; and A4;,.

Let us now show that the A; are closed subsets of N. It suffices to show
this for j = 1. Let (x,) be a sequence in A; that converges to x € N. We
will prove that x € A;. We assume that z,, is not a critical point of f, which
is sufficient for our needs. Let £, be the trajectory through z, and let ¢ be
the one through x. After taking a subsequence, if necessary, we may, and do,
assume that the trajectories £,, all end up at the same critical point b, which
may be a; or another critical point of index 1, itself connected to a; by a
trajectory.

Let ¢ be the critical point where ¢ ends. Its index is 0 or 1 because x
is in N. If ¢ = b, then the proof is finished. Otherwise, let /T be the point
through which ¢ enters the Morse chart of c. By the continuity of the solutions
with respect to the initial conditions, the £, also enter this chart. Let £} be
the entry point of £,. By Lemma 3.2.5, the sequence of the £} tends to £T.
Since we have assumed that ¢ # b, the trajectories £,, exit this chart through
points £, . Still by Lemma 3.2.5, the limit of a convergent sequence extracted
from the sequence (£,)) is a A~ € W¥(¢) (as in the proof of Theorem 3.2.2).
The trajectory A of A~ connects ¢ to a critical point a that must be of index 0.
Since the £,, enter the Morse neighborhood of a for n sufficiently large, we
necessarily have a = a1 (=b) and « € A;. Hence A; is a closed subset of N.

Since N is connected, there exists an index ¢; > 1 such that A; N A;, # @.
This intersection must contain a critical point of index 1, say c¢;. We have

Oxc1 = a1+ a;,,

so that a;, is in the same homology class as a;. Moreover, A; U A;, is con-
nected. Therefore there exists an index o such that (41UA;, )NA;, # @. This
intersection contains a trajectory coming from a critical point ¢y of index 1,
so that we have

Oxca=a1+a;, or OxcCy=a; + a.
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In both cases, the homology class of a;, is the same as that of a;. We re-
peat this argument until there are no a; left, thus showing that they are all
homologous to a. a

Remark 4.5.2. This proof is completely analogous to the one we used in the
classification of the manifolds of dimension 1 (in Section 2.3.b).

By applying the Poincaré duality, we deduce the following result from
Proposition 4.5.1.

Corollary 4.5.3. Let V be a compact connected manifold of dimension n;
then HM,,(V;2/2) = Z/2. a

Remark 4.5.4. Proposition 4.5.1 is true over Z, as can be seen by paying
attention to orientations in the proof. The analogue of Corollary 4.5.3 then
states that if V' is a compact connected oriented manifold of dimension n,
then HM,(V;Z) = Z.

Corollary 4.5.5. Let V' be a compact manifold of dimension n. Then
HMy(V;Z/2) and HM,(V;Z/2) are Z/2-vector spaces of dimension the
number of connected components of V.

Proof. We write V' as the disjoint union of its connected components:

v=1IV.

e

i=1

On each V;, we choose a Morse function f; and a suitable vector field X;. It
is clear that

Co(lI fi) =@ Ci(fi) and N x, = 9%,

giving the result. ad

Remark 4.5.6. The proof of Proposition 4.5.1 also tells us that a Morse
function on a compact connected manifold that does not have a critical point
of index 1 has a unique local minimum, a result that is essential in the proof of
a famous theorem in symplectic geometry, the Atiyah—Guillemin—Sternberg
convexity theorem (see for example [5] and the references to the original
articles given there).

4.5.b Fundamental Group and Homology (part 1)

In the same vein, and without truly using the Morse complex, let us begin
comparing the fundamental group and the first homology group of the (con-
nected) manifold V. The best possible result would be that HM;(V;Z) is
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the largest abelian quotient of the group 71 (V). This is indeed the case. We
will show later (in Section 4.8.a) a weaker result: if V' is simply connected,
then HM;(V;Z) is zero. For the moment, we content ourselves with noting
the following result.

Proposition 4.5.7. If the manifold V' admits a Morse function with no crit-
ical points of index 1, then it is simply connected.

Proof. We may, and do, assume that V is pathwise connected and choose a
minimum (say ag) of f as the base point. Let C be a loop in V. We may, and
do, assume that this loop is differentiable. If b is a critical point of index k,
then we know that dim W#(b) = n — k. By a general position argument, we
may, and do, therefore assume that C' meets none of the stable manifolds of
the critical points of index greater than or equal to 2. Since we have assumed
that there are no critical points of index 1, the loop C'is contained in the union
of the stable manifolds of the local minima, which are disjoint. Therefore C'
is contained in one of these stable manifolds, namely that of ag. But this is a
disk, in which we have no trouble contracting C' onto the base point ag. O

Example 4.5.8. For example, the sphere S™ is simply connected as soon as
n > 2.

4.6 Functoriality of the Morse Homology

We have seen (this is Remark 4.1.2) that a diffeomorphism between two man-
ifolds induces an isomorphism at the Morse homology level. More generally,
we would like to prove that a € map induces an homomorphism. Unfortu-
nately, having a map u : V' — W is not enough to construct a Morse function
on V from a Morse function on W, so that we will need to be more subtle.

The manifold V' that we are considering is a compact manifold, possibly
with boundary, endowed with a Morse function f and a pseudo-gradient
field X satisfying the Smale property, which moreover is pointing inward if
0V # @ (with the notation used before, OV = 9_V).

The results we are going to prove here are the following two theorems.

Theorem 4.6.1 (functoriality). Let u:V — W be a map of class €. It
induces a morphism of graded abelian groups

Uy : HM (V) — HM,(W).
Moreover, if v: W — Z is another C> map, then

(Vo u)y = vy O Uy.
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Finally, for the identity map Id : V — V| we have 1d, = Id.

To say that u, is a morphism of graded abelian groups is to say that this
map is a collection of morphisms

Ug - HMk(V) — HMk(W)

In technical terms, this theorem states that the Morse homology is a func-
tor from the category of differentiable manifolds and €*° maps into the cat-
egory of abelian groups. It is also a “homotopy” functor.

Theorem 4.6.2 (homotopy invariance). Let u:[0,1] xV — W be a C>
map. For ug(x) = u(t, z), we have (ug)x = (u1)s.

The idea of the proof of Theorem 4.6.1 is to use the fact that the compo-
sition
VAW =W x {0} cW x DV
is homotopic to an embedding (for N sufficiently large) and therefore to begin
by treating the case of embeddings.

Proof of Theorem 4.6.1 for embeddings. Given a pair (f, X) on V with the
Morse and Smale properties, the idea is to extend it to a pair (f,X) on W
with the same properties. From this we will deduce a morphism of complexes

u, : Co(f, X) — C.(fl,)?)

We will then show that the morphism it induces on the homology does not
depend on the choices of f and X.

The Case Where u Is a Diffeomorphism.

We saw in Remark 4.1.2 that the diffeomorphism u induces an isomorphism
of complexes
C,(f,X) — Co(f Ou_lvdu(XD'

Let us verify that the isomorphism induced on the homology does not depend
on the choices of f and X. Therefore, let (fy, Xo) and (f1, X;) be two Morse-
Smale pairs on V and let (F, X) be a Morse-Smale pair on [—1/3,4/3] x V,
as in Section 3.4. The pair (F o (Id xu™!),d(Id xu)(X)) plays the same role
for (fo ou™!,du(Xy)) and (f; o u™!,du(X1)). In other words, we have the
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following commutative diagram.

C(fo, Xo) —=0 s O (fo 0 u™, du(Xo))

JQ)F l@Fo(Id xu~1)
u

ol

Co(f1, X1) —=— C.(fr ou™t, du(X1))

Obviously, for two diffeomorphisms « and v, we have v, o u, = (v o u),, so
that v, o uy = (v o u)s. Finally, Id, = Id.

The Case Where u Is the Inclusion in a Submanifold.

Let us denote it by
iV e—W.

Proposition 4.6.3. Let (f, X) be a Morse-Smale pair on V. Then there ex-
ists a Morse-Smale pair (f,X) on W that extends it and satisfies:

(1) Crit(f) C Crit(f) and the index of a critical point of f is the same as its
index as a critical point of f.
(2) If a is a critical point of f, then 0 (a) = Ox(a).

As a consequence of this proposition, we have an (injective) morphism of
complexes

iv: C(f,X) — Cu(f, X)

defined simply by sending a (seen as a critical point of f) to a (seen as a

critical point of f). Moreover, this morphism does not depend on the choice
of the pair (f, X): we connect (fo, Xo) to (f1, X1) as usual, using a function

F:[-1/3,4/3]xV — R

and a vector field X on this product. We can make a commutative diagram

C.(fo, Xo) C&C.(%,Xo)

[P

Cu(fr, X1) s O, (1, X1)

by extending F' and X to F and )t(j as we extended f and X, so that if a is
a critical point of fo on V, then &' (a) = ¥ (a).
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The Case Where u : V. — W Is an Embedding.

We can view u as the composition of a diffeomorphism and the inclusion of
a submanifold: )
Vs (V) < W

Starting with (f, X) on V, we construct, as above, (f, X) on W and a mor-
phism of complexes

e Cu(f, X) — Cu(f, X)

by sending a to iu(a) = u(a).
We clearly have

v, o u, = (vou), and therefore also vy o uy = (v o u)y. m|

Proof of Proposition 4.6.3. Let us consider a submanifold V' of dimension n
of a manifold W of dimension p.

Let ¢ be a critical point of f on V' and let U be a neighborhood of ¢ in
the (larger) manifold W. We may, and do, assume that U is of the form
U= D" x DP™™. On such a U, it is easy to extend f by setting

Fley) = £) + 5 ol

and X by setting

X(z,y) = X(z) -y
(that is, by adding to X (z) the negative gradient of the square of the norm).
We therefore choose such a neighborhood U; of each critical point ¢; of f and
extend f and X by fixing this form on the U; and extending it arbitrarily on
the complement of the union of the U; in W.

U

Fig. 4.3
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Since all critical points of f on V are contained in the U; and X is a
pseudo-gradient, there exists an €y > 0 such that

d.]?(j(v') < —€o

on V —U(U; NV) as well as near the boundaries of the U;. Therefore there
exists an open neighborhood U of V U (UU;) in W such that

df(X) <0

on U with equality exactly in the ¢;.

In particular, f has no other critical points than the ¢; on U. Since we
have added a positive definite quadratic form to f, the index of ¢ as a critical
point of fis its index as a critical point of f.

There is no reason why the fthat we have obtained by extending f arbi-
trarily should be a Morse function outside of U. We therefore take a slight
perturbation that is a Morse function. We then construct a suitable extension
of X to a pseudo-gradient X using a partition of unity.

Remark 4.6.4. Note that every trajectory v of X with \ lim ~(t) =c€Vis
——00
completely contained in V' (we have assumed that X points inward near V).

The extended field X does not necessarily have the Smale property. We
do still have £ ¢(a,b) = Lx(a,b) for all critical points of f, so that

ng(a,b) = nx(a,b), and therefore d5(a) = dx(a).

If X does have the Smale property, then we have the expected result. By
taking a perturbation of X , if necessary, we obtain a field that is very close
and satisfies Smale. It may no longer be tangent to V' but it does still satisfy
ng(a,b) =nx(a,b). O

Remark 4.6.5. Note, in particular, that applying this proof shows that if V/
is a submanifold of a manifold W and if V is a tubular neighborhood of V'
in W, then HM, (V) = HM, (V).

Before concluding the proof of Theorem 4.6.1 (general case of a map that is
not an embedding), let us begin proving Theorem 4.6.2, which will be useful.

Proof of Theorem 4.6.2 for Embeddings. First note that since

Z iftx=0

HM,(DN;Z) =
0 otherwise
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for every diffeomorphism ¢ : DV — DY the map ,, which must be an
isomorphism of Z, can only be the identity map or its negative, that is,
1, = £ 1d. Moreover, it is the identity when 1) preserves the orientation.

Consequently, for every manifold V' and every diffeomorphism v preserving
the orientation of DV, the map ¢ xId : DY x V — DV x V also induces the
identity on the homology, since (¢ x Id), = ¢, ® Id, on the tensor product
of the complexes, so that (¢ x Id), = ¥, ® Id, = Id.

Let us now consider different ways to embed V in DV x V.

Lemma 4.6.6. For a € DN, leti, : V — DN x V be the embedding defined
by iq(x) = (a,x). Then:

(1) (i0)s is an isomorphism.

(2) (ia)x = (i0)«-
Proof. We consider a Morse-Smale pair (f, X) on V identified with {0} x V' C
DY x V. We extend (f, X) to (f, X) as before, that is, by setting

Foo) = 3 Il + F@) and X(y2) =y + X(2).

Then C,(f, X) = C.(f, X), so that (i), = Id. This proves the first statement.
For the second one, we use a diffeomorphism! ) : DV — D¥ that sends 0
to a. The commutative diagram
Ve DN gy
la sz x 1d
DN x VvV
gives (ig)x = (iq)«, as desired. O

To prove this particular case of the homotopy invariance theorem (Theo-
rem 4.6.2), we therefore consider a map

w:[0,1]xV —W
such that each u; is an embedding. Then

u:[0,1] xV — [0,1] x W
(t,z) — (t,u(x))

1 The existence of such a diffeomorphism can be proved by integrating a suitable vector
field on the disk DN, an exercise whose details are left to the readers (Exercise 19 on
p. 128).
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is an embedding. For the inclusions iy and i; (notation of the lemma), we
have two commutative diagrams:

from which we deduce
(wo)w = (ig )3 0 W0 (i )x = (i) 0 Ux 0 (if )i = (1) O
Proof of Theorem 4.6.1, General Case. Consider a map of class C*:
u:V— W.

We choose a sufficiently large integer N such that there exists an embedding
¢ :V — DN. Then (¢,u) is an embedding of V in DV x W. We consider the
diagram
DN x W
et
0
v — w
and set
uy = (i0)5 ! 0 (9, 1)

Let us show that the resulting morphism u, depends neither on the choice
of N nor on ¢ (so that, in particular, if u is an embedding, then for N = 0 we
will find what we have already constructed). We therefore consider another
map 1 : V — DM and the diagram

DN x W

/ |
%‘U

V —(, p,u)+ DM x DN x W
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where ¢y and kg are defined by
éo(yvx) = (O,y,(E) and k()(zvx) = (270737)'

We have kg o jo = £y oig, but the two triangles on the right of the diagram do
not commute. However, the diagrams induced on the homology do commute.
The homotopy “t1)” connects

lo(p(@),u(@)) = (0,9(x), u(x)) to  (p(x),¢(x), u(x))

and likewise the homotopy “t¢” connects

ko((x), u(x)) = (¥(2),0,u(x)) to (P(z), (), u(x)).

Using the diagram and these remarks, let us now study the map (ig); ! o

(p, 1)« We find

(i0)5 ' o (9, u)s = (i0); ' o (Lo); ' 0 (1,0, u)s
= (jo)y " o (ko)i " o (1, ¢, u)s

Hence our morphism u, on the homology does not depend on the choices we
made.

The verification of the functoriality follows the same course. For u : V—W
and W — Z, using ¢ : V. — DN and ¢ : W — DM we consider the following
diagram.

1% v w v VA
()| W W) /
®s / \L jo
DN x W DM x 7
14, ) | -
0
DM x DN x 7

The vertical arrow V — DM x DN x Z is an embedding composed of two
embeddings. We therefore already know that it satisfies the functoriality re-
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lation. Consequently, we can write

e 0ty = (Jo)i o (1, 0)4 0 (i0) o (p,u)s
= (jo)i " o (ko)it o (o (Id,))x 0 (¢, u)s
= (vou)y. O

End of the Proof of Theorem 4.6.2. It is an immediate consequence of the
above. We simply regard u; as the composition

V0,1 x VL W

Ut = U0y, SO that u, o (i), = (Ut)«... but we know that (ig)« = (i1)«, hence
(Uo)* = (ul)*. O

4.7 Long Exact Sequence

Let V be a submanifold of a manifold W. We will show that there exists a
long exact sequence in homology completing the map

(i0)x : HMy (V) — HM(W).

We will therefore use a Morse-Smale pair (f, X) on V that we will extend as
in Section 4.6, this time to a tubular neighborhood V of V' in W. This way, V
is a manifold with boundary, as is W — V, both with the same boundary V.
We have at our disposition a Morse function f whose critical points in V
are those of f on V and a vector field X satisfying the Smale condition,
which points inward into V (and points outward from W — V). The inclusion
19 : V. C W induces an injective morphism of complexes

(i0)x : (C(f),0x) — (Cu(f), 05).

The first of these two complexes computes the homology of V', the second
computes that of W, nothing new for the moment. We now define a (group)
morphism

Co(f) — Cu(fl—)

by simply sending the critical points of fthat are in 'V to 0. Since, as we said,
the critical points of f that are in V are those of f in V| we have a sequence
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of abelian groups,

Cu(f) — Cu(f) — Culf lp=v)-

Our second morphism is also a morphism of complexes: a trajectory of X
connecting two critical points of f that are not in V never enters V. The
complex C’*(ﬂm, J%), in turn, computes the homology HM,(W —V,9V)
because the field X points outward from W — V.

As is the case for all similar sequences, this exact sequence of complexes
induces a long exact sequence in homology as follows:

HM;, (V) —— HM(W) ——— HM(W =V, 9V)
a/
HM;_ (V) —— HM;_1(W)
To simplify the notation, we set
HM,,(W =V,0V) = HM,(W,V),

for the relative homology.? The connecting homomorphism of the long exact
sequence

HM;, (V) —— HMp(W) ——— HM(W,V)

HMkfl(V) —_— HMkfl(W)

has a simple interpretation: the map 0 sends a class in HM,(W —V,9V),
represented by a critical point a of f in W —V, to the class of the linear
combination of the critical points of f connected to a by trajectories of X,

OJa = Z ng(a,b).

beCrit(f)

Let us now consider a manifold M with boundary M,

OM <0 M.

2 For the readers who know what this is, it is indeed the relative homology obtained by
excision; see for example [25].
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We would like to apply the above to the pair (M,0M). It is however not

completely true that OM is a submanifold of M. We therefore replace M by

a manifold that is diffeomorphic to it and that has M as a submanifold.
The boundary has a “collar” neighborhood, that is, one of the form

OM x [—£,0] <5 M with i(z,0) = io(z)

(where € is a well-chosen positive real number and the notation is that of the
previous section®). Note that

M~ =M —i(] —¢,0)

is a manifold with boundary, diffeomorphic to M and with boundary
i—«(OM). We begin by adding a “mirror image” of this collar to M, by
considering the obvious gluing

M+ = M UOM x [0,€]

(see Figure 4.4). The boundary M is now a true submanifold of M*¢. More-

Dl

over, it has a neighborhood that is diffeomorphic to M x [—e, €].

Consider the pair (W, V) where W = M€ and V is its submanifold OM.
Since W is diffeomorphic to M, we have HM,(W) = HM,(M). Moreover,
HM, (W, V), which by definition is HM, (W —V,V), is exactly what we de-
fined to be HM,(M,90M) in Section 3.5 on cobordisms. We therefore obtain

M M—¢ M+6

Fig. 4.4

3 Recall that we can obtain such an i using the flow of a vector field that points inward.
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the following long exact sequence

H My (M) ——— HM;y (M) —— HM;(M,dM)
a/

HMj_1(OM) —— - -

Example 4.7.1. In the case of the disk (see Examples 3.5.1, 4.1.1 and Fig-
ure 3.12), the long exact sequence gives two isomorphisms,

HMy(S" 1 2/2) ~2 HM,(D";Z/2)

and

HM,(D",S"'.7/2) i> HM, (S"1,Z/2)

(the other groups in the exact sequence are trivial).

4.8 Applications

4.8.a Fundamental Group and Homology (part 2)

We will now show, as announced in Section 4.5.b, that the H; of a simply
connected manifold is zero.

Proposition 4.8.1. If V is simply connected, then HM,(V;Z/2) = 0.

Proof. We use a Morse-Smale pair (f, X) on V. We begin by describing the
1-cycles in V, that is, the elements a of Cy(f) such that dx« = 0. These are
linear combinations of critical points of index 1,

a=a;+- -+ ag.
Moreover, dxaq + - -+ + 0xaxr = 0. For a critical point a of index 1,
Oxa =cy + ¢,

where ¢; and ¢y are two critical points of index 0, which are not necessarily
distinct (Figure 4.5): the unstable manifold of a is an open disk of dimension 1
and we continue applying Theorem 2.3.2.
Therefore our cycle « is the sum of cycles

B=bi+--+bs
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by
a a b2 b3
by
c1 o ¢ = e Cc Cc3 Cyq
1

Fig. 4.5
with 0b; = ¢; + ¢;41 for local minima ¢,...,¢s (with cs41 = ¢1), as in
Figure 4.5.

Such a /3 defines an embedding ug of the circle S into V' such that the
function gg = f o ug has the ¢; as local minima and the b; as local max-
ima. Each 8 in a basis of Kerd C Cy(f) defines an (injective) morphism of
complexes

(ug)e : Culgs, Xp) — C.(f, X)

(Xp is the vector field on S whose image is the restriction of X) such that
the image of
(ug)y : HMy (S Z/2) — HM,(V;Z/2)

is the subspace generated by the class of 3.
Under the condition of simple connectedness on V, every map v : S — V
extends to a map v : D? — V. In particular, in homology,
U,
ug: St D2 2,y
gives a factorization

(ug)y : HMy(S";Z/2) — HM,(D?*;Z/2) % HM,(V;Z/2),

so that the class of 3 comes from HM;(D?;Z/2) = 0 and is therefore zero. [

4.8.b The Brouwer Fixed Point Theorem

Here is another proof of Brouwer’s theorem (Theorem 2.3.3).

Proof of Theorem 2.3.3. As in the earlier proof, we begin by reducing to the
case where @ is a C°° map and we assume that there is no fixed point. We



108 4 Morse Homology, Applications

then construct a retraction
r: D" —s g1

by sending x € D™ to the intersection point of the sphere S”~! and the ray
starting at ¢(z) and going through z. This way, if = is a point on the sphere,
it stays in place. The map r satisfies

roj=1Id:8""t—— D" — g7 L
Consequently, the composition r, o j,
HM, 1(S" % Z/2) — HM,, _,(D";Z/2) — HM,, _,(S" % Z/2),

must also be the identity from Z/2 to Z/2, while HM,,_1(D";Z/2) = 0, as
we noted in Example 4.1.1. This contradiction implies the existence of a fixed
point. a

In a similar way, we prove that if & < n, then there is no retraction of
the sphere S™ onto a subsphere S¥ C S™. Otherwise, in Morse homology the
composition

gk Ly gn Ty gk,

would give

HM(S%;Z/2) —2s HMy(S™52)2) — HM;,(S*: Z/2)
Z/2 — 0 — Z/2,

a zero map that should be the identity.

4.8.c Modulo 2 Homology of the Projective Space

Let us consider the sphere
st ={ze R™™ | ||lz||* = 1}

and its quotient by the equivalence relation z ~ —z, namely P"(R), the
real projective space of dimension n. The natural projection S™ — P™(R) is
denoted by p.

Let f be a Morse function on P™(R). The function fop is a Morse function
on S™ (locally there is no difference between S™ and P™(R)). It has two
critical points of index k, a and —a, above each critical point p(a) of f.

Likewise, if X is a pseudo-gradient field adapted to f, then there exists a
vector field X on S™ that is a pseudo-gradient field for f o p and such that,
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for every x on S™,

T:(p) ()?I) = Xp(w)'

So the trajectories of X project onto those of X. Moreover, if we suppose
that X satisfies the Smale property, then the same holds for X. In particular,
for all critical points a and b of f o p with consecutive indices, we have

ng(a,b) =ng(—a, —b).

Fig. 4.6

The formula a +— p(a) defines a morphism of complexes (Cx(f),95) —
(Cr(f), 0x) that we will denote by p, (this is not really an abuse of notation,
it is indeed the p, defined by the differentiable map p, as can be verified using

embeddings). Likewise, the formula
pla) — a+(-a)

defines a linear map

P Cul(f) — Ci(f).
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If « = p(a) = p(—a) is a critical point of f, then we have
Og(p'a) = 0% (a) + 0 (~a)
= an(a, b)b + an(—a,c)c
b c
=> ngla,b)b+ > ng(—a,—b)(-b).
b b

But there exists a trajectory from a to b if and only if there exists a trajectory
from —a to —b, so that this sum equals

ag(pla) = Z ng(a,b)b+ Z nz(—a,—b)(—b)
b —-b
= ng(a,b)(b+ (-b))
=> nx(a,B)(b+ (-b))
B

=Y nx(a, ) p'(B) = p'(Ox ).
B

| . .
Hence p’ is a morphism of complexes

P+ (Cul(f),0x) — (Cu(f o p), 05).

The composition

!

(Cl.0x) = (Culf o). 95) = (Ci(f), 0x)
first sends the critical point o onto a + (—a) and then onto
p(a) + p(—a) = 2a = 0.

More precisely, we have an exact sequence of complexes
!

0 — (Ck(f),0x) 2= (Ck(f o p), d5) 2 (Ci(f), 0x) — 0.

Indeed, a linear combination aj + --- + ax of critical points of f, sent onto
p(a1) + -+ -+ plag), can only be zero if each of the critical points of f in this
sum appear twice, that is, if

ar+ - Fap =a;, +(—a,) + -+ ai, + (—a;,.),
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or in other words, if this element is in the image of p'.

We therefore have an exact sequence of complexes that, as it should, defines
the following long exact Morse homology sequence.

HM (P (R); Z,/2) —— HM(S"; /2) —— HMy(P"(R); Z/2)
a/
HMj, (P"(R); Z/2) -
It follows that the connecting homomorphism
0: HM,(P*"(R);Z/2) — HMy_1(P"(R);Z/2)

is an isomorphism for 0 < k < n. We have therefore proved the following
result.

Theorem 4.8.2. We have HM(P"*(R);Z/2) 2 Z/2 for 0 <k <n. O

For the integral homology (the orientation questions must be treated with
care); see Exercises 24 and 25 on p.129.

Here is an explicit description of the connecting homomorphism of this
exact sequence. To determine this, it suffices to follow its abstract definition.
We begin by choosing a hemisphere of S™, for example the southern one for
a change. If v is a cycle in (Ck(f), 9x),

=01+t oy,
then we choose lifts a; of the a; in the southern hemisphere, obtaining a sum
a=ay+---+ar

whose image under p, is our cycle . Then dga is a linear combination of
critical points of index & — 1 of f, which is of the form

with b; in the southern hemisphere. We then have
dla] = [p(b1) + -+ - + p(bp)].

4.8.d The Borsuk—Ulam Theorem

Let us now prove the following famous theorem.
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Theorem 4.8.3 (Borsuk—Ulam). There does not exist any continuous
map
@: 8" — sl
with (—x) = —p(x) for every x.
This theorem has more or less colorful, not so serious applications (for

example, the fascinating fact that at every moment there exist two antipodal
points on Earth with the same temperature and atmospheric pressure).

Corollary 4.8.4. Let ¢ : S™ — R"™ be a continuous map such that

Y(—x) = —(x) for every x.

Then v has at least one zero on S™.

Indeed, if ¢ were never zero, then it would define a map ¢ = ¢/ ||¢|| with
values in S™ !, which is prohibited by the theorem. a

Here is the temperature—pressure theorem.

Corollary 4.8.5. For every map v : S™ — R", there exists at least one
point x of S™ such that ¥(z) = P(—x).

In particular, note that there does not exist any injection of S™ into R™.
The corollary can be proved by considering ¢(z) = (x) — ¢ (—x). O

Corollary 4.8.6. Let Fy, Fs, ..., F,11 be nonempty closed subsets of the
sphere 8™ whose union is the entire sphere. Then one of the F; contains
two antipodal points.

It suffices to use the map
W(x) = (d(z, Fr),d(z, Fy),...,d(z, Fy)). O

Proof of Theorem 4.8.3. Of course, as in the case of Brouwer’s theorem, we
are going to show that there does not exist any C*° map with the desired
properties (the result for continuous maps follows from it). A map ¢ with the
stated properties would induce a map @ : P*(R) — P"~}(R) that we will
show cannot exist.

So, let 1 be a C> map from P"*(R) to P"~1(R). Consider the diagram

HM (P (R); Z/2) — 2 HM(P"(R); Z/2)

| |

H My (P (R); 2/2) — = HM;,_1(P"Y(R); Z/2)
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where the connecting homomorphism 0 has been defined in Section 4.8.c.
From this diagram we will deduce that

by s HM,(P"(R); Z/2) — HM, (P"}(R); Z/2)

is nonzero which is absurd since the latter group is zero. We prove by induc-
tion that
Uy - HM(P"(R); 2/2) — HMy(P" ™ (R);2/2)

is an isomorphism for kK < n — 1.
For k = 0, this is a very general fact, which comes from the next lemma.

Lemma 4.8.7. Let V and W be connected manifolds and let u : V — W be
a C*° map. Then the induced map

Uy : HMo(V;Z/2) — HMy(W;Z/2)
1s the identity map.

Proof. We use the notation of Lemma 4.6.6. By definition,

Uy = (261)* o (’uﬂ’(/})*a

where 1 in an embedding V' — D¥. According to Lemma 4.6.6, ig : W —
DY x W induces an isomorphism in homology. It thus suffices to prove the
lemma when v is an embedding.

We showed in Proposition 4.5.1 that HMy(V';Z/2) is isomorphic to Z/2,
generated by any critical point ¢ of index 0 of a Morse function on V. On the
other hand, if u : V. — W is an embedding, the proof of Proposition 4.6.3
shows that u,(c) = u(c), where u(c) is a critical point of index 0 of an
appropriate extension of f ou~! to W. The lemma is proved. a

Suppose now that 1, induces an isomorphism at HMj_; level for some
k < n — 1. Assume the above diagram commutes. Since the two vertical
arrows are isomorphisms, by Theorem 4.8.2, 1, induces an isomorphism at
the H M, level.

Now consider the diagram for k = n. The left vertical arrow 0 is an
isomorphism (again by Theorem 4.8.2), so 1, 00 is an isomorphism. Therefore

¥y HM, (P™(R); Z/2) — HM,(P""\(R); Z/2)

is not zero, which is absurd.

It remains to prove that the diagram commutes. Let I" : P*(R) — D" be
an embedding. By definition, ¢, = (i *)«(I, %), so it is sufficient to prove
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that the diagrams

HM n . (Fﬂl))* N n—1 .
k(P"(R);2/2) —————— HM(D™ x P""(R); Z/2)

al la

HM;_1(P"(R); Z/2) T HM,_1(DN x P""1(R): Z/2)

and

HM;,(P"Y(R); Z/2) o) HM;,(DN x P"~'(R); Z/2)

al la

HM;_1(P"Y(R); Z/2) — HM;_, (DN x P""Y(R); Z/2)

20 )%
are commutative, where
d: HM, (DY x P""Y(R); Z/2) — HM;,_1 (DN x P""}(R);Z/2)

is defined by an analogous exact sequence of complexes.

The second diagram is obviously commutative: if we use the Morse function
2 ||lz||* on DV, the two exact sequences of complexes are identical and
(70)» = Id. We consider now the first one.

Recall that 1 was defined by a map

@: 8" — 5"t with  p(—x) = —¢(x).

This implies that

(Fop,p): 8™ — DN x gt
is an embedding. Now, we take a Morse-Smale pair (f, X) on P"(R). We
lift it to a Morse-Smale pair (f o p,X) on S™ as before. Then we extend
(fo(Il,y)~Y, T(I'4)X) to (f,X), a Morse-Smale pair on D x P"~}(R), as
in the proof of Proposition 4.6.3. We lift (f, X) to (f op, X) on DV x §n~!
(which is an extension of (f opo (I'op,o)~ L, T(I,¢)X)). This yields the
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diagram

X)L fop X)L ot X)——0

(o) |rone. j(nw.
7

0—— Cof

~

N pE—

0—— Cof

with horizontal exact sequences, commutative squares and vertical arrows
defined by Proposition 4.6.3. Using the definition of the connecting mor-
phism 0, it is then easy to check that the diagram is commutative. Note that
when we identified the left vertical arrows of the two diagrams, we implic-
itly used the fact that 0 does not depend on the choice of the Morse-Smale
pair on DV x P"~}(R). This is because 0 is an isomorphism and the only
isomorphism of Z/2 to itself is the identity. O

4.9 Appendix: The Morse Homology is the Cellular
Homology

In this appendix, we show that a Morse function and a pseudo-gradient field
on a manifold allow us to define a cellular decomposition of the manifold,
and that the Morse complex and the cellular complex are isomorphic.

We begin by recalling the definitions of decomposition and cellular com-
plexes. Following Latour [46], we then describe the cellular decomposition

associated with Morse-Smale pairs?.

4.9.a Complexes and Cellular Homology

In this section, we follow Dold’s book [25]. A cellular decomposition of a
space V (this can be any separated topological space; we will apply it to
compact manifolds) is a family & of subspaces of V' with the following prop-
erties:

e Every element e of € is homeomorphic to an open disk
e ¢ is a cover of V (by disjoints subsets).

The e are called cells. The union of the cells of dimension at most k of V is
called the k-skeleton of V and is denoted by V).

4 For another point of view, we refer to Laudenbach’s appendix in [12].
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e For every e of dimension k in &, there exists a continuous map
b : (BF,SF 1) — (VD ye, VD)

(called an attachment map) whose restriction to B¥ — S¥~1 is a homeo-
morphism on e.

We will assume that there are only finitely many cells.

Examples 4.9.1.

(1) On the sphere of dimension n, the complement of a point (say the south
pole S, to illustrate the ideas) is an open disk of dimension n. Together
with the missing point, it forms a cellular decomposition of the sphere,
whose skeletons of dimensions at most n — 1 are all the point S.

(2) The projective space is the union of an affine space and a hyperplane at
infinity, which in turn is the union of an affine space and a hyperplane
at infinity. .. and so on. Therefore the real (or complex) projective space
admits a cellular decomposition with a cell in every dimension (or in every
even dimension, respectively).

(3) The torus T? = R?/Z?, seen as a square whose sides have been identified
in pairs, has a cellular decomposition with:

e one cell of dimension 2 (the open square)

e two cells of dimension 1 (one coming from the horizontal sides, the other
coming from the vertical sides)

e and one cell of dimension 0 (coming from the four vertices of the square).

Remark 4.9.2. If we crush the (k — 1)-skeleton, that is, if we take the quo-
tient V(k)/V(k_l), then the result is a bouquet of spheres of dimension k,
each coming from a cell (a D*¥) in which we have identified all points on the
boundary with one point.

This bouquet can be a bouquet of zero spheres, as is the case for the sphere
of dimension n with &k <n — 1.

In the example of the torus of dimension 2 with the decomposition given
above, V(1 /V(0) is a bouquet of two circles.

The cellular complex K, is defined by letting K,, be the vector space
over Z/2 generated by the cells of dimension m (or the abelian group gener-
ated by the cells of dimension m if we want to define the integral homology).

The differential is defined by

Oc = Z N(c,d)d,
d



4.9 Morse Homology and Cellular Homology 117
where the number N (¢, d) associated with a cell ¢ of dimension m and a cell d
of dimension m — 1 is defined as follows:

e By definition, the cell ¢ is the image of a map P..

e We consider the decomposition

B, |gm-1: ML — ym=h _ ylm=l) jyy(m=2),

e The last space is a bouquet of (m — 1)-spheres, of which one corresponds
to the cell d (as noted in Remark 4.9.2); there is therefore a map

Wd . V(mfl)/v(m72) N Sm71

that crushes all the spheres except the one corresponding to d into one
point.
e The number N(c,d) is the degree (which we consider modulo 2) of the
composed map
Ugodb,: St — gmh

It can be proved (see [25]) that (K, ) is a complex (0 o d = 0) and that
the homology of this complex does not depend on the cellular decomposition
of V.

In the “Morse-Smale” context of a Morse function with a pseudo-gradient
field on a manifold V, we are going to construct a cellular decomposition
of V' whose cells will be the unstable manifolds of the critical points of the
function.

We will prove the following theorem.

Theorem 4.9.3. Let (f, X) be a Morse-Smale pair on a manifold V. There
exist a cellular decomposition of the manifold V' and an isomorphism

F:K, —C, withdoxoF =Fod

from the cellular complex to the Morse complex.

Consequently, the Morse homology of the manifold V' is isomorphic to its
cellular homology.

If we fix an orientation on each cell and define N(c¢,d) € Z as the degree
of ¥y 0P., we get a complex over Z and Theorem 4.9.3 is still valid.

4.9.b Cellular Decomposition Associated with a Morse-Smale Pair

In this section, we follow the definitions and ideas of Latour in [46]. The
compact manifold V is endowed with a Morse function f and a pseudo-
gradient field X. We assume that X satisfies the Smale property.
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As we said in Proposition 2.1.5, the unstable manifold of a critical point
of f is an open ball of dimension the index of the critical point. We first
compactify these unstable manifolds into closed balls.

Let ¢ be a critical point. We set

W) =w"()U (L(c, d) x | W“(d)) .

d

The union is taken over the critical points d such that £(c,d) is nonempty,
that is, over the critical points connected to c. By the Smale property, the
indices of these points are less than the index of c.

We now endow Wu(c) with a topology. We of course use the topology
defined on the multiconnection spaces L(c,d) in Section 3.2. Let (\,z) €
L(eydy) x -+ x L(dg—1,d) x W"(d). We can describe a fundamental system
of open neighborhoods W (A, z, U%, U=, U*) of (A, z) in W"(c) as follows:

e Obviously, U is a neighborhood of x in V.
e W(A\, U, U") is a neighborhood of A in £(c, d).
o If (u,2') € L(c,d;) x W¥(d;) (for some i < k), then we say that

(1) € W, \,U°, U, UY)
if:

~ 2’ e U°.

— The trajectory from d; to x’ passes through U ; for j > i and through
U;r for j > i.

— e WW, U, Ut (where N = (\1,...,\;) and the U=’ are defined
as you might expect).

For example, if ¢ is a critical point of index 0, then W*(c) equals {c} and
so does W "(c) (this is indeed a cell of dimension 0). Here are some less trivial
examples.

Examples 4.9.4.

(1) Let ¢ be a critical point of index 1. Then W*(c) consists of points on V' ly-
ing on the trajectories from c to critical points of index 0, two trajectories,
whose endpoints in V' would be these two (or the one) critical point(s).
In Wu(c), we add a point for each of these trajectories. Whether their
endpoints are the same or not, the two trajectories give distinct points:
L(c,d) x W¥(d) contains the two points {¢1} x {d} and {¢2} x {d}.
Hence W"(c) is a closed disk of dimension 1 (Figure 4.7).
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Fig. 4.7 Critical point of index 1

(2) Next, let ¢ be a critical point of index 2. The unstable manifold is an open

disk of dimension 2. Let us see what we need to add to it:

For every critical point d of index 1 connected to ¢, we add the product
of £(c,d) = L(c,d) (the trajectories from c to d, a point for each of
the trajectories in question) and its unstable manifold W*(d) (an open
interval, as above).

For every critical point e of index 0 connected to ¢, we add the product
of the set of trajectories from ¢ to e (open segments, with their bound-
aries, the set of broken trajectories, which links it to the trajectories
connecting ¢ to the critical points of index 1) and its unstable manifold
(the point e itself).

Figure 4.8 shows, in dimension 2, the example of a critical point ¢ of
index 2 (thick dot) connected to a unique critical point d of index 1 and
a unique critical point e of index 0. The figure on the left shows three
critical points of the (height) function, the figure on the right shows the
closed “cell” W*(c), with:

The point ¢ and its unstable manifold W*(¢) (an open disk of dimen-
sion 2).

The unique trajectory £(c,d) from c to d shown as the small open dot
(which symbolizes the point d in the figure on the left).

On the boundary of the disk we see the product £(c,d) x W*(d); since
L(c,d) consists of one point, the unstable manifold of d, this product
consists of an open segment (shown as a thick line segment) consisting
of the two trajectories from c to d.

The unstable manifold of the point e of index 0 is of course a single
point.

The boundary of the disk also contains £(c, e) x W*(e), that is, the open
segment L(c, e) of the trajectories from c to e, shown here as a circular
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arc, as well as the two broken trajectories from ¢ to e (through d) which
are the common endpoints of the thick segment and thin circular arc.

(€,tre) L(c,d) x W*(d)
¥ Lled) ={t}
o S
(f,ég,(i)

Fig. 4.8 Critical point of index 2

We are going to show that the W¥(c) give a cellular decomposition of the
manifold V', where the attachment maps &@. are defined on W*(¢) by the
inclusion and on the “boundary” by their restriction to each “piece” as given
by the projection

Pel ety sy © (e d) x W(d) — W(d) C V.

Let us begin with a few examples. We give a complete description of the
different cells for the examples of Morse functions and pseudo-gradient fields
used before.

Examples 4.9.5.

(1) The round sphere. For the height function on the round sphere of dimen-
sion 2, the situation is very simple. Let a be the maximum and let b be the
minimum. The cell of dimension 2 around a consists of an open disk (the
unstable manifold W*(a)) and, at the boundary, the circle £(a, b) x W*(b).
The attachment map crushes £(a,b) x W*(b) onto the point W*(b). We
thus have the cellular decomposition of the sphere into a cell of dimension 0
and one of dimension 2.

(2) The example of the “other” sphere is the one shown in Figure 4.8.

(3) The torus. Figure 4.9 represents, on the left, the Morse function on the
torus with the pseudo-gradient given in Section 2.2.a, and on the right,
the closed cell around the critical point of index 2. To represent the cell
of dimension 2, we have, as in Figure 4.8, represented the L(c,d;) by
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small open dots, the L(c,d;) x W*(d;) by thick line segments and the
L(e,e) x WH(e) by (round) circular arcs.

e dl e
- L(cvdl)
E(C,dg)
d2 < d2
ﬁ(c,dg)
Y
E(c,dl)
(& dl e

Fig. 4.9 Critical point of index 2 on the torus

4.9.c Proof of Theorem 4.9.3
We must prove two things:

(1) The W"(c) indeed define a cellular decomposition of V.
(2) The two complexes are isomorphic.

Let us begin with the second result.

The Isomorphism of the Complexes

The complex K, is defined in Section 4.9.a, where each cell is defined by the
unstable manifold of a critical point. The map F sends this critical point to
the cell. Hence F' is clearly bijective.

It is an isomorphism of complexes because the number N(c, d) that defines
the differential of K, is equal to the number of trajectories connecting ¢ to d,
that is, the n(c, d) that defines the differential of the Morse complex.

In fact, N(c,d) is the degree of the map Wyo0 @, : St — S§™~1 defined
above, for m = Ind(c). The source of this map is the boundary of W" (c),
which we, for the moment, admit to be a sphere (this is one of the results
proved in this subsection). The target of this map is the quotient obtained by
crushing the (m — 2)-skeleton and the spheres that do not correspond to d,
that is, D! / D™ . We can also view this quotient as a compactification
of D™ 1 through the addition of a point, where the open disk D™ ! is
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identified with the unstable manifold W*(d) C V. If £ € L(c,d), then for
m € W¥(d), we have
Uy0P.(0,m)=m

and the other points of the boundary of Wu(c) are sent onto the point that
is the image of the boundary.

We therefore have n(c,d) (the number of trajectories connecting ¢ to d)
disjoint disks on S™~! that are sent onto D™~! € §™~! by homeomorphisms,
and the image of the complement is the remaining point. The degree N (¢, d)
is therefore indeed the number n(c, d) of trajectories.

The Cellular Decomposition

We have seen (Proposition 2.1.5) that the unstable manifold W*(c) of a
critical point ¢ is an open ball (of dimension the index of ¢). The restriction
of &, to W"(c) is a homeomorphism and its image is contained in V™d(e),
We must show that W"(c) is homeomorphic to a (closed) ball of the same
dimension whose interior is W*(c).

To do this, consider, for every A € R,

W' (e, 4) = {(2,0) € W"(0) | f(x) = 4}

and
W(c, A) = {(z,3) € W*(c) | f(z) = A}.

For A = f(c) — e and ¢ sufficiently small,
W(e, A) = W*(c) N 2(c),

where 2(c) is the open set of the Morse chart corresponding to the parame-
ter e, so that W (¢, A) is clearly homeomorphic to a closed ball.
For A < min(f), we obviously have

W (e, A) = W"(c).
We must therefore show that the topology on Wu(c, A) does not change
when A decreases from f(c) — € to very negative values. The following is a

situation where this can be shown easily.

Proposition 4.9.6. If the interval [B, A] does not contain any critical value
of f, then W“(c7 A) and WU(C,B) are homeomorphic. Moreover, the home-
omorphism (sends W*(c, A) onto W*(¢, B) and) can also be chosen equal to
the identity on WU(C,A +0) ford > 0.
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Proof. Theorem 2.1.7 applied to the sublevel sets of —f gives a diffeomor-
phism
I':{f(z) 2 A} — {f(z) > B}.

The formula
x: W (e, A) — W"(c,B)
(A, ) — (A, I'(2))
defines a homeomorphism x that has the stated properties. O

We are left with understanding what happens to Wu(c, A) when A crosses
a critical value. As in Section 2.2.c, we assume that the critical values of f
are distinct. We have the following result.

Proposition 4.9.7. Let d € Crit(f), let A= f(d) and let € > 0 (defining a
Morse chart 2(d)). Then there exists a homeomorphism

W', A+e) =W (c,A—¢)

(that sends Wh(c, A + €) onto W¥(c, A — €) and) that is the identity on
W (e, A+¢e+0d) ford>0.

This proposition is illustrated by Figure 4.10, which shows Wu(c, A) for
A = f(d) — e (and where the shaded area represents W' (¢, A) for A > f(d)).
In the figure, Ind(d) = Ind(c) — 1, £(c, d) has four elements, and there is no
critical value in | f(d), f(c)[.

o Lled) o Eled)

Fig. 4.10
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Proof of Proposition 4.9.7. Because of the way it was defined (in the proof
of Theorem 2.1.7), we know that the diffeomorphism I" sends every point
onto a point of its own trajectory. For (A, z) € WU(C, A+e), if the trajectory
through x does not end up at d (that is, if x € W#*(d)), then we can define
X (A, z) using I'. We therefore define our homeomorphism on an open set U

around
P= {(/\,x) eW'(c,Ave)|ae WS(d)},

so that it glues well with the homeomorphism y, which is defined on the
complement of U as in Proposition 4.9.6.

We Begin With the Simple Case Where Ind(c) — Ind(d) =1 and Ind(d) # 0.

In this case,
P C M(c,d) € W¥(c) c W"(c);

in other words, P contains only the points lying on the trajectories from c to d
above the level A+¢. Under the condition on the difference of the indices, the
set L(c,d) = M(c, d)/R of these trajectories is finite. We fix £ € L(c, d) and let
(e M(e, d) be the corresponding trajectory seen as the set of its points in V.
Let a be the point of this trajectory at the level A+, let a = £N fH(A+e)
and let D C W¥(c) N f~1(A + ¢) be a small disk of dimension Ind(d) that
intersects S (d) transversally at a. The Smale condition plays an essential
role here.

Proposition 3.2.10, which is illustrated by Figure 3.6 (the figure in the
form of a bottle), tells us what happens to D — {a} when we push it into the
level set f~!(A — ¢) along the gradient lines.

This map & transforms it into an annulus C' = S™4(=1x]0, ] that to-
gether with S_(d) = S™d(D=1 x {0} forms a manifold with boundary. We
return to this figure (now Figure 4.11) to describe our homeomorphism y in
the neighborhood of £NW" (¢, A + €).

First of all, x is the identity on W' (¢, A + & + §). The neighborhood U of

(N (W e, A+e)—W"(c,A+¢e+9))

that we consider is a cylinder (the bottle’s top) above D, defined by the
gradient lines, as in Figure 4.11. There is a second cylinder in the figure,
denoted by U and contained in f~1([A — ¢, A+ ¢]): it is the interior of the
bottle. It is restricted at the top by D and at the bottom by C'U W*(d,¢)
(and its lateral part is made up of gradient lines).

We choose a homeomorphism I' : U — U as describe in Figure 4.11:

e [ is the identity on the top part of U.
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/\ _
fTHA+e+9)

Im®d=C

Fig. 4.11

e Above the shaded part, it is the I" defined by Proposition 4.9.6 (in par-
ticular, on D — D’ it coincides with the @ defined and used for Proposi-
tion 3.2.10).

e [ sends D’ onto W*(d,e).

The desired homeomorphism is defined on U by

x(x) = I'(x) ifxg D

x(x)=(I'x) ifzxeD.
It glues well with the homeomorphism of Proposition 4.9.6 on the lateral
part of U. Since £(c,d) is a finite set, we can choose neighborhoods U as
above that are mutually disjoint. We obtain a finite number (namely n(c, d))
of cylinders U U U in V that meet only along W*(d,e). The map x defined
above on the union of these cylinders, viewed in w" (¢, A+ ), is injective.
It is also continuous, as can easily be verified. The set L(c,d) x W*"(d,¢)
(which is added to W" (¢, A) when A crosses the critical value f(d)) is indeed
contained in the image, and outside of the cylinders, x glues well with the
map defined by Proposition 4.9.6.
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We can verify without difficulty that it is a homeomorphism, concluding

the proof in this case.

The More General Case Where Ind(c)—Ind(d) is Arbitrary (and Ind(d)#0).

We need to define y in the neighborhood of the points (A, z) € W (¢, A +¢)
with x € W*(d):

(a)

Let us first consider the points of P that are in M(c, d) as in the previous
case, that is, the points (A, z) = € W"(c¢) N W*(d). We can see that

L(e,d) =M(c,d)N fHA+e)

is a submanifold of codimension Ind(d) of W*(c) N f~1(A +¢).
Let D be a tubular neighborhood of £(c,d) in W%(c) N f~Y(A +¢). Tt is
a disk bundle of dimension Ind(d) on £(c,d). For £ € L(¢,d), the fiber D,
is a disk that meets S, (d) transversally at ap = £ N f~1(A + ¢). For each
¢ € L(c,d), we therefore have a figure analogous to Figure 4.11 (D is
replaced by Dy) and a homeomorphism Iy : Uy — Uy U (7@ defined in an
analogous way. The cylinders U, meet each other only along W*(d, ¢).
On the cylinder bundle U defined above D by the gradient lines, we then
define y by setting

x(x) = Ie(x) if z ¢ D

x(z) = (4 I(z)) ifzeD;
(of course, Dj is the analogue of D’).
Let us now consider an arbitrary point P. It can be written as (A, x),
where \ € £(c,d') and x € M(d',d). Note that for d’ # ¢, such a point x
is not in the domain U on which we have just defined x: in fact, U is
contained in W*(c¢). As we have just shown, we can define x = x4 in a
neighborhood U = Uy of M(d',d) N {f > A+ e} (d' plays the part of ¢).
We then define y in the neighborhood of (A, z) in W" (¢, A +¢) by setting

XNy y) = (N, xar (y)).

We have now defined y in an open neighborhood of P. Note that the image
of x contains L(c,d) x W*(d,e). We extend it to all of W" (¢, A +¢) as in
Proposition 4.9.6 and verify without difficulty that it is a homeomorphism.
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To Conclude the Proof, the Case Where Ind(d) = 0.

In this case,
P= {()\,x) EW'(c,At+e)|ae WS(d)}

is a connected component of W' (¢, A + ¢).
We define x on P as follows:

A\ x) if f(x)>A+e+90
XA, z) =< (A4, d) if f(z)=A+e¢

N I(z) i f(x)€lA+e, A+e+]
(£ denotes the trajectory of ). In this formula I is a diffeomorphism between
We(d)NfL(JA+e, A+e+6]) and We(d) N f1(]f(d), A+ e + J]) obtained
by pushing along the gradient lines. Elsewhere, we define x using Proposi-
tion 4.9.6 and verify (still without difficulty) that it is a homeomorphism.

The construction shows that y satisfies the required properties, that

is, that its restriction to W' (¢, A + & 4 6) is the identity and that
X(W¥(e,A+¢€)) = W¥(c,A—¢). This concludes the proof of Proposi-
tion 4.9.7. a

And that of Theorem 4.9.3.

Exercises

Exercise 16. Does there exist a Morse function on S? x $2 that has a min-
imum, a maximum, one critical point of index 2, and whose other critical
points all have indices 1 or 37

Exercise 17. Show that the complex projective space P™(C) is simply con-
nected.

Exercise 18. Is the quadric Q of Exercise 8 (p. 19) diffeomorphic to P?(C)?
We send P1(C) x P!(C) into P?(C) using

([a, b], [u,v]) — [au, bu, av, b].
Show that this is an embedding whose image is described by the equation
ZOR3 — Z1R2 = 0.

Prove that Q is diffeomorphic to S? x S2.
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Exercise 19. Figure 4.12 shows the graph of a diffeomorphism
p:]—-11—]-1,1]

We set a = ¢(0). Show that ¢ is the flow at time 1 of a vector field on | —1, 1],
and draw the latter. Let D be the open disk of center 0 with radius 1 in RV
and let a € D. Construct a vector field on D whose flow satisfies ! (0) = a.

K

Fig. 4.12 Fig. 4.13

Exercise 20.If v : V — W is a C°° map and if V and W are compact
connected manifolds, then

u, s HMo(VZ/2) — HMo(W;Z/2)

is an isomorphism (it is the identity because both spaces are isomorphic
to Z/2).

Exercise 21. Let V be a compact connected manifold of dimension n with-
out boundary and let D be a disk of dimension n embedded in V. Show
that

HM,(V —D;Z/2) = 0.

Deduce that if u: V™ — W™ is a C°° map that induces a nonzero map
uy : HM,(V;Z/2) — HM, (W;Z/2),
then it is surjective.

Exercise 22. Let W be a compact manifold of dimension n+1 with boundary
and let V' be its boundary, V' = 0W. Assume that V is connected:
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(1) Prove that the inclusion V' C W induces the zero map from H M, (V;Z/2)
to HM, (W;Z/2).

(2) Deduce that if u : V' — Z is a > map from V to a manifold Z of the
same dimension whose induced map u, on the homology H M,, is nonzero,
then u cannot be extended to a map uw: W — Z.

(3) In particular, there does not exist any map from W to its boundary that
restricts to the identity on the boundary (that is, a retraction). The case
W = D"*! is that of Brouwer’s theorem.

Exercise 23. Let V be a compact manifold. Show that there does not exist
any retraction of V onto a proper subset (see Section 4.8.b, if necessary).

Exercise 24. Describe the stable and unstable manifolds, with orientations
and co-orientations, for the Morse function f considered in Exercise 6 and a
pseudo-gradient field X on P?(R). Compute the homology of the complex
(Ci(f;Z),0x). Show that

V4 if k=0,
HMk(PQ(R),Z>= Z/2 ifk‘zl,
0 otherwise.

Exercise 25. Consider the cellular decomposition of S™ with two cells in
any dimension, one being the image of the other under the antipodal map.
Determine the differential 0 of the cellular complex induced on P™"(R) (as
defined in Subsection 4.9.a). Compute H My (P™(R);Z/2). Fix an orientation
on each cell of P"(R) and use the same method to compute H M (P"(R); Z).
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Introduction to Part 11

The second part of this book is devoted to the construction of Floer homology,
with the aim of proving the Arnold conjecture. This states that the number of
periodic trajectories of period 1 of a Hamiltonian vector field on a symplectic
manifold W is greater than or equal to

> HM(W;Z/2).
k

As we said in the preface of this book, the juxtaposition of the Morse
inequalities and the Arnold conjecture is not accidental. Indeed, the strategy
of the proof, due to Floer, consists in presenting the trajectories in question
as critical points—no longer of a function on a manifold, but of an “action
functional”! on the space of loops on W (a periodic trajectory is in fact a
loop on W). The next step is to construct a complex (the Floer complex)
analogous to that of Morse, whose differential “counts” the solutions of the
Floer equation. By construction, the homology of this complex, called the
Floer homology, is linked to the number of periodic trajectories. We then
need to show that this homology is isomorphic to the Morse homology of the
manifold.

We give the details of this strategy on page 160, and apply it in this part
of the book. Let us give both an outline of the proof of the Arnold conjecture
and an overview of the contents of this part.

The first thing we need to do is to construct the “action functional” (in
Section 6.3) on a space of loops on our manifold, whose critical points are
the periodic solutions we are looking for. This is the analogue of the Morse
function. With its critical points, we will attempt to construct a complex,

1 Since Hadamard it has been the tradition to name functions defined on infinite-
dimensional spaces in this way.
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as in the Morse case. The grading on the Z/2-vector space generated by
the critical points is given by the Maslov index, which we will define (in
Chapter 7).

To define the differential, we will use the analogue of a pseudo-gradient
field, in this case the (opposite of the) gradient of the action functional with
respect to some metric (see Section 6.4). We will show that its trajectories
of finite energy, the solutions of the “Floer equation”, connect two critical
points. As in the Morse case, we will prove a compactness property for the
spaces of trajectories (Theorem 6.5.4). In general, because of transversality
properties, these spaces of trajectories are manifolds (Chapter 8). This en-
ables us to count the trajectories, considered as elements of a zero-dimensional
manifold, and to define the differential of the Floer complex.

To prove that the latter is indeed a complex, in other words, that dod = 0,
we will establish, as in the Morse case, a gluing property (Chapter 9). Still
as in the Morse case, we will show in Chapter 11 that the homology of the
resulting complex depends neither on the choice of the functional nor on
that of the vector field. Before doing so, we will have shown, in Chapter 10,
that in the case of a €2-small Hamiltonian that does not depend on time, the
Floer homology coincides with the Morse homology of the manifold. This will
therefore be true in general. The obvious inequality between the dimensions
of the vector spaces in this complex and its homology will therefore give the
expected result, in a manner completely analogous to the Morse inequalities
(Proposition 4.4.3).

So the Morse complex, which was the object of the first part of this book,
acts as a guide for the second part. The objects being studied are now much
more complicated and require a sophisticated analysis. The Floer equation, a
differential equation on the “gradient trajectories” of the action functional, is
a partial differential equation, to which we are able to apply elliptic regular-
ity techniques (given explicitly in Chapter 12). The definition of the complex
requires the fact that the linearization of this equation provides Fredholm
operators. The proof of the properties that allow us to assert that the Floer
complex is indeed a complex is much more technical than that of the analo-
gous statement for the Morse complex.

We have relegated to one chapter (that KTEX has wisely chosen to num-
ber 13 and that the superstitious readers can skip) a number of technical
lemmas used in particular in the proof of the gluing property.



Chapter 5

What You Need To Know About
Symplectic Geometry

There are many good books on symplectic geometry, in particular [18]
and [50], to which we refer for any details that may be missing here.

5.1 Symplectic Vector Spaces

These are real vector spaces endowed with nondegenerate alternating bilinear
forms. The archetypical and, we will see, unique, example is R x R™ endowed
with the form

w((p,9),@,d) =p-d -9 q

(the dot - of course denotes the Euclidean inner product on R™).
In fact, there is only one example, as stated in the following proposition.

Proposition 5.1.1. Let w be a nondegenerate alternating bilinear form on a
finite-dimensional vector space E. There exists a basis (€1,...,€n, f1,-- s fn)
(called symplectic) such that w(e;, f;) = 6;; and w(e;, ej) = w(fi, fj) =0.

Proof. Since w is nondegenerate, it is nonzero and we can find two vectors ey
and f1 such that w(es, f1) = 1. We can verify that w restricts to a nondegen-
erate form on the orthogonal (for w) of the plane {e1, f1) and we conclude by
induction on the dimension, after having noted that an alternating bilinear
form on a space of dimension 1 is zero. O

In particular, the dimension of F is even and is the only invariant of the
isomorphism type of (F,w). In a symplectic basis, the matrix of the bilinear

form w is
0 Id
J = (—Id O>‘
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Note that this is the opposite of the matrix which corresponds to the standard
complex multiplication on C™ = R?". To avoid confusions we will denote the

latter
0 —1Id
%_Gdo)’

Example 5.1.2. If (eq,...,e,) is an orthonormal basis of R™, then we have

see Section 5.5.

w((e,0),(0,e5)) = di 5

so that the basis

((e1,0),...,(en,0),(0,e1),...,(0,e,))

is a symplectic basis of R™ x R™.

5.2 Symplectic Manifolds, Definition

Let us try to understand what the definition of a symplectic manifold might
be. We will first require that every tangent space be endowed with the vector
structure defined above: the manifold W will be endowed with a differential
2-form w, that is, with an alternating bilinear form w, on T, W for every x.
We moreover want each w, to be nondegenerate. If the (necessarily even)
dimension of W is 2n, then we can write this condition as

2n
Wit = AN"wy £0€ NToW

for every x. In other words, we require that the 2n-form w”" be a volume
form on W. Note that, in particular, the manifold W must have a volume
form and therefore be orientable.

In fact, this definition is insufficient: we also want the differential calculus
that w allows us to do on W to be locally the same as the one we already
have on R™ x R" using the “constant” form. Let us therefore write this form
as a differential form: we denote the vectors of R™ x R™ by X = (p,q),
X' = (p',q) so that we have

WX, X)=p-¢d -1 q
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In other words,
w = dei Ndg; = d(zpid%)-
i=1 i=1

In particular, w is an ezact form. We could require a symplectic form to be
exact. .. unfortunately, this would preclude the use of compact manifolds. In
fact, we have the following result.

Proposition 5.2.1. On a compact manifold there do not exist any 2-forms
that are both nondegenerate and exact.

AT s a volume

Proof. We have said that w is nondegenerate if and only if w
form. Since W is compact, we know that the volume forms are not exact.’
Now, if w were exact, then we would have w = da, but then the volume form

W™ would be exact: w" = d(a A w"1), 0

In fact, if we want to compute locally as in R™ x R"™, then what we need
is a condition of “local exactness”... that is, of closure. This leads us to the
correct definition.

Definition 5.2.2. A symplectic manifold is a pair (W, w) where W is a man-
ifold and w is a nondegenerate closed 2-form. Such a form w is called sym-
plectic.

A diffeomorphism ¢ from one symplectic manifold (W;,w;) to another
(Wa,ws) is called symplectic if it satisfies p*wa = w1. We sometimes also say
that ¢ is a symplectomorphism.

Of course, we will often, by abuse of notation, call W a symplectic mani-
fold, without mentioning the form w when there is no risk of confusion.

5.3 Examples of Symplectic Manifolds

Obviously, R™ x R™ with the constant form ) dp; A dg; is a symplectic
manifold.

The Cotangent Bundles

If V is a manifold, then we consider the total space of its cotangent bundle,

with the projection
Tm: TV — V.

1 See the basics of de Rham cohomology in, for example, [45] or Chapter VIII of Vol. I
of [74].



138 5 What You Need To Know About Symplectic Geometry

On T*V there is a canonical differential 1-form A called the Liouville form,
which is defined by

Az, 9)(X) = ¢(T(z ) m(X)),

where x € V, ¢ € TV and X € T, ,)(T*V). We can easily verify that w =
d\ is nondegenerate (and even more easily that it is closed!). If (¢q1, . .., ¢n) are
the local coordinates on V' and if (p1, ..., p,) are the “dual” coordinates, then
(P1y- -y Dnsq1y-- -5 qn) is a chart in which A = >~ p;dg; and w = dp; A dg;.
We often say that w is the “canonical symplectic form” on the cotangent.?
The example of R™ x R"™ given above can be seen as the case V = R".

Surfaces

On a surface W, all differential forms of degree 2 are closed. Moreover, in
dimension 2, saying that a 2-form is nondegenerate simply means that it
does not vanish anywhere. On a surface, the notion of “symplectic form”
coincides with that of “volume form”: all orientable surfaces can be viewed
as symplectic manifolds.

Fig. 5.1 Symplectic form on the sphere

The sphere

We consider the unit sphere S? in R?, whose tangent space at a point v is
the plane orthogonal to the unit vector v. We set

wo(X,Y)=v- (X AY)

(Figure 5.1). This is a nondegenerate 2-form (as can be checked directly) and
therefore a symplectic form.

2 This is another example of an exact symplectic form, on a noncompact manifold, obvi-
ously.
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The Complex Projective Space

The most pleasant way to describe a symplectic form on the complex pro-
jective space is to use the quotient structure of this space. Let us therefore
consider

C"' = {p+ig|pe R, ge R"} = R" x R",

endowed with the usual symplectic form on R"! x R"*!. The complex
projective space is the quotient

C"! — {0} /Jr ~y <= I\ #0 such that y = \z.
It is often convenient to view this as the quotient of the (compact) sphere:
S+ gy = 3N € S' such that y = A,

for example to show that it is a (Hausdorff and) compact space. We thus
have the following diagram.

g2n+1 _J - {0}

|

P"(C)

The 2-form j*w is necessarily degenerate. Its kernel at z € S?"*1 is the line
generated by the vector iz in the tangent space T,S?"*1 = z1 (as can be
checked directly), so that (j*w), induces a nondegenerate bilinear form on
the quotient vector space T, S?"*+1 /ix that is none other than the orthogonal
of the vector = for the Hermitian form. On the other hand, the real line

generated by iz is also the kernel of
Tym : T, 8" — Ty () P™(C),

so that the formula o
U[w](Y, Z) = wgc(Y, Z)

(where x € [z], Tym(Y) =Y, Tyn(Z) = Z) indeed defines a 2-form and that
we have shown the following result.

Proposition 5.3.1. There exists a unique 2-form o on P™(C) such that

™o = jrw.
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It is a symplectic form. O

Darboux’s Theorem

In the same manner that there is only one type of symplectic vector space of
dimension 2n, there is, locally, only one structure of a symplectic manifold
of dimension 2n, as stated in Darboux’s famous theorem.

Theorem 5.3.2 (Darboux). Let © be a point of a symplectic manifold
(W,w). There exist local coordinates (qi,...,qn,P1,---,Pn) centered at x in

which
w = Z dp; N dg;.

It suffices to integrate a well-chosen vector field (following Moser’s “path”
method [57])... For a complete proof, we refer the readers to their favorite
symplectic geometry books, for example [50] or [5].

5.4 Hamiltonian Vector Fields, Hamiltonian Systems

If H: W — R is a function, then the symplectic form allows us to associate
with it a vector field, a kind of gradient: the Hamiltonian vector field X g
(sometimes called the “symplectic gradient” of H). It is the vector field de-
fined by the relation

we (Y, Xp(x)) = (dH)(Y) forevery Y € T,W

(or by tx,w=—dH).
Note that the vector field X is zero at z if and only if z is a critical point
of the function H:
Xp(x)=0<«= (dH), = 0.

In particular, the singularities (or zeros) of a Hamiltonian vector field are the
critical points of a function.
The Hamiltonian system is the differential system associated with this
vector field, that is,
@(t) = Xu(z(t))-

Note that the function H is constant on the trajectories (or integral curves)
of the vector field Xp: since w, is alternating, we have

(dH)(XH) =0 or XHHZO
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Hamilton’s Equations

In R?" with the symplectic form Y dp; A dg;, in terms of the coordi-
nates (g;,p;), the differential system takes on the form

. _0H . OH

Qi—apiv pi——aqi.

These are the classical “Hamilton’s equations”.

Example 5.4.1 (“Classical” Hamiltonians). In R?" with its standard
symplectic structure, we consider the function

H(p,0) = 5 ol +V(a)

(think of the total energy, the sum of the kinetic and potential energies). The
associated Hamiltonian system is

- .oV
1=p P="50

so that p indeed appears as the speed (or the impulse) of the particle whose
position is given by q.

Proposition 5.4.2. The time t of the flow of a Hamiltonian vector field is a
diffeomorphism that preserves the symplectic form. It is called a Hamiltonian
diffeomorphism.

Proof. We have3

i ()7 0) = ()" £
= (V)" (dix,w)
= (¢")" (~ddH) = 0.

Hence (¢0*)" w does not depend on ¢ and (¢!)*w = (¢°)*w = w for every t. O

Periodic Orbits

If a trajectory of the flow of Xy is periodic with period 1, then for each of
its points we have

P(z) = .

3 See Appendix A.4.b, if necessary.
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They are therefore all fixed points of 1!. For example, the critical points of H
are periodic trajectories. Therefore the symplectic diffeomorphism ' has at
least as many fixed points as the function H has critical points.

Example 5.4.3 (Quadratic Hamiltonians). Let us consider the case of a
quadratic Hamiltonian H on R?",

H = % > aipip; + > bipig; + % > ciiaias,

where the matrices ¢ and ¢ are symmetric. Then Xy is a linear vector field

OH 0 \~0H 9
Xu(p,q) = *Z dq; Op; +; Op; 9g;

i=1

= 4 . < ) )
q
Where A iS lhe ma(riX

—th —c 0 —Id\ [(ab ab
A= ( a b) - (Id 0 ><tbc> JO(%C)'
Therefore, up to multiplication by the invertible matrix Jy, the matrix A is
the Hessian of H at 0, the matrix of the quadratic form H. The flow of Xy

is given by
U (p,g) = - (2) :

Note that ' = e. Hence, if 1! does not have an eigenvalue 1, A does not
have an eigenvalue 0 and the quadratic form H is nondegenerate; that is, the
critical point of H at 0 is a nondegenerate critical point.

Note that the converse is false: A could have eigenvalues 2ik7 for k € Z;
see for example Exercise 18 on p. 540.

Time-Dependent Hamiltonians

We will now consider “time-dependent” Hamiltonians, that is, functions
H:W xR —R,
and the Hamiltonian vector fields X; defined by

X; = Xp,, if weset H(z,t) = H(x).
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The associated differential system is no longer autonomous; it is the system
i(t) = X (2(1)).

As in the autonomous case, the solutions of the system allow us to define a
family of symplectic diffeomorphisms 1! such that

%W:Xtowt and " =1d.

As in Proposition 5.4.2 (and with the same proof), 1! preserves the symplectic
form.

Nondegenerate Periodic Solutions

A periodic solution of period 1 of the differential system corresponds to a fixed
point of the diffeomorphism ¥'. If we moreover suppose that the Hamilto-
nian H is periodic of period 1, then the fixed points come from the periodic
solutions.

Definition 5.4.4. A periodic solution z is called nondegenerate if the differ-
ential of ¢! does not have eigenvalue 1, that is, in mathematical symbols, if

det(Id =T p)¥") # 0.

In the specific case where the time-dependent Hamiltonian H does not
depend on the time, the critical points of H are (constant) periodic solutions
of the Hamiltonian system. Example 5.4.3 illustrates the following statement.

Proposition 5.4.5. If a critical point of H is nondegenerate as a periodic
solution of the Hamiltonian system, then it is nondegenerate as a critical
point of the function H.

Proof. We can use Darboux’s theorem in the neighborhood of the critical
point, the Taylor expansion of order 2 of H, and deduce the result of the
explicit computation carried out above. Here is another proof. We begin by
noting that if Y and Z are two vectors tangent to W at x, then

(d2H)I(Y7 Z) = wm([XHvz]MY)

(we let Z denote any vector extending the vector Z in the neighborhood of x).
Indeed, by extending Y to a Hamiltonian vector field X in the neighborhood
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of x, we have

w([Xn, 2],Y) = w([Xn, Z], X¢)
=df([Xu, Z])
=[Xu,Z]- f
=Xp-(Z-f)-Z-(Xu-f)
=Xy - (Z-f)+Z - (Xy5-H).

Computed at the critical point x of H, the first term is zero and the second

one is exactly
(d*H)o (X (), Z(2)) = (&*H)o (Y, Z).

We now suppose that = is nondegenerate as a trajectory of X . This means
that for every Z # 0, we have

TN Z) — Z #0.

Since 9° = Id, there must be a ¢ such that

d
ST (2) 0,

but this derivative equals
L' ((Xu, Z)),

hence for every Z # 0, there exists a ¢ such that T,!([Xg, Z]) # 0. It
follows that for every Z # 0, we have [Xy, Z] # 0. By the earlier relation,
this implies that x is nondegenerate as a critical point of H. ad

Remark 5.4.6. In local coordinates, the matrix of T,2' is the Jacobian ma-
trix Jac, ¢!, that is, exp(Jo Hess, (H)) (see Exercise 8 on p. 537, if necessary),
where Hess denotes the Hessian matrix. The nondegeneracy of x as a periodic
orbit is therefore equivalent to the invertibility of exp(Jo Hess, (H))—1d, that
is, to the fact that the Hessian of H does not have any eigenvalues in 27Z.

Remark 5.4.7. If the Hamiltonian H is “sufficiently” ©2?-small, more pre-
cisely, if the norm of its Hessian is less than 27, then the previous remark
shows that the converse of Proposition 5.4.5 is true: the two notions of non-
degeneracy coincide.

Remark 5.4.8. The nondegenerate constant periodic solutions (of period 1)
are therefore isolated; there are no infinitesimally close periodic solutions.
This is more generally true for the nondegenerate solutions. Here is another
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way to understand this fact. Let

Sl — W

t — x(t)

be a periodic trajectory of the vector field X; on W. As is true for all linear
differential systems of order 2n, the vector space of solutions of the differential
equation linearized* along the solution z has dimension 2n. If Y7, ..., Ya, is a
basis of T7,)W, then there exists a unique basis Y1 (%), ..., Y2, (t) of Ty W
such that

Y;(t) is a solution
Yi(0) =Y.

Then Yi(1),...,Y2,(1) is also a basis of T, )W, because x is periodic of
period 1. It can be derived from Y7,...,Y5, through a linear isomorphism
that is none other than Tz(o)wl (see Appendix A.4.c). In the theory of linear
differential equations, this isomorphism is the monodromy of the equation
along the trajectory x. When, as in our case, this solution has periodic coef-
ficients, the eigenvalues of the monodromy are Floquet multipliers. The fact
that the monodromy does not have eigenvalue 1 (this is our nondegeneracy
hypothesis) is equivalent to the fact that the linearized equation does not
have a periodic solution. This nondegeneracy is also a type of transversality;
see Exercise 6 on p. 536.

5.5 Complex Structures

We now show that all symplectic manifolds have (almost) complex structures
that are compatible with their symplectic structures in a sense that we first
specify.

On a Vector Space

If FE is a vector space endowed with a symplectic form w, then we say that
an endomorphism J of E is a complex structure calibrated by w if J2 = —Id
(J is a complex structure),

w(Jv, Jw) = w(v,w)

4 See Appendix A.4.c, if necessary.
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(J is symplectic) and
9(v, w) = w(v, Jw)

is a (positive definite) inner product on E.

It is easy to show that every symplectic vector space admits calibrated
complex structures. They are isometries and are antisymmetric for the inner
product they define. We can simply use a symplectic basis of the vector space,
say (er,...,ea,) with

w(eiyejtn) =0i 5, ,J < n.
The formula

Jo(z1e1+ -+ Tpentyienyr + - + Ynean)

= (7y161 — = Ynlyp + T1€n+41 + -+ 'Tn62n)

then defines a complex structure.

In the case where the vector space is R?® and we use the canonical basis,
remembering that R?" = C", this .Jy is the multiplication by 4.

Conversely, if the complex vector space C" is endowed with a Hermitian
structure, then it admits a symplectic form. If we decompose the Hermitian
inner product into real and imaginary parts (the Euclidean inner product on
C" = R?" and the symplectic form, respectively), then we find

(u,v) = <Zuiei72vjej>
=D umi{ei ;)
= Zuj@
= (aj +ibj)(x; — iy;)
= (az; +bjy;) —i > (ay; — bjz)
= (u,v) — iw(u,v).

‘We have

(u,v)y =1

|
&



5.5 Complex Structures 147

hence w(u,iv) is also the Euclidean inner product of u and v. Moreover,
w(iu,iv) = w(u,v): the multiplication by ¢ is an “isometry” of w. This is
what the definition on a manifold will imitate.

Remark 5.5.1. The general linear group GL(2n;R) acts on the space of
complex structures on R2" through g-.J = gJg~!. Using a .J-complex basis,
we see that this action is transitive and that the stabilizer of the complex
structure Jy is the group of complex automorphisms (for Jy). In other words,
the set of almost complex linear structures on the space R?™ can be identified
with the homogeneous space

Jn» = GL(2n;R)/ GL(n; C).

Calibrated Almost Complex Structures On a Symplectic Manifold

An almost complex structure J on a manifold is an endomorphism of the
tangent bundle that satisfies J? = —Id.

Examples 5.5.2.

(1) If W is a complex manifold (that is, a manifold that is locally diffeomorphic
to C™ with analytic transition maps), then its tangent space T, W at every
point is a complex vector space and the multiplication by ¢ is an almost
complex structure. This is the situation that is mimicked by the definition
of an almost complex structure: J plays the role of the multiplication by .

(2) For example, let W be an oriented surface endowed with a Riemannian
metric, so that we have a notion of rotation by +7/2 in each tangent plane.
This family of rotations defines an almost complex structure on W. In this
manner, all orientable surfaces have almost complex structures.®

(3) It is not true that all manifolds, or even all manifolds of even dimension,
have almost complex structures. For example, the sphere S* does not have
any almost complex structure (and therefore does not have any symplectic
structure!).

(4) The sphere S%, and likewise all orientable hypersurfaces in R, has almost
complex structures. See Exercise 13 on p. 539.

An almost complex manifold (W, J) is said to be calibrated by the sym-
plectic form w if J is an isometry of w and if the symmetric bilinear form
w(X, JY) is positive definite at every point; that is, if J, is calibrated by w,
for every .

5 We can prove, following GauB, that the almost complex structures on the surfaces are in
fact complex structures. An accessible reference is [44, Theorem 3.1.11], which proves the
(equivalent) statement under the form “every oriented surface endowed with a Riemannian
metric is a Riemann surface”.
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(1) The almost complex structure Jy constructed on a symplectic vector space
using a symplectic basis, as above, is calibrated by the symplectic form.

(2) On a complex K&hler manifold, the complex structure is calibrated by the
Kéhler form.

In order to prove the existence of calibrated almost complex structures
on all symplectic manifolds, let us return to the case of vector spaces to
once more prove, this time without using a basis, that there exist calibrated
complex structures on all symplectic vector spaces. Let (E,w) be such a
space. We begin by choosing an inner product (X,Y’). Since (,) and w are
nondegenerate, the relation (X, AY) = w(X,Y") defines an isomorphism A :
E — E. We then write down the polar decomposition of A, that is, A = BJ,
where B is a positive definite symmetric endomorphism, A and B commute
and J is an isometry.

Lemma 5.5.3. The endomorphism A is antisymmetric, J is an isometry

of w and satisfies J?> = —1 and JB = B.J.

Proof. We have
(X, AY) =w(X,)Y) = -w(Y, X) = —(AX,Y),
hence A is antisymmetric. We also have J = B~ A, and therefore
‘J='A'B~'=-AB'=-B'A=-1.

Since J is an isometry, *JJ = 1, so that J is indeed a complex structure.
Moreover,

BJ=A=-'"A=-YBJ)=-%'B=-'YB=JB,

hence B and J commute, and therefore A and J also commute, giving the
result

w(JX,JY)=(JX,AJY) = (JX,JAY) = (X, AY) = w(X,Y). O
The inner product defined by B is
(X,Y) = (BX,Y) =w(X,JY).

We have thus shown the existence of calibrated complex structures on all
symplectic vector spaces. Note that the form ((,)) —iw(,) is Hermitian. Since
the proof uses only the symplectic form and the inner product, it can be
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generalized to the case of a symplectic manifold endowed with a Riemannian
metric.

We can also note that this same construction of J, carried out fiber by
fiber, gives the structure of a complex vector bundle on every symplectic
vector bundle, in particular on the tangent bundle of a symplectic manifold.

The result in Corollary 5.5.5 is very important because it will allow us to
use these complex structures without worrying too much about the way they
were constructed. Let J.(w) denote the space of complex structures calibrated
by w.

Proposition 5.5.4. Let j be a complex structure on R®™ calibrated by the
form w. The map
J = (J+5) " o (J =)

is a diffeomorphism from J.(w) onto the open unit ball in the vector space of
symmetric matrices S with 7S + Sj = 0.

Corollary 5.5.5. The space J.(w) is contractible. O

A proof of these classical results can, for example, be found in [3, 18, 50, 5].

Now, let W be a manifold of dimension 2n endowed with a symplectic
form w. Choosing a Riemannian metric on W (constructed using a partition
of unity) allows us to construct a calibrated almost complex structure, as
noted earlier.

Taking its tangent bundle, we associate with it the bundle

de(w) — W

of calibrated almost complex structures on W, whose fiber at x is J.(w,).
A calibrated complex structure is a section of the fiber bundle J.(w) — W.
Since the fibers of this bundle are contractible, we have the following result.

Proposition 5.5.6. The space of almost complex structures calibrated by w
on W is nonempty and contractible. a

We also note the following result.

Proposition 5.5.7. The tangent space of d.(w) at J is

T7dc(w) ={S € End(TW) | JS+ SJ =0 and w(S&,n) +w(&, Sn) = 0}.
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Proof. The first equality is the infinitesimal version of the fact that J? = —Id,
the second says that S is symmetric (for the metric g defined by J):

9(S&m) = w(SE, Jn)
=—w(& SJn)
=w(§, JSn)
= g(&, 5n),

and also that J.S is symmetric:

w(S¢,n) +w(&, Sn) = g(SE —Jn) + g(§, —JSn)
= —g(5¢, Jn) — g(&, JSn)
= —g(JSE —n) — g(&, JSn)
=g(JS& ) — g(&, JSn). O

Examples 5.5.8.

(1) The Euclidean space R?" has already been studied at length.

(2) The torus 72" = R?"/Z?" inherits all structures (symplectic, almost com-
plex) that R?" is endowed with because these are invariant under trans-
lation.

(3) The complex projective space P"(C) is endowed with the symplectic struc-
ture deduced from that of C"*!, which we described earlier (see Propo-
sition 5.3.1). It inherits an almost complex structure deduced from that
of C™*!, which, for £ € Tj;jP"(C), is defined by

J& = Tpr(i€'), if € is the image of ¢ € C"™! with (¢, z) = 0.
It is clear that the result does not depend on the choice of x € [z]: if
€ =T,m(§) with € =€ + Mz,

then
€=Tupr(uf) and ué =uf + A(iu- ).

We of course also have J(J¢) = T,n(=¢') = —¢.

Gradient and Hamiltonian Vector Field

If W is endowed with a symplectic form w, with a calibrated almost complex
structure J and with the Riemannian metric g(X,Y) = w(X, JY), then given
any function H : W — R, we can associate with it two vector fields: the
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Hamiltonian vector field Xy and the gradient grad H. We have
wV, Xpg)=dHY)=g(Y,grad H) =w(Y, Jgrad H),

so that
Xy=JgradH and gradH =—-JXg.

5.6 The Symplectic Group

We now consider R?" endowed with the usual symplectic form w and a (lin-
ear) complex structure that identifies it with C™. We denote this by Jp.

The symplectic group, denoted by Sp(2n), is the group of isometries, or
symplectic transformations of w. A transformation g of C™ is called symplec-
tic if it satisfies

w(gZ,92") =w(Z,Z') forall Z,Z' € C".

Example 5.6.1 (The Group Sp(2)). The symplectic group of C is isomor-
phic to SL(2; R).

5.6.a Relations Between Subgroups of GL(2n;R)

We view the groups O(2n), GL(n;C), U(n) and Sp(2n) as subgroups of
GL(2n;R).

Proposition 5.6.2. We have the equalities
Sp(2n) N O(2n) = Sp(2n) N GL(n; C) = O(2n) N GL(n; C) = U(n).

Proof. Let us highlight the different types of elements of GL(2n;R):
(1) g € GL(n; C) if and only if g is C-linear, that is, if and only if

g(iZ) =1ig(Z) for every Z

(for a matrix A, this means that AJy = JyA).
(2) g € Sp(2n) if and only if g preserves w, that is, if and only if

w(9Z,92") = w(Z,Z') for all Z and Z'.
For a matrix A, this means that

PATGA = Jy.
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(3) g € O(2n) if and only if (9Z,9Z") = (Z,Z"). For a matrix A, this means
that ‘AA = 1d.

Any two of these conditions always imply the third one:

e (2) and (3) imply that
(92,92") =(2,7')

and therefore that g € U(n) C GL(n; C).
e (3) and (1) imply that

w(gZ,92") = w(gZ,—ig(iZ")) = (92,9(i2") = (Z,iZ') = w(Z, Z")

and therefore that g € Sp(2n).
e Likewise, (1) and (2) imply (3).

In terms of matrices, the intersection Sp(2n) N O(2n) consists of the matrices

<U _V) € GL(2n: R)

VU
with
‘v =tvu
‘UU +'VV =1d.
This is exactly the condition for U + ¢V to be a unitary matrix. a

5.6.b The Eigenvalues of the Elements of Sp(2n)
Let A € Sp(2n). This means that ‘AJyA = Jy, or equivalently that

A= JoA T Iyt = —Jp AT .

In particular, ‘A and A~! are similar (since ‘A and A are) and therefore A
and A~! are similar.

Proposition 5.6.3. If A € Sp(2n), then A, A= and 'A are similar. O

Note that A is an eigenvalue of A if and only if A~! is also one. Figure 5.2
shows the positions of the eigenvalues of a symplectic matrix in C. As a con-
sequence of the following result, even the multiplicities of A and A~! coincide.

Proposition 5.6.4. The characteristic polynomial of A € Sp(2n) is symmet-
ric (in the sense that its coefficients are symmetric); that is,

for A€ Sp(2n), det(A — AId) = A" det (A - %)
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1
* X

Fig. 5.2

Proof. In fact, we have A = —.Jy ‘A=1Jy and

det(A — \1d) = det(—Jo A~ Ty — A1d)
= det(—'A"' 4 A\1d) because JZ = —1Id
= det(*fA™1) det(Id =\ 'A)
=det(A'A —1d) because det A =1 (Corollary 5.6.10)

= A2 det (A—%Id) O

Remark 5.6.5. The multiplicities of A\, A™!, X and 2 as eigenvalues of A
are all equal.

5.6.c The Eigenspaces of Elements of Sp(2n)

In order to study the eigenspaces of A € Sp(2n; R), we need to complexify the
space R*™ (into C?"!). We therefore consider A € GL(2n;C) and “extend”
the symplectic form w into a C-bilinear form

w:C"xC™™ — C.

Proposition 5.6.6. Let A and p be two eigenvalues of A with Ay # 1,
and let v and s be two (nonzero) integers. If X € Ker(A — X\1d)" and
Y € Ker(A — pId)®, then w(X,Y) = 0.

Proof. Let P, ; denote the desired property. We first prove P; ; by induction
on s:
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e We have P; ; because
w(X,Y) =w(4AX, AY) = Muw(X,Y).

e Next, we assume that P; s is true. Let X be an eigenvector of A and let
Y € Ker(A — p1d)*t. We have

w(X,Y) = w(AX, AY)
= (X, (A—pld)Y) + Muw(X,Y)
= \Mw(X,Y)
because (A — pId)Y € Ker(A — p1d)®.

In the same manner, we have property P, ;. To show P, ¢ by induction, we
verify that
Pr,erl and Pr+1,s - Pr+1,s+1'

Therefore, let X € Ker(A — AId)"*! and Y € Ker(A — pId)*Tt. We have
W(X,Y) = w(AX, AY)

= w((A = M) X, AY) + Aw(X, AY)
= Jw(X, AY)

because P, ;41 is assumed to be true. Next,
Mw(X,AY) = dAw(X, (A — pId)Y) + Apw(X,Y)
— M (X,Y)
by applying P,1,s. Finally,
w(X,Y) = qw(X,Y),
so that w(X,Y) =0 and P11 441 is true. O

We let E) denote the subspace of C?" defined by

E\ =Ker(A—AId)".

We call this the generalized eigenspace for \. It is well known that E is a
complex vector space of dimension the multiplicity m(A) of the eigenvalue A
and that C2?" is the direct sum of the subspaces Ey. The following is an
immediate consequence of the proposition.

Corollary 5.6.7.
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(1) If \u # 1, then w(Ey, E,) = 0.

(2) The restrictions of w to E1 and E_;1 are nondegenerate. In particular, the
restrictions of w to E+; NR2" are symplectic forms and the multiplicities
m(1) and m(—1) are even.

(3) For every A € Spec(A) — {—1,+1}, the restriction of w to Ex @ Ey/y is
nondegenerate. O

Remark 5.6.8. The map X +— X is an isomorphism (of real vector spaces)
from Ey onto Ex.

5.6.d The Polar Decomposition

We have seen that the group U(n) is a subgroup of Sp(2n). It is well known
that it is its maximal compact subgroup. In fact, the polar decomposition of
GL(n;R) gives a homeomorphism

Sp(2n) — U(n) x C,,
A—US,

where C,, denotes the open subset of symmetric positive definite symplectic
matrices. Recall that S = v'AA and U = AS~ 1.

Proposition 5.6.9. The group Sp(2n) retracts onto U(n). In particular, it
18 pathwise connected and its fundamental group is isomorphic to Z.

Proof. Let us show that the open set C,, is contractible. Let A € C},; then A,
like all symmetric matrices, has real eigenvalues (which are positive) and
admits a basis of eigenvectors. Consider an eigenvalue A, its inverse A~!
and the sum of the associated eigenspaces, Ey @ E -1 (there is no difference
between the eigenspaces and the characteristic spaces for these diagonalizable
matrices).

We have seen that if Ay # 1, then the eigenvectors associated with these
two eigenvalues are orthogonal for w. Assume that A does not equal 1. We
have said that the restriction of w to E\ @ E,-1 is nondegenerate. The vectors
of E are all mutually orthogonal (because A2 # 1), so a vector E cannot be
orthogonal to all vectors of E'y—1. We can therefore find a symplectic basis of
FE), ® E,-1 whose first vectors are eigenvectors for A, followed by eigenvectors
for A=!. By considering all pairs of eigenvalues, we obtain a symplectic basis
of R?" in which the matrix A is a diagonal block matrix with blocks of the
form

YDV S S B

Writing A = log ¢, we obtain a diagonal matrix (in the same symplectic basis)
whose exponential is A. It follows that A is the exponential of a diagonalizable
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symmetric matrix. And, moreover, that there is a continuous map A — log A,
so that we can retract C,, onto the identity using the retraction

(A, t) — exp(tlog A). O
Corollary 5.6.10. The determinant of a symplectic matriz is 1.

Indeed, it is clearly 1 and the group is pathwise connected. a

See also Exercises 16 and 35 (pages 540 and 547, respectively). The iso-
morphism of the fundamental group of Sp(2n) with Z can be obtained by
taking the composition of the projection onto U(n) given by the proposition
above and the (complex) determinant, a map

Sp(2n) — S*.



Chapter 6

The Arnold Conjecture and the Floer
Equation

In this chapter, we arrive at the heart of our subject: the Arnold conjecture.
We state this conjecture, which gives a lower bound for the number of fixed
points of certain Hamiltonian diffeomorphisms. We then identify these fixed
points with periodic orbits of Hamiltonian systems and with critical points of
the “action functional”. We describe this functional, a function on the space
of the contractible loops on the original symplectic manifold, as well as the
differential equation defining the flow of the gradient of this functional, called
the Floer equation. This is a partial differential equation because it involves
both the loop’s variable and that of the gradient’s flow. We begin studying
the space of solutions of this equation by showing a compactness property.

6.1 The Arnold Conjecture

The general setting of the Arnold conjecture (stated by Arnold in [1, 2]) is
that of a symplectic diffeomorphism of a symplectic manifold; the problem
is the estimation of its number of fixed points. Of course, constructing sym-
plectic manifolds and symplectic diffeomorphisms on them that have no fixed
points is easy. Take a rotation on a torus, for example (see Exercise 22 on
p. 542).

Conversely, we have seen (in Section 5.4) that the flow at “time 17 of a
Hamiltonian vector field, in turn, has at least as many fixed points as the
function that generated it has critical points. By applying Proposition 4.4.3,
we deduce the following result.

Proposition 6.1.1. The number of periodic solutions of period 1 of a non-
degenerate autonomous Hamiltonian system on a compact symplectic mani-

157
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fold W is greater than or equal to the sum

> dim HM; (W3 Z/2). 0

(2

The Arnold conjecture that we are going to study here is exactly the
same statement, except that the Hamiltonian is no longer assumed to be
autonomous; it now depends on time.

Conjecture 6.1.2 (Arnold). Let W be a compact symplectic manifold and
let
H:WxR—R

be a time-dependent Hamiltonian. Suppose that the solutions of period 1 of
the associated Hamiltonian system are nondegenerate. Then their number is
greater than or equal to the sum

> dim HM;(W; Z/2).

(3

Recall that a solution of period 1 is called nondegenerate if the differential
of the flow at time 1 does not have any fixed vectors (see Definition 5.4.4).

Remark 6.1.3. In this statement, H can also be assumed to be periodic, in
the sense that H(z,t+ 1) = H(z,t). Indeed,

d do
— () = — Xy, , (0" (@) = Xary#1,, (0" (@),

dt o odt
so that ¢ — ¢®® is the flow of the Hamiltonian vector field associated with
the function K; = o/(t)Ha). If a is a function from [0,1] to [0,1] that is
zero (and flat) near 0 and equal to 1 (and flat) near 1, then this equality
gives both the fact that (1) = ! and the fact that K, can be extended to
a periodic function of the time ¢. a0

Remarks 6.1.4. We could add numerous remarks. The “correct” conjecture
is that the number of fixed points of a diffeomorphism that is a “time 1”7 as
above is greater than or equal to the minimal number of critical points of a
function on the manifold, and that if these fixed points are nondegenerate,
then their number is greater than or equal to the minimal number of critical
points of a Morse function on this manifold.!

There are a great many variants, such as the one where the fixed points of
symplectic diffeomorphisms are replaced by intersection points of Lagrangian
submanifolds. ..

1 We saw in Remark 4.4.5 that the minimal number of critical points of a function may
be less than the minimal number of critical points of a Morse function.
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It is customary to draw up a chronological list of the results that have
been obtained. The conjecture has now been proved in all generality (in its
homological form); many mathematicians have contributed to this proof. In
chronological order, fearing that we may have forgotten contributions, let
us nevertheless try to give a list: Eliashberg for dimension 2, Conley and
Zehnder for the tori. Then comes Floer’s revolution, for aspherical mani-
folds (w2 = 0) and then for monotone manifolds (which include the complex
projective spaces), using methods that were then extended and exploited by
Hofer, Salamon and, independently, by Ono for the weakly monotone case
and then by Fukaya and Ono, by Liu and Tian and by Hofer and Salamon
for the general case. We refer to the overview [66] by Salamon for precise
references to these works.

Proof for a Hamiltonian That Is Independent of Time and
“Small”

This result is not only an example where the conjecture is easy to prove. It
will also play an essential role in the computation of the Floer homology in
Chapter 10.

Proposition 6.1.5. Let H be a function on R®?, so that Xy is a vector
field on R*™. If ||[dXp| = < 27, then the only solutions of period 1 of the
Hamiltonian system associated with H are the constant solutions (critical
points of H ).

Note that when the Hamiltonian H is “C2-small”, proving the inequality
in the Arnold conjecture corresponds to proving the Morse inequalities (see
Remark 5.4.7).

Proof. We take up the proof given in [49]. Consider a solution z of period 1
and take its Fourier expansion (this is a vector in C™) as well as those of its
derivatives & and 2:

z(t) = Z cn(x)e?™ ™ i = Z 2nime, (x)e* ™ ete.
n n
Next, Parseval’s identity gives
1E]72 =Y 4mn® en(@)|* = 477 Y |en(d)]* = 4n |27
n#0

because ¢g (&) = 0. We therefore have

. 1
il 2 < 5

il o
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Since & = (dX g ), - &, the condition ||[dX |, . < 27 gives
18] 2 < 2m||&f| 2 if & #0,
so that £ = 0 and « is constant. O

In fact, this proposition holds more generally for a vector field that is
not necessarily Hamiltonian, but whose Lipschitz constant is less than 2.
Likewise, the following proposition remains true for a @'-small vector field.

Proposition 6.1.6. Let W be a compact symplectic manifold and let H :
W — R be a function. If H is sufficiently small in the C% sense, then the
only solutions of period 1 of the Hamiltonian system associated with H are
the constant solutions.

Proof. First note that for a Hamiltonian vector field Xpy on a disk
D?" c R?", we have

Ve e D™ Vte0,1], |[¢'(z)—=| < sup | Xu()l
yGDZn

by the mean value theorem.

It follows that if H : W — R is sufficiently small in the C? sense, then
there exists a finite cover of the compact manifold W by relatively compact
Darboux charts such that:

e Every trajectory of period 1 is contained in a chart.
e ||dX gl < 27 on every chart (for the metric on R?").

We then apply Proposition 6.1.5 in each chart. a

6.2 Outline of the Proof, Floer Homology

The main tool that we will use to prove the Arnold conjecture (under a
restrictive condition) is Floer homology. Floer’s idea [28, 29, 30, 31] is to
“count” the periodic solutions of H, or the fixed points of its flow at time
t =1, to give a lower bound for their number in a manner analogous to the
one that allowed us to give a lower bound for the number of critical points
of a Morse function on a manifold (Proposition 4.4.3).

(1) We begin by defining a “function”, the action functional (Section 6.3), on
a suitable space (which can be seen as an infinite-dimensional manifold;
see Section 6.3.a). The critical points of this functional will be exactly the
desired periodic solutions.
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(2)

With these critical points, we will construct a complex. We first take the
vector spaces over Z/2 that they generate. To define a grading on these
spaces, we will need an analogue of the index of a critical point, which
we will define in Chapter 7 and which will be the index in the Morse
sense (up to a translation) when the Hamiltonian is not time dependent
(Corollary 7.2.2).

To define the differential of the complex, we will use a vector field, the
gradient (or its negative) of the functional, which we will describe, together
with the metric that defines it, in Section 6.4.

The idea is then to “count” its trajectories. In Section 6.5.a, we will high-
light a property, the finiteness of the energy, which is automatically satis-
fied for a pseudo-gradient field on a compact manifold and which will be
useful here.

We will show that the trajectories of finite energy indeed connect two
critical points (Theorem 6.5.6).

We will need a compactness property for the space of trajectories of finite
energy (Gromov’s compactness, Theorem 6.5.4).

As in the Morse case (Section 3.2.b), we will need another compactness
property to define the differential 9 (In Subsection 9.1.c).

And of course, we will need these spaces of trajectories to be manifolds, as
well as a genericness property such as the Smale property for a sufficiently
close vector field (Theorem 2.2.5), which we will achieve in Chapter 8.
Having thus defined the differential of the supposed complex, we will still
need to verify that 0 o0 = 0. In the Morse case, we used a gluing property
(Section 3.2.c). We will prove an analogous property in Chapter 9.

Using the same methods as in Section 3.4, we will show that the homology
of the complex we have finally defined depends neither on the choice of
the functional nor on that of the vector field.

And finally, by considering the case of an autonomous C2-small Hamilto-
nian, this independence will tell us that the homology we have thus con-
structed, the Floer homology, coincides with the Morse homology of the
manifold. The obvious inequality between the dimensions of the vector
spaces involved in the complex will give the expected result, in a manner
that is completely analogous to the Morse inequalities (Proposition 4.4.3).

The Assumptions

We will assume that the symplectic manifold W satisfies the following two
conditions.
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Assumption 6.2.1. For every C® map w : S2 — W, we have

/ wrw = 0.
SQ

In the literature, this condition is sometimes called “symplectic aspheric-
ity” (the symplectic form is zero on spheres). It can be expressed as

(w, m(W)) = 0.

Assumption 6.2.2. For every C® map w : S? — W, there exists a symplec-
tic trivialization of the fiber bundle w*TW .

This condition can be expressed as
(er(TW), me(W)) =0,
where ¢1 (TW) denotes the first Chern class of the complex vector bundle TW

(see Section B.2).

These two conditions are satisfied, for example, when all maps from 52
to W extend to the ball B3, that is, when mo(W) = 0.

6.3 The Action Functional

6.3.a The Loop Space

We are looking for periodic trajectories of a particular vector field, in partic-
ular C*° maps
z:R/Z — W.

We will therefore have to consider the space of these maps (instead of the
manifold V).

The Connected Component of the Fized Points.

Of course, the space of all loops is not connected in general: it is clear that
two loops that are not homotopic do not lie in the same connected compo-
nent. We will therefore restrict ourselves to one connected component, and
it is natural to consider the one containing the constant loops, since these
correspond to the critical points in the autonomous case. Let LW be the
space of contractible loops on the manifold W, that is, the space of €°° maps

x: 8 — W
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(of free loops?) homotopic to the constant map.

This space is endowed with the C> topology and with a distance func-
tion do, that defines this topology (see Appendix A.3.b, if necessary). It is
pathwise connected (we can connect each loop to the constant loop using a
path that is a homotopy between the two).

Fundamental Group.

Let us fix a base point in the loop space, namely the constant loop equal to a
point zo chosen in W. We will also denote this loop by xg. A loop with base
point x¢ in LW is a map

v:[0,1] x St — W
(s,1) —>(s,1)

with
7(07t) = 7(1’t) = l‘o(t) = Zo-

This can be viewed as a map 7 : $2 — W (Figure 6.1).

YR

Fig. 6.1

Manifold Structure, Tangent Space.

It is natural to treat LW as a manifold. At first, we will hardly need to give
the manifold structure explicitly: it is used in a rather formal manner, the
equations and reasoning take place in W. To prepare for the deliberations
of Chapter 8, we will describe the structure at the end of this chapter (Sec-
tion 6.8). For now, the only thing we need to understand is what a tangent

2 This means that the base point of the loop is not fixed. Moreover, the homotopies between
these loops are free.
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vector at a point x € LW is. If a tangent vector at x is viewed as an equiv-
alence class of curves passing through x, then we need to consider a curve
s — u(s) € LW with u(0) = =, in this case,

Rx S5 — W
(s,t) —> u(s,t) with u(0,t) = x(¢).

‘We then have

0
%U(Sv t)s=0 € TpiyW,

so that it is natural to view a vector tangent to LW at = as a vector field
tangent to W defined along x, that is, a section Y of z*TW,

Y(t) € TyyW for every t € S*.
We can also think of Y as a map

Y(t) € Tx(t)W
Y(t+1)=Y(0)

Y:R—TW suchthat{ VteR

(see also Exercise 24 on p. 542).
A 1-form «, for example the differential of a function, defines a linear form
on the set of these tangent vectors at x.

6.3.b The Action Functional

Here W is a manifold endowed with a symplectic form w and H is a time-
dependent Hamiltonian,

WxR—R
(z,t) — Hy(x)

that we assume to be periodic in ¢, that is, to satisfy
Ht+1({)3') == Ht(.’L') Vit e :R,7

as authorized by Remark 6.1.3. Consider the expression

Ag(z)=— [ v'w+ 1 H(x(t)) dt,
D 0

where u is an extension of x : S' — W to the disk, that is, a map D =
{2z € C||z| €1} = W such that u(e*"t) = x(t).
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> o0

Fig. 6.2

The second integral is well defined but a priori depends on the choice of u.
If v is another extension, then

/u*w—/v*w:/ wrw,
D D 52

where w is defined by gluing the two disks along their common boundary
(Figure 6.2). Assumption 6.2.1 means that the de Rham cohomology class of
the symplectic form w is zero on 7o, which, as we noted, can also be written as

(w, m(W)) = 0.

It is satisfied, in particular, if mo (W) = 0, that is, if LW is simply connected
(see also Section 6.7, an appendix to this chapter). To conclude, under As-
sumption 6.2.1, the functional Ag is well defined.

Example 6.3.1. Consider the case W = R?" with the symplectic form

w= dei Ndg; = dZPid(h.

Then on any disk whose boundary is our loop x, we have
/ uwrw :/ x*(pdq),
D2 st

An(z) = /O (H, dt — pda)

so that

. the physicists’ action functional.?

Remark 6.3.2. There are many symplectic manifolds other than R?" that
satisfy Assumption 6.2.1, for example the tori T2", the surfaces of genus at
least 1, the cotangent bundles (by Exercise 4 on p. 536). However, neither

3 This is why this functional is called Az.
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the sphere S2 nor any of its cousins P"(C) have this property (this time by
Exercise 5 on p. 536).

Under our condition, Ay indeed defines a map
LW — R.

We have the following result.

Proposition 6.3.3. A loop x is a critical point of Ay if and only if t — x(t)
is a periodic solution of the Hamiltonian system & = X;(x(t)).

Proof. Let us compute the differential of Ay at the point z(t) and on a
tangent vector Y (t). We extend z to Z(s,t), defined for s in a neighborhood
of 0 in such a way that

Z(0,t) = x(t)
ox
SL0.0 =Y ()
We then have 5
(dAn)o(Y) = 5 Am(@)|s=o-

Let us study this derivative.
é) C
@ (@)

Fig. 6.3

To do this, we choose an extension of u to u(s, z) in such a way that

{a(o, 2) = u(z)

u(s, e?™t) = (s, t),

and we extend Y by setting
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A (3(s,t) = f/me/o Hy(3(s,1)) dt

Differentiating the first term gives

d
A R T
1
:—/ ¥ (ly hw) = /w ) dt
st 0

1
- /O w(@(t), Y () dt.

‘We then have

Differentiating the second term gives

/ T H(E (5, 1))l dit = /O (dH) 500 (Y (1)) dt

Together, these give

1
(@A) (V) = [ wlilt) - Xu(w),Y) .
0
It follows that the differential (dAg), is zero if and only if
w(ilt) - Xu(2),Y) =0 VY,

that is, by the nondegeneracy of w, if and only if £ = X;(z), which is the
desired result. O

We will call x a nondegenerate critical point of Ay if it is a nondegenerate
trajectory (in the sense given in Definition 5.4.4).

Remarks 6.3.4 (Case of an Autonomous Hamiltonian).

(1) We have seen that if x is a critical point of H, then the constant trajec-
tory x is a critical point of Ay (and that the converse holds for “small” H).

(2) We have also seen (Proposition 5.4.5) that if = is nondegenerate for Agy,
then it is nondegenerate for H (and that the converse is true for “small”
H—this is Remark 5.4.7).

(3) If x is a critical point of Ay and a nonconstant trajectory, then it is
degenerate, because the field Xy is a fixed point of T, ¢".
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Our last remark is that the values of Ay at two distinct critical points
(geometrically distinct, in the sense where they are two geometrically different
trajectories) may be assumed to be different. Let us state this as a lemma
(which we will use later).

Lemma 6.3.5. If x and y are geometrically distinct critical points of Ag,
then there exists a function H, close to H for the C% topology, such that Az
has the same critical points as Ag, with different critical values.

Proof. Tt suffices to modify the Hamiltonian H by adding a function Hy that
is constant in the neighborhood of the 1-periodic orbits of X;, is ©2-small
and is such that for all distinct critical points z and y of Ag, we have

An(z) + Ho(2(0)) # An(y) + Ho(y(0)).

If Hy is sufficiently small, then the critical points of A g g, are those of Ay
and for a critical point x, we have

AH+H0(1') = .AH(QL') +A H()({L‘(t)) dt = AH(.’L') + Ho(x(O)) O

6.4 The Gradient, the Floer Equation

As in the Morse case, we need a vector field (the one whose trajectories
will define the differential of the complex). We will use the gradient for a
particular metric on the space LW of contractible loops. Be careful, the
gradient depends on the metric; the flexibility that we will have if we need
to change the vector field (think of the Smale property in Chapter 2) will
be available through the metrics (and therefore through the almost complex
structures).

Let us begin by fixing an almost complex structure J on W calibrated
by w (see Section 5.5). It defines a Riemannian metric g on W, namely

9(X,Y) = w(X, J(Y)).

This induces a metric on LW, defined by

v, 7) = / a(Y (1), Z(t)) dt

(here Y and Z denote vector fields defined along a loop z). It is clear that
this formula defines a symmetric bilinear form; since g; is positive definite,
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this form also equals

anw:Agmev»wza

with equality if and only if Y = 0, so that (-, -) is positive definite. It can also
be written as

(Y, z) = /O wen (Y (1), J(Z(1))) dt.

If f: LW — R is a function, then its gradient is the vector field grad f
defined by

1
(grad, £.Y): = [ anl(arad, (0. ()
1
= [ s (arad, )0 7Y (@) dt = ) (1)
Since we also have
1
(@A) V) = [ o) = Xife). YO) i

(see Subsection 6.3.b), the gradient of Ap is

—Xp(t) = (grad, An)(t) = Jor)(2(t)) + grad, ) Hy

(the gradient of H; is computed for the metric g). The trajectories of the

Fig. 6.4
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vector field X = Xy (the negative gradient, to be consistent with earlier
chapters) are therefore the solutions

R— LW

s +— u(s)

(where it is understood that for every s, u(s) is a loop, whose value at time ¢
will be denoted by u(s,t)) of the differential equation

Oou du
% - _Ju(s7t) (a) N gra’du(svt) Ht(u(s, t))

. or, more succinctly, of the (partial) differential equation

ou ou

s + grad Hy(u) = 0.

This equation is the Floer equation. Recall that it is its C*° contractible
solutions of period 1 in ¢ that interest us.

Remarks 6.4.1.

(1) If H does not depend on ¢, then the solutions u that also do not depend
on t satisfy

d
disb + grad H(u) = 0.

These are the trajectories of the (negative) gradient of H.
(2) In general, the solutions u that do not depend on s satisfy

0

8—7: = J(u) grad Hy(u) = Xy (u).
This is the (expected) fact that the stationary trajectories of the flow of
the gradient are the periodic solutions of the Hamiltonian system.

(3) If H; =0, then the equation is simply

Ju
Os

ou
J(u)=— =0;

F )5 =0,
this is the Cauchy-Riemann equation. We then call (s + it) — u(s,t) a

J-holomorphic curve.
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6.5 The Space of Solutions

Here we study the spaces of solutions of the Floer equation

ou ou

s + grad H¢(u) = 0.

We use the two points of view represented in Figure 6.5: the solutions of the
equation on W are also the trajectories of the vector field — grad Agy on LW.

Fig. 6.5

6.5.a Definition of the Energy

In the case of a function and an adapted pseudo-gradient field on a compact
manifold V' without boundary, all trajectories of the vector field connect two
critical points.

This is not automatically the case in the context in which we find ourselves
now. Here is an analogy to illustrate the problems we may come across. If V/
is a manifold with boundary, then there can be trajectories of the pseudo-
gradient field that arrive at a critical point without coming from one (and
conversely) because they come from the boundary. The trajectories that stay
away from the boundary do connect two critical points.

Note that in the compact-manifold-Morse case, if u : R — V is a solution
of the differential equation
du

4 See also Exercise 27 on p. 543.
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that is, a trajectory of the pseudo-gradient field X, then we can define its

energy
+oo

B(u) = — / wdf.

—0o0
If u connects two critical points a and b in the sense that limg_, o u(s) = a
and limg_, o u(s) = b, then the energy is simply

(the minus sign in the definition ensures that the energy is positive, since the
point a lies above the point b for the function f).

Remark 6.5.1 (Closed Forms). In this definition, it is possible to replace
the exact form df by a closed 1-form a. We will see in Section 6.7 that in this
case it is still possible to construct an adapted pseudo-gradient field, but it is
clear that not all trajectories of such a vector field connect zeros of the form.
In this case, the trajectories of finite energy are exactly those that connect
two zeros of the form. This is also what happens with the action functional.

In the case of the action functional that we are interested in here, we
define the energy of a solution in an analogous manner. This comes down to
integrating the square of the norm of the gradient along a solution (whence
the name):

+oo
E(u) —/ %AH(u(s))ds

— 00

—+oo
—/ —|lgrad Ag|)* ds

Ou ’2 dt) ds

—+oo
1 [t ou|2 |0u 2
= P2 x ’ )dt) ds.
2/,00 </Sl(‘as’ g — ) g
Note that since wu is a solution, the two terms in the integral are equal, so

that
Bw - [
RxS!

(1) The energy is positive.

(2) The energy of a solution is zero if and only if du/Js is zero, that is, if u
does not depend on s... and u is a solution of the Floer equation, that is,
if and only if w is a critical point of the action functional Ag.

ou

2d d
— t.
85‘ 5

Remarks 6.5.2.
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(3) If the solution u in question connects two critical points, that is, if there
exist critical points = and y of Ay such that

Jm us(t) =2, T us(t) =y,
then
E(u) =Ap(z) — Ap(y) < +oo.

The solutions that connect two critical points have finite energy.

Let us therefore consider the space M defined by

M={u:RxS" =W |

u is a contractible C* solution of finite energy} .

In order to avoid problems with the definition of the topology on this
space, we will always view the compact symplectic manifold W as being
embedded in a Euclidean space R™ (for m sufficiently large). We will use the
@ topology for the maps from S' to R™ and the > uniform convergence
topology on the compact subsets of R x S', with the following notation:
C(SH W), €2 (SLR™), €2 (R x S W), €2 (R x SL;R™).

A strong elliptic regularity result allows us to prove the essential property
contained in the following proposition.

Proposition 6.5.3. Every solution of class C' of the Floer equation is of

class €. Moreover, on M, the topologies C° ClL. and G

locs . coincide.

Proof. The proof is an immediate consequence of the elliptic regularity lemma
(Lemma 12.1.1) and Proposition 6.6.2. O

An important property of this space M is its compactness. It is an essential
property, which we will prove later (in Section 6.6) and which we now state.

Theorem 6.5.4 (Gromov compactness). Suppose that the compact sym-
plectic manifold (W,w) satisfies Assumption 6.2.1; that is,

Vf:S?T—wW, ffw=0.
S2

Then M is compact in €2 (R x St W).

loc

Remark 6.5.5. In this entire section, we will work in M. We have not proved
that the Floer equation has any solutions (be careful, this is not a Cauchy
problem).
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6.5.b The Finite Energy Solutions Tend Toward Critical Points

We will show a converse to the last of Remarks 6.5.2, namely the following
theorem.

Theorem 6.5.6. Suppose that all periodic trajectories of Xy are nondegen-
erate; then for every uw € M, there exist two critical points x and y of Ag
such that

sl}gloo U(Sa ) =, SETOO u(s, ) =Y

in C>®(SY; W). Moreover,

. ou
Jim 55t =0

uniformly in t.

Along a Trajectory, the Function Tends Toward a Critical Value.
Uniform bound on the energy

Let us begin by proving a weaker result.

Proposition 6.5.7. Let u € M. There exist two critical points x and y of Ay
such that

Jm Ap(us) =Ag(z),  lhm Ag(us) = An(y).

Remark 6.5.8. An obvious consequence of this proposition is the fact that
if M is nonempty, then A g has critical points.

Corollary 6.5.9. There ezists a real number C > 0 such that for every
u € M, we have

—C<Ag(u)<C and 0< E(u) <C.

Proof. The set of critical points of Ay is finite (and nonempty), hence Ay
is bounded on this set.® To conclude we need to use:

e that s — Ag(us) is decreasing

e and that for v in M and critical points x and y as in the statement of
Proposition 6.5.7 (that is, such that A (us) goes from Ag(z) to An(y)),
we have

E(u) = An(z) — Aun(y). O

5 See also Exercise 30 on p. 544 where the nondegeneracy assumption is left out.
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Proof of Proposition 6.5.7. We will restrict ourselves to the case s — 400
since the other case is analogous. The (real) function (in one real variable)
s — Apg(us) is decreasing (its derivative is the negative of the norm of the
gradient, and therefore negative). Consequently, it suffices to show that there
exist a critical point y in Ay and a sequence s; of real numbers tending to
infinity such that

lim Ag(us,) = Au(y).

k—+oco
We will prove this in three steps:
(1) There exists a sequence si such that wu,, converges, for the C(S*; W)
topology, to a limit .
(2) This limit y is €>° and is a critical point of A.
(3) Ap(us,) indeed tends to Ay (y).

First Step.

Let u € M. Since

[ (L5
— 0o S1 ot
the integral of the L? norm of Ou/dt — X;(u) is finite. There therefore exists
a sequence (sg) with limg_, sp = 400 (respectively —oo) such that

2
- Xt(u)’ dt) ds < +o0,

lim H%(sk,t) - Xt(u(sk,t))’ —0.

k—o0

L2

To simplify the notation, let us set us, = uy. And to help us understand this,
note that the norm in the integrals that we just wrote down is, in principle,
the norm defined by J... but the manifold W is compact and embedded
in R™, so that the operator norm of the tangent map of the embedding is
bounded by the norm defined by J at the source, and by the Euclidean norm
at the target, which implies that we can work with the Euclidean norm.

We therefore have

1
li e — X 2dt=0
Jm | i — X (up)]] ;
that is,
i [ — X (u)|| L2 (51,mm) = O-

Since the manifold W is compact, X;(u(sk,t)) is bounded and there exists a
B > 0 such that
k]2 < B.



176 6 The Arnold Conjecture and the Floer Equation

The family (ug) is therefore equicontinuous:
ty
ek (1) — e (ko) || = ’ / int) dtH
to

S/ Lt 007 Il
Sl

< Vt1 —to ||ukl| 2 (by the Cauchy-Schwarz inequality)
< Byt — .

The image of uy is contained in W, which is compact. The sequence uy, is
therefore a candidate for the Arzela—Ascoli theorem® and we conclude that
the sequence uy has a limit y in the €°(S1;R™) topology, that is, in the
CO(St; W) topology. This completes the first step of this proof.

Second Step.

Let us show that the limit y is €> and is a solution of the Hamiltonian system

Lemma 6.5.10. The limit y satisfies

y(t) — y(0) = / X, (y(r)) dr.

The expected result follows from the lemma because it implies that since y
is continuous, it is @!, and therefore C2,... and that it is a solution. It is
therefore C>° (this is clearly a case of “bootstrapping””). We thus obtain
convergence, in the CY sense, to a € solution.

Proof of Lemma 6.5.10. Let us study the difference

k— 400

o0 ~90) ~ [ Xtotrar = tim_(us(0) - 0) - [ Xi(u(r))ar)

6 See Section C.1.

7 This expression refers to the ability to raise yourself, to levitate, by just pulling on
your bootstraps. In general, in this book it refers to what the French call the “elliptic
regularity”, where a weak solution, in the sense of distributions, of a partial differential
equation is automatically a C°° function. See Appendix C.
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(this is the advantage of being in R™, a vector space). This also equals

k— o0

o0 ~v0) - [ xuturar = i ([ intrar - [ xitotrar)
~ lim ( / tak(T)—Xt(uk(T))dT>

k——+oo 0

w ([ t (X)) = Xy(r)) r )

k—+oco

Both terms tend to 0. The fact that u; tends to y in the C° sense implies
that the second term tends to 0. For the first term, we use the fact that
||t — X¢(ur)| = tends to 0, and the Cauchy-Schwarz inequality, which gives

t 1
| [ ) = Xetwnar| = | [ 0~ Xew)| < Vel = Xewl
0 0
which indeed tends to 0. O

The €' (and even €>°) convergence follows from these arguments.

Third Step.

Let us show that Ag(uy) tends to Ag(y). The integral part of the Hamilto-
nian clearly does not pose any problems, and

1 1
/ H,(ug) dt tends to / H(y(t)) dt
0 0

because uy, tends to y for the C° topology.
Let us therefore study the other piece of the action functional. For this we
choose extensions uy and 4, of ui and y (respectively) to the disk. We must

show that
lim </ Ugw —/ ﬂ;w) =0.
k‘—>+00 D2 D2

If the form w were exact, w = d\, then we would have
/ ﬂZw—/ ﬂ’;w:/ WA — [ y*A
D2 D2 g1 S1
1
~ [ @) =A@ at
0

- / A, — Xo(wp)) dt + / (X (ur) — Xo(y)) dt.
0 0
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The last integral tends to 0 because uy tends to y. For the first integral, we
have

1
| M) = X)) ] < sup N i = Xl

. for the L' norm that we can replace by the L? norm owing to the com-
pactness of S'. The expected result follows because this L? norm tends to 0,
as we noted in the first step.

Except that W is compact and that w is therefore not exact. We choose
a neighborhood U of the image of y in W that retracts onto y, so that w|y
is exact. For k sufficiently large, the image of uy is contained in U. Next, we
make an S? sphere by gluing:

e a cylinder C — U that is a homotopy between wuy and y and is contained
inlU

o the disk u, with boundary y

e the disk u with boundary wy.

Under Assumption 6.2.1, by which the integral of w is zero on spheres, it is
clear that the difference
Upw — / Uyw
D2 D2

is the integral of w over the cylinder C', on which w is exact and where the
previous computation is valid. a

The Trajectories Tend Toward Critical Points.

Let us now show that the trajectories tend to critical points, that is, The-
orem 6.5.6. The important point is the fact that the space M is compact,
(Theorem 6.5.4, which we will prove later).

Let us therefore assume that all periodic trajectories of X; are nondegen-
erate.

Lemma 6.5.11. Under the assumption of nondegeneracy, there are finitely
many critical points of Ag, or periodic trajectories of X;.

Proof. These critical points are the intersection points in the compact man-
ifold W x W of the two following submanifolds (each of half the dimension,
that is, dimension 2n):

e the diagonal A = {(z,z) | x € W}
e and the graph of the flow of X; at time 1.
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Fig. 6.6

The nondegeneracy assumption is equivalent to the transversality® of these
two submanifolds. Their intersection is then a closed submanifold of dimen-
sion 0 of W, hence a finite number of points since it is compact. O

Remark 6.5.12. The additive group R acts on the right on M as follows:
(u-0)(s,t) =u(s+ o,t).

This means that if u is a solution of the Floer equation, then u- o is also (this
is straightforward), as in the case of a gradient flow. This action is continuous;
that is, if (u,) tends to u and (o,) tends to o, then the sequence (uy, - 0,,)
tends to u - 0. We will come back to its properties later.

To prove Theorem 6.5.6, we begin with a lemma.

Lemma 6.5.13. Let u € M and let (sy) be a sequence of real numbers tending
to +00. There exist a subsequence (sy/) of (sk) and a critical point y of An
such that
li ) =y.

i o) =y
Proof. Let up, = u - sg. Since M is compact (Theorem 6.5.4), there exists a
subsequence of (ug) (that we will also denote by (uy)) that converges to a
v € M. In other words, for every s € R, limuy(s,t) = v(s,t). Let us therefore
fix an so and set vs,(t) = v(so,t). We have

‘AH(vso) = kgr-ir-loo ‘AH(uso-i-Sk) = sggloo AH(US),

8 As in Morse theory, the nondegeneracy translates into transversality.
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because we saw in Proposition 6.5.7 that this limit exists (and even that
Ap(us) tends to a critical value). Therefore the energy of the trajectory v is
zero, and consequently v is a periodic orbit y (Remark 6.5.2 (2)).

To conclude, uy,(0) = us, tends to v =y in C°(St, W). O

Proof of Theorem 6.5.6. We will again restrict ourselves to the case s —
+00. Recall that do, denotes the € distance in the space LW (see Ap-
pendix A.3.b). For a critical point x of Ay, we consider the open ball

B(z,e) ={y € LW | doo(x,7) < €}.

As we said before, there are finitely many® critical points of Ag, so that
for ¢ > 0 sufficiently small, the balls B(z,¢) are disjoint. Let U, be their
(disjoint) union:

U, = U B(z,e) C LW.
z€eCrit Ay

For every sufficiently small €, there exists an s. such that
u([se, +oo[ x SY) C U.

(if this assertion were not true, then there would exist an o > 0 and a
sequence (si) tending to +o0o and such that ug, ¢ U,, but by Lemma 6.5.13,
a subsequence of us, must tend to a critical point, giving a contradiction).
Once more by Lemma 6.5.13, there exists a critical point y of Ay such
that
u([se, +oo[ x SN B(y,¢) # @.

Since u([se, +00[ X -) is connected in LW and since the balls B(z,¢) are
disjoint, we have
u([sg,—koo[ X ) - B(y,&‘),

or, in other words, limg_, o u(s) = y.
We still need to prove the statement concerning du/ds. But u is a solu-

tion, so
ou ou
Lemma 6.5.14. In C=(SY; TW), we have
L

Proof. Suppose that the statement is not true. Then there exists a se-
quence s tending to +oo such that dus, /0t does not tend to § when k

9 This is where the nondegeneracy is used.
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tends to +o00. Let up = us4s,. Then uy and y € M, and uy, tends to y in the
C° sense. Elliptic regularity (Proposition 6.5.3) then implies that wuj tends
to y in the C* sense, giving a contradiction. a

By taking the limit, we therefore obtain

tim 2%(s,1) = —J(§) — grad, Hy(y)

s—+oo Js
=—J(y) + JX;
=J (Xe(y) —9) =0. O

We also have the following result.

Proposition 6.5.15. Let u be a solution of the Floer equation; then (seen
in R™) the partial derivatives

0? 0?
u and Y

ds Ot 0s2

tend to 0, uniformly in t, when s tends to +oo.

Indeed, it suffices to write
ou ou
()
0s o
(since w is a solution). But

0

a—? — X; tends to 0 in the C* sense
since X(u) tends to X;(y) and du/0t tends to . By differentiating the rela-
tion with respect to ¢, we find that 9?u/ds 0t tends to 0. We then differentiate

the same relation with respect to s, applying the above. a

Remark 6.5.16. In the same manner, using induction, we can prove that

for k > 1,
. 0"™u
S g =
Let
M(z,y) = {ueM]| Sl}r_noou(s, ) =z and sllr-&ou(s’ )=y}

We have noted (Remarks 6.5.2) that for v € M(z,y),

E(u) = Ag(z) — Au(y).



182 6 The Arnold Conjecture and the Floer Equation

We also have M(z,z) = {z}. Indeed, every solution connecting x to itself
must have energy zero, and therefore be constant with respect to s.

6.6 Proof of the Compactness

We will now prove Theorem 6.5.4. As we have already noted (Remarks 6.4.1),
when H is zero, the Floer equation is none other than a Cauchy—Riemann
equation, whose solutions are simply the J-holomorphic curves introduced by
Gromov [42]. Gromov’s compactness theorem (see also [62]) remains true in
our situation, where the Hamiltonian is nonzero. For this section, we follow
the presentation of [49] quite closely.

Remark 6.6.1. We have already used the asphericity Assumption 6.2.1 to
define the action functional. We will see that it is an important condition for
the compactness (we will explain exactly where we use it).

The theorem is a consequence of the following proposition.

Proposition 6.6.2. Under Assumption 6.2.1 (that is, (Jw],m=(W)) = 0),
there exists a constant A > 0 such that

YueM, V(s,t) € R xS, ngad(s’t) ul| < A.

Proof of Theorem 6.5.4. As before, our strategy is to show that given a se-
quence u, € M, we have the following results:

e First of all, u, admits a subsequence that converges to wug in
Y. (R x SHLW).
e Next, the limit ug is of class €*° and is a solution of the Floer equation.

e Finally, u,, indeed tends to ug in € (R x St; W).

Proposition 6.6.2 gives the equicontinuity of the elements of M. Consequently,
the closure of M in the set of continuous maps from R x S* to W is compact
(again by Arzela—Ascoli), which completes the first step. An elliptic regular-
ity argument allows us to prove the other two steps. Note that we cannot
use Proposition 6.5.3 because ug is only continuous; we will need a more
general statement, which will be given in Lemma 12.1.1. Finally, by Propo-
sition 12.1.4, the C) = and €{°. topologies coincide on M. The manifold is

therefore also compact for the €>° topology.
O

Proof of Proposition 6.6.2. Let u : R x S' — W be a solution. It is more
convenient to view it as a (periodic) map (in the variable t) from R x R
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to W, which we will do. We give a proof by contradiction by assuming that
the conclusion of the proposition is false. This means that there exist a se-
quence (ug) of elements of M and a sequence (sg, ;) of elements of R? such
that

kh_{EOngad(sk,tk) uk” = +oo.

In this proof, we therefore consider a divergent sequence of elements of M
and show that it will in fact yield something whose existence is prohibited
under our assumptions, namely the bubble shown in Figures 6.7 and 6.8.

Let (gx) be a sequence of positive numbers tending to 0 such that

liliné?ngrad(sk,tk) “kH = +oo.

We apply the lemma below, called the “half maximum” lemma,'® to the
function g = ||grad u||.

Lemma 6.6.3. Let g : X — R™T be a continuous function on a complete
metric space. Let o € X and let €9 > 0. There exist a y € X and an
e €10, e0] such that

d(y,xo) S 2e
e9(y) > €og(wo)
g(x) < 29(y) Vz € B(y,e).

Proof. If g(x) < 2g(z() on the entire ball B(xg, &), then there is no need to
do anything, it suffices to set y = xg and € = g¢. If this is not the case, then
there exists an 7 in the ball such that g(x1) > 2g(xg). Let €1 = €9/2. We
then have

619(:171) > 609(I0).
If 1 and &1 are suitable, then we are done. Otherwise, we continue. In this

manner we construct a sequence x,, of points in the ball and a sequence ¢,
of positive numbers such that

eng(zn) > €0g(20)-

Obviously, the first line makes ¢, tend to 0 and z,, tend to a limit (our space
is complete), so that the second line prohibits the process from continuing

10 This is a classical lemma in this theory. It seems that its origin lies with Ekeland. The
beginning of Chapter IV of his book [26] contains variations on this theme.
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indefinitely: after a finite number of trials, we will find an z,, and an €, that
are suitable. O

The lemma provides a(nother) sequence ¢j, and a(nother) sequence (s, ty)
such that

kh—>nolo Ek ngad(a’katk) uk]| = +oo

and 2||grad(5kﬁtk)uk|| > ngad(s’t) Uk“ for (s,t) € B((sg,tk),ck)-

vg(s,t) = uk<% + (Sk,tk)),

so that L
grad,p vp = prgradien o,

and in particular, for (s,t) = (0,0), we have
1
grad(o’o) Vg = R grad(swk) Uk

Thus by construction, | grad g o) vkl =1 and on B(0,exRy), we have

1
lgvadis vill = 7-llerad .o (o, 1) wi

Skitk)

2
< Fk”grad uk” < 27

(8kstk)
so that the gradient is uniformly bounded. Finally, the u; are solutions, so
that vy satisfies

a’Uk 1
(9t

D w0 2

a gr d(tk+ 7'Uk) H=0.

We now apply the elliptic regularity lemma (Lemma 12.1.1); after extracting
a subsequence, if necessary, the sequence v, tends to a limit v that is in
Cﬁfc(RQ W) and that is a solution of the Floer equation. Moreover,

ngad(o,o) UH =1, in particular, v is not constant,

|grad, yv|| <2 for all (s,t) € R?,
Ov Ov

0, hence v is J-holomorphic.
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Let us finally show that v has finite energy. Let By = B((sk, tx),cr). We
have

/ ||gradvk||2:/ lerad ug|? dt ds
B(0,exRy) By,
0uk 2 8uk 2
— (12 4 ]2 Y e
/B< oo | ) aras

:/B ( Qui || | %—Xt(uk)—&—Xt(uk)Hz) dt ds
k

Jds ot
S/Bk< % 2+ %—Xt(uk)Hz) dtds

/B (HXt(Uk H —|—2Hauk Xt(uk)H ||Xt(uk)||) dt ds
/ (150 + 2] % = xetwn||+ 21x07) atas

< 3B(u) + 2/

112 dt ds < 3c+2/ 112 dt ds,
By

By

where C' is the constant given by Corollary 6.5.9 (which is a consequence of
Proposition 6.5.7).

The last integral tends to 0 when k tends to infinity (Bj is a ball with
radius € that tends to 0), so that for k sufficiently large,

/B(O,EkRk

and in the limit, B(0, e, R},) covers the whole of R?, so that v has finite energy
11

al 45 <

by Fatou’s lemma.

We are witnessing the formation of a “bubble”, which will be prohibited
by our assumption on the spheres: around the point (sg,t;), the boundary
loop of the ball with radius €, is increasingly small, while the gradient of uy
at this point explodes. This is why we have chosen a new parametrization
(the trick of using e Ry), as shown in Figure 6.7.

Since a clear computation is worth more than a long discourse, we will
now estimate the symplectic area of the image of v.

Lemma 6.6.4. The symplectic area of v is finite and nonzero.

11 See, for example, [64].
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e

/

~N
//”C)\\\
R? / \

Fig. 6.7
Proof.
v 81}
/’ _/ (52,9 dsa
8v v Ov v
/ 815 at) dsdt because 5= fJ(v)%

811
dsdt
/ 7065)
using the earlier estimate. Furthermore, this area is nonzero because v is not
constant. O

‘ dsdt < +o0

Lemma 6.6.5. There exists a sequence ry, tending to 400 such that the length
of the image v(0B(0,11)) tends to 0 when k tends to +oo.

Let us admit the lemma. Then the image of the boundary of the ball
is crushed into one point wy € W. For k sufficiently large, it is therefore
contained in a Darboux chart U of W. In U, the form w is a closed form
on R?", it admits a primitive, w = d\. We may, and do, even assume that U
is a closed ball. The curve v(9B,) is the boundary of a small disk D, in U.
The union of v(B,) and D, is a sphere S? and, by our assumption that the
spheres have symplectic area zero, we have

0:/ w:/ w+/ w
S% D, 'U(Br)

/’w:/(u:/ A
D, D, v(0B,.)
JCE

The first integral is

hence

A < w@B,)sup A
v(0B,.) U
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(¢ is the length) tends to 0 when r tends to infinity.

Fig. 6.8 A bubble

The second integral, in turn, converges to the area of v(R?), which is
nonzero. This is the contradiction we were looking for. The concentric circles
v(0B,) have increasingly small circumferences, which is why such an object
is called a bubble; see Figure 6.8.

Proof of Lemma 6.6.5. Since v is J-holomorphic, the form v*w is a symplectic
form on R2. It can therefore be written as

v*wpe) = f(p,0)pdf Ndp

for a positive function f. Since v is J-holomorphic, this symplectic form,
with the usual almost complex structure, gives a Riemannian metric on R?,
namely f(p, 0)(dp?+ p?df?), that allows us to compute the length ¢(r) of the
boundary v(0B,):

£(r) :r/o ' vV f(r,0)de.

A= [ v / %( / Tf(p,ﬂ)pd9> dp.

_%_ 27
_dr_o

Likewise,

Consequently,

A'(r) f(r,0)rdo.
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By applying the Cauchy—Schwarz inequality, we obtain

27

Ur)y=r ﬂ\/f(r,H)dﬁgr\//OﬂdQ f(r,0)do

0 0
A'(r)

r

=1ri/27

and therefore
0(r)? < 2mrA'(r).

We still need to verify that since the function r — A(r) is bounded and differ-
entiable, there exists a sequence ry tending to +oo such that limr, A’ (ry) = 0.
This is an easy exercise: since A is bounded, we have

Ly AG?) = )

=0.
k——+oo Ink

This quotient can also be written as

A(R?) — A(k) _ A(K?) — A(k) _ A'(ri)
Ink - Ink2-Ink  (1/m)

for an rj, lying between k and k? (and therefore tending to infinity) by the
mean value theorem. ]

This concludes the proof of Proposition 6.6.2 and therefore also that of
the compactness theorem. a

6.6.a An Example of a Bubble in P2(C)

We have just shown that because the symplectic manifold W does not contain
any spheres of nonzero symplectic area, there cannot be any bubbles. If, on
the other hand, we do have w|,w) # 0, then an argument involving a
“removable singularity” allows us to extend v to C U {oc}, giving what we
call a “bubble”.

To clarify the situation, let us give a classical example of a bubble, in the
complex projective plane. Note that in this symplectic manifold, there are
spheres: a projective line is a P1(C) and therefore also a sphere S2. Moreover,
the symplectic form that we constructed in Section 5.3 gives a positive area
to all projective lines: a projective line is a complex (holomorphic) curve and
in particular, the symplectic form restricted to such a curve is a volume form.
Consequently, the complex projective space does not satisfy our condition.
The example we give here is the simplest one possible: we observe a family
of smooth conics degenerating to the union of two lines.
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Y

[0,1,0]

[7

Fig. 6.9

For every o € C, we consider the curve (conic)

ve : P1(C) — P?(C)
[z, 9] — [2?, ay?, zy].

This is simply the completion of

Ve : C — C?

z— (2,/2).

For av = 0, the image is the “z-axis”. For a # 0, it is a conic. All image curves
of v, contain the point at infinity of the y-axis, which is the point [0, 1, 0] in
homogeneous coordinates. When « tends to 0, this point “draws a bubble to
itself”. Figure 6.9 illustrates this situation by showing different states of the

conic v, (PY(C)) and the limit “curve”, that is, the z-axis and y-axis, which

are shown:

once as two intersecting lines
another time as a “curve with bubble”, a figure in which each of the two
complex projective lines is represented as a sphere S2.

We also note that:

The limit curve is not the image of a map vy : P1(C) — P2?(C).

It does, however, have a limit on the complement of the point 0 = [0, 1],
namely z — (z,0).

The circle |z|* = a is the boundary of a disk (|z|* < ) that takes up more
and more space in the image; see Figure 6.10.
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0 0

Fig. 6.10

6.7 Appendix: Functions, Closed Forms, Covers

The question we consider here is whether it is possible to extend the definition
of the action functional to symplectic manifolds for which the symplectic form
is not zero on the 7; in other words, can we get rid of Assumption 6.2.17

We begin by recalling the relations between the fundamental group, covers
and closed 1-forms.

6.7.a Cover Associated with a Closed Form

From a local point of view, there is no difference between closed and exact
forms, for example between a closed 1-form « and the differential of a func-
tion f. Indeed, by the Poincaré lemma'? every closed form, that is, every
form « such that da = 0, is locally exact. In other words, locally, there exists
a function f such that o = df.

Globally, it is another matter. Consider, for example (this is not an inno-
cent example) the closed 1-form (that we will see is incorrectly) called df (or
dz/iz) on the circle S'. It satisfies

df = 2m
Sl
and is therefore not exact (there is no function “0” on the circle). However,
the form df lifted to the cover exp : R — S! is exact: on R there is indeed a
function 6.

12 See for example [45, Chapter V].
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More generally, consider a closed 1-form « on a manifold V. Since « is
closed, it defines a homomorphism

Pa T (V)

— R
MH/fa

(we assume that V' is connected and do not indicate the base point). The
kernel of ¢, is a (normal) subgroup of 1 (V). There is therefore a connected
(Galois) cover 7 : V — V associated with it. By definition, the form 7*a has
the property that

oraly] =0 for every [y] € m V.

Hence 7*« is an exact form: a primitive fvcan be defined by choosing a point

fly) = /yJ Ta,

0

Yo € V and setting

where we integrate along any path connecting yg to y, since the result does
not depend on this choice. We of course have df: ™.

The cover V — V is “the smallest cover'® of V on which « is exact”, and
is called the integration cover of a. We now compare the critical points of
7« and those of ]? Since

(df)y =0 «— Qr(y) = 0,

the critical points are the same—as are the properties of nondegeneracy and
the indices.

A pseudo-gradient field for « (the definition is analogous to the one given
in the case of a function) lifts to a pseudo-gradient field for f It is therefore
possible to try to construct a complex with the critical points of «, as we did
in Chapter 3. This is what Latour does in [46]. The only big difference is that
there is no reason for V to be compact, in fact, it never is (if the form « is
not exact).

To understand the problem stemming from this generalization, note that
the pseudo-gradient field for f and the trajectories between two zeros of «
with consecutive indices come from trajectories connecting the points of
7~ %(e) to points of m~1(d). There can therefore be infinitely many of them.

13 For the theory of covers, we refer to [4].
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6.7.b The Action Form

Let ay be the form defined on the space of contractible loops LW of W by

(am)a(Y) = / w(i(t) - Xo(a(t)), Y (1)) dt.

This is a closed form: we can easily verify (Exercise 26 on p. 543) that ay is
locally exact.

We have seen (this is the computation of dAy in Proposition 6.3.3; see
Exercise 26) that if the symplectic manifold (W, w) satisfies Assumption 6.2.1,
then the function Ay is a primitive of ag, so that ay is an exact form.

Let us now remove Assumption 6.2.1 and consider the space
DW = {(z,u) |z € LW and u: D — W is an extension to the disk}.

Let us say that (z,u) ~ (z,v) if

and let LW denote the quotient of DW by the equivalence relation ~. It is
endowed with a projection

W:EVVV—>LW

(forgetting the disk) that turns it into a cover of the group
w2 (W)/ Ker(w : mo(W) — R). The expression

Ap(z,u) = —/Du*w—i—/OlHt(x(t))dt

defines a function on LW that satisfies the relation
7'&'*051-[ = d.AH.

The cover 7 : LW — LW is the integration cover of the action form.

See also Exercise 34 on p. 545.
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6.8 Appendix: Structure of a Banach Manifold on LW

The spaces of € functions are not Banach spaces (they are Fréchet spaces).
We will restrict ourselves to spaces of loops of class W1, which we will now
describe in detail.

Recall that every symplectic fiber bundle on S! can be trivialized. In
particular, this is the case for

e TW = {(t,Y) € S' x TW | z(t) = p(Y)},
where x € LW. Let ¢ be a trivialization
@ : " TW — St x R*".

It allows us to associate with any section Y of the bundle x*TW, a section
Y of the trivial bundle S* x R?", that is, a map ¢Y : S' — R2™. For p > 1,
let

Whe(z*TW) = {Y | Y € W'P(S'; R*™)}

(the definition of the Sobolev spaces WP is recalled in Appendix C.4—Ilet
us, however, point out that WP is contained in €Y, which is reassuring).
Another trivialization ¢ differs from ¢ by a map

g:S' — GL(2n;R).
Moreover, for Y € WhP(SY; R*), we have

19Y lyre < c(@) YV Il r

for some constant ¢(g) that is the operator norm of g. Consequently, ¢ and
1) define the same topology of Banach space on WP (x*TW) (this therefore
does not depend on the choice of ¢, as the notation already suggested).
The analogue WP of the space of vector fields along z, of which we saw
(in Section 6.3.a) that it should be the tangent space at x of the loop space, is
thus endowed with the structure of a Banach space. The idea of the following
is to use these tangent spaces to define local charts on the loop space itself.
To do this, we use the exponential of a fixed Riemannian metric on W (see
Appendix A.5). This is defined on a neighborhood D of the zero section
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in TW (a disk bundle).!* For every loop z of class €, we have

exp, : WHP(x*D) — CO(S*; W)
Y — (exp, Y it expy ) Y (1))

Recall that WhP(S1; R?") C CO(S*; R?"?) for p > 1. In the formula, z is of
class €, Y is of class W1P and exp, Y is of class WP and in particular
continuous.

We therefore consider the set of all pairs

(WP (2*D),exp,) for x € LW

and the space, denoted by £L1'*PW, of continuous maps y : S' — W such that
there exist an z € LW and a Y € WP (z*D) with y(t) = exp, ) Y (1).

Theorem 6.8.1. The space LVPW is endowed with the structure of a man-
ifold of class C>° through the atlas

(Wl’p(x*D), expm)mLW .
The resulting structure does not depend on the Riemannian metric that is
used. Moreover,

LW =e>(Sh, W) c £YPW c e¥(sh W),
where each space is dense in the next one.

Here is the idea of the proof; we refer to [68] for the details. For z € W, the
map exp, is a diffeomorphism from the fiber D, C 7,,W onto its image. So
for every ¢, the equality exp, ) Y () = exp, ;) Z(t) implies that Y (t) = Z(?).
The “transition map”

Y — expg:,1 (exp, Y)

sends a WP section onto a WP section because the exponential is €* and
this transition map is as differentiable as the loops x and z’ that define it.
This indeed gives the structure of a manifold on £PW.

The compatibility of the atlases defined by different Riemannian metrics
comes, once again, from the fact that the exponential of any Riemannian
metric is a €°° map, which gives the desired differentiability to the composi-

14 The maximal radius of the disks of such a fiber bundle is the injectivity radius of the
Riemann manifold W.
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tion

(expy )z (expgl)ﬂ;1

WP (z*D,) co(st; W) WP (2" D,)
(with the obvious notation).
Finally, the inclusions are clear and the last assertion follows from the

density of C°(St; W) in CO(S*; W). O

Note that, by construction, the tangent space of this Banach manifold at
the point y € LVPW is

T,LHPW = WhP(y*TW).






Chapter 7

The Geometry of the Symplectic
Group, The Maslov Index

In this chapter, we are going to define the index of the critical points of the
action functional.

Traditionally, the Maslov index is an integer associated with a loop in
the Grassmannian A, of all Lagrangian subspaces of R?". This is because
the fundamental group of this Grassmannian is isomorphic to Z (see for
example Exercise 40 on p. 548 or the book [50]) and, ultimately, because
the fundamental group of the unitary group U(n) is also isomorphic to Z.
The index we will talk about here is an integer associated with paths in the
symplectic group Sp(2n). The latter retracts onto U(n) and therefore also
has an infinite cyclic fundamental group. In this setting, we also call it the
Conley—Zehnder index (see [67, 66], [49], which we used for inspiration, and
the recent paper [43] for references).

7.1 Toward the Definition of the Index

The setting is that of the previous chapter; we have a time-dependent Hamil-
tonian
H:WxS'"—R

and a periodic solution z(t) of & = X;(x) of period 1 that we assume to be a
contractible loop. We have seen that these loops are the critical points of Ay .
We therefore want to define an index for these critical points.

We will do this in three steps. We begin with a nondegenerate (and con-
tractible) orbit x.

(1) We associate with it a path t — A(t) of symplectic matrices, with A(0) = Id
and 1 & Spec A(1).

197
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(2) With each such path we associate a path 7 : [0,1] — St with (0) = 1 and
y(1) = +1.
(3) And with each such path (with values in S1), we associate an integer.

Given a nondegenerate critical point z, we will thus have associated with it
an integer u(z) € Z.

7.1.a First Step

We have fixed the periodic orbit z(t) = ¢'(z(0)). We choose a symplectic
basis
Z(0) = (Z1(0), ..., Z2,(0))

of Ty0)W. Recall (see Section 5.4) that ! preserves w. In particular, the
matrix A(1) of the linear map Tyo)¢' in the basis Z(0) is a symplectic
matrix, A(1) € Sp(2n) (see Section 5.6 for the symplectic group Sp(2n))
and 1 is not an eigenvalue of A(1) because the solution z is assumed to be
nondegenerate.

By the following classical theorem (see for example [75]), there exists a
family of symplectic bases

Z(t) = (Z:(t), - -, Zan(1))
of T(»yW that is € in ¢.
Theorem 7.1.1. For every continuous map
¢ DF — W,

the symplectic fiber bundle Y*TW can be trivialized and all its trivializations
are homotopic. O

We will not prove this theorem, it follows from the contractibility of the
disk D*. For example, the homotopic equivalence of all trivializations follows
from the fact that two trivializations are linked by a map D¥ — Sp(2n) and
simply uses the fact (Proposition 5.6.9) that Sp(2n) is pathwise connected.

But let us get back to the point. Our periodic orbit z is contractible, we
extend it to a map u : D? — W; from the theorem, we deduce a trivialization,
that is, a symplectic frame Z(z) for z € D? and in particular a symplectic
frame along .

In this manner, for every ¢, we can consider the matrix A(t) of the linear
map T, 0)¢" in the bases Z(0) (of T,yW) and Z(t) (of TpyW), and the
map

t— A(t)
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is a path with A(0) = Id for which A(1) does not have eigenvalue 1.
Let us therefore set

Sp(2n)* = {4 € Sp(2n) | det(A —1d) # 0}
and let 8 be the space of paths connecting Id to an element of Sp(2n)*:
8 ={y:]0,1] — Sp(2n) | v(0) =1Id and (1) € Sp(2n)*}.

If Z’ is another symplectic frame along z, then the paths A(t) and A’(¢) are
homotopic in 8. More generally, if v is another extension of x to the disk D?
and if Z’ is a trivialization along v, then by gluing u and v, we can construct
amap w : S — W (as in Subsection 6.3.b; see Figure 6.2). We therefore
have:

e The path A(t) given by the trivialization Z along u

e The path A’'(t) given by Z’ along v

e And a path A”(t) given by a trivialization Z” along w, thanks to Assump-
tion 6.2.2,

and these three paths are homotopic in 8.
We have thus completed the first step, that is, associated with the orbit x
a path in 8§ that is unique up to homotopy.

Remark 7.1.2. In the case of a critical point x of an autonomous Hamilto-
nian H, we have already constructed the path ¢ — A(t) (in Section 5.4 and
in Exercise 8 on p. 537): it is

A(t) — et.]o Hess,.

where Hess,, is the Hessian of H at x, which we will denote by S for the sake
of simplicity. In particular, if S is nonsingular with ||.S|| < 27, then Jy.S does
not have eigenvalue 2ikm and therefore e”/0% does not have eigenvalue 1.

7.1.b Second Step (Beginning)

For step two, with a path A(t) € 8§, we must associate a path
v:00,1] — S with (0) = 1 and (1) = +1.

To do this, we need a few properties of the symplectic group, namely those
seen in Chapter 5, and some additional details.

In Section 5.6.d, we said that there exists a map Sp(2n) — S* that induces
an isomorphism on the fundamental groups. In this section, we give more
details about the properties of such a map p. The construction given here is
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based on the use of [38] by Salamon and Zehnder in [67]. We give a slightly
different, though equivalent, description and write down detailed proofs of
the linear algebra results we use.

Theorem 7.1.3 ([67]). For every n € N*, there exists a continuous map
p:Sp(2n) — S*

satisfying the following properties:

(1) Naturality: If A and T € Sp(2n; R), then
p(TAT) = p(A).

(2) Product: If A € Sp(2m;R) and B € Sp(2n; R), then

0 (g* g) — p(A)p(B).
(3) Determinant: If A € U(n) = Sp(2n;R) N O(2n), then

. X -Y
p(A) = detc(X +14Y), where A= (Y X ) )

In particular, p induces an isomorphism
px : m(Sp(2n); R) — m(S1) = Z.
(4) Normalization: If Spec(A) C R, then
p(A) = (—1)™/2,

where my is the total multiplicity of the negative real eigenvalues.

(5) p(*A) = p(A™H) = p(A).

The construction of such a map p is rather technical. We give the details
in the appendix to this chapter (Section 7.3). Even so, let us already say that
for a matrix A whose eigenvalues are all distinct, this is “simply”

p(A) _ (_1)m0/2 H )\signlmw(f,X)

AESpec(A)NS?t
Im(X\)>0

(we have chosen an eigenvector X for every \).
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7.1.c The Subset Sp(2n)*

Let us get back to our construction of the index u for the periodic orbit x.

The Transformations That Do Not Have Eigenvalue 1.

The symplectic transformations that we need to consider do not have eigen-
value 1 (this is our nondegeneracy assumption). This is why we consider the

open set
Sp(2n)* = {A € Sp(2n) | det(A —1d) # 0},

which is the complement of the hypersurface X' defined by
Y ={A€Sp(2n)|det(A—1d) =0}.

This brings us closer to the usual definition of the Maslov index in the Grass-
mannian of the Lagrangians.

Tt is clear that Sp(2n)* cannot be connected, because it is the union of the
two disjoint open sets defined by det(A —Id) > 0 and det(A — Id) < 0. Also
note that the sign of det(A —1d) is the same as that of the product [T(A; — 1)
over the \; that are the positive real eigenvalues of A.

Ezample: Sp(2).

In the case n = 1, Sp(2) = SL(2;R). This group is the (affine real) quadric
made up of the real matrices (‘é 2) with ad —bc = 1, a submanifold of dimen-
sion 3. The polar decomposition makes it retract onto the circle consisting of
matrices (€9~ sinf) (this is the group U(1)). The hypersurface X of matri-
ces with eigenvalue 1 consists of the (‘; Z) withad—bc=1and a+d=2. It
is smooth outside of the point Id. The complement of X' consists of the two
open sets defined by

trA>2 and trAd <2,
respectively. One easily sees that these two open sets are connected because:

e The matrices with trace greater than 2 are the ones that are similar to

(3 ;_ﬂ) (with A > 0).

e Those with trace less than 2 are the ones that are similar to

cos ) —sin 0 A0 . -1 a
(sin@ cos9>’ (O /\_1) (with A <0), or (O _1)...
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all matrices that can be connected to —Id without any problem.

Remark. The map A — p(A) is not equal to the complex determinant of U,
where A = US is the polar decomposition (see 5.6.d). Here is a counter-
example: Take

~ (cosm/3 —sinm/3 (40
v= (sinﬂ/3 cos7r/3) and 5= <o 1/4)'

Then tr(A) > 2 and therefore p(A) = 1, according to (4) in Theorem 7.1.3.

Topology of Sp(2n)*

The following proposition is due to Conley and Zehnder.

Proposition 7.1.4 ([21]). The open set Sp(2n)* has two connected compo-
nents. The inclusion of each of these in Sp(2n) induces the zero homomor-
phism on the fundamental groups.

Proof. We have already said that Sp(2n)* is not connected. We still need to
show that each of the subspaces

Sp(2n)T = {A € Sp(2n; R) | det(A4 — 1d) > 0}
and Sp(2n)” = {A4 € Sp(2n; R) | det(A —1d) < 0}

is pathwise connected. The proof of this fact is based on the following lemma.

Lemma 7.1.5. Let A € Sp(2n)*. There exists a path in Sp(2n)* that con-
nects A to a matrizx B whose eigenvalues are all distinct and that has exactly
zero (if A € Sp(2n)*) or two (if A € Sp(2n)~ ) real positive eigenvalues.

Admitting this lemma (for the moment), we use it to show that every
matrix A of Sp(2n)* can be connected by a path in Sp(2n)* to the matrix

—1Id € Sp(2n)* if A€ Sp(2n)™,

2 0 0
01/2 otherwise.
0 [—Id

We first connect A to a matrix B as authorized by the lemma. We then still
need to connect B to one of the two matrices above. We choose a basis of
eigenvectors of B that is symplectic and invariant under complex conjugation.
Since the eigenvalues of B are distinct, we can call X, “the” eigenvector
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associated with A. For every eigenvalue A of B that is not real and positive,
we choose a path A(s) that connects A to —1 while avoiding 1 and is such
that if A(s) is the path chosen for A, then:

e The path chosen for X is A(s). ..
e And the path chosen for 1/ is 1/A(s).

We define the path s — B(s) by setting

As)X, ifAE€R
B(s) Xy (s)X» fAZRy
AX,  ifAER,.

The resulting matrix B(s) is real and in Sp(2n)*, B(0) = B and

-X, ifA€R
B(1) - X, = A HAZRY
AXy\ ifAe Ry

There are therefore two possibilities:

e Fither B does not have any positive real eigenvalue, in which case
B(1)=-1d

e Or B has two positive real eigenvalues, A and 1/A. In this case, the matrix
B(1) in the symplectic basis of eigenvectors X (with a suitable ordering) is

B =|o1l°

—1d

Since the group Sp(2n; R) is pathwise connected, we can find a path that
connects this matrix to the matrix of the same form in the canonical basis,

and then to the matrix
2 0

01/2
0 |[-1d

0

Consequently, the two open sets Sp(2n)* are indeed the connected compo-
nents of Sp(2n)*.

Let us now show that the inclusion of each of them in Sp(2n;R) induces
the trivial morphism on the fundamental groups. It suffices to lift the map p,
as authorized by the following lemma.
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Lemma 7.1.6. There exist two continuous maps px : Sp(2n)* — R such
that the diagrams

_ R

T

Sp(2n)* —— Sp(2n) — St
i

commute.

Indeed, we have shown that p induces an isomorphism on the fundamental
groups. Consequently, since

px © i = exp, o(p+)x = 0,
the morphism
iy 2 m Sp(2n)T — 71(Sp(2n))
is zero. a

Lemma 7.1.6 relies on the details of the construction of p. The proofs of
the two Lemmas 7.1.6 and 7.1.5 are elementary in the sense that they only
use elementary linear algebra. Still, we feel that it is useful to write them
out in detail. They can be found in the appendix to this chapter, where they
should be, right after the construction of p (Section 7.3.d).

We have finished the second step; we now only need to define the index,
an integer.

7.2 The Maslov Index of a Path

7.2.a Definition of the Maslov Index

Let W and W~ be fixed matrices in Sp(2n)™ and Sp(2n)~, respectively, for
example those we used in the proofs of the previous section, namely

2 0
Wt=-I1d, W =[01/2
0 |-

0
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For every path v : [0,1] — Sp(2n), we choose a lift a: [0,1] = R of po~,

and we let

If A € Sp(2n)*, then we choose a path v4 (in Sp(2n)*) from A to the
matrix W+ in Sp(2n)*. By Proposition 7.1.4, the homotopy class of 74 is

well defined and, in particular, A(y4) relies only on A. We therefore set
r(A) = A(ya).

G VA

Y:det(A—1d) =0
Fig. 7.1

Let ¢ be a path connecting Id to an element of Sp(2n)*. We define the
Maslov index (1)) of this path by setting

u() = A@) + r(4(1)).

This is the number of clockwise “half turns” that the image under p of the
path composed of ¢ and v4 makes on the circle.

Proposition 7.2.1. The Maslov index is an integer. Two paths vy and Y

are homotopic with endpoint in Sp(2n)* if and only if they have the same
index. Moreover, we have:

e The sign of det(¢(1) —1d) is (—1)*¥)—n,

o If S is an invertible symmetric matriz with norm ||S|| < 27 and if P(t) =
exp(tJoS), then

() = Ind(S) — n,

where Ind(S) denotes the number of negative eigenvalues of S.
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Proof. We begin by taking the composition of our path i with a path in
Sp(2n)* that connects (1) to the matrix W=, as authorized by Proposi-
tion 7.1.4. Let v be the composed path. We have

because p(W*) = +1.

Moreover, by the same proposition, two paths 1y and 7 are homotopic if
and only if the two extensions vy and 7, are homotopic (with fixed endpoints).
The map p induces an isomorphism on the fundamental groups, hence this
is equivalent to the equality A(y9) = A(y1), that is, to the equality of the
Maslov indices of 1y and ;.

Let ¢ be a path and let v be an extension as above. If (1) € Sp(2n)™*,
that is, if det(y(1) — Id) > 0, then the endpoint of v is at W+ = —1Id and
therefore p(y(1)) = (—1)". In this case, p(3)) — n is even. If, on the other
hand, det(z(1) —Id) < 0, then y goes to W~ and p(vy(1)) = (—=1)""!, so that
w(v) —n is odd.

We still need to prove the statement on the symmetric matrices. One
easily verifies (Exercise 15 on p. 539) that if S is symmetric, then exp(tJyS) is
symplectic. Next, since S is symmetric, it is diagonalizable in an orthonormal
basis and there exists a path A — P()) of matrices in O (2n) such that
P(0) =1d and S(1) ='P(1)SP(1) is a diagonal matrix. Let

S(A) = P(NSP(N) and  9a(t) = exp(tJSo(N)).

The index (in the sense of quadratic forms) of the symmetric matrix Sy does
not depend on A. The fact that the norm of S is less than 27 guarantees
that exp(JpS(A)) does not have eigenvalue 1. We can therefore compute the
Maslov index of the path ¥ for any A (because the index does not depend on
it and ¢, € 8) and we have consequently reduced the problem to proving the
desired equality in the case where the symmetric matrix is simply diagonal.
Using the same argument, we may, and do, further assume that S has eigen-
values 7 and —7. We then decompose R?" into a sum of n symplectic planes,
so that it suffices to compute the Maslov index for the symmetric matrices

G G2 (72

Indeed, the multiplicativity of p in Theorem 7.1.3 translates into the addi-
tivity of the Maslov index.
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For the first matrix,

exp(tJoS) = <cos 7t —sin Wt)

sinnwt cost

is a rotation by tm. This matrix is the unitary matrix exp(it7), so that its
image under p is exp(itw). This gives Maslov index

pu(exp(tJoS)) = —1 (= Ind(S) — 1).

The same computation for the third matrix gives

exp(toS) = ( cos Tt smmﬁ) ’

—sin 7wt coswt

a rotation by —tm this time, so that its image under p is exp(—itm). This
gives Maslov index

p(exp(tJpS)) = 1(=Ind(S) — 1).

The second symmetric matrix gives

exp(tJoS) = (cosh 7t sinh 7rt> 7

sinh 7wt cosh 7t

Tt

a matrix whose eigenvalues are e™ and e~ "¢, two positive real numbers, so

that p sends this matrix onto 1 and
p(exp(tJpS)) =0 (= Ind(S) — 1).

So we have the stated formula (with n = 1) for these three cases and
therefore in general by the additivity. O
7.2.b Summary, Third Step

Under Assumption 6.2.2, we have thus associated an integer with any non-
degenerate contractible periodic orbit of period 1, namely its Maslov index.

The computation of the Maslov index carried out for the symmetric matri-
ces above gives the following result in the case of an autonomous Hamiltonian
and a stationary orbit.

Corollary 7.2.2. Let W be a symplectic manifold of dimension 2n, let

H: W —R
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be a(n autonomous) Hamiltonian and let x be a critical point of H. We as-
sume that H is small for the C? topology, in this case |Hess,(H)| < 2m. Then
the Maslov index p(x) of x as a periodic solution of the Hamiltonian system
and its index Ind(z) as a critical point of the function H are connected by

w(z) = Ind(z) — n. O

7.2.c Link Between Symplectic and Symmetric Matrices

We know (by Exercise 15 on p. 539 and Proposition 7.2.1) that when S is a
symmetric matrix, exp(tJy.S) is a symplectic matrix. More generally, we have
the following result.

Lemma 7.2.3. Let S : [0,1] — M(2n;R) be a continuous path of symmetric
matrices. Then the path R :[0,1] — M (2n;R) that is a solution of

%R(t) = JoSHR(), R(0)=1d

is in Sp(2n). Conversely, if R :[0,1] — Sp(2n) is a path of class C, then the
path
S(t) = —JoR'(t)R(t)~"

consists of symmetric matrices.

Proof. We let " denote the derivative with respect to t. We first have
'R(t)" = —"R(t)S(t)Jo,

and then

(‘RJoR) ='R'JoR + 'Ry R’
= —'RSJZR+'RJISR
='RSR —'RSR =0,

which shows that ‘RJyR = Jy for every ¢ € [0, 1], and therefore that R(t) €
Sp(2n).
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Conversely, we have another computation:

tg — —t(JoRIR_l) = _IRLIRI]
='R7VIR'Jy because Jy is antisymmetric
— tRfl(tRJo)/
='"R™YJoR™") because 'RIoR = Jy = 'RJy = JoR™*
_ tR—ljo(R—l)/
= JoR(R™')" because, likewise, '/R™'Jy = JoR

= JoR'R™! because RR-!=1d= R'R'+RR ' =0

=5.

7.2.d Paths With Prescribed Maslov Index

Lemma 7.2.4. For every k €Z, there exists a diagonal matriz S, € M (2n; R)
such that the associated path R(t) = exp(tJoSk) is in 8 and satisfies

p(R(t)) = k.

Proof. We begin by generalizing a computation already carried out in dimen-
sion 2 on p. 205. We choose an odd integer £ and consider the diagonal matrix
S = (ZOW Zgr)' Then

tJoS cosfmt —sin drt
e e .
sinfnt cos/fnt

is a path in § that ends up at —Id = W+ € Sp(2)*. The matrix e//0* is the
unitary matrix e** € U(1) C Sp(2), so that p(e!/0) = —¢. For S = (§ %),

we have
otIoS _ cosht sinht
"~ \sinht cosht/’

t

a path in 8 consisting of matrices whose eigenvalues e! and e™! are real,

positive and distinct for ¢ > 0, so that u(et/0%) = 0.

a
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In the coordinates p1,qi,- .., Pn,qn, consider the diagonal matrices
T 0 -
0 —m

-7 0
Sk = 0 —m

if kK =n mod 2 and
_r 0 _
0 —m

- 0
Sk = 0 —m

if k =n —1 mod 2. By the additivity of the Maslov index, these define paths
with Maslov index k. O

Remark 7.2.5. If we replace any of the first (n — 1) diagonal blocks in the
matrices above as follows:

-7 0 . —me 0
{0 —7T:| with [ 0 —7T8:|
10 . e 0

[0 _J with [O _J,

for some small € > 0, their Maslov index remains unchanged: the paths
between Id and W= used to compute the Maslov index are the same.

We will use these matrices Sy again, with this notation (but sometimes
modified blocks as in Remark 7.2.5), in Chapter 8.
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7.3 Appendix: Construction and Properties of p

7.3.a Preliminaries

Let B be the form
C™"xC”™ >R

defined by
B(Xl,XQ) = ImW(Yl, Xg)

Lemma 7.3.1. The form B is an R-bilinear, symmetric and nondegenerate
form. Moreover, it satisfies

B(?,Xl,ZXQ) = B(Xl,Xg) and B(YLYQ) = —B(Xl,Xg).

Proof. 1t is clear that B is R-bilinear. Proving that it is symmetric is straight-
forward:

B(X3, X1) = Imw(X,, X1)
= —Imw(Xy, X2)
= Imw(X1, X2)
=Imw(X1, X2) = B(X1, Xa).

To show that it is nondegenerate, we suppose that X satisfies B(X,Y) =0
for every Y. We then have

Imw(X,Y)=0 VY cC?*,

and therefore also
Imw(X,iY)=0 VY e€C>,

and consequently
wX,Y)=0 VY € C?™,

so that X = 0 because w is nondegenerate.
The two equalities also have straightforward proofs:

B(ZXl,ZXg) = Imw(—iyl,ng) = Imw(yl,Xg) = B(Xl,Xg)
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for the first, and

B(X1,X5) =Imw(X;,X2)
—Imw(Xy, X2)
= —Imw(X1, Xs)
= —B(Xy, X>)

for the second. a

Corollary 7.3.2. The quadratic form Q(X) = B(X,X) = Imw(X, X) is
nondegenerate and its signature is zero. a

We use the terminology where the signature of a quadratic form is the
difference

o(Q) =m4(Q) —m_(Q),

where m, resp. m_, is the maximal dimension of the subspace on which @
is positive definite, or negative definite respectively (m_ is what we called
the index in the context of critical points).

Lemma 7.3.3. Let A and p be two eigenvalues of A. If A\ # 1, then the
generalized eigenspaces Ey and E,, are orthogonal for B.

This is an immediate consequence of Proposition 5.6.6: if X; € F) and
X5 € El“ then Yl S EX and w(yl,Xz) =0. O

Corollary 7.3.4.

(1) Let X € St; then the restrictions of B and Q to E) are nondegenerate.

(2) Let X € C— S'; then the restrictions of B and Q to E @El/X are nonde-
generate. Moreover, the signature of the restriction of Q to this subspace
18 zero.

Proof. The only assertion that deserves a verification is the one concerning
the signature. We know that the restriction of w to Ex® F,y is nondegenerate
(Corollary 5.6.7) and that the two generalized eigenspaces are isotropic. We
can therefore find a basis (X1,..., X}) of Ey and a basis (Y1,...,Y%) of Fx
such that (Xi,..., X, Y1,...,Y}) is a symplectic basis of E\ @ Ey/y. Let

uj:Xj+i}/j7 Uj:Xjf’L'}/j.
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‘We then have

B(uj,ux) = B(X; +14Y;, Xi + iY%)
= B(iY}, Xy) + B(iY%, X;)
=Imw(—iY;, Xg) + Imw(—iYy, X;)
=20, 1,

so that @) is positive definite on the subspace generated by the u;, and

B(uj,vk) = B(Xj + i}/j,Xk — ZYk)
= B(1Y;, Xi) — B(iY%, X;)
so that the subspaces generated by the u; and by the v; are orthogonal.
Finally,
B(vj,v) = B(X; — iV}, Xj, — iYy)
= —B(iY;, Xx) — B(iY%, X;)
= —20;,

so that () is negative on the subspace generated by the v; and therefore has
signature zero. a

7.3.b Definition of p

Let us now define the map p. If A € S — R is an eigenvalue, then we can
write the generalized eigenspace

Ey=Ef @ E;

as the sum of two real vector subspaces of C?" on which the form Q is positive
definite and negative definite, respectively. Since Q(iX) = Q(X), the two
subspaces are stable under multiplication by i and are in fact complex vector
subspaces of C?".

We let m(A) and m_(A) be the complex dimensions of these spaces,

m4+(\) =dimg EY, m_()\) = dimc Ey,

so that
my(A) + m_(A) = dime E\ = m(\),
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the multiplicity of \. We then define the signature of the eigenvalue A to be
o(A) =my(A) —m_(A).

Recall that the multiplicity of —1 as a (potential) eigenvalue is even, because
E_; is symplectic (Corollary 5.6.7), so that the sum of the multiplicities of
the negative real eigenvalues is even, that is,

mo = Z m(A) € 2N.
AESpec(A)NR_—

Consequently, we can finally set

p(A) _ (_1)’m0/2 H )\m+(>\)_
A€Spec(A)N(ST—R)

This is the map that was announced in Theorem 7.1.3, as we will prove. We
begin by noting that we could have used only the eigenvalues with positive
imaginary part.

Proposition 7.3.5.

pa) = (e [ A,
A€ESpec(A)NS?
Im(\)>0

Proof. We have already said (Remark 5.6.8) that X ~ X is an isomorphism
of real vector subspaces from Ej onto Ey. Since Q(X) = —Q(X), we have,
for A € S1,

e (%) = m_ ()
m (%) = my ()
o(\) = —a(N),

so that _
Am+ ) 3N ey 3N

By grouping the eigenvalues of absolute value 1 into pairs (), \) in the defi-
nition of p, we obtain the stated formula. O
7.3.c Properties of p

Let us now begin verifying the desired properties of p, that is, proving The-
orem 7.1.3.
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Continuity of p

Let (Ax)ken be a sequence in Sp(2n;R) that converges to a matrix
A € Sp(2n). We are going to show that the sequence consisting of the
p(Ay) converges to p(A). It is clear that it suffices to show this for a
subsequence of (A;). We are going to use the fact that the eigenvalues
depend continuously on the coefficients of the matrix, a classical fact that
can be stated as follows.!

Proposition 7.3.6. Let (Ax)ren be a sequence of square m X m matrices
tending to a limit A. Let \1, ..., A\ be the eigenvalues of A, repeated accord-
ing to their multiplicities. Then there exists a numbering \¥, ... \F of the
eigenvalues of Ay such that

Vie[l,m] lim A=)\

k—+oo
We will also need a result on the continuity of the generalized eigenspaces.

Proposition 7.3.7. With the same assumptions, let A be an eigenvalue of A.
Then after extracting a subsequence, if necessary,

lim @ E)\Ip (Ak) = E)\(A)
F=400 i ak—x ’

iFEFATENY

In this statement, the convergence of a sequence of vector subspaces
(of C™) of the same dimension to a subspace of this dimension is defined (that
is, as the convergence in the corresponding Grassmannian) by lim Vj, = V' if
for every k there exists a unitary basis By of Vi such that the sequence of
the B converges to a basis B of V.

Proof of Proposition 7.3.7. Let A}, Ak ..., )\ffk denote the (distinct) eigenval-
ues of A whose generalized eigenspaces occur in the direct sum. By Propo-
sition 7.3.6, we know that the sum of their multiplicities is the multiplicity
of the limit A. Let V. be this direct sum and note that

Vi C Ker(Ag — M Td)™OD (A — METd)™O9) .. (4, — AF 1)),

In fact, (Ax — )\f Id)mo‘?) is zero on the generalized eigenspace E\x(Ag) (by
J
the definition of the generalized eigenspaces). Consequently, if vy € Vj is a

1 The proof is left as an exercise for willing readers; in Exercise 43 on p. 550, we propose
a proof based on Rouché’s theorem.
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sequence of vectors that converges to v, then
(A= AId)" My =0,
and therefore v € Fy(A). O

From Proposition 7.3.6, we deduce without difficulty the following useful
result.

Proposition 7.3.8. If (Vi)ren is a sequence of vector subspaces of C™ of
the same dimension that converges to a subspace V' and if Q is a quadratic
form on C™ whose restriction to each of the Vi and to V is nondegenerate,
then for k sufficiently large, the signature of Q|v, is constant and equals that

0fQ|v~

Proof. We choose a sequence of unitary bases of Vj that converges to a uni-
tary basis of V. The matrix of the restriction of @ to Vj tends to that of the
restriction of @) to V. The number of positive eigenvalues counted with their
multiplicities is therefore constant for k& sufficiently large. ad

Let us now prove the continuity of p. Let (Ag)ren be a sequence of sym-
plectic matrices that converges to A € Sp(2n) and let A € S N {Im(z) > 0}
be an eigenvalue of A. With the notation used above, we let

E)\(A) = lim Ey» (Ak) @G- B Ey (Ak)
k—+o0 1 Tk

The eigenvalue A can be approximated by a sequence (A\F)en of eigenvalues

of Ay, that lie on the circle or by a sequence (1*)en of numbers outside of the

circle, in which case it can also be approximated by the sequence (1/7")ren.

This is illustrated by Figure 7.2.

A\F ’
A
()™
Fig. 7.2
Let Af,..., A% (for s, <ry) be the eigenvalues that lie on the circle for k

sufficiently large. Here is a corollary to Proposition 7.3.8.
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Corollary 7.3.9.

k
lim ()7 (k)T 8) — o),
Jm (A7) (AG )7 o
Proof. This is an immediate consequence of Proposition 7.3.8 when s, = rg,
because in that case

U(/\’f) 4.+ U()\I;k) =o())

for k sufficiently large, which gives the desired result. If s < ri, then the
eigenvalues )\ka, ceey /\ffk can be grouped into pairs p, ! with the same
multiplicity (as indicated in Figure 7.2). However, by Corollary 7.3.4, the
signature of @ on E,(Ag) ® Ez-1(Ax) is zero. The relation between the

signatures is once again satisfied and the corollary is proved. O

To finish the proof of the continuity, we need to analyze the sequences of
eigenvalues of the matrices Ay that tend to a real eigenvalue A of A.

We begin with the case A > 0. If A\ # 1, then A¥ and A do not play a role
in the definition of p. If A = 1, then the only sequences that play a role in the
definition of p are those that lie on S N {Im(z) > 0} for k sufficiently large
(Figure 7.3). For each of these,

lim (AF)7%) =1 because lim AF =1.
k—+o0 k—+o00

Fig. 7.3

Let us now move on to the case of a A < 0 (Figures 7.4 and 7.5). Let:

o (As above) AY,...,AF be the sequences of eigenvalues of Ay that are in
St N {Im(z) > 0} for k sufficiently large (if there is at least one, then
A=-1)
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k k . .
® A i1,---, A, be the real sequences
° /\fk Tlseees )\’ﬁk be the remaining sequences.

We will prove the following result.
Proposition 7.3.10.

kgrfoo()\llc)a(k’f) . ()\l;k)o(k’;k) . (_1)(m()\’§k+1)+---+m(>\fk))/2 _ (_1),,,(”/2‘

Proof. If A # —1, then s; = 0 and the eigenvalues )\fkﬂ, ...,k can be

Tk

grouped into quadruples p, 1/, 7, 1/7 (Figure 7.4), so that

m(p) +m (/) + m(@) +m (1/F) = 4m(p).

Therefore, for k sufficiently large, the continuity of the eigenvalues (Proposi-
tion 7.3.6) implies that

2 ; 2 ‘
i=1 i=1

fwg”mw>miimm
2

have the same parity, concluding the proof in this case.

y \\ww
. °
()~

Fig. 7.4 Fig. 7.5

If A = —1, then the eigenvalues Ay +1,..., A, are either the conjugates
—k —k
Alyees A

Sk

or quadruples p,1/u, 7, 1/f (Figure 7.5). This time, for k suffi-
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ciently large, and modulo 2, we have

s s ~k th k
N _x~mAF) - md) m(A7)
D e D D D Dl
=1 =1 =541
Sk tk k
_ k m(A7)
S MU i
=1 1=5+1
Sk Tk k
_ k m(A7)
i=1 i=s,+1
because m and ¢ have the same parity. This is the stated result. a

This (that is, Corollary 7.3.9 and Proposition 7.3.10) concludes the proof
of the continuity of p. O

Let us now show that the resulting continuous map p satisfies all the
properties announced in Theorem 7.1.3.
Naturality
The matrices TAT ' and A have the same spectrum, including the multi-
plicities. Moreover, the generalized eigenspaces correspond through

EYAT = T(BR).

Finally, since T is not just any invertible matrix, but an element of Sp(2n; R),
it preserves the symplectic form w and everything that is deduced from it. In
particular, Q(T(X)) = Q(X), so that

miATT () =mi (V) and finally po(TAT ™) = p(A). .

Product

The spectrum of (6‘ g) is the union of the spectra of A and B (with mul-
tiplicities) and, likewise (with the convention that E) = 0 if A is not an
eigenvalue),

B <81 g) — Ex(A) & Ex(B).

The m4 also add up, and therefore

p (’81 g) = p(A)p(B). 0
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Normalization

This property (p = %1 if the eigenvalues are real) is an immediate conse-
quence of the definition of p. O

Determinant

Let A € Sp(2n; R) N O(2n) = U(n), then
A= (% _z\]4v) ., which is identified with U = M +iN € U(n).

First note that the eigenvalues of A are indeed the eigenvalues of U. On the

U(z) = he = A (—iz) =2 (—iz)

and on the other hand, we have

(£3)(0)=2() =

one hand, we have

w w

(if we happen to have v+iw = 0, then (M +iN)v = Av, so that A is indeed an
eigenvalue of U). In particular, like those of U (because they are the same),
the eigenvalues of A are elements of S'.

Lemma 7.3.11. Let A € Sp(2n;R) N O(2n) = U(n) and let A be a nonreal
eigenvalue of A. Then

mi(\) =mY(\) and m?(~1) =2mY(-1).

Proof. The matrices A and U are diagonalizable over C, hence the generalized
eigenspaces F are just the usual eigenspaces. Let Jy be the complex structure

—1I
Jo = (1(21 od> , sothat J& = —1d, AJy= JoA
and w(X,JoY) = (X,Y), the inner product on R?". Since A commutes

with Jy, we have
Jo(Ef) = Ef
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Moreover, Jo € Sp(2n; R)NO(2n) is also diagonalizable over C, its eigenvalues
are ¢ and —i, with multiplicity n each, and its eigenspaces are

E;IO_{(x) |x€C”} and E‘@—{( x > |x€C”}.
i —ix

In particular, for v € E{] °. we have
w(@,v) = w(@, —iJov) = —iw(T, Jov) = —i(|Rev|® + [[Imv|?),

so that @ is negative definite on E;] °. An analogous computation shows that
it is positive definite on Ei“l It follows that the eigenspaces of A satisfy

Ef =ExnE”", E;=FE\nEP".

(%))

which is exactly the eigenspace of the matrix U for A. Consequently, we
indeed have m#(\) = mY(A). The eigenvalue —1 case can be treated in an

Consequently,

s ={() e (V) ()

={zeC"|(M+iN)z = Az},

analogous manner: we can verify that
(v> € B4 NR* «— (v+iw) € EY,,
w
so that the eigenspaces of A and of U for the eigenvalue —1 are isomorphic
as real vector spaces, and that
mA(=1) = dimg (E4, NR*) = dimg EY, = 2dim¢c EY; = 2mY(-1)
. which concludes the proof of the lemma. .. O

and which proves that p(A) = detc(U). O

Taking the Inverse

We have seen that ‘A = J; 'A=1Jy, hence, owing to the naturality,
p(tA) = p(A~1). Moreover, \ is an eigenvalue of A~! if and only if 1/ is an
eigenvalue of A and the generalized eigenspaces are the same:

Ex(A7Y) = Ey )0 (A).
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In particular,
mffl()\) =m4(1/\) and mAil(—l) =m?(~1), so that mgr1 = my.

We then compute

pAh) = (-2 T A
AESpec(A™1)
AeST-R

= (1) /2 I1 AT/

A€Spec(A™1)=Spec(A)
AeS'-R

Changing A to 1/, we find that

. mi()\) L
pay = 1 (5) = ot =

AESpec(A)
AeS'-R

7.3.d The Lemmas Concerning Sp(2n)*

Proof of Lemma 7.1.6. We use the precise description of p given in Propo-
sition 7.3.5 to construct p and statements analogous to those proving the
continuity of p to prove that of the lift.

For A € St nonreal, we let arg()\) denote the number

arg(\) €10, 27| such that exp(iarg(A)) = A.

We define p: Sp(2n)* — R using the formulas

™

my(A)argA)+ > —m(A) if A€ Sp(2n)*
A€ESpec(A) A€ESpec(A) 2
- AeST-R AgST-R
p(A) = -
my(NargN)+ > —m(A\)+7 if AeSp(2n)”.
AESpec(A) AESpec(A) 2

AeSt-R AZSI—R
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Note that the first sum can be written using only the eigenvalues with positive
imaginary part:

Yo omiWargN) = Y (me(N)arg(A) +my(X) arg(V))
AESpec(A) AESpec(A)
AeST-R AeSTN{Im(z)>0}
=Y (maWarg(h) +m_ (V)27 — arg(\)
A€ESpec(A)
AeStN{Im(z)>0}
= Y (mEm) + o\ arg(h).
AESpec(A)
AeSTN{Im(z)>0}

Moreover, the nonreal eigenvalues of A € Sp(2n) can be grouped into
pairs A\, A with the same multiplicity. From this we deduce an expression
for p that only involves the eigenvalues with positive imaginary part:

e For A e Sp(2n)t,

= Y. @mmo(\)+o(N)arg(\)

A€Spec(A)
AeStN{Im(z)>0}

+ Z mm(A) + Z gm()\).

AESpec(A) A€Spec(A)NR
Ae{Im(z)>0}—5*

e And for A € Sp(2n)—,

F= 3 Crmo(\) +a() ag()
AESpec(A)
AeSTN{Im(z)>0}

+ Z Tm(A) + Z %m()\) + .
AESpec(A) A€Spec(A)NR
Ae{Im(z)>0}—-S*

Let us now verify that p has the required properties. Let A € Sp(2n)™. The
eigenvalues of A that are neither real nor of absolute value 1 occur in groups
of four with the same multiplicity. The total multiplicity of the positive real
eigenvalues is also divisible by 4: they occur in pairs (A, 1/\) and

O<det(A—Id)= J[ (-1
AESpec(A)
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has the same sign as

II o-o.

A€Spec(A)NR 4

It follows that

exp (z Z m(/\)g> = exp (i%ﬂ')
AESpec(A)
AZS'-R

(~pmer?

(recall that mg is the total multiplicity of the negative real eigenvalues of A).
We therefore indeed have

exp (ip(A)) = p(A) VYA€ Sp(2n)".

For the case of Sp(2n)~, by the same argument, the total multiplicity of the
positive real eigenvalues of A is an integer of the form 4k + 2, but we also
have an additional 7 in the formula defining p, so that

exp (l Z m()\)g + 7r> = exp (z (?TF + 2€7r)> = (—1)™o/2,
AESpec(A)
AeS'T-R

and once again
exp (if(A)) = p(A) YA€ Sp(2n)~.

Consequently, p+ is a lift of p.

Let us now show that this map p is continuous, using arguments similar to
those we have already used to show the continuity of p. We do this only for
Sp™(2n), since the proof for Sp(2n)~ is completely analogous. We therefore
proceed as for the continuity of p, with a sequence (Ay)ren that converges to
A'in Sp(2n)T. If A is an eigenvalue of A, then as before, let A¥, ..., )\ffk denote
the (distinct) eigenvalues of Ay such that limg_, oo )\f = A. We once more

need to distinguish between several cases. In each of them, we use the formula
giving p as a function of only the eigenvalues with a positive imaginary part:

(1) A € {Im(2) > 0} — S'. In this case, once again by the continuity of the
eigenvalues,

Z am(AF) = mm(\).

(2) A € {Im(z) >0} N S*. As in Corollary 7.3.9, let Af,...,A¥ denote the
sequences that are on St (for k sufficiently large). The others are grouped
into pairs pu, 1/ (as in Figure 7.2). Recall (Corollary 7.3.4) that the sig-
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nature of @ on a space FE,, & Fy 5 is zero, so that for k sufficiently large,

we have
Sk

o) = o))

i=1

(as in the proof of Corollary 7.3.9). By applying the fact that
1 _
m—(Qle,eE: /) = M+ (QlE,08,:) = m(p) = 5(m(k) +m(1/m),

we find

Sk Tk
lim (Z(Qﬂm (A8 + o (M) arg(\F)) + Z m(\ >

k=00 =1 i=sr+1
= kET@o ((277771— (Q|EB:§1E>\?(A;Q) (z; o ) arg(\ )
1=

=2mm_(X\) + o(X\) arg(N).

A€R, [N # L Let A},..., Al denote the eigenvalues of Ay that are real
for k sufficiently large. The others occur in quadruples p, 7z, 1/u, 1/ (as in
Figure 7.4), where all elements of the quadruple have the same multiplicity.
Once again using the continuity of the eigenvalues, we have

Th tr Tk
™ T ™
7 M) = > 3 m\F) =Y 5m(Af) +r Y m(A).
i=1 i=1 i=ty+1
Im(A\¥)>0
A = —1. We first have the eigenvalues )\’f7...,)\’§k that lie on S! for k

sufficiently large: they can be grouped into pairs u, i (see Figure 7.5). For
a sequence of this type with Im(\¥) > 0, we have

lim  (2mm_(AF) + o (AF) arg(AF)) — mm(AF)

k—+o00
= lim (cr()\f)(arg(/\f) —m) 4+ (2m_(/\f) +o(M\F) - m(/\f))) =0.
k— 400 : :
There are also eigenvalues )\’;k i1 .,)\fk that are real for k sufficiently
large, and the remaining eigenvalues )\fk PR )\’:k that are neither real

nor of absolute value 1 and that occur in quadruples p, 7, 1/, 1/5 (see
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Figure 7.5). This time, we find

Tk
3 m(A) = lim 3 ;:1 m(A7)

k—+oo
T Sk tr Tk
=l F(om0b+ 3 w0+ 30 mob)
i=1 i=sp+1 i=tp+1
T Sk . tr . Tk L
:kgffooi 2 m()‘i)"“z m(A7) + 2 Z m(A7)
i=1 i=sk+1 1=t +1
Im(AF)>0 Im(A\F)>0

= lim ( N (27rm_()\f)+a(/\f)arg()\f))

k—+oo -
Im(AF)>0 th e
™ k k
F5 3 mober 3 wobh)
i=sk+1 i=tr+1
Im(AF)>0
The relations we obtain in these four cases give the continuity of p. O

Proof of Lemma 7.1.5. We begin with a symplectic matrix A that does not
have eigenvalue 1, and we want to connect it to a matrix B with the same
properties, distinct eigenvalues and exactly two positive real eigenvalues.

We begin by connecting A to a symplectic matrix whose eigenvalues are
all distinct. We only need to do something if A has multiple eigenvalues:

(1) We first consider the case of a multiple eigenvalue A € C — (§* U R).
Let X and Y be eigenvectors for A and 1/\, respectively, chosen such that
w(X,Y) =1 (this is possible because w is symplectic on Ex @& Ej/y). The
subspace F of C?" generated by X,Y, X,Y is symplectic and these four
vectors form a symplectic basis of it.

Let 5 :[0,e] — C* be a path of class € with origin 1. For s € [0,¢], we
define A(s) by setting

and A(s) = A on the symplectic orthogonal complement F° of F. One
easily verifies that A(s) is real and symplectic. We have

A(s)|g, = Alg, for,ug{)\,l/)\,XI/X},
A(8)|g,nre = Alg,nre for pe {\1/X X, 1/X}
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(for s sufficiently small). Consequently, by choosing 8 well, we will have,
for s sufficiently small, 8(s)\ € C — (S* UR), A(s) € Sp(2n)*. Moreover,

dimg E,(A) if e Spec(A)

and ,ugZ{)\, /AN, 1/X}
dimg E,(A) =1 if pe{X\ 1/X X, 1/A}
1 if e {BX, 1/87, BX, 1/BX}

dimc E,(A(s)) =

so that we have lowered the multiplicity of A by 1 without increasing the
multiplicities of the other eigenvalues.

(2) Let us now consider the case of a multiple eigenvalue in S* — R. Let X be
an eigenvector of A for the eigenvalue . Then X is an eigenvector for \.
The subspace generated by X and X can either be symplectic or not:

e If w(X,X) # 0, then we can proceed exactly as above, that is, choose
a path B with values in S and define A(s) € Sp(2n)* in such a way
that it multiplies X by B(s)\ and X by its conjugate and that it is
identical to A on the symplectic orthogonal complement, which lowers
the multiplicity of the eigenvalue A\ by 1.

e If w(X,X) = 0, then since w is symplectic on Ej @ Ex, there exists a
vector Y in the generalized eigenspace F)(A) such that w(X,Y) = 1
and w(Y,Y) = 0. The four vectors X,Y, X,Y form a symplectic basis
of the subspace F' they generate. We again use a path of class €,
B:10,e] = C, with 3(0) =1 and B(s) € C — S* for s > 0, to set

A(s)X = B(s)AX, A(s)X = B(s)\X,
1 — —
A(s)Y = =——AY, A(s)Y = —AY
B(s) B(s)
and A(s) = A on F°. As before, A(s) € Sp(2n)* and the dimen-
sions of the generalized eigenspaces for the eigenvalues other than A
and A remain the same. We have introduced new eigenvalues, 5(s)\
and B(s)A(s) € C — (S! — R) for the matrix A(s), so that 1/3(s)A(s)
and 1/B(s)A(s) are also eigenvalues. The dimension of the generalized
eigenspace for A (and likewise for \) has been lowered by 2, so that the
new eigenvalues must each have multiplicity 1.

(3) Let us now assume that X is a real multiple eigenvalue other than +1;
then 1/X is also an eigenvalue, with the same multiplicity. Let X be a
real eigenvector of A for the eigenvalue \. We know (Corollary 5.6.7) that
E\ @® Ey/y is a symplectic subspace. There therefore exists, in Ej/y, a
vector X’ such that w(X, X’) = 1. Since A € R, we may, and do, further
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assume that X is real. We choose a (nonconstant) path 5 : [0,¢] — ]0, +o00[
with 8(0) = 1 and define A(s) by setting

and A(s) = A on the (symplectic) orthogonal complement of the (sym-
plectic) plane generated by X and X'. The matrix A(s) is real, symplectic,
and B(s)A is one of its eigenvalues, as is, of course, 1/(8(s)A\) (Proposi-
tion 5.6.3). Moreover, these two eigenvalues each have multiplicity 1 (for
s # 0) because dimg E)(A(s)) = dimg Ex(A) — 1, and likewise for 1/A.
Finally, A(s) € Sp(2n)* (by choosing a suitable 3).

(4) We still need to consider the case where —1 is an eigenvalue of A. This
eigenvalue has an even multiplicity; in particular, it is a multiple eigen-
value. Recall that E_;(A) is a symplectic subspace, so that it contains two
vectors X and Y with w(X,Y) = 1. We may, and do, assume that X is an
eigenvector and that X and Y are real. Let F' be the complex subspace
generated by them. We now choose a path § in R with 5(0) = 1 and set

A()X = B()A(X),  A(s)Y = ——A(Y)

and A(s) = A on F°. The matrix A(s) is again an element of Sp(2n)*
and —f(s) is one of its eigenvalues (so that —1/8(s) is also). Once again,
the dimension of the generalized eigenspace has been lowered by 2, and
therefore the eigenvalues —((s) and —1/3(s) each have multiplicity 1.

It is clear that by repeating the processes described above often enough, we
can connect A to a matrix A’ whose eigenvalues are distinct, and moreover
that we can do this using a path in Sp(2n)*. We now only need to connect A’
to a matrix with zero or two positive real eigenvalues.

If A’ has two eigenvalues A and p in |1, 400[, then we begin by connecting
them to reduce to the case of a double eigenvalue u: we choose a real eigen-
vector X for A and an X’ € E;/, such that w(X, X’) = 1. We modify A’ on
the subspace they generate by setting

1 X/

A0 = (L= +sm)X, A = g

so that A’(0) = A’, and A’(1) no longer has eigenvalues A and 1/ but instead
has p and 1/p with multiplicity 2. Note that A’(1) is diagonalizable because
it admits the same basis of eigenvectors as A’(0) = A’.

Let X and Y be two independent eigenvectors of A’(1) for the eigenvalue p.
The generalized eigenspaces Ey and Ej,y are isotropic and their sum is sym-
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plectic (by Corollary 5.6.7). There exist vectors X’ and Y” in E; /5 such that
wX, X)=w,Y) =1, wX,)Y)=wl,X")=0,

that is, such that X, X', YY"’ is a symplectic basis of the complex vector
subspace F' that these vectors generate. Since these vectors are in generalized
eigenspaces corresponding to real eigenvalues, we can choose them to be real.
We again choose a path 8(s) with 3(0) =1 and 8(s) € C — R for s > 0 and
we define A(s) by setting

As)(X +Y) = B)u(X +iY),  A(s)(X —iY) = Bls)u(X —iY),

Als)(X +4Y7) = ﬁ(ls)A(X’ +iY'), A(s)(X' —iY') = %

and A(s) = A on F° (we have written A’(1) = A to simplify). Once more,
the matrix A(s) is real, symplectic, and in Sp(2n)* for a suitable 8. It has

AX' — i),

eigenvalues B(s)u, B(s)u, and therefore also their inverses. As before, these
eigenvalues each have multiplicity 1 because

dimg E,(A(s)) = dimg E,(A) — 2

(and likewise for 1/pu).
This process allows us to remove all quadruples of eigenvalues of the form

{)‘7#’ 1//\’ l/p“} C R+ - {1}

The matrix A’ is left with at most two positive real eigenvalues, and in fact,
none if det(A — Id) > 0 (this sign is the same as that of det(A’ —Id)) and
exactly two if det(A —Id) < 0. O






Chapter 8
Linearization and Transversality

In this chapter, we show that the spaces of solutions of the Floer equation
possess a regularity property. More precisely, if H is a Hamiltonian on W,
and if z and y are two periodic orbits of H (of period 1), then for every almost
complex structure J, we can consider the space M(x, y) of the solutions of the
Floer equation connecting the orbit  to the orbit y. We show that by taking
a perturbation of H, if necessary (without modifying it close to = and y, so
that these remain periodic orbits), we may assume that the space M(z,y)
is a manifold of dimension p(xz) — p(y). The strategy consists in describing
the space M(z,y) as the set of zeros of a section of a vector bundle on
a(n infinite-dimensional) Banach manifold P(z,y). We will use the infinite-
dimensional analogue of Sard’s theorem (the Sard-Smale theorem, here 8.5.7)
to show that, after taking a perturbation of H, the space M(z,y) is the
inverse image of a regular value of a certain map. In this setting, applying
Sard’s theorem requires the assumption that the tangent maps are Fredholm
operators. We will prove this and compute the index of these operators, which
will be p(z) — pu(y)—the dimension of the space M(z, y).

8.1 The Results

We use the Floer map

F:C®R x SL W) — (R x L, TW)
ou

ou
ur— o + Ja + grad,, (Hy),

or, more exactly, a WP version of this map (whose details we will give in
Section 8.2.d). The space of solutions E = C®°(R x S'; TW) is the total

231
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space of a vector bundle E — € (R x S!; W) whose fiber E, at u is the
space of vector fields tangent to W along u. By abuse of notation, we will
write F(u) = 0 to say that F(u) is in the zero section of E. We can also use
embeddings

WcCcR™and TW Cc W x R™

(and avoid the abuse of notation).

Note that if F were transversal to the zero section of E, then the space
of solutions of the Floer equation would be a manifold. This transversality
in a solution u in the inverse image of the zero section is equivalent to the
surjectivity of the projection from Im(d¥), onto the fiber E,. Again, by
abuse of notation we will use the notation (dF), to denote the composition
prg, o (dF), with the projection. The other option is to view J as having
values in (R x S1;R™) (see Section 8.4).

The Floer equation involves an almost complex structure J and a Hamilto-
nian H. Our aim is to take a perturbation of H (with fixed J) for which this
transversality property holds. We will call a pair (H, J) regular if it satisfies
this property and we let (H X J)eg denote the set of all regular pairs. In order
to make (H,J) regular, we define a Banach space C°(H) of perturbations
of H that have the same periodic orbits as H (Section 8.3). We will then give
the proof in two steps:

e We will first prove that the space Z(z,y,J) of solutions going from x
to y for all perturbations of the Hamiltonian is a(n infinite-dimensional)
Banach manifold.

e We will then prove that the Sard—Smale theorem can be applied to the
projection

7 Z(z,y, J) — C°(H),

allowing us to conclude the proof because, by definition,
M(z,y, J,H) = ="' (H).

In these two steps, the Fredholm property of the linearization (dF),, is
crucial. To obtain this property, we must replace the source and target spaces
of the map F by larger Banach manifolds modeled on WP and LP Sobolev
spaces, respectively. In this setting, we will have

(dF)y : WHP(u*TW) — LP(u*TW)

(the space of W1P or LP, respectively, vector fields tangent to W along u,
defined using the embedding TW C W x R™; see Section 8.2.c)... where, as
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specified above, (dF), denotes the composition with the projection onto the
fiber F, of the bundle E, which we will make precise in Section 8.2.

The results are as follows.
Theorem 8.1.1. Let Hy be a fized nondegenerate Hamiltonian. There exist
a neighborhood of 0 in C°(Hy) and a countable intersection of dense open

subsets Hyeg in this neighborhood such that if h € Hieg, then H = Ho + h is
nondegenerate and the map (dF),, is surjective for every u € M(Hy + h, J).

The notion of nondegeneracy used here is the one defined in Section 5.4
(Definition 5.4.4). From this result, we will deduce the one that is the purpose
of this chapter, which is the following.

Theorem 8.1.2. For every h € H,ox and for all contractible orbits x and y
of period 1 of Hy, M(z,y, Hy + h) is a manifold of dimension u(zx) — pu(y).

Proposition 8.1.3. Let
Z(x,y,J) ={(u, H=Hy+ h) | h € C°(Hy) and v € M(z,y,J,H)}.
Forx #vy, Z(x,y,J) is a (Banach) manifold.

This will be a consequence, via the implicit function theorem, of the fol-
lowing result known as the transversality property.

Proposition 8.1.4. If (u, H) € Z(x,y), then

I: W (R x S R?™) x € (Hy) — LP(R x SY;R*")
(Y, h) — (dF7),,(Y) + grad,, h

(where H = Hy+h and FH is the corresponding Floer operator) is surjective
and admits a continuous right inverse.

We will give the details of the definition of I', and in particular the fact that
it is defined on the spaces we are considering, in Section 8.5.a. To conclude
the proof of Theorems 8.1.1 and 8.1.2, we still need to prove the following
result.

Theorem 8.1.5. For every nondegenerate Hamiltonian H, every almost
complex structure J calibrated by w and every u € M(z,y, J, H), (dF), is
a Fredholm operator of index pu(x) — u(y).

Recall that a (continuous) linear operator L : F — F from a Banach
space E to a Banach space F' is a Fredholm operator if its image is closed
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and its kernel and cokernel are finite-dimensional. The index of a Fredholm
operator is the difference

Ind L = dim Ker L — dim Coker L.

A differentiable map from one Banach space into another is a Fredholm
map if at every point its differential is a Fredholm operator. The useful prop-
erties of Fredholm operators are gathered in Appendix C.2.

This chapter is organized as follows: to begin, we describe the spaces of
trajectories that interest us, using the Sobolev (1, p) norms (in Section 8.2).
We then define the Banach space of perturbations of the Hamiltonian (in
Section 8.3), after which we arrive at the proofs themselves:

e In Section 8.4, we compute the differential of the Floer map.

e In Section 8.5, we prove the transversality property (that is, Proposi-
tions 8.1.3 and 8.1.4) modulo a few properties of the solutions of the Floer
equation—using the Fredholm property (here Theorem 8.1.5) of the Floer
map. . .

e ... which we prove in Section 8.7.

e Prior to that, in Section 8.6, we establish the properties of the solutions
of the Floer equation (“injectivity”, continuation principle) that we have
used.

e The computation of the index is the object of Section 8.8.

e In Section 8.9, we prove an essential property of (exponential) decay at
infinity of the solutions of the Floer equation.

We could just as well have adopted the section order 8.4, 8.7, 8.8, 8.9, 8.6,
8.5...

The following diagram should help the readers find their way in the
labyrinth of statements in this chapter.

8.1.5 <>8147> 8.1.3

811 =—=—=28.1.2
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8.2 The Banach Manifold P*?(x, y)

8.2.a The Sobolev Spaces We Use

We need to work in Banach spaces, which the spaces of €°>° maps are not. Just
as we considered loops of class WP in W in Section 6.8, we will now consider
an analogous structure on the space of w’s. This is a bit more complicated,
for two reasons:

e First, because the u’s are defined on a space of dimension 2, the space
R x St of (s,t)s
e Second, because the variable s varies in the noncompact space R.

The functional spaces that we use are completions of the spaces of C>° sections
(with sufficient decay at infinity), for the “Sobolev norms”

+oo 1 1/p
1Yl = < / / 1Y (5.0 ds dt)
and

Wihero = ([ [ o+ [ 2o [ 2o e ar)

for p € ]1,400[, on the Sobolev spaces (which, by definition, are Banach
spaces)
LP(R x SH;R?™) and W'P(R x S}, R?"),

respectively.

Remark 8.2.1. The Sobolev spaces WP can also be defined as distribution
spaces. This is the best point of view, because then an element of W1 is not
an equivalent class of Cauchy sequences of C* functions but a distribution,
so that as such it has a derivative etc. See Appendix C.4.

Let us right away point out a difficulty. In dimension 1, that is, for a
bounded interval I in R, W1P(I) is contained in the space of continuous
functions on I, for all p > 1. This is no longer true in dimension at least 2
(and unfortunately, our source space R x S* has dimension 2). For bounded
U (with sufficiently regular boundary) in R™, we only have

whr(U) c ¢*(U)

for p > m (see Appendix C.4). One of the difficulties we come across comes
from the fact that the elements of W12(R x S';R?") are not continuous
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functions.! Despite our desire to stay in this sympathetic Hilbert space, we
will need to work with WP for p > 2 (for detailed explanations of how we
use this crucial condition, see Section 12.1.b).

8.2.b The Norms That Will Play a Role

The symplectic manifold W is still embedded in a large R™. We let Ty R™ de-
note the restriction of the tangent bundle TR™ (we have Ty R™ = W x R™)
to W. On W, we have the Riemannian metric g defined by w and J which is

ga(v,w) = we (v, Jw) fora e W, v,w € T,W.
Using a partition of unity, we can extend this metric to Ty R™, giving
g:-WxR™xR™ —R

such that for every a in W, §(a,-,-) is a positive definite symmetric bilinear
form. The usual inner product on R™ is denoted by (, ) (or sometimes simply

by -).
8.2.c The Spaces of Trajectories

As above, we let |||y, or ||, denote the Sobolev norms on
WLP(R x SLR™) and WHP(R x SH,R?), or LP(R x SYHR™) and
LP(R x S';R2") respectively. Note that the norm on the spaces RY (R™
or R?") that occurs in the definitions of |||y, and |||, is the Euclidean
norm, not the one defined by g.

Finally, for linear operators between Banach spaces, when this is needed
for the sake of clarity, we will let ||-||° denote the operator norm:

[A|*" = sup |[Az].
llzll=1

If z and y are contractible loops in W, which are critical points of Ay,
then C°(x,y) denotes the set of > maps

u:Rx St — W

such that
lim wu(s,t) =x(t), lim wu(s,t)=y(t),

S——00 s——+o00

1 And we want to work with continuous functions in order to use the regularity and
compactness results Proposition 6.5.3 and Theorem 6.5.4.
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ou 5ls ou .
< [s] _ < d1s|
. (s, t)‘ Ke and ; (s,t) — Xpg(u)| < Ke )

for positive constants K and J (that depend on u).

Definition 8.2.2. For p > 2, PY?(z,y) (or P(z,y) with the exponents being
implied) denotes the space of maps of the form

(8,1) > exPyy(s1) Y (5, 1),
where Y € WHP(w*TW), w € €2 (z,y).

Before going into the definition of the spaces WP (w*TW), let us note
the following result.

Proposition 8.2.3. If z and y are contractible loops and nondegenerate crit-
ical points of the action functional Ay, then we have

M(z,y) C €2 (z,y) C PHP(z,y).

Proof. This is a consequence of the exponential decay (that is, of Theo-
rem 8.9.1 and Remark 8.9.2). O

Definition of WhP(w*TW)

If w:RxS" = W is a map of class €, then here is the definition of
WP (w*TW) (that we sometimes also denote by WIP(R x SYu*TW)).
The symplectic manifold W is embedded in a space R™. We will say that
Y € WHP(w*TW) if Y is a continuous® map

Y:RxS' —TW
such that Y (s,t) € T,y(s,)W for every (s,t) and the composition

RxS' Y5 TWcTR™ = R™ x R™ 22, gm

is in WHP(R x SL,R™).

2 We therefore assume that p > 2.
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We can also define this space using a trivialization® of w*TW rather than
an embedding of W in R™. Consider the map w : R x S' — W defined by

x(t) §=—00
w(s,t) = Cw(s,t) s€ER
y(t)  s=+o0

as well as an orthonormal frame (Z;(s,t));=1,... 2n along W. In this frame, ¥
can be written as

Y(S’t) = Zyi(svt)zi(sat)v
i=1

where the coordinates y; : R x St — R?" are defined by y; = (Y, Z;). The
vector field Y along w is in WP (w*TW) if and only if the vector (y1, . .., yan)
is in W1P(R x S1;R?").

The equivalence of the two definitions is a consequence of the following
easy lemma.

Lemma 8.2.4. Let f € WHP(R x S1; R) and let g € C°(R x S1;R) be such
that g and its derivatives Og/ds, dg/ot are bounded on R x S'. Then the
product fg is in WHP(R x S1;R) and satisfies the inequality

[£5llw < Wfllwr (sup (lal.100/05] 00/ o) ).
X 1

Likewise, if f € LP(R x S} R) and if g € CO(R x SL;R) is a bounded
function (and, in particular, if g € WHP(R x S*; R)), then the product fg is
in LP(R x S1;R) and satisfies the inequality

179l e < [1fll e sup gl

Using a simplified notation, the two inequalities could also be written
(which we will do) as

1fglwre < llwre llgller  and  [[fgll o < 1FllLe lglleo -

Proof of Lemma 8.2.4. It is based on the inequalities

1/p 1/p
( / fg|p> < ( [ <supg|>p) — £l sup gl
RxS! RxS!

3 We have seen that there is one, because the loops = and y are contractible and our
manifold satisfies Assumption 6.2.2.
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and
1/p 1/p
([ wuasosr) "< ([ (ososlial+oaosl 1))
RxS RxS
< sup(lg|,|0g/0s) [110f/Os] + | fll .
< sup(|g|,|0g/0s|) (110f /05l » + [ £ .»)
< sup(|gl,[9g/0s|,10g9/0t]) [ llyy .0
and likewise for 0(fg)/0t. O

8.2.d Structure of a Banach Manifold on P(x,y)

The space PYP(x,y) (Definition 8.2.2) is a Banach manifold modeled on
WhP(R x S';R?"). This Banach property is analogous to that of £1?(W)
(see Section 6.8). Let us therefore define an atlas in an analogous manner.
As above, let w € C(x,y) and let (Z;) be an orthonormal frame along w,
so that WHP(w*TW) is identified with WP(R x S'; R?"). Since we have
assumed that p > 2, we know that

WHP(R x S*; R*™) — L>=(R x S'; R*")
and that this injection is continuous (Theorem C.4.9). Consequently,
VY e WHP(R x SHR™), Y g < K Y [y -
Let pin;j be the injectivity radius (see Appendix A.5, if necessary) of the metric

defined on W. Let us fix an ro < pinj. Let

@ {Y €W TW) | Y [[yrn < 22} — Pla,y)

(w,Y) — exp,, (Y).

This is a bijection on its image and, as in Section 6.8, that is, as in [68],
the @, (for w € €°(z,y)) form an atlas for P17 (z,y).

Let us include the almost complex structure J and the Hamiltonian H
that define the Floer equation in question in the notation by writing:

e M(J, H) for the space of contractible solutions of finite energy

o M(z,y,J, H) for those connecting x to y—be careful, x and y are periodic
trajectories of X; = Xy, and, in this notation, depend on the Hamilto-
nian H.
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The Floer Map

We now want to define the “Floer map”
F:PYP(a,y) — LP(a,y)

by setting
ou ou
g-(u) = % + J(U)E —+ gradHt(u).

Here, £P(x,y) is a fiber bundle on PYP(x,y) whose fiber at u is the space
LP(u*TW) that can be defined in a manner analogous to W?(u*TW). By
the definition of P1?(z,y), its elements u can be written as u = exp,,(X) for
aw € C®(R x SY; W) with exponential decay and X € WP (w*TW). We
therefore need to verify that F takes on its values in LP?, that is, that

F(exp, X) € LP(R x SY:; R™),

which we will do in Section 13.3 (Lemma 13.3.1 and Remark 13.3.2).

8.3 The Space of Perturbations of H

We want to show that, arbitrarily close (in the sense of the C*° topology)
to a fixed Hamiltonian H, there exists a Hamiltonian with exactly the same
periodic orbits and for which the M(z,y) are manifolds of the expected di-
mension.

We will now construct the space C2°(H) of perturbations of H announced
at the beginning of this chapter.

Let us fix a sequence ¢ = (e,,) of positive real numbers (that we will make
explicit later on) and let

Ihll. = ex sup |d“h(z,t)].
kzzo (mvt)EWxSI‘ |

Some additional details are necessary here. First of all, we use |dkh(x, t)| to
denote the maximum of the |d*h(z,t)| over all multi-indices « of length k.
Next, to compute the higher-order derivatives, we need charts. We therefore
fix, once and for all, a finite number of diffeomorphisms

Wl‘ : Bl — E(O, 1),
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(o]
with |, Bi =W x S1. The sup in the formula is then

sup |dkh(x,t)| = sup ’dk(h o Wfl)(z)| .
(z,t)eW xSt 1,2€B(0,1)

The space €2° of € functions on W x S* with finite norm |||, is clearly
a normed and complete vector space.

We still need to verify that this space is dense in the space of €*° functions
when the sequence ¢ is well chosen. This is what the following proposition
asserts.

Proposition 8.3.1. We can choose the sequence € in such a manner that the
space of C functions is dense in C°(W x S1) for the € topology.

Proof. We will use the following result.

Lemma 8.3.2. The space C°(W x S1), endowed with the C' topology, is
separable.

Proof. By considering an embedding of W x S* in a cube [—M, M]™ C R™,
we see that it suffices to prove the result for €>°([—M, M]™). The Stone-
Weierstrass theorem guarantees that this space is separable for the C° topol-
ogy since it asserts that its countable subspace Q[X7, ..., X,,] is dense.

To prove the analogous assertion for the €' topology, we fix a function
X € C®([—M, M]™) of integral 1 and with support in B(0,1). We consider
the sequence (x) defined by i (z) = k™ x(kx). We can easily prove that for
a function f € C*°(R™), the sequence of convolutions

Feola) = [ fa=)xt)dy
tends to f (in the C) _ sense) (see for example [13, Section 3.4]). Next, for
each fixed k, if g, tends to f for £ — +o00 and for the €2 topology, then we

loc
have

li * = fx
mge sk X I Xk

for the CL . topology. Indeed, note that for every compact K, we have
0 OXk
su —f)* =su — f)*
up| 5~ (9= f) Xk‘ up ‘(ge ) oz,
OXk
Ssup|gz—f\'/ aX d,
K R™ €T

so that the set
{P*xr | Pe€Q[X1,...,Xm], ke N}
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is a countable subset of €°°([—M, M]™) that is dense for the €' topology. O

The proof of Proposition 8.3.1 can now be concluded. Let (f,) be a se-
quence in C> (W x S1) that is dense for the € topology (the lemma asserts
that one exists). Let

en =1/(2" max 1 fkllenwxs1))s

with the same convention as before using the diffeomorphisms ¥; to compute
the €™ norm of fj.
For a fixed k and n > k, we therefore have

1
En sup |dnfk(xat)| < ?7
(z,t)eW xSt

so that with this choice of the sequence ¢, fi, € C° for every k, giving the
desired result. ad

Remark 8.3.3. The same proof would give the density of C2° for the C*
topology, but we will only be using the G density.

We will also need a version of Proposition 8.3.1 with compact support.
The following is a precise statement of this.

Proposition 8.3.4. There exists a sequence € for which the following prop-
erty is true. Let (xqg,tp) € W x St and let U be a neighborhood of (xq,to)-
There exists a neighborhood V. C U of (zg,to) such that every h € € (W x S1)
with support in V can be approximated, for the C' topology, by functions
in C2° with support in U.

Proof. We begin by fixing a function S of class €*° on R", with support in
B(0,1) and with value 1 on B(0,1/2). For zy € B(0,1) and for o € ]0, 1], we

set
Bano(2) = B(Z=22).

g

Let (xg,t0) € W x S and let B; be the open set of one of the charts we fixed,
containing (xg, to) in its interior. Let 2o = ¥;(xg,to). We choose a o > 0 such
that

W= (B(z0,0)) C BiNU

K]
and set V =¥, '(B(z,0/2)).
Let h € € (W x S1) with support in V and let us show that it satisfies the

conclusion of the proposition. By Proposition 8.3.1, we know that for some
sequence € and for every n € N, there exists an h,, € (W x S'), such that

lim h, =h for the C' topology.

n—-+oo
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Let gn, = (89,0 © %) - hy on Wi_l(B(zo,cr)) and extend it by 0 elsewhere.
It is clear that g, has support in U and that the sequence g, tends to
(Bzo.0 ©¥;) - h = h in the €' topology.

It therefore suffices to modify the sequence ¢ so that g,, is in €2° (for this
new sequence). Let us therefore study the sup of d*g,. We begin with the
chart ¥; (writing h,, for h,, o y'/;l). We have

sup |dkgn‘= sup |dk(52mg-hn)(2)|
(z,t)€B; 2€B(0,1)

k
<2k: dk)—f S deh,n
<20 sup [ Buo] sup [l

k
1
< 2k drk=* d’h,
< ZE_O:UH ;(gg)| 51;(13g)! !

k

2k ¢
< P HBHGk(B(O,l)) ;Bs(léﬁ) ‘d h”‘ :

We therefore change the sequence ¢ into the sequence &’ defined by
, 1 mingzowﬂk Ey

&‘k = 7 —_

k ||5||ek(B(o,1))

(with the convention that 0° = 1). We then have

2\ k&
’ drg,| < <7) d'h,,
b 4ol < (T5) 2o sup |

< () hall.

The sequence whose general term is the right-hand side (obviously) converges.
To prove that ||g,|., < 400, we need to establish an estimate of this type
in all charts whose open sets B; meet U. This can be done in an analogous
manner, by replacing

. —1
1Bllex(po,1y) Py m}nHﬂOJ’iowj ”ek(wj(BmBj))

in the definition of ¢’. a

Let us fix a (time-dependent) Hamiltonian Hy whose periodic orbits we
assume to be nondegenerate. The space of “perturbations” of Hy that we
are going to use is the space €>°(Hy) of maps h : W x S* — R such that
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|h]|. < +o0 and
h(z,t) =0 in a neighborhood of the 1-periodic orbits of Hy.

Since the support of h is “far” from the periodic solutions of Hy, at least
when |[|h]|, is sufficiently small, the periodic solutions of Hy + h are exactly
the periodic solutions of Hj itself—and they are nondegenerate.

8.4 Linearization of the Floer Equation: Computation of
the Differential of

In order to spare beginners the painful differentiations of vector fields and the
use of the Levi-Civita connection, we will use an embedding of the manifold W
in R™ (m is very large, in any case larger than the dimension 2n of the
manifold). With

m m Pra m
TW c R™ x R™ 23 R™,

the vectors Z;, as well as all vectors tangent to W along v and even along a
neighborhood B of u, can be viewed as vectors in R™. In the same manner,
J is considered to have values in a vector space of maps with values in R™,
namely C®(R x SL;R™) or LP(R x S} R™). To compute the differential
of F, we therefore fix a solution

u € M(z,y) C C.(R x SH W)
of the Floer equation. The cylinder
u:Rx S — W

can be completed into a sphere: the loops  and y are contractible, we extend
them to disks, giving a map

w:S? — W

as in Figure 8.1.

As in Chapter 7, the fiber bundle u*T'W can be trivialized as a symplectic
fiber bundle (owing to Assumption 6.2.2). We therefore choose a trivializa-
tion, that is, a basis (Z1, ..., Za,) € Ty(s,yW, that depends in a C>° manner
on s and t (here we view the cylinder R x S! of the (s,t)’s as a subset of the
sphere, as in Figure 8.1). We will require this trivialization to be symplectic
and orthonormal, that is, that the basis consisting of the Z; be a symplectic
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Fig. 8.1

and orthonormal basis, and that the vectors Z; have a limit when s tends
to £oo. We will also need that

9Zi _ 0 PZi 027,

S*}Eloo 0s2 B O’ SEI:iloo 0s Ot =0.

lim
s—+oo 0S8

There exist such trivializations, as we can convince ourselves using cylinders
near the spherical caps in Figure 8.1.

This frame defines a chart (centered at w) of the Banach mani-
fold PLP(z,y):

i: WHP(R x S R?™) — PLP(2,y)
(Y155 y2m) — exp, (Y viZ).
Note that
(di)o(y1,-- s y2n) = Z Yids

(because (dexp)p = Id; see Appendix A.5, if necessary).
Let us now consider the following map, which we also call F:

F:917(z,y) s LP(R x SLTW) — LP(R x S R™)
ou
u g—h}(u) <6t—Xt(u))

and let us compute its differential at u. Let

Y(s,t) = (y1(s,t)y ..., y2n(s, 1)) € R Cc R™
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be a vector. We view Y = Y y;Z; as a vector in R™ tangent to W. Let us

write

Fu+Y) = % + J(quY)w —Ju+Y) X (u+Y).
The part of this expression that is linear in Y is
(dF)u(Y) = %—i + (dJ)u(Y)% + J(u)aa—}; — (dJ)u(Y)X; — J(u)(dX)(Y).

Lemma 8.4.1. For every map J with values in the endomorphisms of R™
and all maps Y and v with values in R™, we have

(dJ)(Y) - v = d(Jo)(Y) = Jdv(Y).
Proof. Tt suffices to differentiate the map a — J(x) - v(z), which gives
J(@+Y) v(@+Y)=(J(x)+ (d])(Y)) - (v(z) + (dv)(Y))
to order 1, so that
d(J - v)e(Y) = (dJ)2(Y) - v(z) + J(z) - (dv)(Y). O

Remark 8.4.2. For every map v : R x St — W of class €™,

oY oY ou

(@F)u(Y) = (G5 +7 ) 5 )+ ((d)u(V) 5= (dD)u () Xi= T () (dX0)u(Y))

is the sum of a differential operator of order 1 and one of order 0. Let us now
use the chart defined by the basis (Z1,..., Z2,) and write

In this chart, we have

@).7) = Y (P + Pz ) +

0Z; 0Z; ou
S v < i g )22 @20 2 )Xz - (@) 2) Xt) |

The terms on the first line are “of order 0”, that is, they do not differentiate
the y;. We begin by studying the “order 1” terms, the remaining ones. It is
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easy to see that they reduce to
yi Oy
J Zs,
Z ( 0s o ot )

where Jy is the standard complex structure on R?" = C™.

We can also say that the linearized Floer equation is the sum of the
Cauchy—Riemann operator and an operator of order 0. Indeed, we have:

e Since we have assumed that the basis Z1,..., Z5, is symplectic and or-
thonormal, the term of order 1 is g(yl, ..y Y2n), where 9 denotes the
Cauchy-Riemann operator for the standard complex structure* J.

e The two other terms do not differentiate the y; (this is indeed an operator
of order 0).

Remark 8.4.3 (Concerning the Notation). As always, to write the dif-
ferential of a map defined on a manifold, we need a chart of this manifold.
Here we have used

Fy: WY (R x S5 R>) — PLP(2,y) —s IP(R x SLR™),

where the first map is the chart (denoted by i on p. 245) centered at u. Of
course, (dF), denotes that which in coordinates is (dF,)p. We did not think
that using the notation (dF,)o would contribute to the clarity of this text,
so we did not use it.
The equality in Remark 8.4.2 shows that, in this chart, (dF), can be
decomposed into
(dF)(Y) =Y + SY,

where S is a linear operator of order 0, which can be seen as a smooth map
S:R x St — End(R").

In the case where u is a solution of the Floer equation, the operator of
order 0 has a specific property.

Proposition 8.4.4. If u is a solution of the Floer equation, then the differ-
ential of F in u is a sum

(dF), = 0+ S(s,t),

4 Up to a factor 2: the usual 9 is

(5 + 3)

N | =
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where S is a linear operator that tends to a symmetric operator when s tends
to 00 and satisfies

lim 8—S(s,t) =0

s—+oo 88

(uniformly in t).

Proof. We begin with the expression given in Remark 8.4.2; the operator S
is the part of order 0:

St cvmn) = S [ 2 (@) (G i)

When s tends to £oo 5
u
I (7 ~X ) =0
im( 5 +(u)
because u is a solution and Ju/0ds tends to 0 (when s — Fo00) uniformly, as
do its derivatives (see Theorem 6.5.6 and Proposition 6.5.15). Then, we have

chosen Z; such that

. 0Z;
sgrinoo ds 0,
as well as its derivatives. We get
lim 8—5 =0.
s—+oo Os

By the same argument, it suffices to prove the symmetry, for s — +o00, of
the operator

0Z;
t

Alyr, .- yon) = Zyl (J(u) T J(u)(dXt)u(Zi)> )

The jth component of A(yi,...,yan) is

S w5 = )X (7,2, )

so let us show that

0Z;
ot

—J(u)(dX0)u(Z), Z;—>—<J<u>%—<f<u><dxt>uzj, z)=0.

lim <J(u)

s—Foo
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We have (using that the frame (Z;) is unitary)

_9
ot

— <(dJ)u (g?) Zi,Zj> + <J(u)%,Zg‘> + <J(U)Zi7 %>

= (@ () 223 + (F0 5. 25) = (2030 %52,

Therefore it suffices to prove that

0 (J(u)Zi, Z;)

Jim (= (J@)(@X0)u(Z0), 2)) + U () ([dX0)ul(Z)), Z)
(n(§)az)) o

Using again the fact that

i (7 - Xew) =0

this is equivalent to

lim (= (J()(AX0)u(Z0), Z5) + (T (W) ([dX0)u(Z)), Zi)

s—too

—((dJ)u(X0) Z, zj>) —0.

Note that, for a fixed (s, t), this expression only depends on the values of the
Z;’s at the points u(s,t). We prove the following lemma.

Lemma 8.4.5. Let p € W and let (Z;)i=1,.. 2n be a unitary basis of T,W.
Then:

—(J(P)(dX1)p(Zi), Z5) + (J(p)(dX1)p(Z;), Zi) — (d])p(X4) Zi, Zj) = 0.

Proof. Extend (Z;);=1,... 2n to a unitary frame of TW on a chart domain
containing p. Using Lemma 8.4.1, the expression above writes

—(J(dXe)(Zi), Zj)+(J(dXe)(Z5), Zi)+(T(dZ:)(X+), Z5) —{d(J Z:)(X+), Z;)
= (J[Xs, Zi], Z;) + (J(dX:)(Z)), Zi) — (d(J Zi)(X+), Zj).

‘We now use the relation
Xi(JZ;, Z5) =0,
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which writes®
(d(JZ:)(Xe), Z) + (J Zi, (dZ;)(Xy) = 0,

to transform this expression into

The symmetry follows from the fact that the form w is closed,

0= dw(Xy, Z;, Z;)
=X w(Zi,Zj) = Zi - w(Xy, Z;) + Z; - w(Xe, Zi)
—w([Xe, Zi], Z;) + w([Xy, Z5], Zi) — w((Zi, Z5], Xo)
=—-X,-(Z;,JZ;)+ Z; - (dH)(Z;) — Z; - (dH})(Z;)
— (dH)([Zi, Zj]) — w([ X+, Zi], Z5) + w([Xe, Z5], Z)
= d(dH)(Zi, Z;) — w([Xe, Zi], Z;) + w([Xy, Z5], Zs)
= —w([Xe, Zi], Z;) + w([Xy, Z5], Z:) 0O
And this ends the proof of Proposition 8.4.4. O

Let Y +— S -Y the order zero part of (dF),, so that S is a map
R x S' — End(R*").

Denote by S* the symmetric operators defined by S* = lim, 1. S(s,-).
Let us prove the following result.

Proposition 8.4.6. The equation

Y
Il =+
. = JoSTY

is the linearization of Hamilton’s equation

at x =lims, o u (for S7) or at y = limg_, o u (for ST), respectively.

5 The derivation along X} is actually the derivation D x, given by the Levi-Civita connec-
tion; see Section A.5.
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Proof. According to Subsection A.4.c, the linearized equation at x is

dy

S = (ax0.Y.

Writing Y = > y; Z;, we get
yi
yZ Z (
:Zzy’<_ ot
i
0Z;
:Zzyﬂ‘<—W+(dXt)(Zj),Zi>Zi,
]

+(dX0)(Z))

+(dX)(Z), 247,

so that

%‘;;< O (ax)(2)). 7Yy

Therefore, the linearization of Hamilton’s equation at =z, for
Y = (y1,.-,Y2n), IS

% =B" .Y, where B~ = (b;;)
is given by
bij :< 88£ + (dX1).(Z;), Zi>-
Now, the proof of Proposition 8.4.4 shows that, at s = —o0o, the zero order

part of (dF), is given by
A w2) =3 (Ve )aaZ; (@ )(dxtmzi))
SO

- ZZM JAX0)(2)),2:)
- ZZ< - L (AX0)(2). 2 )y 2

We deduce that S~ = (s;;), where

/(2,252

sij = < - E)ait + (dX0)a(Z;), J(m)Zi>.
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Now JZ; = Z;yyn for i <n and JZ; = —Z,_,, for i > n+ 1, so that
Sij = bign,; fori<n and Sij = —bi_pn; fori>n+1.

This is equivalent to
ST =—-JyB™,

and this proves our assertion. a

Remark 8.4.7. If u is a solution of the Floer equation, then we have already
said (Remark 6.5.12) that the product u - s defined by

(u-8)(o,t) = u(o+ s,t)

is also a solution. Consequently, F(u - s) = 0 for every s and therefore

0= Lot 5) = . (2),

so that Ou/ds is a solution of the linearized equation. In particular, along a
(nonconstant) solution connecting = to y, the kernel of (d%F), has dimension
greater than or equal to 1.

8.5 The Transversality

We now prove the transversality property (Proposition 8.1.4), using the Fred-
holm property for (d¥),, that is, modulo the first part of Theorem 8.1.5. The
almost complex structure J is fixed, as is the nondegenerate Hamiltonian Hy.
We fix an hy € €(Hy) and a solution u of the Floer equation for J and
H= Ho + ho:
Fu) = Ou —|—J% + grad, (H) = 0.

Js ot v
The differential of & is computed, as we have just explained, in a fixed unitary
trivialization along u; we write it as

oY oY

8.5.a Definition of I"

We fix two distinct critical points « and y € Crit Ap,. To show that Z(z,y, J)
is a manifold, we describe it as the set of zeros of a section of a fiber bundle.
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On the space P(z,y) x C°(W, Hp), we define the vector bundle
&= {(uhY)|Y € LP(wTW)}.
We can view € as a fiber bundle
& — P(z,y) x C(Hy)
(through (u,h,Y) — (u,h)). The map

P(z,y) x € (Hy) 7 €
ou ou

o5 J(u) o, + grad, (Ho + h)

(u,h) — o

is a section of this bundle. The fact that the section o takes on its values
in &, that is, the fact that

is in LP(R x S*; u*TW), as we have already noted in Section 8.2.d, is proved
in Chapter 13 (more precisely, in Lemma 13.3.1 and Remark 13.3.2).

The zeros of o are exactly the points of Z(x,y,J) (more exactly, of its
WP version); note that the data (Hp, J) are now € while (u, Y) are
weak solutions. To conclude, it suffices to show that o is transversal to the
zero section, that is, that the linearized map (do)(, ) composed with the
projection onto the fiber is surjective when o(u, h) = 0.

Note that o is linear in A and that its differential is

(do) (u,n) (Y, m) = (dF)u(Y) + grad, (n).
The map
I: W (R x SYR?™) x C°(Hy) — LP(R x SY;R?™),

whose surjectivity is claimed by Proposition 8.1.4, is the composition of
(do)(u,ny and the projection from T,(, )€ onto the tangent space of € at
the fiber in (u, h). Consequently, Proposition 8.1.3 follows immediately from
Proposition 8.1.4. Note that the trivialization Z; of TW along w allows us to
identify the tangent space of the fiber with the space LP(R x S1;R?").

8.5.b Proof of Proposition 8.1.4

Assume that I" is not surjective. We then have the following result.
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Lemma 8.5.1. Let g > 0 satisfy 1/p+1/q = 1. There exists a nonzero vector
field Z € L1(R x S, R?™) of class € such that for every h € C°(Hy) and
for every Y € WHP(R x SY; R?"), we have

(Z,(dF)u(Y))=0 and (Z,grad,(h))=0.

In this statement, (, ) denotes the product (pairing of L9 and LP)
@)= [ (2.0, (s,1) ds
RxS?t

and, as above, we have identified WWP(R x SLu*TW) with
WLP(R x SY;R?") by choosing a unitary trivialization (and likewise
for L1!).

Proof of Lemma 8.5.1. We first show that the image of I" is a closed sub-
space of LP(R x S';R?"). The operator I" is not a Fredholm operator (see
Exercise 44 on p. 550), but (dF),, is, as we will show in Section 8.7.c. Conse-
quently, its image is closed and finite-codimensional. This image is, of course,
contained in that of I'. Hence there exists a finite-dimensional subspace G
that is the complement of Im(dF),, that is,

Im(d¥), ® G = LP(R x S*;R?")

and continuous projections®

7 LP(R x S, R*) — Im(dF), and m: LP(R x SL;R*") — G.

The subspace
Gy :Gﬂlm(F) cG

has finite dimension in G, which is also finite-dimensional; it therefore admits
a complement Go. We then have

Im(I") = Im(dF), ® G1, so that Im(I") & G2 = LP(R x S*; R*™).
There therefore exists a continuous projection
7y o LP(R x SLR*™) — Go.

It follows that Im(I") is closed: if a sequence (y,,) of points of Im(I") converges
to a limit y, in LP(R x S*; R?"), then 75 (y,) = 0, and therefore y, € Im(I").

6 See [17, Chapter 2], if necessary.
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Consequently, the image of I" is closed, and by the Hahn-Banach theorem,”

there exists a nonzero continuous linear form ¢ on LP(R x S'; R?") that is
zero on Im(I"). The Riesz representation theorem® states that ¢ is of the
form

p(Y) =(ZY)

for a vector field Z € LY(R x S1; R?").
For every Y € W1P(R x S1; R?") and for every h € C°(H,), we therefore
have
(Z,(dF)u(Y)) =0 and (Z,grad,(h)) =0.

We still need to prove that the vector field Z is of class C*°. Let
L:W'"(R x §;R*) — LP(R x S*; R*™)
denote the operator (d¥),. Recall (Proposition 8.4.4) that

oYy oYy
LY =—+Jo—+S5-Y
0Os T ot *
(here Y € u*TW; we should use the orthonormal frame (Z;) to define L on
WhP(R x S R?"), but we refrain from doing this so as not to weigh down
the reading). We define a map L* by setting

L*: WH(R x S, R*™) — LY(R x S*; R*™)
0X 0X

[ — — t.
X r— 8S+J()6t+SX.

It is clear that L* is a bounded operator. It is the adjoint of L:
with a proof analogous to the one given below, we can show that for
Y € WHP(R x S1;R?™) and X € WHI(R x S1; R?*™), we have

The vector field Z should therefore satisfy L*Z = 0... but a priori, it lives
in LY(R x S';R?"), which is larger than the space on which L* is defined.
Let us therefore show the following result.

Lemma 8.5.2. In the sense of distributions, we have L*Z = 0.

7 Once again [17, Chapter 1], if necessary.
8 This time, [17, Chapter 4].
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Proof. Tt suffices to establish the equality above for Y € C°(R x S1;R?") and
for X = Z. We first write

+oo 1 1 oo oy
/_OO /0<LY,Z>dtds:/O (/_OO <8872>d8>dt
oo 1904 +oo ol

—I—/_Oo /o <JOE,Z>dtds+/_oo /0<SY,Z>dtd5.

Let us consider the three integrals one by one. First, by a simple integration
by parts (in fact, properties of weak derivatives),

[y [ 062 )

(note that this is true, or, naively, that the so-called “fully integrated” term
is zero, because we have assumed that lim,_, 1, Y'(s,t) = 0). For the second
integral, we have

+oo 1 +oo
/ / <J06—Y, dtds = — / / JOZ dtds
—00 0
Foo 8J0 Foo YA
- Y
/ / Y, dtd / / ISy >dtds

(this time the fully integrated term is zero by the periodicity in t¢). Next, we

have
+o0 1 +o0 1
/ / (SY, Z) dt ds / / (Y,'S7) dt ds.
—oco0 JO —oo JO

Summarizing,

+o0 +oo
/ /LYZdtds—/ / Z+Joaa—f+tSZ>dsdt

(Y, L*Z) in the sense of distributions.

Therefore (Z, LY) = 0 implies that

“+o0 1
/ / (V. L*Z) dt ds = 0,
—o00 0

in other words, that L*Z = 0 in the sense of distributions, which we wanted
to prove. 0

It now follows from elliptic regularity (Theorem 12.1.3) that Z is of
class C*°. a
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To obtain a contradiction, let us show that a vector field satisfying the two
conditions of the lemma is necessarily zero. The second condition can also be

/ dhy(Z) ds dt = 0.
RxSt

This relation is satisfied when Z(s,t) = A(t)0u/0s:

dh ) ds dt = Z he(u(s, t)) dsdt = 0
o e COF = [ 30 et

since, by the definition of C2°(Hy), h is zero near the 1-periodic orbits of Xp.
Conversely, we have the following result.

written as

Lemma 8.5.3. If Z € LY(R x S*; u*TW) is of class C> and satisfies
Vh e CX(Hy), (Z,grad,h)=0,

then there exists a G function X : S' — R such that

Z(s,t) = )\(t)%(s,t).

Proof. The proof relies on a theorem of Floer, Hofer and Salamon that guar-
antees that every solution of the Floer equation is “somewhere injective”, a
notion whose details we will give in the definitions that follow and in Theo-
rem 8.5.4; we will prove the property in Section 8.6.

Let u € M(z,y,J, H). A point (sg,t9) € R x St is called a critical point
of uw if Ou/ds(so,tg) = 0. A point (sg,tg) is regular if it is not critical
and if u(sg,tg) # u(s,tp) for every s # so (even if s = +oo, that is, if
u(s0,t0) # x(to) or u(so, to) # y(to)). The set of critical points is denoted by
C(u) C R x S1. We let R(u) denote the set of regular points of u.

Theorem 8.5.4 ([32]). The set C(u) of critical points is discrete and the
set R(u) of regular points is a dense open subset of R x S'.

We will prove this theorem in Section 8.6.

Let (so,tp) € R(u). Suppose that du/9s(sg,tg) and Z(so,to) are linearly
independent. We will construct an h € C2°(Hy) such that (Z, grad, h) # 0,
giving a contradiction. We define a map

T:Rx S'—WxS!
(s,t) — (u(s,1),t).



258 8 Linearization and Transversality

We view Z as a vector field over W x S! along @ (whose component in the
direction 9/0t € T'S* is zero). We view h as a map defined on W x S'. We
write

/ dhy(Z) ds dt — / dh(Z) ds dt,
Rx St RxS1t

and we construct an h € C€°(Hj) such that this integral is not zero. Note
that it suffices to define i on the integral curves of the vector field Z in the
neighborhood of the image of «.

We choose a real number § > 0 that is sufficiently small for the square

Cs={(s,t) eERx S" | |s—so| <0 and |t —to] <5}
to be contained in the dense open set R(u) of regular values of u. Then
u: 05 — W x Sl

is an embedding (if ¢ is chosen sufficiently small, which it is). We may, and
do, also assume (by decreasing §) that Z(s,t) and du/9s(s,t) are linearly
independent as vectors of Ty, )W when (s,t) € Cs. Seen in W x St this
condition translates into the fact that Z(s,t) is transversal to the plane tan-
gent to the image u(Cj).

Since u : C5 — W x S! is an embedding, after decreasing § again, if
necessary, we can consider a local parametrization

¥ :Cs x De — W x St

(here D, = {y € R*~! | ||ly|| < }) such that ¥|c,x(0; = u. We use B (for
“box”) to denote the image of ¢. This box is shown on the left in Figure 8.2.

v Z _

! x f a part of Im(u)/
A A 1 ;

A

T4,

3

>

e o

Fig. 8.2
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We are going to construct h with support in B by prescribing its values
on the integral curves of Z along u(Cs). This will be difficult if the cylinder
Im(%) intersects B outside of u(Cs) (as on the right in Figure 8.2). We exclude
this possibility through an auxiliary lemma.

Lemma 8.5.5. For ¢ sufficiently small, u(s,t) € Im(y) if and only if
(S,t) € Cy.

Proof. If the property announced in the lemma is not true, then there exist
a sequence &, tending to 0 and a sequence (s,,t,) in R x S — Cs such that

U(Sn,tn) = w(siwt;nyn) for (Simt;myn) € Cs x De,,,
and lim (s/,t,,yn) = (54,1,0) € C5 x R*"L,

n—-+o0o
After extracting a subsequence, if necessary, the sequence (s,,t,) tends to
(—o0,ty), (+00,ty) or (sg,ty) € R x S1. We necessarily have ty = t, and
either x(t,) = w(Sx,tx), Y(tx) = u(sy,ts) or u(sx,tx) = u(sy,tx). Now each
of these three equalities contradicts the fact that (s4,t4) is a regular point
of u, which it must be because (s4,t,) € Cs C R(u). O

We can now define h. Outside of B, we choose h = 0. Note that h is
then zero near the 1-periodic orbits of Xg. To define h inside B, we choose
a positive function 8 of class €*° on Cjs with value 1 on a square Cs/ for
some ¢’ < § and value zero in the neighborhood of the boundary of Cjs. Let
YVs.t : [—€0,€0] = B be a curve such that

Y6t (0) = u(s,t) and 7, ,(0) = Z(s,t).

The formula h(vys (o)) = 0B(s,t) defines a function on a subset of the box
diffeomorphic to [—eg, &g] X Cs because Z is transversal to the image u(Cy).
Moreover, on this subset of B, we have

(dh)ﬁ(s,t)(Z(sa t)) = 6(87 t)'

We extend h arbitrarily to a function with support in B. Using the auxiliary
lemma 8.5.5, we finally obtain

/ (dh)a(Z) ds dt — / (dh)a(Z)dsdt = | B(s,t)dsdt > 0.

RxS? Cs Cs

Since the functions in C2°(Hy) with support in B are dense in the €*° function
with support in B (Proposition 8.3.4), we can approximate h by a function
in C°(Hp) in such a way that the integral remains positive.
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The assumption that du/9s(sg,to) and Z(so,tp) are linearly independent
has lead us to a contradiction. There therefore exists a function A : R(u) - R
such that for every (s,t) € R(u),

Z(s,t) = A(s,t) %(s,t).

To conclude the proof of our lemma (Lemma 8.5.3), we must now show that
A(s,t) does not depend on s.
The function A\ can then be expressed by the formula

(Z(s,t), 0u/0s(s,t))

A(s, t) = 5
0= gujas(s. 0]

)

which shows that it is a €°° function on R(u). This formula also allows us to
extend A to the complement of C'(u) in R x S*. Since R(u) is dense in R x S1,
the relation Z = Adu/9s still holds on R x S* —C(u). For every h € C°(Hy),

we have

ou
/Rxsl (dh)u(Z) ds dt = /Rxsl /\(svt)(dh)ﬂ<£) dsdt

:/ /\(s,t)%(h(u(s,t),t))dsdt.

Suppose that there exists a point (sg,%9) of R x S* — C(u) where d\/ds
is not zero. This property still holds on a square Cy centered at (s, to) and
contained in R x S1 — C(u). As before, we construct a box B in W x S* such
that if h has support in B, then

/ (dh)z(Z) ds dt = / (dh)a(Z) ds dt.
RxS?t

Cs

We once again use the plateau function 8 : C5 — R chosen above to define

(s, 1) = ~B(s,1) 2 (5,1) on (C5)
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(extending it arbitrarily to a function with support in B). Using integration
by parts in B, we therefore have

/ (dh)a(Z) ds dt — / (dh)a(Z) ds dt
RxS!? Cs

0
= A(s, t)—
[ Neng,

OX
_ /O (s, Oh(u(s, 1), 1) ds dt
)

-/ 5(s,t)(£(s,t))2dsdt

OX 2
> /cé/ (a(s,t)) dsdt > 0.

Again by density, we may, and do, assume that h € € (Hy) as before. We
have thus contradicted Lemma 8.5.1, hence the assumption (the existence of
a pair (sg,tg) where O\/ds is not zero) is false. We therefore have

(h(u(s,t),t)) dsdt

oA
V(s,t) € R x S* — C(u), g(s,t) =0.
Since C(u) is discrete, R x S — C(u) is connected (an assertion left as an
exercise for the readers). Hence on R x S1 — C(u), A(s,t) = A(t) does not
depend on s. We can then extend this function to a € function on R?,
simply by setting

)\(So,to) = )\(So + E,to) if (So,to) S C’(u)

The relation

ou
Z(s,t) = At)=—(s,t
(5,6) = A1) S (5.)
is therefore true on R x S', and Lemma 8.5.3 is proved. O

Proof of Proposition 8.1.4. Let us show that A(t) #0 for every ¢. If this were
not the case, then there would be a t; such that Z(s,tg) = 0 for every
s € R. In particular, all derivatives 0*Z/0s"(s,tq) would be zero. Since Z
is a solution of L*Z = 0, we can show by induction that all derivatives of Z
would be zero for all s and t = t3. From

0Z 07

L7 = ——— 4+ Joy— +' S(s,1)Z,

gs TGy T
we can deduce that Z would then be a solution of a “perturbed Cauchy—
Riemann”-type equation and therefore satisfy a continuation principle analo-
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gous to the one satisfied by holomorphic maps: if it and all its derivatives are
zero on R X {tg}, then it is zero everywhere. We will explain the notion of a
“perturbed Cauchy—Riemann” equation and prove the continuation principle
(Proposition 8.6.6).

This continuation principle would then imply that Z is identically zero,
which contradicts our assumption.

Hence A(t) # 0 for every t. We may, and do, moreover assume that

A(t) >0 for all t.

We then have
L ou ! ou 2
/0 <£(s,t),Z(s,t)>dt_/O M| (s, t)| dt >0 forall s € R;

consequently, this function of s is positive and tends to 0 (as does du/ds)
when s — £o0. It would lead to a contradiction if this function were constant.
To conclude, let us therefore show that it is, indeed, constant.

Recall that, as we have already noted (Remark 8.4.7), Ou/Js is a solution
of LY = 0. To simplify the notation, we set

Y(s,t) = %(S, t).

We have LY = 0 and L*Z = 0, that is,

Y oy oz 0z
g——JOE—SY and %—JOE—F SZ

The derivative of our function in s is therefore

2 [ wza= [((22)+ (v 2 )

:/01(<—J0%};7Z>—<5Y,Z>+<Y,Joaaf>+<y7t52>)dt

[ (o) o
_ _/1;<JOKZ>dt:O.
0

This contradiction implies that Z is zero, which concludes the surjectivity
part of the proof of Proposition 8.1.4. ad

The proof that I" admits a continuous right inverse is given by the following
abstract lemma.
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Lemma 8.5.6. Let E, F' and G be Banach spaces and
L:F— G, Ly:F— G

be linear operators. Assume that Ly is Fredholm and that I' : E® F — G,
defined by I'(x,y) = L1(x)+ La(y), is surjective. Then I' admits a continuous
right inverse.

Proof. Write G = Im(L,)® H, where H is closed and finite-dimensional. Let
E' be a closed subspace of E such that F = Ker(L;) @ E’. The operator
Ly : E' — Im(L,) is obviously bijective. Denote by Lfl the composition

Ly':Im(L,) — E CECE&F.

Let hy,...,h, be abasis of H and x1,...,2, € EQF be such that I'(z;) = h;.
Define v : H - E® F by v(h;) = x;. This is a continuous map, since its
image is finite-dimensional. Now the map
II:Im(L)®H — E®F
(z,h) — (L7'(2),0) + v(h)

is a right inverse of I': it is easy to check that I" o IT = Id; moreover, I is
continuous since it can be written as

H:(Ll_loprlm(Ll),O)—l—uoer. O

8.5.c Toward the Proofs of Theorems 8.1.1 and 8.1.2, the Tangent
Space of Z(x,y, J)

The contradiction obtained at the end of the previous proof also concludes
the proof of Proposition 8.1.3. We have shown that Z(xz,y,J) is a Banach
manifold. Its tangent space at a point (u,h) is the kernel of (do),,x), that
is, the space

{(Y,n) e WHP(R x SY; R*™) x €°(Ho) | (dF).Y + grad, n =0} .
We consider the projection

™5 2y, J) — €2 (Ho)
(u, Hy+h) — h
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and its tangent map
(d’]r)(u,H) : T(u,H)Z'(xuva) — Thego(HO) = ego(HO)
(Y,n) —n

(where H = Hy+h). Note that 7 is smooth. Let us verify that 7 is a Fredholm
map. The kernel of (d7) (1, +n) is exactly that of L = (dF),, hence has finite
dimension. Its image is the inverse image of the image of L under the linear
map

C=(Hy) —s LP(uw*TW)

n — grad,, 7,

and therefore is finite-codimensional (and closed).
We can now apply the Sard—Smale theorem, which is as follows.

Theorem 8.5.7 (Sard—Smale [73]). Let E and F be two separable Banach
spaces, let U be an open subset of E and let

F:U—F
be a (smooth) Fredholm map. Then the set
{ye Flify= f(x) for an x € U, then T,F is surjective}

of regular values of F is a countable intersection of dense open subsets.

Remark 8.5.8. In this theorem, the separability guarantees that we can
extract a countable subcover from any open cover. It is essential in order to
obtain a countable intersection of dense open subsets, and therefore a dense
subset.

Let us now prove the following result.

Lemma 8.5.9. The regular values of m are exactly the h € C°(Hy) such that
for every w € M(Hgy + h, J), the map (dF), is surjective.

Proof. Let h be a regular value of 7 and let u € M(Hy + h, J). We will show
that (dF), is surjective. If this were not the case, then, as in Lemma 8.5.1,
there would exist a Z € LY(R x S'; R?") such that

VY €e WHP(R x SH R, ((dF)u(Y), Z) = 0.
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Since (dm)(y,#) is surjective, for every n € €2°(Hy), there exists a vector field
Y € WHP(R x S1; R?") such that

(dF)u(Y) 4+ grad,, n = 0.

Using these two equalities, the proof of Proposition 8.1.4 (see Section 8.5.b)
gives Z = 0 and a contradiction. Consequently, (dF),, is surjective.
Conversely, given an h € C>(Hy), if (dF), is surjective for every u €
M(Hg + h, J), then given an n € C°(Hy), choose a Y € WHP(R x St; R?")
such that
(dF)(Y) = —grad,, n.

Then (Y,n) € Tiu,mZ(x,y,J) and (dr)e, m)(Y,n) = 1, hence (dr), m) is
surjective, and h is a regular value of . a

Lemma 8.5.9 immediately gives Theorem 8.1.1 (using the Sard-Smale the-
orem, that is, Theorem 8.5.7). For this proof to be truly complete, we still
need to prove Theorem 8.5.4 and the continuation principle (which we will
prove as Proposition 8.6.6).

Admitting these results, let us finally prove (after taking a perturbation of
the original Hamiltonian, if necessary) that the space of trajectories from x
to y is a manifold of the desired dimension, in other words, let us prove
Theorem 8.1.2.

Proof of Theorem 8.1.2. Let h € H;ee. Then by Lemma 8.5.9, h is a regular
value of
7 Z(z,y, J) — C°(Hp).

Consequently, 7= 1(h) is a manifold and its dimension equals the Fredholm
index of 7, which is

dim Ker(dn) y, gy = dim Ker(dF),
— Ind(d9).,
= p(z) — pu(y).

The elements of m~!(h) are the solutions in PP of the Floer equation for
(Ho + hg, J). By elliptic regularity (see Proposition 12.1.4), we have

7Y (h) € M(z,y, Ho + h).
Proposition 8.2.3 gives the inclusion in the other direction, so that

ﬂ—_l(h‘) = M($7y7 HO + h)u
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which we wanted to prove. a

Remark 8.5.10. We have shown that for h € H,e and for all critical
points = and y of Ag,, the space M(z,y, Hy + h,J) is a submanifold of
PLP(z,y). On M(z,y, Hy + h,J), we use the C° topology. Indeed, since
p > 2, there is an injection of PYP(z,y) into the space of continuous func-
tions that is continuous for the G?OC topology and, as we have already noted
(in Proposition 6.5.3), on M(Hy + h,J) (of which M(x,y, Hy + h,J) is a
subspace), the €Y = and G,

The dense open set H,., whose existence was announced in Theorem 8.1.1
is obtained by taking the intersection of the different dense open subsets

obtained by considering the different pairs (z, y) of periodic orbits of period 1.

topologies coincide.

To conclude the proofs of Theorems 8.1.5 and 8.1.1, we still need to prove
that (dF),, indeed has the Fredholm property and to compute its index, which
we will do in Sections 8.7 and 8.8.

8.6 The Solutions of the Floer Equation Are
“Somewhere Injective”

8.6.a The Injectivity “in s”

We will now prove Theorem 8.5.4 and a continuation principle that we used
in the proof of Proposition 8.1.4 on p. 261 (Proposition 8.6.6 below). Let
z = s+ it and let u be a solution of the equation

ou

2L, (fth ):0.

Here X is a vector field (that depends periodically on time) on R?" and X
and J are assumed to be of class €. Every solution u of class WP (with
p > 2) is in fact of class C°. We begin by transforming this equation into a
Cauchy-Riemann equation on R2.

Proposition 8.6.1. Let u be a solution of the equation

ou ou
5o It (E — X, u)) —0.
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There exist an almost complex structure J and a diffeomorphism ¢ on W, as
well as a map v : R2 = W of class G, such that

ov ov
ds J@

(s, t+1) = p(v(s, 1)),
and for (s,t) € R x [0,1], C(u) = C(v) (u and v have the same critical
points) and R(u) = R(v).

Proof. Since W x S is compact, the “fow” 1, of X, is defined on all of W,
so that we have a map

Y W — W such that %wt:Xtowt and ¢y = 1d.

Let v(s,t) = 1; ' (u(s,t)); then

S )(5e) e S = (@) (90) + Xulw),

and consequently,

0_8u J(é)u

s ot X‘f(“>)
= (d@bt)(—) + J(u)(dwt)(%)
= () (22 + (v T (G) ).

Setting (dvy) =1 J(u)(dy) = 9FJ(v), we have seen that v is a solution of

(%

We conclude by setting ¢ = 11 (and renaming the resulting complex struc-
ture J). The verification of the properties of ¢ and v is immediate. a

We now apply Proposition 8.6.1: proving Theorem 8.5.4 (on the critical
points) is equivalent to proving the results expressed in the following two
statements. The first one asserts that the set of critical points of v (and
therefore also that of «) is discrete.

Lemma 8.6.2. There exists a constant § > 0 such that (dv), # 0 for
0< |z <.

The proof of this lemma uses the “similarity principle” (Lemma 8.6.8) and
is postponed to p. 275.
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Before stating the second result, we consider a solution v:R%?—W of
class C*° with all the properties given by Proposition 8.6.1. Recall that

R(v) = {(s,t) cR?| %(s,t) £0,
(s, t) # 2 (t) and v(s, 1) & V(R — {s} ,t)}.

Definition. We set v(4o00,t) = 2% (t). Let (s,t) € R?. We call a multiple
point of (s,t) a point (s',t) (with the same ¢!) with s’ € R U {£o0} and
s # s such that v(s',t) = v(s,t).

So, by definition, R(v) is the set of points in the complement of C(v) that
do not admit multiples.
The “injectivity” result that we have in view is the following.

Proposition 8.6.3. Let v be a solution of class C° of the Cauchy—Riemann
equation satisfying the periodicity condition v(s,t+ 1) = @(v(s,t)), and such
that Ov/ds # 0. Then R(v) is a dense open subset of R?.

Proof. We divide the proof into two steps. We show:

e That R(v) is an open subset, which is quite easy since the two conditions
occurring in the definition are obviously open conditions
e And (this is the delicate part) that R(v) is dense.

First, R(v) is an open subset; in other words, its complement is closed. If
this were not the case, then there would exist a sequence (sy,t,) ¢ R(v) that
converges to a limit (s,t) € R(v). The first two conditions defining R(v) are
open; consequently, for n sufficiently large, we have

ov

%(sn,t”) #0 and v(sp,t,) # xi(t).

It is the injectivity that no longer holds, so that for every n, we have an
s, € R with s], # s, and v(sp, tn) = v(s),, tn).

Let us show that such a sequence (s},) is bounded. If this were not the
case, then it would admit a subsequence that tends to oo and we would

have (for this subsequence)
v(s,t) = limw(s),, t,) = 2T (t),

which is not allowed because (s,t) € R(v).
Since the sequence (s,) is bounded, let us extract a convergent subsequence
with limit s’. Since v(s,t) = v(s',t), by the definition of R(v) we must have
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s’ = s. We have two sequences (s,) and (s},) with s, # s, and lims, =
lim s), = s. Consequently,

@(S t) — lim U(Snat) — U(S{mt)

0s n— 00 Sp — 80

:0’

which gives a contradiction with the assumption that (s,t) € R(v).

We still need to prove that R(v) is dense. Since C(v) is discrete, it suffices
to show that R(v) is dense in the complement of C(v). It is clear that every
(s,t) € R? with (s,t) ¢ C(v) is the limit of a sequence (s,,t) ¢ C(v) with
v(sn,t) # 2T (t). Indeed,

if v(s+1/n,t) = 2 (t) (for example), then %(s,t) =0.

Let us therefore show that every point (sg,tp) € R x [0, 1] with

%(so,to) #0 and  v(so,t0) # 2™ (to)

s
is the limit of a sequence of points of R(v). If this were not the case, then
there would exist a small open ball centered at (sg,%o) such that

BE(So,to) n R(’U) = J.

If the radius ¢ is sufficiently small, then the following two properties are
satisfied for a sufficiently large M > 0:

(1) If [t —to] < € and |s| > M, then v(s,t) & v(B:(s0,t0)) and z*(t) ¢
v(Be(s0,t0)); otherwise, there would exist two sequences t,, and ¢}, tending
to tg and two sequences s,, and s/, with lim s,, = 00 and lim s/, = sy such
that v(sy,t,) = v(s!,,t,,), which would then imply that v(so,to) = T (o)
(which is false).

(2) If |t —to] < &, then the map

[so—¢€,80+e] — W

s+— v(s,t)

is an injective immersion; otherwise, there would exist two sequences s,
and s}, (with s, # s/,) tending to sy and a sequence t,, tending to ¢y such
that v(sp,tn) = v(s),,tn), so that we would have dv/9ds(sg,to) = 0. This
is illustrated in Figure 8.3 (the s-axis is horizontal): the multiples of the
points of the ball B.(sg,tp) are not in the shaded areas.
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to—6 —0 35(807150)/\(‘?07%)
‘ s=[—M O/ s =M
to+¢
Fig. 8.3

Because of these two properties, we in particular have that

v

s (s,t) # 0 and v(s,t) # zE(t).

V(S,t) € BE(SO, to),

In other terms, v is locally constant and (so,?o) € C(v).

(3) Since [-M, M] x [0,1] is compact and C(v) is discrete, their intersection
is finite. After slightly modifying the point (sg,%o), if necessary, we will
assume that v(sg, tg) # v(s,t) for all (s,t) in this finite set (this is possible
because v is not constant in a neighborhood of (sg, t) since (so, tg) is not
in C(v)) and, after decreasing ¢, that

v(Bx(s0,t0)) Nv([—M, M] x [0,1] N C(v)) = &.

50,
tU*E X (/970)
| EEECEEEECEEEE N
to+¢
v
w
Fig. 8.4

This is sketched in Figure 8.4, where the stars are the points of C(v) and
their images. So we no longer consider the case of a multiple point that is
also a critical point. Only the injectivity counts from now on and for every
(s,t) € B-(s0,1t0), there exists an s’ € R such that s’ # s and

u(s,t) =u(s',t) with %(s/,t) #0and || < M, |s'| > e.
s

For every (s,t), the set of points (s', ) that have the same image is finite: oth-
erwise this set would have a limit point, which would imply that dv/ds = 0.
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Let s1,...,8y € [-M, M] be the points such that
v(so,to) = v(s1,t0) = -+ = v(sn,to)-

Lemma 8.6.4. For every r > 0, there exists a § > 0 such that if [t — to| < ¢
and |s — so| < 6, then there exists an s’ € B,(s;) with v(s,t) = v(s',t).

Proof. If this were not the case, then there would exist a sequence (o, t,)
tending to (sg,to) such that the multiple points (o,t,) of (on,t,) satisfy
o ¢ B,(sj) for j = 1,...,n. Let (0],,t,) be a multiple point of (o,,%,).
We know by property (1) above that |o},| < M and by property (2) that
|ol, — so| > e.

The sequence o], has a limit point o', which is different from sy, ..., sn.
Moreover, v(o),, tn) = v(on, tn), so that v(o’,tg) = v(so, to), giving a contra-
diction.

This is illustrated in Figure 8.5, where the multiple points of B are in the

lightly shaded areas. O
S92 S1 53
to + € ——— ! 4 A —
Y R iy NG S g B gy
Bss
Fig. 8.5

Now that we have the lemma, we fix an r < £/2 and a corresponding §.
For j=1,..., N, we set

X = {(s,t) € Bs(so,t0) | v(s,t) € v(B,(s;) x {t})}
The X; are closed and, by the previous lemma,
iU Uly = E(;(So,to),

so that at least one of them has a nonempty interior. We assume that it is X;.
For a point (s, ) in the interior of Xy and a sufficiently small real number
p > 0, we have

B,(s4,ts) C 21 C Bs(s0,t0) C Be(s0,t0).
We can therefore choose r > 0 sufficiently small so that

B.(s;) N B:(sp) =@ foreveryi=1,..., N,
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in particular,
B,(s4,tc) N (B, (s1) X Bs(tg)) = @.

This is illustrated in Figure 8.6, where each point of B,(s,,t,) has a mul-
tiple in the lightly shaded area.

B,.(s1) x Bs(to)

Bs(s0,to) / \

Fig. 8.6

By the definition of Xy, for every (s,t) € B,(s4,t.), there exists an
s’ € B,(s1) such that v(s,t) = v(s’,t). In particular, there exists an s/, # s,
with

(8, 1) = V(8% ).

We define two functions v; and ve on B(0,0) by setting

v1(s,t)
va(s,t)

V(S + Su, t + 1y)
v(s+ s, t+ty).

These two functions satisfy the same Cauchy—Riemann equation and coincide
at the origin. Moreover, their differentials at the origin are nonzero. Indeed,
(Sxstx) € Bz(s0,tp) is not in C(v) and (s, t,) is a multiple of (s, ), hence
is also not in C(v) by property (3). So, by construction, for every (s,t) €
B,(0,0), there exists an s’ € Ba,(0) such that vy (s,t) = va(s’,t). We apply
the following lemma to these functions. It is a consequence of the continuation
principle (we will prove it later).

Lemma 8.6.5. Let v1 and vy be two solutions of the Cauchy—Riemann equa-
tion with X; = 0 on B.(0), with the same value at 0 and such that (dv1)o
and (dvg)o are nonzero. Suppose, moreover, that for every e > 0, there exists
6 > 0 such that

V(s,t) € Bs(0),3s" € R such that (s',t) € B-(0) and v1(s,t) = va(s', ).
Then v1(s,t) = va(s,t) for every z € B.(0).

Hence vy (s,t) = va(s,t), that is, v(s + ss, t + 1) = v(s + s4,t +¢4) in a
neighborhood of 0. But we want to show that v; = vy on R2. The maps v;
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and ve both satisfy the Cauchy—Riemann equation

dw ow
—+J—=0.
95 7 ot

We define the operator

F:C°(R x SL; R*™) — €®(R x S; R*™)

We then have F(v1) = F(vz). We can write this as
0= St(vl) - 3:(1)2)
'd
= /0 E?(vl +7(vg —v1))dr
1
= / (d‘rf)vl-&-f(vz—m)(w — 1) dr.
0

A computation similar to the one carried out in Section 8.4 to linearize the
Floer operator gives (for H = 0 and J depending on t)

aY Yy  ~
V)= Z— il Y.
(d‘(}r)vlJrT(sz’Ul)( ) 68 + JO 8t + S(Ta Sa t) Y
where S is a map N
S:[0,1] x R? — End(R*").

Let Y = vy — vy and let S(s,t) = fol S(r,s,t)dr. We find that vy — vy is a

solution of oy oy
g1 o Y =
D5 + Jo ot + S 0,

which, by the above, is zero in a neighborhood of the origin. By applying the
continuation principle (Proposition 8.6.6), we have v; = vq, that is,

v(s+ se,t+t,) =v(s+s.,t+1t,) forevery (s,t) € R

By induction, we have v(s,t) = v(k(s, —s«), t) for every k € Z and, by taking
the limit, v(s,t) = 2*(¢), which contradicts the assumption we made. O
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8.6.b The Continuation Principle

We must now prove the continuation principle. We will consider the case of
a “perturbed Cauchy—Riemann” equation
oY )4

85+J05t+5 0

in which Jy is the standard complex structure on R?” and
S :R? — End(R*)
is a map of class C>°. Here is the proposition that we are leading up to.

Proposition 8.6.6 (Continuation Principle). Let Y be a solution of the
perturbed Cauchy—Riemann equation on an open subset U of R?. Then the
set

C ={(s,t) €U |Y has an infinite-order zero at (s,t)}

is open and closed in U. In particular, if U is connected and if Y is zero on
a nonempty open subset of U, then'Y is identically zero on U.

Remarks 8.6.7.

(1) Recall that a function f has an infinite-order zero at a point zq if, for every
k>0,
. SUP|,_z|<r |f(Z)|
lim

r—0 ’I"k

=0.

For a function f of class C°°, this is equivalent to the derivatives of all
orders of f being zero at zg.

(2) The set of points where a function of class € has an infinite-order zero
is closed. In the case of a holomorphic function (that is, one satisfying the
Cauchy—Riemann equations), this closed set is also open: this is what we
call the “analytic continuation principle”.

We will prove this proposition by presenting it as a consequence of a version
of the Carleman similarity principle, namely the following lemma. We write
R2" = C".

Lemma 8.6.8 (Similarity Principle). LetY : B. — C" be a solution of
class C>* of the perturbed Cauchy—Riemann equation
oY )4
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and let p > 2. Then there exist a number 6 > 0, § < &, a map A €
WP(Bs, GL(R?")) and a holomorphic map o : Bs — C™ such that

V(s,t) € Bs, Y(s,t) = A(s,t)o(s+it) and JoA(s,t) = A(s,t)Jp.

Remark 8.6.9. More generally, we can assume in this statement that Y &€
WbP(B,;C") and S € LP(B.; Endg(R?*")) for p > 2.

To prove this similarity principle, we use the fact that the standard 0 is a
Fredholm operator (this will be Theorem 8.6.11).

Let us now write down the proofs of the statements (Lemma 8.6.2 and
Proposition 8.6.6) that use this principle.

Proof of Proposition 8.6.6. It is clear that the set C is closed. We will now
show that it is also open. Let zy = sg + it9p € C. The similarity principle
(Lemma 8.6.8) ensures the existence of a neighborhood Bs(zp) on which
Y (z) = A(2)o(z), where o : Bs(z9) — C™ is holomorphic and A has values
in the real endomorphisms of C”.

On Bs(zp), Y has an infinite-order zero if and only if o also has one. But o
does have an infinite-order zero at zy. Indeed, for r < §, we have

sup |o(z)|= sup |A7'(2) Y (z)
[z—20|<r [z2—20|<r
<K sup [Y(2)|

[z2—zo|<r

because A~! is continuous (since A € W1P(Bs; GL(R?")) is continuous).

Consequently,

. SUP|z—z < ‘O-(Z)|
lim

r—0 ’/‘k

=0 for every k.

But o is an analytic function, therefore it is zero on Bs(zg), hence
B(g(ZQ) c C. O

Proof of Lemma 8.6.2. Obviously, if (dv)g # 0, then the statement is true.
Assume that (dv)p = 0. The map v is a solution of the equation

v v

—+J—==0.

0s + ot
Then, as we have already noted (Remark 8.4.7), dv/0s is a solution of the
linearized Cauchy—Riemann equation. We can therefore apply the similarity
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principle (Lemma 8.6.8) to Y = dv/Js, giving
Y(s,t) = A(s,t)o(s,t)

with o holomorphic in a neighborhood of 0. The lemma follows: the zeros of o
are isolated, hence so are those of Y = 0v/0s, and a fortiori those of dv. O

From the continuation principle, we now deduce a proof of Lemma 8.6.5.

Proof of Lemma 8.6.5. We choose an ¢ > 0 that is sufficiently small for
vy : B. — R?" to embed B. as a submanifold ¥ = v(B.) C R*"; this is
authorized by the fact that (dvs)o # 0. Using a projection from a neighbor-
hood U, of the submanifold X onto this submanifold, we deduce a map ¢ of
class C*°:

¢:U. — B. with ¢|x = vy "

For ¢ sufficiently small, v1(Bs) C X (by assumption), so that we have a map
powvy : By — U, — B;
that, by our assumption, must be of the form

L)DOUI(Sat) = (f(S,t),t)

with f of class €, defined on Bs(0) and with values in B.(0). So for

(s,t) € Bs, we have v1(s,t) = va(f(s,t),t). Since v; is a solution, we also
have

vy vy af

= (st tvr) = (s,t) = == (f(s,1), )=

0 (87 )+J( vvl) (S, ) s (f(‘S? )7 )85

0s ot
(02 (7, 0,0 [ F2 (75,0 50 + T2((5,8),)]

Next, we use the fact that vy is also a solution, that is, that

dva vy Ovy  Ovy
T = s ™ Jus T ar

to obtain

Ovy of O0vy af
g(fﬂf)(% 1)+ﬁ(f’t)5_0’
a linear relation between the two independent vectors (Qve/0s)(f,t) and

(Ova/0t)(f,t). Consequently,
of

of B
g—l and E—O,
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so that f is of the form f(s,t) = s+ so for some sy € | — ¢, e[ that must more-
over be zero because vz(sg,0) = v1(0) = v2(0) and v is injective on B.(0). It
follows that f(s,t) = s, which means that v; and v coincide in the neighbor-
hood of 0 where f is defined. By the continuation principle, v1 and vy must
coincide on all of B:.. a

Proof of Lemma 8.6.8. The last condition that needs to be satisfied is that
A(s,t) is a C-linear map (namely commutes with multiplication by ¢, which
we have denoted by Jy) for all (s, ).

Let us try to replace S (in the perturbed Cauchy—Riemann equation) by
a C-linear map. We begin by writing

1 1
gt — 5(S —JoSJy) and S = 5(54— JoSJo),
so that S = ST + .5~ and
1
JoS* = 5(JoS + 8Jo) = S+ Jo;

consequently ST is C-linear and S~ is anti-C-linear. For (s, t) € B., we define
D(s,t) € Endr(C™) by setting
o

D(s,t)- Z = IV (s,

0 if Y(s,t) =0.

~(Y(s,t) - 'Y (s,1)) - Z if Y(s,t) #0,

Note that when Y'(s,t) # 0, we have

<)7Z>
D(s,t)-Z = 5 (8,1) - Y(s,1),
(s,t) Y] (s,t) - Y(s,t)

where (, ) denotes the usual Hermitian inner product on C™ (see Section 5.5).
In particular, DY =Y for all (s,t). Moreover, this map is clearly anti-C-
linear. Finally, we see that

ID(s,t)]] <1 for all (s,t),
which in particular implies that
S~ .D € LP(B.,Endgr (R*")).

Next, we set N
S(s,t) = ST(s,t) + S~ (s,t) - D(s,1),
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thus defining a C-linear map S ,
S € LP(B.,Endg (R*")),
that satisfies
S.Y=8"Y+S DY =5"Y +S7Y =5Y,

so that Y is also a solution of the equation in which we replace S by S.
We can therefore assume that the S in our equation is C-linear. The desired
result is a consequence of the following lemma.

Lemma 8.6.10. There exist a § € ]0,¢] and an A € W'?(Bs; End(R*"))

such that 94 oA
oA o4 A=
95 + Jo ot + S 0

and A(0,0) = Id.

In this statement, the product S - A is an element of LP(Bs; End(R?"))
(by Lemma 8.2.4). Let us admit this lemma (for the moment!) and finish the
proof of Lemma 8.6.8. Let A be as in the lemma and, if it is not C-linear,
replace it by

1
AT = (A= JoAT),

which is a solution of the same equation (because we have assumed that S is
C-linear) and which also satisfies A*(0,0) = Id. We may, and do, therefore
assume that A commutes with Jy. Let us now show that it also satisfies the
other conditions announced in Lemma 8.6.8. Since A(0,0) = Id, if we choose &
sufficiently small, A(s,t) is invertible for (s,t) € Bs. Next, set

o=A"1Y, sothatY =4 0.

Since Y is a solution of the equation, we have

0(Ao) 0(Ao)
A(Ag) =
s + Jo ot +S5-(Ao) =0,
o 9A P 0A P
g g
$U+A£+JOEG+J0AE+SAJ_O’
which implies that
oo oo
A(g + Joa> —0,

and therefore that o is holomorphic (it is continuous because it equals
o=A"1.Y, and is € by the elliptic regularity).
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Proof of Lemma 8.6.10. The matrix A we are looking for is a kind of funda-
mental matrix of solutions of our equation. It suffices to consider the equation
for the “vector” Y € W1P(Bs; R?"),

)4 )4

— +Jo—+5-Y=0

as  Var * ’
and to show that it has a solution such that Y(0,0) = vy, for every fixed
vo € R?™. Using the vectors of the canonical basis, we will obtain the columns
of the matrix A.

To do this, consider
B(;CCCCU{OO}ZSZ.

If Y is a map from S? to C™ = R2", then OY is a section of the vector bundle
(onlT*Sz)n = A%1T*S% ® C”, and the equality Y = 0 means that Y is a
holomorphic sphere in C”.

We can now use the essential property of 0 recalled in the following theo-
rem (which is a consequence of the Calderén—Zygmund inequality; see The-
orem C.5.8).

Theorem 8.6.11. For every p > 1, the operator
0:WhP (82, C") — LP(A*1T*S? @ C™)
s a surjective Fredholm operator.

The computation that makes up the proof of Lemma 6.6.4 shows that,

if Y =0,
|

(by applying Stokes’s formula). Hence the kernel of O contains only the con-
stants, so that its dimension is 2n, and, since 0 is surjective, its index is also
equal to 2n. Next, consider the operator

2
a—Y‘ dsdt:/ Y*w =0
ot o

D:WhP(S%,C") — LP((AM'T*S*)" ) @ C”
Y — (9Y,Y(0)).

It is the sum of
(5’ 0) . WLP(SQ; Cn) — Lp((AO,lT*SQ)n> ® Cn,

which is a Fredholm operator of index 0, and the operator Y — (0,Y(0)),
which is compact because there is a continuous injection of W into L>°. By
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Theorem C.2.10, we know that it is also a Fredholm operator of index 0. But
its kernel consists of the zero constants, and is therefore zero. Consequently, D
is bijective.

Let Dg be the small perturbation of D defined by

Ds(Y) = (9Y + S5 - Y dZ,Y(0)),

where S5 : CU {oo} — Endg(C") is, in turn, defined by

Sa(s.0) = {5(3715) if (s,t) € By,

0 otherwise.

Clearly,
. _ . _ op _
ggmo 1S5]|;» =0, Thence ;Lmo |Ds — D|| 0,

and therefore Dj is also bijective when ¢ is sufficiently small. After fixing such
a number ¢, we choose a Y such that DsY = (0,vp). Its restriction to Bs
satisfies the perturbed Cauchy—Riemann equation and the “initial condition”
Y (0) = g, which proves the lemma (Lemma 8.6.10). .. O

. and the similarity principle (Lemma 8.6.8). a

We could have used the same method as in the computation of the index
(which we will give in Section 8.8): this is the object of Exercise 45.

8.7 The Fredholm Property

We will now attack the proof of Theorem 8.1.5. Let

SE(t) = lim S(s,t)

s—oo
and let RE be the solution of
R=JyS*R with R =1d.
The aim of this section is to prove the following result.
Proposition 8.7.1. If det(Id —RY) # 0, then
L=0+8(s,t): W'(R x S ;R?") — LP(R x S';R?")

is a Fredholm operator (for everyp >1).
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We take inspiration from the proof given in [66] (see also [16]). The main
ingredient is the following elliptic regularity theorem, together with a conse-
quence of the Calderén—Zygmund inequality (Theorem C.5.8) stated in the
next lemma (a proof can be found in Section 12.2).

Theorem (Theorem 12.1.3). Letp > 1. IfY € LP(R x SY; R*") is a weak
solution of the linearized Floer equation LY =0, then Y € W1P(Rx S; R?")
(and Y is of class C>).

Lemma 8.7.2. Let p > 1. If Y € WHYP(R x SY; R?"), then there exists a
positive constant C' such that

Yl < CULY Lo + 1Y ll0)-

The proof is set up as follows: we first consider the case where S(s,t) does
not depend on s, where we prove the following stronger result.

Proposition 8.7.3. If the symmetric operator S(s,t) = S(t) is independent
of s and if det(Id —RE) # 0, then

D=090+S(t): Wh?(R x SY; R*™) — LP(R x S}, R*")
is bijective (for every p > 1).

We first prove this proposition in the case p = 2 in Section 8.7.a, and then
in the general case in Section 8.7.b. The invertibility of the “asymptotic”
operator D allows us to improve the inequality of Lemma 8.7.2 to

1Y o rcstameny < CUY Doty + 1Y oo (s anxsty)

(for a sufficiently large M > 0).

Since the restriction WhP(R x S') — LP([-M, M] x S1) is a compact
operator (by Rellich’s theorem (Theorem C.4.10)), we can then use a gen-
eral result on so-called “semi-Fredholm” operators (whose proof is given in
Appendix C.2.c).

Proposition 8.7.4. Let E, F and G be three Banach spaces. Let L : E — F
be an operator and let K : E — G be a compact operator. We suppose that
there exists a constant C' > 0 such that

VeeE, |z|p<C(IL@)]p+K@)q)-

Then the kernel of L is finite-dimensional and its image is closed.
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We will still need to show that the cokernel of L is finite-dimensional. We
will do this by identifying it with the kernel of the adjoint operator

L*: WhHi(R x S, R*") — LY(R x S*; R*™),

where ¢ is defined by 1/p 4+ 1/g = 1. This operator, which we have already
come across in the proof of Lemma 8.5.1, also satisfies the conditions of
Proposition 8.7.4, and its kernel therefore has finite dimension.

8.7.a Proof of Proposition 8.7.3, First Step, the Case p = 2

We consider the operator

A= JO% + S Wh(SLR?™) — L*(SY; R*™)

acting on the functions in .

Lemma 8.7.5. Under the nondegeneracy assumption, the operator A is in-
vertible.

Remark 8.7.6. First note that A is the linear operator considered in the
proof of Proposition 8.4.6, the one we obtained by linearizing the differential
equation & = Xy(x) (see Subsections A.4.c and A.4.d).

Proof of Lemma 8.7.5. This is an application of the variation of constants.
Inverting the operator comes down to solving, for Z € L2?(S';R?*"), the
(nonhomogeneous) linear differential equation

Y = JoSY — JoZ, withY € Wh2(SHR>™).
When Z = 0, the solutions are
Y(t) = R(t)Yy, teR,
where R is the fundamental solution, the matrix satisfying
R=J,SR and R(0)=1Id

(this is the matrix that we assumed without the eigenvalue 1 for ¢t = 1). To
solve the equation in general, we look for a solution of the form

Y(t) = R(t)Yo(t), t€][0,1].
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Such a Y satisfies the differential equation if and only if
Yo(t) = —RY(t)JoZ(t).

‘We must therefore have
t
Yo(t) = Ya(0) ~ [ ROUr)IZ(r)ar
0

and therefore

Y (t) = R(t) (YO(O) - /0 t R_l(T)JQZ(T)dT).

We want to be able to extend Y to a periodic function, that is, to have
Y (0) =Y(1), or equivalently

1
R (= [ RO RZE +35(0) = a(0),

that is,
(R(1) —1d)Yy(0) :R(1)/0 R Y1) JoZ(7)dr.

This equation is easy to solve because the operator Id —R(1) has been as-
sumed to be invertible, giving a unique value for Y;(0). We have thus shown
that A is bijective. O

Remark 8.7.7. In this proof, we were able to use the values of the elements
of W12 in 0 and 1 because

wh2([0,1; R*") € €°([0,1]; R*").

As we have already noted, the analogous inclusion is not true when the source
space has dimension > 2. See the results from analysis recalled in the appen-
dices and in particular in Remark C.4.7.

Remainder of the Proof of Proposition 8.7.3 in the Case p = 2.

For Z € L?(R x S'; R?"), we are looking for a Y € WH2(R x S*; R?") such

that oy oy
— — )Y = Z.
D5 + Jo ot + S( )
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In other words, we want to solve the “nonhomogeneous linear differential
equation”

Yy
F —A-Y(s)+ Z(s)

in WH2(R x S';R?"). Unfortunately, in an infinite-dimensional setting, we
cannot apply the variation of constants method as we did to show that A is
invertible. We now know that the homogeneous equation

oY
5o =AY
Y (0) = Yo

admits solutions defined only on [0, +o0c[, and only when the operator A is
monotone, that is, satisfies

Ve, (Az,x)>0

(for the L? product, see [17, Chapter 7] and Theorem 8.7.9). Since our A is not
monotone, before being able to apply this result, we will need to decompose
L?(S*;R?) as a direct sum of spaces on which this monotonicity property
does hold.

To simplify, let us denote this Hilbert space by H:

H = L*(S*; R™).

The map A is not defined on H, but on its subspace W12(S1), it is what
we call an unbounded operator, simply because it is continuous for the W12
norm but possibly not for the L? norm on this subspace. Also note that the
domain of A is dense in H = L?(S1) (because €>°(S') ¢ W12(S1) is dense)
and that A is a closed operator (that is, that its graph

{(V.AY) | Y e wh2(sh)}

is closed in L?(S') x L2(S'), an easy exercise for our readers).
The computation carried out for L in the proof of Lemma 8.5.2 tells us
that A is self-adjoint, or more precisely that for the L? product, we have

(AX)Y) = (X, AY) for X,Y € W12(Sh).
Let us now consider the operator T : H — H defined as the composition

1 .
L2(5Y) A w2 (st <y 2(sh).



8.7 The Fredholm Property 285

This operator is continuous (because A~! is continuous by the Banach theo-
rem [17, Theorem 2.6]) and even compact, because the inclusion is compact.
Moreover, it is self-adjoint, which easily follows from the similar property
of A. We can therefore apply the following result (which is [17, Section 6.4])
to it.

Theorem 8.7.8. Let H be a separable Hilbert space and let T : H — H be a
compact self-adjoint operator. Then H admits a Hilbertian basis made up of
etgenvectors of T

Recall that the set of eigenvalues of the operator A,
{Ae C | A—-)\Id is not injective},

is contained in the spectrum of A, which, in turn, consists of the A for which
A — M1d is not bijective. For a compact operator, the set of eigenvalues either
is finite or consists of a sequence that tends to 0 (see [17, Section 6.3]). Note
that in our case, 0 is not an eigenvalue because A~' is injective. Also note
that the eigenvectors of T are in W12(S1; R?") because Tv = Av implies
that

M= A"y € WH2(SH R?™).

We have a decomposition
H=Ht®H"

(as a sum of positive and negative eigenspaces of T, respectively) and two
orthogonal projections p* : H — H*. Let A* be the restriction of A to H*.
Each of these is again an unbounded operator. If Y € WH2(S1) is in the
eigenspace corresponding to the eigenvalue A of T', then

1

AY = =Y.

A
So the operators AT and —A~ are indeed monotone operators (each of them
satisfies (Bz,z) > 0)

A® gt — g

The following surprising existence result for solutions (Hille-Yosida theory)

applies to these operators.

Theorem 8.7.9. Let A: D(A) C H — H be a self-adjoint monotone closed
operator defined on a dense open subset D(A). Then for every Yy in H, there
exists a map Y : [0,+oo[ — H that is continuous, differentiable on |0, +oo],
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has image Y (]0,+o00[) C D(A) and satisfies

oy
oo =AY

Y (0) =Y.
Moreover, Y, with these properties, is unique and we have

oYy 1
Y@ < 1ol and ¥s>0, || 5-6)] = 14Y ()] < < %]l

Remarks 8.7.10. We called this result surprising for the following reasons:

(1) It is not a local existence result for solutions of a differential equation:
nothing is said in the neighborhood of 0.

(2) The initial condition is not assumed to be in the definition space of A (it
is true that the latter is dense in H by the previous remark).

(3) It is, however, a global result, as in the case of a linear ordinary differential
equation, in the sense that it gives solutions on all of [0, +oo].

(4) Similarly, as soon as we fix s > 0, the map Yy — Y(s) is linear (by
the uniqueness of the solution), defining a continuous linear map from H
to D(A). Let us call it I'(s). Again by the uniqueness, we have

F(Sl + 82) = F(Sl) . F(Sg)
and, since Y (0) = Yy, I'(0) = Id. We say that I' is a semiflow (or a
semigroup). .. and use the notation I'(s) = e~4%.

Our operators AT and —A~ therefore generate “semigroups” of operators
on H*+ and H~, solutions of the differential equations

dY dy
L _aty, LAy
ds T ds

that are well defined for s > 0 and that we denote by

_At -
s e A s, s €A s

We then define a “kernel”

Hl(s) — e‘A+Sp+ for s > 0
(s) = —eA"(=9)p~ for s <0,

where the p* : 7 — H* denote the orthogonal projections.
This is a map R — L£(H) (with values in the space L£L(H) of continuous
operators on H). Note that it is continuous for s # 0, but not at 0. We also
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have, for s > 0,
- +S — S
1K (s) - Yllge = le™ *pH Y]l < e [V |l5,

where ¢ = A™! > 0 for A > 0 the largest positive eigenvalue of T. The
analogous inequality for s < 0 gives

I (5) ] ¢ 30y < €1

for some constant § > 0.
We can therefore define

Q: L*(R,H) — W"(R x SL; R*™)

by setting
+oo

(Q-2)(s,t) = K(—0)Z(s+ o,t) do.

—0o0

The integral is convergent in L?(R x S'; R?"). In fact, the absolute conver-
gence comes from

/R 1K (=0)Z(s +0,8) o s, do
1/2

- [ ([ 1KCoZ6 401 ds) o

1/2

S/ (/ o200 ||Z(s+a)|iz(sl)ds> do
R R

= /Re—%\al 121l L2 (mxs1y do < +oo.

Consequently, Q - Z is in L?*(R x S%R?"). To show that it is in
WE2(R x S';R?"), it suffices to establish, for Y = @Q - Z, the equal-
ity

_ay

Z=—+A'Y.
der

To do this, note that (omitting the variable ¢ in the notation)

Q- 2)(s) /R K(s - 0)Z(0) do

S —+oo
:/ e_A+(S_”)Z+(U) da—/ et ) 727 (0) do

— 00



288 8 Linearization and Transversality

(where the Z* denote the projections onto H*). Let
Y=Q Z=Yt+Y",

so that

dY*ii
ds  ds |

= A0 ZH(s) +/

— 00

e~ AT (s=o) Z+ (o) do

ie_A+(S_U)Z+(J) do
s

=77 (s) —I—/ —A+6_A+(S_O)Z+(O') do

— 00

=Z%(s) — ATY T (s).

The analogous computation for Y~ gives

dy=®
—— + ATYE = 7%,
ds
so that iy
Z = — + AY.
ds

This relation shows that D o Q = Id. Let us also show that Q o D = Id.
Let Y € WH2(R x S'; R?"). We decompose it into Y = Y 4+ Y~ so that

AY = ATY T 4+ A7 Y.
Note that for B = A%, the two expressions
B-eP%Y, and eP°. BY,

are solutions of

oY
55 = BY
Y(0) =B Y.

They are therefore equal (by the uniqueness stated in Theorem 8.7.9). We
use this commutativity in the following computation.
Let us determine @ - (AY'). We have

s —+o0
Q- (AY) = / e*AﬂS*")AJrYJ“(U) do — / e T ATY (o) do.

— 00
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The first term of the sum equals

/ Ate AT 6=y (5) do :/ _9 (67A+(870)Y+(0')> do

— 00 — 00

= —% / e_A+(s_")Y+(J) do +Y*(s)
o [° +
=~ / e MY (s + o) do + YT (s)

0 +
= —/ e*‘ﬁ(*")%(s%-a) do + Y™ (s).

Analogously, the second term equals

+oo B +oo _ Y —
- A=t Y (o) dUz/ et (- d
O s

(s+0)do+Y ™ (s).

S

By taking the sum of the two, we obtain

Q) = (25 +v,

that is, @ o D(Y) =Y, so that @ is indeed an inverse for D. This concludes
the proof of Proposition 8.7.3 for p = 2.

8.7.b Proof of Proposition 8.7.3 in the General Case Where p > 1

We use the following stronger version of the Calderéon-Zygmund inequality
(our Lemma 8.7.2) for the operator D = 3 + S(t).

Lemma 8.7.11. Letp > 1. There exists a constant C > 0 such that for every
k€ R and every Y € WHP(R x S1;R?™), we have

||Y||W1,p([k7k+1]xsl) <C <||DYHLP([}€—%7k+g]xsl) + ||Y||Lp([lc—%,k+g]><sl) :

Note that by taking the sum of the inequalities given in this lemma over
the k € Z, we obtain Lemma 8.7.2: this statement is indeed stronger.

Proof. First let k = 0. The inequality is then an immediate consequence of
Theorem 12.1.2. Next, apply the result to

Z(s,t) =Y (s —k,t).
The operator D is invariant under translations in s, so that

DZ(s,t) = (DY) (s — k, t).
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This gives the result for every k (with the same constant C > 0). O

From now on we assume that p > 2. The next lemma is a consequence of
the previous one.

Lemma 8.7.12. Let p > 2. There exists a constant Cy > 0 such that for
every k € R and every Y € WHP(R x SY; R?*™), we have

HYHWl,p([k,k_;,_l]xSl) <y (”DYHLP([k—l,}H-Q]xSl) + ||Y||L2([k—1,k+2]><5'1)> '

Proof. Because of the invariance of D, it suffices, as above, to prove the result
for k£ = 0. Since we now have p > 2, by Holder’s inequality, we have

LP([-1,2] x SY) c L*([-1,2] x SY),
with, for ¢ defined by 2/p+1/q =1,
Y2 <3Y200Y] L, -
Likewise,
WHP([=1,2] x 1) € WH([=1,2] x §1),  with [V [y < 32|V ]|y

The same thing holds in the interval [—1/2,3/2], by replacing 3'/2¢ by 21/%4.
Finally, Rellich’s theorem (Theorem C.4.10) gives

Wh2([-1/2,3/2] x §*) € LP([-1/2,3/2] x §1),  with [[Y [, < C[[Vly.2 -

We then have (leaving out the factor S! to simplify the notation)

YNy o)) < Ch <||DYHLP([—1/2,3/2]) + ”Y”LP([—l/Q,B/Q]))
< (s (”DYHLP([—I/Q,?)/Q]) + ||Y||W1,2([_1/2,3/2]))

< Cs (IDY o vy + 1Y sz + 1Y o)
by the previous lemma with p = 2,k = —1/2, and then k =1/2

< (4 (”DYHLP([—LZ]) + ||Y||L2([—1,2])) :
This concludes the proof (of this lemma). . . O

. and leads us to another lemma.



8.7 The Fredholm Property 291

Lemma 8.7.13. Let p > 2. There exists a constant C > 0 such that if
Y e WHE(R x St) and DY € LP(R x S*1), then

YeW'RxSY) and Y|y, <CIDY|, .

Proof. Let us begin by proving that Y € W?(R x S!). By Lemma 8.7.12,
it suffices to prove that Y € WUP(K) for every compact K, which is a
consequence of Theorem 12.1.2.

In the following proof, we will need to view Y as a map

Y:R— L*(SHR™) =K

and to use the corresponding L?(R; H) norm

1/p
”Y”LP(R;J{) = </R|Y(S,')||Izz ds) .

Using the previous lemma and the inequality (a + b)? < 2P(a? 4 bP) (an
exercise for our readers), we find

p
Y sounry < O (IPY g ssany + 1V 2 112p)

<orCy (IIDYH]ZP([kq,kJrz]) + ||Y||}£2([k71,k+2])) :

By applying Hoélder’s inequality (and using the number ¢ defined by
2/p+1/qg=1), we obtain

- B k+2 , , p/2
Y122 (o1 k42) = Y (s,t)||” dtds
k-1 Jst

k42 p/2
(Alnywwmdﬁ
. k42 2/p\ p/2
<(3M(A lnY@fm;ck) )

k+2
:Wm/ 1Y (s, )|[2 ds.
1

Consequently,

k+2
Y By < Co(IDY B urnay + [ IV ) )
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and, taking the sum over k € Z,

1Y Iy sty < Cs (IDY I ey + IV 1000 ) -
We now want to give an upper bound for the last term of this sum. We use

the inverse
Q:L*R xS — WH(R x S1)

of D that we defined in Section &8.7.a. Since we have assumed that
Y € Wh2(R x S1), we have

||Y||LP(R;5}C) = ||QDYHLP(R;5H)'

Once again to simplify the notation, let Z = DY and let | || denote the

norm on H. We then have
/p
[ 1@z )

N

(/ H/KS—U )dopds)l/p
( (/R 1K (s — o) - Z(0)| da)f’ d8>1/p
</R (/Ré' 12 ()] da)p d8>””.

This is a convolution of f(s) = e~%I5l and g(s) = ||Z(s)||. We can apply
Young’s inequality® to find

1QZ | o rse

IN

IN

||QZ||LP(R,%) <C HZHLP(R,}C) .

By Holder’s inequality for LP(S') and L?(S'), we have
1/p
1Zlir e = ([ 1DV sl as)

<([1ovesor, ds)l/p

= ||Z||Lp(RXsl) .

9 If necessary, see [17, Chapter 4] for this inequality:

Nfxgllpe <Ifllpr - ”gHLP-
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We conclude that

HYHLP(R;H—C) = HQZ”LP(R;{}() <C ||Z||LP(R><SI) =C HDYHL;)(Rxsl)

and finally that

||Y||W1~P(R><Sl) <Cy HDY”LP(RXSl) )
proving the lemma. ad
The following result is a consequence of this.
Proposition 8.7.14. The operator D is bijective for p > 2.

Proof. The inequality

Y llwir@mxst) < CUDY | Lomusty

of the previous lemma holds for every Y € WHP(R x S1)NW12(R x St) and,
in particular, for every Y € €5°(RxS1). Since the € functions with compact
support are dense'? in W17, the inequality remains true for Y € W1P(RxS?t)
(entirely). Hence D is injective. Moreover, since W1 is complete, its image
is closed.

To prove that D is also surjective, it suffices to establish that its image is
dense in LP(R x SY). Let Z € LP(R x S1) N L*(R x S!). Note that because
this space contains the characteristic functions, it is dense in L? (R x S1). The
surjectivity of D when p = 2, established earlier, gives a Y € W12(R x S*)
such that DY = Z. By the above, this Y is in WY?(R x S!), proving our
proposition. O

To conclude the proof of Proposition 8.7.3, we still need to prove the
following result.

Proposition 8.7.15. The operator
D: W' (R x S') — LP(R x S*)
is bijective for 1 < p < 2.

Proof. Let us show, as in the previous proposition, that there exists a constant
C > 0 such that

Y llwio@mxsty < CIDY llLomxst) -

10 See [17, Chapter 9], if necessary.
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As above, because of the density property, it suffices to establish this equality
for Y € C5°(R x S'). We use the adjoint operator

D* : WhH(R x ') — LYR x S*)
0X 0X
———+Jo+5-X
T gy g ’
where, as it should be (but not as above), ¢ is defined by 1/p+1/¢ =1, so
that ¢ > 2 (and where, recall, S is symmetric). We have already seen (in
the proof of Lemma 8.5.2), that for every X € Wh4(R x S!) and every
Y € CP(R x SY),
(D*X,Y) = (X,DY).
The results that we proved for D and p > 2 also apply to D*, which is of

the same form as D, and to ¢, which is greater than 2. In particular, D* is
bijective. Let us now write

oY oY
1Y by = Y[l o + Hg w HE

Lp

and give an upper bound for each of the three terms on the right. By Riesz’s!!

theorem, we have

1Y, = sup [(Z,Y)].
ZeL?

121l La=1
Since D* is bijective, this gives
Yl = sup  [(D*X,Y)[= sup [(X,DY)
Xewha Xewha
I1D* X q=1 [D*X]lq=1
<IDYllp,  sup ([ XL,
Xewh?
[D* X[l q=1

As in the proof of the previous proposition, we have
X1 e < 1 Xly1e < CID* X 14,

and therefore
1Y, <CDY||L, -

We proceed as for the derivative with respect to s, using the fact that

0 _ 0
Dt oo =D

11 See [17, Chapter 4], if necessary.
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(the application of this operator to an element of W should be taken in
the sense of distributions). We have

Y
20 s 20w (S
s liLr Xewha Js Xewha Js
[D*X||Lq=1 ID*X]q=1
0 0
= sup ’<D*—X,Y>‘ = sup ‘<—X, DY>‘
Xewha 0s xewbe |\0s
HD*XHL(Izl ”D*XHqul
0X
<IDYlp sw  |Z|  =clpyiy,
Xewha § lLa
[D* X[l Lq=1
because

X[l < CID* X L

as before. For the derivative with respect to ¢, note that for X € W14, we
have

o . L0 )

(where the derivatives are still taken in the sense of distributions). It follows
that

Y
Ha— —  sup <D*X,§Y>(= sup ‘<§D*X,Y>’
at Lp Xer,q at Xer,q 8t
”D*XHqul ”D*X”qul
=  sup <D*9X+§X,Y>‘
Xewha ot ot
ID*X||q=1
0 oS
- sup <—X,DY>—|—<—X,Y>‘
Xer,q at 8t
”D*XHqul
<|IDYp sup [ Xy +C YL sup [ XL,
Xewh Xewh
”D*X”qul HD*X”qul

with C' = sup,cq1 ||0S/0t||. As before, the first term of the sum is
bounded from above by C|DY|;,. Moreover, since we have shown that
1Yo < DY, the second term admits an upper bound of the same
form. We have therefore established that

for every Y € WHP(R x SY),  [|Y|lyrw < C DY, -

It follows that, in this case too, the operator D is injective and has a closed
image. Otherwise, Riesz’s theorem would give a nonzero Z € L4(R x S*)
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such that
for every Y € WHP(R x S1), (Z,DY) = 0.

As in the proof of Lemma 8.5.2, it follows that D*Z = 0 (still in the sense of
distributions), and therefore, by elliptic regularity (that is, Theorem 12.1.3),
that Z € WH4(R x S1). Hence Z € Ker D*, and Z must be zero, which con-
tradicts our assumption. This concludes the proof of our proposition (namely,
Proposition 8.7.15). O

8.7.c Proof of Proposition 8.7.1

Since D is bijective, its inverse is a continuous map (by the Banach open
mapping theorem). Hence there exists a constant B > 0 such that

Y llwrr < BIDY |1 -

Consequently, since S(s,t) — S*(t) for s — oo, there exist positive real
constants M and C such that for every Y € WHP(R x S1, W),

if Y(s,t) =0for [s| <M —1, then [[Y||y1, < C|LY], .

Indeed,
ILY = DY, < S 1S(s,8) = ST 1Y | o < eVl o <Yl -
s|=Z
tes?t

We study Y separately for |s| large and then for |s| small. To do this, we
choose a positive € function 8 : R — [0, 1] that is zero for |s| > M and
equal to 1 for |s|] < M — 1, and we write

Y(s,t) = B(s)Y (s, 1) + (1 = B(s))Y (s, 1)

and of course

1Y by < 18Y [l + 111 = B)Y s -

The inequality of Lemma 8.7.2 for 8 and the inequality above for (1 — 8)Y
give
1Y lyre < Cr(ILBY)I o + I1BY [l o + IL(QL = B)Y ) 10) -

Since 8 depends only on s, we have

L(Y) = (5 + Jomy + S)(8Y) = BL(Y) + 8(5)Y.
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The derivative '(s) is bounded;
|8 (s)] < K for s € [-M,M] and B'(s) =0 for |s| > M.
We therefore have

ILBY ) o < I Lo + KN Lop—ar,00y

and likewise for L((1 — 8)Y), so that the inequality above gives

1 i < Co (I g agan + 1L ) -

By Rellich’s theorem (Theorem C.4.10), the restriction to [—M, M| defines a
compact operator

WhP(R x SY; R*™) — LP([-M, M] x SY; R?™).

We then use Proposition 8.7.4 to deduce that L has a finite-dimensional kernel
and a closed image.

We still use the real number ¢ with 1/p 4+ 1/q = 1. Let us consider the
subspace F of LY(R x S') consisting of the Z with (Im L, Z) = 0 and the
adjoint

* 9 9 1 1 1
L'=——+4+Jo=—+S: W"RxS)— LI(R x S).
s ot
Again, as in the proof of Lemma 8.5.2, L*Z = 0 in the sense of distribu-
tions, so that Z € WL4(R x S!) by elliptic regularity (Theorem 12.1.3).
Consequently, ' C Ker L*. Moreover, since L* is of the same form as L, it
also satisfies the assumptions of Proposition 8.7.4, so that it also satisfies its
conclusion, namely that its kernel is finite-dimensional.

Let us now show that Coker L is finite-dimensional. The Hahn—Banach
theorem allows us to find linear forms ¢ : LP — R that are zero on Im L; we
want to prove that the space of these forms is finite-dimensional. The Riesz
representation theorem allows us to write a linear form as

=y foraU e L with oy(V) = (U, V).

Since these forms are zero on Im L, the U that represent them must be in F'.
But this is finite-dimensional. Consequently, so is Coker L, concluding the
proof of Proposition 8.7.1. m]
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8.8 Computing the Index of L

To compute the index of L,

)4 )4
LY) = S+ do e+ 85,0,

with limg 4o S(s,t) = ST(t) uniformly in ¢, we will:

(1)

Replace L by Lo given by the same formula... except that S(s,t) is re-
placed by a matrix S(s,t) that is ezactly S=(t) for s < —og and S*(t)
for s > 0¢. The invariance of the index under small perturbations (for og
sufficiently large) will imply that the index of Lg is the same as that of L.
This is Lemma 8.8.4.

Replace Lg by Ly, still given by the same formula, but where S (s,t) is
replaced by a diagonal matrix S(s) (that does not depend on ¢t and) that
will be constant for s < —og and s > 0. This time L; will have the same
index as Ly because of the invariance of the index under homotopy (and
the construction of limit diagonal matrices). This is Propositions 8.8.2
and 8.8.3.

The process is sketched in Figure 8.7, which represents the different maps

S(s,t) that occur in the operators L, Ly and L in the space of matrices: the
outer “cylinder” is S(s,t) (the original one), the thick cylinder is S(s,t) (we

have approximated S at infinity by true cylinders), the dotted line consisting
of the diagonal matrices represents the matrix S(s) (for Lq).

g0

Fig. 8.7
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8.8.a The Fredholm Index
We consider the operator

L: WY (R x S R*™) — LP?(R x S*;R*")

)4 )4
Y — Bs + JOE + S(s,t)Y.

Recall that S : R x St — M (2n; R) satisfies

lim S(s,t) = SE(t) uniformly in ¢

s—too

for symmetric matrices ST (t) (for every t € S'). Consider the symplectic
paths
R*:[0,1] — Sp(2n;R)

associated with these two matrices S* (see Subsection 7.2.c). Proposi-
tion 8.4.6 shows that these paths are exactly those that define the (Conley—
Zehnder) indices p(z) and p(y). We have proved (Proposition 8.7.1) that
if R* is in the set 8 of paths R(t) with R(0) = Id and det(R(1) —Id) # 0,
then L is a Fredholm operator. We now compute its index.

Theorem 8.8.1. The index of the Fredholm operator L is

(R~ (1)) — p(R* (1)) = p(x) — p(y).

Let k* denote the index of R*(t). We use the notation of Section 7.2.d
and in particular the matrices S+ given by Lemma 7.2.4.
The theorem will be a consequence of the following two propositions.

Proposition 8.8.2. Let sy be a positive real number and let
S:R— M(©2n;R)
be a path of diagonal matrices such that
S(s) = Sk- if s < —s0, S(s)=Sp+ if s > sp.
Let
Ly : WHP(R x S R?™) — LP(R x S'; R™)
gy )4

Then the index of the Fredholm operator Ly is the same as that of L.
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Proposition 8.8.3. The index of Ly is k=~ — k™.

To prove Proposition 8.8.2, we modify L within the set of Fredholm oper-
ators without changing its index.

Lemma 8.8.4. The index of L is the same as that of the operator Ly in
which we have replaced S(s,t) by S™(t) for s < —so and by ST(t) for s > so.

Proof. We fix a real number ¢ > 0. Since the matrix S(s,t) tends to S*(t)
for s — +oo, there exists a real number o such that

for s < —ag, [[S(s,t) = ST (B[ <e,
for s > oy, [S(s,t) = ST(t)]| <e.

We consider a plateau function x : R — [0, 1] with value 1 for |s| < g and 0
for |s| > 20¢. Let

X(3)S(s,8) + (1 x(s)S~(t) if 5 < —o
X(s,t) = q S(s,t) if|s| < o9
X(8)S(s, 1) + (1 = x(s))5*(t) if s > 0o,

and let Ly be defined by

oY oY

So LY = LY + C(s,t)Y, where
1—x(8))(S(s,t) = S (¢¥)) if s < —oy

if |s| < o9
1—x(8))(S(s,t) — ST(t)) if s > 0.

C(s,t) =

—~ o

In particular, ||C(s,t)|| < e. If € is sufficiently small, then we know (this is the
invariance of the index under small perturbations, Theorem C.2.9) that Lg
is a Fredholm operator and that it has the same index as L.

Now X (s, t) coincides with S*(t) for |s| > 200, while we want this property
with sg instead of o9 (0p was determined by the choice of €). It suffices to
connect X(s,t) to Xy(s,t) defined in an analogous manner by

Sols. 1) ST(t) ifs<—sp
s, t) =
0 S*(t) if s > so,
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using a path that is constant for s sufficiently large. The Fredholm index
of the operators defined by this path is constant, as follows from the same
property of being locally constant (see Remark C.2.11). a

We are going to use the link, established in Section 7.2.c, between paths
in Sp(2n) and fundamental matrices R(t) of solutions of the equations

dy

we have already considered in the proof of Lemma 8.7.5, as well as the paths
with prescribed Maslov index constructed in Section 7.2.d.

Proof of Proposition 8.8.2. The diagonal matrices S of the proof of
Lemma 7.2.4 define symplectic paths Rj+(t) = e*/Sx* that have the same
Maslov index (k%) as R*(t). There therefore exists (by Proposition 7.1.4) a
homotopy ¥ (A, t),

YE :[0,1] x [0,1] — Sp(2n)

(with (), ) € 8 for every \) between Ry (t) and R*(t), that we may, and
do, assume to be of class C.

As we have already noted in Lemma 7.2.3, this path of symplectic matrices
generates a path of symmetric matrices

Sy () = = T3 (W5 (1)~

The only problem is that our variable ¢ is in S'; we therefore want paths
that are periodic in ¢. To obtain this, we modify the homotopies 1 as follows.
We use an increasing C*° function

x :[0,1] — [0,1]

that is 0 near 0 and equals 1 near 1, and a homotopy X that connects x to Id.

The path of symmetric matrices associated with Ry« (xx(t)) is X () Sk, it

is periodic if we choose the homotopy in such a way that x(0) = xx(1).
Likewise, we connect the paths R*(t) and R*(x(t)) by the homotopy

R(xx(t)) whose associated paths of symmetric matrices are periodic for ev-

ery A\. We then consider the homotopy ¥ (), x(t)). The associated paths of

symmetric matrices are zero near t = 0 and ¢ = 1, and in particular periodic.
We have thus obtained maps

S*:00,1] x S' — M(2n;R)
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with values in the space of symmetric matrices such that, for every A € [0, 1],
t + ST (), t) generates a path in § and we have:

e S*(0,t) generates RT(t).
e S*(1,t) = Sj= is independent of ¢ and generates Ry (t).

We can then define a continuous map
S:[0,1] x R x S* — M(2n;R)

such that
S(s,t) ifA=0

SH@) ifs> o
Sy(t) ifs<—og
S(s) ifA=1

S)\(S7t) =

This defines a family of operators

Ly: WY (R x SH; R*™) — LP(R x S*; R*")
oY oY

v 259 Y.
— 55 thgr tHEYY,

that are all Fredholm operators (still by Proposition 8.7.1) and all have the
same index (by the invariance theorem C.2.9). The operator L is the one
announced in the proposition. a

Proof of Proposition 8.8.3. In the proof of Proposition 8.7.1, we used that
Coker L; is isomorphic to Ker L}, where the adjoint L} of L, is

Ly : WhHi(R x S, R*") — LY(R x S*; R*™)

0z oz
Z — ~ s + JOE +%S(s)Z,

with 1/p + 1/q¢ = 1. It therefore suffices to compute the dimension of the
kernel of operators of this type. Since

()

0-1
Jo= (1 0) isin M(2;R) x --- x M(2;R),

)
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we can reduce to the case where n = 1. We therefore assume that the diagonal
matrix S(s) is a 2 x 2 matrix of the form

S(s) = (al(s) 08)>7 with ay(s) = {a; if 5 < —so,

0 as( a; if s> s.
We now prove the following result.

Lemma 8.8.5. Let p > 2 and let
F: W' (R x S R?) — LP(R x S'; R?)

be defined by

oY oY

We suppose that ali & 2nl:

(1) Suppose that a1 (s) = az(s). Denote a®™ = af = as. Then

dimKer F=2#{{€Z|a” <2nl<a"}
dimKer F* =2# {( € Z | a* <2nl < a}

(2) Suppose that sup,cg ||S(s)|| < 1. Then

dimKer F = # {i € {1,2} | a; <0 and a; >0}
dimKer F* = #{i € {1,2} | a; <0 and a; > 0}.

Remark 8.8.6. This is quite close to the formula computing the index in
the Morse case in terms of the number of eigenvalues that change sign (see
the notes on the proof of Proposition 10.2.8).

The proof of Lemma 8.8.5 is an explicit computation of the kernel, which
we will give later. Here is how, if we admit the lemma for the moment, we
finish the proof of Proposition 8.8.3 by using the lemma to compute the index
of Ly. We need to distinguish between four cases, according to the possible
parities of kKt —n and k= — n.

(1) The case where S,- and Sy+ are the diagonal matrices

Sk* = (—7'(', Ty, T, T, (n —-1- k_)ﬂ-7 (n -1- k_)ﬂ-)
Spr = (—m,—m,...,—m,—m,(n—1—kN)m,(n — 1 — k™)),
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with k= = kT = nmod 2. We may take a1(s) = as(s), so ai = af and
the lemma gives

dimKerL; =2#{(€Z|n—-1—-k  <20<n—-1-k"}
B k= — kT if k™ > kT,
0 otherwise,
and  dimKerL] =2#{({€Z|k™ —n+1<20<k" —n+1}
B kT — k= it kT >k,
o otherwise.
Consequently,

Ind(Ly) =k~ — kt.
(2) The case where Si- and Si+ are the diagonal matrices
Sp- = (—m,—m,...,—em,—em,(n—1—k7)m,(n—1—k7)m)
Spr = (—m,—m,...,6,—&,(n—2—kM)m,(n — 2 — k*)7),
with k= = nmod2 and k™ = n — 1mod 2. In this case, we take
a1(s) = aa(s) except for the (n — 1)th block, for which we may suppose
that sup,cg [|S(s)]| < 1. We get that
dimKer Ly =2#{{€Z|n—-1—-k™ <20<n—-2-kT}+1
=kt =41 iR > kT
e if k= <k,
and  dimKerLi =2#{(cZ |k~ —n+1<20 <k —n+2}
B {k+—k——|—1 if k> k-

0 otherwise.
Therefore, in this case we also have
Id(Ly) = k= — k*.
(3) The case where S- and Sp+ are the diagonal matrices

{sk_ = (-, -7, ....e,—e,(n—2— k7 )m, (n— 2 — k)m)
)

S+ = (—m,—7,...,—em, —em,(n—1—kN)m, (n — 1 —k)m),
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with, this time, k=~ = n — 1 mod 2 and kT = n mod 2. In this case, we
again have (by inverting the roles of S,- and Sy+)

k™ —kT+1 ifk™ >kt
dimKer L; = + !
otherwise,
. N kYt — k= if kT >k,
and dim Ker L] =
1 otherwise,

so that in this case, we also have
Ind(L,) =k~ — k™.
(4) This leaves the case where Sy- and Sy+ are the diagonal matrices
Sp- =(—m,—m,...,1,-1,(n =2 —k7)m,(n—2—k")m)
{Sk+ =(-m-m...,1,-1,(n—=2—kM)m, (n—2—k")m),
and kT =k~ =n — 1 mod 2. We have (for a1(s) = ax(s))

k= —kt ifkt >k
dimKer L; = {0 ! >R

otherwise,
if k= > kT,
otherwise,

kt — k™
and dimKer L} = {O

and, as in the other cases, we again have
Ind(Ly) =k~ — kT,
concluding the proof of Proposition 8.8.3. a

Proof of Lemma 8.8.5. We start with Assertion (1).
Denote a(s) = a1(s) = az(s). Let

Y (s,t) = (Yi(s, 1), Ya(s,t)) € R?
=Yi(s +it) +iYa(s +it) € C.

The partial differential equation F(Y) = 0 can be written as

i (a)+ (1) 3 o)+ (70 u) G2) =
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or

Y + S(s)Y =0.

Changing the unknown function to Y = BY with B a complex invertible
matrix satisfying
OB+ SB=0

transforms this equation into
Yy =0
(we are transforming the equation into the Cauchy—Riemann equation, ex-

actly as we did in Section 8.6).
The simplest solution is to let B be the matrix (in GL(1; C) C GL(2; R))

B= (b(s) 0 > with &' = —ab,

that is, .
b(s) = exp/O —a(o) do = exp(—A(s)),

which is what we do here. We should not forget to note that for s < —ay,
A(s) = Cy 4 a” s and, likewise, for s > oo, A(s) = C2 + a™s for certain
constants Cq and Cs.

The new unknown function Y satisfies the Cauchy—Riemann equation
JY =0. It is continuous, L{ _, and therefore smooth because of elliptic regu-
larity (Theorem 12.1.3). Its real and imaginary parts }71 and 172 are of class G
and harmonic.

We now identify the s + it € R x S! with the u = ¢?™, so that Laurent’s
theorem (for Y (u) on C — {0}) gives the expansion of ¥ in z. The solutions
of our system are therefore

}N/(s +it) = Z coelstit)2mt
LEZ

(where ¢, € C and the sequence converges for all s and ¢); in real coordinates,

o . orsl cos 27 lt —sin 270t
Y(s,t)=> e (az (Sin%&) + B ( cosontt ) )

LeZ

we have

Coming back to our unknown vector ¥ = BY, we therefore have

—A(5) cos 2 bt —e~A) sin 270t
_ 27sl € cos =7 € S AT
Vit =326 (o (Lao npnse) * 9 (e comoete )
ez



8.8 Computing the Index of L 307

For s < —sq, we have

(2ml—a~)s+K _ :
Y (s,t) = Z (e (g cos 2mlt — By sin 27r€t)>

= e(@mt=a)s+ K" (o, sin 270t + S, cos 2mlt)

for certain constants K and K’. For this solution to be in LP, it is necessary
(and sufficient) that the exponential terms tend to 0 at infinity, that is, that:

o Terms ¢/ #0: ap=0p=0o0r 2wl >a~
e Term £ =0: (g =0ora” <0)and (fp =0ora <0).

Likewise, for s > sg, we have

@2nt—at)s+C _ :
Y (s,1) = Z <e (g cos 2mlt — By sin 27r€t)> ,

= e(2ml=a")s+C" (o, sin 2t + B cos 2mlt)

which leads to:

e Terms ¢/ # 0: ap = B¢ = 0 or 2wl < a™

e Term £ =0: (g =0or at >0) and (Bp =0 or a™ > 0).
Combining these conditions, we have:

e Terms / #0: ap =By =0o0ra” <2nf <at

e Term £ =0: (ap=00ra” <0<at)and (By=0o0ra” <0<ah).

There are only a finite number of values of ¢ that satisfy all these condi-
tions, and these conditions are sufficient for the Y(s,t) that we find to be
in WP, The dimension of the resulting space of solutions is

dimKer F=2#{(e€Z" |a” <2nl <a'}
(+2ifa” <0< ah)
=2#{leZ]a <2ml<a'}.

From this we deduce the dimension of the kernel of F*. If Y € Ker F’*,
then Z(s,t) = Y (—s,t) satisfies F' = 0, where F' is the operator

F:WHRx S') — LYR x SY)
oz oz

Z — — —s)Z.
b—>68—|—Joat—|—S( s)

The converse is clearly also true, hence

Ker F* =~ Ker I.
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The formula that gives the dimension of Ker F'* is therefore the one that
gives the dimension of Ker F. This formula is similar to the one that gives
the dimension of Ker F', where we have exchanged a~ and a™*.

To prove assertion (2), we use the following lemma.

Lemma 8.8.7. Suppose that sup,cg ||S(s)|| < 1. Then the elements of Ker F
and Ker F* are independent of t.

The proof is identical to that of Proposition 10.1.7 (which will be given in
Subsection 10.4.a).

We have
0Y;
Y 871 = 7(11(5))/1
Y = ( 1> € Ker F, hence 5
e % = —as(s)Y:
s @ 2.
Therefore

Yi(s) = a4,

where a; € R (for ¢ = 1,2) and
Az(S) = / 70,1‘(0') do.
0

As before, for s < —oy, A;(s) = C4 ;+a; -s, and for s > 0, A;(s) = C'2,i+a?'-s
(for i« = 1,2 and some constants C7;, Co;). This means that ¥; € whr if
and only if a; <0 < aj', and the formula dor dim Ker F' is established. The
relation for dim Ker F* follows from it, using the operator ﬁ, as above.

We conclude that by Proposition 8.7.1 and Theorem 8.8.1, we have finished
the proof of Theorem 8.1.5. a

Remark 8.8.8. We have replaced the Fredholm operator L by an operator
that has the same index... and whose index we know how to compute, be-
cause we can describe its kernel and cokernel. It goes without saying that
there is no reason for the dimensions of these two subspaces to be those of
the kernel or cokernel of L: it is the index that is invariant.

8.9 The Exponential Decay

In this section, we show the decay property that we have already used a
number of times, namely the following result.
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Theorem 8.9.1. IfY is a solution of class @ of the Floer equation linearized
along a solution of finite energy, then:

e FEither [ 1Y (s, 8)||? dt tends to infinity when s tends to +oo
e OrY satisfies
1Y (s,0)]] < Ce°F!

for certain constants § and C (and for every t).

Remark 8.9.2. If u is the solution of the Floer equation along which we
linearize, then the solution Y = du/ds has the exponential decay property
and in particular, it is in the space LP(R x S1; R?") for every p > 1. Indeed,
since the energy of v is finite,

Ou 112
/Ha—uH dt does not tend to + co when s — +o00,
S

which excludes the first case in the statement of the theorem for this type of
solution. Note also that this obviously implies that M(z,y) C C(z,y), as
claimed in Proposition 8.2.3.

We will prove the theorem as a consequence of the following proposition,
which asserts an “exponential decay” property.

Proposition 8.9.3. Let u be a finite energy solution of the Floer equa-
tion. If Y is a solution of the Floer equation linearized along w, such that
i 1Y (s,t)||> dt does not tend to infinity, then there exist constants & > 0
(that do not depend on u) and C > 0 such that

1
/ 1Y (s, 8)]|* dt < Ce 003!,
0
Proof. The formula
L 2 1 9
fo) =3 i 1Y (s, )% dt = 5 1Y 7o)

defines a function f : R — R of class C2. We are going to show that this
function satisfies a differential equation

f// Z 62f
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for some constant . Let us therefore compute its derivatives:
1
)4
f/(S) :/ <Y(S,t)77($,t)> dt
0 aS
2

£i(s) = /;H‘g(s,w‘f dt + /01 (¥ (s.1) %(s,t)> dt.

We determine the second term by using the fact that Y is a solution of the
linearized equation, that is, satisfies

oY oY
o5 = gy 7Y
We therefore have
%Y _ 0%y B 8£ B 87Y
sz~ Y9sot  0s ds

[ 2= [ ity [ (v 27y
—/01 <Y,S%§>dt.
The first of these integrals can be computed by integration by parts:
[ (vangagaya== [ (G5, o
:_/ <J0%Y %Y>dt /01<JOSYJ088Y>dt
/ H H dt — / <SY,%—§>dt.
So we have
[ Gyae= [ [ (5350
_/0 <y gsy>dt—/01 <Y,S%—};>dt.

The second-order derivative of the function f is therefore

o= [0 = [ g [ s
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Using the fact that

lim sup ?j (s,t)=0

s—Foo t

(which is proved in Proposition 8.4.4) and the Cauchy—Schwarz inequality,
we obtain

1/2 1/2
/<YY> dt < /HYH dt /H YH
0
2 2 /2
/ Iv|? i)’ / Iv|? i)’
0 0

1
< 5/ |Y||? dt for |s| sufficiently large.
0
Since S — S tends to 0, we have

‘/< Y, ('S - ) >dt‘<n/||Y| dt W/H

for |s| sufficiently large. We therefore obtain the inequality

() / H dt— g/ Y| dt
(e a) (|2 )

1/2

Let us now use the fact that

o _ o

o oy ; _ _ gt
o o5~ SY =AY, with AY =AY + (S - 5H)Y,

where Ay is an operator on L? that we have showed (in Lemma 8.7.5) to be
invertible and where S — S* tends to 0 when s — #o0. Consequently, A is
invertible (from W12(S1) to L?(S1)) for |s| sufficiently large and we have

[AY [ p2(g1) = DY lyyrzcgry = DY L2 (g1
for some positive constant D. We therefore have

F'(8) = IAY 32 — e |V (172 = 0 1Y [l 2 IAY || 2
=AY |2 (1AY [l 2 = n Y [l 2) — e Y172
> (D(D —n) —e) V][
> 62 f(s)
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for |s| sufficiently large and for a constant § > 0. The function f therefore
satisfies a differential equation of the stated type. The end of the proof of the
proposition comes from the lemma below (which we state at +o0o but whose
analogue at —oo is obviously also true).

Lemma 8.9.4. If f"(s) > §?f(s) for s > sq, then:

o Fither lim;_, o f(s) = +0
o Or f(s) < f(so)e ®C=%0) for s > sq.

Proof. Let
g(s) = e (f'(s) + 8/ (s)),

so that

o () = P (=3(f(5) + 61(5)) + [ (5) +6(5))
= (" (s) — 82 £(9))

>0, by the assumption on f.

In particular, the function g is increasing on [sg, +00].
Let us first suppose that there exists an s; > so with g(s1) > 0. Then
g(s) > g(s1) for s > s1 and

F'(s)+6f(s) = e*g(s1)
for s > s1. Let h(s) = €% f(s), then
h/(s) _ 663(5f+f/) > 6255g(81),

hence h(s) > Ae?*® for s > 51 and f(s) > Ae®® tends to +oo.
If such an s; does not exist, then we have g(s) < 0 for s > sp, hence also
f'(s) +8f(s) <0 and h(s) = €% f(s) is decreasing on [sg, +-0o[. Moreover,

e f(s) = h(s) < h(so) = €% f(s0),

that is,
f(s) < e f(so)e™?,
which concludes the proof of the lemma. O
And also concludes the proof of Proposition 8.9.3. O

We have now shown that

VS S R7 ||Y||%12(Sl) S e_6|5|7
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which is not exactly the statement of the theorem we are working toward.
We still need to verify that we have (point by point)

V(s,t) e Rx S, [V(s,t)| < Ce k.
We will need the following results.

Lemma 8.9.5. Let Y be a solution of class C? of the linearized Floer equa-
tion. There exists a constant a > 1 such that

2 2
A" = —allY].

Proposition 8.9.6. Let w : R? — R be a positive function of class @ such
that Aw > —aw for a constant a > 1. We then have

8a

V(So,to) S RQ, U/(So,to) S 7/ wds dt.
T JBi(s0:to)

We now only need to apply the proposition to w(s,t) = [|[Y (s, t)]|.

Proof of Lemma 8.9.5. It is a short computation:

AY)Y) = ;Z(YY) 8822<YY>
=250+ 5]+ v

and o oN;o D
A= Jo,) Joz:);
(55 = %o3) (55 + o3
so that if Y is a solution of the linearized Floer equation, then

AY:(aas J°§t>(§+']°§t>

- (883 Joaat)(isy)'
Hence
(AY,Y) = < _ (Z—SY y> <5%,Y> n <Jo%fx Y> + <JOS%,1/>
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aory =25 | = (550 7) 2|5+ (os%7)
<ZSYY>+2<JO‘9£YY>.

Each term on the right-hand side is bounded from below by some —c ||Y||.
This is clear for the last two terms (by the Cauchy—Schwarz inequality). We
therefore study the first two:

%] - =I5l (5 )

= H* - 57| - g lsvP

v

t
sy

Y

2

—c|lY]

and the same holds for the second term, giving the expected lower bound. 0O
Proof of Proposition 8.9.6. It begins with a lemma.

Lemma 8.9.7. Let w : B,(so,t9) — R be a positive function of class C? such
that Aw > —b for a constant b > 0. We then have

8 r2 B,-(So,to)
Proof. Consider the function
_ boa, o
v(s,t) =w(sg+ s,to +1t) + 4(5 +1t%)

that satisfies
Av(s,t) = Aw(sg + s,to+t) +b > 0.
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We only need to apply the mean value inequality'? to v:

1
w(sg,t9) =v(0) < — v
7 /B, (0)
1 1 b(s? +t2
= — wt — M+ t) dsdt
T B (sote) 7T B ) 4
1 n br?
= — w —_—,
7Tr2 BT(SO;tO) 8
which proves the lemma. O

The next step is called the Heinz trick in [51] (which inspired this proof).
The trick consists in considering the function

f:00,1] — R
pr—(1=p)* sup w
By (s0,to)

that satisfies f(0) = w(so,tp) and f(1) = 0. There therefore exists p, in [0, 1]
where f reaches its maximum,

Jmax, f=1f(ps).
Let
1— ps
c= sup w=uw(z) forz € B, (s0,ty) andn= .
BP* (SO!tO) 2

Note that 7 € ]0, 3] and that p, + 71 < 1, so that

By (2+) C By, 1(s0,t0) C B1(so,0)-

We now have

< g _ _Sflpetm)  _ 4f(pi+n)
sup w = sup w = 3 = 3
By (z.) By, 1 (s0.t0) (1=ps—n) (1-p)
< 4f(p*)
(1—pe)?

Hence on the ball B, (z,) we have

= 4ec.

Aw > —aw > —4ac.

12 This variant of the mean value inequality is recalled in Proposition C.5.6.
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Using Lemma 8.9.7 for r < 7, we find

4 1
c=w(z) < L — w
8 mwr 377 (z*)
ac o 1
<5r+— w.
2 T J Bi(s0,to)
To conclude (this is our third and final step), let
n
r=—<
va
and use the last inequality to find
2
c< Xl LQ w
2 a 1" JB1(s0,t0)
§E+L2 w because n < 1.
2 m™* Jp (s0,t0)

Hence
2a

a 9
<— w or cn® < — w.
T
n" JBi(so0,to0) Bi(s0,to)

oo

It follows that

w(so, to) = f(0) < flpe) = (1= ps)%c

8
=4n’c < o4 w,
T JBi(so,to)

which is the conclusion we were looking for. O



Chapter 9
Floer Homology: Spaces of Trajectories

We now consider a generic (in the sense of Theorem 8.1.1) Hamiltonian H on
a symplectic manifold W satisfying Assumptions 6.2.1 and 6.2.2 (for example
because o (W) = 0 or because W is the cotangent bundle of a manifold V).

We consider the periodic orbits of fixed Maslov index. Let Cy(H) denote
the vector space over Z/2 with basis the periodic orbits of Maslov index k. We
know that these orbits are finitely many because the nondegeneracy assump-
tion ensures that they are isolated. We define the differential of the complex
using the flow of the gradient of the action functional Ay,

8 Cu(H) —s Cy_1(H)
with o)=Y  nlzyy

Ind(y)=k—1

where n(z,y) denotes the number (modulo 2) of trajectories of the gradient
of Ay (that is, of solutions of the Floer equation) connecting x to y. The fact
that n(z,y) is well defined (and finite) will follow from the fact that under
the assumptions we made, the space £(z,y) of trajectories connecting z to y
is a compact manifold of dimension 0 (see Section 8.5).

We then still need to prove that we have defined a complex, that is, that
000 = 0. To do this, as in Section 3.2.c, we need to study the space M(z, y)
in more detail when the difference of the indices is 2.

317
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9.1 The Spaces of Trajectories

9.1.a The Space L(x,y) and Its Topology

Recall that if z and y are critical points of Ag, then M(z,y) denotes the
space of (contractible) solutions (of finite energy) connecting = to y. We have
shown (Theorem 6.5.6) that the space M of contractible solutions of finite
energy of the Floer equation is the union of the spaces M(z, y).

Let us return to the action of R on M used in the previous proofs. Let

L(z,y) = Mz, y)/R

be the space of trajectories connecting x to y (which we assume to be
distinct). It is endowed with the quotient topology. In this topology, a se-
quence u,, converges to an element u if and only if there exists a sequence s,
of real numbers such that u, (s, + s,-) — u(s,-) in M(z, y).

Remark 9.1.1. We distinguish between a (parametrized) solution, an ele-
ment of M, and a (nonparametrized) trajectory, an element of L.

Proposition 9.1.2. Let x and y be two distinct critical points of Ag and let
un € M(z,y), s, € R, 0, € R. Suppose that

limu,(sp, +8,-) =u € M(z,z) and limu,(o, +s,:) =v € M(z,w)

for two critical points z and w distinct from x. Then z = w and u and v
coincide up to the action of R; in other words, there exists an s, such that
u(se + s,t) = v(s,t).

Corollary 9.1.3. The quotient topology on L(x,y) is Hausdorff.

In fact, Proposition 9.1.2 gives the uniqueness of the limit of a convergent
sequence in L(x,y). O

Proof of Proposition 9.1.2. Since x # y and w, € M(x,y), Ag(z) > Ax(y)
and likewise for z and w. We choose a real number « such that

Ap(z) > a>sup(Ag(y), An(z), Ag(w))

and an € > 0 such that
Ap(x) —e > a.

We first suppose that the sequence o,, — s, is not bounded. We may, and
do, assume that s,, = 0 and that the sequence o,, is not bounded from above.
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It then has a subsequence that tends to +00. At s = —o0, v departs from the
critical point x, so there exists an s, such that

s < s, = Agn(v(s,t)) > An(x) —¢.
But wu,, (84 +0n, ) tends to v(sy, ), hence, for n sufficiently large, we also have
A (un(ss + 0n,-)) > Ap(z) —e.
The solution u tends to z for s — 400, so there exists an s; such that
s> s = Apn(u(s,-)) < a.
Since uy(s1,+) — u(s1,-), we have, for n sufficiently large,
Ag(un(st,)) < a.

It follows that
Sy + o < 81

for every n, contradicting the fact that o, is not bounded from above.
Consequently, o, — s, is bounded and therefore admits a convergent sub-
sequence, say lim(o, — s, ) = s,. For s fixed, the sequence s+ o, — s,, remains
within a fixed compact set. Hence u,(s+o,, ) converges to v(s, -) on the one
hand and to u(s + s4) on the other. O

Remark 9.1.4. This proof still holds for u € M(xg, z) and v € M(zg, w) for
a critical point xg of Ay with Ag(z) > Ag (o).

Remark 9.1.5. In Morse theory, to show that the spaces of trajectories of a
pseudo-gradient field are Hausdorff, we studied the intersection with a level
set of the function. Here we also have

L(z,y) = M (z,y) = {u € M(z,y) [ A (u(0)) = a},

still using the fact that Ap is decreasing on the trajectories. Note that to
obtain the latter, we need Theorem 8.5.4. We also know that

Ma(xa y) xR — M(.’I%’y)
(z,0) — u(s + o,t)
is a diffeomorphism.

Remark 9.1.6. If x = y, then M(z, y) consists of the constant solution (in s)
equal to z. If x # y, then L(x,y) is a manifold of dimension u(x) — p(y) — 1
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(the action of R is free by the previous remark). If u(z) = u(y) but x # y,
then M(z,y) is empty and so is £(z,y).

9.1.b What We Need to Do To Define the n(x,y) and To Show
That o8 =0

Let us consider the case of two critical points with indices whose difference is:

e Equal to 1: then L(z,y) is a compact (which we still need to prove) man-
ifold of dimension 0 and n(z,y) = #L(x,y)
e Equal to 2, pu(z) = p(z) + 2; then L(z, ) is a manifold of dimension 1: we
consider
L(x,z) = L(x,z)U U L(z,y) x L(y, 2)
w(y)=p(z)+1
and prove that it is a manifold of dimension 1, whose boundary is the
union of the £(x,y) x £(y, ), and that it is compact.

Once we have proved this, since the boundary of a manifold of dimension 1
consists of an even number of points, we have

Z n(z,y)n(y,z) =0 mod 2,
w(y)=p(z)+1

that is, 9o 0 = 0.
We must therefore prove:

e The compactness of the space £(x,%) (Section 9.1.c)
e The fact that £(z,y) is a manifold with boundary when the difference of
the indices is 2 (Section 9.2).

9.1.c Broken Trajectories

As we saw in Section 3.2 in the finite-dimensional case, in the closure of
the trajectories connecting the critical point = to the critical point y, there
are “broken” trajectories, which are unions of trajectories connecting other
critical points. The following theorem describes this behavior more precisely.

Theorem 9.1.7. Let (uy,) be a sequence of elements of M(x,y). There exist:

A subsequence of (uy,)

Crritical points xg = ,21,...,T¢,Tog1 =Y
Sequences (sk) (for0 <k <{)

And elements u* € M(xy,, Tp11)

such that for every k =0,...,¢,

lim w, - 8%
n—oo
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Remark 9.1.8. Proposition 9.1.2 also gives the uniqueness of the limit in
this setting: one of the critical points, z, was fixed, the other two, z and w,
were not.

This theorem defines the convergence of the sequences in £(z, z). Proposi-
tion 9.1.2 shows that the limit is unique. We thus define a separated topology
on the space £(z, z), for which this space is compact.

Corollary 9.1.9. The space L(z,z) is compact.

Fig. 9.1

Proof of Theorem 9.1.7. We use the notation of the proof of Theorem 6.5.6.
In particular, € is sufficiently small for the balls with radius € centered at the
critical points of Ay to be disjoint. For u € M, we let u(s) € LW denote the
loop u(s,t).

Seen as a trajectory in LW, w,, must exit B(z,¢) because it ends up at y.
Let u,(s.) be its first exit point,

sh=inf{s € R | doo(un(s),x) > e}.

By the compactness of M (and after extracting a subsequence, if necessary),
the sequence (u,, - s}) converges to an element u! of M. By the definition
of 51, we have

doo(un(s),r) <e  for s < s}
doo(un(sk),z) = ¢,

so that, at the limit,

u'(s) € B(z,e) for s <0 and u'(0) € dB(z,e).
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Hence the limit u!

It is therefore also in a M(z,z;) for some z; € Crit Ay (distinct from x).
If 21 = y, then we are done (with ¢ = 0). Otherwise, we use induction: we

assume that we have found sequences (s2),...,(sk) and v/ € M(z;_1,z;)

is a trajectory starting at = and exiting the ball B(x,¢).

(for certain critical points of Ag) with z; # y and

lim w, - s, =u’.
n—oo

The trajectory u* tends to the critical point z; when s tends to +oo, and
there exists an s* € R such that

Vs> s*, uf(s) € B(xy,e).
Since wu,, - s¥(s*) tends to u¥(s*), we also have, for n sufficiently large,
U, (s¥ + 5*) € B(xy,e).

Since the trajectory (u,) tends to y, which we have assumed to be differ-
ent from my, it must exit B(xy,e) for s > sF + s*. Consider the first exit
point u, (s5¥+1), where

sitl = sup {5 > sF + s* | un(0) € B(xy,e) for s +s* <o <s}.

Again by the compactness of M (and after extracting a subsequence, if nec-

essary), the sequence u,, - s**! converges to a limit u**! € M. We now want

B(z,¢)

Fig. 9.2
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to show that the trajectory u**! in question is in a space M(zy,zr 1) for

k+1 _
n

to infinity. Indeed, if, on the contrary, we assume that it is bounded, then

the interval [s*,s"*! — sF] is contained in a fixed compact interval... on
k k+1 k]
)

n n  —Sn

a critical point xj11 distinct from xp. We first verify that s sfl tends

converges uniformly to u*. Consequently, for s € [s*, s
we have u,(s* + s) € B(zy,¢) and, in particular, u, (sf+!
ball, giving a contradiction (because, by construction, u, (s**1) € B (zy, €)).
k+1 _ sk indeed tends to +oo.

n
Let s be a negative real number. For n sufficiently large, we have

which u,, - s
) is in this open

Hence s

ko o k+1 k+1
Spt s <s, T +Hs<s, T,

so that by the definition of s¥*1, u, (s5*1 + s) € B(xy,¢). Hence, for every
s < 0, we have
Uy, - s € B(wy,€)

and consequently
uM*(] = 00,0[) € Bxr,e).

For s = 0, we have u,,(sk*1) € 0B (zy,¢), hence at the limit,
k+1
u"(0) € 0B(z, ),

so that «**1 must exit the ball B(xy,¢e), which is what we wanted to prove.
O

9.2 Broken Trajectories, Gluing: Statements

In Section 9.1.c, we showed that a sequence of solutions of the Floer equation
connecting two critical points a and b could converge to a “broken trajectory”.
The space of broken trajectories appears as a “compactification” of the space
of trajectories L£(a,b). Let us study its structure in more detail when the
difference of the indices of a and b is 2.

Theorem 9.2.1. Let (H,J) be a regular pair (with H nondegenerate). Let x
and z be two periodic trajectories of H whose indices satisfy

Then L(z, 2) is a compact manifold of dimension 1 with boundary and

oL (z,y) = U L(z,y) x L(y, 2).
p(x)<p(y)<p(z)
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Corollary 9.2.2. Under the same assumptions,
000 =0. O

The remainder of this chapter is devoted to the proof of Theorem 9.2.1.
We have already shown, in Section 9.1.c, that the space of trajectories £(z, 2)
is compact and that £(z, z) is a manifold of dimension 1. It therefore suffices
to study what happens in the neighborhood of the boundary points. This is
described in the following so-called “gluing” theorem.

Theorem 9.2.3. Let x, y and z be three critical points of the action func-
tional Ay with consecutive indices

and let (u,v) € M(x,y) x M(y, z) represent trajectories
(u,v) € L(z,y) x L(y, 2).

We then have:

o There exists a differentiable map v : [po, +oo] = M(x, z) (for some pg > 0)
such that o is an embedding

~

Y =moy: [po, +oo[ — L(,2)

satisfying R
lim ¥(p) = (4,0) € L(z,2) D L(z, 2).

p——+o00

-~

o Moreover, if ¢, € L(x,2) is a sequence that tends to (U, V), then £, € Im()
for n sufficiently large.

Remark 9.2.4. The last assertion is as essential as its analogue in the Morse
case (see Remark 3.2.9).

The proof is considerably more difficult than that of the corresponding
result in Morse theory, Proposition 3.2.8. We break it up into three steps:

(1) A “pre-gluing”, where we construct an interpolation w, between the so-
lutions v and v of the Floer equation depending on a parameter p, which
will not exactly be a solution but will be an “approximated” solution in
the sense we will give later

(2) The construction of ¥, which we will write as

Y(p) = exp,,, (v(p))
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for some

Y(p) € WHP(wyTW) = T, P(w, 2)

such that ¥(p) is a true solution of the Floer equation; we will obtain it
from w, through a variant of Newton’s method, due to Picard, which we
will call the “Newton—Picard method”

(3) The verification of the three desired properties of ’(Z = 7 o 1, namely:

o Ty o0 D(p) = (3,9).
e 1 is an embedding.
e 1 is unique in the sense of the last assertion of Theorem 9.2.3.

For the proofs we will need estimates of the derivatives of the exponential
map and of the Floer operator. Their proofs are not difficult, but they are
very long (and some readers may find them “morally obvious”). For this
reason, and to ease the reading, we will gather these in Chapter 13. We will
point out these technical lemmas as they come up in the text.

9.3 Pre-gluing

We choose, once and for all, two functions of class €, 4~ and B+ : R — [0, 1]
(Figure 9.3), such that

B_(S)Z{l for s < —1 and 5+(3)={1 fors>1

0 for s> —¢ 0 fors<e.

We define the approximate solution w, by setting

Fig. 9.3
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u(s + p,t) ifs<-—1
exp o) (B (5) expyh (uls + p.1)

+ 81 (s) exp;(lt)(v(s - p, t))) if s € [-1,1]
v(s —p,t) if s> 1.

wy(s,t) =

This formula indeed defines something if, for |s| < 1, u(s+p, t) and v(s—p,t)
are in the image of the exponential, or, more precisely, in

{exy0 Y () 5o IV (0)] < o}
test

Since limg_, 400 u(s,t) = y(t) = lim,_, _ oo v(s, t), this is true for p sufficiently
large, let us say for p > pg.

The value of pg, which may increase along the way, does not need to be
)

given explicitly: let us agree! that “for p > pg’
large”.

means “for p sufficiently

This “interpolation” of u and v has the following properties:

(1) w, € C®(z, 2).
(2) For s € [—¢,¢], we have w,(s,t) = y(t).
(3) For s < p—1, we have w,(s — p,t) = u(s,t), in particular

pEr-Poo wy(s — p,t) = u(s,t) in Cf,
and likewise, w,(s + p,t) = v(s,t) for s > 1 — p, hence w,(s + p,t) tends
to v(s,t) in CfF,.

(4) w, is a differentiable function of p.
(5) wy(s,t) tends to y(t) in €, when p tends to +oc.

loc

Figure 9.4 sketches what happens (in the loop space LW).

Here is the “linear” version of this construction that we are going to use
to apply the Newton-Picard method and construct a true solution from w,.
Let Y € T,P(z,y) and let Z € T,P(y, z). We define, in a manner analogous
to wp,

Y#,Z € Ty, P(x,2) = WP (wiTW)

L' A convention that we could also have made in other places.
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Fig. 9.4
by setting
Y(s+pst)
T exp (5* )Ty (s exp. L (Y(s+p,t
Y#pZ(S,t) _ y(t) ( ) u(s+p,t) y(t)( ( ))

+ BT (5) Toamput) XD, 4y (Z(5 — p, t)))
Z(s— p,t)

depending on whether s is, respectively, less than or equal to —1, in [—1, 1] or
greater than or equal to 1. In order not to lengthen the formula disproportion-
ately, we have not included the point where the tangent to the exponential
is taken, namely

B (s) expr (uls + p,) + BH(s) exprd (y(s — p.1)).
Remark 9.3.1. We can view the construction of w, from v and v as a map
#,:C%(z,y) x C(y,2) — C(x, 2).
We can also view Y#,Z as the image of (Y, Z) under the tangent map
Teuwy#p : TuP(x,y) X T,P(y, 2) — T, P(w, 2).

The vector field Y #,Z has properties analogous to those of w,, namely:
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(1) As we have said, Y#,Z € T,,P(z,z), and as an element of
WLP(R x St R™), it is a continuous map.

(2) For s € [—¢,¢], Y#,Z=0.

(3) We have lim, 0 Y#,Z = 0 in €

Toc if Y and Z are of
class C™).

(and in Cf.

Having carried out these constructions, let us proceed with the construc-
tion of our parametrization .

9.4 Construction of ¥

For every p > po, we have constructed a w), in €*°(z, z). It is even an element
of €2°(x, ) because of the exponential decay (Section 8.9). We will now define,
for every p > po, 1, € M(x,2) (a true solution this time), which will be of
the form

by = exp,, v(p) for ary(p) € T, P(x,2) = WP (w;TW).

Remark 9.4.1. As before, let F denote the “Floer” operator

0 0
F=—+J= dH.
gs o TE
To verify that v, is a solution, it will suffice to verify that F(¢,) = 0 in
the weak sense. Indeed, 1, will automatically be continuous (since v(p) €
WP (wsTW) with p > 2, y(p) is continuous), hence a strong solution and of
class €, again by applying elliptic regularity (Proposition 12.1.4).

Trivializations.

We will describe the equations in coordinates. To do this, we need trivializa-
tions of the fiber bundle TW on the maps in question. As in Chapter 7, we
begin by choosing disks D,, D, and D, whose boundaries are our contractible
loops z, y and z. Next, we fix unitary trivializations:

e (Z%(s,t))i=1,..2n along uU D, U D, and
i (Zzp(s?t»i:l,m,?n alOIlg v U Dy ubD,

that coincide along D,. We still need to define a compatible trivialization
along w,. To do this, we of course first define, for p > po,

ZM(s+p,t) ifs<-—1

Z0(s,t) =
) {Z}’(s—p,t) if s > 1.
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We then extend this trivialization for s € [—1,1] to a unitary trivialization
along w, for p € [py, +oo[ and along y(t) for p = 400 so that, along y(t) =
w,(0,1), it coincides with the restrictions of Z!* and Z} to y.

In summary, we have constructed a (family of) trivialization(s) Z?(s,t)
along w,. Each of these coincides with Z or Z? for |s| sufficiently large.
Moreover, they converge (in C{%.) to a trivialization along y (see Figure 9.5,
on which the t-axis has been left out). The family Z”(s,t) is a € function
of p.

S
----------------- O A1)
Zj(s — p,t)
+1
Y
20(5,1) Zo
> +-00
P1 P
1
Zi(s+p;t)
____________________________________ Z8(t)

Fig. 9.5

We are not completely done: we need trivializations in the neighborhood
of w,. For every p, s and ¢, and for every tangent vector § € Ty, (s,-)W of norm
less than the injectivity radius, we use parallel transport (see Appendix A.5,
if necessary) to construct an orthonormal (but not necessarily unitary) basis

of Texp, ., (&)W that we denote by (ZP(5,1))iz1....2n-

p(s,t)

Definition of F,.

For every p > pg, we define an operator
1 1 p2ny Jp 1.p2n
WHP(R x S;R*") —— LP(R x S*; R™")

Y1y -y Y2m) — K% + J% + gradHt) (expwp Zinf)}Z ,

i

7P
a formula in which the result is expanded in the basis Zf 2 VA and which,
we should note, does not define a linear operator. The map F, is none other



330 9 Spaces of Trajectories

than
Fp =T oexp,,

written in the bases Z;.

Remark 9.4.2. The map J, is well defined on the vectors (yi,...,%2n) of
the ball
B(0,r/K) C W"P(R x S}, R?"),

where 7 is chosen smaller than the injectivity radius of the metric on W
and K is the norm of the injection of WP in L* (using the notation of
Section 8.2, which we used to define the structure of the Banach manifold
on P(z,y)).

We obviously have F,(0) = [F(w,)],». Moreover, since u and v are solu-
tions of the Floer equation, we have
ow,

P
Flw,) = =2 4 g2

s 5 +grad,,, Hy =0 for |s[ > 1.

On [—1,1], w,(s, t) tends uniformly (in the > topology) to y(t). Hence, since
F(y) =0, F(w,) tends to 0 when p tends to +o0, both in the € topology
and in the L? topology.

The Newton—Picard Method, General Idea.

We are seeking a v = (y1,...,72,) that is a solution of the equation
Fp(v) = 0. We just noted that even if we do not have F,(0) = 0, the ori-
gin 0 is “almost” a solution of the equation. We will use this approximate
solution as a starting point for the construction of a true solution using the
Newton-Picard method.

In the case of functions f : R — R, we know that this allows us to find a
zero, o of f from an approximate solution xy in the form of the limit of the

Lyl = Ly — f(zn)
n+ n f/(xn) .
A variant is to find « as the limit of the sequence

In+1 = Tn — f,(xo)v

recursive sequence

that has the advantage of using only one value of the derivative and that we
will use here for F,. The two methods are represented in Figure 9.6.
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Fig. 9.6

Linearization of F,.

We will now determine what will play the role of the derivative f’(xo) in
the Newton—Picard method. Let L, denote the linearization (dF,)o of the
operator J, at 0,

L,: WHP(R x SH R*™) — LP(R x SY; R*™).
Proposition 9.4.3. The operator L, is a Fredholm operator of index 2.

Proof. We noted in the previous chapter (Remark 8.4.3) that the differential
of F is of the form
(dF) = 0+ S(s,t)

for every u (and not only for the solutions of the Floer equation). In our
trivializations, we therefore have
oY oY
L,(Y)=— — Y
oY) =5 T Jogg +5(s,)
for a map
S, i Rx S' — M, (R).

Since we have chosen the trivialization along w, to be compatible with those
along v and v, we have

S,(5,1) S*(s+ p,t) for s < -1
s, t) =
g SY(s —p,t) for s > 1,

where S* and SV are the matrices corresponding to the linearizations of F
along v and v in the trivializations Z}* and Z7, respectively. Therefore, in par-
ticular, for p tending to infinity, S, tends to the paths of symmetric matrices
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defined by the critical points = and z:

Slir_noo Sy(s,t) =85%(t) and s—llgloo Sy(s,t) = S*().
We now only need to apply the results of the previous chapter (namely
Proposition 8.7.1 and Theorem 8.8.1): L, is a Fredholm operator of index

u() - p(z) = 2. :

Idea of the Construction of ¥.

In our situation, in the formula defining the recursive sequence used in the
Newton—Picard method, the term 1/f(x) corresponds to an inverse of the
linearized map L,. The fact that this is of index 2 prohibits it from being
invertible. We will show that there exists a closed complement VVpL of Ker L,
in WHP(R x S'; R?") such that L |y 1 is invertible (in other words, there ex-
ists a right inverse for L, on WPL) We will apply the Newton—Picard method
starting out with the approximate solution 0 in order to find a solution of

Fp(v) = 0.

1 1
w, expy, W,

¥(p)

2 (expy, ) M(2, 2)
\pj“” ’ M(z, 2)

Ker L, w,

Fig. 9.7

It is not surprising that we need to use such a subspace W,j: we know
that M(x, z) is a manifold of dimension 2; therefore for every p, we are look-
ing for an element 7 of (exp“)p)*lM(z,z), a submanifold of dimension 2
of Toy,P(x, 2). Tt seems natural to determine such a v by intersecting this
submanifold with a subspace of codimension 2, our WPJ- (we will indeed show
that dim Ker L, = 2). This is sketched in Figure 9.7.

We will therefore obtain the path ¢ (p) as the intersection in P(z,z) of
M(z, z) and the space

{exp,, W, [ p = po}-
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This subspace is of codimension 1; it is the image of the fiber bundle W+
consisting of the W;- on w), a subbundle of w*TP(z, z) of codimension 2.
This is sketched in Figure 9.8.

M(z, z)

Fig. 9.8

The (Abstract) Newton—Picard Method.
Here is the precise statement we will use.

Lemma 9.4.4. Let X and Y be two Banach spaces and let F': X —'Y be a
continuous map. We write

F(z) = F(0) + L(z) + N(z),
where L(x) = (dF)o(x) and we suppose that there ezists a continuous G :

Y — X such that:

(1) Lo G =1d.

2) IGN(z) =GN ()| < C(l] + llyl) llz = yll for all 2,y € B(0,r).

(3) IGF(0)|| < &/2 where ¢ = min (r,1/5C).
Then there exists a unique o € Im(G)NB(0,¢) such that F(«) = 0. Moreover,
we have ||af < 2||GF(0)].

Proof. Keeping the classical Newton—Picard method in mind, we define ¢ :
B(0,e) — Im(G) by setting

5
=
I
2
=
2
|
=
=
I

—G(F(0) + N(x)).

Note that
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Hence if p(z) = x, then F(x) = 0. Conversely, if F(z) = 0 and x = G(y),
then
p(r) = GL(x) = GLG(y) = G(y) = .

We will therefore show that ¢ has a unique fixed point in B(0,¢).

First, ¢ sends the ball with radius € into itself: if ||z| < ¢, then

le(@)ll = IG(F©) + N@)]| < [GFO)]| + |GN (@)
= +Clle]”

IN

S o2

2
<
2

IN

+§<e
5 b

IN

a sequence of inequalities for which we have used properties (2) and (3) as
well as the fact that N(0) = 0.

Next, if  and y are two points of the ball B(0,¢), then

le(x) = el = IGN () = GN(y)I| < C(llzll + llyl)) 1= — v
< 2Ce|lz -y

<2 | I < . [ H
— e — — |z =y .
=5 Yl = B Y
So the sequence defined by

xo=0 and z,11 = p(z,)

is a Cauchy sequence. It therefore converges to a limit « that is a fixed point
of ¢ and that is the unique fixed point because of the inequality that we have
just proved.

To conclude, we prove the inequality stated in the lemma. We have

% el = % [ler = Ol = [p(@) = 9 (0)[| = [l = @(O)]| = fle]| = [|p(O)]] -

It follows that
ol <2(e0)]| =2[|GF(0)]. O

Application of Lemma 9.4.4.

We are going to apply the lemma to the map

F,: WHP(R x SY; R*™) — LP(R x SH; R*™).
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We therefore need to determine a right inverse G, of the differential of L,
at 0, and verify that this G, satisfies the conditions of the lemma. As we have
said, we will obtain G, using a subspace WPJ-. We therefore begin by defining
the latter.

In the trivializations Z}* and Z?, we denote the differentials (d5), and

(dF), by L* and LY, respectively; via these trivializations, we consider
Ker L* ¢ T, P(z,y) and KerL® C T,P(y,z).
We define W, to be the “sum #,” of these subspaces,
W, ={a#,8|acKerL", € KerL"}.

We then define W;- to be its orthogonal, that is,

Wk = {Y € W' (R x S1; R?") |

/ (Y, a#,8) dsdt = 0 for all a € Ker L*, f € KerL”},
Rx S

(still using the frame (Z);=1,.. 2, in order to view a#, as an element of
WhP(R x Y R?™)).

Remarks 9.4.5.

(1) The two solutions u and v of the Floer equation connect critical points
with consecutive indices. Since the pair (H,J) is regular, we therefore
know that L* and LY are surjective. Since their Fredholm indices are 1,
the kernels of L* and L are of dimension 1. By Remark 8.4.7, we can
therefore assert that

KerL“:R-@ and KerL”:R-@
0s 0Os
(where the use of the frames (Z}), (Z}) is implied).

(2) Since by the exponential decay (Section 8.9) we have

sur(| 55

we know that the vectors du/ds and dv/9s are in LY for every q > 1,
hence

VY e WHP(R x S R?™), Va € Ker LY, V3 € Ker LY, (Y, a#,83) € L'.
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(3) The space W'?(R x S'; R*") is the direct sum of W, and W,". This is a
simple and quite general fact that we can state as a lemma.

Lemma 9.4.6. Let 1/p+1/q = 1. Let E be a finite-dimensional subspace
of WP N L9 | Let

Bt = {YG Wwhe | /(Y,X>d5dt:0for every X EE}.

Then WP = E@ E+.

Indeed, it is clear that these two subspaces only meet at 0. Next, by
Holder’s inequality, since E C LP N LY, we have E C L2. It now suf-
fices to choose an orthonormal basis {ei,...,e,} of E. Every element Z
of WP satisfies

Z—(e1,Z)ey —---— ey, Z) e, € E*,

giving the expected result. a

Since W, is the image of the two-dimensional space Ker L* x Ker L under
the linear map #,, we know that dim W, < 2, so that we may apply
Lemma 9.4.6.

The proposition below is important. It allows us to define G, and to verify
the conditions of the lemma.

Proposition 9.4.7. There exists a constant C' > 0 such that for p > pg, we
have

VY e W LMl = ClIY s

s
We begin by giving a list of consequences of this proposition. We assume
that p > pg.

(1) First of all, we clearly have Ker L, N W = 0.
(2) The map L, is surjective and dim Ker L, = dim W, = 2. In fact, we always
have
dimKer L, > Ind(L,) = 2

and
codim W, = dim W, < dim(Ker L* x Ker L") = 2

and the first property transforms these two inequalities into equalities. We
therefore have

W'P(R x SYR*™) =Ker L, ® W,".
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Intuitively, we can say that the kernel of (dJF)u#,., is close to
Ker(d%),#, Ker(dF), when p is sufficiently large.
(3) Consequently,

L, : W= W"’(R x §5R*)/Ker L, — LP(R x S";R*") =Im L,
is bijective. We set
G,=L,": L’(R x S R”) — W,

(4) This map G, is continuous, because the proposition asserts that

1 1
G Wllrn < & 1LoGo (¥l = & IV Lo -
Conditions (2) and (3) of Lemma 9.4.4 are also consequences of Proposi-
tion 9.4.7:

(1) We first verify condition (2) of Lemma 9.4.4 (leaving out the p in the
notation). We have

|GNz — GNy|| < CTH|IN(z) = N(y)| < C7" sup [[(dN):] = — o

z€[z,y]

by the mean value theorem. On the segment [z,y], [|[(dN).]| is bounded
by K ||z||, where K is independent of p,  and y, by Lemma 9.4.8, one of
the technical lemmas proved in Chapter 13 (in Section 13.2):

I(dN): || < K |2

because
(dN)z = (dg:)z - (dg:)(%
It follows that

|GNz — GNy|| < C7"||N(z) — N(y)||

<CT'K sup ||zl [z —yl|
z€lo.y)

< CTE(l=] + Iyl 1z — vl

and condition (2) is satisfied.

Lemma 9.4.8. Let g > 0. There exists a constant K > 0 such that for
every p > po and every Z € B(0,19) C WLP(R x SY;R?™), we have

1(dFp)z = (dFp)ollI”” < K[| Zllyr.s -
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(2) We finally verify condition (3) of Lemma 9.4.4. We have
IGO0 < CTHIF(0)]] = CTHIF(w))Il

which tends to 0 when p tends to infinity, so that we indeed have
|G,F,(0)]] <e/2 for p sufficiently large. We can now apply the Newton—
Picard lemma.

Proof of Proposition 9.4.7. We use a reasoning by contradiction. Suppose
that there exist a sequence (p,,) that tends to infinity and a Y, € W,i such

that
Lo, Yol 1o

lim =0.
n=too ||V llyim
By normalizing, we may, and do, assume that ||Y,| = 1.

Lemma 9.4.9. Let K = [—a,a] x S C R x S'. Then
T [[Vally ey = 0.
Proof. Consider the operator
D: W' (R x S, R*™) — LP(R x S'; R*™)
defined by

DY) = %(s, t) + Jo%(s,t) + SY(t) - Y (s,t),

where ¢ — SY(t) is the path of symmetric matrices corresponding to the
chosen trivialization along the loop y. As we already know,

oY oY ow,
(dF)w, (V) = 25 T T (dJ)w, (Y)ﬁ +d(grad,,, Hy)(Y).

Since w), tends to y (in the C{S, sense) when p tends to infinity, the order 0

part of this operator tends to the order 0 part of (dF),. Since we have chosen
the trivializations in such a way that Z!(s,t) tends to Z/(t) (still in the €2

loc
sense), we have

lim S,(s,t) = SY(t) in the Cf;, sense.

p—+00

Let r, = pn/2. We choose a plateau function v with value 1 for |s| < 1/2
and 0 for |s| > 1 and set v,,(s) = y(s/rn)-
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Let us show that D(~,Y,,) tends to 0 for the L? norm. We in fact have

IDG Yol = |

1
W DVn) + =9Ya

A

1.
< — WYallgs + I DY)l
M
Tn

IN

HYn”Lp + ||D(Yn)”LP([—rn,rn]xSl) ’

where M is the upper bound of |¥(s)| on R. It follows that

M
1P Yn)lle < = 1¥alls + 10D = Lo )Yall o, sty
+ HLpn (YH)HLP([frn,rn]XSl)
M
o ¥alle 15" = Sp)¥all o (v, st

L, (Yol Lo -

IA

Since ||y 1» < Y|l = 1 and since ||L,, (Y7,)];, tends to 0, this gives
ID(mYu)ll o < 1(SY = Sp, )Yl o +
for a 7, > 0 that tends to 0 when n tends to infinity. Next, note that

(Y — SPn)Yn”Lp([frmrn]xsl) < sup 155, (s:t) = SO [IYall 1

(37t)€ [_Tn y"’n] x St

A

sup 155, (s, 1) = SY ()] -

T (8,8)€[—Tn,rn] X ST

For s < -1, S, (s,t) = S“(s + pn,t); hence the supremum of
IS, (s,t) — S¥(t)|| for (s,t) € [-7rn, —1] x ST equals

sup [15(s + pn,t) = S*(B)]],
(s,t)E[—rp,—1]x ST
that is,
sup 15%(s,t) =S¥,
(5,8)€E[rn,pn—1]x 51
and this supremum therefore tends to 0. Likewise, for s > 1, using the fact
that S, (s,t) = S"(s — pn,t), we can verify that

lim sup 1S, (s,t) — S¥(t)|| = 0.

n=+0 (5 )e[l,rn]x 51
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Finally, we have

lim sup 1S, (s,t) = SY(t)]| =0

N+ (54)e[—1,1]x S?

because S, (s,t) tends to SY(¢) in the %, sense. We have thus shown that
D(v,Y,) tends to 0 for the LP norm, which allows us to conclude the proof
of the lemma.

We know (see Proposition 8.7.3 in the proof of the fact that F is a Fredholm
operator) that D : W1P(R x S1; R?") — LP(R x S; R?") is invertible. From
the fact that || D(v,Y,)[,» tends to 0, we deduce that ||v, Y| 1., tends to 0
and therefore that

ngrfoo ”YTLHWLP(K) =0,
concluding the proof of the lemma. O

Since the WP norm of Y,, is 1, this lemma asserts that its support tends
to concentrate toward |s| — +o0.
We will use the relations between L, , L* and LV for |s| sufficiently large.

Lemma 9.4.10. Let % be the two functions used to construct the approwi-
mate solution w,. There exist vector fields Y € Ker L* and Z € Ker L* such
that after extracting subsequences, if necessary,

B7(5 = pn + 1Y, (5 — pn,t) tends to Y in WHP(R x ST, R?™)
and
BT (s 4+ pn — 1)Y(s 4 pn, t) tends to Z in WHP(R x S*; R?™).

Proof. Recall that 8~ (s + 1) = 0 for s > —1, which means that
B~ (s +1)Y,(s,t) has support in ] — oo, —1] x S*. It follows that

[L2 oD (B (s+ 1) Ya(s, )] 1 = ([ L, (B (5 + DYals, )|,
B (s + DYals,t) + B (s + 1)Ly, (Vals, 1))

< 5up A7 1| Yall ooy apsty + 12 Yall o

which tends to 0 by Lemma 9.4.9. Replacing s by s — p,, gives

lim HLu(ﬂi (S — Pn + 1)Yn(5 - Pmt))HLp = 0

n—-+oo
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Analogously, we have

[+~ DY (s 5 )] =0
The proof of Lemma 9.4.10 is then a direct consequence of the following
lemma.

Lemma 9.4.11. Let D : E — F be a (linear) Fredholm operator. Let (x,,) be
a bounded sequence of elements of E such that the sequence (D(x,,)) tends to 0

in F'. Then there exists a subsequence of (x,) that converges to an element x
of Ker D C E.

Proof. Since D is a Fredholm operator, we know that there exists an opera-
tor D’ such that
D'oD=1d+K,

where K is an operator of finite rank (Proposition C.2.5), which implies that
the sequence (x, + K(x,)) tends to 0. After extracting a subsequence, if
necessary, the sequence (K (x,)) is convergent, giving a subsequence of (x,,)
that converges. O

This concludes the proof of Lemma 9.4.10. O
And leads us to state another lemma.

Lemma 9.4.12. The sequences 8~ (s+1)Y,(s,t) and 87 (s —1)Y,(s,t) con-
verge to 0 in WL,

Proof. Let Y € Ker L* be a vector field given by Lemma 9.4.10. We will
now construct Y'#,0, which is an element of W,. Lemma 9.4.10 asserts that
B (s = ppn+ 1)V, (s — pp,t) tends to Y (in WHP), so that

lim H/J’_(s +1)Y,(s,t) = Y(s+ pmt)le,p =0,

n—-+oo

and, in particular,

nEI—{-loc HB_(S + 1)Yn(85 t) - Y#Pn0|’W1,p(]7m’71]Xsl) =0.
Next, 87 (s 4+ 1)Y,(s,t) — Y#,,0 has support in | — 00,0] x S* and Y#,,0
tends to 0 in the C° sense, hence also in the W!P([-1,0] x S') sense.
Note that Y is in the kernel of L*, hence is € (by elliptic regularity),
and that Y is a scalar multiple of Ou/0s. By also using Lemma 9.4.9, we see

that |37 (s +1)Yy(s,t) = Y#,,0|y;1., tends to 0.
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Since Y has exponential decay, it is in L? for every g > 1, as is Y#,, 0.
With 1/p 4+ 1/q = 1, Holder’s inequality gives
[ 8 (s DY) = Y, 05, 0), Y, Ol 1) |
RxSt
<187 (s + D)Yals,t) = Y#,0(s,0)]| , 1Y #5,0ll o -

The norm [[Y #,,,0|,, is bounded by ||Y||,, in L9(] — 0o, —1] x S*) and tends
to 0in L4([—1, 400 x S1), so that it is uniformly bounded. We therefore have

lim (B~ (s +1)Y,(s,t) = Y#,,0(s,t),Y#,,0(s,t)) dsdt = 0.

n—-+0o0o RxS!

Since Y#,,0€ W, and Y, € WPJ;L, we have

/ (Y, Y#, 0)dsdt = 0.
Rx St

Moreover,

lim (1 =" (s+1)Y,(s,t),Y#,,0(s,t))dsdt =0

n—+oo RxS!

because the term that is integrated has support in [~1,0] x S and, as above,
using Hélder’s inequality, the absolute value of the integral is bounded from
above by

HYn||Lp([—1,0]><Sl) : ||Y#97LO||L<1([71,0]xsl) ’
This tends to 0 by Lemma 9.4.9. The two relations above imply that

lim (B (s +1)Y,(s,t),Y#,,0)dsdt =0

n—-+oo RxS!

and therefore that

lim (Y#,,0,Y#, 0)dsdt = 0.

n—+oo RxS!

For s < —1,Y#,,0(s,t) = Y (s + pn.t), hence

n—-+oo

—1
lim // (Y(s+ pn,t),Y(s+ pn,t))dsdt =0,
St J—oc0

or

—14pn
1m‘//) Y (s,8)||* dsdt =0,
n—-+oo st J_co
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and finally Y = 0 and ||~ (s 4+ 1)Y5,(s,%)|lyy1.» tends to 0. In an analogous
manner, we can show that the same holds for |37 (s — 1)Y;,(s,t)| 1., This
concludes the proof of Lemma 9.4.12. a

This will allow us to conclude the proof of Proposition 9.4.7. We have

L= Ya (s, )l
<187 (s + DYa(s:)|yyr + 187 (s = DYa(s.8) |10
+ ||(1 - B7(5 + 1) - ﬂJr(S - I)Yn(s7t)||wl‘p .
The first two terms tend to 0 by Lemma 9.4.12 and the last one does also,

this time by Lemma 9.4.9. This is the indisputable contradiction we were
looking for. ad

We can therefore apply the Newton-Picard method to obtain, for ev-
ery p > po, an element y(p) of W~ with F,(y(p)) = 0. Moreover, this
element 7(p) is unique in Wj- N B(0,¢e) where, we recall, ¢ is independent
of p (by Lemma 9.4.4). We also have the following result.

Lemma 9.4.13.
lim [lv(p)[ly1., = 0.

p—r—+00

Proof. By the “Newton—Picard” lemma 9.4.4, we have
v ()llwrs < 201G Fp(0)llyyr < 2C7HIF(0)l] 1o = 2071 [T (wp)ll 0

which tends to 0 when p tends to infinity. O

Continuity and Differentiability of ~y.

We now apply the implicit function theorem. Let
W)t = {(p,Y) | p> po,Y € Wt and V] < £}

and let F : W(e)t — LP(R x S}; R?") be defined by F(p,Y) = F,(Y), so
that
F(p,v(p)) =0 for every p > po.

Lemma 9.4.14. For every sufficiently large p (and larger than pg), the
derivative

(d2F) p(p) = (dF p)(p)

1s invertible.
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Proof. Fix a p. The differential of F, is a linear map
(dFp)(p) : W — LP(R x SL; R*™).
Consider the inverse G, of (dF,)o constructed before,
G,: LP(R x S R*™) — W,
For the operator norm, we have

[Go(d,)) 10| = G, ), — Gl o
< ||Gp|| || dffp)’v(p) - (d‘rfrp)o |
< CT'K (o) llyyrs

by Lemma 9.4.8, which we used before. Since we have seen (in Lemma 9.4.13)
that the W'? norm of v tends to 0, we can conclude that G, o (dF, v (p)
invertible for p sufficiently large and therefore that (dF,).(,) is also invertible.

O

is

This allows us to apply the implicit function theorem and to conclude
that v is continuous and differentiable for p sufficiently large.

Proposition 9.4.15.

L
p——+o00 wWlp

Proof. Since F(p,v(p)) = 0, we have

oF 0
3, (o) + @7,)0 (51) =
We have

Gp(dffp)w)az Hw

< 6o, =4[ 52 0, + G 501000

HG (d7,)

[ W 07l

HWLP'

Moreover, as in the proof of Lemma 9.4.14,
|G p(dFp)r(p) = 1d]| < CTUK [4(0) lyyran -

We now use the following lemma (one of the technical lemmas proved in
Chapter 13).
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Lemma 9.4.16. Let o > 0. There exists a constant M > 0 (independent
of p) such that for every p > po and every Z € B(0,r) C WHP(Rx ST, R™),
we have

|50 2= 50,0, < M1ZIes

This leads to the estimates
6 (Getwaon) | < 0| Gtwton]

<c (|G eato) - 5 0]

<0 (MI@lwer +] 5 (00

A

Lp + Hg—i(p,O)’ LP)

)
)

_ 0
= 7 (M IOl + | 5,7 000)
But F(w,) = 0 for |s| > 1. For s € [—1, 1], we have
wp(s,t) = expy) (B (5) expy g (uls + p, 1) + BT (s) expyy) (v(s — p, t)))

and consequently

ow ou _1 Ov
Gy (521 = Texpy o) (57 ()T expyy 50 (5 0) =B ()T expyhy 3G p)).

It follows that

. Ow, _ oo 1
pggloo Tp(57t) = O m G ([—1, 1] X S ),
. 0 0
hence pllg‘,r»loo a—p&"(wp) = pggloo(d?)wp (apwp) = 0.

Finally, we have the estimate

Ha |, Q= CT K @)lyns) < 7 (M I )||W1P+H3? wp)’

).
Lp

which implies that

L
p~>+ooa WwWlp
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Conclusion.

For p > pp, we have constructed
v(p) € W;- C WHP(R x S R*™),

a continuous and differentiable function of p such that F,(v(p)) = 0 and

tim 7o)l = lim [ 2]

p—lr-ir-loo TP lwe = p—lr-ir-loo ap wl.p
Using the trivialization Z!, we deduce from ~(p) a vector field along w,,, that
is, an element of T\, ,P(z, z), which we also denote by v(p). We transform this
into an element of M(z, z) using the exponential

¥(p) = exp,, V(p) € Mz, 2),

so that the map p — ¢(p) is differentiable and that both ¢(p) and its deriva-
tive tend to 0 in WP when p tends to infinity.

By projecting v onto the space of trajectories £(z, z), we obtain the desired
map

o~

B =m0t [po,+oo] — L(, 2).
We still need to check that it has the expected properties.

Lemma 9.4.17.

o~ —

lim ¥(p) = (u,?) € L(x, 2).

p—>+o00

Proof. Consider a sequence (p,,) that tends to infinity and let

Vo, = Y(pn) = expy,, (¥(pn))-

For s < —1, we have

(P (s,t) = CXPuy(s+4pn,t) Von (st).

Let K be a compact subset of R x S*. For n sufficiently large and (s,t) € K,
we have 9, (8 = pn,t) = eXDy(s.1) Vpn (8 — pn,t) and

1760 (s = P Dllwrn iy < 10 (8 = Pns D)l o = 175 (8 D) [y -

We saw in Lemma 9.4.13 that the latter tends to 0 when n tends to infinity.
Since W1P(K) C C°(K), we see that v,, tends to 0 in C°(K) and therefore

that v, (s — pn,t) tends to u in € (R x S';W). Since our elements are
0

- oo
loc implies the convergence in C}s,,

in M, the convergence in C by Proposition
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6.5.3. Analogously, we can prove that

lim "/}pn (S + pmt) = ’U(S,t)

n— 400
in €. It follows that ¥y, tends to (u, ). O

We still need to prove that ’(Z is an injective immersion (at least for p, suf-
ficiently large), which we will do in the next section. Note that Lemma 9.4.17
will imply that this injective immersion is proper and therefore an embedding.

9.5 Properties of 15: 1Z Is an Immersion

We want to show that zZ is an immersion. To do this, we must verify that
O /dp is not in the kernel of the projection drn. Here 7 denotes taking the quo-
tient M(z, z) — L(z, 2), so that the kernel of (dm), is generated by 0v/0s.
Supposing that 1 is not an immersion is therefore equivalent to supposing
the existence of sequences (p,) and («;,) with

oY o
Fp(pn) = ang(ﬂn)~

Since ¥(p) is close to w,, we will be able deduce the following lemma in
Section 13.6.

Lemma 9.5.1. The sequence (ay,) is bounded and we have

i (52 - 52)

Lr

Then for s < —1, w,(s,t) = u(s + p,t), hence

ow,  Ou
o g(s'i‘ﬂ)»

so that the lemma implies that

T

LP(]—c0,—1]x S1)

Consequently, o, tends to 1. By considering the values for s > 1 in the same
manner, we obtain

tim |-~ ) — 22 (s o)
im ||[———(s— — an—=— (5 — pn,
Os P Os P LP([1,400[x S1)

3
n—-+o0o
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which now implies that «,, tends to —1, giving the desired contradiction.

~

So % is an immersion (for p sufficiently large). But it is also injective:
its image is contained in a connected component of the manifold £(z, z) (of
dimension 1), which is not compact (since lim, o @(p) ¢ L(z,z)). This
component is therefore diffeomorphic to an interval. In this case, the immer-
sion 1? is injective (by Rolle’s theorem).

9.6 Properties of QZ: Uniqueness of the Gluing

We have just shown that the broken trajectory (@, ?) € L(x,y) x L(y, z) is the
endpoint of an interval embedded in £(z, z) whose interior is in a component
of L(z,z). This is not sufficient to conclude that £(z,z) is a manifold of
dimension 1 with boundary, as shown in Figure 9.9.

A~

__________________ (u,0)

Fig. 9.9

We must still show that the only way to approximate (u,?) in £(z,2)
(other than with the constant sequence) is by passing through the interval
that we just constructed. This is the last assertion of Theorem 9.2.3 (which
paraphrases the corresponding statement for the Morse complex, that is,
Proposition 3.2.8): if a sequence in L(x, z) converges to (u,v), then it is in
the image of 1//}\

The difficulty comes from the fact that the constructions of the gluing and
of the map QZ depend on a number of arbitrary choices. Consider, for example,
a function v of class €, from Ry to R4 and with lim, 4 v(p) = +o0.
We can define a pre-gluing w, , by replacing v(s — p) by v(s — v(p)) in the
formulas that we used:

u(s+ p,t) if s < -1
expy ) (B (5) expyyy uls + p,1)

+5%(s) exp;(lt) v(s —v(p), t)) if s € [-1,1]
v(s —v(p)) if s > 1.

wu,p(57 t) =
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The readers are invited to verify that by taking up the construction of the
gluing from w,, ,, they obtain a continuous map

Yyt [py, Foo[ — M(z, 2)

such that

lim 701, (p) = ().

p—++00

They will then verify that if v is increasing, then the map {/;l, =mo1, is an
injective immersion. The case of 1,//1\ is the one where v = Id.

In order to avoid the situation sketched in Figure 9.9, we need to ensure
that the image of the new map QZV is contained (for p sufficiently large) in
that of the gluing 1; = %d constructed before. This will be the first step of
our proof, which will consist of four steps:

(1) The first step, which we just described, consists in showing the following
result.

Proposition 9.6.1. Let v : Ry — R be an increasing function of class
C*® such that lim,_, - v(p) = +o0. There exists a p, > 0 such that for

p> py, we have y(p) € (D).

(2) For the second step, consider a sequence (¢, )nen that tends to (u,?) in
L(z,2). As in Theorem 9.2.3, we want to prove that £, € Im(¢)) for n
sufficiently large.

Remark 9.6.2. It suffices to prove that there exists a subsequence

(€n, )ken such that £, € Im(i?)\) for k sufficiently large.

Indeed, suppose that the conclusion of Theorem 9.2.3 is false. We would
then have a subsequence ¢, that is not in the image of @E but tends to
(@, ) in L(x,z). In that case, we can extract a subsequence contained in
Im(qZ) from a certain rank on, giving a contradiction.

In the following statements, the conclusions concerning the sequence
(€r)nen hold after extracting a subsequence, if necessary. In this second
step we prove the following result.

Proposition 9.6.3. There exist a lift Zn € M(z, z) of £, and an increasing
function v : Ry — Ry of class € with lim,_, - v(p) = +00 such that
for every (s,t) € R x S1,

En(s, t) = €XPuy, . (s,t) Yn(5> t)a
where the sequence (py) tends to +oo and Y, € wy , TW satisfies

lim [|Y,]| = 0.

n—-+o0o
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The norm |[|Y,, ||, is computed by viewing Y, as a map
Y, :RxS'— R™

using the embedding of W in R™ that we fixed and the Euclidean norm
of R™.

The third step is the most technical one. With the previous notation, we
prove the following result.

Proposition 9.6.4. The vector field Y, satisfies Y,, € WP (wy , TW)
for every p > 2. Moreover, limy,_, y ||Ya|lyy1., = 0.

Recall that the first assertion simply says that
Y, € WH?(R x S, R™)

(see the explanations in Section 8.2).

After steps 2 and 3, we have at our disposal a sequence Zn that is of the
same form as a solution produced by the Newton—Picard method with the
help of the pre-gluing w, ,, . Recall that in order to apply the Newton-
Picard method (Lemma 9.4.4) starting from w, ,,, we must first decom-
pose WHP(R x S%;R?") as a direct sum Ker(L,,) & W,-,
depends on n (the index of the p, in question) and in which the dimen-
sion of Ker(L,,) is 2 (see the consequences of Proposition 9.4.7). Using a

contracting map

which now

@ : W, N B(0,20) — W,- N B(0, )

(for an g9 > 0 that does not depend on n), we find a unique v, €
W,- N B(0,e0) such that eXPy, , Tn € M(z,2): this 7, is the unique
fixed point of the map . Attentive readers will have noted that we have
identified WP (Rx S'; R**) with w};, , TW =T, , P(z, z) using the map
i: WHP(Rx ST R*™) — w}, , TW defined by a fixed unitary trivialization
along w, ,,, .

Since ||Yy|[y1.» tends to 0, Y, is in the ball B(0,g0) for n sufficiently
large. In particular, Y;,, € h, + W+ for an h, € B(0,&0) N Ker L with
limy, s 4 oo ||l py1e = O.

Also note that if h, = 0, then Y,, = 7, (by the uniqueness given in
Lemma 9.4.4). In general, in order to have ||hy||;;1., < €1 (for a positive g1
that does not depend on n), we will need to generalize the Newton—Picard
method (Lemma 9.4.4) and find a contracting map

. 1 1
Pn : b + an — hn + an
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hn + WJ'

exp,t M(x,2)

Ker(L)
B(0¢1)

\

that gives a unique solution exp,,, —n(h) € M(z,2) in hy, + WPJ;L. Fig-
ure 9.10 repeats Figure 9.7 and gives additional details with this new data.
For n sufficiently large, Y,, will therefore be the unique solution given by
the Newton Picard method in the slice h, + W+. By a connectedness
argument, this gives the following result.

Fig. 9.10

Proposition 9.6.5. For n sufficiently large, £,, € Im(qz,,).
The first step will then give the following.

Corollary 9.6.6. For n sufficiently large, ¢, € Im(v)).

We will therefore have concluded both the fourth step and the proof of
Theorem 9.2.3.

Let us now prove all these statements.

9.6.a Step 1: Proof of Proposition 9.6.1

For A € [0, 1], we set
va(p) = (L= A)p+ Av(p).

Let w,, , be the corresponding pre-gluing and let us construct the gluing for
this w,, ,.

Proposition 9.6.7. There exists a continuous map
¥ 1 [po, +oo[ x [0,1] — M(=z, 2)

such that for every A € [0,1], the map

o~

1#('»>\) =mo w(u )‘> : [pOﬂ +OO[ — L(I,Z)
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is an injective immersion that satisfies

o~ —

lim (-, \) = (u,v) in L(z, 2).

p—r—+oo

Proof. We decompose
WHP(R x SYR*™) = Ker L,y ® W,

using an analogue of Proposition 9.4.7 (which can be proved in the same
manner using the compactness of [0, 1]), and then apply the Newton—Picard
method (that is, Lemma 9.4.4) in W,5,. For p > po and A € [0, 1], we obtain
elements

v(p, A) € Wfb\ such that exp,, v(p, N) € M(z, 2).

Moreover, the map (p, A) — v(p, \) is continuous and differentiable by the
implicit function theorem (as in Lemma 9.4.14). In an analogous manner, we
can prove that ¥ (-, \) has the desired properties. |

End of the Proof of Proposition 9.6.1. The component of £(z,z) that con-
tains Im(¢)) is a manifold of dimension 1, without boundary and not compact
because

lim $(p) & L(x,2).

p——+o00

Up to a diffeomorphism, we may view this manifold as the interval ]0,1][.
Consider the image 1([pg, +00[) C ]0,1[. Since ) is an injective immersion,
we have L R
Im 4 = [¢(po), lim 4 (p)[ C]O,1[.
p—-+o00

But limqZ(p) ¢ L(x,z), so that
Im¢ =10,a0] or lag,1[.

Without loss of generality, we may, and do, assume that this image is [ag, 1[.
We apply the same reasoning to

w(v/\) : [po,—i—OO[ — M(l‘,z)

Since {b\ : [po, +o0[ %[0, 1] — L(z, z) is continuous, the image of 121\ is contained
in the same component, which we have identified with ]0, 1[. Since

1;/[;(7)‘) : [p0,+00[ — ,C(.CE,Z)
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is an injective immersion and since

lim A,, = A, and lim p,, = +00 = limzZ(pm)\n) = (u,v)

~

(an assertion we leave as an exercise for the readers), we obtain Im(¢ (-, \)) =
[ax, 1] for every A € [0, 1] using the connectedness of [0, 1]. In particular,

lim ¢, (p) = lim (p,1) = 1.

p——+4o00 p—-+o0o

This means that

for P > Puvs 1211(10) € [a‘Ov 1] = Im({ﬁ\)
and Proposition 9.6.1 is proved. a

9.6.b Step 2

We begin by establishing a number of preliminary results. Let us return to
the action functional Ay : L(IW) — R, whose critical points are the 1-
periodic orbits of the Hamiltonian vector field X;. We assume, as authorized
by Lemma 6.3.5, that Ay takes on distinct values in distinct critical points.
Consider a sequence ¢,, € L(x, z) with lim, 1 ¢, = (U, ), as in the state-
ment of Theorem 9.2.3. We have the following result.

Proposition 9.6.8. Let (,, be a lift of €, in M(x, z). If the sequence 0, con-
verges to a limit A in M, then

)\ € {337@’975»2}7
where w and v are lifts of w and v, respectively, in M(z, z).
To prove this proposition, we will use the following lemma.

Lemma 9.6.9. Let s, be a real sequence that has a limit and let A\, be a

sequence in M. We assume that, in the C5. sense,

lim A,(s,t) =a(s,t) and  lUm A, (s+ sn,t) = b(s,1)

n—-+00 n—+00

for two trajectories a € M(a, ), b € M(~,9) (a, B, 7, § are critical points
of Ag). If a # b, then the sequence s, is divergent and we have

AH(a) > .AH(ﬂ) > .AH(’}/) > .AH((S) if lims,, = +o0,
.AH(’)/) Z .AH((S) Z .AH(Oé) Z .AH(ﬁ) Zf hmsn = —0OQ.
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See Figure 9.11, where the configuration on the left corresponds to a se-
quence s, that tends to 400, the middle configuration corresponds to a se-
quence s,, that tends to —oo and the configuration on the right is impossible.

Fig. 9.11

Proof of Lemma 9.6.9. If s,, has a finite limit o, then we obviously have
a(s + o,t) = b(s,t), hence @ = b. We therefore assume that lims, = 400
and fix o, 7 € R. For n sufficiently large, we have s,, + ¢ > 7. Since Apy is
decreasing on the trajectories of M, we therefore have

AgAn(sn +0,:) < Ag(r,-)).
By letting n tend to infinity, we obtain
An(b(o,-)) < Anla(r,-))
for all ¢ and 7 in R. By letting ¢ tend to —oco and 7 to 400, we find that
Au(B) =2 Au(7),

which proves the lemma (the case of a sequence s, that tends to —oo is
analogous). O
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Proof of Proposition 9.6.8. We now apply this lemma to the sequence Zn
Since ¢,, € M(x, z), it is clear that A = lim ¢,, satisfies

Ap(z) > Ag(A(s,-)) > Au(z) forall s € R.
If A\ & {u,v}, then since ¢,, tends to (u,?), the previous lemma implies that

Au(N) € {An(2), An(y), Au(2)}-

In particular, Ag(A(s,-)) does not depend on s, hence A is a periodic orbit
of X;. Since we have assumed that the critical values of Ag are distinct
(Lemma 6.3.5), we have now shown that

Ae{z,y,z}. O

Remark 9.6.10. With the same proof, we can see that more generally, if the
sequence £, € L(«, () satisfies

lim ﬂn = (’LLh...,’LL}C) EZ(O{,B) with u; € L(’yi717’7’i)7 Yo = &, Y = 67

n—-+o0o

then, for any lift 0, of £, if the sequence 0, is convergent, we have

nEI-iI-loogn S {ala-"vakavoa"'v'yk}-

Having taken care of these preliminaries, let us get to the point.

Proof of Proposition 9.6.3. We fix a real number € > 0. The following lemma,
whose proof is obvious, is an immediate consequence of the compactness of
the manifold W.

Lemma 9.6.11. There exist § and 0" such that 0 < 6 < 0’ < pinj and such
that for every a € W and all p,q € B(a, '), we can write

q=exp,Y, with [Y]| <e,
and, for every a € W, all p,q € B(a,d) and all 3~, 3% € [0, 1], we have
exp, (8~ exp, ' (p) + BT exp, ' (q)) € B(a,d"). O

We choose a lift Zn of ¢,, that satisfies AH(ZH(O,-)) = Ap(y). The se-
quence Zn is convergent in M (after extracting a subsequence, if necessary)
and, by Proposition 9.6.8, has limit y.

Let us show that Zn satisfies the conclusions of Proposition 9.6.3. Here is
the idea of the proof. Let w,, denote a pre-gluing of u and v, w, = w, ,, for
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some function v : R4 — R that still needs to be determined. We fix ane > 0
and let B(z,6), B(y,6), B(z,0) denote the open balls for the €° distance on
the space of loops? LW (the constant § is the one given by Lemma 9.6.11
and we may, and do, assume that these balls are disjoint). When s is very
small, Zn(s7 -) and wy(s,-) are in B(z,d); when s is close to 0, they are in
B(y,0) and when s is very large, they are in B(z, ). In all three cases we can
apply Lemma 9.6.11 to conclude the proof. For the other values of s, we use
the fact that ¢, tends to (@,?) in £(z, 2), which translates into the existence
of sequences o,, and 7, and real numbers o, and 7, such that

lm (s — on,t) = u(s + e, t) and  Lmly (s + 7, t) = v(s + 74, b).

The convergence is uniform on the compact subsets of R x S*. The first limit
tells us that £, (s, t) is close to u(s+ oy, + 04, t) on (K —0,,) x S, where K is
a compact subset of R. We must “cover” the nonshaded part of Figure 9.12
with open sets of this type.

Fig. 9.12

The choice of the sequences ¢, and 7, is therefore very important. This is
also what will determine the choice of the pre-gluing w,, = w, ,, . To simplify
the notation, we omit the variable ¢ € S' in the following. We have seen
that y = lim ¢, in M and in particular that lim Zn(O) =y. For n > N, we

2 Recall that B(y,d) = {x 28T = W d(x(t),y(t) <6Vt e Sl}.
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therefore have £,,(0) € B(y, 8) (still for the €0 distance on LWW). We set

on =sup{s >0 | ln([=5,0]) C B(y,0)}
and Tn:SLlp{S>0‘Zn([0,S]) C B(y,9)}.

Then /,,(—0y,) and 0y, (7,,) € B(y, §). We have:

(1) The sequences o, and 7, tend to +oco. Indeed, if the sequence oy,
were bounded, then £, (|—0y,0]) would tend to y, and we would have
lim zn(—an) =y, which is absurd. The same reasoning holds for ,.

(2) Let £1(s) = £,(s — o) and let £2(s) = £,,(s + 7). Then after extracting a
subsequence, if necessary,

limlzll(s) =u(s + o4) and limlz(s) =v(s+ 1) inM for o,, 7% € R.

Indeed, we have 2% (0) = £,,(—0,,) € 9B(y, ). Hence the sequence 1 does
not tend to y. It does not tend to z either because ¢%(0) € 9B(y,§), so
that £1(0) is not in B(x,§) for any n. Moreover,

A (0,(0)) = A (ba(=00)) > A (£a(0)) = Am(y).
By Proposition 9.6.8, this implies that

lim £} (s) = u(s 4+ o) in M for a constant o, € R.
Analogously, we have

lim 2 (s) = v(s + 7,) in M for a constant 7, € R.
Let us now set

ol = inf{s > 0 £,(] — 00, —s]) C B(x,6)}
and 1 =inf{s > 0] £,([s, +o0[) € B(z,6)},

so that obviously £, (—0",) € 0B(x,68) and £,(7.,) € 0B(z,6). Also note the
following:

(1) We have o], > 0, and 7}, > 7,. In particular, the sequences oj, and 7},
tend to +oc. Indeed, suppose that o,, > o}, and take a ¢ in [0],,0,]. The
definitions of ¢/, and o, then imply that £, (—c) € B(x,8) N B(y, §), which
is absurd because these two balls were assumed to be disjoint. The same
argument holds for 7,, and 7).
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(2) After extracting a subsequence, if necessary, we have
limly(s — o) =u(s+0.) and limly(s+7.)=v(s+7)

for constants o/, 7, € R (the convergence is in M, that is, uniform con-
vergence on the compact subsets of R x S!). For £2(s) = £,(s — 07,), we

have
(3(0) € 0B(x,0) and An(63(0)) € MAu(y), An(z)[.

Proposition 9.6.8 then implies, as above, that £3 (s) converges to u(s+07).
An analogous argument holds for £ = /,,(s + 7).

We will need a stronger result than this last remark, namely the following.
Lemma 9.6.12. The sequences o), — o, and 7}, — 7, are bounded.

Proof. Suppose, on the contrary, that o/, — o, tends to +oo. We will show
that this leads to a contradiction. Since o}, and o,, are positive, we have

A (ln(=0,)) and Ap (bn(=07,)) € (A (£(0)), A ()] C [An(2), An ().
We will show that Ay (Zn(o';l)) — Ag(n(—0y)) tends to +00. We have

AH(én(—U;))—AH(?n(—an)):/ | %AH(én(s))ds

—On

L

(the norm is the one defined by the metric on W). Then there exist ¢, €
—oy,] such that

(s,t H dtds

[—o;

no

86

(cn,t H dt tends to 0,

because otherwise, after extracting a subsequence, if necessary, we would have

A 2
0 t)H dt >~y for s € [—al, 0],

which implies that

/ / Ly
—ol, St s

2
t)H dtds > va (0!, — 0,) tends to + oo,
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contradicting the inclusion stated above. Since Zn is a solution of the Floer
equation, we can also write this as

J.

Let (3 (s) = 0, (s + ¢n). Since ¢, € [—0’,, —0,], we have

oy, ~ 2
E(Cmt) - Xt(ﬂn(cn,t))H dt tends to 0.

An(6,(0) = Au(lalcn)) € [Au(n(=0n)), A (la(=07))].
Next, since

i Ap(Fa(~07)) = lim Ay (84(0)) = Ap(u(o.))

and lim Ag (0n(—07,)) = An(u(a))),
it follows that

A (22(0)) € JAx(y) + 70, An(z) — o[ for a o > 0 and for every n.
Applying Proposition 9.6.8, we then find that Z?l(s) tends to u(s + ¢,) in M

and in particular that £, (c,) = £5(0) converges uniformly to u(c,) for the
C> topology on S'. Together with the relation given above, this gives

ou 2
— ey, t) — Xp(uley, t dt =0
| G5t = Xitutenn)|
and therefore
ou
E(c*,t) — Xt(uley, b)) =0,

which means that u(cy) is a critical point of Ag. We call this critical point «.
For every t € S*, we have

L enrt) = =T ulens ) (3 0 8) = Xalulen, )

0s
— _J(a) (%(Q) - Xi(a)) =0,

Consequently, the set C(u) of critical points contains ¢, x S!, contradicting
the fact that by Theorem 8.5.4, this set is discrete.

We conclude that the sequence o), — o, is bounded. We can use the
same method to show that 7/ — 7, is also bounded, concluding the proof
of Lemma 9.6.12. O
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Let us finish the proof of Proposition 9.6.3. Let A, B and C € R be
constants such that:

o For s < A, u(s) € B(z,d) and v(s) € B(y,9).

e For s > B, u(s) € B(y,d) and v(s) € B(z,0).

e 0, —0,<Cand7,—71, <C (C>0).

The ¢ is the one given by Lemma 9.6.11, for an ¢ > 0 that is still fixed.

We also use the constants o, and 7, defined in the second remark after the
definitions of o, and 7, and consider a compact interval [F, F] such that:

e <0, F+o0,<A E+71,<A.
e F>0,F+o0,>B,F+T1.>B.
e g, —0,<—FEand 1, —7, <F for every n € N.

We know that £, (s — 0,,) converges uniformly to u(s + ,) on the compact
subsets of R x S'. For a fixed ¢ > 0, there then exists an N, such that for
n > N, t € St and s € [E, F], we have

l(s—op,t) = XDy (540, 1) Yn1 (s,t) with HYnl(s, t)H <e

(for the Euclidean norm). By replacing s by s+ o,,, we find that for n > N,

En(& t) = eXpu(s«Hr,mLo*,t) Y’ﬂ (S’ t)
with
|Yn(s,t)|| <& for every (s,t) € [E — 0, F — 0, x S*.

In the same manner, for n > N, we have

E’ﬂ(sﬁ t) = eXpU(S+T*—Tn,t) Y’ﬂ(s’ t)
with
|V(s,t)|| <& for every (s,t) € [E + 7n, F + 7, x S*.
Recall that the intervals [E — oy, F — 0y,] and [E + 7,, F + 7] are disjoint
for n sufficiently large. .. there is therefore no confusion between the two Y,

defined by these two relations.
We define a pre-gluing w,, (s, t) by

u(s+ oy + on, t) ifs<—1,
EXPy(t) (Bf(s) eXP;é) u(s + ox + op, t)

+ BT (s) expy’é) v(s+ 1 — Tn,t)) if s € [~1,1],
v(s+ T — Tn, t) if s > 1.

wp(s,t) =
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Let us show that for every n > N, and (s,t) € R x S, we have

ln(5,t) = €xXPy,, (5.0 Yu(s,1), with [V (s,2)] <e.

To do this, we cut R up into several intervals:

(1) For s < E — 0, < —0’,, we have 0,,(s,t) € B(z(t),) (by the definition

of ¢/,) and

wp(s,t) = u(s + oy + op, t) € B(z(t), )

because
s+o,+o, <E+o, <A.

We obtain the desired relation by applying the first assertion of
Lemma 9.6.11.

(2) For s € [E — oy, F — 0,], we have the result by using the definition of Y,,.

(3) For s € [F — 0y, E + 7], ln(s) € B(y, ) by the definitions of o,, and 7,
(using the inequalities F' > 0 and E < 0). Next, u(s + o4 + 0,,) € B(y, 9)
because s + o, + 0, > B and likewise v(s + 7 — 7,) € B(y,d) because
s+ 7 — 7 < E+ 7 < A. The second assertion of Lemma 9.6.11 gives
wp(s,t) € B(y(t),d"); we can therefore once again apply its first assertion
to obtain the desired relation.

(4) The case where s € [E + 7,,F + 7,] is analogous to the one where
SE[E—0n, F—oy).

(5) For s > F + 7, > 7, we have £,(s) € B(z,8) by the definition of 7/, and
wp(s,t) € B(z(t),d) because wy,(s,t) = v(s+ T4 — Ty, t) and s+ 7 — 7, >
F+ 7. > B.

We have thus obtained the desired relation for every s € R. Note that we
may assume that ||Y,(s,t)||;;; < pinj (norm of Y;, for the metric on W) for
every n > N, (s,t) € R x S! if we choose € sufficiently small, and therefore

Y. (s,t) = exp;i(s’t) ln(s,t) is of class €.

The proof of Proposition 9.6.3 is almost finished. Let p, = o, + o, and
let v be a function of class €* that satisfies v(p,) = 7, — 7«. We may,
and do, choose v to be an increasing function (after once more extracting
subsequences of p, and 7,, if necessary) that tends to +o0co when p tends
to +oo. It follows that for n > N, and (s,t) € R x S*, we have

ln(s,t) = expy,  (s4) Yn(s,t) with [[Y,(s,t)]| <e,

and this time, the proof of the proposition is truly finished. a
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9.6.c Step 3: Proof of Proposition 9.6.4

We will now show that the Y, given by Proposition 9.6.3 is in
WhP(R x SL; R™) for p > 2. To do this, we will use the exponential
decay of the solutions of the Floer equation (Section 8.9), that is, the fact
that if ¢ € M, then there exists a constant C' > 0 such that for every
(s,t) € R x S, we have

Hgg(&tﬂ]§<jefﬂﬂ

(with either the norm of the metric of W or the Euclidean norm in R™; we
choose the latter). The previous step gives us the relation

ln(s,t) = expy, (s.4) Yn(s,t) or Yy (s,t) = exp;i(svt) 0 (s,t).

The maps w,, and Zn both have exponential decay (w, is a solution of the
Floer equation for |s| > 1), which will be useful when we prove the following.

Lemma 9.6.13. There exists a constant K > 0 (depending on n in general)
such that for every (s,t) € R x S, we have

Y,
ot

%

max (

AYn(s: Ol

(s,t)H) < Ke ol

It is clear that this lemma immediately implies the first assertion of Propo-
sition 9.6.4. Let us therefore prove it.

Proof of Lemma 9.6.13. Consider the open subset 2 of W x W defined by
2 ={(a,b) e W x W | d(a,b) < pij}-
Let @ : 2 — R™ be defined by
&(a,b) = exp, ' (b) € T,W C R™.
Let 2y C {2 be defined by
20 = {(a,b) € W x W | d(a,b) < pinj/2};

this is a compact subset of W x W. We choose a constant A < 0 such that
for every s < A and every t € S*, we have

(wn(s,t),n(s,t)) € L2
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(we can check that for s < A, d(wn(s,-),z) < pinj/6 and d(€,(s,-),z)
pinj/6). We therefore have

IN

Yo (s,t) = D(wn (s, 1), bn(s,t)) for (s,t) €] — o0, A] x S™.
By the compactness of {2y, there exists an M > 0 such that
|Diany®@|| <M V(a,b) € £.

Therefore for every s < A and every ¢t € S', we have

|5 0] = | 2t )
o0,

Ow,
(s’t)H + "D2¢(wn(5,t),zn(s,t))E(Sﬂt)H

= HD@(wn(s,t),Zn(s,t))@

ow 327
<MHJ ,tH MHJ ’tH
o Os (s,)] + Js (s,1)
< 2MCe’®

(because of the exponential decay). Likewise, we can prove that for s > B,

Haalsn(s,t)“ <2MCe %,

which gives the “for 9Y,,/0s” part of the lemma. Let us now prove it for Y,
itself. Let A < 0 as before. For 51 < s5 < A < 0 and t € S!, we have

aalsn(s,t)Hds

1Ya(52,8) = Ya(sr,8)]| = H/ T o,y s < /

S1

s2
< / Ke® ds = K (e9%2 — %),
51

We let s; tend to —oo in this inequality and use the expression of Y,, as a
function of ¢,, to obtain

lim Y, (s,t) = lUm &(w,(s,t),ln(s,t))

S§——00 §—r— 00

=P(x(t),z(t)) = exp;(lt) x(t) = 0.

We therefore have
|Yn (s2,8)|| < Ked®2,

Proceeding analogously for the s > B gives the desired result for Y,,. To
conclude the proof of Lemma 9.6.13, we still need to prove an inequality of
the same type for 9Y,,/0t.
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Starting out from the expression of Y,, as a function of Z”, we find

o,

aY,
(S, t) + DQ@(wn(s,t),Zn(s,t)) E(S, t)

ot

- dwy,
(5,80 (5,1) D

(S7 t) = Dl@(wn

The negative constant A chosen above is assumed to be less than —1. For
s < A< -1, w, is a solution of the Floer equation. At every point (s,t), we
can therefore write

Y, -
ot D1¢’(wn,én) (Xt(wn) — J(wy) - s ) ;
+ DQ(p(men) (Xt(fn) —J(0,) - E)

(where we leave out the point (s,t) to simplify the notation) and for every
point (s,t) € ] — 0o, A] x S, we can write

a}/n awn ~ 8Zn
+ D1, 7y Xe(wn) + Doy, 7 Xe(ln)]].
so that
aY, s _
HW < Ke(S -+ ||D1¢(wn,zn)Xt(w") + DQQ-S(men)Xt(En)H.

For the last inequality, we used the fact that the norms || D®|| and ||.J|| are
uniformly bounded on {2y and on W, respectively, as well as the exponential
decay of w,, and Zn To give an upper bound for the last term, consider the
map I : 2 — R™ defined by

F(a, b) = Dﬂ"(a, b)Xt((l) + DQ@(a)b)Xt(b),

so that the term we want to bound is HF(wn(s,t),Zn(s,t))H. As above, by
compactness, there exists an M > 0 such that we have ||Df(a7b)}| < M for
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every (a,b) € £2y. Therefore, for s; < s, < A and t € S*, we have
(|7 (wn(s2,2), £ (52, 1)) =T (w (s, 1), € (s,1)) |

S92 8 -
/31 D11, (5,1)) s

82
< /
81

<|

0 (s, 1), T (s, t))H ds

0s
S2 awn 82’”
= /H1 D1F(wn,e”n)§ +D2F(wn,in)g ds
YT ot
=M H n HJ d

S2
< MC’/ %% ds = MC’(e‘s52 — 6551),
s1

still using the exponential decay. Let s; tend to —oo. We have
lim I(wy(s,t), bn(s,t) = I(x(t), (1))
S—r— 00
= D1P(o(t),2(t)) Xt (2(1)) + D2P(o(t),2(0)) Xt (2(t))
= D1 (a(t) x(t) %' (t) + D2P oty 212 (1)

because z(t) is an orbit of the vector field X;. We find

SEI_rlOOF(wn(s,tLEn(&t)) = %@(m(t%ﬂt)) =_0=

It therefore follows that for s, < A and t € S,
| D (w52, 1), € (52, 1)|| < Ke®2.

We conclude the proof of Lemma 9.6.13 by proceeding in the same manner
for s > B. O

As we have already noted, the fact that our Y, is in Wh?(R x S1; R™) for
every p > 2 immediately follows. To conclude the proof of Proposition 9.6.4,
we still need to prove that Y,, tends to 0 for the WP norm. We therefore
consider a unitary trivialization (Z); along the pre-gluing wy, chosen as in
Section 9.4 (see Figure 9.5). Using the frame Z;, we write Y,, = i((,,) where
Cn € WHP(R x S, R?™). Here F denotes the Floer operator

0 0
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The operator F': W1P(R x St R?") — LP(R x S1; R?") is defined by

where N
F:WH(R x SLR™) — LP(R x S, R™)
is given by N
F(X) = Flexpy, (X))

Let L denote the differential DFy. The maps F, p, t, F and L above depend
on wy and on the trivialization Z[*, hence in particular on n. We will leave
this dependence out so as not to complicate the notation. As in Section 9.4,
we consider the subspace

W, ={o#tw, 8| a € Ker L, 8 € Ker L}

and its orthogonal

Wik = {Y e WHP(R x ST, R?™) |
/ (Y,v)dsdt =0 for evervaWn}.
RxS?

We have already noted (in Remarks 9.4.5 and Proposition 9.4.7) that W,, and
WL are in direct sum in W1P(R x S1; R?") and that W, has dimension 2. In
fact, W, is generated by (0u/0s)#.,,0 and 0, (0v/ds). We decompose (,
in this direct sum:

(o = Xn +w, with x,, € W, and w,, € W,

Lemma 9.6.14.

il =0.

The proof of this lemma (by simple estimates) will be given in Section 13.7.
We use it to find an upper bound for ||Y, |1, that will allow us to conclude
that its limit is zero. This is done in the following lemma, whose proof can
be found in Section 13.7.

Lemma 9.6.15. There exist positive constants K1 and Ko such that for every
n €N, N
Ixnllwre + 1 ¥allpe + 1F(0) || zr

1= Ko Yol poo '

Yallyr, < K
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Let us show that the right-hand side tends to 0. We know that
lim [|Yy|[, = 0 (by Proposition 9.6.3) and that lim|[xn[ly., = 0 (by
Lemma 9.6.14). Moreover, since F(0) = F(w,) is zero for s ¢ [—1,1], we
have

15O = 1F @)l Lo (= 1,1x515mm) -
Since lim w,, = y uniformly on the compact subsets of R x S* and F(y) = 0,
we have lim,,_, 4 o |F(0)||» = 0, which shows that the right-hand side of our
inequality indeed tends to 0 and concludes the proof of Proposition 9.6.4.

9.6.d Step 4 (Last Step)

We begin with a more general version of the Newton—Picard method, a gen-
eralization of Lemma 9.4.4, whose notation we keep.

Lemma 9.6.16. Let X and Y be two Banach spaces and let F': X — 'Y be
a continuous map. We write

F(z)=F(0) + L(z) + N(z),

where L(x) = (dF)o(x), and we suppose that there exists a continuous
G:Y — X such that:
(1) Lo G =1d.

2) IGN(z) = GN ()| < C(l] + llyl) llz = yll for all 2,y € B(O,r).
(3) IGF(0)]| < &9/2 where eg = min (r,1/5C).

Let h € KerL satisfy ||h|| < eo/5. Then there exists a unique 7y, €
(h+ImG) N B(0,e0) such that F(vy,) = 0. Moreover,

[l < IGEO) + [IA]]-

Proof. Tt is similar to that of the original, Lemma 9.4.4. We consider the map
¢ : B(0,e0) = Im G defined by

—G(F(0) + N(x)),

5
S
Il
2
=
)
\
=
S
I

which therefore satisfies L(p(z)) = L(x) — F(x). We then define the sequence
xo=h, Tpy1 =@, +h.
As in the proof of Lemma 9.4.4, for € B(0,¢p), we have

£ 3 3
(@) + hll < llp@)] +[1a] < 50 + go + go < €0,
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which shows that z,, € B(0,eq) for every n. Still following the proof of
Lemma 9.4.4, we then have

21— 2ol = o) — @n-)l < 7 lan — o]
(hence ¢ is a contracting map), whence
limx, =, € B(0,g0) N {h 4+ Im G}
and ©(v) + h = 5. We therefore have

L(vn) = L(¢(vn) + h) = Lo(yn) = L(yn) — F(yn),

which implies that F'(y,) = 0.
Let us show the uniqueness: if v € h +Im G N B(0,¢q) satisfies F(y) =0,
then we set v = h + G(y) and obtain

¢(v) = GL(y) = GL(h+ G(y)) = GLG(y) = G(y) = v — h,

hence v = ¢(v) 4+ h. But this equation admits a unique solution because ¢ is
a contraction, as we just saw. a

We apply Lemma 9.6.16 to the operator
F:W" (R x S4R*™) — LP(R x SY; R™)

(which we defined using the unitary trivialization Z; along w,,). If n is suf-
ficiently large for the conditions of Lemma 9.6.16 to be satisfied and to
have h € Ker L = Ker(DF)y with ||h]] < &/5, then we obtain elements
Yn(h) € WHP(R x S1; R?") such that

exp,,, (i(m(h))) € M(z, 2).
We need the continuity of these solutions with respect to h.

Lemma 9.6.17. There exists a real number €1 > 0 that does not depend
on n, satisfies e1 < €9/5 and is such that for ||| < &1, the map h — v, (h)
18 continuous.

Proof. This follows from the implicit function theorem. Recall the decompo-
sition into a direct sum:

WIP(R x S}, R?*) =Ker Lo W+
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(this depends on the pre-gluing w,, in question) and the fact that ~,(h) €
h 4+ W+. For n fixed, define

F:Ker Lo W+ — LP(R x SL; R™)
by setting F'(h,w) = F(h+w), so that F(h,v,(h) —h) = 0. Let us show that
(D2F) )=ty = ([dF) (3, ny) : W — LP(R x ST R*™)
is invertible. We proceed as in the proof of Lemma 9.4.14:

IG(AF ), = 1d]| = [|G(dF)5, ) = G(dF)o|
<C H(dF)'Yn(h) - (dF)OH
< COK [ym()l[wrs

by Proposition 9.4.7 and Lemma 9.4.4. By Lemma 9.6.16, this leads to

|G(dF)s, oy = 1d|| < CK ([[Allys + [GF(0)lyr0)
= CK ([l + [1GF(wn) lw1.)
< CK ([[hllyr.r + CIF (wn)llL») -

We have already noted that lim || F(wy)||;, = 0. The constants C' and K do
not depend on n. For an ¢; that does not depend on n, with 0 < g1 < £¢/5,
and for n sufficiently large, the inequality above shows that d(dF).,, ) is
invertible for ||A|ly1, < €1 (G is invertible by Proposition 9.4.7). Hence
D, F is invertible. We can therefore apply the implicit function theorem to
conclude that h — ~,(h) — h is continuous and therefore that h — v, (h) is
also continuous. a

We will now prove Proposition 9.6.5.

Proof of Proposition 9.6.5. By Propositions 9.6.3 and 9.6.4, we know that

by =exp,, Y, with lim [[Y,| 1, =0.

—+o0

As in step 3, we write Y,, = i((,) for
i: WHP(R x SHR?™) — WHP(R x S R™).
We therefore have lim ||, || 1., = 0. We have the decomposition

Cn=hn+uw, eKer L W+
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(where w!, = GL((,) and hy, = ¢, — GL((,)). Recall that W=, G and L also
depend on n. We know that the operator norms of G and L are bounded
from above by constants that do not depend on n: for G by Proposition 9.4.7
and for L by Lemma 13.5.1 (another technical lemma proved in Chapter 13).
Therefore the WP norm of h,,, which is bounded from above by

[Callwrs + IGI™ LI ISnllws »

tends to 0 when n tends to infinity. In particular, for n sufficiently large,
||in ]l < €1, where g7 is given by Lemma 9.6.17. By the uniqueness given in
Lemma 9.6.16, we then have ¢, = 7, (hy) and therefore £,, = exp,, 1(Vn(hn))
is a solution obtained using the Newton—Picard method. Let us show that its
projection on L(x, z) is in the image of ¥, : [p,, +oo[ = L(z, 2).

Note that since w, = w, ,, and since, by the construction of 1, Yo(pn) =
exp,,, (1(0)), the conclusion holds if h, = 0. In the general case, we use a
connectedness argument that depends on the continuity of h +— =, (h) that
we just established (Lemma 9.6.17). As in the proof of Proposition 9.6.1,
we identify the component of £(z, z) that contains Im QZV with ]0,1[ and the
image of ’(Z,, with [a, 1[. Let 5, > p, satisfy

Du([pyr+o0]) = e 1] with ¢ > a.
For 0 < & < &1, consider the set U. C M(z, z) defined by

Ue = Yu[p,, +oo[U U {expy, (i(ya () | lIR]| < e}

Pn>pPy,

By the above, En € U, for n sufficiently large. More generally, for every
fixed € (¢ < &1), then l, € U. for n > N, by Propositions 9.6.3 and 9.6.4 as
well as the uniqueness in Lemma 9.6.16. Moreover, U, is pathwise connected,
hence its projection I. C L(z, z) is an interval.

Lemma 9.6.18. There exists an €5 such that 0 < €5 < &1 and

Iez - [av 1[ = iu([pua +OOD

Proof. By construction, Iy = [¢, 1] with ¢ > a. If the conclusion of the lemma
were false, then we would have a sequence ¢ that decreases toward 0 and
satisfies I, D [a,1[ with I, # [a, 1] (because for every e, I. is an interval
that contains Iy = [¢, 1[). In particular, we would have trajectories Ay € Us,
such that

X;c €la—01,a— 3] C L(x,2z) for small 41, ds.
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Moreover, A & ¥ ([p,,, +00[) = [¢, 1[. Let

Ap = expy,, (((ny (hx)))  with [|hg]| < e

We distinguish between two cases:

(1)

If nj tends to infinity, then
kli)r_f_loo (o2 (hk)HWLP = 0.
Indeed, by Lemma 9.6.16,
s i)l < Wil + € |FO)| < e+ C[[Fwar)]|

and the right-hand side tends to 0 when k tends to infinity. As in
Lemma 9.4.16, we therefore have

lim A, = (u,v) in L(z, 2),
k—4o00
which is impossible because Ay € [a—d1, a—d5] C L(z, z). We have used the
fact that the topology of £(z, 2) is separated, as we proved in Section 9.1.
If, on the other hand, the sequence ny, is bounded, then it admits a constant
subsequence (ng). Restricting ourselves to this subsequence, we therefore
have

Ak = exp,, (i(Yng (hg))) for every k.

Since ||hi|| < ek, we have lim hy, = 0. Since h — 7, (h) is continuous, we
have

lim )‘k = expwno (Z(’Y"o (0))) = wV(pno) € wV([ﬁV’ +OOD

k——+oo
It follows that lim Ay € ¥, ([p,,, +00[) = [c, 1], which is impossible because

XkE[G*él,af(SQ} and ¢ > a.

This concludes the proof of the lemma. a

And also that of Proposition 9.6.5: for n sufficiently large, Zn eU,, (eqis

the one from Lemma 9.6.18), hence £, € I, C ¥, ([p,, +0]). 0

Corollary 9.6.6 immediately follows because Proposition 9.6.1 gives

ﬁy([py, +oo[) C Im ¥, hence £,, € Im ¢ for n sufficiently large. O

This also finally concludes the proof of Theorem 9.2.3.






Chapter 10
From Floer To Morse

In this chapter, we prove that in the case of a nondegenerate Hamiltonian
that does not depend on time and is sufficiently small (in the sense of the
©? topology), when we are able to define the Morse complex and the Floer
complex; the two coincide.

10.1 The Results

For the sake of simplicity and to alleviate the writing, we have used more or
less the same notation for the Morse complex (in Chapter 3) and for the Floer
complex (in Chapter 9). At this point, we need to distinguish between the two
(in order to show that they coincide). From now on, let CF,(H, J) denote the
Floer complex associated with the Hamiltonian H and the almost complex
structure J (which was called (Cy,0) in Chapter 9), and let CM,(H,J)
denote the Morse complex associated with the Morse function H and the
vector field grad H, the gradient of H for the metric defined by J (and w)
(which was called (Cy(H), Ograd,,) in Chapter 3).

We want to prove the following.

Theorem 10.1.1. There exists a nondegenerate, sufficiently small (for the
@2 topology) Hamiltonian H for which

CF.(H,J) = CM,n(H,J).

This statement of course also contains the fact that the two complexes in
question are well defined. Starting with a nondegenerate Hamiltonian Hy, we
construct H as H = Hy/k for a sufficiently large k.

373
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Since H is sufficiently small, its periodic trajectories are constant (Proposi-
tion 6.1.5), hence Crit(Ag) = Crit(H). On the other hand, Proposition 5.4.5,
which compares the two notions of nondegeneracy (of the critical points of
the function H and of the periodic trajectories of the Hamiltonian H), implies
that H is a Morse function and that Crit(Ag) = Crit(H).

By Remark 5.4.6, we know that the Hessian of H has no eigenvalues in 27Z,
so that Proposition 7.2.1 allows us to compare the (Morse) index of a critical
point of H to the (Maslov) index of the corresponding constant trajectory:

Indg(z) = p(x) + n.

This implies that the vector spaces that occur in the definitions of the two
complexes are the same up to a shift in the indices.

Next, we need to consider the two differentials. More exactly, we must:

e Be able to define the differentials of the two complexes
e Show that they coincide.

To define the differential of the Morse complex, we need a vector field X
adapted to the Morse function H, which satisfies the Smale condition. On the
other hand, we want a relation between the trajectories of this vector field
and the solutions of the Floer equation, that is, between the solutions of

du ou ou

— 4+ X(u) =0 and ——i—J(u)at

o Ep + grad H(u) = 0.

We therefore want X to be the gradient of the function H for the metric
defined by an almost complex structure J calibrated by w. We will therefore
prove the following result.

Theorem 10.1.2. Let H be a Morse function on the symplectic manifold
(W,w). There exists a dense subset Jreg(H) consisting of almost complex
structures J calibrated by w such that the pair (H,—JXg) is Morse-Smale.

We will carry out the proof in two steps. The first will be devoted to a
general Morse function f and an adapted vector field X. We will linearize

the equation

du
— +Xuw)=0
5 TXW

of the flow of the vector field —X along one of its solutions in L, Y = 0, and
then show the following result.

Theorem 10.1.3. When f is a Morse function and u is a trajectory con-
necting two critical points x and vy, L, is a Fredholm operator whose index is
the difference of the Morse indices of the two critical points.
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Because of the relation between the Morse and Maslov indices mentioned
earlier, this immediately implies the following corollary.

Corollary 10.1.4. For a nondegenerate Hamiltonian H and a trajectory u
of —=JXu, the Fredholm operators (dF),, and L,, have the same index.

We will also show the following result.

Theorem 10.1.5. The vector field X is Smale if and only if the operators L,
are surjective.

In the second step, we will consider the specific case of the Hamiltonian H
and prove Theorem 10.1.2, a transversality result analogous to the ones we
established in Section 8.5.

Having chosen the almost complex structure and therefore the Smale vec-
tor field, we will then compare the solutions of the Floer equation and the
trajectories of the vector field.

Remark 10.1.6. It is clear that the solutions of the Floer equation that do
not depend on ¢ are exactly the trajectories of the vector field X = —grad H.

We want to prove the following proposition.

Proposition 10.1.7. If H is sufficiently small (in the C% sense), then
Ker(d%), = Ker L,,.

We will prove this later. The elements of the kernel of (d%),, therefore do
not depend on ¢. Using the identity of the indices (Corollary 10.1.4 and the
characterization of the Smale vector fields, in Theorem 10.1.5), this implies
the following result.

Corollary 10.1.8. The Fredholm operator (dF), is surjective along every
trajectory of the gradient of H.

On the other hand, we will show that, after replacing H by Hy, = H/k
(which has the same critical points with the same indices) for k sufficiently
large, if necessary, all solutions of the Floer equation that interest us are
independent of .

Proposition 10.1.9. If k is sufficiently large, then the solutions of the Floer
equation for Hy connecting critical points x and y with

Indgy, () — Indg, (y) < 2

are all independent of t.
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Let Hy = H/k with k sufficiently large, and let J € Jyes (the dense subset
given by Theorem 10.1.2). The conclusion is that when Ind(z) — Ind(y) < 2,
the trajectories of the Floer equation associated with (H, J) that connect the
two critical points z and y (critical points both for H and for Ag since the
two sets of critical points coincide) are exactly the trajectories of the Smale
vector field X = —J Xy (by Proposition 10.1.9). Moreover, the Floer operator
linearized along these trajectories is surjective (by Corollary 10.1.8). Such a
regularity condition implies that M) (z,y) is a manifold, which allows us
to define the Floer complex (see Theorem 8.1.2).

We establish this regularity property only for Ind(z)—Ind(y) <2 (and not
in general, as in Chapter 8 (see Theorem 8.1.1)), but this case suffices to
construct the Floer complex CF,(H,J). We have seen that it coincides with
the Morse complex CM,,(H,J), which proves Theorem 10.1.1. We still
need to show the intermediate results (Theorems10.1.2, 10.1.3, 10.1.5 and
Proposition 10.1.7).

10.2 The Linearization of the Flow of a
Pseudo-Gradient Field, Proof of Theorem 10.1.3

We consider a Morse function f on a manifold V' and an adapted pseudo-
gradient field X. The trajectories of this vector field are the solutions of

du
R X (u(s)) = 0.

To simplify, assume that the manifold V is embedded in a space R™ (m
sufficiently large) so that we can view u — X (u) as a map with values in R™.
We fix a metric g on V' so that X is the gradient of f for g.

The space
2
M:{U:R%V|%+gradf20and /RHZZH ds<+oo}

of solutions of finite energy is compact! and we have

M= U Ma,y).
z,y€Crit(f)

I Recall that if V is compact, then all trajectories are of finite energy.
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10.2.a Linearization of the Equation

We fix a solution u that connects a critical point = to a critical point y and
fix a trivialization (Z1, ..., Z,) (that is orthonormal for the metric g) of TV
in the neighborhood of the image of u. Using Morse charts, we choose the Z;
in such a way that Z;(s) does not depend on s in the neighborhood of the
critical points = and y. For Y = (y1,...,yn) € R", we set

Y(s) = > wils)Zi(uls)).
i=1
Linearizing the equation of the flow along the solution u gives a linear differ-

ential equation

ay - ~ -
E —+ (dX)u(g)(Y) =0 or L,Y=0

whose unknown function s — ?(8) is a vector tangent to V' along the solu-
tion u. In the given trivialization, we can write

Lu(Y) = % (Z ini> + Su(s) (Z yLZz)
= Zn:(ilg{; + zn:(aji + Sji)yj)Ziv
i=1 j=1

where S, (s) = (dX),(s) and the matrices a;; and S;; are defined by

dz;
ds = Za,;ij and Su(s) . Z7 = ZSUZJ

Let A;; = a;5 + Si; and let L, be the linear operator

L, : WY (R;R") — L*(R;R")
dy

For the vector Y (s) € R™, we now have the differential equation

dy
L,Y = — + AY =0.
ds
By our assumption on the Z;, a;;(s) is zero for s — +00 and when s — +o0,
A tends to the Hessian of f at the critical point = or y, which is a symmetric
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matrix:

Sl}r_nooA(s) = Hess,(f) and slir—&{loo A(s) = Hessy(f).
Remark 10.2.1. The space of solutions can be viewed as the tangent space
to the space of trajectories M(z,y) at the point w.

10.2.b The Exponential Decay of the Solutions

First note that if Y is a solution of L,Y = 0 in W12(R;R"), then it is
continuous, hence since it satisfies the differential equation, it is of class G!,
and so on, so that the solutions in W12 are C> (elementary bootstrapping).
In particular, the solutions form a finite-dimensional vector space.

Let us study the behavior at infinity that the inclusion in W2 imposes on
the solutions. In the neighborhood of a critical point, say x, we use a Morse
chart of V. We can choose the trivialization of TV in a standard way in this
chart, and the differential equation L, Y = 0 can simply be written as

dy

— = —AY,
ds

where A is a constant matrix that we may, and do, assume to be diagonal,
so that the system is
dyi _ _
ds
and its solutions are of the form

It is clear that for such a vector to be in W2(R;R"), it must tend to 0
when s — —oo, which it can only do exponentially (and likewise at 400).

Let us give an interpretation in terms of the operator L, of the properties
of the function f and the vector field X that we have used to construct the
Morse complex.

10.2.c The Fredholm Property
More precisely, we will prove the following.

Proposition 10.2.2. If u is a trajectory of the gradient connecting two non-
degenerate critical points x and y, then the operator L, is a Fredholm oper-
ator.
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We need to prove that the image of L, is a closed subspace of L?(R;R"),
and that its kernel and cokernel are finite-dimensional. As in Section 8.7.c,
we want to use Proposition 8.7.4, for which we first need the following result.

Proposition 10.2.3. For T > 0 sufficiently large, there exists a constant C
such that for every solution of L,Y =0,

Y12 < CULGY N2 + IVl 2 -

This will give exactly the condition of Proposition 8.7.4, because the compo-
sition

Wh(R;R") C L*(R;R") — L*([-T,T];R")
is compact. The proof of this proposition depends on the following two lem-
mas.

Lemma 10.2.4. Let B be an invertible symmetric matrixz. There erists a
constant Cy > 0 such that every Y € WH2(R; R") satisfies the inequality

dY
1Y [lypre < clHa + BY(

L2

This lemma is the analogue, in Morse theory, of Proposition 8.7.3. We
apply it by using one of the symmetric matrices Hess,(f), Hess,(f) for B.
These are invertible because the critical points  and y are nondegenerate.

Since the property is clearly stable under small perturbations, we find that
ifY(s)=0for —M < s <M and M is sufficiently large, then

dY |12 dY 2

2

Y 1,2 = Y + || — < — + X
|| HW )2 / (” ” H s H )dS_Cz/ H B AYH ds

These integrals are computed over | — co, —M| U [M, +o0[. As in Subsec-
tion 8.7.c, M is chosen such that A(s) is close to Hess,(f) for s < —M and
to Hess, (f) for s > M. In particular it does not depend on Y. In the second
lemma we therefore study what happens on the bounded interval [—M, M].

Lemma 10.2.5. There exists a constant C3 > 0 such that

[ G yazes [ (e g e av])an

Next, we choose a function S (still as in Section 8.7.c) with value 1 on
[-M, M] and 0 outside of [-M — 1, M + 1]. To simplify the notation, we set
T=M+1. FromY =Y + (1 — B)Y, we deduce that

Y lwre <18 llwre + 111 = B)Y w2 -
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Next, note that for every function «,
d
Lu(aY) = d—O‘Y +aL,Y.
s

We therefore have:
e The function (1 — B)Y is zero on [—M, M], hence satisfies
11 =AY llyr2 < Co [ Lu(l = B)Y |2

<o(|TDy | i~ HLayi.).

e To BY, which is zero outside of [—T,T], we apply the inequality of
Lemma 10.2.5, giving

1BY lwr2 < Cs ([1BY [l 2 + 1 Lu(BY )| 2)

< (1Yl + ]| S]], + 1820V 12),

and therefore
ap
1¥ e < Ca(I8Y Nl +2|| Y|, +IBLuY ls + 12 = BILY 2 ).
We now use the fact that § and df/ds are zero outside of [-T,T], giving
dp
18Y Il +2||2-Y]| |, < K IVl
and likewise

[BLuY |2 + [1(1 = B) LY || 12

M 1/2 T 1/2 400 1/2
< (/ 1LY ds) ; (/ ILY | ds) + (/ 1LY ds)
—00 =T M
+oo 1/2
<3 (/ LY | ds) :

Summarizing, we have found that for T sufficiently large, there exists a con-
stant C5 such that

||YHW1~2 < C5(HYHL2[7T,T] + ||LuY||L2)7

which we wanted to prove, since it is the statement of Proposition 10.2.3, up
to the proofs of Lemmas 10.2.4 and 10.2.5, which follow.
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Proof of Lemma 10.2.4. We set

Z:gﬁLBY.
ds

We want to show that
Yl < CullZ] 12

for some constant C';. We therefore want to compare

e = [ (0 5] as

and

Y 2 toondy 2
Hd——s—BY‘ :/ Hd—JrBYH ds
ds L2 —oo 1 ds

under the assumption that the matrix B is invertible and symmetric. We use

the Fourier transformation

-~

“+oo
Y(v) = \/127_/ e~ Y () ds.

Z(v) = (iv-1d+B) - Y (v).

For every v € R,

Using Plancherel’s formula we have

12|l = = HZHL — H(w-ldw) : f/(v)‘

L2’

Recall that B is symmetric and invertible. Let V € R™. We decompose V as
a sum of eigenvectors of B to get

((iv-1A+B) - V,V)| > \Jv? + G} [[V]||*,
where Cy > 0 is the minimum of the absolute values of the eigenvalues of B.
Using the Cauchy—Schwarz inequality, this implies

1
(v - 1d+B) - V[ 2 \/C§ + 02 [VI| = [ 7-(L+ %) V],

1
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where C; = max(1,1/C2). Setting V = Y (v) and integrating the square of
the left-hand side we obtain

1215 = 2], 2 5 [ (7] +* [Fe ) e
—_ 2 _ _
Y ACC R A DEE i
again by Plancherel’s formula. a

Proof of Lemma 10.2.5. Let us determine a lower bound for the integral
M
/ |L.Y|? ds.
-M
Expanding |Ju + 2v||> > 0 gives the inequality

1 2 2
lu +]* = 2 5 lull™ = vl

and the lower bound

/Jj;LuYst:/]\;HdY+AYH2d32/M(2H H Y1) ds
/ H H ds—C/ Y2 ds,

M
/ H H ds<C’/ 1Y )2 ds+/ LY | ds,

which gives the desired upper bound. a

and finally

We now know (by Proposition 8.7.4) that L,, has a finite-dimensional ker-
nel and a closed image. In order to finish the proof that L, is a Fredholm
operator, we need to determine its cokernel.

Lemma 10.2.6. The cokernel of u is the kernel of the operator
L:: WH(R;R") — L*(R;R™)

defined by

L7 = —C;—Z+A*

(where A* is the transpose of A).
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Proof. The cokernel of L, is
+oo
{Z € L*(R;R") | / (L.Y,Z)ds = 0 for every Y € W'2(R; R")} .

Let L}, be the operator defined in the lemma. We have

/+OO<Lu(Y),Z> ds = /+OO <%,Z> ds + /+OO<AY, Z)ds

— 00 —00 —0o0

_ _/+°° <‘fTZ,y> ds+/+oo<A*Z,Y> ds.

— 00 — 00

If Z € Coker L, then L7 Z = 0 in the sense of distributions, hence by the
definition of L%, dZ/ds is in L? and therefore Z € W% and Z € Ker LY.
Consequently, Coker L,, = Ker L} (the opposite inclusion is clear). O

The kernel of L7 is finite-dimensional, as is that of L,, by the same the-
orem on linear differential equations. The same therefore holds for the cok-
ernel of L,. This concludes the proof that L, is a Fredholm operator when
L, connects two nondegenerate critical points, that is, the proof of Proposi-
tion 10.2.2.

Corollary 10.2.7. If f is a Morse function, then for every trajectory u, the
operator L, is a Fredholm operator. a

10.2.d Computation of the Index
Let us now compute the index of this operator.

Proposition 10.2.8. The index of the Fredholm operator L,, is
Ind(z) — Ind(y).

Proof. We have already noted that the solutions of L,Y = 0 in W2 tend
to 0 exponentially when s — +oo. If ¢ and s are two real numbers, then let

@(078) : Tu(o)v — Tu(s)V

be the resolvent of the linear differential equation, that is, the map that sends
a vector Y € T, ,)V to the value in s of the unique solution with value Y’
at o. Let

E'(0) ={Y € Ty»V | lim &Y =0}
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and likewise
E (J) = {Y S Tu(g)V | sl}rlloo@(g’s)y = 0}

These spaces are the tangent spaces at u(o) of the unstable and stable man-
ifolds of x and y, respectively,

E%(0) = TynyW"(x) and E°(0) = Tyo)W*(y).

If Y € E“(6) N E*(c), then the solution Y(s) with value ¥ at o is in
W12(R;R") and conversely, so that

Vo eR, KerL, = FE“(c)NE*0).

We thus have
Ker L, = u(o)W"(x) N Tu(J)WS (y)

We still need to determine the kernel of L. Let
W(a,s) = @zsﬁ) : Tu(U)V — TU(S)V.

Let us show that this map is the resolvent of L7. We choose a Zp € R™ and
set Zo(s) = Y(o,s)Z0. Note that since ¥, ) = Id, we have Zy(o) = Zo. We
also choose a Yy € R". By the definition of ¥, ),

(W(0,5)20, P(0,5)Y0) = (Z0, Y0)-

Differentiating this identity with respect to s gives

Since the vector field Yy (s) = @, 5) Yo is a solution of L, Yy = 0, and therefore
Yo(s)/ds = —AYy(s), this equality becomes

<%,YO<S>> —(Zo(s), AYp(s)) =0,
that is, A7
(50— 4 20(5), Yols)) = 0.

Since we can take any tangent vector for Yy, we have shown that Zy(o) = Zy
and L7 Zo = 0, in other words, that ¥, , is the resolvent of L.

This computation also shows that if Z(s) is a solution of L}Z = 0,
then lims, oo Z(s) = 0 if and only if Z(¢) L E"(c) and likewise
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limg 400 Z(s) =0 if and only if Z(o) L E*(c). We have therefore shown
that
Ker Ly, = (L) W"(2) + Ty W*(y) ™

Since dim Ty, () W*(z) = Ind(x), dim T,y W*(y) = n — Ind(y), we obtain

dim Ker L,, = dim Ty, (o) W*(2) N Ty (o) W (y)
= dim W*(z) + dim W*(y) — dim(T,y(y W*(z) + Ty W*(y)),
dim Ker L}, = dim(T,, (o) W*(2) 4+ Ty(o) W* (y))
=n — dim(Ty oy W"(2) + Tuoy W*(y)),
Ind(L,) = dim W*(z) + dim W?*(y) — n
=Ind(z) + n—Ind(y) — n
= Ind(z) — Ind(y),

which we wanted to prove. a

Another way to compute the index of this operator can be found in Exer-
cise 46.
10.2.e The Smale Condition

We will now prove that the vector field X satisfies the Smale condition if and
only if all L,, are surjective, in other words, Theorem 10.1.5.

Remark 10.2.9. If X is the gradient of f for a metric g, then this condition
of course concerns that metric.

Proof of Theorem 10.1.5. This is a consequence of the computation given
above. Saying that L, is surjective is saying that its cokernel is reduced to 0,
in other words, that L} is injective, or that

Tu )W (@) + Tuo)W?(y) = Tu(o)V-

The latter is the transversality condition of the stable and unstable manifolds,
which we want for all critical points = and y. a

We could also have worked out the theory of the Morse complex in this
setting (see [65, 68]).
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10.3 Proof of Theorem 10.1.2 (Regularity)

The Hamiltonian H is now fixed and we consider two critical points x and y.
Let Z(x,y, H) be defined as

{(u, J) | J € J.(w) and u is a trajectory of — JXp connecting x to y} .

10.3.a Infinitesimal Variations of the Almost Complex Structure

The space J.(w) of almost complex structures calibrated by w is a subset of
the vector space of sections of the fiber bundle of endomorphisms of TW. We
have already noted (Proposition 5.5.7) that the tangent space is

Tid.(w)={S € End(TW) | JS 4+ SJ =0 and w(S¢,n) + w(&, Sn) = 0}.

We fix such an S and set J; = J exp(—tJS).

Lemma 10.3.1. For t sufficiently small, the endomorphism J; is an almost
complex structure calibrated by w.

Proof. First of all, J; is an almost complex structure: since J is “anticommu-
tative” with S, J; = exp(¢tJS)J and therefore

J? = exp(tJS)JJexp(—tJS) = J* = —1d.

Next, J; is an isometry of w because

d d
aw(th, Jim) = %w(exp(—tJS)& exp(—tJ.S)n)

= w(—JSexp(—tJS)E, exp(—tJS)n)

+ w(exp(—tJS)E, —JS exp(—tJS)n)
= w(SJ exp(—tJS)E, exp(—tJS)n)

+ w(exp(—tJS)E, ST exp(—tJS)n)
= w(SJZ,H) +w(Z,STH) =0

(where we have set = = exp(—tJS){ and H = exp(—tJS)n (uppercase 1)),
hence w(J:&, Jin) is constant and equal to w(JE, Jn) = w(&, n). This compu-
tation also gives

W(th»n) = W(Jtzgv Jtn) = —W(g, Jﬂ?) = W(Jtnvf)v

so that w(-, J;-) is a symmetric bilinear form. Next, we have

w(&, Jin) = w(, Jn) + O(t),
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so that w(-, J;-) is indeed a Riemannian metric, at least for ¢ sufficiently
small. O

10.3.b Proof of Theorem 10.1.2

As in Section 8.3, we use the C2° norm on this space of perturbations of J,

ISl = ex ISl e
k=0

(for a sufficiently decreasing sequence € = (gi)). As in Section 8.3, we have
the following result.

Proposition 10.3.2. For a well-chosen sequence €, the space C(J) of sec-
tions of End(TW) such that

JS+S7=0
{ M and ||, < +oo

w(S&n) +w(& Sn) =0
is a separable Banach space that is dense in the space of L? sections of the
fiber bundle TJ.(w). O

We fix an almost complex structure Jy € J.(w) and a real number § > 0.
We define the image of the unit ball:

30(0) = {Jo exp(=Jo5) | § € €(Jo) and [|S]|. < &}

and
Zo(z,y) = {(u,J) € Z(x,y, H) | J € Jo(0)}
(this space depends on the choice of the radius ¢, which we have left out to
simplify the notation).
Proposition 10.3.3. The subspace Zo(x,y) is a Banach manifold.

The remainder of this section is devoted to the proof of this proposition.
As in Section 8.5, we will show that Z is a set of zeros of a section of a fiber
bundle. The analysis is easier here because we only have one variable and can
stay in L? and W12, We therefore consider

1,2 _ 1,2 . 1 = 1 =
PH(z,y) = {ue WHR;W) | Sggloc u(s) = x and SEIJPOO u(s) =y}

(the limit has a sense because the elements of W2 are continuous maps)
and

E={(u,J.Y) | ueP"?(x,y),J €Jo(5),Y is a vector field L* along u},
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a fiber bundle on P12(x,y) x Jo(§) whose fiber at (u,.J) is the space of L?
vector fields along u. Using a trivialization Z; of TW (like the one we fixed in
Chapter 8), we see that this space is none other than L?(R;R>?"). The map

§: P2 (z,y) x Jo(0) — &

(u, J) — (u,fl—z +graduH) = ( du

&~ Xn)

is a section of € that is zero along Zo(z,y). Let us show that it is transversal
to the zero section. We need to compute its differential

(d9) w0y : WH2(R;R?™) x Jo(6) — L*(R; R*™).

We have already linearized § with a constant metric (hence with a constant .J)
in Section 10.2.a and F (with the additional variable t) in Section 8.4. After
taking the composition with the projection onto the fiber, the same compu-
tation gives

I' =m0 (d9)(u,15) (Y, 5) ( = Jol XH)mY]) — S(X#)u
=L, (Y) - S(XH)u,

where L, : WH2(R;R?") — L?(R;R>") is the operator defined in Sec-
tion 10.2.a. We have said that L, is a Fredholm operator (because H is a
Morse function), hence its image is closed and its codimension is finite. The
same reasoning as in the proof of Lemma 8.5.1 tells us that the image of I"
is a finite-dimensional closed subspace. To show the surjectivity of I" at the
points of Zg, it suffices to show the following result (the dual of L? is L?).

Lemma 10.3.4. The orthogonal of the image of I' in L?(R; R>") is reduced
to 0.

Proof. Let Z be an element of the orthogonal, that is, such that for all Y
and S, we have

+oo
/ (Z(s),I'(Y,S))ds =0,

— 00

or equivalently

/m (209 % — X, Y] ) ds /+OO(Z(3), S(Xp))ds =0

— 00 —00
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for every Y and S; that is,

e dy
/ <Z(s), o JO[XH,Y]> ds =0 for every field Y along u

— 0o

and
+oo
/ (Z(s),S(Xm))ds =0 for every section S.
The first of these equalities, (Z, L, (Y)) = 0, reduces to (LXZ,Y) = 0 for
every Y, that is, L} Z = 0, a differential equation of the form

—— + B(s)Z =0.
7 T B)
This guarantees that the solution Z, which we initially assume to be only
in L?, is in W12 and is therefore .

The second equality is

du du

(2, 8(Xn) = (7, fSJ%> =—(sz, J%>
because S is symmetric. We want to show that Z is zero. We suppose that
this is not the case and choose an sg such that Z(sg) # 0. We use a unitary
trivialization in the neighborhood of z:g = u(sg) € W in which J; is standard.
Then S is simply a symmetric matrix (that depends on the chosen point) such
that S = JpSJy. We consider the vector Jy(du/ds)(so) and construct a matrix
So such that

<Z(80)7 SOJO%(SO)> # 0.

For the existence of Sy, we use the following easy result from linear algebra.

Lemma 10.3.5. Let U and V be two nonzero vectors in C* = R?". There
exists a real symmetric matriz S, that is anti-C-linear and such that the
Euclidean inner product (U, SV') is nonzero.

Admitting this lemma, there exists a C2° map with support in the neigh-
borhood of x that takes on the value Sy at xg. This gives the desired con-
tradiction. a

For the sake of completeness, here is a proof of Lemma 10.3.5. The complex
vector subspace generated by the two vectors U and V is of dimension (at
most) 2, it therefore suffices to prove this lemma in C2. Since U is nonzero,
we may, and do, assume that it is the first vector of a basis that we will now
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use. The matrix S must be of the form

A B
S = ( B A) ,  where A is symmetric and B is antisymmetric.

There are therefore no constraints on the first column of S, for which we can
choose the vector V. But then S(U) =V and

(U,8V) = (SU,V) = (V,V) = |V #£0,

which we wanted to prove. a

This implies Proposition 10.3.3 since I" admits a continuous right inverse
according to Lemma 8.5.6.
To conclude the proof of Theorem 10.1.2, we consider the projection

™ Zo(x,y) — do(9)

defined by w(u,J) = J. It is easy to check that 7 is a Fredholm map (as
in Subsection 8.5.c). The Sard—Smale theorem (Theorem 8.5.7) states the
existence of a dense open subset Jres C Jo(d) consisting of regular values
of m.

Lemma 10.3.6. If J € Jrcq, then for every trajectory u of the vector field
—J Xy connecting x to y, the linearized operator L, is surjective.

Proof. If L, : W12(R;R?") — L?(R;R?") is not surjective, then there
exists a nonzero Z € L?(R;R?") that is orthogonal to the image of L,. On
the other hand, the assumption ensures that (dr)(,, s is surjective. The proof
of Proposition 10.3.2 gives a description of the tangent space T(,, 1) Zo(,¥)
as the kernel of I'; that is,

T(u,J)Z’O(xay)
={(v,8) e WR;R*) x Tyd0(8) | Lu(Y) — S(Xp)u =0} .

Since (L,Y, Z) = 0 for every Y € W?(R; R*"), the surjectivity of (dm)(, s
implies that
for every S € T;30(9), (S(Xg)u,Z)=0.

In the proof of Lemma 10.3.4, we saw that this implies that Z = 0, which
both contradicts the assumption and proves the lemma. a

By taking the intersection of the different sets J,cs obtained for the differ-
ent pairs of critical points of H, we obtain the set Jyes(H) announced in the
statement of Theorem 10.1.2 (we also use Theorem 10.1.5). O
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10.4 The Morse and Floer Trajectories Coincide

10.4.a The Trajectories That Do Not Depend on ¢t Are Regular

We will now show Proposition 10.1.7 (and Corollary 10.1.8). We clearly have
Ker L,, C Ker(d¥),,: if Y (s) satisfies

dy
=5 T8y =0,

then it also satisfies 5y 5y
— +J—+S5 =0.
as T ar TGV

Let us show the opposite inclusion. We set L = (dF), and Ly = L,. Let
Y € Ker L. We have

oY !
Jﬁdt =0, hence Y (s,t)dt € Ker Ly.
0

We may, and do, therefore assume that fol Y (s,t)dt = 0. We use an elemen-
tary lemma on functions in real variables (whose proof is given later).

Lemma 10.4.1. Let f be a differentiable map on [0, 1] with mean value zero
on this interval. Then for every p > 1, we have

/0 £l dtg/o 7/ ()P dt.

We apply this to f(t) =Y (s,t) and p = 2. We then integrate with respect

to s:
+oo 1 +oo 1 Y 2
[ o ads< [ [ 560 aa
—o0 0 — 00 0 ot

For the L? norm, we have

|5 15 = (o o)+ (5 )

0s ot ot
_<Yv AY>

- <Yv (%—Ji)(i”i) )

= ||s<s>Y||L2
< sup||S(s)|* Y172
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(using the operator norm of S(s)). Consequently, by our lemma, we find

IV][7. < lgrad Y2 < sup||S(s)]|* V]| -

The fact that H is “C?-small” implies that sup, ||S(s)|| is sufficiently small,
and therefore that ¥ = 0. O

Proof of Lemma 10.4.1. For t, t; € [0, 1], we write
t1
ft)) = f&)= [ fi(r)dr
t

We then integrate this relation with respect to ¢ between 0 and 1,

f(t) = /01 < ttl f'(7) d7> dt,

from which we deduce that

/01 [l n = /0 (/o / 7@ drat) an < | I ar

which we wanted to prove. a

10.4.b The Trajectories Are Independent of ¢

We will now show that the trajectories of H/k that count for the Floer
complex are exactly those that count for the Morse complex, in other words,
Proposition 10.1.9.

Proof of Proposition 10.1.9. We assume that it is not true. This means that
there exist a sequence (ny) that tends to infinity and a solution wu,, (that
effectively depends on t) that we can assume to connect the critical points
and y, of the Floer equation

Oou ou 1

—+J—+ —grad H =0.

Os ot ny &
Let

Un,, (8, 1) = un, (Ngs, ngt).

This is a solution of the Floer equation for the original Hamiltonian H, which
is periodic of period 1/nj. We may therefore consider it of period 1, so that
Un,, € M(z,y, H).
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First consider the case where the difference of the indices is 1;

Ind(z) —Ind(y) = 1 = p(z) — p(y).

By the convergence theorem toward broken trajectories (Theorem 9.1.7), af-
ter extracting a subsequence, if necessary, we may, and do, assume that the
sequence (vp, ) tends to a limit v € M(x,y, H). If we show that v does not
depend on t, then since (d¥), is surjective (by Corollary 10.1.8), v must be
in a component of M(x,y, H) of dimension 1, that is, must be an isolated
point of £(x,y). For k sufficiently large, we would then have

U, (8,t) = v(s + o, t) = v(s + op),

and v,, would not depend on ¢, a contradiction with the assumption we
made.

It therefore suffices to prove that the limit v does not depend on ¢t. We use
the fact that v is the limit of a sequence whose period tends to 0. Let r € R.
We fix an s € R and a ¢ € [0, 1]. Since vy, is periodic of period 1/ny, we have

Un,, (8,1) = Vp, (s,tJr M)
nk

(where [rng] denotes the integral part of rny). When k tends to infinity,
[rng]/ni tends to r, so that the left-hand side tends to v(s,t) while the right-
hand side tends to v(s,t + r). Consequently, for every r,

v(s,t) =v(s, t+ 1),

which we wanted to prove.

We now assume that the difference of the indices is 2;

Ind(z) — Ind(y) = 2 = p(z) — pu(y).

In this case, Theorem 9.1.7 states that a subsequence of (v, (s+ sk, t)) tends
either to a limit v € M(z,y, H) or to a broken trajectory

(v,w) € M(x, z) x M(z,y).

In the first case, we prove as above that v is independent of ¢. Once again,
(dF), is surjective by Corollary 10.1.8. As in the proof of Lemma 8.5.9, we
therefore find that M(z,y, H) is a submanifold of Z(z,y, J) of dimension 2
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in a neighborhood of (v, H) (we use the notation
Z(x,y, J) ={(v,H +h) | h € C(H), ve M(z,y,J, H+h)}

of Chapter 8). Moreover, since the gradient —J Xy of H has the Smale prop-
erty, its trajectories that connect x to y form a manifold of dimension 2. But
these trajectories are also in M(z,y, H), so that we obtain a parametrization
of this submanifold in the neighborhood of v, by trajectories that do not
depend on t. Next, since vy, (s + sk, t) € M(x,y, H), and since this sequence
tends to v, it follows that vy, (s + sk, t) is independent of ¢ for k sufficiently
large, a contradiction.

We are left with the case where lim v, = (v, w), that is, where there exist
sequences (s}) and (s?) such that

lim w,, (s +sk,t) =v(s,t) and  lm v, (s + s5,t) = w(s, ).
k—+oo k——+oo
As above, we prove that v and w do not depend on t¢. By Corollary 10.1.8,
the two operators (d¥F), and (dF),, are surjective. We can then apply the
gluing theorem (Theorem 9.2.3). From this we deduce the existence of an
embedding

~

¢+ [po, +oo[ — L(z,y)

such that

-~

lim ¢(p) = (U,0) € L(x,2) x L(z,y).

p—r—+00

On the other hand, v and w are also (Morse) trajectories of the Smale field
—J X . In this setting, the gluing theorem (that is, Theorem 3.2.7) states that
the broken trajectory (u, ) is a boundary point of a manifold of dimension 1
consisting of Morse trajectories that connect x to y. But these are also Floer
trajectories, so that we have a map

@ [po, +oo] — M(x,y, H)

such that
@ : [po, +oo[ — L(z,y)

is an embedding. In addition, when p tends to +oo, @(p) tends to (v, w) in
the sense of the convergence toward broken orbits in Morse theory (which is
defined in Section 3.2.a). In particular, this means that

lim o(p)(s}) = v(s

+
p——+o0 )

)
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where s,+ and s* denote the points where the trajectories ¢(p) and v, re-
spectively, exit a (fixed) Morse neighborhood of 2. This implies that for the
Gy, topology,

lim @(p)(s+s)) =v(s+sT)

p—r+00

(to see this, it suffices to write

e(p)(s+55) = Ds(p(p)(sy)) and v(s+s") =D(v(sh)),

where @, is the flow of —JXg).
The same reasoning applies to w. We have thus obtained that

lim $(p) = (3. @)

p——+o00

in the sense of the convergence toward broken orbits in Floer theory (which
is defined by Theorem 9.1.7).

In summary, we have three convergences toward (0, w) (see Figure 10.1):

e The convergence of (v,, ) we assumed for k tending to infinity

~

e The convergence of ¥(p) for p — +oo given by the “Floer” gluing
e The convergence of p(p) for p — +oo given by the “Morse” gluing.

o~

(v,0)

Fig. 10.1

We now apply the “uniqueness” part of the gluing theorem (Theorem 9.2.3).
It implies that for k sufficiently large, (v,,) is in the image of 1; The same
uniqueness argument also implies that for p sufficiently large, say p > p1,
?(p) € Imp. Moreover, 3([p1,+0c|) is an interval in the manifold £(z,y),
which is of dimension 1. Since

lim @(p) = lim ¥(p) = (3, ) ¢ £(x,y),

p—r—+o0 p—r—+oo
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this means that 1Z(p) € Im @ for p sufficiently large. In particular, v, € Im @
for k sufficiently large, which contradicts the fact that v,, does not depend
on t. O

We have now shown that all Floer solutions connecting two consecutive
critical points are Morse trajectories and that (dF), is surjective along these
trajectories. We therefore have the desired equality of the complexes.



Chapter 11
Floer Homology: Invariance

We have just defined the Floer homology HF,(H,J) as the homology of the
complex CF,(H,J). The object of this chapter is to show that the homology
HF,(H,J) does not depend on the chosen regular pair (H,J) € (H X J)reg
(in the sense of Section 8.1).

To prove this we will use a method analogous to the one that allowed us
to show the invariance of Morse homology in Section 3.4. We will proceed
as follows: let (H¢,J*) and (H®, J®) be two pairs in (H X J)reg. We consider
a smooth homotopy I' = (H,J) that connects (H%,J?%) to (H® J®); more

precisely,
H:RxS'xW-—R and J:R — End(TW)

with J(s) € g for every s and

H(s,-,-)=H®* ifs<-R 4 J(s)=J* ifs<—R
an
H(Sa'a'):Hb lfSZR, J(S):Jb lfSZR
Here R is a constant (that will not necessarily be the same for all homotopies).

The existence of such homotopies follows from the fact that J is contractible
(Proposition 5.5.6).

The proof is carried out in two steps:

(1) Starting from a homotopy I, we define (in Sections 11.1 and 11.2) a mor-
phism of complexes

o . CF.(H*, J*) — CF,(H" J")

and we verify that for the stationary homotopy I' connecting (H?, J%) to
itself, this morphism @!" is the identity (Proposition 11.1.14).

397
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(2) If (H®, J%), (H" Jb) and (H€,J¢) are pairs in (H X J)reg and if I", I”
and I are homotopies connecting (H®,J*) to (H¢, J¢), (H*, J*) to
(H® Jb) and (H®,J%) to (H¢,J°), respectively, then we prove that the
morphisms

& o™ and @' : CF.(H®, J%) — CF,(H®, J°)

are homotopic and in particular induce the same morphism at the homol-
ogy level. This second step in turn has two substeps:

(a) We first prove that two homotopies Iy and Iy define homotopic mor-
phisms @7% and &2 (Proposition 11.2.8, proved in Sections 11.3 and
11.4).

(b) We then prove the existence of a homotopy I" for which the morphisms
of complexes @7 o @ and &' coincide (Proposition 11.2.9, proved in
Section 11.5).

As in Section 3.4, we then deduce the invariance of the Floer homology by
considering the special case where (H®, J%) = (H¢, J¢) and I = Id. It is clear
that @7 and 7" then induce isomorphisms that are each other’s inverses
at the homology level.

11.1 The Morphism $*

11.1.a The Floer Equation With Parameters

Let I'(s) = (Hs,, Js) and consider the equation

ou ou

s +grad, Hs+ =0

that can also be written as

%+J5(u)(

ou

5 Xs,t(u)) —0,

where X, ; is the symplectic dual of dH, ;. If u is a solution, then we define

its energy to be
—+o0
B(u) = / /
oo JS1

The norm we use is the one associated with the metric w(-, Jg-)—it therefore

%sztds.

depends on s.



11.1 The Morphism &1 399

Consider the space
M= {u:RxS" = W |uis a contractible solution and E(u) < +o0}.

Recall that the homotopy I' has been defined to be stationary for |s| > R.
This allows us to give proofs that are more or less analogous to the following
versions of the statements of Chapter 6 with parameters.

We first give a version of Theorem 6.5.6 with parameters.

Theorem 11.1.1. Let X and X be the symplectic duals of the forms dH®
and dH?, respectively. Suppose that all 1-periodic trajectories of X and X°
are nondegenerate. Then for every u € ML, there exist a critical point x of
Agra and a critical point y of Agv such that

lim w(s,”)=x() and lim u(s,-)=y().

§——00 s——+00

Let

I I . .
M (z,y) = {ueM" | Sgr_noo u(s) = = and Sl}riloou(s) =y}
An element of M!(x,y) is therefore a trajectory that departs from x along
a trajectory of the gradient of Apg. for s < —R and that arrives at y along a
trajectory of the gradient of Ags for s > R. Every solution of finite energy
therefore connects two critical points of Ay« and Ags, respectively.

For s < —R or s > R, our equation coincides with the Floer equation
(without parameters) for (H?,.J%) or (H®,J?), respectively. Consequently,
Theorem 11.1.1 can be proved in a manner similar to Theorem 6.5.6: we first
copy the proof of Proposition 6.5.7 to show that for every u € M!, there
exist two critical points z € Crit(Ag.) and y € Crit(Ags) such that

lim Apge(u(s)) =Apge(z) and  lim Age(u(s)) = Age(y).

§——00 s5—+400
We then prove the following result.

Proposition 11.1.2. There exists a constant k such that for every u € M!
satisfying the conditions above for critical points © € Crit(Aga) and y €
Crit(Age), we have

E(u) < .AHa(I) —AHb(y) + k.
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E(u):/

RxSt
:AX51<2,Z>dsdt
:AX51W(Z‘,JS?;) ds dt
:/Itww(gz,?;—xm) ds dt
_ /RXSl W — dHt,s(%) ds dt.

Because of the contractibility of x, we can now choose an extension of wu,

Proof. We have

Oou |2
— || dsdt
0s H 5

that is, a map
%:R x D? — W such that @|yp> = u.

We determine the energy of u using this extension:

E(u) = lim ww — dH, (@) ds dt

o—+00 [—o,0]x St ds

0 OH
= lim / u*w-i—/ —=—H(u) + ——(u dsdt>
U—H—oo( [—o,0]x St [—o,0]x ST ds t( ) 0s ( )

lim (/ a;w—/ 0w [ HMug)dt+ Ht“(u_(,)dt>
o—+00 D2 D2 St St

+ / a—H(u) dsdt,
[-R,R]xS1 0s

where
Uty (t) = u(Fo,t) for t € S* and Ui, (2) = U(%0,2) for z € D2

We have used the fact that the homotopy Hs; is stationary for |s| > R. It
follows that

OH
E == 1 a — - —_—
(u) Uilfoo(AH (u_g) AHb(Ug))+/[_R7R]XSI s (u)dsdt
OH
:.AHa(l')—-AHb(y)+/ —(u)dsdt
[-R,R]x St ds
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using the assumptions. We set

k= sup (s,t,2)
s€[—R,R] 0
tes?
zeW
to obtain
E(u) < Age(z) — Ape(y) + k
and conclude the proof of the proposition. O

The finiteness of the number of critical points of Ay« and Agw leads to
the following corollary (analogous to Corollary 6.5.9).

Corollary 11.1.3. There ezists a real number C > 0 such that for every
ueM, E(u) <C.

This result allows us to prove a compactness property analogous to The-
orem 6.5.4.

Theorem 11.1.4. The space of trajectories ML is compact for the
e (R x ST, W) topology.

loc

The proof is similar in all details to that of Theorem 6.5.4; it relies on the
following proposition (which is analogous to Proposition 6.6.2):

Proposition 11.1.5. There exists a constant A > 0 such that
Vue M, V(s,t) € R xS, ngad(s’t)uH < A.

Remark. The proof, like that of Proposition 6.6.2, uses Corollary 11.1.3
(which is analogous to Corollary 6.5.9) and is done by contradiction. If

the conclusion were false, then we could deduce the existence of a map

v:R? — W such that 5
v v
— 4+ J(s)=— =0.
ds () ot
This is not exactly a holomorphic curve as in the proof of Proposition 6.6.2
because J depends on s, but the proof can be carried out in an analogous

manner using the metrics
gs(-) = w(- J(s)).

In particular, to compute the area of v(R?) and the length of v(9B(0,74)),
as in the proof of Lemma 6.6.5, we must use the metric g defined by

gv(s,t)('v ) = c")v(s,t)(', J(S))
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Using Theorem 11.1.4, we can conclude the proof of Theorem 11.1.1 in the
same manner as that of Theorem 6.5.6. To do this, we need a result analogous
to Lemma 6.5.13, which can be proved, in a similar way, using Lemma 11.1.12
below.

11.1.b The Transversality

We return to the results of Chapter 8 and adapt them to the Floer equation
with parameters. The dependence on s will simplify some of the proofs, as
we will see: a larger source space will make the surjectivity easier to show. As
before, let I' = (H,J) be a homotopy that connects (H?, J%) and (H?, J®).
We introduce the space C° of functions (perturbations)

h:iRxS'xW —R

with compact support such that |||, < +oo. Since h has compact support
(in s), the Floer trajectories of the perturbed homotopy near the critical
points are the same as those of the nonperturbed homotopy.

Let us now give versions of Theorem 8.1.1 and 8.1.2 with parameters.

Theorem 11.1.6. There exist a neighborhood of 0 in C° and a countable
intersection of dense open subsets of Hyee in this neighborhood such that if
h € Hiyeg, then setting I'(h) = (H + h, J) for every x € Crit Ay« and every
y € Crit Ay, the space of trajectories MI M) (x, 1) is a manifold of dimension
w(x) — p(y). Moreover, for every u € MY (x,y), the differential

(dF)y  WHP (WX TW) — LP (uw*TW)
18 surjective.

For the sake of simplicity, we left out in the notation the fact that the
Maslov indices p(z) and u(y) are computed using the flows of X and X?,
respectively.

The proof of Theorem 11.1.6 is more or less analogous to that of Theo-
rem 8.1.2. Let

g WhP(R x S, u*TW) — LP(R x SY,u*TW)

be defined by
ou ou
r
O (2 k),
F () = 5o + (G — Ko
The main ingredient of the proof of Theorem 11.1.6 is Theorem 11.1.7, the
analogue of Theorem 8.1.5.
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Theorem 11.1.7. For every u € M* (z,y), the linearization of ' is a Fred-
holm operator of index pu(x) — u(y).

The proof is identical to that of Theorem 8.1.5 because since I is stationary
for |s| > R, the linearized operator (dF'"),,, written in a unitary basis along u,
is of the same form,

(dF"), (V) = 0Y + SY,

as the linearized operator (dF),, where S(s,t) is a matrix that tends to a
symmetric matrix when s — +o0.

Following the example of Chapter 8 and more precisely the outline sketched
on p. 234, Theorem 11.1.7 serves to prove the version of Proposition 8.1.3 with
parameters, which is an immediate consequence of the following analogue of
Proposition 8.1.4 via the implicit function theorem.

Proposition 11.1.8. Let I' = (Hy, Jo) be a homotopy between (H®*, J*) and
(HY, Jb). If u € MT (2,v), then the map

@ WP (W) x €(Hy) — LP(u*W)
(Y, h) — (dF7),(Y) + grad, h

is surjective and has a right inverse.

Proof. The dependence on s of the Hamiltonians of €2°(Hy) considerably sim-
plifies the proof of the surjectivity compared to the proof of Proposition 8.1.4:
the source space is larger. We no longer need the regularity (that is, Theo-
rem 8.5.4) nor Section 8.6, which explains this notion. Here are the details.

As in Section 8.5, we begin by proving, in a manner analogous to
Lemma 8.5.1, that if @ is not surjective, then there exists a nonzero vector
field Z € L9(w*TW) (q is such that 1/p+ 1/q = 1), of class €, and such
that for every h € C°(Hy) and every Y € WHP(u*TW), we have

(Z,(dF")(Y)) =0 and (Z grad,(h)) =0.

Next, we replace Lemma 8.5.3 by the following stronger result.

Lemma 11.1.9. If Z € LY(w*TW) N C¥(R x SY; TW) satisfies
(Z,grad, h) =0 for every h € C2°(Hy),

then Z 1s identically zero.

Since this lemma contradicts what precedes it, we deduce that @ is surjec-
tive. It has a right inverse, once again by Lemma 8.5.6. Proposition 11.1.8 is
proved. a
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Proof of Lemma 11.1.9. The relation that is the assumption of the lemma
can be rewritten as

/ dh(Z)dsdt =0 for every h € C°(Hy).
R x St

Consider the map

T:RxS'—WxRxS!
(s,t) = (u(s,t),s,1).

It is easily shown that u is an embedding. We view Z as a vector field along u
on W x R x S', which does not have any components in the directions
9/0t € TS' and 9/0s € TR. In particular, Z is not in the plane tangent to u
at the points where it is nonzero.

We assume, in order to get a contradiction, that there does exist such a
point (sg,tp) € R x S*. We proceed exactly as in the proof of Lemma 8.5.3:
we consider a small neighborhood Cj of (sg,tg) in R x S* such that Z(s,t) is
nonzero (and therefore transversal to @ for (s,t) in this neighborhood). We
take a function

B:RxS'—R

with support in this neighborhood and define h € €2°(Hy) with support in a
tubular neighborhood B of u(Cj5) in such a way that if v(, ;) () is the integral
curve of Z passing through u(s,t) for o = 0, then we have

hst (Vs (0)) = B(s,t) o for [of <7

(where n > 0 is sufficiently small). Since Z is transversal to u(Cj), the func-
tion h is well defined. We also assume that

BnIm(u) = ua(Cs),
which in particular means that
Supp(h) N (i) = i(Cs)

(see Figure 11.1).
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Fig. 11.1

We then obtain

/ dh(Z(s,t))dsdt:/ dhs(Z(s,t))dsdt
RxS! Cs

o a’Ys,t(U)
_/(,~5dhs’t( 02| ) dst

P
_ /C 5 oot Gt (@) ds d

= B(s,t)dsdt.
Cs

It suffices to choose ( in such a manner that this integral is not zero to arrive
at a contradiction, which shows that Z(s,t) = 0 for every (s,t) € R x SL.
This concludes the proof of the lemma. a

The end of the proof of Theorem 11.1.6 is analogous to those of Theo-
rems 8.1.1 and 8.1.2.

We will call a homotopy satisfying the conclusion of Theorem 11.1.6 a
regular homotopy.

Remark. Since the perturbation h has compact support, the homotopy I'(h)
connects (H®, J%) and (H®, J?) and is stationary for |s| > R (for a sufficiently
large R).

11.1.c The Compactness
Let I" be a regular homotopy connecting (H®, J%) to (H?, J®). The morphism

o' . CF,(H*, J*) — CF,(H", J")
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that we have our eye on is defined as follows. For a critical point x of Aga
of index u(x) =k, we set

Pp(x)= Y, al(yy,

y€Crit A p
w(y)=k

where n! (z,y) denotes the number (modulo 2) of elements of M!(z,y)...
whose finiteness we will need to show in order for ! to be well defined. We
will also need to verify that this ¢’ is a morphism of complexes, that is, that

@F [©] 8(Ha”]a) == 8(Hb”]b) o @F.

To do this we will need the compactness result announced in the following
theorem, which is a version of Theorem 9.1.7 with parameters.

Theorem 11.1.10. Let (u,,) be a sequence of elements of M (x,y). There
exist:

A subsequence of (uy,)

Critical points x = xg, 1, ...,TE of Aga

Crritical points yo,y1,---,Ye =y of A

Real sequences (si) for 0 < i < k — 1 that tend to —oo, and (s'7) for

0<j5<l—1 that tend to +o0

o Elements u* € Mga,gay (@i, Tig1) for 0 < i < k —1 and elements vl o€
Mg g0y (Yj, Yj+1) for 0 < j < €—1

o An element w € M (z, o)

such that for 0 <i<k—1and0<j</—1,

lim w, - sil = ui, lim w, - S/ZL =)
n—-+4oo n—-+o0o
and such that
lim wu, =w.
n—-+4oo
This theorem asserts that after extracting subsequences, if necessary, the
sequences of trajectories in M! have limits that are concatenations of (at
most) one broken trajectory corresponding to the pair (H?, J%), exactly one
trajectory of M!" and (at most) one broken trajectory corresponding to the
pair (H®, J?).
Before giving a proof of Theorem 11.1.10, we first state an immediate
consequence (an upper bound for the number of breaks).
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s<—R broken trajectory
for (H®,J?)

Fig. 11.2

Corollary 11.1.11. Under the assumptions of Theorem 11.1.10,

() — py) >k +L.

Proof. By Theorem 8.1.2 (and Section 9.1.a), we know that

{M(HG,J“)(xivxiﬁ-l) = if p(zi) — p(wig) <1
Mo, g0y (Ys, yi+1) =@ if plyy) — plyj+1) <1,

hence, for 0 <i<k—1and 0 <j </ —1, we have

pw(@i) = p(@ipr) =1 and  ply;) — p(y;j+1) = 1.

By Theorem 11.1.6, M (x1,y0) # @ implies that p(xy) > u(yo). By taking
the sum of all these inequalities, we find the desired inequality (recall that
xg = and yp = y). O

Proof of Theorem 11.1.10. It begins with a lemma.

Lemma 11.1.12. Let (u,) be a sequence in M (z,y) and let (s,) be a se-
quence of real numbers such that lims,, = 4oc. Then there exist a subse-
quence of (up) (also denoted by (u,)) and an element v € Mg _yvy such that
limuy, - s, = v. Likewise, if lims,, = —oo, then there exists a u € M(ga ja)
such that (after extracting a subsequence, if necessary) limu, - s, = u.

Proof. As before, we will leave out the variable ¢ in the notation u,, = u,(s,t).
It of course suffices to consider the case of a sequence (s,,) that tends to +oo.
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Since u,, € M!', the conclusion of Proposition 11.1.5, namely the fact that
ngad(s’t) u|| < A, is true for u,, and therefore also for u, - s,, so that the
family (u, - s,) is equicontinuous and so that by the Arzela—Ascoli theorem
(see Appendix C.1, if necessary), there exists a subsequence of (uy, - s,) that
9 topology.

converges to a continuous limit v for the €.
But v, = uy, - s, is a solution of the Floer-type equation

ov,,

D + Jsts,, (

vy,

S - Xs+smt) —0.

Elliptic regularity (Proposition 6.5.3, again) then implies that v is of class €
and that (v,) converges to v in CfS..

We still need to verify that v € Mg j»y. Consider a closed interval
[-r,7] C R and the compact subset K = [—r,7] x S! of R x S1. For n
sufficiently large, s, > R + r, so that for (s,t) € K and n sufficiently large,
we have s + s, > R and therefore

Ovn
ds

Ovy,
By letting n go to infinity in this equation, we indeed find that the limit v is

in M(Hb)Jb). O

We can now prove Theorem 11.1.10. As in the proof of Theorem 6.5.6, we
choose € > 0 sufficiently small for the open balls

B(z,e) ={y € LW | d(z,7) < &}

to be disjoint for z € Crit Ay« (the same property is true for z € Crit Ags).

From now on, and to simplify the notation, we leave out the necessary
extractions of subsequences. Since M!" is compact (Theorem 11.1.4), we have
w = limwu, € M’. By Theorem 11.1.1, there exist critical points z’ of Apa
and y’ of Apgs such that w € M(z',y"). We take up the argument of the
proof of Corollary 9.1.9. There exists an s* € R such that w(s) € B(y/,¢)
for s > s*. Since w = lim u,,, we also have

un(s*) € B(y',e) for n sufficiently large.

If ' # y (otherwise there is nothing to prove), this trajectory must exit the
ball B(y',e) for an s > s*. Let s, be its first exit point:

sp =sup{s > s* | u,(c) € B(y',¢) for o € [s*,s]}.
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We will now show that the sequence (s,,) tends to +o0o. We assume that
it is bounded and therefore that after extracting a subsequence, if necessary,
it tends to an s, € R. Since the convergence of (u,) to w takes place in C{%,
and since s, > s*,

. _ /
ngrfoo Un(sn) = w(s,) € By, e).
However, by the definition of s,,, we know that u,(s,) € O0B(y', ) for every n,
which contradicts the previous statement.
We have thus proved that lim s,, = 400, hence (by Lemma 11.1.12)
nll)rilw Up - 8y =00 € M(Hb’Jb).
Let s < 0. For n sufficiently large, s* < s+ s,, < sy, so that by the definition

of s,
un(s+s,) € B(y',e) for n sufficiently large,

which implies that v°(s) € B(y/, ). Consequently
0 € Mpo, vy (y',y1) for some y; € Crit Ags.

The proof then continues (and concludes) in a manner completely analo-

gous to that of Corollary 9.1.9; it leads to a limit that is a broken trajectory

(00,0, .. ) with v) € Myge goy (v, ¥j41) (yo =¥ and yo = y).

We now assume that 2’ # z. An analogous reasoning using an s, such
that w(s) € B(a',¢) for s < s, and then the last entry point s, < s, of
un(s) in B(z',€), produces a sequence s, that tends to —oo and for which
limu, - s, = u* € M(z1,2’). As in the proof of Corollary 9.1.9, the limit

Lo uk) with o € Mg, goy (@i, ig1) (20 = 2,
xg = 2’). The theorem has now been now proved. O

is a broken trajectory (u®,u

Corollary 11.1.13. If u(x) = u(y), then the space M! (z,y) is compact.

Proof. Corollary 11.1.11 shows that a sequence (u,,) in M? (2, y) cannot tend
to a broken trajectory. a

The map
o' . CFL(H®, J*) — CFL(H,J?)

is therefore well defined by the formula

o (@)= Y n'(z,y)y.

y€Crit ‘AHb
w(y)=Fk
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We will also verify the following result.

Proposition 11.1.14. If (H%,J*) = (H® J%) and I' = 1d, then ®L is the
identity for every k.

Proof. Under the assumption, M”'(z,y) = Mg, jay(2,y). If, moreover,
w(z) = p(y), then we know (see Remark 9.1.6) that

1%} ife#y

M(HG,J“)(xay) = {{z} itz =y

Consequently, & = Id. O

To finish realizing the objectives that we fixed for this section, we need to
prove that &' is a morphism of complexes, that is, that

@F o a(HavJa) = a(Hbe) o @F‘

We must show that if z € Crit Aga, then for every z € Crit Ags such that
w(x) — p(z) = 1, the following equality holds (modulo 2);

Yo ey, )= Y ez yn’(y,2)

y' €Crit Aga yeCrit A
p(x)—p(y")=1 p(z)=p(y)

(it goes without saying that n® and n® are the coefficients that occur in the
differentials d(ge, joy and O g svy, respectively). It suffices to verify that the
number of points of the compact manifold of dimension 0,

ot(z,z) = U Lega(z,y) x MI(y, 2)
y' €Crit Aga
plx)—p(y")=1

U U M (z,y) x Loy, 2),

yEC!‘it.AHb
w(@)=n(y)

is even. This will be a consequence of the following theorem.

Theorem 11.1.15. Forx € Crit Age and z € Crit Ags with p(x)—p(z) =1,
the space M% (z,2) U IT* (z,2) is a compact manifold of dimension 1 with
boundary, and its boundary is I1' (x, 2).

We know (by Theorem 11.1.6) that M’ (z, 2) is a manifold (without bound-
ary) of dimension 1. Using the convergence toward broken trajectories de-
scribed in Theorem 11.1.10, we define a topology on M (z,2) U I (z, 2)
that is compatible with that of M!'(z, 2) (that is, the topology of the C®

loc
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convergence). As in Proposition 9.1.2, this topology is Hausdorff and The-
orem 11.1.10 therefore ensures that this space is compact. We still need to
prove the “manifold with boundary” part of the theorem, that is, to study
the structure of M’ (z, 2) U IT* (z, 2) near the points of IT' (x,z). We will do
SO now.

11.1.d The Gluing

For p(x) — p(z) = 1, the elements of IT7 (x,z) are broken trajectories (u,v).
One of these trajectories is a solution of the Floer equation with parameters
and the other is a solution of the Floer equation without parameters associ-
ated with (H®,J®) or (H?,J). To prove Theorem 11.1.15, it will suffice to
glue the trajectories u and v as in Section 9.2. We will prove the following
theorem, which is analogous to the gluing theorem 9.2.3.

Theorem 11.1.16. Let x be a critical point of Age and let y, z be critical
points of Age such that

u(x) = p(y) = p(z) + 1.

Let w e M (z,y) and let © € Lgo g (y, z). Then:

e There exists an embedding
Y 2 [po, +o0] — M (z, 2)
(for some py > 0) such that

li = (u, ).

i 9(p) = (u,v)

e Moreover, if (£,,) is a sequence of elements of M (x, z) that tends to (u,v),
then £, € Imv for n sufficiently large.

Remarks.

e The indices u(y) and ju(z) correspond to H® while u(x) corresponds to
H® a dependence that we have left out of the notation.

e The convergence of 1 (p) toward (u,?) asserted in this statement should
be viewed in the sense of Theorem 11.1.10.

e To prove Theorem 11.1.15, we also need to glue trajectories

u' € Ligo goy(z,y’) and o' € MLy, 2)

(for p(y') = pu(z) = p(x) —1). Such a gluing is done in a manner analogous
to that described by Theorem 11.1.16 and we can thus show that in the
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neighborhood of the points of IT' (x, ), the space M! (x, 2) U ITT (x, 2) is
a manifold of dimension 1. This concludes the proof of Theorem 11.1.15.

We will devote the next section to the proof of Theorem 11.1.16.

11.2 Proof of Theorem 11.1.16

To prove Theorem 11.1.16, we fix a lift v € Mo ) (y, 2) of V. For p > po,
we want to define a map

Y, Rx St — W
that is a solution of the Floer equation with parameters

D5 SN + gradd)p H;+ =0

for every p. Once we prove that

pEToo Pp(s,t) = u(s,t) and pgrfoo V(s +2p,t) = v(s,t)
uniformly on all compacts, the convergence toward (u, ) for p — +oo will
follow. In order to proceed as in the proof of Theorem 9.2.3, we need to use
the substitution

@p(sat) = 77Z1p(5 + p, t)'

So ¢, € C™(x, z) will be a solution of

dp,

&Dp
. +PW

D5 + Js

+grad, Hsypr =0
and will satisfy the conditions

lim ¢,(s—p,t) =wu(s,t) and ,,ETOO ©p(s+p,t) =v(s,t)

p—r—+00

(that is, the desired convergence property for 1,).
As in the proof of 9.2.3, we will proceed in three steps:

(1) Pre-gluing, in Section 11.2.a
(2) Construction of ¢ (and therefore of ¢), in Section 11.2.b
(3) Verification of the properties of 4, in Section 11.2.c.
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11.2.a Pre-gluing

Let pp > 0 be such that the homotopy I'(s,t) = (Hsyz, Js) is stationary and
equal to (H?, J®) for s > py. Using the same notation as in Section 9.3, we
define the pre-gluing w, of u and v for p > po using the (same) formula'

u(s + p,t) ifs<-—1
expy 0 (B (5) expyy (uls + p, 1))
wy(s,t) = + B () expyy (v(s = p,1)))
if s € [-1,1]
v(s — p,t) ifs>1

(we have assumed that pg is sufficiently large for w, to be well defined). In
the same manner, we can then define, for Y € T,P(x,y) and Z € T,P(y, 2),
the pre-gluing

Y#,7Z € Tw,P(x, 2)

by the same formula as in Section 9.3. Since they use the same formulas,
these constructions bring forth objects having all the properties stated in
Section 9.3. Also note that if 3"5 is the operator

0 0
?5 = & + J5+pa —l—graster’h

then we have
?g(wp)(s,t) =0 for |s|>1:

e For s < —1, this is because u is a solution of the Floer equation with
parameters.
e For s > 1, we note that

0] 0
r_ b b
¥, = 95 +J T + grad H® for p > pg

and v(s — p,t) is a solution of the Floer equation associated with the pair
(H®, Jb).

The last argument also tells us that

: I _ . [e’e)
pl}rﬂl}oo gjp (’LUp(S, t)) =0 in eloc

because lim,_, ;oo wy(s,t) = y(t).

I Recall the convention we made concerning the notation p > pg, stated on p. 326, which
stands for “p sufficiently large”.
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11.2.b Construction of ¢

We want to construct a ¢(p) satisfying F2 (o(p)) = 0 from the pre-gluing w,,.
To do this, we use the Newton—Picard method, as in Section 9.4.

The Operator ffg.

As in Section 9.4, we start out with unitary trivializations (Z}(s,t))i=1,...2n
and (Z7(s,t))i=1,... 2n of the tangent bundle TW along u and v, respectively.
This leads to a unitary trivialization (Z!(s,t));=1,... 2n along w,, which we
extend by parallel transport (see Appendix A.5) and to an orthonormal triv-
ialization of TW in a neighborhood of w,(s,t) (for every (s,t)). The latter
trivialization is denoted by (Zip’§ (8,t))i=1,....2n, With

.....

Z0(5,) € Tosp,, (a6 Wy where € € Ty (o )W
wp \7 L

(and the norm of ¢ is less than the injectivity radius of the metric on W).
Using these trivializations, we define a (nonlinear) operator

I, 1, 1.p2n 1.p2n
FI':B(0,r) ¢ W'(R x S';R*") — LP(R x S';R*")

for a well-chosen r (r = ro/K, where r( is the injectivity radius of the metric
and K is the norm of the injection WP C L, satisfies the requirements).
By definition, if £ is written as

K2

§= Zinf in the basis (Z7),

then written in the basis (27, Fl(yi, ... y2m) is ffg(expwp (€)).

The Properties of F;.

The construction of Fpp is analogous to that of F}, in Section 9.4. The Floer
operator that defines it depends on I but once we have written F| pF in coordi-
nates, this dependence is no longer visible. In other words, the operators F{
and F, are of the same form and have the same properties. To simplify the
notation and alleviate the writing, we will, from now on, omit the dependence
on I'. Let us summarize the properties of F):

(1) F,(0) =[5,

» (wp)] 22, in particular,

F,(0)=0for [s]>1 and lim F,(0) =0 in €.
H(0)=0for [s|>1 and  lm_F,(0)=0in €
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(2) Consider the operators
F,, F,: B(0,r) c WHP(R x SY; R*™) — LP(R x S*; R?™)

defined in an analogous manner from the Floer operators 7" and J using
the trivializations Z}* and Z7. Let

L* = (dFu)O,LU = (dFv)o and Lp = (de)O

The same computation as in Section 9.4 gives

oY oY
oY oY
oY oY
LP(Y) = E + JOE + S,f(Y%

where .Jy denotes the standard complex structure on R?" and the operators
5,5,8) : R x §' — End(R*")
satisfy

lim S“(s,t) = S%(t), lim S“(s,t) = SY(t)

S§——00 S§—+00
. v _Qy . v _Qz
sl}r_nooS’ (s,t) = SY(¢t), SEI_POOS (s,t) = S*(t)

(where S*, S¥ and S* are the loops of symmetric matrices defined by the
critical points z, y and z), as well as

S/I;(s,t) =S58"(s+p,t) for s <-—1
Sg(s,t):S”(s—p,t) fors>1and p>R
lim S;(s,t) = SY(t).

p——+o00

The last relation needs a small proof, which we now give. We fix a compact
subset K C RxS'. For p > po, the restriction of 7 to W» (K; TW) is the
Floer operator associated with (H?, J®). Written in the trivialization (Z/);,
its differential (dJ) )., is (dF,)o, which we have denoted by L,. Since
lim, 4o w, = y in CfF,, the order 0 part of L, = (dF),)o (restricted to

WLP(K; R®)) tends to the order 0 part of (dF°), written in the basis Z7,
that is, to SY.
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(3) By Theorem 8.1.5, we know that L*, LY and Lg are Fredholm operators
with respective indices

Ind(L") = p(z) — p(y) =0
Ind(L?) = u(y) — pu(z) =1
Ind(L,) = p(z) — p(z) =1

Furthermore, the homotopy I" and the pair (H?, J?) are regular, so that by
Theorem 8.1.1 and Theorem 11.1.6, the operators L* and LY are surjective
and in particular

KerL* =0 and KerL’ = {adv/ds|a € R}.
Next, we consider the subspaces
W, ={0#,8 | B € Ker L"}
and

Wi = {Y e WUP(R x L, R2") |

p (Y, Z)dsdt =0 VZEWp}.

RxS?t

Copying the proof of Proposition 9.4.7 gives the analogous result.

Proposition 11.2.1. There exists a constant C > 0 such that for every
p > po, we have

2 C Yo -

VY € Wj? ILo(Y)l v

As in Section 9.4, it follows that L, is surjective and that it admits a right
inverse

G,: LP(R x S R*) — W, c W'P(R x SL;R™™).

We can therefore apply the Newton—Picard method, more precisely
Lemma 9.4.4. Using the same arguments as in Section 9.4, we can show the
following result.

Theorem 11.2.2. There exists a pg > 0 such that for every p > po, there
erists a
1 1,p 1. p2n
v(p) € W, CWHP(R x S5 R™")

with F,(y(p)) = 0. Such a 7 is unique in B(0,e) N W/} for an e > 0 that is
independent of p. Moreover, it has the following properties:
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(1) limys oo [Y ()10 = 0.
(2) The map p— ~(p) is differentiable.

(3) hmp%Jroo ”a'V/aPHWLP =0.

Proof. In order to prove the theorem, we need to verify that Fj, = FpF satisfies
the properties that we gather in Chapter 13. The difference between the
situations studied here and in that chapter comes from the fact that the
Floer operator is now 3"5 . Let us explain it below.

Since I is stationary for |s| > R, we obtain the same estimates in an analo-
gous manner (and without much trouble): it suffices to rewrite Lemma 13.2.3
for maps

A RxWxR"xR™ — R™ and B:RxWxR"xR"xR™ — R™

that are constant (with respect to the first variable s € R) when |s| > R
(with a completely analogous proof).

As to the statement analogous to that of Lemma 9.4.16, its proof requires a
more serious modification: we must now take into account the dependence of
H and J on the parameter p. The proof of this variant is given in Section 13.8.

O

We can now define the desired maps ¢, and 1,: we set

©p =exp,, Y(p) and (s, t) = pp(s — p,t).

By definition, ¢, is a solution of

—— + Js-l—pip + grad HS-‘rp,t(()Op) =0

I, d¢
0s ot

and satisfies

lim @,(s,t) =x(t) and lim @,(s,t) = 2(t),

S§——00 s——+o0

so that ¢, € MT (x, 2) for every p > po.

11.2.c The Properties of 1,
We will now verify that 1), has the desired properties:
(1) It tends to (u,v). We use the properties of the pre-gluing w, and those of
~(p) (stated in Theorem 11.2.2) to obtain, as in Section 9.4, that

li —p,t) = li =
m_g,(s—p.t)=ulst) and lm_ (s +pt) = vls.),

p—-+o00
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in other words, that

li t) = t d li 2p,t) = t
1m wﬂ(sﬂ ) u(57 ) an p_}r_iloodjp(s"" P ) 'U(Sv )7

p—r+00

so that we have

lim ¢, = (u,0) € ML (z,y) x Lpv oy (Y, 2)-

p—r+o00
(2) Tt is an immersion. Let us show that ¢’(p) # 0. Otherwise,

dp Oy B
ap(ms—p,t)— as(p,s—p,t)—O,

hence d¢/0p = 0p/0s. The same proof as in Section 9.5 (where ay, is
replaced by 1) leads to a contradiction.

(3) Ttisinjective. Indeed, its image is contained in a component of the manifold
MP(x, z) whose dimension is 1. This component is not compact because

lim (p) & M (2, 2).
p——+o0

It is therefore an interval in R and the injectivity of ¢ follows from the
fact that it is immersive (and from Rolle’s theorem. .. ).

We still need to prove the uniqueness of the manner of tending to the
limit (see Figure 9.9), namely the last assertion of Theorem 11.1.16. As in
that statement, we consider a sequence (¢,), that tends to (u,?) and show
that for n sufficiently large, £, € Imt. As in Remark 9.6.2, it suffices to
prove this for a subsequence of (¢,) (and the following statements are all
“after extracting a subsequence, if necessary”). As in Section 9.6 (and as
usual), we proceed in several steps (but we will not need the first step of
Section 9.6):

(1) We prove a proposition that is a simplified analogue of Proposition 9.6.3.

Proposition 11.2.3. There exist a real sequence (p,,) tending to +00 and
Jor every n, a vector Y,, € w; TW such that, for every (s,t) € R x ST,
we have

¢, (5 + Pn, t) = XDy, (s,t) Yn (57 t)'
Moreover, limg, 4 o || Ynl|l,, = 0.
(2) We prove an analogue of Proposition 9.6.4.

Proposition 11.2.4. The vector field Y,, is in Wl’p(w;nTW), Moreover,
hmng)+oo HYn”WlP = 0.
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(3) Finally, we finish the proof.

Proof of Proposition 11.2.3. Recall that R denotes a real positive number
such that for s > R, the homotopy I'(s) is stationary, equal to (H?, J%). To
simplify the notation, we will, in this proof, leave out the variable ¢t € S! in
the expressions of the maps defined on R x S*.

We begin the proof with an analogue of Lemma 9.6.9.

Lemma 11.2.5. Let (\,) be a sequence in M! (x,2) and let (s,), (0,) be
two real sequences tending to +oo. Suppose that

lim A,(s+s,)=a(s) and lim A, (s+0,) =0b(s)

n—-+oo n—-+oo

for
ac M(Hb,Jb)(a,5)7 be M(Hb,Jb)(%(S)

(e, B, v and & are critical points of Ags ). Then we have:

o Iflim,i00(8y —0p) = —00, then

A () = Ao (B) = Age () = A (6).
o Iflim, s i00(8n —0opn) = 400, then

Ao (7) = Age(0) > A (@) > Age(B).

Proof. The two assertions can be proved in completely analogous manners.
Let us therefore show only the second one. We assume that

lim(s,, — 0,) = +00.

For s > R, \,(s) is a solution of the Floer equation for (H®, J?), so that,
in particular, s — A (€,,(s)) is a decreasing function on [R, +o0o[. We fix o
and 7 € R and choose n sufficiently large to have

Sp+T>0,+0>R.

‘We then have
AHb()\n(sn + T)) < AHb()\n(O'n + T))

Letting n tend to infinity, we obtain
Age(a(r)) < Ags(b(0)),

an inequality that holds for every 7 and every o. It suffices to let o tend to
400 and 7 to —oo to conclude the proof of this lemma. O
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We can use this lemma to prove the following.

Lemma 11.2.6. Let (£,) be a sequence in M (x,z) that tends to (u,?) €
M (z,y) x Lpv g0y (Y, 2). Then:

(1) There exists a real sequence (sy) with s, > R tending to +o0, such that

A (Cn(sn)) = Ape (y).
(2) Moreover, limy,_ 1 oo by (s + $p) = y.

Proof. As in the proof of the previous lemma, the function s — A g (£,(s)) is
decreasing for s > R. Since u € M!' (2, y), the same holds for s — Az (u(s)).
We fix an s > R. Since lim ¢,,(s) = u(s), we have

A (6a(5)) = Agp (u(s)) > App ().
In particular, Ags(€,(s)) > Ags(y) for n sufficiently large.

We have fixed a lift v € Mg _sv)(y, 2) of . The convergence of (£,,) implies
the existence of a sequence (o,,) that tends to +oco and satisfies

lim ¢,(s+ on) = v(s).

n—-+o0o

In particular, for the s fixed above, we have

Erf Agv(ln(s+0p)) = Age(v(s)) < A (y),
which implies that
.AHb(gn(S + Un)) < .AHb(y)

for n sufficiently large. From this we deduce the existence, for n sufficiently
large, of an s, € |s, s + o[ with Ags (€ (sn)) = A (y).

Suppose that the sequence (s,) is bounded. After extracting a subse-
quence, if necessary, we may, and do, assume that it tends to a limit s* > R.
Then

i (s +s0) =uls+s7) in €

In particular, lim ¢,,(s,) = u(s*), hence

im A (bo(s,)) = Ao (u(s*)) > A (y),

n——+4oo

which gives a contradiction because the sequence on the left-hand side is
constant and equal to Ay (y). Consequently (always after extracting a sub-
sequence, if necessary), lim s,, = +o0.
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We have now proved the first assertion of the lemma. The second one is a
consequence of this. We use Lemma 11.1.12 to show that

lim £, (s+s,) =a € Mg goy(a, ) for a, 8 € Crit(Agp).
n—-+oo ’

Note that
‘AHb(a(())) = lim Age (Kn(sn)) = AH”(?/)

n—-+oo

(and recall that lim ¢,,(s + 0,,) = v). Suppose that o,, — s,, is bounded, hence
(after extracting a subsequence, if necessary) converges to s*. Then v(s) =
a(s + s*) and, in particular,

A (v(=5%)) = A (a(0)) = Ape(y),

which is impossible because v € Mg yv)(y, z). This means that o, — s, is
not bounded. The previous lemma then implies that

Agv(a(s)) = Ags(y) for every s.

Hence a does not depend on s, and is therefore a critical point of Ags. Since
the critical values of Ags are distinct (see Lemma 6.3.5, if necessary), we
therefore have a = y, concluding the proof of the lemma. O

We once more take up the notation of Proposition 9.6.3. We fix an ¢ > 0
and choose a § > 0 that satisfies Lemma 9.6.11. Consider the open balls (for
the €Y distance) B(z,d), B(y,d) and B(z,8) in the loop space LW. After
decreasing ¢, if necessary, we may, and do assume that these balls are mutually
disjoint and that w(0) ¢ B(z,d) U B(y, d). By the previous lemma, we know
that £, (s+ s,) tends to y, hence for n sufficiently large, £, (s,) € B(y,d). We
define the following numbers:

ol =sup{s|l,(] —o0,s]) C B(z,6)}

on =1nf {s < s, | n([s,8,]) C B(y,d)}
sup {s > sy, | €n([Sn,s]) C B(y,0)}
7, =1inf {s | £,([s, +o0[) C B(z,0)}.

Tn

Note that
ly(ol) € O0B(x,98), Ln(oy) and £, (7,) € 0B(y,d) and £,,(7,,) € OB(z,0).
Since these three balls are disjoint, we have

! /
o, <op <1 <7,
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Moreover, since lim,,—, o £, (s) = u(s), for n sufficiently large, we have

hence
0; <0< op,.

Let us now prove the following result.

Lemma 11.2.7. The sequences (0),), (on) and (1), — 7,) are bounded. More-
over, there exists a 7* € R such that

lim £,(s+m) =v(s+71).

n—-+oo

Proof. Assume that (o0],) is not bounded, so that after extracting a subse-

quence, if necessary, lim,,_, { o o/, = —00. Let
An(s) = lp(s+ol,).
Lemma 11.1.12 ensures the existence of a w € Mg, je) such that

RETOO An(s) = w(s).

Since A\, (s) € B(x,6) for every s < 0, w € M(ga, jay(x,2’) for some 2, and
x # x’ because

. . . . !

w(0) = ngrfoo An(0) = nEIEoo ly(0;,) € 0B(z,9).
Let us show that this is absurd. We know that for s < —R, ¢, and u are
solutions of the Floer equation associated with (H®,J%). In particular, the
functions
s Apge(ln(s)) and s+ Apa(u(s))

are decreasing for s < —R. The same holds for the function s — Apga(w(s)).
We therefore choose s; and so < —R with Aga(u(s1)) > Apge(w(s2)), that
is, with

lim Apge (én(sl)) > lim Apge (fn(SQ + CT,/,L)).

n—-+oo n—-+oo

For n sufficiently large, the assumption we made on o), implies that we must
have sg + 0/, < s1 < —R and therefore that

Agra(ln(s1)) < Apra(ln(s2 + 0l)),

which is the desired contradiction. Consequently, (o},) is bounded.
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We now turn to (0,) and show that this sequence is also bounded. As-
sume that it is not, and therefore (always after extracting a subsequence, if
necessary) that it tends to +oo. As before, we find that

(s +00) = 0 € M
with
w'(0) = lim {,(0,) € 0B(y,6).

n——+oo

In particular, the sequence (s, — 0,,) tends to +o0o because if we were to
assume that it is bounded, then since lim,, 1o (s + s,) = y, we would
deduce that

lim l,(s+o0,) =y

n—-+oo

and therefore that w’ = y, which is absurd. Consequently, every s > 0 satisfies
s+ oy € |on, $n] for n sufficiently large and therefore ¢,,(s + 0,,) € B(y,9).
So

w'(s) = lim £,(s+0,) € B(y,0d),

n—-+o0o

in particular w’ € Mg sy (y',y) for some critical point y" # y of Ags. A
contradiction can be revealed as before by taking s1,ss > R with

A (u(s1)) < Age(w'(s2)).

Let us now turn to the sequence (7, — 73,). For n sufficiently large, we have
$p > R (by Lemma 11.2.6), hence 7, > 7, > s, > R. In particular,

.AHb(fn(Sn)) > ‘AHb(fn(Tn)) > .AHb(fn(T;L)) > .AHb(Z)
Lemma 11.2.6 tells us that Ags (€, (s,)) = Ags (y), hence
A (bn(1a))  and - A (bn(7,)) € JA g (2), Ao (y)]

and the restriction of ¢, to the interval [r,,7]] is a solution of the Floer
equation associated with (H®,J?). The same arguments as in the proof of

Lemma 9.6.12 then show that (7, — 7)) is bounded.

Let us finally prove the last assertion. We again use Lemma 11.1.12, which
asserts that
lim £, (s +7,) = w” € Mg gy

n—-+oo

with, as above, w” € Mg _jv)(y,y") for ay” # y (using the fact that (7, —s,)
tends to 400, which is also proved as for (s, — 0,)). The assumption on ¢,
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moreover implies the existence of a sequence (p,) that tends to +oo and
for which lim,, 4o (s + pn) = v. Lemma 11.2.5 then implies that the
sequence (7, — pp,) is bounded and therefore (after extracting a subsequence,
if necessary) convergent, to a limit that we denote by 7*. But then

lim £,(s+7,) =v(s+ 1)

n—-+oo
and the lemma is proved. O
Let us now finish the proof of Proposition 11.2.3. Let

Tp — T

2

Pn =

(it is 7 whose existence we have just proved) and let us show that (p,)
satisfies the properties we announced. Consider the pre-gluing w,,,, which,
recall, is defined by

u(s + pn) ifs<-—1
exp, (87 (s) expy (uls + pn))

+ B (s) expy H(v(s — pa))) il s € [1,1]
v(s — pn) if s > 1.

wp, (8) =

We will show that
ln(s+ pn) = exp,, (5 X(s), with [ X[ <e.

Choose A and B € R such that:

e A—7<0,B—1">7 —1, and [o,,0,] C [A, B].
o For s < A, u(s) € B(z,d) and v(s) € B(y,9).
e For s > B, u(s) € B(y,d) and v(s) € B(z,0).

We will prove the desired relation for every s € R by cutting up R into several
intervals (in a manner similar to what we did to prove Proposition 9.6.3):

(1) On | — 00, A — py]. Since s + p, < A,
w,, (8) =u(s+ pp) € B(x,0),
and since s + p, < A < g},
ln(s+ pp) € B(x,9).

In this case, the relation follows from Lemma 9.6.11.
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(2)

()

On [A — pn,B — py]. This time, s + p, € [A,B] and we have
W, (s) = u(s + py). Moreover, £, (s) tends to u(s) uniformly on [A, B],
hence for n sufficiently large and s € [A, B,

ln(s) = expy, 5 Y(s), with [V <e.

We therefore set X (s) =Y (s + py), so that we obviously have || X||_ <€
and

(54 ) = XDuipy Y (5 + p0) = 5By, () X(5).
On [B — pp, A + pp]. Here

s+pn€[B,A+2p,)=[B,A+71,—7"] and s—p, €[B—2p,,A],
which implies that
w(s + pn) € B(y,0) and wv(s— p,) € B(y,d).
And, since B >0, and A+ 7, — 7 < Tp,
ln(s + pn) € B(y,0).

The desired relation then follows from Lemma 9.6.11.
On [A + pn, B + py]. This time,

S+pn €[A+2p,,B+2p,)=[A+7—7B+7,—7"], s—pn€[A, B]

and w,,, (s) = v(s — py). On the compact set [A —7*, B —7*], the sequence
£, (s+T,) converges uniformly to v(s+7*) by Lemma 11.2.7. In particular,
if n is sufficiently large and if s € [A — 7%, B — 7*], then

bn(s + Tn) = exXPy(ere) Y(s), with V] <e.
We replace s by s — 7* — p,, in this equality to find that
for s € [A+pn7 B +pn]a Kn(s +Tn -7 = Pn) = €XPy(s—p,) Y(s -7 = pn)a
which can also be written as £,(s + pn) = exp,, (5 X(s) for s in the
desired interval, where X (s) =Y (s — 7% — p,,) satisfies || X ||, < € on this
interval.

On [B + py,, +oc[. Here

S+ pn € [B+42pp,+oo[=[B+ 7y — 75, +0[, $—pn € [B,+o0|
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and w,, (s) = v(s — p,). Hence, since B+ 1, — 7% > 7,
W, (s) € B(z,6) and {n(s+ pn) € B(z,9),

so that, once again, the desired relation follows from Lemma 9.6.11.

Proposition 11.2.3 is now proved. a

Proof of Proposition 11.2.4. 1t is analogous to that of Proposition 9.6.4 in
Section 9.6.c using Lemmas 9.6.13, 9.6.14 and 13.7.1. These three lemmas
still hold in the present context:

e For Lemma 9.6.13, the proof is identical, based on the fact that ¢,, a
solution of a Floer equation, has an exponential decay property.

e The proof of Lemma 9.6.14 is simplified by the fact that W, is now of
dimension 1.

e Finally, the analogue of Lemma 13.7.1 can be proved in an identical manner
because the Floer operators 3"5 and J, have the same properties. ad

End of the Proof of the Uniqueness. This too is completely analogous to the
proof of the corresponding property (Proposition 9.6.5), this time in Sec-
tion 9.6.d. By applying Lemmas 9.6.16 and 9.6.17 to the operator

Fl WHP(R x S5 R*™) — LP(R x SL; R™™),

we obtain the existence of an e; > 0 that is independent of n and of a
continuous map

Yo : Ker(L) )N B(0,21) — WHP(R x S'; R*")

such that for every h, Fpl; (v (h)) = 0 and that ~,(h) is the unique element of
h + W N B(0,e1) with this property. Using Propositions 11.2.3 and 11.2.4,
we obtain, for n sufficiently large, the existence of

h, € B(0,e,) C WP(R x S*; R?")

with
ln(s+pn) = CXPuw,, (s) (ip, (Yn(hn(s))))

(that is, such that £,(s + p,) is a solution obtained by the Newton—Picard
method). On the other hand, the formula

b (exbus,, (i0, (k) ) (5 = pust)
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defines a continuous map from B(0,e1) N Ker(L,a ) to the space of solutions
M (z, ), which is of dimension 1.

Let p, be a real number greater than py given by the first part of Theo-
rem 11.1.16. For ¢ € [0,&1], let I be the interval contained in M’ (z, z) and
defined by

L = ¢([pg, +oo) U U {exp,, (ip, (va(h))) | 2] < e}

Pn>Po

For every € > 0, by the above, ¢,, € I for n sufficiently large. The analogue
of Lemma 9.6.18 (which can be proved in the same manner) shows that there
exists an €9 > 0 such that

152 C w([pO’ +OOD
This concludes the proof of Theorem 11.1.16. ad

Consequently, Theorem 11.1.15 is also completely proved. With this proof,
we have finished the first part of the outline established at the beginning of
this chapter, namely the definition of the morphism of complexes

o' CF,(H*,J*) — CF,(H", J°).

The aim of the second and last step of this outline is to prove that this
morphism induces an isomorphism at the homology level. This is in turn
divided into two steps corresponding to the following two statements.

Proposition 11.2.8. At the homology level, the morphism ®' induces a
morphism that is independent of the choice of the reqular homotopy I be-
tween (H®,J*) and (H®, J?).

Proposition 11.2.9. Let (H®,J%), (H®, J%) and (H¢,J¢) € (H X J)reg and
let I'" and I'" be two reqular homotopies connecting (H®,J%) to (H®, J®)
and (H®,J®) to (H®,J°), respectively. There exists a reqular homotopy I’
connecting (H®, J*) to (H®, J°) such that

o™ od” and @' : CF.(H",J*) — CF.(H,J°)

induce the same homomorphism at the homology level.

These two propositions imply the relation
&7 o d" =P at the homology level,

regardless of the choices of the regular homotopies I, I'” and I, as above.
This is step 2 of the outline of this chapter, as stated at its beginning. From
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this, we deduce that ¢! is an isomorphism at the homology level by taking
(He,J%) = (H¢,J¢), I' = Id, and using the fact that ¢'4 = Id.
The following sections contain the proofs of these two propositions.

11.3 Invariance of éT': Proof of Proposition 11.2.8

Consider two regular homotopies Iy and Iy connecting (H¢, J%) to (H®, J?).
We want to prove that ¢10 = &1 at the homotopy level. To do this, we will
construct a homotopy

S:CF,(H® J%) — CF, 1 (H® Jb)
between 70 and &7, in other words, an S satisfying the relation
Pl —plo = §o 8(Ha7!]a) + a(Hb}Jb) oS

(which implies the desired equality).

We therefore consider a “homotopy of homotopies” I' = (I'x)xg[o,1] that
connects Iy and Iy, which we assume to be stationary near A =0 and A = 1.
It can be chosen in such a way that there exists an R > 0 with the property
that for every A € [0, 1],

(H®, J%), s
I'\(s) = {(Hb,,]b), .

IV IA
=y

See Figure 11.3. We use the contractibility of J (more exactly, the fact that
it is simply connected).
We view I" as a map (H, J), where

H:[0,1]] xRx S'xW — R,
J:[0,1] x R — End(TW),

with J2 € J for every (),s) € [0,1] x R. We may, and do, assume that H
and J are of class €. For every A € [0, 1], these data define a Floer equation
with parameters. Using these equations, we prove Proposition 11.2.8 by more
or less following the same plan as in Section 11.1.
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A S
oy
R | :
Ty ! Iy Y
1 : 1 A
-R| R .
L (HYJY) i

Fig. 11.3

11.3.a The Floer Equations
For I'\(s) = (H2,, J2) with X € [0, 1] fixed, consider the equation

ou N
% + Js (u)

du

5 + grad,, Hét =0

and the corresponding space of solutions
M = {u:Rx S" - W |uis contractible, with E(u) < +oo} .
By Theorem 11.1.1, we know that

r r
Mr= U M*zy).
z€Crit Aga
yGCritAHb

For x € Crit Aga. and y € Crit Ags, we define the space

M (z,y) = {xu)|xel0,1],ue J\/[F*(J:,y)}.
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Remark 11.3.1. We can view M (2,y) as a cobordism between the mani-
folds M (z,y) and Mt (x,y). Indeed, if

7 M (2,) — [0,1]
denotes the projection (on the space of A’s), then we have
T (A) = M (2, y).

We will also need to prove that M’ (z,y) is a manifold. We will do so in the
next section.

11.3.b The Transversality

We will use the space €2° (of perturbations) consisting of the maps
h:[0,1]xRxS'xW —R
with compact support in ]0, 1] x R x W such that |||, < +occ. Let
hgt(z) = h(A,s,t,2),
and let I' = (H, J). We have the following result.

Theorem 11.3.2. There exist a neighborhood of 0 in C° and a countable
intersection of dense open subsets H,eq in this neighborhood such that if h €
Hieg, then for I'(h) = (H + h, J) and for every x € Crit Aga and every y €
Crit Age, the space M (x,y) is a manifold with boundary, of dimension
w(z) — p(y) + 1, and its boundary is

oMM (2, ) = ({0} x M (2,)) U ({1} x M (2,9)) -

In this statement, we use the topology on M”(")(z, ) induced by that of
R x € (R x SY,W).

loc

Let us begin by taking a look at what happens near the boundary. Let
x € Crit Apa and let y € Crit Age. For a fixed arbitrary h € C2°, we analyze
the structure of M (") (z,y) close to its points (X, u) with A € {0,1}.

Let 6 > 0 be sufficiently small such that

Supp(h) C [6,1 — 0] x R x S* x W

and for the isotopy I' = (H, J) to be stationary for A < ¢ and for A > 1 — .
We therefore have I'(h) = Iy for A < § and I'(h) = I for A > 1 — 4. It is
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then clear that

M (@, y) 0 {x < 8} = [0,6] x MP (2, )
and MW ()N {A>1 =6} =1 —6,1] x M (z,y).

This shows that in the neighborhood of the points of
{0} x MO (2, y) U {1} x M (2, y),

the space M (") has the structure of a manifold with boundary, as stated in
the theorem.

Next, we follow the same plan as in Chapter 8 (see the outline at the end
of Section 8.1). Our starting point is an analogue of Theorem 8.1.5, namely
a version of Theorem 11.1.7 that holds for the homotopies I\ for a fixed A
in [0, 1] with the same proof.

Theorem 11.3.3. For every fixed A € )0, 1], all critical points x € Crit Ay,
y € CritAgy and every u € M (z,y), the operator (dF'™), is a Fredholm

operator of index u(x) — u(y).

Using this theorem, we can establish a statement analogous to Proposi-
tion 8.1.3. To do this, we fix J = (J’\)Ae[o,u and, as in Section 8.5, consider
the fiber bundle

& — PLP(x,y) x €,

where
&= {(whY) | (uh) € P'P(x,y) x €2,Y € LP(u*TW)} .
We define a family of sections (ox)xe[o,1] by setting

0
on(u,h) = 52+ 7 w)

du

e + grad, (H* + h?*).

Exactly as in Section 11.1 (using the analogue of Proposition 11.1.8), we
prove that for every A € ]0,1[, the map o) is transversal to the zero section
of the fiber bundle £ defined above. It follows that the same property holds
for the C*° map

0:]0,1[ x PHP(z,9) x C — &
(A u, h) — ox(u, h),

which, by the implicit function theorem, implies the analogue of Proposi-
tion 8.1.3.
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Proposition 11.3.4. For + € CritAge and y € CritAgs, the space
Z(z,y,J) defined as

{\u,H+h)|X€]0,1[, h€ €, ue M (z,y, (H +h)*, I}

is a Banach manifold.

The presence of the parameter \ forces us to modify (with respect
to Section 8.5.c) the expression of the tangent space of Z(z,y,J) at a
point (A, u, H + hg). In our new setting, this space, which is the kernel of
(do) (x,u,H+ho), consists of all (a,Y,h) € R x WP x X that satisfy the
equation

8" ou O(H + ho)>

- s I'x A) —
a3 (u) 5 + agrad, X + (dF ) (Y) + grad,, (h?) = 0.

To prove Theorem 11.3.3, we use the following result.

Proposition 11.3.5. Let 7w : Z(z,y,J) — C° be the projection. The set of
reqular values of ™ in a neighborhood of 0 in C° is a dense open subset of
this neighborhood.

Proof. The statement is a direct application of the Sard—Smale theorem (The-
orem 8.5.7), provided that we first prove that 7 is a Fredholm map. Let us
therefore show that for every (A, u, H + hg) € Z(x,y, J), the operator

(A7) u,HA o) * T, H4ho) 2(2, Y, J) — Tho €,

which is of the form (a,Y,h) — h, is a Fredholm operator. Let V' denote the
vector field

A AL pA
V:ai(u)au—&— rad OCH™ + hy)

ou Py *
X T grad,, B € LP(w*TW).

By the expression of the tangent space of Z(z,y,J), we see that the kernel
of (d7)(x,u,H+ho) is the space

{(a,Y,0) | (a,Y) € R x W"P(«*TW) and aV + (dF"™),(Y) =0} .

Let us therefore show that this space is finite-dimensional. We distinguish
between two cases:

(1) V & Im((dF™™),,). In this case, we find
Ker(dm) (xu, 14ho) = {(0,Y,0) | Y € Ker(dF*)},

which is finite-dimensional by Theorem 11.3.3.
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(2) V. e Im((dF™),). We choose a Yy € WDUP(u*TW) such that
(dFT2),(Yy) = V. Tt follows that

Ker(dr) (u, mr4ho) = {(a,Y,0) | a(dF™)(Yo) + (dF™),(Y) =0} .
This space is isomorphic to RYy + Ker(dF!™),, which is also finite-
dimensional.

Next, the image of (dw)(A’u’HJrho) is closed and has a finite codimen-
sion, still by Theorem 11.3.3. Indeed, it is the inverse image of the finite-
codimensional closed subspace

RV + Im((dF2)) € LP(u*TW)
under the linear map h +— grad, h viewed as a map
G — LP(uw*TW).

Consequently, 7 is indeed a Fredholm map, which proves Proposition 11.3.5
(by the Sard—Smale theorem). O

Let Hiee C €C2° denote the neighborhood given by this proposition. We
have just proved that for h € H,g, the homotopy I'(h) has the property that
for all critical points z € Crit Ay« and y € Crit Ags, the set

7 h) = M P (2, 9) N {X €]0,1[}

is a manifold (with the C{S. topology; see Remark 8.5.10). Using the same
argument as at the beginning of the proof of Theorem 11.3.2, we deduce that
MM (z,y) is a manifold with boundary.

To conclude the proof of Theorem 11.3.2, let us determine the dimension of
this manifold. It equals the dimension of the kernel of (d7)x v, #+h,) for some
ho € Hyeg. We described this vector space in the proof of Proposition 11.3.5.

To determine its dimension, we use the following lemma.

Lemma 11.3.6. Let hy € Hyeop and let (A, u) € M) (z,y). The operator
Y: R x WHP(w*TW) — LP(u*TW)

defined by Y(a,Y) = aV + (dF>H+o)) (V) is surjective.

In this statement, V still denotes the vector field defined and used in the
proof of Proposition 11.3.5.
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Proof. First note that KerY = Ker(dm)n u,m4ny) is finite-dimensional
and that ImY = RV + Im(dF’>), is closed and finite-codimensional
in LP(u*TW). In other words, Y is a Fredholm operator. Suppose that it
is not surjective. Then, as in Lemma 8.5.1, there exists a nonzero vector
field Z € LY(uw*TW) (here 1/p+ 1/q = 1) such that (Z,ImY) = 0, which is
equivalent to

(Z,V)=0 and (Z,Im(dF">),)=0.

The second condition implies that Z is of class €*°, by elliptic regularity, as
in the proof of Lemma 8.5.1. We now use the assumption that hg € H,eg. It
implies that (dm) (s, m+n,) is surjective, which means that for every h € C2°,
there exists an (a,Y) € R x WHP(u*TW) such that

aV + (dF™),(Y) + grad, h =0
(in other words, (a,Y,h) € T(x u,H+ho)2(z,y,J)). It follows that
(Z,grad, h) =0 for every h € C2°,

which gives a contradiction because of Lemma 11.1.9. This concludes the
proof of the lemma. m]

With the notation of the previous lemma, we then find that
dim MT ™ (z, ) = dim Ker(dm)(xu,7+he) = dimKerY = Ind Y.

To compute the Fredholm index of Y, we consider the path of opera-
tors (Ys)oefo,1):

Yo : R x WHP(W*TW) — LP(u*TW)
(a,Y) — acV + (dFHFRY (v,

These are Fredholm operators because they are of the same form as Y. In
particular, their index does not depend on o (by C.2.11), it is therefore equal
to that of Yo, but

Yola,Y) = (dF™)u(Y),

hence
IndY = IndYy = Ind(dF"™), + 1 = p(z) — ply) + 1

by Theorem 11.3.3. This concludes the proof of Theorem 11.3.2. a

From now on, we will assume that the homotopies I' = (H,J) are reg-
ular, which implies that the spaces M! (z,y) are manifolds of dimension
p(x) — pu(y) + 1, as in the conclusion of Theorem 11.3.2. We will moreover
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assume that the operator Y defined in Lemma 11.3.6 is surjective, as autho-
rized by Theorem 11.3.2, after taking a perturbation of H by an h € C2°, if
necessary.

11.3.c Compactness, Broken Orbits
Let I' = (H, J) be as above. Let

M= U Mizy= U {A}xM™
z€Crit Aga A€[0,1]
y€Crit A p

We will prove the following.

Theorem 11.3.7. There exists a constant C > 0 such that E(u) < C for
every (A\,u) € M. The space M'" is compact for the CX topology.

loc

In this statement, the energy E(u) is computed using the norm associated
with the metric w(-, J2).

Proof of Theorem 11.3.7. We first show that the energy is bounded. Let
(A, u) € M!. There exist two critical points z and y (of H* and H®, re-
spectively) such that u € M (z, y). Proposition 11.1.2 then asserts that

E(u) < Age — Ags + ,

where k is the maximum of 9H*/9s(s,t,2) on [-R, R] x S* x W. It suffices
to define K as the maximum of this same function when A also varies,

A

K:sup{agl (5,t,2) | (\,s,t,2) € [0,1] x [-R, R] x S* x W},
s

and to set
C= max Apge—Amp +K

z€Crit Aga
yeCrit H®

to have E(u) < C.

We will now show the compactness statement. Let (A, un)nen be a se-
quence in M!". After extracting a subsequence, if necessary, (\,) converges
to a number A € [0, 1]. Using the fact that the energy is bounded, we prove
the following result in the same way as Proposition 11.1.5.

Proposition 11.3.8. There exists a constant A > 0 such that

Y (u,\) € MI™ v (s,t) € R x ST, |‘grad(57t)uH < A.
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This statement implies that the family (u,) is equicontinuous, whence
we can conclude using the Arzela—Ascoli theorem and the elliptic regularity
(Lemma 12.1.1) that the sequence (u,,) tends to a limit » in the C{°

loc

topology.
This limit u is a solution of
ou

au A
s s ot

ou

—— +grad, HJ(u) = 0.
It satisfies E(u) < C, hence u € M and consequently (A, u) € M?". Theo-
rem 11.3.7 is now proved. a

Let us now analyze the behavior of the sequences (A, u,) of elements of
M!(x,y). We begin with an analogue of Lemma 11.1.12.

Lemma 11.3.9. Let © € CritApa, let y € CritAgs and let (A, uy,) be
a sequence in M% (z,y). Let (s,) be a sequence of real numbers that tends
to +oo. Then there exist a subsequence (also denoted by (An,un)) and an
element (A,,v) € [0,1] x ME"T") guch that

limA, = A and limu,-s, =v.

Likewise, if lims, = —oo, then there exist a subsequence and an element
(A, u) € [0,1] x MUT) sych that

lim A, = A, and limu,- s, =u.

Proof. After extracting a subsequence, if necessary, we may, and do, assume
that the sequence of the A, converges, to a number A, € [0,1]. Next, v, =
Uy, + Sp, 18 a solution of the Floer equation

9 gx, Otn

)\n —
s T + gradvn HS+S" =0.

Applying Proposition 11.3.8, and using the Arzela—Ascoli theorem and elliptic
regularity (Lemma 12.1.1), we show that u, - s, converges, for the C{<
topology, to a limit v € €*°(R x S*; W). By letting n tend to +oo in the

Floer equation, we find that v is indeed a solution of

v v

—+J'= d, H" =0

gs T o TG
(because I' = (H®, J®) for s sufficiently large); in other words, v € ME"I)
The case where (s,) tends to infinity is analogous. O

We will use this lemma to prove a theorem on the convergence toward
broken orbits, which is analogous to Theorem 11.1.10.
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Theorem 11.3.10. Let (A, u,) be a sequence of elements of M (x,5). Then
there exist:

o A subsequence of (An,un)

o C(ritical points x = xg,T1,...,Tr of Aga

o C(Critical points yo,y1,.--,Ye =y of Ag

e Real sequences (si) for 0 < i < k — 1 (that tend to —occ) and (s?) for
0<j<{-—1 (that tend to +o0)

o FElements u* € M(HG’JG)(:UZ-,:UZ-H) for 0 < i < k—1 and elements vJ €
M) (s yi0) for 0< j < -1

o An element (A, w) € M (2, y0)

such that for 0 <i<k—1and 0<j5</{¢—1, we have

limu, -5, =u' and limu, s/ =’
and
lm(A,, un) = (As, w).

Moreover, we have the inequality
p(x) — p(y) +1>k+L.

Proof. The proof of the existence is similar in all details to that of the analo-
gous statement (Theorem 11.1.10). It depends on the compactness assertion
of Theorem 11.3.7 and on Lemma 11.3.9. The final inequality can be proved
in the same manner as Corollary 11.1.11. O

Here is a consequence of Theorem 11.3.10:

Theorem 11.3.11. (i) Let x and y be critical points of H* and H®, respec-
tively, and let I' = (H,J) be a reqular homotopy. If u(x) — pu(y) +1 =0,
then M!'(z,y) is a compact manifold of dimension O (that is, a finite num-
ber of points).

(i) Let x and z be critical points of H® and H®, respectively, and let ' =
(H,J) be a regular homotopy. If u(z) = p(2), and if IIT (x, z) denotes

17 (2, 2) = ( U Lirese (@) x Jvtf(y’,z))
y' €Crit A ga
p(z)—p(y")=1
o U MF(x,y>xL(Hb,Jb><y,z>),
y€Crit A ;1p
u(y)—p(z)=1
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then MT (z, 2)UIT! (z, 2) is a compact manifold of dimension 1 with bound-
ary, and its boundary is

" (z,2) U ({0} x M0 (2,2)) U ({1) x M (2, 2)).

Let us, for the moment, admit this theorem. We can then achieve the goal
of this section, namely the proof of Proposition 11.2.8.

Proof of Proposition 11.2.8. We define the homotopy
S: CF.(H® J%) — CF, 1 (H J").
If « is a critical point of Ag. of index u(x) = k, then we set

Se(w) = Y. ml(z,y) -,
y€eCrit Aga
w(y)=k+1
where m! (x,y) is, of course, the number of elements of M’ (x,y) counted
modulo 2. We want to show that

@Fl — @FO = SO 8(Ha’Ja) =+ a(Hb’Jb) o S

We first determine the right-hand side for an = € Crit Ag. with u(z) = k.
We have

So 8(Ha,7Ja,)(x) + 6(Hb,‘]b) o S(x)
= Sk,1 Z n“(m,y’)y/ + B(Hbe) Z mF(x,y)y

y' €Crit Aga y€Crit A ;p
p(y")=k—1 p(y)=k+1

= Z Z n(x,y ym! (y, 2)z

2€Crit Ay y' €Crit Apga
wz)=k  p(y')=k-1

+ > > ml(zyn’(y,2)z

2€Crit A ;1 yeCrit A p
w(z)=k  pu(y)=k+1

S (#1"(2,2))z

z€Crit A
w(z)=k

On the other hand,

() + 0 ()= D H#MO(z,2)z + Y H#M(2,2))z.
2€Crit A 1y 2€Crit A 1y
p(z)=k p(z)=k
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By Theorem 11.3.11, the boundary of the manifold M’ (z, z) U I (z, 2)
(which is compact of dimension 1) is the union

" (z,2) U ({0} x M0 (2, 2)) U ({1) x M (2, 2)),
hence the total number of points of this union is even, so that
S0 0pa, o) () + Omv vy 0 S(x) = (@7 + @Fl)($)7
which modulo 2 is indeed the equality
S0 (ga, g0y + Opo goy 0 S = P — PT0.
We have now proved Proposition 11.2.8. a

We have one more proof to carry out, namely that of Theorem 11.3.11.

Proof of Theorem 11.3.11.
(i) The homotopy I is regular, hence M’ is a manifold of dimension 0.
The compactness of M’ (z,y) follows from Theorem 11.3.10.

Remark 11.3.12. Under the assumptions of Theorem 11.3.11, let
(A1, u1), ..., (Mg, ug) denote the elements of M (x,y). Then the corre-
sponding homotopies I that connect (H®, J%) to (HY J%) cannot be
regular. Indeed, if, for example, I} were regular, then M (z,y) would be
empty (since its dimension p(z) — u(y) = —1 would be negative). This would
give a contradiction with the fact that u; € M1 (z,y).

Let us return to the proof of Theorem 11.3.11 and prove part (ii). The
compactness of M (x,y) U IT'(z, 2) is also an immediate consequence of
Theorem 11.3.10. Next, since I is regular, M (x, ) is a manifold of dimen-
sion 1 with boundary, and its boundary is

({0} x M (2, 2)) U ({1} x M (2, 2)) .

To conclude the proof, we mneed to study the structure of
M (z,2) U II"(z,2) near the points of the (compact) manifold (of
dimension 0) 177 (z, z). We will do this in the next section, using a “gluing”-
type method. Before that, let us highlight a particular case where studying
this structure is unnecessary because IT% (z, z) is empty. O

Remark 11.3.13. If the homotopies I\ that the homotopy of homotopies I’
passes through are all regular, then M’ (x, z) is compact: it is a compact
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cobordism between M'?(z,2) and M'*(x,z) (see Remark 11.3.1 and Fig-
ures 11.4 and 11.5). Consequently, the numbers of elements of M/ (z, z) and
M (z, 2) have the same parity and in particular the two morphisms

oo ol . CF (H,J) — CF.(H®, J?)

coincide.

This remark is an easy consequence of Remark 11.3.12. If all the homo-
topies I') are regular, then IT7(x,z) is empty because the spaces M’ (y/, 2)
and M! (x,%) that occur in its definition are empty. Hence the cobordism
M!'(z, z) is compact.

MFl (z,2)
Mo (z,2)

.

Fig. 11.4

Figure 11.4 represents the case where I'\ is regular for every A € [0, 1], in
which case IT''(z, z) is empty. Figure 11.5 represents the general case where I"
is regular but not all I'y are.

11.3.d The Gluing

When p(x) = u(z), a point of IT'(z,2) is a broken orbit, which can be:

e Of the form [@/, (N, v")] € Lpa jay(z,y) x M (¢, 2)

e Or of the form [(A, u), 0] € M (x,y) x L g v)(y, 2)

for a y' € Crit(Ag.) that satisfies u(z) — pu(y’) =1 or for a y € Crit(Ags)
that satisfies p(y) — u(z) = 1.
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' (z,2)

/ \‘\* M (z,2)
MUo(z,2) .\_’4

72)\

.\4
—
™
}
0 1 A

Fig. 11.5

To conclude the proof of Theorem 11.3.11 (ii), we use a gluing process
analogous to that of Section 11.1.d to construct, for every point of IT1 (z, 2),
an embedding p — v¥(p) in M!(xz, ), which will give a parametrization of
the manifold with boundary M’ (z, z) U IT* (z, z) near the point of IT7'(z, 2)
in question.

We will content ourselves with doing this only for the points of the form
[(A, u), ], since the proof for the other points is analogous. The precise state-
ment is as follows.

Theorem 11.3.14. Let x be a critical point of Aga, and let y, z be critical
points of Agv such that

u(w) = p(z) = ply) — 1.

Let (A, u) € M (2,y) and let © € Ligo gy (y, 2). Then:

e There exists an embedding ) : [po, +oo| — M!(x,2) (for some py) such
that lim,_, 1 o ¥ (p) = [(As, u), ).

o If [\, 0y] is a sequence of elements of M (x,2) that tends to [(\,u), 7],
then [An, €n] € Im @) for n sufficiently large.

The convergence in this theorem is the one defined in Theorem 11.3.10.
The proof is given in the following section.
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11.4 Proof of Theorem 11.3.14

We take up the proof of Theorem 11.1.16 (given in Section 11.2), emphasizing
the necessary modifications.

First note that the A, of the statement is in the open interval |0, 1[. Indeed,
the manifold M’ (z,y) (of dimension 0) consists of the pairs (A, u) for which
the homotopies I'y are not regular (Remark 11.3.12). This excludes the values
A« = 0 and 1. Our objective is to define, for p > pg, a map

Y, RxS' — W
and a constant A\, such that ), is a solution of the Floer equation with
parameters
N

oY
p 2, 9%
0s s ot

+ grad,, ij; =0,
with conditions

Sgr_noowp(sﬂ) =, SEI_POOw(SN) =Z.

Remark 11.4.1. A naive solution would be to take A\, = A, and to try
to define 1, as in Section 11.2, starting from the pre-gluing of v and a lift
v € Mg, vy (y, 2) of v. This method is destined to fail because the homotopy
I'\, is not regular (Remark 11.3.12), so that we cannot deduce that the
linearized operator L, = (dF™), is surjective. We therefore cannot construct
the inverse operator G, which is essential for the Newton—Picard method of
Sections 9.4 and 11.2. Here Coker L,, is of dimension 1. It is the variation of A
that will provide the missing dimension.

Still following Section 9.4, we carry out the substitution

Qop(sv t) = 1;[],0(8 + p, t)'
The map ¢, will need to satisfy the equation

I A, Op A
6—; + JS_{Zpa—tp + grad% Hs_f_p,t =0.

We keep the same plan as in Sections 9.4 and 11.2, that is:

(1) Pre-gluing
(2) Construction of ¢ (and therefore of 1, via the substitution given above)
(3) Properties of .
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11.4.a Pre-gluing
We fix a lift v € Mo sy (y, 2) of v. The pre-gluing formula w, = u#,v
remains the same:
u(s+ p,t) if s < -1
expy i (B (5) expyy (uls + p, 1))

+ 671 (s) exp;(lt)(v(s -, t))) if s € [-1,1]
v(s — p,t) ifs>1,

wpy(s,t) =

and its properties are analogous to those given in Section 9.3.
Likewise, the linear version of the pre-gluing

Y#,Z, forY € TP,(z,y) and Z € TP,(y, 2),

is defined by the same formula and has the same properties as its analogue
in Section 9.3.
11.4.b Construction of ¢

As in Sections 9.4 and 11.2.b, we once again use the Newton—Picard method.
Taking inspiration from Remark 11.4.1, we copy the beginning of Sec-
tion 11.2.b for A = \,. We define the (nonlinear) operators

F,,F,,F}** : B(0,r) C W"?(R x S';R?") — LP(R x §'; R>")
and their respective linearizations (differentials at 0)
LY L', Ly : WP (R x SY; R?") — LP(R x S*; R>").

As in Section 11.2.b, these are Fredholm operators. On the other hand, their
indices are modified as follows:

Ind L* = p(z) — p(y) = -1
Ind L = p(y) — p(z) =

1
Ind L™ = =
nd L™ = p(x) — p(z) = 0.

N

We noted (Remark 11.4.1) that we could not construct ¢ while keeping A
constant and equal to A,. We therefore consider, for A € ]0,1[, the Floer
operator 3'"5 » defined by

0 0
r A A
FH = s + JS_HJ(% +grad HZ, , ;.
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Using the trivializations of Section 11.2.b, IT,{ A defines a (nonlinear) operator
F™:B(0,r) Cc W"?(R x S R*") — LP(R x S"; R*").
Still using the same trivializations, this defines a (nonlinear) operator
FI:]0,1[ x W'P(R x ST R*) — LP(R x S'; R*")

through the formula
r _ ol
F,(\Y)=F>(Y).

Note that if (A,,Y}) is a zero of F', then F/> (exp,,, Y,) = 0, which means
that ¢, = exp,,, (Y,) satisfies the desired Floer equation.

Our aim is therefore to find such a =zero... using the Newton—
Picard method. To do this, we first determine the linearized operator
L' = (dFF)(x, 0. Note that LI(0,.) is, by definition, the operator
LF** = (dff**) . Next,
FA*+a>\

Ly (a,0) 8)\|)‘ o(Fo CXPuw, (O))(Z{J)i

ow Au a)\a Aota
( p Jsﬂf 5 + grad,, Hs—i-;,t

=1,...,.2n

SN
B (&]
o\

)(Zp)ifl 2n

i /1=1,..,

()\*78 + )6wp

W—Fgr ad

OH
wp a)\ (/\*78+p7 ))

(Zf)izl ..... 2n

where the formula defines V), a vector field along w,. Its form greatly resem-
bles that of the vector field V along u € MY (z,y) (here I = I\, ) defined in
the proof of Proposition 11.3.5. From now on, we will no longer mention the
frame (Zf);=1,... 2n, when writing the formula for Lf;.

These two vector fields satisfy the relation

Vo(s,t) =V(s+p,t) ifs<—1.
Also note that since I' = (H®, J) for s > R and X € [0, 1], we have
V,(s,t)=0 ifs+p>R,
which includes the case s > 1 and p > R. Summarizing, we have obtained

LY = a(V,) + Ly (V).
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By reasoning as in the proof of Proposition 11.3.5, we find that L, is a
Fredholm operator, whose index we compute using the path of Fredholm

operators
Lyo(a,Y) =acV, + Ly (Y) for o€ 0,1].

We find that
ImdLl =Id Ll g =Id L, +1=1.

Recall that by Lemma 11.3.6, the operator
Y. R x WHP(R x SY; R*) — LP(R x S'; R?)

defined by
Y(a,Y)=aV + L“(Y)

is a Fredholm operator and has index
IndYy*=1+IndL* =0

(computed as above). Moreover, since the homotopy I' is regular,
Lemma 11.3.6 asserts that Y* is surjective, hence KerY* = 0 and Y*
is bijective.

On the other hand, the homotopy (H?,J°) is also regular, hence LY is
surjective. Consequently, its kernel is of dimension 1 and we have

Ker LV = {a(ZZ)(Z” |a e R}.

Still following Subsection 11.2.b, we define, for p > pg, the spaces

W, = {0#,8 | B € Ker L'}

and

Wt = {Y c WHP(R x S R*™) |

s (Y, Z) =0 for everyZeWp}.

RxS?t
Here we view W, as contained in L?(R x S*; R*") (with 1/p+1/g = 1), using
the frame (Zf) and the exponential decay (of Section 8.9, more precisely
Remark 8.9.2), as in Section 9.4.

In order to apply the Newton—Picard method (Lemma 9.4.4), we need to
define a right inverse for the operator L,J; . To do this, we need an analogue
of Proposition 9.4.7.
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Proposition 11.4.2. There exist a real number pg > 0 and a constant C > 0
such that, for p > po,

VY e W, VYaeR, |L)(a,Y)|,, =CUY|yr,+lal).

For the meaning of p > pg, we keep the convention of p. 326 (in other
words, we do not need to make py more precise).

Proof of Proposition 11.4.2. Assume the result is false (as at the beginning
of the proof of Proposition 9.4.7). There then exist sequences

pn — 400 and (a,,Y,) € R x W'P(R x S}, R?")
such that

lan| + [Yallyro =1 and  lim_||L) (an,Yn)|,, = 0.

n—-+oo

Let 7, = pn/2. We have
V,, (s,t) =0 for (s,t) € [~7, 7] x S* and n sufficiently large

(in general, we have seen that V,(s,t) = 0 for s + p > R, where R is the
constant starting from which Iy is stationary). We therefore have, for n suf-
ficiently large,

125, @ Yol o sy = 1o Yallzo(or, misty-

In particular, this last term tends to 0 when n tends to infinity. We can then
use the same argument as in Lemma 9.4.9 to prove the following lemma.

Lemma 11.4.3. For every compact subset K of R x S', we have

lim [Vl ) = 0. O

n——+oo

Next, this time following the proof of Lemma 9.4.10, we consider the real
function S~ used to construct the pre-gluing w,: it has support in ] — oo, 0]
and has value 1 on | — oo, —1]. As in Lemma 9.4.10, we use

1L5., (an, B~ (s + DYa(s, )]

_ HB*YH(S F1,t)+ B (s + 1)L5n(amyn(5’t))HLp

< (sup B7) Vall o rapesy + 1B (ans Vo) ||,
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so that
lim |[L} (an, 87 (s + 1)Ya(s,1))]| ,, =0,

n—-+oo

which is equivalent to

lim |[Y“t0n (a,, 87 (s 4+ 1)V (s, )| r = 0,

n——+00

that is, to

lim |{[Y*(an, 87 (s = pn + 1)Yu(s = pu, 1)), = 0.

n—-+oo

But we have already said that Y* is a bijective Fredholm operator. In other
words:

e We have lima,, = 0 (which implies that

i [V, =1

because the sum of the two is 1).
e In WIP(R x S, R?"), we have

lim A7 (s — pp + 1)Yo(s — pn,t) =0,

n—-+oo
which is the first part of the result of Lemma 9.4.10.

The second part of this result and the end of the proof of Proposition 11.4.2
can be obtained as in Section 9.4. a

Corollary 11.4.4. For p > po, Lf; s surjective and admits a right inverse
G,: LR x SH; R*™) — R x WHP(R x S1; R*").
Proof. We have seen that the dimension of W), is 1 and it is clear that
W, & W, =W (R x S R*).
On the other hand, Proposition 11.4.2 implies that
Ker L] N (R x W;") = {0},

hence dim Ker Lg < 1 and therefore, since Lf; is of index 1, this operator
must be surjective and its kernel must be of dimension 1. It follows that

Ker L ® (R x W;7) = R x W'P(R x S R*"),
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which allows us to define the right inverse G,, which by Proposition 11.4.2
is continuous and of norm less than a constant that is independent of p. O

We now apply the Newton-Picard method, that is, Lemma 9.4.4, to the
operator

F,:Rx W"(R x S}, R*") — LP(R x S"; R*")

defined by
F,(\Y) = F,*(Y).

‘We have
. FEO(Y) fA+A. <0
Fp(/\,Y) =
FpFl(Y) A+ A > 1,

while our operator Lg is exactly the differential of fp at 0 (this is why we
modified " using the translation of A, ).

Let us now verify that the conditions of Lemma 9.4.4 are satisfied. Con-
dition (1) is the conclusion of Corollary 11.4.4.

Next, we verify condition (3). With the constant C given by Proposi-
tion 11.4.2, we first have

1Go(Fp(0,0)] 1 < CH[[F0(0,0)]] ., »

and then

[F00,0)[| ., = |2 0[] ., = [[(F5™ (wp))zoy]|

where ?5“ is the Floer operator

0 0
?IIJ—‘/\* — 7—"—,][‘/\*

)\*
95 S+p5+grast+p’t.

Now For (wp)(s,t) = 0 for |s| > 1 and Fore (w,) tends to 0 uniformly on
[-1,1] x S1, which implies that

. Ix, _ T _
;%HS"IJ* (wp)]| ., = 0 and therefore that [1)1_r>r(1) | F,(0,0)||,, =0.
This in turn implies that condition (3) of Lemma 9.4.4 is satisfied.

Condition (2) is verified as in Section 9.4 (when we verified condition (2)
of the lemma on p. 337), using Proposition 11.4.2, with the exception that
we need to adapt Lemma 9.4.8 as follows.
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Lemma 11.4.5. Let rg > 0. There exists a constant K > 0 such that for
every p > po and every (A, Z) € R x WHP(R x SL;R?™) (with || Z]|| < ro), we
have

1(dF,) 6,2y = (dF ) 0.0y || < K(1Z]lwre + IAD-

The proof of this version can be found in Section 13.8.

The Newton-Picard method (Lemma 9.4.4) then gives us a pair (X, 7,)
such that

Fﬂ()\[)a ’-Yp) = 07
which, by the definition of fp, is equivalent to

FI (X + Ayp) = 0.
Hence ¢, = exp,,, 7, Is a solution of the equation

F () =0 (with A, =X, + ).

With respect to the three parts in which we cut up the proof of Theo-
rem 11.3.14 (p. 442), the construction of this ¢ brings us to the end of the
second part. We set

'll)p(&t) = cpp(s - P t)

and find that
% + J;‘p 61/)9

Js ot
that is, that (\,,¢,) € MI'(z,2). We set

+ grad,,, Hj‘@ =0,

¥+ [po, +oo] — M (z, 2)
pr— ()‘pa'l/]p)~

For the third and last part of the proof of Theorem 11.3.14 according to the
plan established on p. 442, we now need to establish the desired properties

of 9.
11.4.c The Properties of

As in Lemma 9.4.13, we have

lim Xp =0 and

p—+oo pgl—&{loo H%’”Wl’p =0
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The first equality implies that lim,_, o A, = A.. Using the second equality,
we follow the reasoning of Sections 9.4 and 11.2.c to show that

lim ¢,(s—p,t) =u(s,t) and pgr-‘,I-loo ©p(s+p,t) =v(s,t)

p—r—+00

in the G

loc

topology. It follows that

pEI_POO ¥(p) = [(As, ), 7]
for the convergence defined by Theorem 11.3.10.

Let us now show that the map ¢ is (continuous and) differentiable. To
do this, we need to prove these properties for the map p — (A,,7,). We use
the implicit function theorem, as in Section 9.4. We must show that for p
sufficiently large, the operator (dfp)(;m y,) 18 invertible, which we do exactly
as in the proof of Lemma 9.4.14, using Lemma 11.4.5.

Let us now show that v is an embedding. We will need the result stated
below, which is an analogue of Proposition 9.4.15 and of Theorem 11.2.2 (3).

Proposition 11.4.6.

=0 and lim % =0.

li =
im N

5]
p—+ooll Op llwt.p
Proof. Since A\, = A, + Xp, the second relation is equivalent to 8Xp/8p =0.
Let N

F(p,\,Y) = F,(\,Y),
so that

F(p,Ap,7p) = 0.

Differentiating this identity with respect to p, we obtain

B - s (5 5) =0

ap ()\pv rYp) + (de)(Xm’Yp)

As in the proof of Proposition 9.4.15, this relation implies that

A, O
(%;’ %)HRlem

+k2H(i;;p()‘pv'Vp)’

o, Oy 5\
52 <51 e

Lr

for positive constants k; and ky that do not depend on p. We will use the
following result.
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Lemma 11.4.7. There exists a constant C' > 0 that does not depend on p,
such that for p > pg, we have

OF, ~ OF A
|55 G0 = 0.0, < NG -

The proof of this lemma can be found in Section 13.8, together with those
of the lemmas similar to it.
Using Lemma 11.4.7 in the inequality just above it, we obtain

A I (R Y e WEAT

< 1o Bt s + | 2 0,0)

e

The last term is

Iy,
e H(agg;) (wp))zf

and tends to 0 when p tends to +oo, exactly as in the proof of Proposi-
tion 9.4.15. Using the fact that lim, o ||(Xp7 Yp = 0, our inequal-
ity then implies the equality

|50l

Lr

)HRXWLID

[ ()
p—=+ooll\ Op " Op /lIRxwir

This concludes the proof of Proposition 11.4.6. a

To finish proving that the desired properties of 1 hold, we still need to
show that it is an embedding. To do this, it suffices to prove that it is an
immersion (by an argument we have already used in Subsection 11.2.c). But
if ¢/, = 0, then as in Section 11.2.c, we must have

I _ 99y

ap ds

(because 1,(s,t) = ¢,(s — p,t)). The desired contradiction follows using the
method of Section 9.5 (for a,, = 1) with Proposition 11.4.6.

We still need to prove the last part of Theorem 11.3.14, the “uniqueness”,
namely the fact that a sequence [\, ,] of elements of M’ (z, z) that tends
to [(Ax,u), D] is contained in the image of ¢ for n sufficiently large.

To do this, we need results analogous to those given in Propositions 11.2.3
and 11.2.4.
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Proposition 11.4.8. There exist a real sequence (p,) that tends to +0o and,
Jor every u, a vector Y, € wy TW such that for every (s,t) € R x S,

bn(S+ pn,t) = XDy, (54) Yn(s,1).

Moreover, limy, 1o || Yy ;00 = 0.

Proposition 11.4.9. The vector field Y,, is in WP (w% TW) and

i [Vl =0

The proof of Proposition 11.4.8 is analogous in every detail to that of
Proposition 11.2.3. It uses the fact that ¢, is in the space of solutions
M (z, z) for a homotopy I'y, = (H.7,J)) that is stationary for s < —R

s,trYs
and for s > R, as well as the convergence of ¢,, to (u,?) (in the sense of The-

orem 11.1.10), which follows from the convergence of [\, £,] to [A«, (u,?)].

The proof of Proposition 11.4.9 follows that of Proposition 11.2.4, with
the exception that in this new setting, the Taylor formula used in the proof
(p. 522) becomes

FOr(Y,) = FT(0) + (dF 7)o (V) + N(Y).
The left-hand side is not zero because
by, = eXpwpn (Yn> € MFATL (SU, Z)

(in other words, we have the equality 7> (¥;,) = 0 for A, and not for A, ).
To complete the proof, we need the following upper bound.

Lemma 11.4.10. There exist positive constants C and k that do not depend
on n, such that

H§~F>‘* (Yn)HLp < C ‘/\n - )\*| ”YnHWLP +k |/\n - /\*l .
Proof. We have
1T (V|| = [T (V) = T (V)|

S |)\n - )\*|

oF
sup o3 WYl

= |)‘n - /\*l

sup V, (A, Y)
A

Lp
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Next, by Lemma 13.8.1,

||St;p‘7n(A,Yn)||Lp < C|Yallyrs + IISI;p‘N/n(A,O)HLr

Since, by definition,

. a7 ow,, OH

Vpn()‘ao) = 7<)\) S+ Pn) 8t + m()‘ﬂs + pTHt))

V,.(),0) is bounded for the L* norm. Its support is [~ R — pn, R — p,] x S'.
It follows that
Vo, (A 0)llze <k,

proving the lemma. a

Using this lemma and the analogue of Lemma 13.7.1 for ;J"“F**, Proposi-
tion 11.4.9 can be proved as in Section 11.2, using the fact that lim A\, = A,.

The proof of the uniqueness can be concluded by applying Lemmas 9.6.16
and 9.6.17 to the operator
F,:Rx W"?(R x S};R?") — LP(R x S; R*™)

and proceeding exactly as in Section 11.2.c.
This concludes the proof of Theorem 11.3.14. a
And that of Proposition 11.2.8. O

11.5 Conclusion of the Proof of the Invariance of the
Floer Homology: Proof of Proposition 11.2.9

Let I = (H',J") and I = (H",J") be two regular homotopies connecting
(H%,J%) to (H®, J®) and (H®, J®) to (H¢, J¢), respectively. As in the previous
sections of this chapter, these homotopies are chosen to be stationary for
|s| > R, where R > 0 is a constant that is not yet fixed (it may increase
during the proof).
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The concatenation of I and I'” defines a homotopy I', = (H,, J,) through
the formulas

H,(5.1.p) H'(s+p,t,p) ifs<0
S, 0, p) =
g H'(s—p,t,p) ifs>0

Jp(S,p) =

J'(s+p,p) ifs<0
J"(s—p,p) ifs>0.

The homotopy I, is defined for p sufficiently large (p > R) and connects
(H*, J*) to (H¢, J). It is stationary for |s| > R + p. Note that a priori, it
might not be regular. We will show the following result.

Lemma 11.5.1. After taking a small perturbation of I and I'" (within regu-
lar homotopies), we may assume that I, is reqular for arbitrarily large values

of p.

There therefore exists a sequence p,, that tends to infinity and is such that
I',, is regular for every n.
For these values of p, we can define the morphism of complexes

ol . CE (H®,J*) — CF.(H®,J°)

of Section 11.1.

Note that by Proposition 11.2.8, the perturbations of I”, I'” in
Lemma 11.5.1 define the same morphisms as &7 "and @7 ”, respectively, at
the homology level. We will therefore keep the same notation I, I for
these homotopies.

Proposition 11.2.9 is obviously a consequence of the following.

Proposition 11.5.2. There exists a p such that I', is reqular and the mor-
phisms of complezes " o @ and e coincide.

Proof of Lemma 11.5.1. Consider the space C2° defined in Section 11.1.b. Let
oo be the subspace of the functions

h:iRxS'xW —R

with h(s,t,p) = 0 for |s| < d, where § is an arbitrary positive number. We fix
a p1 that is sufficiently large for I',, to be defined. Given a function h € €%,
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we associate with it two functions A’ and h” € €2° defined by the formulas

h(s —p1,t,p) if s <p
0 if s>py

hI(S,t,p) = {

if s <—pq

0
R’ (s,t,p) = {

h(8+p1at7p) lfSZ —P1,

so that the homotopy I',, defined by (H'+1',J’) and (H"”+h",J") is exactly
(Hp, + h,J,,). Consequently, to make I',, regular, it suffices to repeat the
proof of the transversality given in Section 11.1.b for the (smaller) space of
perturbations €Z%. The only small modification occurs in the proof of the
lemma analogous to Lemma 11.1.9. If the vector field Z is not zero, then
there exists a point (so,%p) € (R —{0)} x S! such that Z(so,t9) # 0. The
remainder of the proof is the same.

We can then repeat this proof for a ps > pi1, choosing perturbations h’
and h” sufficiently small for I',, to stay regular; then I',, and I',, will both
be regular. Continuing in an analogous manner, we construct a sequence p,
that tends to infinity and for which I, is regular for every n. a

Proof of Proposition 11.5.2. Let x € Crit(Aga). With the notation of Sec-
tion 11.1.c, we have

@F"o¢F’<x>—@F"< > nf’u,y)-y)
y€Crit(A ;)
w(y)=p(zx)

= Z Z "F/(xa Y) nt” (y,2) - 2.

2€Crit(Apge) yeCrit(A yp)
wz)=p(@)  ply)=p(z)

As in Section 11.1, nY"(z,y) and n’" (y,z) are the numbers (modulo 2) of
elements in Mpl(z,y) and M (y, ), respectively. It is clear that Proposi-
tion 11.5.2 is a consequence of the following. O

Proposition 11.5.3. Let © € Crit(Age) and z € Crit(Age) be such that
w(x) = p(z). For every sufficiently large p, the sets

M7 (2, y) x M7 (y,2)  and M7 (z, 2)
y€Crit(A p)
wy)=p(z)

are in bijection.

We now prove this proposition. Here are the ideas of the proof. It comes
down to (which is not surprising):
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(1) Defining, for p sufficiently large, a map

Xp: U M (xy) x M7 (y,2) — M (2, 2)
y€Crit(A ;)
p(y)=n(z)

(2) Showing that it is injective for p sufficiently large
(3) Showing that it is surjective for p sufficiently large.

To define x,(u,v) for a pair (u,v) € M (z,y) x M (y, ), we use a gluing
process, as in Sections 9.4 and 11.3.d: from the pre-gluing w, = u#,v, we
construct a solution ¢(p) € MI» using the Newton—Picard method.

As for the other Floer solutions obtained using this method, we will find
that ¢, tends to (u,v) (in the sense of the convergence toward broken orbits)
when p tends to infinity; see Subsection 11.1.c.

To prove the injectivity of ¢, we use a contradiction. If x, were not injective
from some value of p, then there would exist a sequence p,, tending to infinity
and pairs (un,vn) # (un,v,) such that x,, (un,vn) = X, (ul,,v;,). Since
the sequences (un,v,) take on their values in a finite set, after extracting
subsequences, if necessary, we may, and do, assume that they are constant,
say equal to (u,v) and (u',v’), respectively. By letting n tend to infinity in
the equality

Xpn (u7 ’U) = Xpn (u/’ UI)7

we obtain (u,v) = (u/,v"), a contradiction.

For the surjectivity of x,, the reasoning is similar. If, for a sequence p,, that
tends to infinity, there exists an ¢,, that is not in the image of x,,, then we
first show that lim ¢, = (u,v) for some pair (u,v) € M (z,y) x M"" (y, 2)
(y € CritAgs, u(y) = p(x)). Next we apply a uniqueness property of the
gluing (like that of Section 9.6) to show that ¢, € Imy, for large n and
arrive at a contradiction.

Here are the details of this proof.

11.5.a Definition of x

Let y € CritAgs be such that p(y) = p(z). Consider a pair (u,v) in

M (2,y) x M (y,z). The pre-gluing w, of u and v is defined by the

same formula as in Section 9.3. Since w,(s,t) = u(s + p,t) for s < —1 and

wy(s,t) =v(s — p,t) for s > 1, the definition of I, = (H,, J,) implies that
(8w ow

p) L+ Jpa—tp + grad,, Hp)(s,t) =0 for |s|] >1.
S P
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oo

o mnorm (and therefore also for the L?

This expression tends to 0 for the €
norm) when p tends to +oco. Indeed,
. _ . _ b b
pl}r}}m wp(s,t) = y(t) and pgg}oo(Hpa Jp) = (H",J)

(for the €2, norm in both cases).

The solution ¢p(p) € MI#(z, z) will be obtained from an approximate so-
lution w, using a formula of the type

@(p) = expy, (1)

This is therefore a zero of

Fp 0 0

Y —— (% + Jpa + grad Hp) (exp,,, Y).

Using frames (Z7) (at the source and target of F,) constructed exactly as in
Section 9.4, we may, and do, view J, as a map

F,: WHP(R x SY; R?™) — LP(R x SH; R*™).
The linearized operator L, = (dF,)o is of the form

oYy oYy
Yr— —+Jo—+5,"Y.
Os o ot LGRS
where S, is a map from R x S to Ma,(R). It is a Fredholm operator of
index 0 because pu(x) = p(z).
The analogue of Proposition 11.2.1, which can be proved in an identical
manner, then implies that L, is bijective, with inverse

G,: L’ (R x SY; R*™) — WHP(R x SH; R*™)

whose norm is bounded by a constant that does not depend on p. The condi-

tions under which we can apply the Newton—Picard method (Lemma 9.4.4)

are satisfied: the estimate analogous to the one in Lemma 9.4.8, which allows

us to verify condition (2) of 9.4.4, can also be proved in an identical manner.
We thus obtain a v, € WP(R x S'; R?") with

@(p) = exp,,, v, € M'*(x, 2).
We can therefore set x,(u,v) = ¢(p). As in Lemma 9.4.13, we obtain

pEr_f_loo ||'70||W1.,p = 0.
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Exactly as in Section 9.4, this implies the following result.

Proposition 11.5.4. The element ¢(p) satisfies

lim o(p)(s —p,t) =u(s,t), lm @(p)(s+p,t) =v(s,t)

p—>—+o0 p—r—+o0
; 00
in Cis.. O

11.5.b The Injectivity of x

We assume that x is not injective, that is, that there exist arbitrarily large p
for which x, is not injective. Consider three sequences p,, (un,v,) and
(ul,,vl), with

n’vn

(Un,vn) and (u,,v)) € U M (x,y) x MFN(%Z)

n» Un
y€ECrit(A gp)
w(y)=p(z)
and lim Pn = +00, (un’vn) # (u/n71)1/1), Xpn (unavn) = Xpn (’UJ;“U;)

n—-+o0o

The sequences (uy,v,) and (ul,,v!,) take on values in a finite set. After ex-
tracting subsequences, if necessary, we may, and do, therefore assume that
they are constant, say equal to (u,v), and (u',v"), respectively, with

(u,v) # (W,0") and  x,, (u,v) = x,, (W, V).

By Proposition 11.5.4, we now have

U(S, t) = lim (Xpn (’U,, U))(S — Pn; t)

n—-+oo

= lim_(x,,(u',v")(s = pn,t)

n—-+oo

=/(s,t)
and likewise v(s,t) = v/(s,t). The injectivity of x, follows.

11.5.c The Surjectivity of x

We assume (once more in order to obtain a contradiction) that for arbitrarily
large values of p, x, is not surjective. Consider a sequence (p,,) that tends to
infinity and a sequence of elements £, € M%en (2, 2) with £, ¢ Im(x,, ) (for
every n). We will prove the following proposition.

Proposition 11.5.5. There exist a point y € Crit Ags with u(y) = p(x) and
a pair
(u,0) € M7 (2, ) x M" (y, 2)
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such that, after extracting a subsequence, if necessary,

lim £,(s— pn,t) =u(s,t) and lm £,(s+ pn,t) = v(s,t)

n—-+o0o n—-+o0o

for the C3°. topology.

loc

For the proof, we will need the following result.

Proposition 11.5.6.

(1) Let (sn) be a sequence of real numbers. Then the sequence (s + Sp,t)
admits a convergent subsequence for the Crs. topology.

(2) Let £ be the limit of such a subsequence. There exists a constant s, such
that (s + s4,t) is a solution of the Floer equation corresponding to one of
the pairs (HO,.J%), (H',.J'), (HY,.J%), (H", J"), (H®,J°).

Proof of Proposition 11.5.6. Let us first prove point (2), admitting point (1).
The map (s,t) — £, (s+5n,t) is a solution of the Floer equation corresponding
to the pair

(Hp, Jn) = (Hp, (s sn,t,0), Jp, (s + Sn,p)).

Recall that, by definition, H,, and J, are given by

H'(s 4 pn + sn,t,p)  if s < —sp
H"(s — pp+ sp,t,p) if s > —s,

Hn(svtap) = {

J(s4 pn+sn,p) ifs<-—s,
J"(s — pn + 8n,p) if s> —s,.

Jn(57p) = {

Let us study the different possible limits of (H,,J,) (for the €. topology)
in terms of the behavior of the sequence (s,).

In the special case where s, = —p,, it is obvious that (H,,J,) tends to
(H',J'). Likewise, when s,, = pp, (Hp, Jy,) tends to (H”, J"). The limit ¢ will
therefore be a solution of the Floer equation corresponding to I'" = (H', J")
in the first case and to I = (H"”, J”) in the second case.

Since the statement of (2) allows us to add a convergent sequence to (s,),
we only need to study the case where the sequences (s, £ p,,) are divergent:

e If lim(s, + pn) = —o0, that is, if s,, € —p,,, then we easily obtain

lim (H,,J,) = (H® J).

n—-+oo

o If lim,100(Sn + pn) = +00 and lim, s 4o0(Sn — pn) = —o00, in other
words, if —p, < s, < pn, then by analyzing separately the cases where
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(sn) tends to —oo, is convergent or tends to 400, we find that

lim (H,,J,) = (H® J).

n—-+oo

o If lim(s,, — p,) = +o0, that is, if s,, > p,, then we have

. _ c c
ngrfoo(H”’J") = (H¢,J°).
We have thus proved point (2); let us now move on to point (1). We first copy
the proof of Proposition 6.6.2 (a bound on the gradient in the proof of the
compactness theorem) to prove that there exists a constant A > 0 such that

Vp, Vee M (x,2), V(s,t) eRx S', [grad;,, ¢ < A

(here ||| denotes an arbitrary norm on TW-—they are all equivalent be-
cause W is compact—for example the norm coming from R™).

If such a constant did not exist, then as in the proof of Proposition 6.6.2, we
would obtain a J-holomorphic curve v, which would lead to a contradiction
as in Lemma 6.6.4. The structure J in question is the limit (for the C%,
topology) of a sequence J,,. It is therefore either equal to J,, for a p, >0
(and in this case depends on s), or equal to J”. The inequality above is
therefore satisfied by ¢,, for every n and also by the elements of the sequence
(£n(s + sn,t)). The latter form an equicontinuous family, which allows us to
apply the Arzela—Ascoli theorem and to find a subsequence that converges
to a limit ¢ for the €} . topology.

Point (2) then shows that there exists a constant s, € R such that £(s+s,)
is a solution, in the weak sense, of one of the Floer equations stated in the
proposition. Elliptic regularity (Lemma 12.1.1) then implies that ¢ is of class
€*° and that the convergence of ¢, (s + sp,t) to £ indeed holds in the Cf%.

sense.
This concludes the proof of Proposition 11.5.6. O

To conclude the proof of Proposition 11.5.5, we will use an argument of
convergence to a broken trajectory analogous to the one we used in Sec-
tion 9.1.c. More precisely, a proof analogous to that of Theorem 9.1.7 gives
the existence of sequences (s¥) for 0 < k < m such that (after extracting a
subsequence, if necessary) for every k, the sequence £, (s + s t) converges
to a limit ¢ € C*®°(xy, Tr+1), where zg = x and 2,41 = 2. Statement (2) of
Proposition 11.5.6 shows that, after changing the sequences (s),, by adding
constants, if necessary, the limits ¢* are solutions of Floer equations corre-
sponding to one of the pairs (H?, J%), (H',J"), (H®, J®), (H",J"), (H¢,J°).
The loops zy are therefore critical points of Aga, Ags or Agpe.
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On the other hand, if there exists a limit £y, a solution that is not constant
in s of the Floer equation associated with (H?,J%), (H® Jb) or (H€,J°),
then we can deduce that p(zy) — p(rry1) > 1 (as in Corollary 11.1.11)
and therefore that u(z) — u(z) > 1, contrary to the assumption we made

(n(x) = p(2)).

Remark 11.5.7. Note that we cannot exclude solutions of the Floer equation
that are constant with respect to s, because we cannot exclude the case where
one of the homotopies I, I or I', is trivial.

It might also happen that some of the pairs (H®, J%), (H®, J®), (H¢, J¢) are
equal (without the homotopy connecting the pairs necessarily being trivial).
We therefore need to consider the case where x, y and z are not all distinct.

Let us return to our proof. Assume that among the limits ¢', ..., ¢™, there
is one, say ¢*, that is not constant in s. Following the proof of point (2)
of Proposition 11.5.6, we may, and do, assume (after adding a constant to
the sequence (s¥),, if necessary) that ¢* is a solution of the Floer equation
associated with I'" or I'”, and that s¥ = —p,, or s¥ = p,,. On the other hand,
the proof of Theorem 9.1.7 gives sequences s* with the property

k+1 _ ok

lim s s,, = +o0.
n—-+o0o
There are therefore at most two limits ¢* as above, one for s¥ = —p,,, and

one for sk = p,: indeed, such sequences would differ (by statement (2) of
Proposition 11.5.6) from —p,, or from p,, by bounded sequences (recall that
there does not exist an ¥ that is not constant in s and is a Floer solution
associated with (H®, J%), (H®, J®) or (H¢, J¢)).

Hence the broken trajectory toward which the sequence ¢,, converges con-
sists of solutions of the Floer equation that are constant in s, at most one
trajectory associated with I'" (for the sequence s, = —p,) and at most one
associated with I'” (for s, = p,). Again by Proposition 11.5.6, if

U= sl}I—Poo ln(s — pn,t) and v = ngr—&r-loo Ln(s+ pn,t),
then
weM (2/,y) and wveMI (y",2")

for
z € CritAga, 4 ,y" € CritAgs, 2" € CritAge.

We want to show that 2’ =z, v’ = 9" and 2"’ = 2.
If in the broken trajectory that is the limit of ¢,, there are two trajectories
¢ € CX(x,y) and £ € C(y, z) that are not constant in s, then by the above,
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¢/ = wu and ¢ = v, hence
’ 1’
uweM (z,y) and veM!' (y,2),

which concludes the proof. Indeed, there cannot be more than two trajectories
that are constant in s because the arrival point of £’ coincides with the starting
point of £”.

Let us now assume that there is only one nonconstant Floer trajectory
£ € C°°(x, 2) in the limit of £,. This trajectory £ is therefore equal to either u
or v. We may, and do, assume, without loss of generality, that £ = u. Then

Hm Ll (s — pn,t) =u e M (z,2).

With the notation of the proof of Theorem 9.1.7 on broken trajectories, there
exists an s* € R such that the loop u(s,-) € B(z,¢) for s > s* and conse-
quently the loop ¢,(s* — pn,-) is also in the ball B(z,¢) for n sufficiently
large.

The proof of Theorem 9.1.7 then implies that ¢,(s,-) € B(z,e) for
every s > s* — p,. Otherwise there would be another nonconstant tra-
jectory in the limit (constructed as in this proof). This implies that for
v(s,t) = limy o0 ln(s + pn,t), v € M7 (2,2) (in fact, this trajectory is
constant and equal to z if we choose ¢ sufficiently small). This concludes the
proof of Proposition 11.5.5 in this case as well.

Remark 11.5.8. The difficulty here comes from the fact that, the only def-
inition we have of the convergence of a broken trajectory, as given in Theo-
rem 9.1.7, does not guarantee a unique limit.2 We must therefore call upon
the proof of this theorem to construct the limit (¢!, ..., ¢™) considered here.

Finally, if all trajectories in the limit of ¢,, are constant, in C*(z,z) (in
particular, we then have x = z), then the proof of Theorem 9.1.7 says that
£,(s) € B(x,¢) for every s. In particular,

u(s,t) = Lim Ly(s — pn,t) € M (2, 2)

n—-+oo
and v(s,t) = lim £,(s+ pn,t) € M (2, 2).
n—-+o0o
We could also show that u is constant and equal to z, as is v, by choosing
e sufficiently small to have all trajectories of M'" (x, ) and MT" (z,z) that
are nonconstant in s exit B(z,¢).
This concludes the proof of Proposition 11.5.5. O

2 Contrary to the case treated in Theorem 9.1.7.
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We now have a sequence ¢, ¢ Im(x,, ) such that

lim £,(s — pn,t) =u(s,t) € mr (z,y)

n—-+4oo
and £, (5 + p,t) = v(s,t) € M (y, 2).
n—-+4oo
To obtain the desired contradiction, we show the following result.

Proposition 11.5.9. For n sufficiently large, £, = X,, (u,v).

The proof follows the main lines of that of the uniqueness of the gluing (in
Theorem 11.1.16). We show an analogue of Proposition 11.2.3.

Proposition 11.5.10. For n sufficiently large, there exists a Y, € w; TW
such that
by =exp,, Y, and lim [[Y,]=0.

n—-+oo

After that, we will show an analogue of Proposition 11.2.4.

Proposition 11.5.11. The vector field Y,, is in Wl’p(w;nTW). Moreover,
limy, s 4 oo |Yallppro = 0.

Finally, we will conclude the proof by using the uniqueness given by the
Newton-Picard method (Lemma 9.4.4).

Proof of Proposition 11.5.10. We begin with a lemma.

Lemma 11.5.12. The sequence ({,(s,t)), converges to y(t) for the C{S,
topology.

Proof. Note that for s € [~p, + R, p, — R], we have

(H,,,J

Pn? Y Pn

)= (H,JY).

Hence the restriction of £,, to [—p, + R, p, — R] x S* is a solution of the Floer
equation associated with (H?, J%). In particular, the function

s+— Ao (€n(s))

is decreasing on this interval.

Let a denote the limit of (a convergent subsequence of) £,,, whose existence
follows from assertion (1) of Proposition 11.5.6. The proof of assertion (2) of
this same proposition implies that

a€ J\/[(Hb"]b)(y’,y") for ',y € Crit Ags.
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We fix an s > R and a 0 < —R. For n sufficiently large, we have o + p,, > s.
It follows that

Agv(a(s)) = lim Ago(€n(s))

n——+00

> lim ‘AHb(gn(O— + pn))

n—-+o0o

= A (v(0)).

By letting s tend to +00 and o tend to —oo, we find

A (y") = A (y).
Likewise,

Agp(a(o)) = Tim _Aps(ln(0))

n—-+4oo

< lim AHb(gn(s_pn))

n—-+oo

= Apo(u(s)).

We again let s tend to +00 and ¢ tend to —oco and we find

Apo (') < Ao (y)-

But Age (y') > Age(y”), so that

A (y') = A (y") = A (y),

hence a is constant in s (more precisely, a(s) = y) because the critical values
of A are assumed to be distinct. O

Assume that the solutions u and v are not constant in s. We choose balls
B(x,9), B(y, ) and B(z,9) in the loop space LW that satisfy the properties
of Lemma 9.6.11. After decreasing ¢, if necessary, we may, and do, also assume
that the loops «(0) and v(0) are not contained in any of these balls. They do
not contain any other loops of Crit Aga, Crit Age and Crit Age than z, y
and z, respectively.
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By the lemma that we just proved, we know that ¢(0) € B(y,d) for n
sufficiently large. As in the proof of Proposition 9.6.3, let

on =sup{s>0]£,([-s,0]) C B(y,d)}

T =sup{s > 0] £,(]0,s]) C B(y,d)}
=inf{s > 0] ¢,(] —o0,—s]) C B(z,9)}
7, =1inf {s > 0| £, ([s, +o0]) C B(z,0)}.

Since lim £y, (—py) = ©(0) and lim ¢, (py,) = v(0), we have
—0, < —pn < —0, and T, < p, < T
The construction of these sequences also implies that
ln(00), bn(T0) € 0B(y,d), {n(o),) € 0B(x,d), {n(1),) € dB(2,0).

Consequently, we have the following result.

/

Lemma 11.5.13. The sequences (pp—0n), (pn—01,), (pn—Tn) and (pp—T;,)
are bounded.

Proof. Suppose that (o], — p,,) tends to +00. Then by Proposition 11.5.6, the
sequence £, (s—o),) converges to ¢, a solution of the Floer equation associated
with (H®, J%) (see the proof of point (2) of Proposition 11.5.6, if necessary).
Moreover, the definition of ¢}, implies that ¢(s) € B(x,d) for all negative s,
so that consequently

e MEST) (g ") for ay’ € CritAga.

Since £(0) € B(x, ), we know that y’ # x. But this is not possible, because
we have proved (when we proved Proposition 11.5.5) that the broken trajec-
tory toward which ¢, tends cannot contain nonconstant trajectories of the
Floer equation associated with (H?, J%).

Next, suppose that o,, — p,, tends to —oo. Still by Proposition 11.5.6, the
sequence (¢,,(s — 0,)) converges to a limit ¢ that is a solution of the Floer
equation associated with (H°, J%). We have

£(0) = ngrfoo Ly (0,) € 0B(y,9).
Moreover, o, tends to 400 (otherwise, if o, is bounded, then since ¢,, con-
verges to y in €%, ¢,(0,) cannot be contained in 9B(y, d)).
Let s > 0. For n sufficiently large, we have s — o, € | — 0,,0], hence
l,(s — on) € B(y,0), and therefore {(s) € B(y,d). It follows that ¢ is a
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nonconstant solution of the Floer equation associated with (H?, J®). It occurs
in the broken trajectory that is the limit of ¢, (this trajectory would start
with u, ). This is impossible, as before.

We proceed in the same manner to prove the assertions concerning 7,
and 7). O

Let A > 0 be such that all sequences in the previous statement take on
their values in [—A, A] and such that

u(s) € B(x,0) for s < —A, wu(s) € B(y,0) for s > A,

v(s) € B(y,0) for s < —A and wv(s) € B(z,0) for s > A.

As in the proof of Proposition 9.6.3, we cut R up into several intervals and
define Y,,(s) for s in each of these intervals:

(1) If s < —pp, — A< —0), then £, (s) € B(z,9),
wp, (8) = u(s + pn) € B(z,9)

and we use Lemma 9.6.11.

(2) If —pp, — A < s < —pn + A, then we use the fact that ¢,,(s — p,,) tends
to u(s) uniformly for s € [—A, A].

() If —pp,+ A < s < p,—A, then —o,, < s < 7y, hence £,,(s) € B(y, d). Next,

u(s +pa) and o(s - p,) € Bly, o),

hence w,, (s) € B(y,0) (still by Lemma 9.6.11). We use this lemma to
define Y,,.

(4) If p, — A < s < pp+ A, then we use the fact that £,,(s+ p,) tends to v(s),
uniformly for s € [—A, A].

(5) If s > pp+A > 7, then we have ¢,,(s) € B(z,6) and w,,, (s) = v(s—pn) €
B(z,9), which allows us to define Y;, using Lemma 9.6.11, as before.

This concludes the proof when u and v are not constant in s. If one of the
two solutions (or both) is (are) constant, then the proof is simpler. Suppose,
for example, that v is constant in s (in particular, we then have y = z). The
proof of Theorem 9.1.7, which constructs the broken limit trajectory of £,
then implies that ¢,,(s) € B(z,9) for every s > s* — p,, (for some constant s*).
The pre-gluing w,,, (s) obviously has the same property since for s > —p, + A4,

u(s+ pn) € B(y,d) = B(2,0) and wv(s—p,) =y =z € B(z,9).

It will therefore suffice to define Y,, for the intervals described in (1) and (2),
which can be done in an analogous manner. a
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The proof of Proposition 11.5.11 is exactly the same as that of Proposi-
tion 11.2.4 and its analogue Proposition 9.6.4 (in Subsection 9.6.c). The fact
that

Y, € WHP(wTW)

follows from (the analogue of) Lemma 9.6.13 (proved in the same manner).
To show that lim ||Y,[|;;1., = 0, we make an estimate, as in the proof
of Proposition 11.2.4, using (the analogue of) Lemma 13.7.1. Note that
Lemma 9.6.14 is useful here (because u(x) = p(y) = p(z), hence W,, = 0); it
makes it easier to obtain the estimate of the WP norm of Y,,. O

End of the Proof of Proposition 11.5.9. We want to show that for n suffi-
ciently large,
gn = Xpn (U, U)7

in other words,

expwp" Yn = eXpwpn Yon>

that is, Y, = v,,. We know that

g:pn ()/”) = g:pn (Vpn) =0

and that L, = (dF,,)o is bijective, as we saw in Section 11.5.a. But we can-
not apply the local inversion theorem directly because the size of the neigh-
borhood on which ¥, is bijective could decrease when n increases and Y, is
not necessarily contained in this neighborhood. We use the uniqueness lemma
9.6.16 that states that the solution v,, of J,, (Y) = 0 obtained through the
Newton—Picard method is the only one in the ball B(0,e0), where the con-
stant ¢ does not depend on n.

Consequently, since the W'? norm of Y,, tends to 0, we have Y,, = v, ,
concluding the proof of Proposition 11.5.9. a

We therefore obtain the surjectivity of x, for p sufficiently large, which we
needed to conclude the proof of Proposition 11.5.3. a

This trivially implies Proposition 11.5.2: Lemma 11.5.1 asserts that I, is
regular for arbitrarily large values of p and Proposition 11.5.3 implies that,
from a certain value of p,

olr = ¢l o pI”

if the left-hand side is defined.
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Finally, Proposition 11.5.2 obviously implies Proposition 11.2.9, which was
the object of this section. Propositions 11.2.8 and 11.2.9 imply the invariance
of the Floer homology with respect to the choice of a regular pair (H, J).

11.6 Conclusion

We have achieved the aims of the plan announced in Section 6.2 (p. 160) and
proved the Arnold conjecture.

We must point out that Floer homology and its different relatives have
many other applications to symplectic geometry and contact geometry than
this conjecture. In fact, the second part of this book would be the starting
point for readers interested in modern aspects of symplectic topology. Here
are some directions and references for those who would like to go further.

First of all, there is the study of the Lagrangian submanifolds of symplectic
manifolds,? already undertaken by Floer in [29]; see also the works of Oh [59,
60, 61], Seidel and Fukaya [34, 69, 70], and, closer to us, those of Damian [22]
and Gadbled [36].

Next, there is the generalization of our construction in the case of symplec-
tic manifolds with contact-type boundaries. In this case, the Floer homology
is no longer isomorphic to the Morse homology as it was here, but takes into
account the closed characteristics of the boundary. This leads to the symplec-
tic homology developed by Viterbo [77] (see also the article by Oancea [58],
and that by Cieliebak and Frauenfelder [20]).

Another branch goes toward the study of contact manifolds. A variant of
the Floer construction for the symplectizations of contact manifolds gives a
“contact homology” generated by the periodic trajectories of the Reeb fields
of the manifold. This theory is due to Eliashberg, Givental and Hofer [27].
See also the works of Bourgeois [15].

But this could fill another book.

3 We would like to update this list of references, adding especially the recent books and
papers of some of the leading experts in the field [35, 71, 33, 10, 11], as well as the new
results obtained by one of the authors [23, 24].



Chapter 12

The Elliptic Regularity of the Floer
Operator

12.1 Elliptic Regularity: Why and How?

We have invoked several times, under the name “elliptic regularity”, the
regularity of the solutions of the Floer equation
ou ou

— + J(u) 5

s + grad Hy(u) = 0.

The first time, in Chapter 6, we needed it to show the compactness of the
space M of finite energy solutions (more precisely, Proposition 6.5.3). The
statement we used is the following.

Lemma 12.1.1 (Elliptic Regularity). Let U be an open subset of C.
Every sequence (uy,) of solutions of class € of the Floer equation

Ju
Os

du

+ J(u) 5

+ grad Hy(u) =0
defined on U and satisfying

sup ||grad un || oo ¢y < M
neN
(for some real M ) has a subsequence that converges uniformly on every com-

pact subset of U, as do all its derivatives, to a limit that is therefore of
class C=.

Next, in the proof of the transversality theorem 8.1.2 on p. 265, we also
called on elliptic regularity to justify the fact that the solutions of the Floer
equation in the Sobolev-type space P1P(z,y) are of class €= and that the
topology induced by that of P1? on this space of solutions is the same as that
of M, that is, the €. topology (PP (z,y) is defined in Definition 8.2.2).

loc

469
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After that, the elliptic regularity argument appeared in similar situations:
in Chapter 9, to prove that the PP solutions produced by gluing are
“true” solutions and converge to a broken trajectory in the right topology
(Lemma 9.4.17), and then in Chapter 11, where compactness, transversality
and gluing results are proved in a more general setting, where the almost
complex structure J and the Hamiltonian H depend on s and sometimes on
another parameter A.

We therefore see that elliptic regularity plays a role in all steps of the
construction of the Floer homology. This is why we will now give rigorous
statements and detailed proofs of these properties. We have mainly used [51].

12.1.a (Linear) Elliptic Regularity Results

The elliptic regularity results that have been referred to in this text are
related to the following theorem.

Theorem 12.1.2. Let p > 1 and let U C C be an open subset. Let f €
WEP(U) and let uw € LY, (U) be a weak solution of du = f. Then

loc

we WP,

loc
Moreover, for every relatively compact open set V with V. C U, there exists

a constant C' = C(k,p, K,U) such that

lullwrsiniy < € (1 o) + 1l o) -

We will prove this theorem in Section 12.3. One of its first consequences
is the following estimate, used in Chapter 8. This is the analogue of Theo-
rem 12.1.2 for the operator L.

Theorem (Lemma 8.7.2). Let p > 1, let S : R x S — End(R*") be a
continuous map with lims_, 4o S(s,t) = ST(t) and finally, let

L:W"(R x SHR?™) — LP(R x SL; R*™)
be the perturbed Cauchy-Riemann operator

oY oY
y=2415,% 5.y
95 + Jo D + S

There exists a constant C > 0 such that

VY € WH(R x SHR*), Y |[yrp < CUILY |l + V] ) -
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More generally, if Y and LY are in LP, then Y € WP and the equality
holds.

We will prove this in Section 12.2. We also use Theorem 12.1.2 to obtain
a regularity result for the linearization of the Floer operator (which we used
in the proofs of Lemma 8.5.1 and Proposition 8.7.1).

Theorem 12.1.3 (Elliptic Regularity, Linear Version). Let L be the
operator

L= % + JO% + 5, with S € € (R x S';End(R*")).

We suppose that

oS
: _ q* : e —
sggloo S(s,t) = S*(t) and Sginoo . (s,t) = 0.
If Y € LP(R x SY;R?") is such that LY = 0 in the sense of distributions,
then Y is of class C® and Y € WIP(R x SL;R?™). If p > 2, then we also
have Y € WH4(R x ST, R2™) for every q > 1.

Proof. Since Y is in LP,
Y = —SY € LP(R x S ; R*™).

Using Theorem 12.1.2, we therefore find that Y € Wli)cp , hence SY € I/Vlié" .By
the same theorem, we have Y € Wli’f and, by induction, Y € W'llch for every
k € N (this is an elliptic bootstrapping). Using Theorem C.4.9, we deduce
that Y is of class €*°. The previous theorem (also known as Lemma 8.7.2)
tells us that it is in WP,

Next, suppose that p > 2. By proceeding as above, to prove that Y &
Whe(R x St) for every ¢ > 1, it suffices to prove that Y € LI(R x S1) for
every ¢ > 1. Since Y is of class C*°, an exponential decay property

|V (s,t)]] < e lsl ¥s,t for a constant § > 0

suffices. Now Theorem 8.9.1 guarantees this property provided that the func-
tion

1
s»—>/ 1Y (s, 8|2 dt
0

does not tend to infinity for s — Zo00. Let us therefore verify that our Y
satisfies this property. Holder’s inequality gives

/ Y (s ) dr < ( / G ol dt)z/p.
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Hence, if folHY(s,t)szt tends to infinity, then the same holds for
f01||Y(s, t)||"dt, which is impossible because

+oo 1
[ vt deds v, <+
—00 0
proving the theorem. a

12.1.b (Nonlinear) Elliptic Regularity Results

“Nonlinear” elliptic regularity properties are included in the following state-
ment.

Proposition 12.1.4. For p > 2, a solution u € VV&?(R x SL W) of the
Floer equation is of class €. On the space of solutions V[/li’p(R x SLW),

C
the VVlif and G, topologies coincide.

The notation W'li’cp(Rx S1: W) is new in this book; we will clarify its mean-
ing later. Also note that, contrary to the earlier statements, nonlinear elliptic

regularity needs the assumption that p > 2. Here are some explanations.

Why Assume That p > 27

In all regularity statements, the aim is to prove that a weak solution (so-
lution in the sense of distributions) is a true solution of class €. In our
case, by assumption, the solution is in the Sobolev space W1P(R x S1). As
we explained in Section 8.2, assuming that p > 2 guarantees, via Rellich’s
theorem (Theorem C.4.6), that this solution is continuous. At the same time,
this allows us to work with local coordinates.

The regularity of a solution u : R x S* — W can be read in charts of W.
But other properties that are involved here, for example L? integrability (even
on compact sets), are not invariant under transition maps. On the other hand,
if u is in WHP(R x S1;R??) and if ¢ : R*™ — R?" is continuous, then for
p>2 pouc WLP(R x S R?™). Indeed, pou is in LY (R x S';R>") by
the continuity of u, and

I(pou)

_ u P 1.2n
T-(dg@)u<—)6L (R x S1; R2")

Os loc

(and likewise for the derivative with respect to ¢) because it is a product
of a continuous function and an L = function. Consequently, we can define
the space W1P(R x S'; W) as the subspace of continuous functions that, in
coordinates, are represented by W1?(R x S'; R?") functions. An equivalent

alternative is to embed W in R™ and to consider the Wli)’cp(R x SLR™)
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functions that take on their values in W (the definition will not depend on
the chosen embedding).

This is not the only reason to assume that p > 2. The main ingredient
of the proof of all these regularity statements is an “elliptic bootstrapping”
argument that asserts that if a solution is in Wlﬁ’cp(Rx S1:R?"), then it is also
in WEHP(R x S'; R?"). The regularity of the solution is then a consequence
of Theorem C.4.9. We applied this argument in the proof of linear elliptic
regularity (Theorem 12.1.3). In the nonlinear case, the condition p > 2 turns

out to be crucial. See the proof of Theorem 12.1.5 in Section 12.4.c.

The proof of Lemma 12.1.1 relies on Proposition 12.1.4, but it is not an
immediate consequence of it. This is because applying the Arzela—Ascoli the-
orem gives a limit for the sequence (u,) that is only continuous. To prove
that this limit is in VVI})f in order to apply Proposition 12.1.4, we must also
use the fact that the sequence of the ||grad u,|| is uniformly bounded. The
latter will be proved in Section 12.4.

Proposition 12.1.4 gives the regularity argument needed in the proof of
Theorem 8.1.2 on p. 265, because by definition, the space PP (x,y) is con-
tained in W,L? (R x S'; W) (see the definition of P1* (Definition 8.2.2), where
the charts are given explicitly). It therefore suffices to prove this proposition.

The proof that we will give relies on a statement similar to that of The-
orem 12.1.2. We begin by taking a finite number of charts whose open
sets cover W, to reduce to the case where W = R?". The map u €
WhP(R x S*; R?") is therefore a solution of

ou ou

— + J(u) T

s + grad Hy(u) = 0.

Here J and H are of class C* and may depend on s (as in Chapter 11),
without this influencing the proof. Let

J(s,t) = J(u(s,t)) and h(s,t) = grad He(u(s,t)).
Using the continuity of u, we can easily see that

J e WLP(R x §Y; End(R?™)) and h e W P(R x ST, R?™).

C ocC

More generally, and without additional difficulties, we can prove that J and h
have the same regularity as u: if u € W}*P(R x $*; R?"), then

loc
T k,p 1. 2n k,p 1.p2n
J e WFP(R x SLEnd(R2")) and he WEP(R x S R2").

C C

Here is the statement we will need to prove.
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Theorem 12.1.5. Let k > 0, let p > 2, let

j’e Wmin(k,l),p(R % Sl7End(R2n)) thh j2 — _Id

loc
and let h € VV{Zf(R x SLR*™). Ifu € L (R x S R*™) is a solution of

ou ~0Ou
g“rt}a-‘rh—o

(in the sense of distributions), then u € WFTHP(R x S'; R27),

loc

Let V. C U C R x S! be two relatively compact subsets and let ¢y > 0
satisfy
||J||Wmin(ky1),p(U) < c¢p.

Then there exists a constant C' (that depends on U, V', co, p and k) such that
for every £ € {0,...,max(k — 1,0)}, we have

lullwesrogry < C (Irllwenwy + lilwen) ) -

12.1.c Ariadne’s Thread

The six previous statements make up a new maze. To help the readers find
their way, we present a new diagram

/N

12.1.2 12.1.5
] generalized 0
7 Y N X
[12.1.3]<|8.7.2] [12.14] =] 12.1.1 ]
linear nonlinear

We have proved that 12.1.2 and 8.7.2 = 12.1.3.

In Section 12.2, we will prove that 12.1.2 = 8.7.2.

In Section 12.3, we will prove that C.5.8 = 12.3.1 = 12.1.2.

In Section 12.4, we will prove that 12.3.1 = 12.1.5 = 12.1.4 and that
12.1.5 and 12.1.4 = 12.1.1.
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12.2 Proof of Lemma 8.7.2

Let K € RxS! be compact and let U O K be open. Then by Theorem 12.1.2,
there exists a constant Cy (K, U) such that

||Y||W1>P(K) <G (HEYHLP(U) + HYHLP(U)) :

Since B
||8Y||LP(U) S ”LYHLP(U) =+ ||SYHLP(U)3

it follows that

1Y ey < Co (Y ooy + 1V o) -

Next, let us suppose that S(s,t) = S(t) and show the inequality in this
case. By the above, we have

||Y||W1m([0,1]><51) <Cs (HLY||LP([—1,2]><S1) + ||YHLP([—1,2]><51)>

for some constant C's > 0. Since S does not depend on s, the operator L is
invariant under translations in s, in the sense that

L(Y (s + 50,8)) = (LY)(s + 50, ).

It follows that for every k € Z,

1Y [l o (i k17 x 51y < Cs (||LY||Lp([k—1,k+2]x51) + ||Y||LP([k—1,k+2]><Sl)> :

By applying the inequality (a + b)P < 2P(aP + bP) as in the proof of Proposi-
tion 8.7.3 (p. 289) we obtain

Y I (o1 x 51y < 2°CF (HLY”Z[;/P([kfl,kJrZ]XS’l) + ”Y”ip([kakJrZ]xSl)) :

We then take the sum over all integers k£ and find

1Y Ity < Co (IEY I ey + Y10

p
< Gy (I oty + 1V o)

and therefore the desired equality when S does not depend on s. Let us return
to the general case. Let D* be the perturbed Cauchy-Riemann operators
associated with ST (t), respectively. Let ¢ > 0. If M > 0 is sufficiently large,
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then

HS(s,t)—S"’(t)H <e fors>MandteS!
and 1S(s,t) = S™(t)|| <e fors<—Mandte S
Consequently, on WP ([M + oo[ x S1;R2??), we have ||L — D||”" < e.

Let Y € WLP(R x S') be with support in {s > M}. We have (by what
we just did for S independent of s)

¥ llwre < Cs (|1 DFY [, + 1Y 11L0)
= C5 (1D o tar sty * 1Y linencs))

<Cs (||LYHLP([M,+oo[><Sl) +elYllwrr(ar,4o0pxst) T HYHLP(Rxsl))
=Cs5 (1LY |lpo +ellY i + 1Y 1l 10) -

For ¢ sufficiently small (¢ < 1/2C5), the inequality of the lemma is satisfied
by Y. Analogously, the same holds if the support of Y is in {s < —M}.

We now assume that Y has support in {|s| > M}. We decompose it into
asum Y =Y 7T + Y~ where the term YT has support in {s > M} and Y~
has support in {s < —M}. Of course,

|Y*| ., <YL and |[LYF]|, < LY., .
so that we have

¥l < Yl + 1Y s
< Co (LY +1EY o + 1Yl + 1Y 20)
<265 (1LY |l + IV 1) -

Next, we consider the case of a Y with support in {—M —1<s<M + 1}.
The argument used at the beginning of the proof gives a constant C' (that
depends on M) such that

”YHWLP = ||Y||W1:P([7M71,M+1]><Sl)
< Cr (1LYl o + 1Yl o) -

To conclude we use a plateau function § : R — [0,1] that is zero for
[s] <M +1andis 1 for |s| < M. We write Y = 8Y + (1 — 8)Y, so that the
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two pieces 8Y and (1 — )Y satisfy the inequality of the lemma. Note that

ILBY ) o = 1B()LY + B'($)Y || s
SULY e + KVl s

and likewise for L((1 — 8)Y), with K = sup,cg |4'(s)|. But then

1Y lwro < 18Y e + (1= B)Y lyyiw
<207 (|ILY || pp + K NIY | 10)
< C(ILY || zo + 1Y [l o)

which concludes the proof of the lemma. O

12.3 Proof of Theorem 12.1.2

We will prove the theorem by induction on k. For £ = 0, we have

Ou=f, withu,felLP

loc®

Applying the operator 0, we obtain
Au=0f

(up to a factor 4). This allows us to reduce the problem to the case where u
is a function with real values and is a solution of

0 0

with g and h in L} (U) (and the derivatives are taken in the sense of distri-

butions). We will show the following more general result.

Proposition 12.3.1. Ifu € L}, (U) is a function with real values and satis-

fies

0 0
Au=f+ gt 2
u=f+ 959 + 8th
in the sense of distributions, for f, g and h € LF. (U), thenu € W,2P(U) and

for every relatively compact open set V. with V. C U, there exists a constant
C=C(p,V,U) >0 such that

”uHWl,p(v) < O(Hf”Lp(U) + HgHLP(U) + ”h”Lp(U) + ”u”Lp(U))-
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Proof. Let us first consider the case of the equation Au = 0. Then u is
harmonic and satisfies the mean value property (Proposition C.5.2). In par-
ticular, it is of class € (Lemma C.5.3) and is therefore in Wﬁ)f(U) Let V
be an open set as in the proposition. Using the notation of the proof of
Lemma C.5.3, we have u = v x u, where

Y= Xr* Xr % Xr

is of class €} and the equality holds in Us,., which we assume to contain V'
(it suffices that r be sufficiently small). It follows that

o

< igg”%d)(@

et
0s Lr(V)

'”U”Lp(v)

=C ||“||Lp(v)
and an analogous estimate for du/0t. We therefore obtain

Hu”vvl-,p(v) <Cc(V.U) ||U||Lp(v) <CcW,0) HUHLP(U) :

Let us now turn to the general case. In order to define the convolutions,
we use a function g € C3°(U) with value 1 on V. Let

v=Kxpf+ Kixpg+ Kz *Sh,

where K is the fundamental solution of the Laplacian (see Section C.5) and
K;, Ky are its partial derivatives:

s t

1
K@) = gploalel, Kils,t) = 5 gy, Kolst) = gy

Let (g;) be a sequence of functions in C5°(U) that tends to Bg in LP(U).
Using the Calderén—Zygmund inequality (Theorem C.5.8), we find that the
sequence of the V(K x g;) = VKj * g; is a Cauchy sequence in LP, and
therefore that (V(Kj % g;)) converges to (VK * (Bg)), which is in LP(U).
Moreover,

19 % (B0)) ooy < C 18911 1o
<Oy ”gHLP(Supp,B) .

Analogously,
V(K2 x (BRIl Loy < Cs 1Ml o (supp 5
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and finally

IV * Bl oy = IVE % B vy
< Ky * (B povy + 12 % (B o (v -

Using Young’s inequality (note on p. 292), we deduce that

||V(K* (Bf))“LP(V) < ||K1||L1(stuppﬂ) Hﬁ.fHLP(Supp,B)

+ 12 1 (v —supp ) 11811 o(sup )
<Cy ||f||Lp(Suppﬁ) :

Here, of course, V. — Suppf = {& —y |« € V and y € Supp f}. Combining
these inequalities, we obtain

”VUHLP(V) < C5(||f||LP(U) + ||g||LP(U) + ||hHL1’(U))a

and then, using the Poincaré inequality (Lemma C.4.3),

||U||W1m(v) < CG(Hf”Lp(U) + ||g||Lp(U) + ||hHLp(U))~
We then have the following inequalities as distributions:
Av = AK * (Bf) + AK1 * (Bg) + AK> x (Bh)

= 5w (B) + 55 (Bg) + 6% (9h)

_ 9(Bg) , 9(Bg)

=pf+ Js + ot
(here ¢ is the Dirac distribution; see Subsection C.3.d). In particular, we have
A(u —v) =0 in V. Using the upper bound obtained for the W» norm of u

(applied to u — v) and that for the norm of v, we find

||u||W1,p(V) < lu— U”Wl,p(v) + ||v||W1,p(V)
< C(HfHLp(U) + 9l oy + 10l 2oy + ||u||L,,(U)),

which we wanted to prove. a

Consequently we now know that every u € LI (U) that is a solution

of du = f (for f € LP (U)) is in W,"P(U). More precisely, there exists a

loc loc

constant C' (that depends only on U, p and the relatively compact open
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set V with V C U) such that

HUHWl.p(v) < C(Hf”Lp(U) + Hu”LP(U))'

We can now continue the proof of Theorem 12.1.2 (by induction on k). We
assume that it holds for £ and will now prove it for k£ + 1.
Ifu, fe VVllgf(U), then for a multi-index « of length k, we have

00%u = 9%0u = 0°f, with 0%u and 0*f € LY (U).

It follows that %u € W,-P(U), that is, u € WFTHP(U). If V is a relatively

loc

compact open set with V' C U, then

lullssoy = 1l + |52 Lo * [0 oo
Using the equalities
~ou Of ou Of
o _ Y9 d 92 = 2L
055 =5 ™ 95 =%
and the induction hypothesis, we have
H Hwk p(v) (H@s”wk Le(U") H ’ LP(U’))

by the induction hypothesis
< (W lhwewwny + Nl )

< 1 (1 lwooy + Nllogoy ).

where V' C U’ C U are compact inclusions. Analogously,

H HVV’c 2 (V) CY2(||f||VV’c P (U) + ||u||Lp(U )

This concludes the proof of Theorem 12.1.2. a
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12.4 (Nonlinear) Elliptic Regularity of the Floer
Operator, Proofs

12.4.a How to Deduce Proposition 12.1.4...

from Theorem 12.1.5. We assume that the theorem has been proved. If

uwe WFEP(R x §YR*™) fora k > 1,

loc

then the theorem implies that

ue WHHPR x §TR?")

loc

because J and h have the same regularity as u. Then

uwe WEP(R x §';R?*™) for every k,

loc

and wu is of class C°°, using the fact that

OAWEP ¢ e,

loc

which follows from Rellich’s theorem (Theorem C.4.9).
To prove the second assertion of Proposition 12.1.4, we first show the
following result.

Corollary 12.4.1. Let u € C®°(R x S1; R?") be a solution of the Floer equa-

tion 5 5
u  ~0u
£+Ja+h_0

(with J € C®(R x SY;End(R2")), J2 = —Id and h € €®(R x S';R2")).
Let V Cc U C R x 8! be two relatively compact open subsets, let p > 2, k > 1
and cy > 0 be such that

| lwr @) < co-

Then there exists a constant ¢ (depending on 'V, U, ¢y, k and p) such that

llygessogyy < c(lbllrng, + lallprs)-
This is the inequality of Theorem 12.1.5, for every k € N.

Proof of Corollary 12.4.1. Since the conditions of Theorem 12.1.5 are satis-
fied for every k, we have the desired inequality. O

We first assume that (u,) is a sequence that converges to u in
VVli)f(Rx S1:R2?"), where each of the wu,, as well as u, is a class C®
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solution of the Floer equation by the above. Let J,(s,t) = J(un(s,t)) and
let hy(s,t) = grad Hy(u,(s,t)), so that (by the definitions of J and h) the
sequence (J,,) converges to .J and (h,) converges to h, both in €Y. and
therefore also in L1, .

We now assume that it has been proved that the sequence (u,) converges
to u in W"P(R x S';R?"). Then (J,,) converges to J and (h,) converges
to h in Wk’cp(R x S1;R?™). This is an immediate consequence of the fact
that W, O’f convergence implies G?OC convergence for p > 2.

We want to show that (u,) also converges to u in VV{Z?LP(R x SLR?).
Let V C U C R x S! be relatively compact open subsets. From the equations

ou  ~0u ou, ~ Ou

87+Ja+h_0 and g‘FJnW"'hn:O

we deduce that

Oup —u)  ~ N u, —u) ou

55 + iy —h+(J — J)at—o.

Since J,, tends to J in WEP(R x S'; R?"), there exists a ¢g > 0 such that
H:]vnHWk,p(U) < ¢y for every n € N.

By Corollary 12.4.1, there exists a constant ¢ > 0 that is independent of n,
such that

lun = wllyrsroon
~ ~ Ju
< (I =l + o =l + [ o = D)
Since J, tends to J and h, tends to h in W*P(U) and u is of class €,
we deduce that un tends to u in WK*+LP(V). By induction, wu, therefore
tends to w in VVlOC for every k, hence also in €% (still by Rellich’s theorem
(Theorem C.4.9)).

loc

12.4.b How to Deduce Lemma 12.1.1 from Theorem 12.1.5 and
Proposition 12.1.4

Taking into account Proposition 12.1.4, it suffices to show that (a subse-
quence of) (u,) admits a limit in the W topology. By the Arzela-Ascoli

loc
theorem, there exists a subsequence, which we also denote by (u,), that con-

verges to a limit v in € . It now suffices to prove the following.

loc*
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Lemma 12.4.2. For every relatively compact open subset V' of U, the se-
quence (uy) is a Cauchy sequence for the Wli’f(V) topology.

Proof. We want to apply the equality of Theorem 12.1.5 to u,, —u,, for £ = 0.
Since this is a local statement, we may, and do, assume that each of the wu,,
(is defined on V and) has values in the Euclidean space R?". Let us show
that the conditions of Theorem 12.1.5 are satisfied. For m, n € N, we have

O(Un, — Up,)
0s

O(tn — Up,)

ot
= (J(um) — J(un))ag—;ﬂ + grad Hy(uy,) — grad Hy(uy,).

+ J(up)

Let J = J(uy) and

h= (J(um) — J(un))ag—;n + grad Hy(um) — grad Hy (uy,).

We first verify the conditions of Theorem 12.1.5 for k = 0. First of all, u,,
and J are of class C!, hence J € W1P(V). Next,

Ha‘](u”) = Hd,](u ). tn
Os LP(V) s Lr(V)
ouy,
< sup fl@n.l - |
weWw s Lr(V)
< sup [[(dJ)w]| - M - (areau(V))l/”7
weWw

an upper bound that does not depend on n. The same upper bound holds for
10 (un) /Ot L vy and

I 00) vy < sup (1] - area(V)' /.

We therefore find that Hj H L) < ¢g. Now h is continuous, hence is an
Whe(V

element of LP(V). We may therefore apply Theorem 12.1.5 for k = 1 and
£ =0:let V/ DV be a relatively compact open subset of U. The inequality
of Theorem 12.1.5 can be written as

lun = wmllwingy < € (In = tmll oy + 1Bl Lo ) -



484 12 Elliptic Regularity
We can bound the second term on the right from above:

aU"rn
Ot Moy
+ ||grad Hy(u,,) — grad Ht(un)HLp(v/)

1hll o < H(an) ~ Jum))

< sup [[(dJ)wll - [[un = wmll Lo (yry - M
weWw

+ sup |d(grad H)]| - [lun — Um”Lp(V/)
WxS?t

S K- lun = umll oy -

Now, the sequence is convergent in € , hence convergent in LP(V’) and
consequently is a Cauchy sequence in the latter. This implies that it is also
a Cauchy sequence in WP, concluding the proof of the lemma. ad

We have now proved the regularity lemma 12.1.1, modulo Theorem 12.1.5
(via Proposition 12.1.4). We still need to prove the theorem, which we will
now do.

12.4.c Proof of Theorem 12.1.5

When J is (constant and equal to) the standard complex structure Jy, we
recognize the statement of Theorem 12.1.2. In the general case, the proof
is more complicated and the condition p > 2 is essential (note that p > 1
suffices to prove Theorem 12.1.2).

Step 1, the case k = 0.

We first prove the theorem for £ = 0 (and ¢ = 0). Following the strategy of
the proof of Theorem 12.1.2, we quickly encounter a difficulty: when applying
the operator 9/0s — J 0/0t to the equation

ou ~0u
—+J—=+4+h=0
Os + ot + ’
we find - _
oJ ~0J oh  ~0h
A —u—J = a5 —J 5 =0
u+asu J@tu+8s Jat 0
We cannot apply Proposition 12.3.1 because, as a product of L, . functions,
gj ue LP?

s loc



12.4 Nonlinear Regularity, Proof 485

(only!) by Holder’s inequality. In order to apply the same method, we begin
by modifying the statement of Theorem 12.1.5, as follows.

Lemma 12.4.3. Let U and V be two relatively compact open subsets of
R x S with V. C U and let p, q, r € R* satisfy

1
p>2, r>1 and —+-=-.
P q r

Suppose that u is a solution (in the sense of distributions) of the equation

ou ou
g
0s * ot f
(with J an almost complex structure in W1HP(U;End(R?*")) such that

[ lw1mery < o, f € L, (U;R?™)). Then we have:

loc

(1) Ifu € LL _(U;R2™), then u € W2 (U; R2™).

loc loc

(2) There exists a constant ¢ > 0 that depends on co, U and V, such that

lullwr vy < e(lf oy + Il poqer))-

Remarks 12.4.4.

(1) If r < 2, then the relation between p, ¢ and r implies that ¢ < 2r/(2 — ).
In this case, Theorem C.4.10 says that W\ c L

oc loc®

(2) In the statement of Lemma 12.4.3, p and ¢ can take on the value +oo:

o If p=+o0, then r = ¢ < +o0.
o If g =400, then r =p < +00.

Proof of Lemma 12.4.3. By applying 0/0s — J9/0t to the equation of the
lemma, we obtain

0Jou 0Jou Of .Of
“asat Taa Tas T
__9JOu _0J ou Of . Of
= wsa a’wmTas Tw
__9JOu _0J(, Ou\ Of Of
=" 9s ot 8t( 8s>+83 e

Au =
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(using the facts that J? = —Id and that u is a solution). This leads to

0T ou dJou of 0
Av=—a it aras T os 2

2 2
B e
J J
_8(875 +f) (as Jf)

Using Holder’s inequality and the continuity of J, we obtain that

oJ

5 -u+ f and —Q-U—JfELTOC(U)

ds

(this also applies to the cases where p or ¢ is infinite). The conditions of
Proposition 12.3.1 are therefore satisfied, which allows us to apply its con-
clusions, giving a constant ¢; > 0 such that

Wy + |22 1)

oJ
HUHWLT(V) < Cl(HE u’ L (U)

< (HJHWLP(U) H“”Lq(U) + Hf||Lr(U)

Lr(U)

F 1 wrwwy 1l Laqy + 11 e oy Hf”L’“(U))
< e1(2co [|ull pagry + (1 + ko) | fll o))
(where we have used the continuity of the inclusion W'P(U) c L*®(U)).

From this we deduce the existence of a constant ¢ (independent of v and J)
such that

lullwrr vy < el + ull pawry)

concluding the proof of the lemma. a

Let us therefore return to the proof of the case K = 0 of Theorem 12.1.5.
We first show that u € W,"?(Rx S1). A direct application of Lemma 12.4.3

loc
only gives u € W'P/2(R x S 1). To obtain the expected regularity, we would
need to apply this lemma to the case where q = 00, that is, with the condition
u € L2 (R x ), which is true if u € WL (R x S') for some r > 2. The

loc
number r = p/2 does not verify this inequality, but a bootstrapping argument
allows us to increase the regularity of u and the value of r.
We assume that u € W27 (R x S1) for some r € |1,2[ is proved. Using the

loc
Sobolev injection of Theorem C.4.10, we can deduce that u € LL (R x S!)

loc
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for ¢ = 2r/(2 — r). Next, by Lemma 12.4.3, we have u € VVI})CT,(R x S1) for
1 1 1 2
= -4+, thatis, ' = 2L — i
P q pt+q 2p+2r—pr

7,./

(hisin L

loc

and in particular in Lfolc for 1 < 7" < p). We see that if p > 2,
then v’ > r. The condition p > 2 is therefore essential for improving the

reqularity of u. We therefore consider the sequence (r,,) with

2prm

€|1,2 < T
"o ] [, o= 2p+ 21y, — prm

[Vl las}

and 7Tp41 =

so that if r,, < 2, then 11 > rp, and u € Whrm+1(R x S1). If r,,, € ]1,2[
for every m, then the increasing sequence r,, converges to a limit ¢ € ]1,2]. ..
which is not allowed by the recursion relation because p > 2. We consequently
have r,;, < 2 < rp,41 for some m, and therefore u € VV&;(R x S1) for every r
with 1 < r < 2. On the other hand,

, L Alp-Dr-1-1]

:2p+2rfpr 2p 4+ 2r — pr

is positive when r € ]1, 2] is sufficiently close to 2. It follows that

we W (R x 8Y) C L% (R x S') and therefore that u € WEP(R x SY),

loc loc

by Lemma 12.4.3.
We will now show the inequality
||U||W1,p(v) < C(Hh”Lp(U) + HU‘HLP(U))'

To show that u € W,.P(R x S'), we successively apply Lemma 12.4.3 for
triples

(p7 q0, r0)7 (p7 qi1, rl)a ey (p, dm, Tm)a (pa dm+1, Tm+l>7 (pa +OO,p)
satisfying the following properties:
e The r,, increase and, more precisely,
l<ro<r < <rpyp <2< rpp1 <p.

e Moreover, go = p and ¢; = 2r;—1/(2 — r;—1) for every i > 1.

Each application of Lemma 12.4.3 gives an inequality between the W, L"
and L2 norms. To write down these inequalities, we choose relatively compact
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open sets (V;)i=o,...,m such that
VCVpi CVpC---CVoCU.
The last application of Lemma 12.4.3, for the triple (p, +00,p), gives
HU‘”WLP(V) < k1(||hHLp(vm+1) + ||u||L°°(Vm+1))
< kQ(”hHLp(U) + ||UHW1""M+I(V,"+1))
with the continuous inclusion
Whrmsr (V1) e L®(Viuy1), because 7,11 > 2.
Next, for ¢ € {1,...,m + 1}, we have
el vy < (Il e vy + lull o v y)
< Ci(”hHLp(vi,l) + Hu”WLW—l(Vi,l))
with the continuous inclusions
LP(V;_1) C L"(V;_1) for r; < p and V,;_; compact

. —
and Wh"i-1(V;_y) € L9%(V;_y) for ¢; = P Biml and Vi_1 compact.
—Ti-1

Consequently, for every i = 1,...,m + 1, we have

Hu||W1=Ti(Vi) < Ci(HhHLp(U) + ||UHW1’”—1(V1»,1))'

Combining all these inequalities, we find

el rmes (Vi) < Bs (1Pl Loy + ullirro (1))

which together with the inequality

Hu||W1»P(V) < kQ(HhHLP(U) + ||uHW1‘Tm+1(Vm+1))

obtained earlier gives

Hu”vvl,p(v) < k4(||hHLP(U) + HUHWMO(VO))'

Finally, the first application of Lemma 12.4.3, for (p, g0, 70) = (p, p,70), gives

[llamo vy < oIl o gery + Null pogery)
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which, using the previous inequality, implies that

[l ey < (1Bl oy + 1l pogery)

the inequality we wanted to prove.

Step 2, the Case k =1.

Let us show that u € W2P(R x S1). For the sake of simplicity, we will write

loc

v =0u/ds (and w = du/Ot). Then v is a solution of the equation

ov ~0v
where we have set
oh oJ,  du

g(s,t) = g(s,t) + g(s,t)ﬁ(s,t).

The situation is different from that considered on p. 486 because the g that

occurs here is only in LfO/CQ(R x S1) (again by Hoélder) and no longer in

LP (R x S'). We can apply Lemma 12.4.3 to the triple (p, go, o) with go = p
and r9 € |1,2[, ro = p/2 as in the previous proof and conclude that v €
W&): °(R x S'). In an analogous manner, we can prove that

we WL (R x 8Y).

loc

Continuing as above, we obtain

2
v,we L (R x SY) for g = o
2 —To
(this is the Sobolev injection). Therefore, by Holder,
8] du 98] Ou 11 1
9 and & e L (R x 8Y), where - + — = —.
5 o 55 € L. (RxS"), where p+ o

Consequently, g € L;}.. We can then apply Lemma 12.4.3 again, to the triple
(p,q1,71), and find that v and w are in W1 (R x S1).

We can therefore apply Lemma 12.4.3 successively as before, because each
application improves the integrability of g (the r for which g € L"). Finally,

we obtain 5 9
vza—z and w:a—?eﬂfli)’f(RxSI),
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in other words, u € W2P(R x S!), which we wanted to prove. This concludes
the second step, the case where k = 1.

Step 3, the Induction on k.

Let us now suppose that Theorem 12.1.5 has been proved for k and prove it
for k4 1. Let

J e WELP(R x S End(R?")) with J? = —1d, h € W"" (R x $1: R?™).

loc loc

Let u € L (R x S1;R?") be a weak solution of

ou ~0du

—+J—=+h=0.

s + ot +
By the induction hypothesis, u € Wfllf)jl’p(R x ST;R?™). We want to prove
that u € W*+2P(R x S1; R2"). We denote its derivatives as above:

0 5]
v au and w:—u

~ s ot

We have seen that v satisfies

w v 9] du Oh

os o T as ot Tas

In order to apply the induction hypothesis to it, we need to know that

8J Ou
o2 77 € Wil (Rx ).

We will obtain this from the following more general result.

Lemma 12.4.5. Let p > 2 and let k > 1. If f and g € Wllf)’p(R x SL:R),

C

then fg € Wk’p(R x S R) and for every relatively compact open subset V,

loc
there exists a constant K > 0 such that

||f9||Wk’p(V) <K ||fHW1c,p(V) ngwk,p(v) .

Proof. This is basically a consequence of the Leibniz rule. Let V' be a rela-
tively compact open set. We proceed by induction. To begin, let £ = 1. We
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use the continuous injection W1P(V) c L* (V). We have
||f9||Lp(v) < ||f||Lp(V) HgHLoo(v)

< K3 1l ooy N llwsoncory
< Ku I lyeo e 90w

Hagsg) ‘ L (V) = H%g Lr(V) * Hfgi Lr(V)
o T P P < T P

< Ko | f oo 9wy,

and an analogous inequality holds for the derivative of fg with respect to .
The case k = 1 is thus proved. Let us assume that the statement is true for k.
We have

0s llwkew) — Il 9s”llwke(v) s W (V)
of 9g
< 5| 5 sy Wlhwnon + Kl e | 35

<K ||f||Wk+1,p(v) ||g||Wk+1,p(V)

using the induction hypothesis. The analogous inequality holds for the deriva-
tive with respect to t. Therefore

HngWk‘FlvP(V) <K Hf||wk+1,p(v) ngwkﬂ,p(v)
and the lemma is proved. a

By this lemma (Lemma 12.4.5), we can now apply the induction hypothesis
and obtain
_ Ou 0

v="7- and w= a%‘ e WESP(R x SLR™),

and therefore u € W,'T*P(R x S'; R?").

We still need to prove the inequality on the norms. Let U and V be rel-
atively compact open sets with V' C U and let ¢ € {0,...,k}. For ¢ = 0,
the desired inequality was proved above. For ¢ > 1, we apply the induction

hypothesis to v (and likewise to w) for £ — 1, which gives

. ~
Ietwerry < (| 35 + 5 +lolhwesnn)-
ds llwe=1p () ds Ot llwe-1.p(V)
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For ¢ > 2, by Lemma 12.4.5, this inequality gives
aJ du
[ollweny < C(”h”W“’(U) + KH%HW“LP(U)HEHWZ*M’(U)
+ lollye-ro )
< (Hh”WLp(U) + Kco ||UHWM(U) + ||u||W@m(U))~

For { = 1, we use that J € WrtLp(V) with k > ¢ = 1 to deduce that
0J/0s € WP and therefore

dJ du oJ ou
”%E Le(U) = H@s”foo(U)HGt Lr(U)
< K] 5 yny Pl

< K”J”WZP(U) ||”HW1,p(U)

< Kco HUHWLP(U)
because Hj||Wk+1,p(U) < ¢p. Consequently, we also have

HU”WLP(V) < C(”h”Wl,p(U) + Kco ||“HW1,p(U) + HUHWLP(U))'

We have thus proved, for every £ = 0,...,k (and for both w and v) the
existence of an upper bound of the form

||’U||W4=P(V) < C(”hHW@,p(U) + HUHWIAP(U))-
By writing

||UHW2+LP(V) < ||UHWLP(V) + ||U||W’5~P(V) + Hw”vvw(v)

and using all these upper bounds, we can prove the desired inequality, thus
concluding the proof of Theorem 12.1.5.



Chapter 13

The Lemmas on the Second Derivative
of the Floer Operator and
Other Technicalities

In this chapter we prove a number of technical results used in this book. All
the particulars are given in detail, as they will not fail to elucidate certain
complex, but essential, passages of the previous chapters.

13.1 Versions of the Floer Operator

For this technical chapter, we will make a distinction in the notation between
the operator
Fp: T, P P(z,2) — LP(R x SL; TW)

defined by

T (X) = F(exp,, (X)) = (o + T2+ grad H) (exp,,, (X))

and the same operator, written in the trivializations, which we will denote
by
F,: W'P(R x SY; R*™) — LP(R x SH; R*™).

We will also use the (nonlinear) operator
F : [po, +oo[ x WHP(R x SY; R?™) — LP(R x S'; R*™)

defined in Section 9.4 for p > po by F(p,Y) = F,(Y'). Recall that F, is the
operator F, after trivialization.

1 Adapted from [52, Chapter LXIII].

493
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The source of F, consists of the vector fields tangent to W along w, that
are in WHP(R x S1;R™), via the composition

R xS' — TW — Ty R™ 222, R

So F,(X) is a vector field tangent to W along exp, (X), which is in
LP(R x S';R™) via the map above. To define F, we use the trivializations
described in Section 9.4 (and sketched in Figure 9.5). To verify that it is well
defined, it suffices to apply Lemma 8.2.4 to see that:

o Ify e WHP(R x SY;R?™), then Y.y, 20 € T, PP (x, 2).
o IfY € LP(R x SY;TW), then (g(Y, Z["")); € LP(R x S*; R*").

13.2 The Two Lemmas on dF

We want to prove the following lemmas.

Lemma (Lemma 9.4.8). Let ro > 0. There exists a constant K > 0 such
that for every p > po and every Z € B(0,79) C WIP(R x S*; R?"), we have

I(dF,)z = (dFp)oll™ < K[| Zllys -

Lemma (Lemma 9.4.16). Let o > 0. There exists a constant M > 0 (that
does not depend on p) such that for every p > po and every Z € B(0,7q) C
WLP(R x SY; R*™™), we have

H%Z(f% 2)- L0 <Mzl

dp
Remark 13.2.1. In the statement of Lemma 9.4.8, ||-||°” denotes the opera-
tor norm. An assertion that implies the two lemmas is that F is of class G2
and that the operator norm HdQFHOp is bounded on [pg, +-00[ x B(0, 7).

We begin with a number of elementary results that we will use in the
proofs. We first have Lemma 8.2.4 (which asserts that the product of a WP
function and a bounded C* function is a WP function). The first of the

following two lemmas is of the same type.

Lemma 13.2.2. Let p > 2 and let f and g be two elements of
WLP(R x SY; R). There exists a constant K > 0 such that

1f9lle < KN Fll o gl -
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Proof. The fact that p is greater than 2 allows us to use the continuous
injection

W'P(R x S R) — L(R x S*; R),

which has the property that ||h[|, < K [|h| 1., for some constant K > 0. It
follows that

1/p 1/p
(ngmr) s(Awpvugw)

< lglls 1f11e < K NF o llgllwrn - O
Lemma 13.2.3. Let W be a compact manifold and let
A:WxR"xR™ — R™, B:WxR"xR™xR™ —R™

be two C> maps. We suppose that for every p € W and every X € R™,
A(p, X, ") is linear and B(p, X, -,-) is bilinear. For every r1 > 0, there exists
a constant C' > 0 such that for every p € W and every X € B(0,r1) C R™,
we have:

(1) For every v e R™, ||A(p, X,v)|| < C|jv].
(2) For all vy, v € R™,

[A(p, X, v2) = A(p, 0, 01)[| < C (| X[ [Joa]| + flvz = val]) -

(3) For allvo, Y € R™, | B(p, X,0,Y)] < C [ol| Y]]
(4) For allv, Y1, Yo € R™,

|B(p, X, v,Y2) — B(p, 0,0, Y1) < C (| X[ vl Y1l + l|v]| [Y2 — Ya ) .
Proof. The proof is direct and elementary:
(1) We view A as a map
A: W xR™ — LR™;R™).

Since it is continuous, the image of the compact set W x B(0,71) is com-
pact, hence bounded for the operator norm, which proves the first inequal-
ity.

(2) Since A is of class €', we have

IA(p, X) = A(p, 0)||" < S 1(dA)pex [ | X]] < CIX]| -
€10,
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It follows that
||A(p, X, UQ) - A(p,O,U1)|| < ||A(p, X7 V2 — ’U1)|| + ||A(p, X? 1)1) - A(p,O,v1)||
< Cllvz — oi]| + [[A(p, X) — A(p, 0)[|° [[va |

using point (1)
< Cllvg = ]| + C I X on]] -

(3) We view B as a map from W x R™ to the bilinear maps on R™ and
proceed as in (1).
(4) We write

||B(p7 X,U,}/Q) - B<paO7U7Y1)H
< HB(p7 X7U7Y2 - Yl)H + ||B(p7 X,’U,Yl) - B(p707vuY1)H

and proceed as in (2). O

13.3 The Operator 5’,,

We want to construct a commutative diagram

F,

WLP(R x S1;R2") LP(R x ST, R?")

.| In

WLIP(R x SL,R™) — S WIP(R x SL;R™) x LP(R x §1;R™),
(1d, )

that is, to write B
Fp(y) = Pp(ip(y)a gp(ip(y)))

for certain maps i,, p,, F » that will be defined later. Our aim is to simplify
certain computations.

We begin by defining i, by setting

2n
in(y) =Y w2l
=1
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This is a linear operator, whose norm we can easily evaluate:
bWl = |3 w:2]| L < 1:2 s
< Z lyillwiw |1Z0]ler (we have applied Lemma 8.2.4)

< sup | Zfllgx Y yillwrn < 2n5up 127 llex [19llipr.o
K3 K]

= M [yl

because, indeed, the choice of Zf ensures that sup, || 2] < oc:

e On [-1,1] x S, by compactness
e On {|s| > 1} xS, the C! norm of Z? is bounded from above by the greater
of the two norms [|Z}'||o: and || Z7]| -

Note that this last upper bound (for |s| > 1) does not depend on p. For
s € [-1,1] we can also use an upper bound that does not depend on p
because Z? is defined and smooth on the compact set [pg, +o0] x [—1,1] x S1.

We have now defined an operator i, that is linear and continuous and
whose operator norm is bounded by a constant Cy that does not depend on p.

Next we define g"p. By considering TW as a subbundle of Ty R™, we can
view T,,, P1P(z,z) as a subspace of WHP(R x S1; R™). We will define the
operator grp as an extension of JF, to the space WhP(Rx S1; R™). Recall that
we are using the notation listed at the beginning of Chapter 8. The symplectic
manifold W is as usual endowed with an almost complex structure J that is
compatible with the symplectic form w and with the metric g defined by these
two structures. As always, W is embedded in a space R™ (for m sufficiently
large) and Ty R™ is the restriction of TR™ to W, and is isomorphic to the
trivial vector bundle W x R™. We have extended the inner product defined
on TW by the metric g to an inner product g on Ty R™. The exponential
map is a € map

exp: TW — W

that satisfies

exp(p,0) = exp,(0) = p
(dexp,)o : To(T,W) = T,W — W is the identity

(see Appendix A.5, if necessary). Let

™ R = T,R™ — T,W
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be the orthogonal projection. We define the map
exp: WxR™ — W
(p,X) — expp(ﬂp(X)).

This is a €°° map that extends the exponential (defined on TW) to the fiber
bundle Ty R™. We also extend the almost complex structure J : TW — TW
to J : TwR™ — TwR™ by setting

Jp(X) = Jp(mp(X)).

We can finally define F o

~ 0 ~0 __ ~
Fp(X) = (% JE + gradHt)eXp(wp,X) = Foexp(w,, X).

It is clear that F » is an extension of J,. It is also true, though somewhat less
clear, that F,(X) € LP(R x S*; R™), and therefore that

F,(X) e LP(Rx SHTW).
This is what the following lemma asserts.
Lemma 13.3.1. If X € W'P(R x S'; R™), then F,(X) € LP(R x S1;R™).
Proof. We have
F,(0) = F,(0) = F(w,) € LP(R x S*;R™)

because F(w,)(s,t) is identically zero for |s| > 1 (w, is of class € and
coincides with u or v, which are solutions of the Floer equation). It therefore
suffices to show that

F,(X)—F,(0) € LP(R x S*; R™).

‘We have
~ 0 __ ~ o__ __
S:P(X) = %BXP(U)‘), X) + Jgﬁ)(me) aexp(wm X) + grad Ht(exp(wpa X))
N ow, __ 0X
= D1, () + Dab,.x0 ()

~ __ ow __ 0X
+ Jexp(w,, X) - (DleXPmmX) (7,,) + D2eXP(wp,X>( ))

ot ot
+ grad Hy(exp(w,, X)).
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Since X € WHP(R x S1;R™), we also have
X e LR x SLR™),

hence, since X has been taken continuous, there exists an r; > 0 such that
| X (s,t)]] < for every (s,t) € R x S!. We fix a pair (s,t) and repeatedly
apply Lemma 13.2.3 (more precisely, its point (3)), for A(p, X)(-) equal to:

First Diexp, x(-)

Then Dgé;(f)(p’x)(')

Then L?cf)(p,)f)Dlé\(f)(p,X)(')

And finally Jozp(p, x) D26XD(p, x) () (With p = w),(s,?) and X = X(s,1)).

Still by Lemma 13.2.3, we also have

llgrad Hy(exp(p, X)) — grad H(exp(p, 0))||

< sup ||d.x grad Hy o expl| | X | < C[|X]|.
rel0,1]

Finally, by computing at a fixed (s,t), we obtain

17,00) - F,001 < o (11 | 2z + | 22|

(‘3w,,

+ 10 || 552 + H H +1x]))

< k(100 + |G 0| + | G0

because the norms of dw,/ds and dw, /0t are uniformly bounded (owing to
the exponential decay of u and v). We therefore have

1F,(X)=F,(0)||zr < 3k [ Xy < +00  and F,(X) € LP(RxS,;R™). O

Remark 13.3.2. The fact that F(exp, X) is in LP, as we announced in
Section 8.2.d, is thus verified. Note that in the context of Chapter 8, w does
not come from the gluing of two solutions, hence the proof of the inclusion
F(exp,,(0)) € LP(Rx ST R™) set out above is not valid. The inclusion follows
from the fact that w € €2°(x,y) (see Section 8.2.c), in other words, from the

exponential decay of

ow ow
s and e X (w),

which immediately implies that F(exp,,(0)) = F(w) € L*.

To finish the construction of the commutative diagram we announced, we
still need to define the map p,. Recall that the jth component of F,(y) is
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defined, using parallel transport, as
(Fp(y); = 9(Fo(Y), 207,

where Y = 2321 yiZ{ and Zf ¥ is the result of the parallel transport of A4
along the geodesic path r — €XPy, (rY). We can view this parallel transport

as a map
T TWaeTW — TW

that sends p € W and Y, Z € T,W to T,(Y, Z), the parallel transport of Z
along r — expp(rY). As we did earlier for the metric g, we extend T to

T:W xR™xR™ — R™
(0,Y,Z) — Tp(mp(Y), mp(2)).

From this we deduce a map

P:WxR"xR"xR™ —R

(p, X, Y, Z) — gp(T(X, 2),Y),
which is linear in Y and Z and simply equals
P(p,0,2,Y) = gp(Z,Y)
when X = 0. We can finally define
p,: WHP(R x SHR™) x LP(R x SY; R™) — LP(R x S*; R?™)
by setting (for j =1,...,2n)
(pp(X.Y)); = Plwy, X, 20,Y) = G, (T(X, 20),Y).
By the construction of the ZJ’-’ , we have
sup 122 (s, t)|| < +o0.
Since X is in WP, we have sup, , [| X(s,t)|| < +oco. Finally, since T is of

class C*°, applying Lemmas 8.2.4 and 13.2.3, gives

[P (X, V) < CNZI| - [V [l
and therefore pp(X,Y) € LP(R x S*; R*™).
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To conclude, we clearly have F,(y) = p,(i,(y), Fp(i,(y))), as desired.

13.4 Proof of the Two Lemmas: the First One

Let us finally prove the two lemmas.

Proof of Lemma 9.4.8. To apply the formula for F, established in Sec-
tion 13.3, we need a result that asserts that the property announced in
Lemma 9.4.8 is stable under the composition of operators. This is taken care
of by the following lemma, where ¢ and v denote maps between Banach
spaces that are not necessarily linear but are differentiable (we will often
denote this type of object by the word “operator”).

Lemma 13.4.1. Let G, H and K be Banach spaces and let ¢ : G — H and
v H — K be differentiable maps. We suppose there that exist an rq > 0
and k; >0 (fori=1,...,4) such that:

(1) For every Z € B(0,19) C G, ||(dp)z — (dp)o||”® < k1] Z]|.
2) 1)l < ks,
(3) For every Z € B(0,19) C G,

(d) 2y — (d) (o) |”* < K3 ll0(Z) — (0)]]-

) [[(d) ooy [|™” < Fa

Then there exists a k > 0 that depends only on the k; and on rg, such that
for every Z € B(0,79), we have

() z © ¢ = (d)o oo™ < K[| Z] -

We will apply this lemma to operators ¢ and v that depend on the param-
eter p. This is why we included the conditions on the norms of the differentials
of these operators in the assumptions: we would like to obtain a constant k
that does not depend on p.
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Proof of Lemma 13.4.1. Let v € G. We have

[(d(1p@))z(v) = (d(ppe))o(v)]| = ||(de) @(Z)((dw)z(v)) (d) (o) ((dep)o(v)) |
< [[(d) (2 ((dep )Z( ) — (dw)w(o) d<P (v )H
+ (v ©)z(v)) = (dp)o(v)

< kslle(Z2) = o(0)]] II(dw) vl + H dzb (0) H 1) z(v) = (dp)o(v)]|
<ks sup |[(de)rz [l [|Z]l [I(dp) 2|l [[0]] + kakr | Z]| [|v]] -

rel0,1]
For every r € [0,1],

1(dep)rzll < [[(dep)rz = (dp)oll + [[(dep)ol|
S kir || 2] + ke < k|| Z]] + ke

It follows that

[[(dap 0 @) z(v) — (dip 0 ©)o(v)[| < ks(k1 (| Z]| + k2) | Z|| [v]| + kaker [|Z]] |||
< (ks(kiro + ka2)* + kaka) 1Z]] |0l ,

which we wanted to prove. a

To conclude the proof of Lemma 9.4.8, it suffices to apply this lemma:

o First to p =1i,, ¢ = Id~><§"p
e And then to ¢ = (Id xF,)i,, ¥ =p, ...

provided that we first verify that these operators ¢, ¥ satisfy the necessary
conditions (for constants independent of p). Let us show that this is indeed
the case.

e For ¢ = i,. This map is linear, hence equal to its derivative, (di,)z = i,
and therefore also (di,)z — (di,)o = 0, so that assumption (1) is satisfied.
We have also seen that Hip||°p < (1 for a constant C; that does not depend
on p, hence (2) holds.

e For ¢ =1d ><§"p. Since ¢(0) = i,(0) = 0, it will suffice to verify that for
every X € i,(B(0,79)) C B(0,Cirg), we have

1(d)x — (dp)ol|*” < ks [|X[| and  [[(dy)x[|*” < ks
(for constants k3 and k4 that do not depend on p). We also have

(d(Id xF,))x — (d(Id xTF,))o[ = [|(dTF,)x — (dTF,)o
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and N N
[(d(Id xF)))o P < 1+ [[(dF,)ol[*P-

It therefore suffices to verify that conditions (3) and (4) are satisfied for
¥ = J,. Recall that

~ 0 <0 __ o
Fp(X) = (% + i + gradHt)exp(wp,X) = F(exp(wp, X))

and therefore
(dF,)x (v) = (dF)ezp(w, x) (D28XD oy, x)(V))-

The computation of (dg'”)u (for u = exp(w,, X)) is identical to that carried
out in Section 8.4 and gives

~ oYy ~ ~r  0Y
(dF)(Y) = b5 + D1J(u,0us0t)(Y) + J(% E> + (dgrad H),(Y)
(recall that J is the extension of J to W x R™ defined earlier, and therefore
is linear with respect to the second variable). The derivative (dJF,)x (v) is
therefore the sum of four terms:

(dF,)x (v) = %(DQE@(LUWX)(U)) term;
+ D1 (a5 (10, ). £y 0y X)) (D265D(a, x) (v) terma
+ f(é?q“)(wm X), %(Dgé?cf)(wmx)(v))) terms
+ (dgrad He) (sp(w,, x)) (D26XP,, x) (V))- termy

Let us rewrite each of these four terms by expanding those containing 9/0s
and 0/0t. To clarify the notation, we write J,(-) for J(p,-) and D J,(-,-)
for DyJ(;,,.y(-) (the maps are linear in each of their arguments). The four
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terms are then

- dw, . 19,4
term; = D1D2exp(wmx) (g, v) + D2D26Xp(wp,X) (g, v)
ov
D exp <7)7
+ Zexp(wp,X) s
_ . L ow,
termy = D1 Jezp(w,, x) (D2eXp(wp,X)(”)’ D1expu,,x) (W))
B - - 0X
+ D1Jezp(w,,X) (D26Xp(wp,X) (v), DQeXp(me) (E))’
~ o ow
terms = Jezp(w,.X) (DlD?eXp(wa) (87:7 v>

+ D3 DaP, ) (aa—f, ) + et 0) (Do, 0 (%))

termy = (d grad Ht)g)z]/)(wmx)(Dgé\{f)(me) (v)).

Despite the length of this formula, conditions (3) and (4) can be verified
rather easily. We fix a pair (s,t) € R x S! and apply Lemma 13.2.3 to
certain linear maps A(p, X, -) or bilinear maps B(p, X, -, ) for p = w,(s,t)
and X = X(s,t). The maps A and B are those that occur in the terms
above, namely:

— The linear maps:
. First Daexp(, v ()
+ Then Jozp(p,x) (D26%Dp, x) (+)
. And finally (d grad Ht)exzp(p,x) (D26XD(, x ()
— the bilinear maps:
. DiDQeT(T)(p,X)(;, 9
« As well as D1Jszp(p,x) (D26XD(p, x) (), DiexP(, x ()
« And Jezp(p,x) (DiD26xDp x) (-, ) (for i = 1,2).
We apply Lemma 13.2.3 to them in order to evaluate the Euclidean norm
| ((dF,) x (v) — (dF,)o(v)) (s,1)]| (for fixed (s,t)). Since

X € B(0,Cyro) C WHP(R x S R™),
we have, for every pair (s,t) € R x St,
[X(s, Ol < ([ XM oo < ENX Ny < ECrro =71,

which means that we can use Lemma 13.2.3 and that the constants obtained
through this lemma will not depend on (s,t) (which allows us to leave the
(s,t) out of the notation from now on). We used the continuous inclusion
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WP C L™ given by Theorem C.4.9. We therefore obtain

1(dF,) x (v) — (dF,)o(v)]

< (N Sz ol + ]| S ot + 160 [ 5] ) e
(ol |52 + e H =1 term,
(| S el + [ et + 11 [ ]) + terms
+CIX] el term

But the norms of the partial derivatives of w, with respect to s and t are
uniformly bounded with respect to (s,t) and with respect to p, as we have
already noted. There therefore exists a constant (that we will still call C')
such that for every (s,t) € R x S! and p > pg, we have

1) (@) — @F, o)l < (11| 5] + 11 5o )
(Il + | ] ol + ) 5o | o)

We now let (s,t) vary and study the LP norms. By Lemma 13.2.2, we have

)

vo (et + |25 et + | 2] e

< Ck 9]l yp1.p (HX”LP + H* T HE

(A

< 5Ck ||X||W1,p [0l -

(@) x () = (@F,)o(v)

o <o (i g+ x5

)
)

It follows that for every X € B(0,Ciro) C WHP(R x S1;R™),
[(@F,)x = (@Fp)o]|™ < 5Ck X Iy

that is, finally, condition (3) of Lemma 13.4.1. But we still need to
verify that condition (4) of the same lemma is satisfied, namely that
H(dg"p)oHOp < k4 for some kg > 0 that does not depend on p. Substi-
tuting X = 0 in the formula with four terms from before, we obtain (for
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fixed (s,t))

1@F)o(w)[| = [|(dF)u, ||
2 i (28) 0, (2) a1 ]

< Il + el

|+ CH 2|+ Clel

for a constant C' > 0 that does not depend on p. Still using the fact that
the partial derivatives of w, are uniformly bounded in (s,t) and in p, we
obtain another constant (still denoted by) C' such that

@l < (1ol + [ 520+ 150D
By taking the LP norms of the two sides, this implies that

1(dF)o(0)]| ., < 3C [0llyr.n
and therefore that H d§'p)0H0p < 3C,

which is condition (4) of Lemma 13.4.1. After these long verifications, we
can now apply this lemma to ¢ =i, and ¢ = Id f;'“p.

e We can also apply it to ¢ = (Id xf?p) o i,: condition (1) is the result of
the application of the same lemma 13.4.1 to ¢ =i, and ¢ = (Id xgrp). We
finally arrive at

1(d)oll™ < [[(d1d xFp))o|™ I (dip)o ™ < K,

taking into account the verifications we just carried out.
o We still need to verify that the conditions are also satisfied for 1) = p,,, the
map

Wl,P(R X Sl;Rm) x LP(R X Sl;Rm) 5 IP(R x Sl;Rm)
defined by
(Pp(X,Y)), = P(w,, X, Z0,Y) fori=1,...,n

(P is the bilinear map in the last two components that was defined earlier).
To verify condition (3), it suffices to prove the following result.
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Lemma 13.4.2. For every X € B(0,Cirg) € WYP(R x SY;R™) and
every Y € LP(R x S1; R™), we have

1(dpp) x.v) = (dpo)o||*™” < ks (X, Y) = 0(0)]
for a constant ks > 0 that does not depend on p.

Proof. Tt will, of course, suffice to establish fhis estimate for each of the
components p, of p,. Recall that (0) = (0,%,(0)) = (0, F(w,)) and let

Yy = F(w,) € LP(R x SHR™) N EFP (R x S R™).
For (v,w) € WHP(R x SY; R™) x LP(R x S'; R™), we have
(dp;)(X,Y) (v,w) = (DQP)(w,,,X,Z;,Y)'U + P(w,, X, Z;,w).
We fix a pair (s,t) € R x S'. At this point, we have
H(de)(X,Y)(Uu w) — (dpz)(o,yop)(v»w)u

< H(sz)(wp,x,zg,y)v - (DQP)(w,,,o,Z;,YOP)UH
+ || P(w,, X, Z},w) — P(w,,0, Z},w)]|.

We apply Lemma 13.2.3 to the bilinear map P, x)(:,-) and the analogue
of this lemma (which we did not have the courage to write down) to the
trilinear map (D2P)(p x,.,)(-) (with p = w,(s,t) and X = X(s,1)). As
above, we have

| X (s,8)|| <71 for every (s,t) € R x S*,

hence Lemma 13.2.3 can be applied and gives a constant C' > 0 that does
not depend on (s,t). We find that

| (dp},) (x.v) (v, w) = (dp)) (0,y¢) (v, w) |
<CUZ2INY =Y ol + IX N Z2 1Yl + 1X 122 fwll) -

By construction, ||Z?]| is uniformly bounded (with respect to p, s and ¢).
The norm ||Y|| is also uniformly bounded (because Yy (s,t) = 0 for |s| > 1
and lim,_, ;o Y (s,t) = 0 on [—1,1]). We thus find a positive constant
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(still denoted by) C such that
||(dpf))(x,y)(”a w) - (dp;)(o’yoﬁ)(U,W)H

< CY =Y+ 1X vl + 11X el -

Letting (s,t) vary, we take the L? norms of the two sides and bound the
right-hand side from above using Lemma 13.2.2, which gives

H(dPZ)(X,Y)(% w) — (de)(o,YOP)(U»w)HLp
< Ck(IY =Yl o ol + 11X s [0l o + 1X s 1wl )
< Ck (IX o + 11V =Yl o) (Wl + 1wl )
= CkI(X,Y) = (0, Y o 1o 10, )1 o - O

Condition (3) is therefore satisfied. Let us verify that the same holds
for (4). For fixed (s,t), we have

(| (dp})0.ve) (v, w)|| = [|(D2P) (w, 0,22 vy (V) + Plw,, 0, ZL,w)||
<CUZ2INIYS Il + 1ZL 1wl -

Since the norms of Z? and of Y’ are uniformly bounded, this gives
[[(dp}) 0,y (W, w)|| < C (vl + [lwl]),
an inequality to which we apply the LP norm to obtain
1(dpp) 0.vey (@, w)]| Ly < C (10ll e + llwll ) < Cll v W)l

Condition (4) is therefore satisfied.

We can finally apply Lemma 13.4.1, which gives

for |lyllyr.» < 7o, we have [[(dF,)y — (dF,)oll™ < & [[ylly. -

This concludes the proof of Lemma 9.4.8. O

13.5 Proof of the Two Lemmas: The Second One

Proof of Lemma 9.4.16. The outline of this proof is the same as that of the
proof of Lemma 9.4.8: we prove an abstract lemma that can be applied to
the composition F, = p, o (Id, F,) o i,. Here is the abstract lemma.
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Lemma 13.5.1. Let G, H and K be Banach spaces and let
pp:G—H, Y, H—K

be (nonlinear) operators of class C! that are differentiable in p > po. We
suppose that there exist an rg > 0 and constants k; > 0 (fori=1,...,7) that
do not depend on p, such that for every z € B(0,r9) C G, we have :

(1) The conditions of Lemma 13.4.1 hold for ¢ and ¢ (with the constants

k... k).

"3@p 8¢P H < ks ||Z||

® | G20 —? (2o O)|| < s ke (=) ~ o O]
@ 550 <+

Then there exists an M > 0 that does not depend on p, such that for every
2 € B(0,79), we have

|50 0 00)) = 500 )] < Mal.

Proof. We have

9 0 00)(2) = (1 0 9,)(0)
ap op

T n(2)) = 2 (00|

=+ (d7/1p)<pp(2) (aaSOp (Z)) N (dl//p)%(o) (%(@) H

< ke [lep(2) — 9, (0)]]
+ (dlﬂp)wp(z)(a(;pp( )) (d¥p)g, O)(aa(pp(z))H
@), (20 - 2 )

dp
< ke [lp(2) — @, (0)]]

<[5

+alln(s) = 2Ol | G2 + k| 2 2) - 200
< ke [lop(2) — @p(0)]]
+ k3 llon(2) = o (0)ll (Ha% &pp 0f + Ha% ©O)) + ks a1

< lep(2) = o 0)]] (Ko + ksks | =] +k7)+k4k5|\2||~
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Next,
l0p(2) = 0p(0)]| < sup |[(dipp)eczl| 2]
t€[0,1]

< sup ([[(dgp)e= — (dep)oll + [[(dspp)oll) |zl
t€(0,1]
(k1 ||zl + k2) |||l

<
< (/4117“0 + kg) ||Z|| .

This concludes the proof of Lemma 13.5.1. a

We are going to apply this to:

o p=i,and ¢ =1dx7J,
o p=IdxF, and ¥ =p,.

Let us verify that in both cases the operators satisfy the conditions of
Lemma 13.5.1:

e Condition (1) has already been verified for Lemma 9.4.8.
e Let us verify conditions (2) and (4) for ¢, = i,. We have i,(Y) = >y, Z¢,
hence

alp Z yl , in particular %(O) =0.
This gives
i, i NIV A
3%~ 3 Ol = |
‘ap( ) WwWlp Zyz I/le_;yZ 6p Wwip
07"

< ; P
< g It |5

(again by Lemma 8.2.4). Now the choice of the Zf(s,t) (see p. 328) ensures
that there exists a constant C' > 0 that does not depend on p, such that
for every i =1,...,2n,
0z
5

It follows that

0i 0
|50 520],,,, <€ 3 Wl <20€ 17l

Condition (4) is therefore satisfied because 0i,/0p(0) = 0.
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e Let us now verify condition (3) for ¢, = Id ><§",,. Note that for ¢, = i,
we have ¢,(0) = 0 and

oo () < llipll [I2]] < Crro.
It therefore suffices to prove that for every X € B(0, C1iro),

H(’?(Id xf}p) X o(1d xf;",,)

- < 1,p >
5, ()= T 22O < Ko lX

in other words, that

o7, oF

Peoxy- Lo H < kglIX .

| 5200 =520, <k X s
Recall that

T (X) = (% + i% + grad Ht) (%WP(X))

= i, () + D, ()

+ L}f)(wwx) (Dle/ﬁ)(wp X) (agi ) + D20xD(w,, x) (86)15())

+ grad Hy(exp(w,, X)).

It follows that

9 ~ dw, Ow, — Pw,
9,77 \X) = D1D1exp,, X>( dp s ) +D1€Xp<’”ﬂ’x)(8p88)
- ow, 0X
+ D1 D3zexpy,, x) (87;)’ g)
ow,

P10 ()

+ Du o, ) (522 Do, 0 (7))

+ DlJexp(wp X)(

ap ot
dw, dw,
+ Jexp(wp X) |:D1DleXp(w X)( ap ot )

82

O0pot

) o, o (G )

+ D160, (G50 ap ot

+ (dgrad Hy)exp(w,, x) (Dléﬁf)(wmx) (%)) )

We fix a pair (s,#) € R x S and apply Lemma 13.2.3 to all the linear
maps A, x)(-) and bilinear maps B, x)(-,-) that occur in this formula.
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Here p = w,(s,t) and X = X(s,t) and we have || X (s,t)||eo < 71, which
allows us to use Lemma 13.2.3. At the point (s,¢) and for the Euclidean
norm of R™, we obtain the estimate

| 5800 - 25,0
<1 G2 || G2 + 1x ”Hg;gZH 152115
2
100 G2 e+ D B M G+ e e + e 2 )

Since all derivatives of w, are uniformly bounded by a constant k > 0,
this leads to

55920 = 580 < €z + i+ |+l )

<a(xi+ |7+ 1),

Letting (s,t) vary and taking the L? norms, we obtain

d
dp

7X)
Lr

5 0 LACP E

Haipp ?()’

Lp
< 3C [ Xy -

e Let us verify the conditions for ¢, = (Id xF ») 04, We can see that con-
dition (2) is satisfied by applying Lemma 13.5.1 to the situation studied
above. By condition (4), since we have

the derivative is

%";}P(o) - (aa—z;j(()), ajp(()) + (dﬁp)o(%(o)» = (0735/;;;(0))
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Next,

[0, = g i et marmcen),

*Hg%é}i o (s ) o g+ 1, ()|
82wp ow, 8wp 0w, ow,,
(e e [ | I = R - )

Now all derivatives of w, are uniformly bounded for the L? norm. This
holds on [—1,1] x S! (because they are uniformly bounded in €>); for
|s] > 1 we use the fact that w,(s,t) = u(s + p,t) (or v(s —p,t)) and the
exponential decay of v and v, which implies that their derivatives are L?.

We therefore have 5
| 520 <

where k£ > 0 is independent of p.
e Let us verify condition (3) for ¢, = P,. We have

Let Yy = g”p(O) and let us compute the derivatives (with respect to p) of
the p;(X,Y) for i =1,...,2n. We have

WLXY) o
op - Op

= (Dlp)(u:p,x,z,f,Y)<%) -FP(wp,X7 aaZj,Y).

(wp, X, Z7,Y)

We fix a pair (s,t) € R x S* and apply Lemma 13.2.3 to the bilinear map
P, xy(+,+) and to the trilinear map D1 P, x,..)(-) (for p = w,(s,t) and
X = X (s,t)). This gives

Lo xv) - Lo o)
< C(HXII Al Ha“’pH + IIZ”H 5] - val
0Z.
I+ | I)-

Since || ZL|, 102¢ /0pll, [|0w,/8pl| as well as ||Yo|| = ||Fu, || are uniformly
bounded by a constant k (that does not depend on p, s or t), it follows
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that

e -5
Op

and, by taking the L? norms,

(0,Y0)|| < 2KC (IX + Y = Yol)

[y -5

5 (0Y0) | < 2KC (1X 1 + 1Y =Yl )

< 2kC ([ X Nlwrr + 1Y = Yoll o) -
Each component pﬁ, of p, satisfies condition (3), hence so does p,.

We have therefore verified all conditions, so that Lemma 13.5.1 can be
applied to conclude the proof of Lemma 9.4.16. O

13.6 Another Technical Lemma

We will now prove one of the technical lemmas? used earlier (to prove that 1/&
is immersive).

Lemma (Lemma 9.5.1). The sequence (o) is bounded and we have

I(F -5, ],

lim
n——+o0o

Pn

Proof of Lemma 9.5.1. We first show that the sequence () is bounded. Let

An = H (Dler@(wmp (8;; ) + Dﬁxp(%w(p»(%))p:pn I
B, = H (Dl&f’wm(p)) (652 ) + D2eXp(wp,v(p))(%))p:pn o’

so that, by definition, we have |a,| = A, /By,. Let us show that A,, is bounded
from above and that B,, is bounded from below by a positive constant. We
fix an rg > 0. We have

pE{E [Yllyr.e = 0, hence [[y(pn)llyre <70

for n sufficiently large and therefore, once again using the continuous injection

WIP(R x S R™) — L¥(R x SL; R™)

2 This one is more important than its predecessors.
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we have

sup |ly(s,t)|| < Kro.
(s,t)eERx S

For a fixed (s,t) and p = p, we can then apply Lemma 13.2.3 to the linear
maps D;exp, x)(+) for i = 1,2, p=w,,(s,t) and X = v(p,)(s,?). It follows
that for the Euclidean norm, at (s,t) and for p = p,,, we have

|21, () < 5]

o ow,
and 220,00 () | < €l 2]

Taking the LP norms, we therefore have

A, < C(H(awp)p:p" i H(%Z)pzpn‘

o)

Recall that

=u(s+p,t) for s < -1
w,(s,t) § tends to y(t) for s € [-1,1] and p — +oo
=v(s—p,t) fors>1,

for p sufficiently large. In particular, this norm is uniformly bounded with

hence

2], -

Lp H

respect to p. We also have

lim

s~>+ooH op H =0

by Proposition 9.4.15. It follows that the sequence A,, is bounded. Let us now
turn to B,. For p = p,,, we have

O

__ ow, __
__ ow, (9w dw,
2 HDleXp(“’P’O) 0s H ) ds DleXp(wf’ ) ds Il
-5
ds

(by the analogue of the lower bound of Dyexp given above for the third term).
We fix a pair (s,t) € R x S and (once more) set p = p,,. By Lemma 13.2.3,



516 13 Technical Lemmas

we have

ow,

ow
HDlexp(wp 7)) g — D1expu, 005 8 H < C vl H pH

< CEk|v(p)|| because

0 —

H (w) ‘
S c
USlng ‘he equall‘y D] e/;(_ﬁ(w 0) — Id, we filld t}lat

B> || %] kIl ~ ||,

Since 5 5
w, u

— = — > -
s (s,1) 95 (s +p,t) fors>-—1,

we have

>Co>0

Hawp
LP(]—oo,p—1]xS1)

and (by Lemma 9.4.13)

lim (), =0, lim

p—+oo p%+ooH dsllLe — i Ivllw» =0

p—+00

There therefore exists a constant Cy such that B,, > C; for every n. Conse-
quently, the sequence (a,) is bounded.

Next, we have, by hypothesis,

Pn

3y (o 0), = (o, 2t00),
or

— an% (Eﬁ)wp’yp(s,t)>pn ,

55 (F00,705.0)

Pn
that is,

ow, Oy
(Dlexp(wp v(p) A (9 + DQGXp(wp ~v(p)) %>pn
— Ow, oD 0y
= an (DleXP(wp,fY(p))g + DZeXp(wm@))%)pn
The estimates used above show that

. oxD 67
L» - ngr—&r-loo ’DQ (eXp(wP7'Y(p)) %)Pn ’

. = 87
ngrfoo ‘Dz (exp(wp,v(p)) Fp)pn "
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Since the sequence «, is bounded, we have

A (210,00 (2 =),

We once more fix a pair (s,t) € R x S*. By Lemma 13.2.3, for the Euclidean
norm, at (s,t) and for p = p,, we have

=0.

Lr

. dw, ow, dw, awﬂ
HD1€XP(wP,v(p))( dp T, Op ) D1, 0 <37p - )H
aw ow
<Cl)l |52 - 52|
< Ck vl
because
o 0
H Wp ’ 9Wp ‘ and «,, are bounded.
Os lleo

Taking the L? norms and using the fact that lim, 4 |||/, = 0, we deduce
that the LP norm (for p = p,,) of

ow, ow, ow, [“)wp
D1exp(y, ( p>>( a oy ) D1exp(y, 0 (37, Ty, )

tends to 0 when n tends to infinity. Therefore, since we saw that the norm of
the first term tends to 0,

. . ow, awp
ngr-&r-loo ’DleXp(me)( dp B 3p )‘ =0,
that is,
b (2 022 ], =
n—-+oo 85 Pn
which we wanted to prove. a

13.7 Two Other Technical Lemmas

We will now prove two lemmas® used in the proof of the uniqueness of the
gluing. Here is the first one.

3 Also important, though technical.
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Lemma (Lemma 9.6.14).

n—-+oo

Proof. We have

/ ) dsdt:/ <men>dsdt=/ (Cns Xn) ds dt.
RxS? Rx St

RxS1

By applying, for example, Lemma 8.2.4, we find a constant M > 0 such that

[ Guxabdsdt < MGl [Tl dsd.
RxS?t RxS?t
Since Y, = i((n), (¢n); = (Ya,Z;) and by Proposition 9.6.3, we have

limy, 400 [Cnllfec = 0. Let € > 0. We deduce from the above that there
exists an N, such that for every n > N,

/ Mm%umgMg/ o | ds d.
Rx St RxS!

Let us write x, in the “canonical” basis of W,:

Xn = an(%#wno) + Ba (o#wn%) with an, B, € R.

It follows that

/ \mmwa:/ xall ds dt
RxS?t ]—o0,—1]x St

+/ mmwﬁ+/ Ixall ds dt
[—1,1]x S [1,4o00[x St

ou
= n ‘—s+pthdsdt
.L%ﬂwﬂ 122 s+ ot
ov
+ xnl| dsdt + kN ‘4*(8—-V(pn),tﬂ‘dsdt
[—1,1]x 81 [1,400[x 51 Js

We are going to give an upper bound for each of these three terms. To simplify
the notation and shorten the formulas, we set

M, = \//]_OOV_WSI | H%(s +pn,t)H2ds dt.

We obviously have

M, < ||XnHL2 :
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Consequently,

ou
|0‘n|
]—o00,~1]x 51

s+ pn,t H dsdt

ou
Joes
Ou —(s4 pn,t H dsdt

s
\//] ,—1]x 81 0s
. /]00,1+pn]xs1
\//]—oo,—1+p xSt

The numerator of the last fraction can be bounded from above by

/]—oo,—1+pn] xSt

and its denominator can be bounded from below by

\//]—oo,—l-ﬁ—pn]xsl

8*(

($+ pn,t H ds dt

8u

(s,t) Hdsdt

Ou

Y stH dsdt

stHdsdt<H ‘

ou
ds

L1(RxS1;R2n)

ou
83

stH dsdt>H ’

L2(]—00,0]x ST;R27)

Let

||
e

L1(RxS!;R2")

)

—00,0] X ST;R2™)

so that we have

/ ol
]—o0,—1]x St

Like K7, all constants K; > 0 below are independent of n. In the same

ou

manner, we have

/ 18|
[1,400[x S

v
|5 s = v(pa), )| ds dt < K lnll e s o)
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for the third term. The middle term can be bounded from above by simply
using the Cauchy—Schwarz inequality:

/[ s xnll dsdt < Ks|[Xnll2(—1,11xs1m20) < K3 [Xnll 2R 251,R20) -
C1a]x

We thus obtain
IXnllpr < Kalixnllpe

so that for n > N, we have
IXnll72 < MEqe |xnl 2, hence ||xnll . < MKy,
and therefore

o xnlle = 0 and finally T fixn|l = 0.

Returning to the decomposition of x,,, it follows that

lim ||
N+ J1_o0,1]x St

hence lim,,_, 4 oo &, = 0 and likewise lim,,_, o B, = 0. Consequently,

v

ol

||Xn||W1~P < |O‘n| . + |ﬂn|

‘Wv S

ou
TR
85# " Wwl.p

tends to 0 because the WP norms of the two vectors of the basis of W,, we
use are obviously bounded (uniformly with respect to n). This concludes the
proof of Lemma 9.6.14. ad

The second lemma (used in the proof of the uniqueness of the gluing) that
we want to prove here is the following.

Lemma (Lemma 9.6.15). There exist positive constants K1 and Ko such
that for everyn € N,

Il + 1Yl + 1T Ol 2r
1= Ko |Yal e

HYnnwl,p < Kl

We of course use the notation defined near Lemma 9.6.15. Recall that
¢ € WHP(R x S1;R?™) can be decomposed into x,, +w,,, where x,, is of the
form a#,, [ (a € Ker L*, 8 € Ker L) and w,, is orthogonal to the vectors
of this form (see p. 366).
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Proof. The constants C; below are independent of n. We have

HYnHWLP = ||Z(<n)||W1m <O ||<n||W11p =0 ”Xn +wnHW1,p
< C1 (Ixnllwrr + llwnllyrs)

where we have used the fact that ||¢|| is bounded (independently of n), which
we proved on p. 496. We apply Proposition 9.4.7 to w,, € W= and find

1Yallwie < Cr(Ixnllwre + lwnllprn)
< CrlIxnllyrr + C2 | L(wn)ll 1o
= C1 [xnllwre + C2 [IL(Cn = Xn)l 1o
< Cilxnllwe + C2 LGl Lo + C2 ILO) N 1 -

The norm of the linear operator L is bounded from above by a constant
that does not depend on n. Indeed, L = (dF)g for F = po (Id X?) o 4. For
the operators that occur in this composition, we have verified conditions (2)
and (4) of Lemma 13.5.1, exactly what we need to conclude that the norm
[I(dF)o|| of the differential of the composition is uniformly bounded. We must
however stress that these results were obtained for the pre-gluing w, and not
for a pre-gluing of the form w, ,. The readers can verify that in the more
general case, the arguments are similar in all details.

Let us return to the estimate we just obtained for the norm of Y,,. From
the above, we deduce that

1Yallyre < C1llxnllpre + C2 IL(Ga) 1o + C3 lIXnllywe
= (C1 + C3) IXnllyro + Co | L(Ga) I 1o -

By Lemma 9.6.14, we know that the first term tends to 0. We still need to
bound the LP norm of L((,). We have

L(Cn) = (dF)o(Cn) = (d

The map p = p, (which now depends on n),

p: W (R x SLR™) x LP(R x S, R™) — LP(R x S'; R*"),
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is defined by the formula
p((X,Y))i(s,t) = P(wn(s, t), X(s,1), Zi(s,1), Y (s,1)),

where the map
P.WxR™”xR™xR™ — R>"

is linear in the last variable. We have proved (in the proof of Lemma 9.4.16)
that for all v,w € W1P(R x S1;R™), we have

H(Dlp)(oﬁ(o))(v)HLp < Oy HU”Lp and H(D2p)(o,§r(o))(w)HLp <Cs ||wHLP :

We can improve the first estimate slightly by noting that F(0) = F(w,) is
zero for s outside of [—1,1] (since w,, is then a Floer trajectory). Since p is
linear in its second variable, it follows that for every v € W1P(R x S1; R™),

we have
V(S,t) € (R - [_17 1]) X 517 (Dlp)(o’g'(()))v(svt) =0.
The argument used in the proof of Lemma 9.4.16 then gives

||(D1p)(0,§(0))v||LP <Cy HU”LP([—LHXSl;Rm) )

Using these remarks, we give a bound for ||L((,)]| /.

”L(Cn)”Lp < ||(D1p)(oj(o))(yn)”m + H(DQP)(ofr(o))(dg)O(Yn)HLp
<Cy ”Yn||Lp([_1,1]><Sl;R"") + C5H(d§j)0(yn)||Lp(R><sl;Rm)
< Cs ||Yn||Loo([f1,1]xsl;Rm) + C5H(d§r>0(Y”)HLP(RxSI;Rm)

< C |I¥nll o (mxsiimm) + C5[[(@F)o (Vo) || Lo gt imm)-
The first term tends to 0 by Proposition 9.6.3. For the second term, recall that
Ly = exp,, Yn,so that F(Y,) = F(£,) = 0 because £, is a Floer trajectory.

Let us write a Taylor-type formula for F , similar to the one we wrote for F
in order to apply the Newton—Picard method (Lemma 9.4.4) to it. We have

F(Y) = F(0) + (dF)o(Y) + N(Y),
where N : WHP(R x ST, R™) — LP(R x S R™) satisfies

N(O)=0 and (dN)z = (dF)z — (dF)o.
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Applied to Y =Y, this gives

0 = F(0) + (dF)o(Yn) + N(Yy).

This is what we use to give an upper bound for the second term in the
inequality above. Here is another lemma.

Lemma 13.7.1. There exist constants C7 > 0 and r1 > 0 such that for every
Y € WHP(R x SR, if |V oo < 71, then

INY) o < C7 1Y ]| poo 1Y g -
Let us admit this lemma for the moment. We then have
1(dT)o (Vo) 1o = 1F0) + NV |, < [FO)] .y + INT) o -

Since [|Y, ||« tends to 0, we can apply the lemma for n sufficiently large.
This gives

1@F)o(Y)|l o < [1FO)]| 0 + Cr IYall oo I Yallypran -

Combining the upper bounds for the W' norm of Y,,, for the LP? norm of
L(¢,) and the one we just obtained, we find that for n sufficiently large,

1Yol < (C1 4 C5) [xnllygrn + Co IL(Ga)ll o
< (C1+C5) [Ixnllwro + Cs [Yall poo + Col|(@F)o(Ya) | 1
< (C1 + C5) [xnllwrs + Cs [ Yall

+ Col|FO)]| o + Cro 1Yol g 1Yol

which implies that

(C1+ C3) Ixnllwre + Cs 1Yall oo + Col|F(0)]],
1= Cuo[|Yallge .

[Yallwr, <

We still need to prove Lemma 13.7.1.
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Proof of Lemma 13.7.1. We have

Nl = INY) =N = | "2 (oY) o

Lr

Lr

_ /Ol(dN)gy(Y)dU‘
1
< / [(@N)y (V)] do|

= || [ @0y~ @)y o]

Lr

We fix a pair (s,t) € R x S'. When we verified condition (3) of
Lemma 13.5.1 (p. 513), we obtained estimates for the Euclidean norm
1((dF) x — (dg’”)o)(v)(s,t)ﬂ. These estimates hold for || X (s,t)|| < ry for some
r1 > 0. We take up these estimates again, after first noting that they hold
for w, = w, ,, even if they were obtained for w, = wiq4,,. We must therefore
prove that for || X (s,t)|| < r1, there exists a K > 0 such that

1(@F)x — @F)o)o(s, 0| < K 1X(s.0)] Jo(s, 1)
[ s 0| ots. 01l + | 26,0 s, 0

+||X,st||H8 stH+||Xst||Hat H

We replace X by oY and v by Y to find that for a constant C'; that does not
depend on n and for ||Y||;« < 1, we have

e <] [ o (I

FIV G| S o8| + 17 s 01 | G- ) i

Lr

< C7H||Y (s.1)] (||Y(s Ol + Hal (s,t H + Haif(s?t)“) L

< el [ (m+ 5 |+ 15 DL,
< Co ¥ g ¥y

proving Lemma 13.7.1. a
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13.8 Variants With Parameter(s) of the Lemmas on the
Second Derivative

In this section we give different versions with parameter(s) of the lemmas on
the second derivative of the Floer operator used earlier.

For the proof of Theorem 11.2.2, we needed a variant of Lemma 9.4.16 on
the second derivative of the Floer operator: we needed to take into account
that H and J depend on the parameter p used for the gluing. That is what
we will now do.

To verify the conditions of Lemma 13.5.1, we proved that there exists a
constant Cy such that for all s, ¢ with || X (s,?)|| < ri and every p,

|00~ ol e 155+ |5 1)

The formula computing the derivative oF, »(X) contains two new terms due
to the dependence of J and H on p; these are

0 = B0+ (D (202) + D0 ()

and  Q(X) = grad P (65w, X))
I

Lemma 13.2.3 gives

|P(X) - P(0)] <C(|XH+H H)

Next, for every pair (s,t),
(wp(s,t),0X(s,t)) € W x B(0,r) (a compact set)
and OH
=L — 0 for |s+p| > R.
dp
Consequently,

8Hs+ t
dgrad Zstet H
H ( sra dp )e’fcf.(p,X)
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is bounded on the compact set [-R, R] x S* x W x B(0,r), so that finally

8Hs+ t
X) — 00 < su dgrad —>"2%
1000 - QI < sup [[(dgrad =)

<Xy,

- D3P, o) H

which allows us to find the desired estimate and to conclude the proof.

We will also prove the variant of Lemma 9.4.8 that we needed in Sec-
tion 11.4.b, which is as follows.

Lemma (Lemma 11.4.5). Let ro > 0. There exists a constant K > 0
such that for every p > po and every (A, Z) € R x WHP(R x S1; R?") (with
1Z] < 7o), we have

|(dFp)x,2) — (de)(o,o)Hop < K1 Zlyre + [AD-

Proof. We have

1(dF ) x2) = [dF ) 00) | < [dFp)x2) = (dFp) a0
+[[dF)x0) = [dFp) 0.0

Let us analyze the two terms on the right-hand side separately. We begin
with the first one. Let (a,Y) € R x W1P(R x S; R?"). We have

(dF ) (a,2)(a,Y) = (dF ) (3, 2)(0,Y) + (dF p) (2, ) (a, 0)

A 9 A\t Axtao
= (dF{+ *)Z(Y)+%|cr:>\<?£+ " (eXpwP(Z))>

0 Z
= @EDP 0 (0 A )

oA
oOH
tgradeg,, o G A s+, t))

(z0%)

(z0%)

(expressions in which (Zf ’Z) denotes the orthonormal frame at the point
exp,,, (s,t) Z(5,1), obtained by parallel transport of the frame (Zf(s,t)) along
the curve r — exp,, (s (rZ(s,1))).

We use the notation

dFy(\, Z)(a,0) = a (VoA + A 2)) 0.7,

and note that V,(\,,0) is the vector field V, that occurs in the formula
computing L (a,0).
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To bound H (dF ) (xn2) — (dF ) (x0) ||Op from above, we write

[(dFp)x2) (@, Y) = (dF ) x0)(a, V)|,
< [[@r> )20 = @F o (v)|

Lr
+1al ¢ H A+ A 2)) g2y = (VoA Ay 0)) gy

e

To bound the first term of this sum, we use Lemma 9.4.8, or more precisely
its analogue for the pair (H,J) defined by the homotopy I'\1x,. We have
already evoked the possibility of this analogy in the proof of Theorem 11.2.2.
We have

I I
|@EP ) 20) = @B )00 < b Z g 1V s

for a constant k1 > 0 that does not depend on p. To bound the remaining
term, we view V,(A + A4, ) as a map

WhP(R x SH; R™) — LP(R x S, R™),

and write (with the notation of Chapter 11)

oJ d(exp,,, Z)
V()\+)\*,Z) a)\()\+)\*,S+P)T
OH

+gradgﬁ)w (3)\ A+ X, s+ p, ))
aJ dw, YA
8)\()\+ Ay S+ p) (Dlexp(wp ( 5 ) + D2expy,,, Z)( 5 ))

OH
+ gra’dexp (wp,Z) Y AN ()‘ + A, s+ Ps )

We use the following result.

Lemma 13.8.1. Let rq > 0. There exists a constant K > 0 such that for
every p > po and every Z € B(0,rg) C WHP(R x S, R™), we have

VoA + Ay Z) = VoA + A, 0)|| 1y < K N1 Zlype -
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Proof. Let us write

VoA + A, Z) = V,(A+ A, 0)|,, <
8Z)

< Hgf(x + A5+ p) [Dléifnwm (8wp) + D2eXPw, 2) (W

ot
— Dlé)\(f)(w,,,o) (%ﬂ

OH OH
— A+, s+p,1) —gradgﬁ)(wp,o) a()ﬂ—)\*, s+p, t)HLp

Lpr

*]

gradgﬁ)(wp)z) I\

The map N
oJ
o\

has compact support. There therefore exists a constant C' > 0 such that

:0,1] x R — End(TW)

op

H%()"s) <C forevery (A s) €[0,1] x R.

The first term on the right-hand side of our inequality can therefore be
bounded from above by

C’HDlé;(ﬁ(w,,,Z) (%) + D2exp(y, 2) (%) — D1exp(u, 0) (%)‘

L
We apply Lemmas 13.2.3 and 13.2.2 to

A(p7 Xv V) = Dler}\(f)(p,X)V and A(pv X» V) = D2er}\(/p(p,X)Vva

to bound this expression from above (using the same reasoning as in Sec-
tion 13.5) by K || Z]|j1.5-

To bound the second term (the one with the gradients), note that the W»
upper bound for Z, || Z||y1., < ro, implies that Z is bounded, [|Z]|,~ <
(for some r1 > 0). Consider the map

©:[0,1] x R x S* x W x B(0,r;) — R™
OH

()‘7 57t7pa X) — gra’dé}f)(p,x) a()H S, t)

It is of class @' and has compact support. There therefore exists a constant
C > 0 such that ||dg||®® < C. It follows that for the Euclidean norm,

oA+ Ass s+ pt,wp(s,1), Z) — (A + Ay s+ p, t,wp(s, 1), 0) | < Cf| 2]
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Taking the L? norm, we deduce that the second term on the right-hand side
of our inequality is bounded from above as we wished:

OH OH
ngadexp<w,,,z> a()\ + )\*, s + P t) — gradgﬁ,(wpyo) E(A + A*, s+ P, t)HLP
<ClZl < ClZ|wrs -
This concludes the proof of Lemma 13.8.1. a

But the proof of Lemma 11.4.5 is not finished yet. As in Chapter 13, we
use a commutative diagram.

2=V, A+, Z
WLP(R x §1;R2") A+ M2) LP(R x S, R2")

. I

WLP(R x SLR™) ————— WP (R x SLR™) x LP(R x SY; R™)
(1, Vp)

Let ¢ = ip, ¢ = (Idﬂ~/p) and x = p,. To finish establishing the desired
upper bound, we need the following lemma.

Lemma 13.8.2. There exists a constant ko > 0 (that does not depend on p)
such that for | Z|| 1. < 70, we have

Ixvp(Z) — xp(0)|l 1o < k2 | Z]ly1m -

Proof. The map ¢ is linear, its norm is uniformly bounded with respect to p,
hence

le(Z) w1 < Cro.
By Lemma 13.8.1, there exists a K > 0 such that

[46(2) = 60O lwroxo = 19(Z) = @Ol + [1Vo(2) = Vo(0)]
< ClZllwro + K |Z ]l -

Next, we set a = ¥(¢o(Z)) and b = ¥(p(0)). We then have

Ix(a) = x(®)l| » < sup (X rata—rpl|™ lla = bll s
re)|0,

< Sl[lp ||(dX)ra+(1—T)bHop (O+K) HZHlezw

rel0,1]
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Here b = 1(0(0)) = ¢(0) = (0, V,(0)) and we know that

_ oT o ow
V,(s,t) = B3\ — A+ A, s+p) - D1€XP(wP,Z)5Tp-

For a fixed triple (A, s,t), the Euclidean norm of this vector is uniformly
bounded by a constant that does not depend on p, which, explicitly, equals

ow
5] s 916551 al

HZ||<T0

(A, s) 01]><R (s t)eSlxR

We continue as in the proof of Lemma 13.4.1, with ‘7,3 playing the role of Y,
and obtain

H(dX)ra—‘r(l—r)b - (dX)bHop < ksrra+(1—=r)b—0blL,
= karlla— 0|,
< ks(C+ K) [ Zllwr.r
< ks3(C + K)ro.

With our estimate of ||¢o(Z) — 1¢(0)||, we deduce from this that

Ixvo(Z) = xtbp(0)|| 1o < k3(C + K)*ro || 2|l

proving Lemma 13.8.2. a

We now continue proving the estimate of Lemma 11.4.5. By the previous
lemma (13.8.2), we have

H(dfﬁ)()\,Z) (aa Y) - (dﬁp)()\,o) (a7Y>HL;D
<k Zlywro 1Y i + lal k2 [ Z] .
= (k1 + k2)(lal + 1Y lyr0) 12110

hence
= o
[(dF)n,2) = [@dFp) ooy | < by + k2) 12 ) gy -

We have thus bounded the first term on the right of the inequality:

[(@F0)n.2) = (dF )0l < [[(dFp)n2) = (dF o™
+[|@Fp) a0y = (dF o) 0.0)]|” -

and we still need to bound the second term.
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For (a,Y) € R x WHP(R x S, R?"), we write

(dfp)(A70) (a, Y) = (dF:/\-M* )O(Y) + a(Vp()\ + A, 0))(Z,{’)7

where
J ow oH
VoA + A, 0) = o5 (A4 Asy s + p)Tf +arady, (A + A s +p,1).
‘We therefore have
|(dF ) (x0)(a,Y) = (dF ) 0,0y(a,Y) ||Lp
r r
<|[(dFp > )o(Y) = (dFp**)o(Y)]|,

+ |a| H Vp )‘ + )‘*70))Zf - (Vp()‘h 0))2{’ ||Lp'
As in Section 11.2.b (and following the example of Proposition 8.4.4),

)4 )4

(A, )o(Y) = LP(Y) = o+ T + SO,
where
S:[0,1] x R x S* — My, (R)
is a map of class . Consequently,
[(@dF;> 4 )o(Y) = (dFp o (V)| 1, = SV = SO)(Y)] o
<k MY

< ka ALY [y

with kq = supy¢pg,1) 95/0A. Next,

H( >‘+>‘ O*VP(AMO))Z;JHLI)

|G- B (),

Lr

+ H (gradwp (88—1;[()\ + A, 84 p,t) — aa—jz()\*, s+ p, t)))zf

o0°J ow
< sup A P
(o, Zn ) ] (222),
seR aQH
+ Al sup H rad,, A, 8.t H < ks|\.
A s (erad,, Sy (Asit)) ol S H5 N
(s,t)ERx ST

Lr

Lr
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This leads to
[(dFp)(x0)(a:Y) = (dFp) 0,0 (@, Y)|| 1 < ka MY [lygran + K5 lal [A]
which shows that
1(dF ) (x0) = (dF ) 0.0 < K Al -
Combining this inequality with
1(@F0)n,2) = (dF )| < (ki + k) [ Zll gy
which we obtained earlier, we finally find

|(dF ) 0,2y = (dF ) 0,0y |7 < (kr + k) | Z|lyyran + K ||
< k(1 Z]l 1 + IAD,

which is what we needed to conclude the proof of Lemma 11.4.5. ad

In Section 11.2.c, to establish the desired properties of ¥, we used the
following statement, which it is now time to prove.

Lemma (Lemma 11.4.7). There exists a constant C > 0 that does not
depend on p, such that for p > pg, we have

|50~ G200, < CI s

Proof. We apply Lemma 9.4.16 to the operators F> for A € [0,1] (see the
proof of Theorem 11.2.2). Consequently, for Z € B(0,rg), we have

H OF p OF I

< M| Z)| 1.
5, 2) = (00|, < MIIZly

for a constant M > 0 that does not depend on p (nor on A because A € [0, 1]).
In particular, since F,(\, Z) = FF*“* (Z), we have

aF, ~
H Bo20) = 52 B0, < M Il -

To conclude the proof of the lemma, it suffices to show the existence of a
constant C' > 0 that does not depend on p such that

|0~ 00

L SO



13.8 Variants of the Lemmas on the Second Derivative 533

For arbitrary A € R, we have

Fp@‘a 0) = (3"5*“* (wp))

i

Qwp a9 AA,
- (78 + Js-&-p (MP)W + grad Hs-&-p,t (wP)>Z;,
Let x(p, A\) = F,(A,0) € LP(RxS'; R?"). The function (of (s, t)) Ox/0A(p, )
has compact support. Indeed, the derivatives of JS’\J:';* and grad H, ?Ip’\’; with
respect to A are zero when |s + p| > R because the isotopies I'\ are constant
for |s| > R. Hence 02y /0pd\ also has compact support as a function of (s, ).

It follows that

0%y ‘
OpoA

|55 = SE0], < - [sup

Lr

82
=\« [sup o2 |
A 5'p(9)\ LP([—~R—p,R—p]x S1;R2")

0%y
< K|X\- sup Hi s, t H
Al sup apm( )
PZpPo
(s,t)€[-R—p,R—p]x 5"

(the norm in the last term is the Euclidean norm of R?"). Like the norm
of w,/dt, the norms of the Z and their derivatives with respect to p are
bounded by constants that do not depend on p. The same holds for the
derivatives of Jg\fp/\* and grad H, ?I;‘* with respect to p and A. It follows
that 92x/9pdX is bounded (for the Euclidean norm) for (A, p,s,t) € R x
[po, +oo[ x R x S, concluding the proof of Lemma 11.4.7. O






Chapter 14
Exercises for the Second Part

As its title may suggest, this chapter contains exercises on the second part
(of this book).

14.1 Exercises on Chapter 5

Exercise 1. Let E be a symplectic vector space of dimension 2n. If F' is a
subset of E, then we let F'° denote the orthogonal vector subspace for the
symplectic form, which consists of all vectors = such that w(z,y) = 0 for
every y € F.

For a subspace F of E, show that

dim F 4+ dim F° =dim E.

We call F isotropic if the form w is zero on F, that is, if F C F°. What can
we say about the dimension of F'? We call F' Lagrangian if F' is isotropic and
dim F' = n.

Let F' be a “co-isotropic” subspace (that is, one whose orthogonal is
isotropic). Show that w induces a symplectic form on the quotient vector
space F/F°. Let L be a Lagrangian subspace of E such that L + F = E.
Show that the composition

LNFCF — F/F°

is the injection of a Lagrangian subspace.

Exercise 2. Let V be a manifold and let 7 be a 1-form on V. We can view
as a section
n:V—TYV

535
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of the cotangent bundle. If A denotes the Liouville form on T*V| then what
is the form n*\ on V7

Exercise 3 (Lagrangian submanifolds). If (W,w) is a symplectic mani-
fold of dimension 2n, then we call a submanifold j : L C W Lagrangian if
dim L =n and 577w = 0.

(1) Prove that in a symplectic surface, all curves are Lagrangian.

(2) Prove that if Ly is Lagrangian in W; and Ly is Lagrangian in Ws, then
Ly x Lg is Lagrangian in W7 x Was. Construct a Lagrangian torus 7" in
R2". Prove that every symplectic manifold contains Lagrangian tori.

(3) Let n be a 1-form on a manifold V. We view 7 as a section of T*V (as in
Exercise 2 on p. 535). Prove that the image of 7 is a Lagrangian subman-
ifold if and only if the form 7 is closed.

(4) Let f be a € function on a compact manifold V. By the above, the 1-
form df defines a Lagrangian submanifold of 7*V. Prove that it meets the
zero section.

(5) Consider the product manifold W x W endowed with the symplectic form
w @ (—w). Prove that the diagonal is a Lagrangian submanifold. Let ¢ be
a diffeomorphism from W into itself. Under what condition on ¢ is the
graph of ¢ a Lagrangian submanifold of W x W?

Exercise 4. Let w be a @ map from the sphere S? to the cotangent space
T*V of a manifold V. Show that

/ w*w = 0.
S?

Exercise 5. Let w be a symplectic form on a compact surface Y. Prove
that X' is oriented, and then that

/Zw;«éO.

Consider the inclusion P*(C) C P"(C) induced by the inclusion C? ¢ C™*1.
Prove that it is a symplectic submanifold. Deduce that there exists a C>° map

w:S* — P"(C)

such that if w now denotes the symplectic form of P"(C), then

/ w w # 0.
SZ
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Exercise 6. Let ¢! be a Hamiltonian diffeomorphism of . Show that the
graph of ¢! is transversal to the diagonal of W x W at (z,z) if and only if
the trajectory of x is nondegenerate.

Exercise 7 (The Group of Hamiltonian Diffeomorphisms). In this ex-
ercise we consider a compact manifold W endowed with a symplectic form w.
Let Ham(W) denote the set of diffeomorphisms of W that are Hamiltonian
flows at time 1.

(1) Suppose that the Hamiltonian H; generates the isotopy ¢; and that the
Hamiltonian K; generates ;. Let

Gt:Ht-FKtOQD;l.
Show that
XGt ((E) = XHt (m) + (T<p;1($)@t)<XKt o (p;l(x))

Deduce from this that (; o1, is the Hamiltonian isotopy generated by the
Hamiltonian! H; + K; o go;l.

(2) Describe the Hamiltonian isotopy generated by —H} o ¢;.

(3) Show that the set Ham(WW) is a subgroup of the group of symplectic dif-
feomorphisms of W.

(4) Let @ be a symplectic diffeomorphism of W. Describe the Hamiltonian
isotopy generated by the Hamiltonian H; o @. Prove that the subgroup
Ham(W) is a normal subgroup of the group of all symplectic diffeomor-
phisms of W.

Exercise 8. Let x be a nondegenerate critical point of an autonomous Hamil-
tonian H on R?". We let ¢! denote the flow of Xp. Express Xy in the
coordinates (p;, g;). Show that the Jacobian matrix of ! satisfies

% (Jacy ') = (Jo Hess,(H)) - Jac, ¢*

and that consequently

Jacx SDt _ etJo Hess, (H)

Let z be a critical point of an autonomous Hamiltonian H on a symplectic
manifold W. Prove that if x is nondegenerate as a periodic trajectory, then
it is nondegenerate as a critical point of H.

I BEven if H and K are autonomous, the composed Hamiltonian isotopy does not (in
general) come from an autonomous Hamiltonian. Bonus question: When is it the case?
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Exercise 9 (Harmonic Oscillator). On the symplectic manifold R?", we
consider the Hamiltonian

1

where the «; are positive real numbers, say 0 < a1 < ag < -+ < ay,.

(1) Write down the corresponding Hamiltonian system and solve it.

(2) We suppose that all a;/«; are irrational. Show that the system has ex-
actly n families of periodic solutions, each contained in a plane. We fix a
solution contained in the plane with equation (¢; = p; = 0),;;. What are
the Floquet multipliers of this solution? Is it nondegenerate?

(3) We suppose that all «; are equal. What can you say about the periodic
solutions?

Exercise 10. Let F be a vector space endowed with a symplectic form w and
an almost complex structure J calibrated by w; we let 1 denote orthogonality
for the inner product w(-, J-). Show that a subspace L is Lagrangian if and
only if L+ = JL.

Exercise 11. Let (W, w) be a symplectic manifold and let J be an almost
complex structure calibrated by w. Let V. C W be a complex submanifold,
that is, one that is stable under J:

VeeV, J.(T,V)CT,V.
Verify that w defines a nondegenerate form on V.
Exercise 12 (Complex, but not Symplectic). Consider the map
f:C*—cC?
(21, 22) — (221,229)
and the quotient H (“Hopf surface”) of C? — {0} for the action of Z given by
n-(z1,22) = (21, 22).

Show that the quotient is a complex manifold (that is, with complex analytic
transition maps) that is diffeomorphic to S x S*. Consequently, its second de
Rham cohomology group is zero. Deduce that H does not have any symplectic

structure.?

2 In [18], you can find examples of manifolds that are symplectic but not complex.
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Exercise 13 (Cayley Numbers and Almost Complex Structures).
Recall that the algebra of Cayley numbers or octaves is a real vector space O
of dimension 8, endowed with a basis that we denote by

(17i7j’ k)gﬁ gl’ gj’ ék)

and with multiplication (that is right and left distributive over addition)
defined by

PP =2 =k>=0 =ijk=jki=kij=—1, il =—li, etc.

Recall that this multiplication is neither commutative nor associative (be-
cause (ij)¢ = —i(j€)), but that it does satisfy (ab)b = a(bd) for all a and b.

Consider the Euclidean space R” of imaginary octaves, that is, the sub-
space generated by (i, ], k, £i, £j, (k). Let V C R7 be an oriented submanifold
of dimension 6. For any point = of V', we let n(z) denote the unitary normal
vector (defined by the orientations of V and R”) and we define

J. T,V — R

by setting J,(u) = n(z) - u (multiplication in the sense of octaves). Show
that J, has values in T,V and that the endomorphisms J, define an almost
complex structure .J on V. In this way, all hypersurfaces of R are almost
complex.?

Exercise 14. We write the matrices with 2n lines and 2n columns as block
matrices

XY
A= <Z T>, X,Y,Z,T € M,(R).

Under which conditions on the matrices X, Y, Z and T is the matrix A an
element of the group Sp(2n;R)?

Exercise 15. Let S be a real symmetric matrix. Show that
exp(JoS) € Sp(2n; R).
Conversely, suppose that the matrix S is such that
Vi, exp(tJoS) € Sp(2n; R);

what can you say about S?

3 Replacing O by H and 7 by 3 would be an analogous (but more complicated) way in
which to show that every oriented surface embedded in R3? admits an almost complex
structure.
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Exercise 16. Use Corollary 5.6.7 to prove that the determinant of a sym-
plectic matrix is 1.

Exercise 17 (Symplectization of a Contact Manifold). Let V be a
manifold endowed with a 1-form « that is nonsingular (that is, such that
a, # 0 for every x € V') and such that

Ve eV, (da)z|Kera, 1S a nondegenerate bilinear form.

We call « a contact form on V. The dimension of V' must be odd; we write
it as 2n + 1.

(1) Show that « A (da)™ is a volume form on V.

(2) Show that there exists a unique vector field X on V such that

ixa=1 and ix(da)=0

(we call X the Reeb vector field of «).
(3) Consider W =V x R endowed with the 2-form w defined by

W(z,o) = d(e”a).

Show that (W,w) is a symplectic manifold (called the symplectization of
the contact manifold (V, a)).
(4) Determine the Hamiltonian vector field of the function H(x,0) = o.

Ezample.

Let V = §2"+1 C C"*! be the unit sphere (C"*! is endowed with coordinates
(g1 +1p1, -+, qns1 +iPns1)) and consider the 1-form

1
a=g > (pidg; — qidp;).

Prove that « is a contact form. Determine Ker a and the Reeb vector field X
of a. Prove that the symplectization of (S?"*! «) is symplectomorphic to
Cn*t1 — {0} endowed with its standard symplectic form.

Exercise 18. We call a function H on a symplectic manifold a periodic
Hamiltonian? if there exists a circle action

Slx W —Ww

4 For this notion, basic results, and more, see for example [5].
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such that p
p (exp(2int) - ) |t=0 = Xpu(x)
for every x € W.

(1) Show that the fixed points of the circle action are the critical points of H.
(2) Show that all (periodic) orbits of H are degenerate.

Exercise 19. We let the circle S! act on the complex projective space P"(C)
by
w20y oy 2n] = [U™020, ..., 0 2], my; € Z.

Show that the function

_ 1ymied

T 9 — .12
2 3|l

is a periodic Hamiltonian associated with this action.

H([z0,---,2n])

Under what condition (on the m;) is this Hamiltonian a Morse function?
What are then the indices of its critical points?

Exercise 20. We return to the quadric @ of Exercise 8 on p. 19. Consider
the functions g and h that are restrictions to @ of the functions on P3(C)
defined by
. Im(zﬁo) . Im(zﬁg)

ES Clal®
Show that g and h are periodic Hamiltonians on Q.

As in Exercise 8, we fix real numbers A and p such that 0 < A < p and we
consider the function f that is the restriction to @ of

9([2]) and  A([z])

~ Am(2z1Z0) + pIm(23%2)

feh = 2

Express the Hamiltonian vector field Xy of f using those of g and h.
Deduce the critical points of f. What are their indices (this question can be

answered without any computations by using Exercises 18 and 21)?

Exercise 21 (difficult). Consider a periodic Hamiltonian H on a compact
symplectic manifold W. Let x be a critical point of H.

(1) Using an equivariant version of Darboux’s theorem, show that there exist
an almost complex structure and local coordinates in the neighborhood
of = such that:
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e The linearization of the action of S' on the complex vector space T, W
is of the form

te(z1y.0y2n) = ([t 21, % 2p).

e The Hamiltonian can be written as

1
H(xlu'“yxnaylu"wyn) = 52a1($12+y22)

(2) Suppose that the critical point x is isolated. Show that it is nondegenerate
and of even index.

(3) Show that a connected symplectic manifold endowed with a periodic
Hamiltonian whose critical points are isolated is simply connected.

(4) Show that a periodic Hamiltonian on a compact connected symplectic
manifold whose critical points are all isolated has a local minimum and a
local maximum.

14.2 Exercises on Chapter 6

Exercise 22. Verify that the quotient of the map

R?Z — R?
(p,q) — (p,q+1/2)

on the torus T? = R?/Z? is a diffeomorphism ¢ that preserves the symplectic
form (p*w = w) but does not have any fixed points. Show that there exists a
vector field X on T2 such that

Y =Px
but that X is not a Hamiltonian vector field.

Exercise 23. Let W be a symplectic manifold endowed with a circle action
that preserves the symplectic form. Suppose that W is simply connected.
Prove that the action is associated with a periodic Hamiltonian H : W — R
(in the sense of Exercise 18 on p. 540). Let ¢ € S* and let ¢ be the diffeomor-
phism defined by ¢(z) = ¢ - x. Prove that ¢ is a Hamiltonian diffeomorphism
and that it has at least > dim HM;(W;Z/2) fixed points.
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Exercise 24. Let x € LW, and let w be a curve in LW that passes through z,
that is, a map
u:Rx S — W

with u(0,¢) = z(t). Let Y be the vector tangent to LW defined by u. For a
function f : LW — R, we set

Y(x) S = S F ouls, o

Show that this formula defines something and that this something is a deriva-
tion on the functions.

Exercise 25. On the torus T? = R/Z x R/Z, we consider the symplectic
form w = dy A dz. Let H and K be the functions from R? to R defined by

1 1
H(z,y) = o cos(2nzx), K(z,y) = o sin(27y).

Show that H and K define (autonomous) Hamiltonians on T? and determine
the associated Hamiltonian vector fields Xy and Hy.

Determine the flows ¢; of Xy and v, of Xk as well as the periodic orbits
of period 1 of Xy and Xg. Are the Hamiltonians H and K nondegenerate?

Compute the composition oy = 1;0p;. Determine the Hamiltonian F; that
generates the Hamiltonian isotopy o; (see Exercise 7 on p. 537). Determine
the periodic orbits of period 1 of Xp, and indicate which are contractible.
Show that F} is nondegenerate.

Exercise 26. On the space LW, consider the action form

1
(am)e(Y) = / w(@(t) - Xo(a(t)), Y (8))dt.

Let 29 € LW be a fixed loop. We fix an extension ug of xy to the disk D?.
Show that xg has a neighborhood U in LW such that every loop x € U
admits an extension u, to the disk D?, so that

Apg(x) = —/Du;w—&-/ol Hy(x(t))dt

defines a C*° function on U. Deduce that the form ag is closed.

Exercise 27. Let a be a closed form on a manifold V and let X be a pseudo-
gradient field adapted to «. We define the energy of a trajectory vy of the
vector field X to be

+oo
B0 = [ —alis) ds
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Show that if the energy of + is finite, then v connects two zeros of «.

Exercise 28 (Naturality of the Floer Equation). Let u : R x S! be a
solution of the Floer equation

0 0
a—z + J(u)a—;& + grad Hy(u) = 0.
We are given a time-dependent Hamiltonian K; with K;,; = K; and the flow
of symplectic diffeomorphisms 1! that it generates. Prove that the map u
defined by

(s, ) = () (u(s, 1))

satisfies _ _

ou ~,_ 0u

— +J(u) 5

95 + grad Hy (W) = 0

for almost complex structures J. , and a Hamiltonian H, that needs to be
determined.

Exercise 29. Let V' be a compact manifold endowed with a Riemannian
metric and let f be a Morse function on V. Consider the functional

1 dry |2 2
Let a and b be two critical points of f and let v: R — V be such that

lim ~(s)=a, lim ~(s)=0».

S——00 s——+o0

Show that
E(y) = %/RH% + grad, ) fHst + f(a) = f(b).

Determine the extrema of E on the curves v connecting a to b.

Exercise 30. Prove that the set of critical points of Ay (without a nonde-
generacy assumption) is compact (this is a consequence of the Arzela—Ascoli
theorem).

Exercise 31 (“Removable” Singularities—difficult). Let (W,w) be a
compact symplectic manifold and let J be an almost complex structure cali-
brated by w. Let u : C — W be a J-holomorphic curve, that is, in coordinates
s+ it € C, a curve such that

ou ou
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Show that if v has finite energy, then it extends to a J-holomorphic map
P!(C)=CU {0} — W.

Exercise 32. Consider the map z +— 2" from C to C. Let A(r) be the
area of the image of the disk of center 0 with radius » and let ¢(r) be its
circumference. Compute A(r) and £(r). Can the inequality

0(r)? < 2mrA'(r)
obtained in the proof of Proposition 6.6.2 be improved?
Exercise 33. Consider the complex curve C; with equation
yr=dxd -z -1

and the map
Ug : C1 —> 02

defined by (x,y) — (a?x,a®y). We complete the curve C; to obtain a curve
in P2(C) and extend u, to a map

Uy : 1 — P?(C).

Study the limit of u, when « tends to 0 (Figure 14.1).

Exercise 34 (Forms with Integral Periods). Let a be a closed 1-form
on a manifold V. Suppose that o has “integral periods”,® that is, with the

5 This means that the de Rham cohomology class of « is contained in the image of
HY(V;Z) - HY(V;R).
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notation of Section 6.7.a, that the image of ¢, is contained in Z C R. Show
that the formula

defines a map f: V — R/Z and that

f*do = 2ma.

= -
=

\x

U7 0000

Fig. 14.2

Show that the integration cover 7 : V — V is the pullback of the cover in
the diagram

3
<4/ <0
@

]

o)

or in Figure 14.2 and that it is cyclic. Next consider the action form ay (as
in Section 6.7.b) on the projective space P™(C). Verify that we still have

/ w*w € 7.
S2

Deduce that there exists an infinite cyclic cover of LP™(C) on which ayy has
a primitive fg.
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14.3 Exercises on Chapter 7

Exercise 35. What does the relation ‘AJA = J imply for the determinant
of a symplectic matrix A?

To prove that this determinant is +1, we can proceed as in Section 5.6.d.
Another method consists in showing that the symplectic group is generated
by the maps

x— 2+ dw(z,a)a

(symplectic transvections). This is what we ask you to do in this exercise.

Exercise 36. Let T be a symplectic transvection (Exercise 35). Com-
pute p(T). Does the map p satisfy

p(AB) = p(A)p(B)?

Exercise 37 (Fundamental Group of U(n)). The group SU(n) acts on
the unit sphere $2"~! ¢ C” in such a way that the stabilizer the last vector
of the canonical basis can be identified with SU(n — 1). Deduce that SU(n)
is simply connected.

Show that the map

det

U(n) —— S*

induces an isomorphism of the fundamental groups.

Exercise 38. Consider the matrix

1+ 47%t? 2wt
Al) = ( ort 1

) for ¢ € [0, 1].

Verify that the path ¢t — A(t) is in 8 (defined in Section 7.1.a) and compute
its Maslov index.
Do the same (this is more delicate) for the matrix

422
At) = (1 2‘7‘;’5 2;”) for ¢ € [0, 1].

Exercise 39. In R* endowed with the coordinates (qi, ¢, p1,p2), the sym-

plectic form w = dp; Adq; +dp2 Adge and the complex structure J = ( % I(‘)i ),

consider the quadratic form

1
H = 5(2?% +p3) + (g2p1 — q1p2)
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and the associated symmetric matrix

0 00 —1
0 01 0 0 —a\ .. (0 1
=10 11 o _(a Id) Wltho‘_<1 0)'
~100 1
Show that

cost —sint tcost —tsint
exp(ta) texp(ta) | sint cost tsint tcost
0 exp(ta) )

)

A= exp(tJS) = (

cost —sint
sint cost

that this is a symplectic matrix with (double) eigenvalues e, that it is not
diagonalizable (for ¢ # 0) and that it is in Sp(2n)* (for ¢ # 0).
Next, compute p(A) (for ¢ € ]0,7]):

(1) Show that mgo = 0 and that p(A) = (e*)?, where o is the signature of Q
on the characteristic space E corresponding to the eigenvalue e®.

(2) Show that X = (1,—i,0,0) € E and that Imw(X, X) = 0. Deduce that
o =0 and that p(A) = 1.

Exercise 40 (Grassmannian of the Lagrangians). Consider the space
Ay, of Lagrangian vector subspaces of R?® = C". Prove that the group U(n)
acts transitively on A, and that the stabilizer of

R" = {X € C" | Im(X) = 0}

is isomorphic to the orthogonal group O(n). Deduce that A,, is a connected
compact manifold of dimension n(n + 1)/2.
Show that the map
det® : U(n) — S!

defines a continuous map from A, to S! and that it induces an isomorphism
of the fundamental groups.

Exercise 41 (Maslov Class of a Lagrangian Immersion). Let
f: L — R" be an immersion of a manifold of dimension n in R?™. Suppose
that f is Lagrangian, that is, that f*w = 0 or equivalently that for every x
in L, T, f(T,,L) is a Lagrangian subspace of R?".

So, sending each point to the tangent space at that point defines a “Gauss”
map y(f) : L — A,,. The composition

Y(f)u i m(L) — i (Ap) = Z
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therefore sends each loop in L to an integer: its Maslov class. Determine the
Maslov classes of the (Lagrangian) immersions of S* in R? defined by the
drawings in Figure 14.3. Show that the Maslov class of an embedded circle
is +2 (use the “turning tangents” theorem; see [8]).

CO® Ly

Exercise 42 (Relative Maslov Index). Let W be a manifold endowed
with a symplectic form w and let

Fig. 14.3

j:L—W
be a Lagrangian embedding (see Exercise 41). With each disk
w:D? — W

with boundary in L, that is, with uw(0D?) C j(L), we can associate an integer
pr(u) as follows: trivialize u*TW using a symplectic trivialization

@ :u*TW — D? x R?™;
the class of the loop

St— A,
in m(A,) = Z is then the integer pr(u) in question. Verify that this integer
does not depend on the choice of the trivialization &.

Let v be another disk in W with boundary in L. Suppose that u and v are
homotopic relative to L, that is, that there exists a homotopy

h:D*x[0,1] — W

such that
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Prove that pr(u) = pr(v). So py defines a map from the group mo(W, L)
of relative homotopy classes to Z. Prove that this map is a group homomor-
phism.

From now on, suppose that mo(WW) = 0. Prove that in this case, ur(u)
depends only on the restriction of u to the boundary and therefore defines a
group homomorphism 7 (L) — Z.

Exercise 43. Let P be a polynomial with complex coefficients and let « € C
be a root of P of multiplicity m. We begin by recalling a proof of Rouché’s
theorem.

(1) Let 7 be the circle v(t) = a + ee?™ (¢t € [0,1]). Show that if € is suffi-
ciently small so that « is the unique root of P in the closed disk B, with

boundary ~y, then
1 P'(z)
P(z)

(2) Let § = sup,epy 4 |P(2)]- Let @ be a polynomial with

dz.

20 N

sup [P(z) — Q(z)] <é.
z€B.

Verify that @ does not have any roots in the circle v. Prove that the image
of v under h is contained in the open disk of center 1 with radius 1. Deduce

that W)
[y h2) dz = 0.
(3) Prove that @ has exactly m roots (counted with multiplicities) in the
disk B.. This is Rouché’s theorem.

Deduce a proof of Proposition 7.3.6.

14.4 Exercises on Chapter 8

Exercise 44. Show that the kernel of the operator I' considered in Proposi-
tion 8.1.4 is not finite-dimensional.

Exercise 45 (Another Proof of Theorem 8.6.11). Let ¥ : R —
End(R?") be a continuous map such that

Y(s)=mld for s < —sp and X(s)=3wId for s > sq.
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Show that the operator F' defined by

oY oY

is a Fredholm operator from W1?(R x S'; R2?") to LP(R x S1;R?").
Show that

dimKer F =2n#{{ €Z" |1 < 2( <3} =2n,

and then that dim Ker F* = 0 and that F' is surjective.

14.5 Exercises on Chapter 10

Exercise 46. Consider the operator
Lo : WH(R;RY) — L*(R;RY)

Y — —+4+A

ds + O(S)a
where Ag(s) is a diagonal matrix (for every s) that is constant for |s| suffi-
ciently large, and is of the form

Id,,+ O Id,,- O
= > < - .
A ( 0 —Idn+> for s > M and < 0 —Idn> for s < —M

(1) Verify that Ly is a Fredholm operator. Determine its index as a function
of m* and n*t.

(2) Taking inspiration from the methods of Section 8.8, deduce another proof
of Proposition 10.2.8.

14.6 Exercises on Chapter 11

Exercise 47. We use the notation and results of Exercise 25 on p. 543, where
we determined the contractible and periodic solutions of period 1 of a Hamil-
tonian F; on the torus T2. Compute the indices of these trajectories (a com-
putation essentially asked in Exercise 38) and determine the Floer complex
for this Hamiltonian (which we assume to be regular).
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Appendix A
A Bit of Differential Geometry

In this chapter, we list, more or less succinctly depending on the case, the
different objects and tools from differential geometry used in this book.

A.1 Manifolds and Submanifolds

See [45], [48], [47], [74] and [63] for the basic notions set out in this section.

A.1l.a Manifolds

A manifold is a space that, locally, greatly resembles R"™. Let us be more
precise. A topological manifold of dimension n is a separated topological
space such that every point is contained in an open subset homeomorphic to
an open subset of R™. A pair (U, ¢), where U is such an open space and ¢ is
a homeomorphism, is a local coordinate system or chart. The manifolds we
consider will be at least paracompact, and in particular separable.

We also require that V' be a countable union of compact sets and a count-
able union of open sets of charts. In this book, we will mostly use compact
manifolds, for which these properties automatically hold.

The set of charts of a manifold is called an atlas. Two charts (U, ¢) and
(U', ') are called compatible if the composition

/

-1
o(UNU) 2 UunU 25 g (Unt),

which maps one open subset of R™ to another, is a diffeomorphism (of
class ). If the manifold V' has an atlas whose charts are mutually compat-
ible, then we call V' a differential manifold (or a smooth or €>° manifold).

555



556 A A Bit of Differential Geometry

Examples. The sphere S™, the projective spaces P"(R) and P"(C) and the
torus R™/Z"™ are (smooth) manifolds.

Using this definition, a zero-dimensional manifold is a discrete countable
set.

Using charts and the ad hoc notion on the open subsets of R", we define the
notion of € map from one manifold to another: if U and V' are contained in
open subsets of charts on manifolds M and N, respectively, then the function
f:U = Vis of class C* (for 0 < k < o0) if the composition

—1
o) L v Lv 2y

is of class @*. The class @F property is local and is well defined by this
condition.

A.1.b Characterization of Submanifolds

Among the manifolds, there are submanifolds of R™. A submanifold of R" is a
subspace V' that, locally, greatly resembles a linear subspace in the sense that
each of its points has an open neighborhood U in R"™ that is diffeomorphic
to a neighborhood of 0 in R™ by a diffeomorphism ¢ such that (U NV) =
©(U) NRY. The integer d is the dimension of the submanifold V.

Theorem A.1.1. Let V C R"™. The following properties are equivalent:

(1) V is a submanifold of dimension d of R™.

(2) Every point x of V' has an open neighborhood U in R™ such that there
exists a submersion g : U — R~ with UNV = g~*(0).

(3) Every point x of V has an open neighborhood U in R™ such that there
exist a neighborhood 2 of 0 in R% and an immersion h : 2 — R™ that is
a homeomorphism from (2 onto UNV.

In other words, a submanifold can be described locally by equations (where
the number of equations is the codimension) or by parametrization (where the
number of parameters is the dimension). All these properties are consequences
of the implicit function theorem and/or of the local inversion theorem.

An excellent and indispensable exercise is to decide, given in R™ or in
another manifold a subset suspected of being a submanifold, which of these
criteria is best sequenced for proving its guilt.

The definition of a submanifold of a manifold is analogous.

Of course, submanifolds are manifolds (this is included in the definition).
For example, a “level set” of a function with real values, that is, the inverse
image of a real number «, falls under property (2). It is a submanifold when f
is a submersion along f~1(«).
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The converse also holds: manifolds can be considered as submanifolds, as
we will now recall.

A.1l.c Partitions of Unity, Embedding Theorems
Partitions of Unity.

This is an essential tool, which allows us to prove many results by concen-
trating on their local aspects. Let V' be a compact manifold! of dimension n
and let (Uy, ¢;)1<i<n be a finite atlas of V. We can show that there exist a
cover of V by open sets £2; such that £2; C U; and functions h; with support
in U; and value 1 on (2;.

Setting
pi - Z hz )
we deduce that for every cover of V' by finitely many open sets {21,..., 2y,

there exists a family (p;)1<;<n of functions
pi V. —[0,400]

such that

N
Supp(p;) C £2; and Zpi =1

i=1

Embedding of a compact manifold in a Euclidean space.

Let V be a compact manifold of dimension n and let (U, ¢;)1<i<n be a finite
atlas of V. We use the functions h; introduced above to construct a map F
defined by

F=(h1o1,...,hnon, hi,...,hy) 1 V — (RN x RN = RN,

We can verify that F' is an injective immersion, and therefore an embedding;
see the following theorem.

Theorem A.1.2 (Whitney embedding theorem). Let V be a compact
manifold; then there exists an embedding of V' as a submanifold in a Euclidean
space RY. a

Using a general position argument similar to the one we will recall later,
we can prove that the dimension of the Euclidean space can be reduced to
2dimV + 1.

1 paracompact suffices. . .
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Remark. This result belongs to real differential geometry; it does not have
an analogue in complex analytic geometry: by Liouville’s theorem, no com-
pact analytical manifold is an analytic submanifold of C¥.

A.1.d Boundaries

A manifold with boundary is a topological space V' such that every point has
a neighborhood homeomorphic to an open subset of the half-space (z,, < 0)
in R™. The points that do not have a neighborhood homeomorphic to an
open subset of R™ are the boundary points. The boundary, denoted by 9V,
is a submanifold of dimension n — 1. We can prove (see Section A.4) that the
boundary has a neighborhood of the form 9V x [0, ¢].

A.l.e Tangent Vectors, Tangent Maps

Let us recall that we can define a vector tangent to the manifold V at x as
an equivalence class of curves on V passing through x, namely

c:]—e,e[— V such that ¢(0) =z,

for the equivalence relation that identifies ¢; and c; if for a chart ¢ centered
at x, we have

(p01)'(0) = (poc2)'(0).

The set of vectors tangent at x is a vector space that we denote by T, V.
This allows us to define the tangent map

Txf T,V — Tf(w)W

associated with a map f : V — W, simply by sending the class of the curve ¢
to that of the curve f oc.

It also allows us to consider a tangent vector as a derivation on the func-
tions, that is, as a linear map X defined on the set of € functions in the
neighborhood of z and satisfying

X(fg) = f(2)X(g9) + 9(x) X (f).

For every z, given a vector X € T,V and a function f : V — R, we let
X(f)(z) =T, f(X) € R; this defines the function X (f).

Remark A.1.3. This function is often denoted by (df), instead of T, f, in
particular when f is a function with real values. We will do so here.
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Describing the tangent space of a submanifold using each of the character-
izations is quite instructive (in particular, we find that T, (f~1(0)) = Ker T}, f
when f is submersive).

A.1.f Vector Fields

We also define the tangent bundle? by putting the topology and ad hoc struc-
ture of manifold on the disjoint union of the tangent spaces at the points of
the manifold.

The vector fields are @ sections® of the tangent bundle. In other words, a
vector field consists of, for every point, a tangent vector that depends in a >
manner on the point in question. In general, we will use Roman capitals such
as X to denote vector fields, while X, will denote the value of the field X at
the point z.

If X is a vector field and f is a function, then we denote by X - f the
derivative of f along X defined by

All derivations arise from vector fields.

Lie Bracket.

The composition of two derivations is not a derivation; however,
freX- (Y- f)-Y (X f)

is one. We denote the corresponding vector field by [X,Y].

A vector field can also be considered as a differential equation on the
manifold. See Section A.4.

A.l.g Differential Forms

A differential form of degree p on a manifold V' (also called a p-form) is a
section of the bundle APT*V. In less pretentious terms, it consists of, for
every x € V, an exterior derivative of degree p on the tangent space T,V
that depends in a € manner on z. In local coordinates (x1,...,2,) on V,
this can be written as

o= E Qi iy N Ndg

2 And, likewise, the cotangent bundle, by using the duals of the tangent spaces.
3 A section of a vector bundle 7 : E — V is a map s : V — E such that 7 o s = Idy.
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where the «;,, . ; are functions and the dzi,...,dz, denote the canonical
basis of (R™)*.
A map f : V — W sends differential forms on W to differential forms

on V through

P

(ffa)e (X1, ..., Xp) = apy (T f(X1), ..., T f(Xp)).

The most important operation on differential forms is exterior differentia-
tion. It transforms a p-form into a (p + 1)-form; in coordinates, we have

.....

(where doy, ... ;. is the differential of the function aih__,ip).

"
It satisfies dpo d = 0. There are closed forms (da: = 0) and exact forms
(o = dp). The exact forms are closed, but the converse does not hold in
general, giving rise to de Rham cohomology.
We will in particular need 1-forms and 2-forms, the exterior derivative,
closed forms, exact forms, the notion of volume form and Stokes’s theorem.

See [45, Chapter V] and [74, Chapter VII].

A.1.h Matters of Orientation

We call a manifold orientable if it has an oriented atlas (such that all of its
transition maps preserve the orientation). A manifold with a volume form
is orientable (the proof is immediate). The converse is also true, we can
construct a volume form using a partition of unity (see [45, Chapter V] if the
manifold is compact and [37, p. 46] in the general case).

The boundary of an oriented manifold has a natural orientation.

Example. If f : R® — R is a submersion, then the submanifold f~1(0) is
orientable. To show this, we can use the gradient of the function, which is a
vector field that is normal to the submanifold.

A.2 Critical Points, Critical Values and Sard’s Theorem

See for example [39] for this section.

A.2.a Critical Points

A point z of the manifold M is called critical for the map

f:M—N
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with values in the manifold N if the linear map T, f does not have maximal
rank:

e Either dim M < dim N and f is not an immersion at x
e Or dim M >dim N and f is not a submersion at z.

Let m and n be the dimensions of M and N, respectively and alphabetically.
When m < n, the condition is dim Ker T}, f > 0; when m > n, itistk T, f < n.
We can summarize this by saying that x is critical if the corank of f at z is
positive, using the ad hoc definition of corank, that is, inf(m,n) —rk T, f.

Example (basic example). When N = R, we have n = 1 and a point z
is critical if and only if T, f = 0.

A.2.b Sard’s Theorem

A critical value of the map f is a point of the target manifold N that is
the image of a critical point. The other points of N are regular values. We
should note, in particular, that a regular value is not necessarily a value, that
is, is not necessarily contained in the image of f. Moreover, there can be
noncritical points whose images are critical values.

Sard’s theorem states that under certain conditions, almost all values of
a differentiable map are regular (note that the notion of negligible set and
therefore that of “almost everywhere” are well defined on a manifold). More
precisely, we have the following result.

Theorem A.2.1 (Sard’s theorem). Let f: M — N be a C®° map; then
the set of critical values of f has measure zero in N.

Remark A.2.2. When the dimension m of M is less than n, the dimension
of N, then f(M) itself has measure zero in N. This is a not entirely trivial
consequence of the fact that the subspace R™ has measure zero in R™. For
example, in this case, a differentiable map from M to N is never surjective.
The theorem is therefore above all interesting (and more difficult to prove)
when m > n.

See for example [39, p. 34ff.] for a proof.

A.2.c Regular Level Sets of a Function, Sublevel Sets

If f:V =R is a function and if « is a regular value of f, then by the reg-
ular value theorem (that is, characterization (2) of Theorem A.1.1), the
level set f~!(a) is a submanifold of codimension 1 of V. The sublevel set
Ve = f~1(] — o0, q]) is, in turn, a manifold with boundary f~!(«).
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Let f: (V,0V) — W be a € map from a manifold with boundary to a
manifold W. We suppose that the point w of W is a regular value for both f
and f|oy; then f~1(w) is a submanifold of V, with boundary

Of Hw) = (flov) ™" (w)

A.3 Transversality

This notion, due to Thom at the beginning of the 1950s, is essential in ge-
ometry. It concerns the relative position of two submanifolds.
A.3.a First notion of transversality

The story begins with (yet) another application of the implicit function the-
orem.

Theorem A.3.1. Let M and N be two submanifolds of a manifold P. Let u
be a point of M NN such that

T,M +T,N =T,P.

Then in the neighborhood of w, the intersection M N N is a submanifold
of P. Its codimension is the sum of the codimensions of M and of N, and its
tangent space at u s

T (MNN)=T,MnT,N.

We have assumed that everything is of class €, but class C! suffices.

Proof. The statement is local in the neighborhood of wu. Let us therefore
suppose that P = RP. Let m be the codimension of M and let n be that
of N, so that, always in the neighborhood of u, we may also assume that
M = f~1(0) and N = g=1(0) for submersions f and g. The condition of
general position on the tangent spaces can then be written as

dim(Ker T, f + Ker T,g) = p.

Let us therefore consider the map F' = (f,g) : R? — R™ x R™. It satisfies
F71(0) = M N N and the kernel of its differential in w is

KerT, F = KerT, f NKerT,g,
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a subspace whose dimension is therefore

dimKer T, F = dim Ker T, f + dim Ker T},g — dim(Ker T, f + Ker T, 9)
=p-m+p-—n—p=p—(m+n).

Consequently, T, F' is surjective and F' is a submersion in the neighborhood
of u, so that M N N is a submanifold. The proof also gives its tangent space,
namely the kernel of T}, F', that is, the intersection of the tangent spaces, and
its codimension, which is the sum of the codimensions. a

Example A.3.2. The example of a surface M and a plane N in P = R? is
already quite instructive. The two submanifolds are of codimension 1, so the
“general position” condition is simply that they are not tangent. A subman-
ifold of R™ and its (affine) tangent space are never transverse.

We say that two submanifolds M and N of P are transverse at the point
u € Pif

either u ¢ M NN,
oru e MNN and T,M +T,N =T,P.

We call them transverse, denoted by M m N, if they are transverse at every
point.

Figure A.1 shows two submanifolds of R? that are not transverse... and
the fact that they become so after a tiny deformation.

Remark A.3.3. This property is completely general: transversality is a
generic notion, it can always be attained through a small deformation. It
is also a stable notion: a small deformation of two transverse submanifolds
preserves their transversality. To prove the first assertion, we can use Sard’s
theorem. Namely, since M and N are described by submersions f and g as
in the proof above, almost all values are regular for F, so that f~!(g) and
g~ 1(n) are transverse for almost all (g,7) near (0,0).

Remark A.3.4. For two submanifolds whose dimensions add up to less than
the dimension of the surrounding manifold (for example two curves in R?),
transversality means the absence of any intersection.

More generally, if f : M — N is a differentiable map and if P C N is a
submanifold, then we say that f is transverse to P (at u) if

either u & f(M)N P,
oru=f(x)e f(M)NP and T,f(T,.M)+T,P=T,N.

As before, we denote this by f h P.
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JAVAV.

Proposition A.3.5. If f is transverse to P (at every point) and if f~(P)
is nonempty, then f~1(P) is a submanifold of M. O

Fig. A.1

Remark A.3.6. If N C P is a (co-orientable) orientable submanifold of the
orientable manifold P and if f : M — P is transverse to N, then f~1(N) is
(co-orientable) orientable in the orientable manifold M. The case treated in
Section A.1.h is that where the submanifold N is the point 0 and P = R.

A direct application of Sard’s theorem is the following first result on
transversality.

Theorem A.3.7. Let M, N, and S be three manifolds and let P be a sub-
manifold of N. Let
F:MxS—N

be a map transverse to P. Then for almost all s € S, the map Fy : M — N
is transverse to P.

We in fact see the manifold S as a parameter space.

Proof of Theorem A.3.7. By applying Proposition A.3.5, we see that F~1(P)
is a submanifold @ of M x S. The projection

T:QCMxS—S

is a differentiable map for which, by Sard’s theorem, almost all s € S are
regular values. We can easily verify that the regular values of 7w are exactly
those s for which the map Fj is transverse to P. a

Remark A.3.8. The greater the parameter space S, the higher the prob-
ability that a map M x § — N is transverse to the submanifold P. This
explains the great usefulness of this result.
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A.3.b C* Topology

The transversality theorems say that sufficiently close to a given map, there
exists a map transverse to a given submanifold, or, that we can “perturb”
(“slightly” being implied) a map to make it transverse to a submanifold. To
state the theorems, we need to define a notion of proximity, that is, a topology,
or rather several, on the space of maps from manifold M to manifold N.

Let us begin with the case where the two manifolds are open subsets of
Euclidean spaces. The C> (resp. C*) topology is that of the uniform conver-
gence of the function and all of its derivatives (resp. those of order at most k)
on compact subsets.

Remark A.3.9. This topology is metrizable: we use the pseudo distances

dic(f,9) = sup | [T () — g (x)
zeK
and we let K run through a countable family of compact sets covering the
source space.

In the general case of two manifolds M and N, we define the C* topology
(where k may be infinite) by giving a fundamental system of open neigh-
borhoods for it. For a function f, these neighborhoods are indexed by the
(K,V,¢) such that:

e>0.

K is a compact subset of the open set of a chart of M.
V is the open set of a chart of V.

And we have f(K) C V.

We set

u’;{,v,g(f) ={g€C"M,N)|g(K)CV and dj; <e for |r| <k}.

This topology is metrizable since M is assumed to be separable, like all
manifolds in this book. We will let do, denote a distance defining the C*°
topology.

A.3.c Transversality Theorems

Theorem A.3.10 (local transversality). Let M and N be two manifolds
and let P be a proper submanifold of N. Let f : M — N be a differentiable
map and let a be a point of M. Then there exist a compact neighborhood K
of a in M and an open neighborhood U of f in C°°(M, N) such that

{geU| g P at every point of K}
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is a dense open subset of U.

Theorem A.3.11 (transversality). Let K be a compact subset of M. The
set of maps from M to N transverse to the submanifold P of N along K is
a dense open subset of € (M, N).

Corollary A.3.12. The set of maps f : M — N transverse to the submani-
fold P of N is dense in C°(M, N); moreover, it is open if M is compact.

Outline of a Proof of Theorem A.3.10. If f(a) ¢ P, then let K be a compact
neighborhood of a such that f(K)N P = & and let U be the open set

U={geC°(MN)|gK)NP=a}.

Owing to the properness of P, these sets have the required property.

If f(a) € P, then let us consider the open set of a chart V' of submanifold
P C N in the neighborhood of f(a). We may, and do, assume that V =
R"” and VNP = R? x {0} € R? x R? = R", with f(a) = 0. Let U be
a neighborhood of a in M such that f(U) C V and let K be a compact
neighborhood of a contained in U. Finally, let us set

U={geC®M,N)|gU)cCV}

and let us show that K and U are suitable.
Let a be a function with values in [0, 1] and support in U that is identi-
cally 1 on K. We define a map G : M x ({0} x R?) — N by setting

Gl U):{g(x) ifxgU
’ g(z) + a(v)v ifxeU.

Clearly, G is transverse to RP x {0}, which by Theorem A.3.7 gives the desired

density.
The openness of the set of maps transverse to P along K follows from the
openness of the set of matrices with maximal rank in the space of matrices.
O

Proof of Theorem A.3.11. Let f€C>(M, N). For every a€ K, let K, and U,
be a compact set and an open set, respectively, such as those whose existence
is ensured by Theorem A.3.10, so that

U, ={g€U, | frh Palong K,}
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is a dense open subset of U,. Since K is compact, we can cover it by a finite
number N of K,,; we then set

r_ N !
W=(U,.
i=1

As a finite intersection of dense open subsets, this is a dense open subset
of U,. If g € W, then f is transverse to P along the union of the K, hence
along K. a

It occasionally happens (and will occasionally happen) that we need a
somewhat different transversality property: we do not want to consider all
the functions from M to N, but only those with a property specific to the
problem under consideration, which may not be an open property. In other
words, we want to consider only the functions satisfying some constraint.

Following [47], let us say that a subset F C C°(M, N) is locally transverse
to P if, for every function f € F and every a € M, there exist a neighbor-
hood K of a in M and a neighborhood V of f in & such that, for every g € V,
there exist a neighborhood U of 0 in a space R? and a family

G:MxU-—N

such that

e Gyg=yg.
e Forallte U, G, € F.
e ( is transverse to P on K x U.

This definition adapts itself to most constraints, which in general do not
define open sets. It is used, for example, to prove the immersion theorem
and Whitney’s embedding theorem. Another advantage is that the proof of
the transversality theorem gives “transversality with constraints” without
needing any modification.

Theorem A.3.13. If F C C>°(M, N) is locally transverse to the submanifold
P C N, then for every compact K C M, the set of elements of F that are
transverse to P along K is a dense open subset of F. a
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A.4 Vector Fields as Differential Equations

A.4.a Flows

A vector field can be seen as a differential equation
Cl (t) = Xc(t)

whose solution through z at t = 0 we denote by ¢%. As a rule, it is only
defined for ¢ near 0. In that case, however, we have

O (Pl () = i (2)

whence we easily deduce that ¢ is a diffeomorphism equal to the identity
for t = 0.

A very important result that we will use continually is the fact that on a
compact manifold, the flow is defined for all ¢.

Theorem A.4.1. The flow of a vector field on a compact manifold V is well
defined on R x V.

The same of course holds for a vector field with compact support on an
arbitrary manifold. See for example [54, p. 10] for a proof.

Collar Neighborhoods of the Boundary.

The boundary 9V of a manifold V admits a “collar”* neighborhood, that is,
a neighborhood of the form 9V x [0, [, which we can obtain by integrating a
vector field. Namely, we choose a vector field defined in the neighborhood of
the boundary and not tangent to it (this is easy to obtain using a partition
of unity) and integrate it.

A.4.b Lie Derivative, Cartans’ Formula

The Lie derivative £Lx extends the derivation of functions (0-forms). It is
defined by

d
txa= (o)
(and therefore transforms a p-form into another p-form).

Cartans’ formula links the Lie derivative and the exterior derivative. It
also involves the interior product of a form by a vector field:

t=0

(ix)e(Y1,...,Y,) = 0p(X,V1,...,Y,)

4 We used this in Section 4.7.
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(an operation that sends a p-form to a (p — 1)-form). The identity states that
Lx =dix +ixd.
Again, see [45, Chapter V].

A.4.c Linearization along a Solution

Let us consider a vector field X on a manifold V, that is, the differential
equation
i = X(x),

where we use the notation & = dx/dt.

Traditionally, we think of the linearized equation as that describing the
solutions “infinitesimally close” to a given solution. If z:(¢) and y(t) are close
solutions, then in a chart we write

y(t) = =(t) + Y (1),

giving
dY dy dx
— =2 - Z =Xyt) - X(z(t)) = (dX) . (Y(t
= S S = X(y(1) — X(a(0) = (@) (Y (1)
at order 1. This linear differential equation in Y is the linearized equation.
Let us describe it in a more intrinsic way.
Let us counsider a solution x(t) of our differential equation and a vector

field tangent to V' along x. For example, X = d/dt is such a solution.

Lemma A.4.2. The Lie derivative Lx defines an operator D on the local
sections of x*T'V such that for every function f defined along x, we have

D(fY) = fY + fDY.

Proof. We define DY by:

e Extending Y to Y in a neighborhood of z (or of a point of z, everything
is local)

e Computing £xY (= [V, X])

e Restricting this vector field to z.

Let us verify that the result is independent of the choice of the extension Y
of Y by noting that if Z is a field whose restriction to the solution x is identi-
cally zero, then the restriction of £ x Z to x is zero. This is what Lemma A .4.3
below states.
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The “linearity” with respect to the functions is an immediate consequence
of the identity
Lx(fY)=(X-[)Y + fLxY. O

Lemma A.4.3. If Z is a vector field on V' defined in the neighborhood of x
and identically zero on x, then LxZ is zero at every point of x.

Proof. The definition of £ xZ uses the flow ¢! of X:

d
£x7 = (7). 72) o

At every point of z, the vector Z(z(t)) is zero; hence (¢'),Z(x) is also zero,
identically. Consequently, £ x Z is zero at every point of the trajectory z. O

We call the linear equation DY = 0 the linearized equation. Note that X
itself is obviously a solution of the variational equation. We have the following
result.

Lemma A.4.4. The solutions Y of the equation linearized along x are vector
fields Y (t) defined along x such that

Y (t) = (Tu(o)¢") (Y (0)).
Indeed, if Y (¢) is defined by this formula, then
Y(0) = (Tu)9") 'Y (1) = (T~ )Y (1)

does not depend on t, so that the formula indeed defines a solution of the
linear equation. It has value Y(0) for ¢ = 0 and is the only solution to
do so. O

In coordinates.

In order to use coordinates, let us write down the matrix form of this equation.
If (e1(t), ..., em(t)) is a basis of local sections of the vector bundle TV along z,
then a vector field Y along = can be written as Y (t) = Y y;(t)e;(t) and

m
DY = (gie; +yiDe;)
=1

= (?)z‘ei + i Zaijej) = Z(yz + ak,il/k) €.
=1

i j=1 i=1 k=1

NE
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Writing y for the column vector with elements y; and letting A(t) denote the
matrix with elements A(t);; = aj;(t), this gives

g+ A(t)y = 0.

Even more locally, let us assume that V' is an open subset of R™, so that the
vector field X may be seen as a map

V —R"
x— X (x).

For the basis (ei(t),...,em(t)), let us wuse the canonical base
(0/0x1,...,0/0x,,) of C™ restricted to the trajectory; then

[ 6}: 0X

The variational equation is the linearization § = (dX )y of the original
differential equation. We again find the “Poincaré” linearization mentioned
above.

A.4.d The case of a time dependent vector field

In this book, we will need to consider “time dependent” vector fields, that is,
differential systems
&= Xi(x(t)),

where (¢, z) — X;(x) is a vector field that depends on the additional param-
eter ¢ (time). The situation seems to be somewhat different from what we
have been considering up to now, but can be reduced to it by considering the
vector field

~ d
X (u,x) = T + Xu(2) € Tiyo) (R X V)

on Rx V. The trajectories of X are the solutions Z(t) = (u(t), z(t)) € RxV of

) =1, @t) = Xy (2(t)):

These include the ¢ — (¢,2(t)), where z is a solution of & = Xy(z), our

original equation. The flow of X is

&(u’x) = (u + t,(pt(aj))7
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where (! denotes the flow of X, a solution of
0 d 4 t
¢  =1d and FTAd = X;o0¢".

The linearization of the differential equation along such a solution can be
applied to sections of Z*T'(R x V), that is, to vectors

t— (y(t), Y (1))

% (1%) B (aX?/at (dX?>I<t>) (13) '

The solutions are therefore of the form (y,Y), where y is constant and Y
satisfies

satisfying

ay 00X,y
oV T (dXt)zr)Y-
In particular, for y = 0, this is
dy
e (dXt)ew)Y,
where we recognize the form above. The results therefore hold, in particular

Lemma A.4.4, which gives

(y(6), Y (1)) = T0)" (¥(0), Y(0)) = ((0), Tuy" (Y(0)))-
For y(0) = 0, we see that Y is a solution of

dY ) .
o (dX¢)z)Y if and only if Y'(t) = Tz(t)got(Y(O)).

A.5 Riemannian Metrics, Exponential Map

A Riemannian metric on a manifold is a section of the vector bundle of
bilinear forms on the tangent space to this manifold that at each point is an
inner product on the tangent space at that point.

For example, if V' is a submanifold of R, then the Euclidean metric on
R™ induces an inner product on the vector spaces T,V and a Riemannian
metric on V.

When a manifold has a partition of unity, we can use it to endow the man-
ifold with a Riemannian metric; in particular, this applies to every compact
manifold.
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A Riemannian metric g defines a derivative of vector fields along a vector
field, the covariant derivative called the Levi-Civita connection, the unique
(X,Y) — DxY such that

DxY —DyX =[X,Y]
X -9(Y,Z)=9(DxY,Z)+g(Y,DxZ).

See [37, §11 BJ.

On a Riemannian manifold, we therefore have the notion of a geodesic. A
geodesic is a solution ¢ — ~y(t) of the differential equation

D,y’}/ =0.

Given a point x € V and a vector Y € T,V there exists a unique geodesic
through x with tangent vector Y at x; that is,

Yy (t) with 7y (0) = x and 4y (0) =Y.

The geodesics are solutions of a differential equation of order 2. We assume
that V' is (geodesically) complete, namely that vy (t) is well defined for every
t € R. We then define

exp, I,V —V

We can show that exp, is a local diffeomorphism and that
Toexp, : T,V — T,V

is none other than the identity. See [37, §1II C].
Since V' is endowed with a Riemannian metric, we can consider, for ev-
ery R, the subspace

{((z,Y)eTV ||Y| < R} CTV.

We call this type of space a “disk bundle”: the fiber at = € V is the disk of
radius R in the Euclidean space T,V
When the manifold V is compact, there exists a nonnegative real number r

such that the exponential defines a diffeomorphism

(,Y) — (z,exp, Y)
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from the disk bundle of radius r
{@Y)eTVI[|Y| <r}

onto its image in V' x V. The supremum of the set of such r is called an
injectivity radius.

With a Riemannian metric and its Levi-Civita connection is associated
a notion of “parallel transport”. Given a vector X tangent to V at x, we
define its parallel transport along a curve ¢ — (t) with origin x = v(0) as
follows: X (t) € T)V is the unique “parallel” section, that is, section with
zero covariant derivative, of Y*T'V satisfying the initial condition X (0) = X.



Appendix B
A Bit of Algebraic Topology

In a book devoted to (Morse, Floer) homology, we inevitably use some alge-
braic homology (Kiinneth formula, long exact sequences). But we also need
a minimum of algebraic topology (homotopy groups, first Chern class,. .. ).
We take stock of all of this in the present chapter.

B.1 A Bit of Algebraic Homology

Let us recall (see for example [25]) that a chain complex is a sequence C, of
modules endowed with linear maps

0: Ck — Ck—l
such that 9o 0 = 0.

B.1l.a The Kiinneth Formula over Z/2

In this subsection, C, and D, are complexes of vector spaces! over Z /2. Their
tensor product is the complex defined by

(CeoD)k= @ C;®D;
i+j=k

with boundary operator

0P (c®d) = ((0°c)®d,c® (0P d)) € Cimy®D; ®C; @ Dj—1 C (C® D)1

L The result is true over any field, but not over a ring. In particular, it is not true for
integral homology. See Remark B.1.2 and [25].

575
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fore®de C’i®Dj C (C@D)k
We will show the following result.

Proposition B.1.1. The homology of the tensor product complez is the ten-
sor product of the homologies:

H,(C,®D,) = H,(C.)® H.(D,).

Proof. Let us first note that:

e C®0=0.

e H,(C,dCl)=H,.(C,)® H,.(C.).

e (CaCY®D=C®Da&C' ®D.

e If the proposition is true for C, and D, and also for C! and D,, then it is
true for (C @ C'), and D,.

We therefore prove the proposition by induction on the length ¢(D,) of
the second chain complex, where, of course,

t(D.) = #{j | D;j #0}.

There is nothing to prove when ¢(D,) = 1. Let us consider a complex of
length 2. If the two nonzero vector spaces in DD, do not have consecutive
indices, then the property is clear by taking the direct sum. Let us therefore
suppose that the chain complex D, is

0— Dj—l i) Dj—l — 0.

If 0 = 0, then we also have the result by taking the direct sum.

Let us first suppose that 9 is an isomorphism. In this case, the homology
of the chain complex D, is zero and we consequently wish to show that the
homology of (C'® D), is also zero. Let us consider an element of the kernel of

6i+j CiRD;0C 11 ®D 1 —Cii®D; C; ® Dy

(the exponents denote the degrees) and let us show that it is contained in
the image of
8i+j+1 : Ci+1 ® Dj —C; ® Dj.

‘We therefore write

8(2 zl @y, Zz,’fl ® ti_l) =0,
a b
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that is,
> (0xl) @yl =0
a
and doal@oy,+) o5 @t =o.
a b

Under our hypothesis, 97 is an isomorphism. Let us therefore apply Id 9!
to the second relation. We obtain

dalwyl=> o5 @}
a b
(computed modulo 2). Finally, we have
(S e 0) = (St X od ™),
b a b

so that our element of the kernel of 0;1; belongs to the image of 0;1 1.

Let us now consider the general case of a chain complex D, of length 2.
We decompose D; and D;_; as direct sums

Dj =Ker(d)® D} and Dj; = E; | ®Im(9);

then D, is the direct sum of the two chain complexes

~

0 — Ker(d) -5 E; , — 0 and 0 — D} —— Im(9) — 0

and the result follows from previous ones.

Finally, let us assume that the proposition has been proved for chain com-
plexes of length k and let D, be a chain complex of length k£ + 1, namely

0 — Dyt i)Dk—wu—)Dl — 0.
We decompose as above:

Diy1 =Ker(d) ® D), and Dy =1Im(d) ® Ej.
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The chain complex is then the direct sum of the three complexes

0 — Ker(9) — 0,
0— E, — Dp—1 —> -
and 0— D, =, Im(9) — 0,
all of length less than k + 1. a

Remark B.1.2. It is when we decompose D; or Dy as direct sums of the
kernel of 0 and a complement that we really use the fact that our chain com-
plexes consist of vector spaces, and not simply of modules over a commutative
ring.

B.1.b Exact Sequences of Complexes

Let us quickly recall that if A,, B, and C, are chain complexes, then an exact
sequence of chain complexes and morphisms of chain complexes

0—>A.L>B.L>C.—>O
induces, for every k, an exact sequence
i Jx
Hy(A) —— Hy(B) —— Hy(C)

(as can be verified directly), while the morphism induced by 7 or j is in general
not injective or surjective, respectively. This lack of exactness is “measured”
by a long exact sequence.

0
/
kal(A) - s

Let us just indicate how the connecting morphism 0 is defined (all remain-
ing verifications are analogous and direct). Let [¢] € Hi(C) be an element
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represented by a ¢ € Cy with d¢(c) = 0. The diagram

0

gives ¢ = j(b) with
3(0Bb) = dc(j(b)) = dcc = 0,

so that dp(b) € Ker(j), whence dp(b) = i(a) for some a € Ai_1. Moreover,
this element is a cycle: we have

i(94a) = dp(i(a)) = pdp(b) = 0

and ¢ is injective.

B.2 Chern Classes

Second Cohomology Group.

We have mentioned the first Chern class of a complex vector bundle, even
though we have not used it much. It lives in the cohomology group H?*(W; Z)
obtained, for example, using the Morse complex as in the first part of this
book.

First Chern Class.

The most economical way to define it is by taking the maximal exterior power
of this fiber bundle, thus obtaining a complex line bundle. The first Chern
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class is then the Euler class of the latter:
c1(F) = ¢1(A"E) = e(A™(E)) € H*(W;Z)

if E is a fiber bundle of rank n on a space W. We refer to [56] for these
notions.

We have used the first Chern class ¢;(TW) of the tangent bundle TW
of a symplectic manifold, seen as a complex vector bundle using an almost
complex structure calibrated by the symplectic form. Let us note that this
class is well defined, simply because the set of such almost complex structures
is contractible (and in particular connected) and the Chern class ¢; lives in
the discrete space H?(W;Z).



Appendix C
A Bit of Analysis

We first recall the statement of the Arzela—Ascoli theorem. Then we set out
the basis of Fredholm theory. Next, we will prove some lemmas on elliptic
regularity, as well as the properties of d that we have used throughout this
text.

C.1 The Arzela—Ascoli Theorem

Let us recall this very useful theorem, which characterizes the relatively com-
pact subsets of the space of continuous functions on a compact space, and
which we use in several compactness statements. See [17] for this theorem
and for references.

Theorem C.1.1 (Arzela—Ascoli). Let (E,d) be a compact metric space
and let F be a bounded family of continuous functions f : E — R that are
uniformly equicontinuous on E, that is, that satisfy

Ve>0, 30 >0 such thatVfeF, dzy <dé=|f(z)-f(y)l<e.

Then JF is relatively compact in the space of continuous functions on E.

In other words, from every sequence of elements of F we can extract a
sequence that converges uniformly on E (to a continuous function).

Remark C.1.2. In all the cases where we applied this theorem in this book,
the family of functions was equicontinuous because it was “equi-Lipschitz”.

581
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C.2 Fredholm Theory

As is usually done and for the sake of simplicity, in this chapter we will call
an operator! a continuous linear map from a normed vector space to another
(this is sometimes also called a bounded linear map).

C.2.a Fredholm Operators

We say that an operator L from a Banach space F to a Banach space F' is
Fredholm if it has an index, namely if Ker L is a finite-dimensional subspace
and Im L is a finite-codimensional subspace (or Coker L is a finite-dimensional
space). The index of the operator is then

Ind(L) = dim Ker L — dim Coker L.

Examples C.2.1.

(1) A bijective operator has an index, namely zero.
(2) If E is a finite-dimensional vector space, then every linear map L : E — E
has index zero. .. since this assertion is equivalent to

dimKer L +dimIm L = dim F.

Remark C.2.2.If L : E — F is a Fredholm operator, then Ind(L) is the
Euler characteristic of the chain complex

O—>EL>F—>O

since in this simple case, the Euler characteristic is
x = dim(Ker L/ {0}) — dim(F/ Im(L)).

The theory of Fredholm operators is explained very well in the talk by
Grisvard [41] that we have borrowed from shamelessly, hoping that we will
be forgiven for this borrowing because of the publicity it will bring to this
little-known article (we have no doubts about that). Here is a first list of
properties that can all be verified directly.

Proposition C.2.3. Let Ly : Ey — Fy, L1 : By — FA, L : E — F and
L' : F — G be Fredholm operators. Then we have:

I In the remainder of this book, we have occasionally used the term “operators” for dif-
ferentiable maps that are not necessarily linear and have also occasionally considered non-
continuous operators. As a rule, we always specify what the term refers to.
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(1) Lo ® Ly is a Fredholm operator and
Ind(Lo @ L1) = Ind(Lo) + Ind(L1).

(2) If H is a vector space of finite dimension m, then L @ Idy is a Fredholm
operator, and index Ind(L ® Idy) = mInd(L).
(3) L' o L is a Fredholm operator and Ind(L' o L) = Ind(L') + Ind(L).

Proof. The first assertion is clear and the second one follows from the first
by choosing a basis for H and writing

EQH=ZE®---®F and L®Idyg=Ld---@L.

By applying Remark C.2.2, we could also have considered the short exact
sequence of chain complexes

0 0
[
0 FEy Fy 0

| nen 1

O— o b —— Fyeo 1 —— 0

L, ]

0 E, Fy 0
| |
0 0

and applied the additivity of the Euler characteristic? to prove the first as-
sertion. This introduces the elegant argument that Grisvard uses to prove the
third assertion. That argument is as follows. We consider the commutative

2 This is a consequence of the existence of a long exact sequence associated with a short
exact sequence of chain complexes; see Section B.1.b.
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diagram
0 0
0 E L F 0
(Idg, L) (L', 1dp)
L'oLald
0— spop 2°t®Ar Aop )
L —Tdp Idg —L'
L/
0 F G 0
0 0

whose vertical arrows form short exact sequences of complexes. We deduce
from it that

Ind(L)+Ind(L') = Ind(L/ o L&ldp) = Ind(L/oL)+Ind(Idp) = Ind(L'oL). O

The Fredholm operators defined this way are indeed those we defined in
Chapter 8. We have the following result.

Proposition C.2.4. Let L : E — F be an operator whose kernel has finite
dimension and whose image has finite codimension; then its image is closed.

Proof. Let H be a closed subspace? of E such that Ker(L) ® H = E and G
be a finite-dimensional subspace of F' such that Im(L) @ G = F'. Consider
the linear map

I' ' HeG — F
(z,y) — L(z) +y.

Since G has finite dimension, this map is continuous. Moreover, it is easy to
check that it is bijective. Using Banach’s theorem, its inverse is also continu-
ous and therefore its image I'( H @& 0) must be closed. But I'(H @& 0) = Im(L)
and the proof is finished. a

C.2.b Basic Properties

Proposition C.2.5. Let L : E — F be an operator between two Banach
spaces. For L to be Fredholm, it is necessary and sufficient that there exists
an operator L' : F — E such that Lo L’ —Idgr and L' o L — Idg have finite

3 This is a simple consequence of the Hahn-Banach theorem.
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rank. When this is the case, L' is also a Fredholm operator and
Ind(L') = —Ind(L).

Proof. To begin, let us assume that L is a Fredholm operator. We choose a
complement Fy of Ker L in F, so that the restriction Ly of L to Fy is an
isomorphism from FEy onto Im(L). We consider the inverse L, Lof Ly. We
also choose a projection p : F' — Im(L) that we take to be continuous, and
we set

L = Ly Lo D;

then L’ is continuous. We have
Im(L' o L —1dg) = Ker(L) and Im(Lo L' —Idp) = Kerp,
which are both finite-dimensional. We also have

Lol’oL=L and L'oLoL =1L'.

Conversely, if L' has the two properties, then let us show that L and L'
are Fredholm operators. Let A= Lo L' —Idp andlet B=L'o L —Idg. We
have

Ker(L) C Ker(L' o L) C Im(B)

(the first kernel is therefore finite-dimensional) and
Im(L) D Im(Lo L) = Im(Idg +A).

If G = Ker(A), then F/G is isomorphic to Im(A), hence finite-dimensional.
Therefore G has finite codimension. However, Idr +A equals Idr on Ker(A),
hence Im(Idr +A) D G, so that the image indeed has finite codimension.

So L has an index, as does L’. The formula for the index follows from the
additivity formula of Proposition C.2.3 and from the following proposition,
which will imply that the index of Idg +A is zero. O

Proposition C.2.6. Ifu: E — E is an operator of finite rank, then
Ind(Idg +u) = 0.

If L: E — F is a Fredholm operator and if u : E — F is an operator of finite
rank, then L + u is Fredholm and its indezx is

Ind(L + u) = Ind(L).
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Proof. The first assertion is a computation of dimensions, which we can deal
with using the Euler characteristic. We set G = Im(u). This is a finite-
dimensional subspace of E and it is stable under Idg +u. The diagram of
exact sequences of chain complexes is

Idg +u

Idg +u

ldg/a

o
&=
@

o
O— 4 m—Q—o

O]
o

o%@%@%@%o
o

(the vertical arrows are inclusions and projections). The index is then the
sum

Ind(Idg +u) = Ind(Idg +u) + Ind(Idg /),

where the first term on the right-hand side is zero because G is finite-
dimensional, while the second is zero because the index of the identity is
always zero.

Since we have now completed the proof of Proposition C.2.5, nothing pre-
vents us from applying it to prove the second assertion. We therefore use
an L' as in the proposition. Then (L 4 u) o L' — Idp also has finite rank, so
that

Ind(L + u) + Ind(L") = 0 and therefore Ind(L + u) = Ind(L). O

Proposition C.2.7. If K : E — E is a compact operator on a Banach space,
then Idg +K is a Fredholm operator.

Proof. We consider L =Idg +K : E — E. First, Idg [ker(z) = —K|Ker(1), 50
Idg |Ker(L) is a compact operator, which means that the unit ball of Ker(L)
is compact, and therefore that Ker(L) is finite-dimensional.

Let us now show that the image of L is closed. We choose a complement Ej
of Ker(L) in E and show that there exists a constant C' > 0 such that

Va e Ey, |z < CL(2)]-
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Indeed, if this were not the case, then we would be able to find a sequence
(zx) of elements of norm 1 in Ey such that

li K =0.

Jim (o + K (@)

Since K is compact, we would then be able to extract a sequence such that
(K (zk)) converges. But then (xj) would also converge. The limit = would
then have the following properties

lz|| =1, =z € EynKer(L),

which is absurd.

We therefore have the desired inequality, which implies that the image of L

is closed: if (z}) is a sequence in E such that

i Elew) =
then (xy) is a Cauchy sequence and therefore converges to a vector of E
whose image is .

Finally, we consider the transposes E’ — E’ (here E’ denotes the dual
of E, endowed with the weak topology?). The operator 'K is compact, hence
we can use the same argument as for Ker(L) to show that the dimension of
Ker (L) is finite. Together with the fact that Im(L) is closed, this concludes
the proof of the proposition. ad

From these propositions, we deduce three results that are essential for the
theory of Fredholm operators.

Theorem C.2.8. Let L : E — F be an operator between Banach spaces.
For L to be a Fredholm operator, it is necessary and sufficient that there
exists an L' : F — E such that

LoL'—Idr and L' oL—-1dg

are compact operators.

Proof. Operators of finite rank are compact, so Proposition C.2.5 gives the
necessity of the condition. Next, we have

Ker(L) C Ker(L'o L) and Im(L) D Im(LoL’)

so that the result follows from the previous proposition. a

4 We always have that Ker ‘L is the annihilator of Im(L); we do not always have that
Im(L) is the annihilator of Ker 'L, but the latter is true if Im(L) is closed.
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Theorem C.2.9 (invariance of the index under small perturbations).

Let L : E — F be a Fredholm operator between two Banach spaces. There
exists a constant € > 0 such that, for every operator v : E — F of norm
llul| < e, the operator L + u is Fredholm and

Ind(L + u) = Ind(L).

Proof. We use an operator L’ as given by Proposition C.2.5 and set

1

[

Hence, for ||u|| < €, the operators Idg +u o L' and Idg +L’ o u are invertible.
In particular, their indices are zero and we have

(L+u)oL'=LoL' 4uol’/=1dp+A+uol’

for an operator A of finite rank. Since Idg +u o L’ is invertible, the operator
Idp +A + wo L’ has index zero (by Proposition C.2.6). Since

Im((L +u)o L") C Im(L + u),

this image has finite codimension. We can show in the same manner (using
L' oL =1dg +B with B of finite rank) that Ker(L 4 u) is finite-dimensional.
Finally, we have on the one hand,

Ind(L + u) + Ind(L") = 0,
and on the other hand,
Ind(L) + Ind(L') = 0,

whence it follows that
Ind(L + u) = Ind(L). O

Theorem C.2.10. Let L : E — F be a Fredholm operator between two Ba-
nach spaces. For every compact operator K : E — F, the operator L + K is
Fredholm and

Ind(L + K) = Ind(L).

Proof. We still use the operator L’ from Proposition C.2.5; the operators

(L+K)oL' —1dp and L'o(L+K)—1Idg
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are compact, so that L + K is Fredholm (Theorem C.2.8). The same holds
for L + tK for every t € [0,1], so that, by Theorem C.2.9, we have

Ind(L + K) = Ind(L). O

Remark C.2.11. Theorem C.2.9 asserts that the index is a continuous map
on the set of Fredholm operators, which is an open subset of the space of
operators from E to F.

Remark C.2.12. The operator Idg + K, which by Proposition C.2.7 is Fred-
holm, therefore has index zero.

C.2.c Another Useful Result

To prove that the linearized operator L of the Floer equation is a Fredholm
operator, we used Proposition 8.7.4, which we repeat here.

Proposition (8.7.4). Let E, F and G be three Banach spaces. Let L : E —
F be an operator and let K : E — G be a compact operator. We suppose that
there exists a constant C' > 0 such that

Ve e B, |zllp < CUL@)p+ K@)

Then the kernel of L is finite-dimensional and the image of L is closed.

Proof. The proof is inspired by that of Proposition C.2.7. Let us first show
that Ker L is a finite-dimensional subspace of E. To do this, let us show that
its unit ball is compact. Let (1) be a sequence of elements of this ball:

|lzkl|lp <1 and  L(zx) = 0.

The hypothesis is that
lzkllp < CIE (zx)l -

The image of the unit ball under K is relatively compact, hence after extract-
ing a subsequence, if necessary, we may, and do, assume that the sequence
(K (xy)) converges in G. This implies that (z) is a Cauchy sequence, whence,
since E is complete, that it converges in E and therefore in the unit ball. This
proves the compactness of the unit ball.

Let us now show that Im(L) is a closed subspace of F. Let (zx) be a
sequence of elements of E such that the sequence (L(x)) converges to an
element y € F' and let us show that y belongs to the image of L:

e If the sequence (z1) is bounded, then the inequality gives

lekllg < C([1L)llp + 1K (@r)le)
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where L(xzg) — y in F and K(z) remains in a compact subset of G. It
follows that (z) admits a subsequence that is a Cauchy sequence and
therefore converges. Its limit « satisfies y = L(x).

e If the sequence (x) is not bounded, then let us show that we obtain a
contradiction. In this case, the sequence admits a subsequence with

lim |Jzg|| = +oo.
k—+oo

Since Ker L is a finite dimensional subspace, we can find a complement Fj
and we may, and do, assume that z; € Ey for every k. Let

Tk

g

U € Ey.

Our inequality gives

lurllp < C (IECur) | o + [ (ur)llg) -

Once more, the sequence (K (uy)) admits a convergent subsequence. Here
the sequence (L(ug)) converges to 0, hence we may, and do, assume that
(ug) is a Cauchy sequence and therefore converges in Ey to a limit

u € KerLNEy={0}.

Consequently v = 0 though it should have norm 1, giving the expected
contradiction. O

C.2.d Fredholm Maps

We call a differentiable map
F:.F—F

from one Banach space to another a Fredholm map if at every point it has a
(continuous) differential
T.39: E— F

that is moreover a Fredholm operator. Let us note that in this case the index
of T,F does not depend on z (by Theorem C.2.9 and Remark C.2.11). We
therefore denote it by Ind(F).

The local inversion theorem in Banach spaces (see [19]) allows us to prove
the following result, as in the finite-dimensional case.
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Theorem C.2.13. Let F: E — F be a Fredholm map and let y € F be such
that
VeeF y), T.9:E—F

is surjective. Then F~1(y) is a manifold of dimension Ind(F) and its tangent
space at x is Ker T, F.

C.3 Distribution Spaces, Weak Solutions

C.3.a Distributions

We quickly recall the basic definitions of distribution theory. We refer the
readers to their favorite book. As for us, we used [13].

For every open subset U of R™, we consider the space C5°(U) of functions
of class € with compact support in U. The space D’'(U) of distributions
on U is a dual of C5°(U). More precisely, it is the space of linear functionals
on C5°(U) that are continuous in the sense that for every compact subset
K C U, there exist an integer p and a constant C such that

. . ¢
for every ¢ € €3°(U) with support in K, |(u, )| < C sup ’33:0‘ (:r)’

reK
la|<p

We say that a sequence u,, of distributions converges to a linear func-
tional u if we have that

for every ¢ € C°(U),  lim (un,p) = (u, p).

n—-+oo

It is not entirely trivial, but the limit w is then also a distribution.

We define the support of a distribution in an obvious manner (as the
complement of the greatest open set restricted to which the distribution is
zero) and we let &' (U) denote the space of distributions with compact support
in U.

Examples.

(1) Taking the value of functions at a given point of U defines a linear func-
tional on C€3°(U) that is a distribution, namely

(00, ) = (a),

the Dirac delta function at a (we write § = dp).
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(2) More generally, linear combinations of partial derivatives (such as 0, A)
taken at a point a are also distributions.

(3) If f is a locally integrable function on U, then for every ¢ € C5°(U), we
can define the linear functional

(toh= [ foda,

which is a distribution. If two locally integrable functions f and g are
equal almost everywhere on U, then they define the same linear functional.
Moreover, if the sequence (f,) converges to f for the L' norm on the
compact subsets of U, then it tends to f in the sense of distributions, so
that L] is consequently a subspace of D’(U). The same holds for L

(with Holder’s inequality).

C.3.b Derivatives

We define the derivatives of a distribution u (by keeping in mind the formula
for integration by parts and) by setting

(ee) = (v 50)
—, = —(u, .
axi ¥ 6351
We can easily verify that the resulting linear functional is indeed a distribu-
tion. We can therefore iterate the process.
For example, ¢ is the derivative of the Heaviside step function H (with

value 0 for z < 0 and 1 for z > 0): H is locally integrable, hence a distribution,
and computational rules give

t0) = - [ He) @ =- [ " () da = p(0).

C.3.c Convolution

By copying the definition of the convolution of two functions (let us take u
integrable and ¢ of class C>),

(uxp)(z) = /w(w —y)u(y) dy = (u(y), p(z — y)),

we can convolute a distribution with compact support and a € function
with compact support by setting, for u € &'(R™), for every ¢ € C5°(R"™) and
at every point x,

(uxp)(z) = (u(y), p(z — y)).
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We refer, for example, to the course [13] for all properties of convolution
and in particular for those that follow. The function uxp thus defined belongs
to € (R™), its support satisfies

Supp(u * ¢) C Supp u + Supp ¢,

and its derivatives satisfy

o (ux @) =ux (aaw) = (8‘%) * .

Ox® Oz Az

If w is a distribution with compact support and ¢ and ¢ are two € functions
with compact support, then we have the following associativity property:

(ux ) x Y =ux (p*).

More generally, we can convolute distributions, for example two functions

in L} . whose supports A and B are “convolutive”, that is, such that

VR > 0,3p(R) > 0 such that
(r €Ay € B llz+yll < R) = ([« <p(R), [lyll < p(R)).

This is a commutative (and associative) product.

In this way, we can define the convolution of a distribution in £'(U) and a
@€ function, or of an arbitrary distribution and a €*° function with compact
support. In both cases, the result is a € function.

Another useful remark is the fact that J, the Dirac delta function at 0, is
an identity for this “product”:

dxp=¢
(this follows from the definition of convolution).

C.3.d Fundamental Solution, Weak Solutions

P

e (or more generally a

Let L be a differential operator. If f is a function in L
distribution), then we call weak solution of the equation Lu = f a solution in
the space of distributions. If L has constant coefficients, then the properties
of convolution given above imply that Lu = § x Lu = Lé * u, so that the
equation can also be written as Ld x u = f. We call fundamental solution of
the equation Lu = 0, or “fundamental solution of L”, a distribution E that
satisfies

L6+E = L(E) =,
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where L¢ is seen as a distribution.

For example, by Cauchy’s formula, this is the case for the function 1/7z
when L is the operator 9, as we will prove in Section C.5.

Formally, if E is a fundamental solution of L, then we may hope to have

Lix(Exf)=(LdxE)xf=0xf=f

for every function f, and therefore to be able to express the solutions of
Lu = f through convolution with a fundamental solution. This is indeed the
case. More precisely, we have the following result.

Theorem C.3.1 ([13, Theorem 8.1.2]). If L is a differential operator with
constant coefficients that admits a fundamental solution E and if f is a dis-
tribution with compact support, then the equation Lu = f admits a unique
weak solution with compact support, namely u = FE x f.

Proof. The argument above shows that u = E % f is indeed a solution. The
uniqueness of this solution comes from the fact that it has compact support:
if w is a solution with compact support then the supports of u, L and E
satisfy the “convolutivity” condition and the resulting associativity gives

u=0xu=(Ex(Ld))xu=FEx((Ld) xu) =E* f. O

C.4 Sobolev Spaces on R"™

Let us recall here the definition of Sobolev spaces. We let U denote an open
subset of R™. We let C>°(U) denote the space of restrictions to U of the
C> functions on R™ and let C3°(U) denote the space of € functions with
compact support on U.

The Sobolev space W*P(U) is a completion of the space of € functions
on U whose derivatives up to order s are all in L?(U). More precisely, we
define the norm |[|-[|, , of a €> function on U by setting

lull,, = </U > aau(x)|de>1/p.

| <s

The Sobolev space W*P?(U) is the completion of €>°(U) for this norm and
WyP(U) is the closure of €2°(U).

In fact, these spaces are distribution spaces: the elements of WP (U) are
the functions with “weak derivatives”, as we show in the following proposi-
tion.
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Proposition C.4.1. Let U be an open subset of R™ whose boundary is a
submanifold of class @'. Let uw € LP(U). Then u belongs to W*P(U) if and
only if for every o with |a| < s, there exists a function u, € LP(U) such that
for every function ¢ € C°(U), we have

/ uw(2)0%p(x)de = (—1)* / Uo () p(z)dx.
U U
Idea of the proof of Proposition C.4.1. By a change of coordinates, we reduce
the proof to the case where U is a half-space (take z; > 0 to illustrate the
ideas). We leave it to the readers to verify that the elements W*? are weak
derivatives.

Let us suppose that u indeed has weak derivatives u, and let us show that
u € W*P(U). Let us fix a function S of class € on R”, with support in the
unit ball and such that

pe)de =1,

and let us define S5 by
Bs(x) =87"B(6 ).

Let us also fix a function v of class €>° on R"™ with value 1 on the unit ball
and identically zero outside of the ball of radius 2. Then the function

us(x) = y(6x)u(zy + 8,22, .., 2y)

defined for x; > —¢ has compact support and has weak derivatives up to
order s that converge, for the LP norm, to weak derivatives of u. Moreover,
the convolution

Bs * us(x) = - Bs(x — y)us(y)dy

is € with compact support and converges (for the ||-[|; , norm) to u. There-
fore u is indeed an element of W*?. O

These weak derivatives behave well. In fact, even if it is not yet obvious,
we have desired result.

Proposition C.4.2. Let U be a bounded open subset of R™ and let u €
WP(U) be an element with (weak) derivatives of order 1 all identically zero
on U. Then u is locally constant. If we moreover suppose that u € Wol’p(U),
then u is identically zero.

Proof. We first suppose that U is a cube and that the mean value of u is zero.
The function u is then the limit (for the norm on Wy*) of a sequence (u,,)
of € functions with mean value zero. The (Poincaré) lemma below asserts
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that this sequence converges to 0 for the LP norm. Hence u is zero. We have
thus proved that w is constant on every cube where its (weak) derivatives (of
order 1) are zero. The result follows. O

The Poincaré lemma used in this proof is an inequality.

Lemma C.4.3 (Poincaré inequality). For p > 1 and for a bounded open
subset U of R™, there exists a constant C' (depending only on p and U) such
that, for every function u € Wol’p(U) (with compact support in U ), we have

||UHLp(U) <C ||graduHLp(U) .

If U =10,1[" is a cube, then for every u € WHP(U) with mean value zero,
we have

||UHLP(U) =n ||graduHLp(U) .

Proof. Using the density of C® N WP in WP, we may, and do, assume
that u is smooth and has compact support in U. After applying an affine
transformation of R"™, if necessary, we may, and do, also assume that the
open set U is contained in the half-space z,, > 0 (and that 0 € 9U). Since U
is bounded, it has a finite diameter D and we have 0 < x,, < D on U. We
can write

u(x) :/ ’ a—u(xl,...,xn_l,t) dt,
0

oxy,
and then
Tn au p
lu(z)|? < {/ %(xl""’xnl’t))dt}
0 n
gDp/q/ ;Tu(xl,...,xn_l,t)pdt
0 n

by applying Holder’s inequality (1/p + 1/q = 1, so that p/¢g = p — 1). We
then integrate the two sides over U or, which amounts to the same, over
R x [0, D], giving

ou
P < pl+pr/a _
/n lu(z)|P dz < D /U‘axn

Jull o < D5

whence the first assertion follows. For the second one, we use induction on n.

p
dx

and finally,

e’

We use the density of the € functions on U to assume that u is @> on the
closed cube. We initialize the induction by noting (as we have already done
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in Lemma 10.4.1) that a function with mean value zero on [0, 1] satisfies

/01 lu(t)? dt < /01 W () dt.

Actually, for every ¢, t; in [0, 1], we have

by
u(ty) —u(t) = /f o dr,

a relation that we integrate with respect to ¢ over [0, 1] to obtain

h
/ / ) g a,
from which we deduce that

[uooras [ [
< / W (PP dr.

We pass from n to n + 1 by considering

’ dr dt dt,

v(t):/ u(x, ..., Ty, t)day -+ dapy,
[0,1]"

a function on [0, 1] with mean value zero, to which we apply the case n =1
and Holder’s inequality:

/\v |pdt</ v/ (¢ \pdt</
[0,1]n+1

For fixed ¢, we apply the induction hypothesis to the function u(z,t) — v(t),
giving

d
6xn+1 ‘ .

/ (1. oy, t) = v(t)|P dey - day,
[0 1]71
< np/ ’gradwl,_“’wn u(xy,. .. ,xn,t)‘p dxy - day,
[0,1]
which we then integrate with respect to t to find

|u—vllp, <n ngadml Tn uHLP
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and finally
lullpe < llu =2l + [0l
e e e
< (n+1)[lgrad ul| , .
This completes the proof. a

The C*° functions are dense, in the following precise sense.

Proposition C.4.4 (see [17, Section 9.3]). Let U be an open subset of R™
whose boundary is a submanifold of class C*. Then the restrictions to U of the
C> functions with compact support on R™ form a dense subspace of W1P(U).

Relations Between Sobolev Spaces

Let us begin with an example.

Example C.4.5. Let us consider the function

1

on the unit ball ||z]] < 1 of R". It is not continuous at 0 if & > 0. We have

ou T;

ou —a—1
= —a—2 oy ‘7‘ < ot
8xi a||x||0t+2’ ence 31‘i = O‘Hx”

The pth powers of these derivatives are integrable on the unit ball if and only
if (& + 1)p < n. Therefore, if « satisfies

O<a<ﬂ—1,
p

then the function u belongs to WP without being continuous at 0. Such an o
can only exist if p < n. This example is typical for the property expressed in
the following theorem, which is a particular case of Rellich’s theorem.

Theorem C.4.6 (Rellich, [17, Section 9.3]). Let U be a bounded open
subset of R™ and let p > n. Then WLYP(U;R™) is a subspace of C°(U; R™)
and the injection

WhP(U;R™) C C%(U; R™)

18 a compact operator.
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Remark C.4.7. Let us note, in particular, that over R, the elements of W2
are continuous functions; see [17].

The case p = n = 2 (over R?), which is the one we are interested in, is
more subtle, as shown by the following example.

Example C.4.8. For every § € ]0, 1], let us define a continuous function us
on C by setting

1 if |2 <4
1
us(z) = og |2] ifd<|z| <1
log 0
0 if |z] > 1.
For § < |z| <1, we have
Jerad us(2)]| <
rad us(2)|| € ————,
|log 6] ||

so that

1 -1
2 2
/||gradU5(z)||2dz§/ %:/ s cjs: ™
© s<lz1<1 [log o] |z] s |logd| [log §|

Thus ug is both a continuous function with compact support and an element
of WHP(C) (we could also make it C> through a convolution with a suitable
function) and it satisfies us(0) = 1.

The sequence (v,) defined by v,, = uyy, is therefore a sequence of contin-
uous functions with compact support that are elements of W12(C). It tends
to 0 for the W2 norm but not for the L> norm.

The following theorems bring together the Sobolev estimates and a com-
pactness statement called Rellich’s theorem.

Theorem C.4.9 (see [17, Section 9.3]). Let U be a bounded open subset
of R™ whose boundary is of class C'. Let k € N, k > 1, and let p satisfy
1 < p < +o0o. Then we have:

(1) If p < n/k, then W*?(U) C L9(U) with ¢ = np/(n — kp).

(2) If p=n/k, then W*P(U) C LI(U) for every q > p.

(3) If p > n/k, then WFP(U) c L>(U).

And the inclusions are all continuous. Moreover, for u € W*P?(U), we have

ol <k = Hg%

Loo (1) <C HUHW’%P(U) :
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In particular, for m = [k — n/p], we have a continuous injection
wkr(U) c em™(U).

The following statement concentrates on the case k = 1.

Theorem C.4.10 (Rellich—-Kondrachov [17, Section 9.3]). Let U be a
bounded open subset of R™ and let p < n. Then there exists a constant C' =
C(p,U) > 0 such that, for every function u on U, we have

n
H'LLHLq <C ”UHWLP for every q < m

Moreover, for ¢ < np/(n —p), the injection
WhP(U;R™) € LY(U;R™)

18 a compact operator.

C.5 The Cauchy—Riemann Equation

The operator J plays a great part in the theory of Floer homology, as we
have seen. On R? = C, we consider the two operators

= 1,0 0 1,0 0
R )
2 8x+18y a 2\ 0z zf)y
A function u of class C' on an open subset U of C is holomorphic if and
only if it satisfies the Cauchy—Riemann equation

The function

Tz

(Cauchy kernel) is a fundamental solution of the Cauchy—Riemann equation
in the sense given in Section C.3.d, as shown by the following lemma.

Lemma C.5.1. Let u and [ be continuous functions with compact support
in LP(C). Then u is a weak solution of Ou = f if and only if u = N x f.

In other words,
wy— L[ Sw)

= — dw A dw.
2im Jow— =z
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Remark. When u is G, Cauchy’s formula (a consequence, for example of
Stokes’s theorem, see [40, p. 3]) gives, for every disk D C C and for every z
in D,

u(z) =

If u has compact support and D contains that support, then the first integral

L/ u(w)dw_i_i Ou dw A dw
17}

2w Jop w—z 2w JpOw w—2z

is zero.

Proof of Lemma C.5.1. Using Theorem C.3.1 it suffices to show that ON = 4.
Let ¢ € € (C). We have

@)= [ Be:IN () s

B dp  .0p iy
_/Rz <8x+ 8y> (22 +y)dxdy

1 [ e tyge i [ —ysE+age
=—— 27d xdy — — 7dxdy

21 Jrz T2 + 2 27 x? 4 y?

1 [t

o7 J, ; 8—pgp(pcos€,psin9) dpdf

/ p@&sﬁ (pcosb, psin®) dpdf
= #(0). 0

C.5.a The Laplacian

On R", the Laplacian is the operator
>
= )
pt Ox

The €2 functions on an open set U that satisfy Au = 0 are called harmonic
functions. Let us recall that in the case n = 2, which is the one we are
interested in, harmonic functions are the real parts of analytic functions.
Harmonic functions satisfy the mean value property.

Proposition C.5.2 (mean value property). Let u be a harmonic func-
tion on U C R%. We have

1
u(zr) = —5 u(z)dz  for every ball B(x,r) C U.
mr B(x,r)
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An L}

loc
we have the following result.

function with this mean value property is necessarily €. In fact,

Lemma C.5.3. An L?

e Junction satisfying the mean value equality is of
class C=.

Proof. The idea is that the uw on the left-hand side is more regular than the
one in the integral (a bootstrapping). To prove this, let us note that the mean
value equality is also equivalent to

U= Xr*u, with Xr = 72XB(O,7’)7
r
which holds over U, = {z € U | B(z,r) C U}. This implies that

U= "Xp*XrK* - xXr *Uu 0N Upyp.
|

m times

The result immediately follows from the regularity of convolutions (above,
Section C.3.c) if we know that

Xr % X X0k X € @6”_2(R2)7
_

m times

which we will now show by induction. First,

1 .
Xr * Xr (%) = 755 Aire(B,(0,0) N By(x)),
(mr?)
which we can easily verify to be a continuous function with compact support;
more precisely,

2
Jzf| Nl /42 = 2]

1
Xr* Xr(T) = (7r2)? (2 arccos - 5 )

(if B-(0) N B.(x) # @ and 0 otherwise).

Next, if f € C5(R?), then x,  f € CiT1(R?). In fact, this function clearly
has compact support. Moreover, the convolution is of class C& and, if |a| = k,
then

[e3 (03

@(Xr*f):Xr*@ﬁ
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so that (9%/0x%)f is continuous. Let us call it g and let us show that it is of
class C1. We have

712 (e % 9)(5,1) = / o(z,y) dz dy

r

s+r t++/r2—(x—s)2
= g9(z,y) dy) dz,
~/s—r </t—\/7“2—(ac—s)2

so that the function is differentiable in ¢ and its derivative is continuous. The
same holds for its derivative in s. O

Being of class @2 is not an essential condition for the harmonicity, as
expressed by the following lemma (often called “Weyl’s lemma”).

Lemma C.5.4. Every weak solution u € LV (U) (for p > 1) of Au =0 is

loc
harmonic.

Proof. We use a family of functions (s of class € that approximate the
Dirac delta function at 0 (as in the proof of Proposition C.4.1): we choose
B : R™ — R nonnegative and of class €*°, with support in the unit ball, and
such that fR" B(z)dr = 1, and we set Bs = 6~ "3(6~'z). The support of S5
is contained in the ball of radius § and its integral over R" equals 1.

Let u € L} (U). The function ux 5 is of class €, its support is contained

in {x €U | B(x,d) C U}, and we have
A(u*ﬁg) = 55 * Au

(by definition of the weak derivatives), so that u * 8s is harmonic if u is a
weak solution. In particular, for every §, the convolution u x Bs satisfies the
mean value equality.

However, u x 85 converges to u for the LP norm and almost everywhere on
the compact subsets of U when ¢ tends to 0. So the weak solution u also sat-
isfies the mean value property, and therefore is of class €* and consequently
harmonic by Lemma C.5.3. a

The real and imaginary parts of a weak solution of the Cauchy-Riemann
equation are the weak solutions of the Laplace equations. We therefore have
the following result.

Lemma C.5.5. Every weak solution u of the Cauchy—Riemann equation that
18 locally integrable over an open set U is holomorphic.
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Proposition C.5.6 (mean value inequality). Let u be a function of class
C2% on U C R? that satisfies Au > 0. We have

1
u(zr) < — u(z)dz  for every ball B(x,r) C U.
e JB(x,r)

Let us give a proof of this inequality, (which transforms without effort into
a proof of the equality and) which follows from Stokes’s theorem.

Proof of the Mean Value Inequality (and Equality). Since Au > 0, we have
f g Au > 0. However, by the “divergence theorem” (the ad hoc version of
Stokes’s theorem), we have

ou 9 ,
Au:/ —:p/ —u(pe'®) do.
/Bp aBpaV 0 ap( )
/27ra (pe'?) db d<1/ > heced(l/ )>0
—u(pe =—| - U whence — | — U ,
o op dp\p JB, do\pJs, /J

so that the function p — % S B, U is nondecreasing and so that for r > p, we

Next,

have
1

= < —
2mp Jop, 2nr Jop,
When p tends to 0, the left-hand side tends to u(0), giving
2mru(0) < / u.
4B,
We integrate this from 0 to r to obtain

7r2u(0) S/ u,

T

the desired inequality. O

Still in the case n = 2, we consider the function (Poisson kernel)

1
K(z) = %log|z|.
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We can easily verify® that K belongs to Li (R?) and that AK = § (in the
sense of distributions). Consequently, K is a fundamental solution of A (in
the sense of Section C.3.d).

Let us note that

A = 499,

and that, moreover, the Poisson and Cauchy kernels are linked by
N(z) = 40K.

We have AK = 0 but, beware, the second derivatives of K are not even
integrable over the compact sets. We do still have the following consequence
of Theorem C.3.1.

Proposition C.5.7. Let u and f be two functions with compact support
on R%. We suppose that u, f € L'(R?). Then the function u is a weak
solution of Au = f if and only if u= K x f.

Let K; (i = 1,2) be the partial derivatives with respect to z and y of the
fundamental solution K:

€ Y
Be = U=

These are also locally integrable functions. Moreover, in the sense of distri-
butions, we have

0 0 0
AKl = %AK = %6 and AKQ = a§

Theorem C.5.8 (Calderén—Zygmund inequality). For every p with
1 < p < +o0, there exists a constant C(p) > 0 such that for every C* func-
tion f with compact support on R?, we have

lgrad(K; * f)|l o < C) 1ASl 0 -

We refer to [51] for a proof.

5 This is an exercise, write K in polar coordinates.
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