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Preface

The school, the book

This book is based on lectures given by the authors of the various chapters in

a three week long CIMPA summer school, held in Sophia-Antipolis (near Nice) in

July 1992.

The first week was devoted to the basics of symplectic and Riemannian geometry

(Banyaga, Audin, Lafontaine, Gauduchon), the second was the technical one (Pansu,

Muller, Duval, Lalonde and Sikorav). The final week saw the conclusion of the school

(mainly McDuff and Polterovich, with complementary lectures by Lafontaine, Audin

and Sikorav).

Globally, the chapters here reflect what happened there. Locally, we have tried to

reorganise some of the material to make the book more coherent. Hence, for instance,

the collective (Audin, Lalonde, Polterovich) chapter on Lagrangian submanifolds

and the appendices added to some of the chapters.

Duval was not able to write up his lectures, so that genuine complex analysis

will not appear in the book, although it is a very current tool in symplectic and

contact geometry (and conversely). Hamiltonian systems and variational methods

were the subject of some of Sikorav's talks, which he also was not able to write up.

On the other hand, F. Labourie, who could not be at the school, wrote a chapter

on pseudo-holomorphic curves in Riemannian geometry.

The aim and sources of the book

When we planned the summer school (during the Souriau conference of 1990),

our aim was to understand in some detail the techniques and results of Gromov's

1985 paper l
. It is a long, but very concise paper, with a lot of hard techniques,

some beautiful tricks, and many spectacular results (see our introductory chapter

for a small panorama of these).

Some of the authors of the present book had already written good-often very

good-papers explaining such or such a page or result of Gromov, which papers,

for some obscure reasons, have been lying dormant in some (necessarily obscure)

drawer since 1986 or 1987. Some of these underground papers are already classics,

1 Pseudo-holomorphic curves in symplectic manifolds, Invent. Math. 82 (1985), 307-347.
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for instance those of Pansu 2 and Sikorav3
. Muller, Pansu and Labourie used their

respective clandestine papers as a basis for their written contribution here. Others

preferred to have theirs plundered by someone else: "Corollaires symplectiques" in

chapter X and Duval's very beautiful text 4 in chapters III and VIII. We hope this

book will become the "official" reference replacing these clandestine papers.

Some of the contributions are really new, for example McDuff's chapter VI on

the positivity of intersections.

We have tried to make this book accessible to graduate students: introductory

and more or less self contained (hence the chapters I to IV, where she or he will

nevertheless find some nonstandard material); with the necessary examples and

techniques needed to understand the applications given in the book, for instance in

the first and last chapters, but also those not given in the book, as in the beautiful

papers of McDuff on symplectic 4-manifolds, and of course, those in all forthcoming

(hopefully) papers. For the same purpose, we have included numerous exercises in

some of the chapters.

The students and the question of language

In keeping with its vocation, the CIMPA organised the school for students of

different ages and/or levels coming from various (mainly developing) countries, who

very bravely survived the techniques, the hot weather and the accomodation in

Sophia: even at the very end of the school, they were still very enthusiastically

discussing the contents of the many two hours (and more) lectures of Dusa McDuff.

It was even possible to overcome the language problems: a lot of the students

came from the so-called French-speaking African just means that

French was already their second language and that their English was very poor.

Some came from various Asian problem, just interchange French

and English in the previous sentence. To tell the truth, we also had a Bilingual

Canadian.

Everybody made some kind of effort and communication was indeed very good.

The more unusual experiments we witnessed were, an Israeli lecturer discussing

exotic structures in Russian with a Vietnamese student, and, even more exotic,

a Rwandese professor explaining his lectures to a student from Burundi, in Kin­

yarwanda of course (yes, it works)!

After this, the reader will probably appreciate finding not only English in the

book: two of the chapters are in French, none in Hebrew nor Alsatian. Moreover,

the English of all contributors (except Dusa, of course) was checked by an English

mathematician, Marcus Slupinski, thanks to whom the book is not completely gib­

berish.

2Notes sur les pages 316 Ii 323 de I'article de M. Gromov...

3 Carol/aires symplectiques.

4 Compacite des J -courbes : Ie cas simple des J -droites d'un pseudoplan.
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Introduction

Applications of pseudo-holomorphic

curves to symplectic topology

Jacques Lafontaine Michele Audin

This chapter is an introduction to the book. First we will describe some problems

in symplectic geometry, or more exactly topology, and the way to solve them using

pseudo-holomorphic curves techniques. Then we describe very roughly the contents

of the book. For the basic results in geometry, the reader can consult chapters I, II

or III.

Unless otherwise mentioned (i.e. apart from Darboux's theorem), all theorems

in this chapter are due to Gromov and come from [9] (see also [10]).

1. Examples of problems and results in symplectic topology

1.1. Flexibility and rigidity in symplectic manifolds

A symplectic manifold (W,w) is a manifold W endowed with a closed nondegen­

erate 2-form w. The basic examples are R 2
n with the 2-form Wo = 'LdPi 1\ dqi and

the 2-sphere with its usual volume form (or any orientable surface with any volume

form).

Locally, such a structure is very flexible: all such structures are isomorphic. More

precisely, if we call a diffeomorphism symplectic when it preserves the symplectic

structures, the basic form of Darboux's theorem (see chapter I) is:

THEOREM 1.1.1 (Darboux). - Let (W,w) be a symplectic manifold of dimen-

sion 2n. Let x be any point in W. There exists a neighborhood U of x and a

symplectic diffeomorphism of (U,Wlu) into an open subset of (R2n,wo).

This shows that there exists no local invariant in symplectic geometry like, for

instance, the curvature in Riemannian geometry: locally, all symplectic manifolds

are alike, and there is no difference between suitable open subsets of the 2-sphere

and the plane l
.

IThis allows us to draw local maps of the earth in which the areas are exact if not the lengths
and angles.

1



2 J. Lafontaine and M. Audin

Of course, globally, things are quite different. For instance, if W is a 2n-manifold,

wAn is a volume form (this is the nondegeneracy condition) and thus, any symplectic

diffeomorphism preserves the volume: there is no symplectic diffeomorphism from a

large ball into a smaller one in R 2n.

A basic question is thus to understand if there is a way to distinguish between

volume preserving and symplectic diffeomorphisms. Note that "volume geometry"

is very flexible, even globally. On the one hand, we have the Moser theorem, which

asserts that two volume forms on a closed manifold are diffeomorphic when they

give the same total volume to the manifold. On the other hand, if U and V are

connected open subsets of Rn with vol(U) < vol(V), there is an embedding U --> V

which preserves the volume form. In contrast, the first result we quote in symplectic

geometry is a very spectacular rigidity theorem:

THEOREM 1.1.2. - Let (W,w) be a symplectic manifold, and let f be a dif­

feomorphism of W which is a limit, in the compact-open (CO) topology, of a sequence

of symplectic diffeomorphisms. Then f is symplectic.

Thus a volume preserving diffeomorphism which is not symplectic cannot be a

limit of symplectic diffeomorphisms. According to Arnold, who invented the phrase

"symplectic topology", this theorem of Gromov proves the existence of symplectic

topology [lJ.

In the same mood, Gromov defined a symplectic invariant, much finer than the

volume, the width, which prevents, for instance, the embedding of a large ball into

an infinite thin cylinder. We consider a ball of radius R in the standard

symplectic space R 2n+2 = R2 EEl R2n and a ball B; of radius r in the symplectic

summand R 2
:

THEOREM 1.1.3. - Suppose there exists a symplectic embedding of into

the cylinder B; x R2n. Then R :S r.

Similarly, one cannot embed two disjoint small balls in a large one (not too large,

of course, but with volume bigger than the sum of the volumes of the small balls):

THEOREM 1.1.4. - Let U be an open subset of R 2n which contains two dis­

joint balls of radii rl and r2. Suppose there exists a symplectic embedding of U into

a ball of radius R. Then rf + :S R2
.

Remarks.

1. C. Viterbo likes to present theorem 1.1.3 as an "uncertainty principle" ... in

classical mechanics [25J.

2. The inequality in theorem 1.1.4 is called a packing inequality. For beautiful

results and a discussion of packing inequalities, see [17].



Symplectic topology and holomorphic curves 3

3. Another famous and related problem is that of the symplectic camel, whose

ability to pass through the eye of a needle is discussed, following St Luke2 18

25, in e.g. [19], [7] and [18].

1.2. Flexibility and rigidity for Lagrangian submanifolds

The next flexibility result is Gromov's h-principle, applied here to Lagrangian

immersions. Recall that an immersion f : L ----> W is Lagrangian if f*w = 0 and

dim L = dim W. From such an f, we can extract two topological data: the

homotopy class of the map f (such that f*w = 0) and the Lagrangian subbundle

TL of f*TW. The h-principle (see [11] and chapter X for interesting special cases

and other references) asserts that the map which associates these two data with f
is a weak homotopy equivalence: everything which is not excluded by homotopy

theory is allowed.

Using pseudo-holomorphic curves methods, Gromov proved that the situation

for Lagrangian embeddings is quite different. A typical consequence is the proof

of the Arnold conjecture. Let >'0 = L,Pidqi be the Liouville form on R 2
n, so that

Wo = d>.o· Note that f*wo = 0 {:} 1*>'0 is a closed I-form, and call exact any

Lagrangian immersion f such that 1*>'0 is an exact I-form.

THEOREM 1.2.1 (Arnold conjecture). - There exists no closed exact Lagran­

gian submanifold in R 2n .

For n = 1, this is a consequence of the theorems of Stokes and Jordan. In higher

dimensions, this rigidity theorem implies the existence of exotic symplectic struc­

tures on R 2
n (2n 2 4); it is also related to problems of intersections of Lagrangian

submanifolds and of fixed points of symplectic diffeomorphisms: any symplectic

diffeomorphism of (W,w) defines a Lagrangian submanifold, namely its graph in

W x W endowed with the symplectic form wEB -w.

All of these things will be discussed in great detail in chapter X, so we shall not

spend more time on them here. However, we must mention that a lot of activity

related to the above conjecture of Arnold-which actually belongs to a whole set of

conjectures, stated by Arnold in the sixties-began a long time before theorem 1.2.1

was proved, and took its roots in "Poincare's last geometric theorem" (or Poincare­

Birkhoff theorem). Once again, we refer the reader to the paper of Arnold [1], and

also of Chaperon [3] and to chapter X and the references therein.

2. Pseudo-holomorphic curves in almost complex manifolds

Although some rigidity results can be proved by variational methods, we will

emphasise here methods involving pseudo-holomorphic curves, as initiated by Gro-

2See also Mat. 19 24, Mk 10 25.



4 J. Lafontaine and M. Audin

mov in [9]. It might seem surprising, but we know of no other way to prove the

Arnold conjecture or the existence of exotic structures.

Basically, what happens is the following:

1. Given a symplectic manifold (W, w), there are plenty of tame almost complex

structures, that is: sections of End(TW) such that J2 = - Id and such that

w(x, Jx) is positive on TW - O. But (except in the case of a Kiihler structure),

there is no natural choice for such a J. The basic idea of Gromov is to consider

the whole family of these tame almost complex structures.

2. For a generic almost complex structure, there are no holomorphic functions

(even locally), but there are many local pseudo-holomorphic curves. More­

over, many classical properties of ordinary holomorphic curves still hold: see

§2.2 below and chapters V and VI respectively for analytical and geometric

properties.

3. In many cases, if there are compact pseudo-holomorphic curves for some almost

complex structure Jo tamed by a symplectic form w, there are such curves for

any tame symplectic structure J. For instance, the properties of pseudo­

holomorphic curves in Cp2 or Cpl x Cpl for any almost complex structure

tamed by the usual (Kiihler) symplectic form mimic the classical properties of

algebraic curves (holomorphic for the usual complex structure): see theorems

2.2.3 and 2.2.4 below.

2.1. Almost complex structures and pseudo-holomorphic curves

a a a a
J- = - and J- = --.

aXk aYk aYk aXk

However, "most" almost complex structures are not defined by a complex (or

holomorphic, or analytic, or integrable) structure (see chapter II). In other words, an

almost complex structure J is usually not integrable. To see this, define holomorphic

functions as smooth functions I : W --+ C such that TxI 0 J = iTxf. For a generic

almost complex structure, there are no holomorphic functions, even locally.

On the contrary, there are always many pseudo-holomorphic curves. A pseudo-

holomorphic curve I is a map from a Riemann surface S into W such that JoT Ix =
Tlx oi (the same compatibility condition as above, but now W is the target space).

In local coordinates, this amounts to the differential system

As we mentioned above, an almost complex structure on a manifold W is a field

of endomorphisms J (a section of End(TW)) such that J2 = - Id. For example, a

complex manifold carries a natural almost complex structure. Namely, if (Zl, ... ,zn)

is a local holomorphic chart on an open set U and if we write Zk = Xk + iYk, J is

given by

aJi = J kU/ ik
ay L.J J, ax

k=l

(1 :::; j :::; 2n)
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of 2n equations for 2n unknown functions.

If J is analytic, the Cauchy-Kowalevskaya theorem implies that there are (local)

analytic solutions. In the smooth case, this is still true, since the differential system is

a quasi-linear elliptic system: the system is linear with respect to higher derivatives;

when linearised, it gives the usual Cauchy-Riemann equations, which are elliptic.

Therefore, pseudo-holomorphic curves enjoy the properties which are expected of the

solutions of an elliptic system: regularity properties coming from Sobolev and/or

Holder estimates (chapter V) and also a removable singularity theorem (chapter

VII).

To save on typing, we shall often simply write a J -curve for a pseudo-holomorphic

curve.

Now, any symplectic manifold will have a lot of complex structures, related to the

symplectic form in the following way: an almost complex structure J on a manifold

W is tamed by a symplectic form w if

w(X,JX) > 0 't/X E TW -0;

if moreover w is J-invariant, J is said to be calibrated.

PROPOSITION 2.1.1. - The space of almost complex structures on a given

symplectic manifold (W, w) which are tamed (resp. calibrated) by w is nonempty and

contractible. In particular, these spaces are connected.

See chapter II for details and for a proof of the proposition. Note that, if J is

an w-tame almost complex structure, then

p,(X,Y) =w(X,JY) -w(JX,Y)

is a J-invariant Riemannian metric.

The following elementary property of tame structures turns out to be crucial

when studying pseudo-holomorphic curves.

PROPOSITION 2.1.2. - Let C be a pseudo-holomorphic curve in a closed sym­

plectic manifold (W, w) equipped with a tame almost complex structure, and let p, be

a J -invariant metric. There is a universal bound

areal-'(C) ::; A(w, J,p" [C])

involving the geometry of Wand the homology class [C] of c.



6

Proof

that

Then

But

J. Lafontaine and M. Audin

Using compactness, we see there exists some constant M > 0 such

J.l (X, JX) ::::; Mw (X, JX) \IX E TW.

Ie w = ([w], [C]). 0

An important consequence of this easy proposition is that a closed pseudo­

holomorphic curve is never a boundary.

Remark. - This result is a coarse generalisation of a classical property of

compact Kahler manifolds, namely: any Kahler submanifold is volume minimising

in its homology class (Wirtinger inequality, see chapter III).

Another basic property of holomorphic curves persists in the pseudo-holomorphic

case, namely positivity of intersections. Indeed, one easily sees that, when two

smooth pseudo-holomorphic curves in a 4 dimensional almost complex manifold

(W, J) meet transversally, the intersection of their homology classes is positive as in

the holomorphic case. M. Gromov pointed out and D. McDuff proved (see chapter

VI) that the same positivity property holds without the transversality or smoothness

assumptions.

2.2. Some existence theorems for pseudo-holomorphic curves

Gromov discovered a general procedure for proving the existence of J-holomor­

phic curves with certain properties when J is a tame almost complex structure on

a manifold which carries some model structure Jo for whose holomorphic curves the

analogous properties are well understood.

Kahler structures. - A good "model" structure might be a Kahler structure:

a Kahler metric on a manifold W is given by a Riemannian metric 9, an integrable

complex structure J compatible with J (i.e. J is an isometry of g), such that the

skew form

w(X, Y) = g(JX, Y)

is closed. The form w is then called the Kahler form. The condition w(X, J X) > 0

forces the nondegeneracy of w, thus a Kiihler form is symplectic and tames the

complex structure. For more details, see e.g. [20], [13] and chapter II.
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There are some basic examples. The first one is, of course, R 2
n identified with

Cn and equipped with its standard metric and complex structure. The Kahler form

is just the standard symplectic form. Also, in dimension 2, every J is integrable

(see chapter II for a discussion and references) and giving J is equivalent, once

an orientation is prescribed, to giving a (pointwise) conformal class of Riemannian

metrics: Kahler 2-dimensional manifolds are just Riemann surfaces.

The projective space. - The next example is the complex projective space

cpn. Consider the Hopf fibration

which assigns to Z = (zo, ... , zn) E S2n+l C Cn+l the point with homogeneous

coordinates Z in cpn. In other words, h(Z) is the line in C n+1 generated by the

vector Z, and cpn is obtained as the quotient of S2n+l by the Sl-action (u, Z) I-->

uZ. There is a natural Riemannian metric on cpn: take the standard (induced)

metric on the sphere, for which the Sl-action is by isometries, and decide that h is

a Riemannian submersion.

2.2.1. Exercise. - Use Fubini's theorem to show that the volume of S2n+l

is 211"vol(cpn). Compute vol (cpn) and show in particular that vol (CPl) = 11".

Deduce that, for n = 1, the procedure gives the 2-sphere, equipped with a metric of

constant curvature 4. Give another (direct) proof of this last fact.

Now the normal space to the sphere at Z is the real line generated by Z and

the tangent space to the Sl-orbit is the real line generated by iZ, so that, taking

quotients, we get an almost complex structure on cpn, which is, of course, the one

associated with the analytic structure.

Now, let a be the I-form on S2n+l given by az(X) = (JZ,X). Then da = h*w,

where w is the 2-form on cpn given by

w(X, Y) = g(JX, Y).

Thus we have all the necessary structures and the following exercise is straightfor­

ward.

2.2.2. Exercise. - Show that g is a Kahler metric.

Remark. - This way of describing the 2-form w is an example of the basic

symplectic reduction process, see chapter II.
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Curves in "pseudo" -projective spaces. - We can now state two results which

are derived from the basic examples of CP2 and Cpl x Cpl equipped with the

Kahler structures just described 3
.

THEOREM 2.2.3. - Let J be an almost complex structure tamed by the (stan­

dard) symplectic form w on CP2. Then

a) If x and yare two distinct points, there exists one and only one J -curve

homologous to Cpl C CP2 (in other words: of degree 1) through them.

b) If (Xl, ... ,X5) are five points such that no three of them lie on a degree 1

J -curve, there is one and only one degree 2 J -curve through them.

In other words, the situation of "pseudo-lines" or "pseudo-conics" in a "pseudo­

plane" is the same as that of lines and conics in a plane. In the same way, the

following result mimics existence theorems for algebraic curves in Cpl x Cpl (see

[22]).

THEOREM 2.2.4. - Let J be a tame almost complex structure on Cpl x

Cpl = 52 X 52 equipped with the standard (product) symplectic structure.

a) Any point (x, y) is contained in a unique J -curve homologous to 52 x *.

b) If a 0, b °and a + b > 0, the class a[52 x *] + b[* x 52] is represented by

a J-curve.

Now we give a statement for higher dimensions. Here the model situation is

that of 52 x V, equipped with a split symplectic form and a split almost complex

structure. We assume that V is aspherical (for 2-spheres), namely that 7l"2(V) = o.

THEOREM 2.2.5. - Let (V, a) be a compact aspherical symplectic manifold

and let J be an almost complex structure on CP I x V tamed by the product symplectic

structure wffia. Then any point (x, v) ofCpl X V is contained in exactly one J -curve

homologous to the fibre Cpl x {v} of v.

The proofs of these results go as follows. Let (W, w) be one of the symplectic

manifolds in the statements (CP2, Cpl x Cpl or Cpl x V). Consider the set C of

pairs (I, J) where J is a tame almost complex structure and f a J-sphere in W in

the given homology class. Then C can be given the structure of a manifold modelled

on a suitable chain of Holder or Sobolev spaces (see [12] and [2]).

Let p be the projection of C into the space .:J of all tame complex structures.

The main point is to show that p is surjective. As is usual in this kind of nonlinear

problem, one shows that p(C) is open, closed and nonempty (we already know from

2.1.1 that .:J is connected).

1. p(C) is not empty: in the first two cases, take the standard complex structure

and algebraic curves, in the third case, use any tame split structure.

30f course, there is a natural Kahler structure on the product of two Kahler manifolds.
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2. p(C) is open: basically, one shows that the linearisation of p is surjective

by combining a vanishing theorem and an index computation (see [9], [14])

involving the Riemann-Roch theorem (see chapter IV).

3. p is proper, therefore p(C) is closed. As usual, this is the most difficult part.

Here, one proves first an equicontinuity property (see chapters V, VII and

VIII) which comes from a suitable generalisaton of the Schwarz lemma for

holomorphic functions. The main difficulty is to control the possible collapsing

of the curves. For instance a sequence of conics may converge to a degenerate

conic (i.e. two projective lines intersecting at a point) in the same homology

class. In the same way, a sequence of curves of degree4 (1,1) in Cpl x Cpl

may converge to S2 x {x} U {x} X S2. Indeed, this type of difficulty already

occurs in the proof of the conformal mapping theorem (of which assertion (b)

of theorem 2.2.4 is some kind of generalisation). It can be proved (see chapter

VIII or [26]) that such degeneracies never occur for simple homotopy classes,

i.e. classes which do not admit a nontrivial decomposition as a sum of classes

containing J-curves: for instance, the class of a conic in CP2 is not simple,

as it can be written as twice the class of a line, the class of the line is simple,

as are the degree (1,0) class in S2 x S2 and the class of S2 x V with the

assumptions of theorem 2.2.5.

3. Proofs of the symplectic rigidity results

We apply these existence results to prove the rigidity theorems of §1.1.

3.1. Symplectic width

We begin by the proof of theorem 1.1.3. Suppose 'P is an embedding of the ball

into the cylinder B; x R2n. Consider the smaller concentric balls B R, =

for R' < R. Since 'P (BR,) is compact, there is a symplectic embedding of B R,

in B 2(r) x T 2n: take T2n = R 2n / Lzn for L big enough, one infers a symplectic

embedding of B R' into B 2(r) X T 2
n, using the

LEMMA 3.1.1. - The ball B 2 (r) and the sphere of same volume with one

point removed, equipped with their standard symplectic structures, are symplecto-

morphic. 0

Take R" < R' . Let Jo be the standard almost complex structure of R 2n+2. Then,

using proposition 2.1.1 we see that the almost complex structure 'P*Jo on 'P (BR")
can be extended to S2(r/2) x T2

n as an almost complex structure tamed by

Now we can use theorem 2.2.5: there exists a J-holomorphic curve C homologous

4 A curve has degree (P, q) if its projections onto the two factors have respective degrees p and

q. Equivalently, it is in the same homology class as pCpl x * + q * x Cpl.
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to S2 X * and containing ep(O). One has

r, " 2JCWo + Wo = 1fT .

If C' = C n ep (ERn), we have

J. Lafontaine and M. Audin

2 >J' " 17fr _ Wo + Wo = Wo
C' <p-l(C')

since ep is symplectic. But ep-l(C') is a Jo-holomorphic curve through 0, whose

boundary is contained in SR'" Using the monotonicity lemma for minimal surfaces

(see chapter III), we have

Finally, since R" and R' are arbitrary, one infers that R:S r. 0

The arguments for theorem 1.1.4 are very similar, but use 2.2.3. We can suppose

that V is symplectically embedded in the standard complex projective space, using

the following equivariant version of 3.1.1:

LEMMA 3.1.2. - The open sets B;n c R 2n and cpn - cpn-l, equipped with

their standard symplectic structures, are symplectomorphic, if they have the same

total volume. 0

Now we have a symplectic embedding of V into CP2 equipped with the V(3)­

invariant symplectic form such that the total volume is 7f2R4/2 = vol (Bk)' Then

we can proceed just as in the previous theorem. If B (a, Rd and B (b, R2 ) are

balls contained in V, push forward the standard complex structure Jo of R4 to

(B (a, R;)) U ep (B (b, (for some < R l and < R2 , and extend it to Cp2 as

a tame almost complex structure J. Let C be a J-holomorphic curve through ep(a)

and ep(b), homologous to Cpl. Then area(C) = 7fR2
, and the same area comparison

argument applies.

3.2. Rigidity of symplectic diffeomorphisms

The rigidity theorem 1.1.2 is a simple corollary of Darboux's theorem and of the

next result:

THEOREM 3.2.1. - Let (fkhEN be a sequence of symplectic embeddings of

the ball B(O, R) into R 2
n. If fk converges for the CO-topology to a map f which is

differentiable at 0, then the linear map 1'(0) is symplectic.

The proof relies on a simple but tricky linear algebra lemma, due to Y. Eliash­

berg:
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LEMMA 3.2.2. - Let L E SL(2n, R 2n). Equip R 2n with its standard sym­

plectic struture. If L is neither symplectic nor anti-symplectic, there exists a linear

symplectic map S and a symplectic basis (el' h, ... ,en, fn) such that

1. modulo Vect (e2, ... , fn), one has (L 0 S) (ed = Ael and (L 0 S) Ud = Afl'

with IAI < 1,

2. LoS leaves the symplectic orthogonal to ReI EEl Rh globally invariant.

Proof - There is a pair (e, f) of vectors such that

Iw(e,f)1 = 1

and

Iw(Le,Lf)1 = A
2

< 1.

Indeed, since L est unimodular, Iw(Le,Lf)1 cannot be always strictly bigger than 1.

Let S be a symplectic map such that S(Le) = Ae and S(Lf) = Af. Now, to get

the result, just transpose everything (symplectically!). 0

Proof of the theorem. - Since the fk are symplectic embeddings, they preserve

Lebesgue measure. This property is preserved by CO-limits. We claim that 1'(0) is

unimodular. Indeed, by composing the !k on the left and on the right with linear

unimodular maps, one is reduced to the case when 1'(0) is diagonal with respect to

the standard basis. The claim follows by comparing f to 1'(0).

Now, it is enough to prove that 1'(0) is symplectic or anti-symplectic: using the

same argument for the sequence gk = !k X IdR2, we see that 1'(0) x IdR2 will be

also symplectic or anti-symplectic.

Taking coordinates with respect to the symplectic basis of the lemma, and work­

ing in a neighbourhood of 0, we have:

(Don't bother about the coordinates of f 0 S after the second one!). Take the

Euclidean metric defined by this basis. If 10 is small enough, we can find 10' < 10 such

that foS sends the ball B2n(0,c) into B2(0, 10') X R2n-2. Then the same thing is true

for !k 0 S, provided that k is big enough. This contradicts theorem 1.1.3.

4. What is in the book. .. and what is not

4.1. Contents of the book

We begin with two chapters introducing symplectic geometry and almost com­

plex manifolds. The reader will find the very basic definitions and results, a lot of

examples (how can one construct symplectic manifolds?) and exercises.

The next chapter is devoted to some facts in Riemannian geometry which will

be useful, either directly in the proofs below, or simply to understand what is going
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on. Chapter IV is a panorama of the theory of linear connections and Chern classes,

culminating in the Hirzebruch-Riemann-Roch theorem.

Then we get to the technical part. Chapter V is devoted to analytic aspects of

the theory of pseudo-holomorphic curves, chapter VII gives a proof of Gromov's

version of the classical Schwarz lemma, which is the main tool in the proof of

the Gromov compactness theorem, which is in turn the subject of chapter VIII.

We have already explained above how this theorem can be used to prove the exis­

tence of (global) pseudo-holomorphic curves satisfying given properties. In chapter

IX, pseudo-holomorphic curves are shown to appear also in Riemannian geometry.

Chapter VI explains some geometrical aspects of pseudo-holomorphic curves: just

as two holomorphic curves in analytic surfaces, two pseudo-holomorphic curves in

almost complex manifolds have positive intersection.

Chapter X is a panoramic view of Lagrangian submanifolds and related sub­

jects. We have tried to explain all aspects of the situation: homotopic, topologic,

and "hard" (that is: using pseudo-holomorphic curves techniques) results and to

give as many examples as we know. All of the results evoked in §1.2 and their

interrelationships will be proved-usually in a more general setting.

4.2. What could have been in the book

There is no complex analysis in this book. By this we mean results like filling

by holomorphic discs, rational convexity of Lagrangian tori and so forth, as appear

in the work of Eliashberg [6] and Duval [4], [5] for instance.

Related to this, there is no contact geometry, although there are many interesting

new results in this theory. We refer the reader to the beautiful survey talk by Giroux

[8] and the references he gives.

There are no infinite dimensional Morse theory techniques although results like

the distinction between the thin cylinder and the sphere above (theorem 1.1.3) would

have fitted very well5 with them. Here, good references are [24] and [21].

But this is a book about pseudo-holomorphic curves. There are also some results

closely related with pseudo-holomorphic curves which are also not in the book. For

example, a whole set of results on the classification of 4-dimensional symplectic

manifolds, which constitute one of the beautiful achievements of the theory, have

been obtained by D. McDuff [15] and [16] in the last few years. They do not appear

explicitly here, but we hope the reader of the present book will be able to read the

original papers.
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Part 1

Basic symplectic geometry



Chapter I

An introduction to symplectic geometry

Augustin Banyaga

with an appendix by M. Audin, A. Banyaga, F. Lalonde and L. Polterovich

1. Linear symplectic geometry

1.1. Symplectic vector spaces

A symplectic form on a vector space V is a skew-symmetric bilinear form 0: :

V x V ---> R such that a: V ---> V* : a(x)(y) = o:(x,y) is an isomorphism. Here V*

denotes the dual of V.

The couple (V,o:) is called a symplectic vector space. Two symplectic vector

spaces (V, 0:) and (U, (3) are isomorphic if there exists a linear mapping T : V ---> U

such that T* {3 = 0:. We will prove that all finite dimensional symplectic vector

spaces are even dimensional and that any two symplectic vector spaces of the same

dimension are isomorphic. Let us start with a few examples:

1. Let V be a 2n-dimensional vector space. Choose a basis e = (el,e2, ... ,e2n)

of V and denote by E = (EI, ... ,E2n) the dual basis: Ei E V* are defined by:

if i = j

if i i- j

Recall that if WI and W2 are linear forms on V, we define a skew-symmetric

bilinear form WI 1\ W2 by

On the vector space V, consider the 2-form:

The matrix of as :V ---> V* within the bases e and E is:

17
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where In is the identity (n x n)-matrix.

Hence as is a symplectic form on V. If V = R 2n and e = (el,"" e2n) is

the standard basis, then as above is called the "standard" symplectic form on
R2n.

2. Let U be an n-dimensional vector space and let V = U EEl U*. Define a 2-form

a by:

a(u EEl p, u' EEl pi) = p'(u) - p(u
l
).

This is a symplectic form which looks much like the one in the preceeding

example (with obvious change of notations).

3. If A is any skew-symmetric invertible 2n x 2n-matrix, the form aA defined on

R 2n by

aA(X, Y) = (X, AY),

where ( , ) is the usual inner product, is a symplectic form.

For instance, if ai, a2, a3 are three real numbers with a3 =J 0, the form aA

defined on R 4 by the matrix

A=
(

o 0 0 -a3

al a2 a3 0

was used by Zehnder in [21] (to construct examples of Hamiltonian systems

without periodic orbits).

Our first theorem asserts that any symplectic vector space is isomorphic to (R2n, as)'

THEOREM 1.1.1. - Let (V, a) be a symplectic vector space. There exists a

basis e = (UI, ... ,un, VI, ... ,Vn) of V such that, for all i, j,

a(Ui,Uj)

a(ui, Vj)

a(Vi,Vj) =0

{jij.

If (eI, ... , en, 1]1,"" 1]n) is the basis dual to e, then a assumes the expression:

A basis satisfying these properties is called a canonical or symplectic basis. The

theorem is a consequence of the following lemma.

LEMMA 1.1.2. - Let V be an n-dimensional vector space and a a skew­

symmetric bilinear form. There exists a basis e = (el,"" en) of V* and an integer

q :S n/2 depending on a such that
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Proof. - Let b = (bl , ... ,bn) be any basis of V and let (3 = ((31,," ,(3n) be

the dual basis. Then a = L:i<j aij(3i /\ (3j. If a = 0, then q = 0, and the lemma is

proved. Otherwise, there exists at least one aij which is non zero. Assume a\2 l' O.

Let

101 (31 - (a 23 (33 + a24 (34 + ... + a2n(3n)
al2 al2 al2

102 a12(32 + a13(33 + ... + aln(3n'

It is easy to check that al = a - 101 /\ 102 does not contain (31 and (32' Observe that

(101,102,(33,... ,(3n) are linearly independent. If al = 0, we are done. Otherwise,

we redo the argument with al as a bilinear 2-form on the space with dual basis

(33, ... ,(3n' Each time, the number of arguments decreases by 2 until the form

vanishes.

Finally we have a basis (101, ... ,IOn) of V* in which a = 101/\102+...+C2q-1 /\c2q.

o

Proof of the theorem. - Let E(a) V* be the image of a :V ----> V*. Then

E(a) is spanned by 101, ... ,C2q' Hence the integer 2q above is the rank of a. If a is

a symplectic form, a is an isomorphism and 2q = dim(V). 0

1.2. Subspaces of Symplectic Vector Spaces

Let (V, a) be a symplectic vector space and W V a subspace of V. The a-

orthogonal complement Wi- of W is defined as {v E V I a(v,w) = 0, Vw E W}.

A subspace W is said to be:

- isotropic if W Wi-

- coisotropic if W i- W

- symplectic if Wi- n W = {O}

- Lagrangian if W = Wi-

The restriction of a to an isotropic subspace is identically zero. The a-orthogonal

complement of a coisotropic subspace is an isotropic subspace. A Lagrangian sub­

space is both isotropic and coisotropic. It is obvious that any I-dimensional subspace

is isotropic and any codimension 1 subspace is coisotropic.

For any subspace W, we have:

dim(Wi-) = dim V - dim(a(W))

But since a is an isomorphism, dim(a(W)) = dim(W). Therefore dim(Wi-)

dim V - dim(W), i.e.:

dim(Wi-) + dim(W) = dim V.

If W is isotropic, then 2dim W < dim W + dim Wi- = dim V, hence dim W <

dim V/2.
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If W is coisotropic, then dim V = dim W + dim W 1- 2 dim W, hence dim W 2:

dim(V)/2. Thus isotropic subspaces have dimension dim V and coisotropic

have dimension 2: 1/2 dim V. Therefore Lagrangian subspaces have exactly half the

dimension of V.

Examples. - Let {UI, ... ,Un, VI, ... , vn} be a canonical basis of (V, 0'). The

subspaces Lk spanned by {UI, ... ,ud and Mk spanned by {VI, ... ,vd, 1 k n
are isotropic and L n , Mn are Lagrangian. The subspaces spanned by the n + l

vectors {UI' ... ,Un, VI,···, ve} or {UI' ... ,Ut,VI, ... ,vn}, 1 e n are coisotropic.

THEOREM 1.2.1. - Any isotropic subspace is contained in a Lagrangiansub­

space.

Proof. - Suppose W V is an isotropic subspace which is not Lagrangian,

then W c W1- (strict inclusion). Let U E W1- - Wand let Wu be the space

spanned by {WI, ... ,Wk,U} where {wI, ... ,wd is a basis of W. Then W c Wu
(strict inclusion); moreover Wu is isotropic: indeed if Vi = Xi + AiU, (i = 1,2), are

elements in Wu , (Xi E W), then:

The first term in the right hand side is zero since Xi E W (which is isotropic),

the next two terms are zero since U E W 1-, Xi E Wand the last term is zero since

0' is skew-symmetric.

In this way we have enlarged W to a new isotropic subspace Wu containing W.

If Wu = W,1- we are done. Otherwise repeat the same construction ... until we get

a Lagrangian space L, i.e. L = L1-. 0

For instance, we may start with {O} and get flags of isotropic subspaces

where Wn is Lagrangian.

Two Lagrangian subspaces L, H V are said to be transversal if L n H = {O}.

In that case V = L ffJ H.

Let L V be a Lagrangian subspace. The natural map a :L ----t (V/ L)* defined

by

(a(x)) (y + L) = O'(x,y) for all X E L,y + L E V/L

is an isomorphism.

Let now (el, ,en) be a basis of Land (el, ... ,en) its dual basis, then if T; =
(ta)-l(ei)' {TI, ,Tn} generate a Lagrangian subspace H such that V = L ffJ H

and it is easy to check that {el' ... ,en, TI, ... ,Tn} is a canonical basis of V.
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1.3. Euclidean and complex structures associated with symplectic

vector spaces

Let (V, a) be a symplectic vector space and let B = {UI,' .. , Un, VI,···, vn } be

a canonical basis. We define a linear mapping JB : V ---+ V and an inner product

( , )B on V by:

JB(Ui) = Vi, JB(Vi) = -Ui, i = 1, ... n,

and

(Ui, Uj)B = (Vi, Vj)B = Oij, (Ui, Vj)B = 0 Vi, j.

To simplify notation, we write J for JBand ( , ) for ( , )B (but have in mind that

J and ( , ) depend on the choice of the canonical basis).

The following identities are clear:

(i) J 0 J = - identity (i.e. J is a complex structure)

(ii) (Ju, Jv) = (u, v), (i.e. J is an isometry)

(iii) a(u,v) = (Ju,v), for all U,V E V

As a consequence, we have

(iv) J*a = a

Indeed:

(J*a)(u, v) = a(Ju, Jv) = (J2u , Jv) = -(u, Jv) = -(Jv, u) = -a(v, u) = a(u, v).

DEFINITION 1.3.1. - A Kiihlerian vector space is a symplectic vector space

(V, a) with a complex structure J satisfying: J*a = a.

We just observed that a symplectic vector space is a Kiihlerian vector space

(these notions will be developed in chapter II).

It is very convenient to use the symplectic structure, the inner product and the

complex structure together. In this way, one easily gets the results of the following

exercises:

1.3.2. Exercise. - Show that a subspace W of V is Lagrangian if and only

if JW is the orthogonal of W with respect to the Euclidean structure.

1.3.3. Exercise. - Consider (V, J) as a complex vector space. Show that

( , ) - ia( , ) is a Hermitian structure on (V, J).

2. Symplectic manifolds and vector bundles

2.1. Symplectic vector bundles

A vector bundle 7r : E ---+ M over a smooth manifold M is called a symplectic

vector bundle if each fiber Ex = 7r-
I (x) carries a symplectic form ax, which varies

smoothly with x. The rank of a symplectic vector bundle must be even. The

collection a = (ax) is called a symplectic structure on E.
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The following example is inspired by the linear theory. Let TM and T*M be

respectively the tangent and cotangent bundles of a smooth manifold M, then if

E = T M EEl T*M is their Whitney sum, then 1f : E -> M is a symplectic vector

bundle. We will see that not all symplectic vector bundles are obtained in this way.

If 1f : E -> M is a symplectic vector bundle, a subbundle L -> M is said to be

isotropic if each fiber over x E M is an isotropic subspace of Ex. Definitions for

coisotropic, Lagrangiansubbundles are analogous. Observe that to the contrary of

the linear theory an arbitrary symplectic vector bundle 1f : E -> M does not admit

a Lagrangian subbundle L. Indeed, this would imply that E L EEl L*.

If E is the tangent bundle of a smooth manifold M, then a symplectic structure

Q = (Qx ) on E is a (smooth) differential form n of degree 2 on M:

(for all vector fields '" on M). This 2-form has the property that the mapping n
assigning to a vector field the I-form i(on defined by:

= ",)

is an isomorphism from the space XM of vector fields on M to the space nl(M) of

I-forms on M. The form n above is called sometimes an almost symplectic form or

an almost symplectic structure.

An almost complex structure on a smooth manifold M is a 1-1 tensor field

J : TM -> TM such that J2 = -1. This says that there exists in each fiber TxM a

complex structure Jx which varies smoothly with x.

An almost Hermitian structure is a couple (g, J) where J is an almost complex

structure and g is a Riemannian metric such that g(J X, JY) = g(X, Y) for all vector

fields X, Y.

Starting with an almost complex structure J and any Riemannian metric go,

one can form an almost Hermitian structure (g, J) where g(X, Y) = go(X, Y) +
go(JX, JY). Given an almost Hermitian structure (g, J) on a smooth manifold M,

we construct an almost symplectic form n on M : n(X, Y) = g(JX, Y).

Conversely starting with an almost symplectic structure n, we can find an almost

Hermitian structure (g, J) such that n(X, Y) = g(JX, Y).

Indeed let go be any Riemannian metric and denote by go : T M -> T* M the

Riemannian duality: go(X)(Y) = go(X, Y). Let

K = gol 0 n:T M -> T M.

This is a skew-symmetric tensor field such that

go(K(X))(Y) go(K(X), Y)

n(X)(Y) = n(X, Y).
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The polar decomposition of Kx (in each fiber) yields two tensor fields R, J such

that K = RJ where R = J K Kt is a positive definite symmetric tensor field. One

checks that j2 = -1 (i.e. J is an almost complex structure) and that n(JX, JY) =
n(X, Y).

Moreover, letting g(X, Y) = go(RX, Y), we have g(JX, JY) = g(X, Y) and

g(JX, Y) = n(X, Y).

For more details, we refer to the basic texts [14], [15], [20] and to chapter II of

the present book.

2.2. Symplectic Manifolds

If an almost symplectic form n is closed, then we say that n is a symplectic

form. The couple (M, n) of a smooth manifold M and a symplectic form n on it is

called a symplectic manifold.

The basic example of a symplectic manifold is Euclidean space R 2
n equipped

with the constant symplectic form n defined by the linear symplectic form as in

§1.1. For x E R 2
n,

1]) = 1](x)),

where R 2n ----+ R 2n are vector fields on R2n. If x = (Xl, ... ,Xn,Yl, ... ,Yn) are

coordinates on R 2
n, we see that:

This shows that dn s = 0, and therefore ns is a symplectic form.

The next basic examples are provided by the cotangent bundles M = T*X of

smooth n-manifolds X. Let 1r : T* X ----+ X be the natural projection. An element

g E T*X is a couple (a,B) where a = 7l'(g) and B E T;X. For E TIJ.(T*X),
(TIJ.7l')(O E TaX, where TIJ.7l' : TIJ.(T*X) ----+ TaX is the tangent map of 7l'. Therefore

we can define a I-form-the Liouville form- Ax on T*X by:

where Q E T*X and E TIJ.(T*X).

Let (Xl, ... ,xn ) be a local coordinate system in a neighbourhood U of a point

in X. On T*U = 7l'-l(U) we get a coordinates system (Xl, ... , Xn,Yl,"" Yn) such

that (T7l')(8j8x;) = 8j8x; and (T7l')(8j8y;) = O. In these coordinates, the I-form

Ax assumes the expression:
n

Ax = LYidx;.
;=1

Let nx = dAx; in the above coordinates

n

nx = L dy; 1\ dx;.
i=l

This shows that nx is a symplectic form on T*X.
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Remarks.

1. An oriented surface is a symplectic manifold, any volume form being a sym­

plectic form.

2. The symplectic form Q s on R 2n is invariant by translations Xi f-t Xi + 21l',

Yi f-t Yi + 21l'. Therefore rl s descends to a 2-form on the torus T 2n = R 2n /Z2n,

which is a symplectic form rl.

Note that the symplectic form rl s = L: dXi /\ dYi on R 2n is exact: rl = d)..1 = d)..2

where

However the corresponding symplectic form on T2n is not exact. Indeed we note the

following:

PROPOSITION2.2.1. - No symplectic form on a closed manifold can be exact.

Proof - If a symplectic form rl on the 2n-dimensional compact manifold M

(without boundary) is exact, i.e. rl = duJ, then rl n = d(w /\ rln
-

I
) and by Stokes

theorem

r rl n = r w /\ rln
-

I = 0
JM JaM

which is absurd since fM rl n is a multiple of the total volume of M. 0

Remark. - A symplectic form on a smooth manifold is of course an almost

symplectic form, but there are almost symplectic manifolds which carry no sym­

plectic structure. Indeed by the proposition above, the sphere 8 6 cannot carry a

symplectic form, since any closed two form on 8 6 is exact. However 8 6 carries an

almost complex structure and hence almost Hermitian structures and in turn almost

symplectic structures (see also chapters II and IV). In these introductory lectures,

we will not consider the problem of existence of symplectic structures.

The classification problem is the following: given two symplectic manifolds

(MI , rld and (M2, rl 2), does there exists a diffeomorphism <.p : MI -t M2 such

that <.p*rl2 = rl I ? Such a diffeomorphism is called a symplectic diffeomorphism. The

classification problem is still unsolved. However, a local classification is achieved

by Darboux theorem which asserts that locally, all symplectic manifolds look alike.

More precisely, we have the following

THEOREM 2.2.2 (Darboux). - For any point X in the symplectic manifold

(M, rl), there exists an open neighbourhood U of X and a local chart <.p : U -t R 2n

with <.p(x) = 0 and <.p*rls = rll u , where rl s is the standard symplectic structure on

R2n.
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This theorem is classical. Weinstein's proof [20] of this theorem (which was

inspired by a theorem of Moser and also pointed out by Martinet) extends to give

a more general theorem:

THEOREM 2.2.3 (Darboux-Weinstein). - Let N be a submanifold of a smooth

manifold M equipped with two symplectic forms DI and D2 such that D21N = DIIN ,

there exists an open neighbourhoodU of N in M and a diffeomorphism r.p : U ->

r.p(U) M such that r.p(x) = x, Vx E Nand r.p*D2 = DI where we wrote Di = Dil<p(u),

Moreover if a compact Lie group G acts on M preserving DI and D2 and leaving

N invariant, then r.p can be chosen to commute with the G-action.

Proof - Let g be a G-invariant Riemannian metric on M (if there is no group

acting, G = {e} is the trivial group). Take U" to be a tubular neighbourhood of N

in M. Using the exponential map of g on the normal bundle of N, we get a smooth

retraction Pt : U" -> U" such that Po : U" -> N PI = identity and Pt(x) = x when

x EN. The retraction Pt commutes with G.

Now, for each x E U", let i!t(x) E Tp,(x)M be the vector tangent to the curve

t 1-+ Pt(x) at the point Pt(x). Hence Pt : U" -> TM is a vector field along U". For

any p-form 0: on M we define a family of(p-l)-forms denoted p;(i(Pt)O:)on U" by:

Denote by I(o:) the (p - I)-form on U"

I(o:) = t (p;i(pt)o:)dt.

2.2.4. Exercise. - Check the followingformula of advanced calculus (see [13]

or [14]):

and deduce that

Therefore the operator I : DP(U") -> DP-I(U") is a "homotopy" operator: i.e.

0: - = d I (0:) + I (do:).

Because Pt commutes with G so does I, Le.

I(a*o:) = a*(Io:), Va E G.

Apply now the facts above to 0: = D2 - DI since o:lN = 0, PoO: = 0 and hence

0: = d(Io:) + I(do:) = d(Io:) since do: = O.
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We have found a I-form (3 = I(a) on the neighbourhood U" of N such that (3!N = 0

and

on U". Since the restriction of at = D1 + t(d(3) to N is the symplectic structure D1

for all t, there exists a smaller neighbourhood U' C U" on which at is a symplectic

form, i.e. "lyE U', at(Y) : TyM --+ r;M is an isomorphism. Let Xt be the family

of vector fields on U' such that i(Xt)at = -(3.

2.2.5. Exercise. - Recall the Cartan formula

Lxw = i(X)dw + d(i(X)w)

for the Lie derivative Lx. Apply it to get:

Bat
Lx,at + 7ft = o.

Since Xt(x) = 0 for all x E N, there exists a smaller neighbourhood U of N,

U <;;; U' on which Xt can be integrated to a time dependent embedding 'Pt : U --+ M

with 'Pt(x) = x, "Ix E N. We have

This means that = 'Poao = ao on U i.e. = 0 1 on U.

Observe that 'Pt is G-equivariant, since X t was G-invariant (because (3 was and

Do, D1 are). 0

Proof of Darboux theorem. - In the preceeding theorem, replace the subman­

ifold N by a point {x}. Choose a G-invariant Riemannian metric, and let U" be

a domain of a geodesic chart, (identifying a neighbourhood of 0 in TxM with R 2
n,

running along geodesics). The linear mapping, constructed in §1.1, identifying the

2-form D(x) in TxM '::::: R 2n and the canonical symplectic form DB can be chosen to

be G-equivariant; now apply the Darboux- Weinstein theorem to get a G-equivariant

Darboux theorem. 0

Relative Poincare lemma. - Let N be a closed submanifold of a smooth man­

ifold M and D a closed k-form on M such that DIN = O. There exists an open

neighbourhood U of N in M and a (k - I)-form (3 such that (3!N = 0 and D = d(3

on U. 0

As we said earlier, the proof of the Darboux-Weinstein theorem given above is

inspired by the proof of the following result of Moser [17]:
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THEOREM 2.2.6. - Let Do, DI be two symplectic forms on a compact manifold

M such that there exists a smooth family Wt of symplectic forms with Wo = Do,

WI = DI and for each t, Wt = fJwtlfJt is exact. Then there exists a diffeomorphism

cP of M, isotopic to the identity such that cp*DI = Do.

Proof - By the Hodge-de Rham theorem, there exists a smooth family (3t

of I-forms such that Wt = -d(3t. Let X t be the family of vector fields defined

by: i(Xt)wt = -(3t, then: Lx,wt + fJwtlfJt = O. As above, if CPt is the family of

diffeomorphisms obtained by integrating the time dependent vector fields Xt, we

have

1t (cp;wd = cp;(Lx,wt + Wt) = o.

This implies that cprwi = cprDI = CPowo = Wo = Do. D

2.3. Submanifolds of symplectic manifolds

Let (M, D) be a symplectic manifold. The tangent bundle TM ----> M of M is a

symplectic vector bundle. For any smooth manifold P and f : P ----> M a smooth

map, the pull-back E = f*(TM) is a symplectic vector bundle over P. The mapping

f is called an isotropic, coisotropic, Lagrangian or symplectic map if (TJ)(TP) is

an isotropic, coisotropic, Lagrangian or symplectic subbundle of E = f*(TM): this

means that for each x E P, (TxJ)(TxP) is an isotropic, coisotropic, Lagrangian or

symplectic subspace of Tf(x)M.

A submanifold P of a symplectic manifold is qualified as an isotropic, coisotropic,

Lagrangian or symplectic submanifold if the corresponding embedding qualifies for

these terminologies. For instance any I-dimensional submanifold of (M, D) is an

isotropic submanifold and any codimension I submanifold is a coisotropic subman­

ifold. For instance if f : M ----> R is any smooth map and a E R is a regular value

of f, then P = j-I(a) is a coisotropic submanifold.

Here are a few examples of Lagrangian submanifolds. Let (M, D) be the cotan­

gent bundle of a certain manifold: M = T*X, D = dAx. The restriction of D to the

zero section is identically zero. Therefore i : X ----> T*X the inclusion of X as the

zero section is a Lagrangian embedding. The canonical I-form AX on T*X verifies

the following property: for any I-form (3 on X, i.e. (3 is a section (3 : X ----> T*X of

the cotangent bundle, then:

(3*AX = (3.

Hence if (3 is a closed form (d(3 = 0), then

(3*D = (3*(d>'x) = d((3*>'x) = d(3 = 0,

which means that the mapping (3 : X ----> T*X is a Lagrangian mapping. Since (3 is

an embedding, we see that its image, (3(X) = P, i.e. the graph of (3, is a Lagrangian

submanifold. For instance, any smooth function S : X ----> R defines a Lagrangian
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submanifold (dS)(X) T* X (this Lagrangian submanifold is said to be generated

by S).

PROPOSITION 2.3.1. - The Lagrangian submanifolds of T* X which project

diffeomorphically onto X are in 1-1 correspondencewith closed I-forms on x. 0

The diagonal trick. - Another way of getting Lagrangian submanifolds is to

consider the graph of symplectic diffeomorphisms. A symplectic diffeomorphism

of a symplectic manifold (M,O) is a Coo diffeomorphism r.p : M -> M such that

r.p*0 = O. We will study the space of those mappings in §2.4. The graph of a

symplectic diffeomorphism r.p is the submanifold

f"" = ((x,y) E M x M I y = r.p(x)}.

On M x M we have the "product" symplectic form D. = 1I"rO - 11"20 where 1I"i

M x M -> M is 1I"i(Xl'X2) = Xi. Let j : M -> f "" M x M be the inclusion of the

graph in M x M then:

j*D. = j*1I"rO- j*1I"20 = 0 - r.p*0 = O.

Therefore f"" is a Lagrangian submanifold of M x M. This trick will be very useful

in chapter X: it allows to relate fixed points of symplectic diffeomorphisms and

intersections of Lagrangian submanifolds.

Symplectic reduction (see also chapter II). - Let P be a submanifold of a

symplectic manifold (M,O), and assume that L = (TP) n (TP).l is a subbundle of

T P. The symplectic form n induces a symplectic structure n on the vector bundle

T P/ L: "Ix E P, define:

where E TxP and Lx are any elements in (TxP) n (TxP).l. It is easy to see that

Ox is a symplectic form on TxP/(L x).

PROPOSITION 2.3.2. - The subbundle L = (TP) n (TP).l is involutive.

Proof - Let 6,6 be two sections of L, i.e. E TxP n (TxP).l. Let

j : P -> M be the embedding defining the submanifold P, and denote: Op = j*O.

Since

dOp = dj*O = j*dO = j*dO = 0

we have for any vector field TJ on P:
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If U is any vector field on P, = = 0 since E (TxP).L. Hence

in the sum above all the terms except possibly Dp ([6, 6], 1]) vanish: therefore we

have

Since 1] was an arbitrary vector field on P, the equation above means that [6,6]
is a section of (TP).L therefore 6] is a section of L = T P n (TP).L. 0

Let F be the foliation defined on P by L = TP n (TP).L (Frobenius theorem).

The 2-form Dp is constant along the leaves of F. Indeed, if is a tangent vector to

the leaves of F, i.e. if is a section of T P n (TP).L , then

But i(OD p = 0 since is a section of (TP).L. Therefore = i(OD p = 0, which

means that Dp is an F-basic form.

If the leaf space P/ F = N is a smooth manifold and 1r : P -+ N is the natural

projection, there exists a 2-form DN on N such that 1r*DN = Dp. Clearly TN

TP/L and DN(x) = Dp(x) for an x E P projecting on x E N. Hence DN is a

symplectic form on N. The symplectic manifold (N, DN ) is said to be obtained

by reduction from (M, D) [20]. For instance if P is a coisotropic submanifold of a

symplectic manifold (M,D), then (TP).L c TP and (TP).L n (TP) = (TP).L is a

subbundle. The reduction machinery applies.

Example. - Let (M, D) be a symplectic manifold and P <;;; M a hypersurface.

Then P is a coisotropic submanifold, and (TP).L is a one dimensional subbundle of

TpM = j*TM, where j : P -+ M is the embedding.

This I-dimensional subbundle (TP).L is the kernel of the 2-form j*D = Dp. The

subbundle (TP).L is called the characteristic subbundle of P. If P is oriented, so

is (TP).L: it then admits a global section Z called the characteristic vector field of

P. If P is the level surface of a smooth function H : M -+ Ron M, then Z is

proportional to the Hamiltonian vector field X H . (See §2.4).

2.4. Symplectic transformations and Poisson brackets

If (V, a) is a symplectic vector space, we denote by Sp(V, a) the set of all linear

endomorphisms T : V -+ V such that T*a = a, i.e. (T*a)(ul' U2) = a(Tul' TU2) =
a(ul,u2). An element of Sp(V,a) is called a linear symplectic transformation or a

linear symplectomorphism. The set Sp(V, a) is a group called the linear symplectic

group of (V, a).

Let Sp(n,R) denote the linear symplectic group of (R2
n, a.). It is clear from

§1.1 that if (V, a) is any 2n-dimensional symplectic vector space, then Sp(V, a) is

isomorphic to Sp(n, R).

The group Sp(n, R) is a closed subgroup of GL(2n, R), hence it is a Lie group.
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2.4.1. Exercise. - Show that Sp(n, R) has dimension n(2n + 1).

We saw that for all x,x' E R 2n, as(x,x') = (Jx,x') where J is the skew­

symmetric matrix

From this we see that if A is a matrix representing a symplectic transformation,

that t A . J . A = J.

Let us identify R 2n with en by:

where Zk = Xk + i Yk and let ( , ) be the usual Hermitian inner product on en

(z, z') = + ... +

Since Zkz;., = (XkX"+YkY,,) - i(XkY" - X"Yk) we see that, if u, u' E R 2
n are identified

with z, z' E en as above,

(z, z') = (u, u') - i as(u, u').

The standard symplectic form as is minus the imaginary part of the Hermitian inner

product. The unitary group U(n) is the group of all invertible n x n-matrices A with

complex entries such that (Az, Az') = (z, z'). Hence an element A E U(n) preserves

as and ( , ), i.e. U(n) Sp(n, R) and U(n) O(2n) where

O(2n) = {A E GL(2n,R) I (Ax,Ax') = (x, x')}.

Applying the polar decomposition to A E Sp(n, R) we find that A can be written

in a unique way as

A = Bexp(C 0 a)

where C is a symmetric complex matrix, a : en ---> en is the complex conjugation,

and B E U(n). This shows that U(n) is a deformation retract of Sp(n, R) by the

path t I-> Bexp(t(C 0 a)). We will come back to the study of these groups in the

next section.

Let now (M, D) be a symplectic manifold. A symplectic diffeomorphism (also

called a symplectomorphism) is a Coo diffeomorphism ep : M ---> M such that ep*D =
D. This means that for each x E M, the linear mapping Txep : TxM ---> T<p(x)M pulls

D(<p(x)) back to D(x). The set DifIl1(M) of all symplectic diffeomorphisms of (M, D)

forms a group which we think of as the non-linear version of Sp(V, a) Sp(n, R).

In contrast with Sp(n, R) which is a finite dimensional Lie group, DifIl1(M),

in any reasonable sense, is an infinite dimensional space, and its structure is much

more complicated (see for instance [7]). We also saw that if (VI, al) and (V2, (2) are

any two 2n-dimensional vector spaces, then Sp(V1, al) Sp(V2 , (2)' For symplectic

manifolds (M i , Di ), i = 1, 2, satisfying some additional conditions, Diffo1 (M 1) is

isomorphic to Diffo2 (M2 ) if and only if there exists a Coo diffeomorphism h : M 1 --->

M2 such that h*D2 = >. D1 , for some constant>' (see [8]).
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An easy way of getting diffeomorphisms is to integrate vector fields. We therefore

consider the set Ln(M) of vector fields on M whose local I-parameter group belongs

to Ditrn(M). If It is a local flow of X E Ln(M), then J:n = n. Differentiating, we

get:

0= urn) = ft(Lxfl).

Hence we see that Ln(M) consists of vector fields X on M such that Lxfl = O.

Since dn = 0, this is exactly the set of vector fields X such that i(X)n is a closed

I-form.

With the bracket of vector fields, Ln(M) is a Lie algebra. Indeed it is clear that

Ln(M) is a linear subspace of the space XM of all vector fields on M. We just need

to show that if Xi E Ln(M), i = 1,2, then [Xl, X 2] E Ln(M).

2.4.2. Exercise. - Check that i([X I ,X2])n = d(n(X 2 ,Xd) and hence that

i([X 2 , X2])n is closed being exact.

Let HI(M, R) be the first de Rham cohomology group of M, i.e. the quotient

of the space of closed I-forms by the subspace of exact I-forms. The mapping

s: Ln(M) --+ HI(M,R): X f-+ [i(X)n] (where [a] E HI(M,R) is the equivalence

class of a closed form modulo exact ones), vanishes on the ideal [Ln(M), Ln(M)]

Ln(M) generated by the brackets [Xi, X j ], Xi, X j E Ln(M).

Given a smooth function I : M --+ R on a symplectic manifold (M,n), we

define the Hamiltonian vector field X f of I as the unique vector field defined by the

equality:

Recall that fl induces an isomorphism between the space of vector fields on M and

the space of I-forms. Clearly, X f E Ker s <;:; Ln(M).

Given f,g E COO(M) (the space of smooth functions on M), we define {f,g} E

COO(M) by:

called the Poisson bracket of f and g.

2.4.3. Exercise. - Use exercise 2.4.2 to show that [Xf,X g] = XU,g}.

PROPOSITION 2.4.4. - The space COO(M), with the Poisson bracket, is a Lie

algebra and the mapping f f-+ X f is a surjective Lie algebra homomorphism from

COO(M) to Ker s Ln(M), with kernel R. If M is connected, we have the exact

sequence

s
0-----+ R -----+ COO(M) -----+ Ln(M) -----+ HI(M, R) -----+ o.
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Proof The only thing we still have to prove is that (Coo(M),{ , }) is a

Lie algebra. The equation [Xf,XgJ = XU,g} shows that 11--+ X f is a Lie algebra

homomorphism. Observe that

{I,g} n(Xf,X g)

-i(X f )(i(Xg)n)

-i(X f ) [-dg]

Xf·g·

Hence if Xi = Xli, i = 1,2,3

and

n([x i , X j], X k ) = n(XUi,Jj}> X/k) = {{Ii, Ij}, Id·

Since dn = 0, we have

Xl' n(X I , X 3 ) - X 2 • n(X I , X 3 )

+X3 · n(X I ,X2) - n([X I ,X2],X3 )

+n([X I , X 3 ], X 2 ) - n([X2 , X 3], Xl)'

Hence

° {II, {h, h}} - {h, {!I,h}} + {h, {!I, h}}

-{ {iI,h}' h} + {{iI, h}' h} - Hh, h}, id

2({h, {h, h}} + {{!I, h}, Id + {h, {II, 12}})

and the Jacobi identity is satisfied. 0

The results mentioned here show that the group DifiO(M) is extremely large.

Suppose for instance M is compact, any function I : M ---+ R yields a I-parameter

group CPt E DifiO(M) obtained by integrating Xf' The set :F of diffeomorphisms

cP E DifiO(M) which are time 1 maps of flows CPt coming from X f generates a

normal subgroup G of DifiO(M)o, the identity component (for the Coo topology) in

DifiO(M).

If Hl(M, R) = 0, it was proved in [7] that G = DifiO(M)o i.e. any element of

DifiO(M)o can be written as a finite composition of time 1 diffeomorphisms obtained

by integrating Hamiltonian vector fields Xf, IE Coo(M).

To close this section, let us mention a very simple property of the flow CPt of Xf,

I E Coo(M). Since X f . I = n(Xf , X f ) = 0, we see that

(cpU) = cp;(Xf . J) = 0,
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i.e. f is constant on the orbits of 1.{Jt. In particular 'Pt maps a level set P = f-I(ao)

into itself.

Suppose ao is a regular value, then P is a codimension 1 submanifold and X I is

tangent to it. Let j : P ----; M be the inclusion of Pin M and np = j*n. The kernel

of np is (TP)l. (TP), hence it is a I-dimensional subbundle and the nowhere

vanishing vector field XI on P is a section of (TP)l.. If is a tangent vector at x

to P represented by a curve, : (-c, c) ----; P with ,(0) = x, then

d
= -(dJ)(O(x) = - d/(,(t))lt=o = 0

since f(r(t)) = ao for all t. Therefore XI(x) E Ker np(x).

We may apply the reduction scheme to this situation: the 2-form np is invariant

under the flow 'Pt and if the orbit space N = M / {orbits of 'Pd is a manifold, and if

1r: M ----; N is the natural projection, there is a symplectic form nN on N such that

1r*n N = np .

For instance if M = R 2n+2 with the symplectic form ns = dXi /\ dYi and

f : R 2
n+2 ----; R is the distance function

f(x, y) = + ... + + Y; + ... +

then XI = (y;fJ/ aXi - Xia/ aYi) is the Hopf field. The flow 'Pt of X I is obtained

by solving the Hamilton equations:

:

which can be rewritten as

with Zk = Xk + iYk.

Hence Zk(t) = zk(O)e- it
. Thus the flow 'Pt of XI generates a free action of the

circle 51 on the level set 52n
+l = f-I(I/2). Therefore the quotient space cpn has a

natural symplectic structure as the reduction of the symplectic manifold (R2
n+2, ns ).

Appendix: the Maslov class, by M. Audin, A. Banyaga, F. Lalonde

and L. Polterovich

Although the Maslov class is a very classical topic, we shall collect some more or

less well known facts in this appendix. We follow the classical papers of Arnold [2]

and Duistermaat [11]. Some books mention or study the Maslov class, for instance

[3], [5] and [19]. In chapter X, we shall give some constraints on the Maslov class

of a Lagrangian submanifold (rigidity theorems) using methods from the theory of

pseudo-holomorphic curves. In·this appendix, we content ourselves with the simplest

properties and definitions.
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A.I. The Lagrangian Grassmannian

Let An be the set of all Lagrangian subspaces of the symplectic vector space

(R2n, [2.). The most convenient here is to consider that R 2n = en with its canonical

Hermitian structure ( , ) the imaginary part of which is -[2., the real part being

the canonical scalar product. Recall that a subspace L is Lagrangian if and only if

L.L = iL.

A.i.i. Exercise. - Show that Al is diffeomorphic to Sl.

PROPOSITION A.1. 2. - The space An is diffeomorphic to the homogeneous

space U(n)jO(n) and 1f1(An) Z (hence H1(An,Z) Z).

Proof - Let LEAn- Because L.L = iL, any orthonormal basis of L as a

real subspace is a unitary basis of en as a complex vector space. Conversely, if

(e1"" ,en) is a unitary basis of en, the real subspace spanned by the n vectors is

Lagrangian.

This shows that the unitary group U(n) acts transitively on An, the stabiliser

of the Lagrangian supspace Rn c en being the orthogonal group O(n). Hence

An U(n)jO(n). Remember that 1f1 (U(n)) is isomorphic to Z = 1f1S1 thanks to

the determinant mapping U(n) ---+ Sl and that the fiber SU(n) is simply connected.

Of course the determinant does not define a map on U(n)jO(n) but, as it takes

values in ±1 on O(n), its square does. Thus there is a well defined mapping

det
2

: An -----> Sl = {z E e Ilzl = I},

which is a fibration with fiber SU(n)jSO(n).

Since SU(n) is simply connected and SO(n) is connected, SU(n)jSO(n) is sim­

ply connected. The homotopy exact sequence of the fibration An ---+ Sl gives

0= 1f1(SU(n)jSO(n)) ---+ 1f1(An) ---+ 1f1(Sl) ---+ 1fo(SU(n)jSO(n)) = O.

Therefore 1f1(An) 1f1(Sl) Z. 0

A.i.3. Exercise.

n(n + l)j2.

Deduce that An is a compact manifold of dimension

The tangent space to the Lagrangian Grassmann manifold (see [11]). - Fix

a Lagrangian subspace>. E An. As we shall now show one can naturally identify

the tangent space T>.An with the space S(>') of all symmetric bilinear forms on >..

Indeed, each tangent vector, say v E T>.A can be represented as 1tA(t)>'lt=o,where

A(t) is a path of linear symplectic transformations of en with A(O) = id. We attach

to such a vector a form Sv E S(>.) given by

d
7/) = dt A(tht=o) for all E >. .
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A.lA. Exercise. - Show that the map v f-* 8v is a well-defined isomorphism.

A.2. The universal Maslov class

Let dB be a I-form representing the fundamental class of 8 1
, i.e. [dB] = 1 E Z

H I (81
, Z). The class

is a generator of HI(A n , Z) called the universal Maslov class.

The reader interested in higher cohomology classes is invited to consult [12], [6]

or [I6J for instance.

A.2.l. Exercise. Show that the value of the Maslov class on the cycle

{e21rit
. Rn}, t E [O,IJ is equal to 2n.

Geometry of the universal Maslov class (see [2], [11]' [4], [10]). - Here we give

a geometric description of the universal Maslov class. Fix a Lagrangian subspace,

say a E An. Let be the set of all Lagrangian subspaces which are not transversal
n

to a. It turns out that is a stratified submanifold of the form where

codim = 1 and codim 3 for j > 1.

A.2.2. Exercise. - Show that the set of all Lagrangian subspaces which are

transversal to a (the complementary of is diffeomorphic to the vector space of

symmectric bilinear maps 8 : a ---> a (Hint: any n-plane transversal to a is the

graph of a linear map f : ia ---> a). Deduce that An - is contractible.

Define a transversal orientation of as follows. A tangent vector v E T),An

is called a-positive if >. E and 8v is positive definite on >. n a. One can show

that all a-positive vectors form an open convex cone in TA'i:An. Moreover each such

vector is transversal to

It turns out that the submanifold together with the transversal orientation by

a-positive vectors represents a singular cycle which is Poincare-dual to the universal

Maslov class.

The Maslov class for a Lagrangian immersion. - If we have a continuous map

g : L ---> An, we may pull back J1n to L by g and get g*(J1n) E HI(L, Z).

For instance if f ; L ---> R 2
n is a Lagrangian immersion, i.e. for all x E L,

(Txf)(TxL) E An, then x f-t (Txf)(TxL) is a mapping g = 7 : L ---> An (the Gauss

map) and the class r (J1n) E HI (L, Z) is called the Maslov clas:> of the immersion j.

Example. - For n = I, the Maslov class of a Lagrangian immersion 8 1 ---> C

is nothing other than the degree of the tangent mapping.
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A.2.3. Exercise. - Show that any even integer is the Maslov class of some

(Lagrangian) immersion of 51 into e. Use the Whitney turning tangents theorem

(see [9] for instance) to show that any (Lagrangian) embedding of 51 into e has

Maslov class ±2.

A.2.4. Exercise. Let I : L -; en be a Lagrangian immersion. Let, be

a smooth loop on L. Assume that the image of the tangent vector to , by the

differential of the Gauss map is always a-positive (for some a E An). Show that the

Maslov class of I, evaluated on " is positive.

When M is the cotangent bundle T*T n (p, q mod 1) of the torus and w =
L: dp 1\ dq, we identify each tangent space TxM with the standard symplectic linear

space en. Thus any Lagrangian immersion into T*Tn has a Gauss map 1:L -; An

and a Maslov class J.lf' equal to T J.lo E H 1(L; Z). We shall also use the notation J.lL

where L c M is a Lagrangian submanifold and I : L -; M is the inclusion.

Recall that the group H1(L; Z) is a free Z-module. An element of H 1(L; Z) is

called primitive if it can be included into some basis. For every v E H 1(L; Z) - {O}

we denote by Ilvll the unique positive integer such that v = Ilvll' (primitive element).

We set 11011 = 0.

A.2.5. Exercise. Let I, 9 : L -; M be two Lagrangian immersions with

IIJ.lfll f IIJ.lgli· Show that I and 9 belong to different connected components of the

space of all Lagrangian immersions.

A.2.6. Exercise. - Show that lIJ.lfll is even for a Lagrangian immersion I of

an orientable manifold.

A.2.7. Exercise. - Show that IIJ.lLil = 2 for the standard Lagrangian torus

L = {PI + q; = 1; j = 1, ... , n} C en.

A.2.8. Exercise (see [18]). - Find a Lagrangian embedding I : 5 2k
-

1
X 51 -;

e2k with IIJ.lfll = 2.

The Maslov class of a pair of two Lagrangian subbundles. - Now we look

at the case of a symplectic vector bundle 1r : E -; M over a smooth manifold M

and two Lagrangian subbundles Lo, L 1 in it. Choose a vector bundle Ao such that

LoEEl Ao is a trivial bundle of rank m. Then L 1 EEl Ao and LoEEl Ao are both Lagrangian

subbundles of the trivial symplectic bundle E EEl (Ao 0 e). For each x E M, there

exists Ex E V(m) such that (L 1 EEl Ao)x = Ex«LoEElAo)x)which is well defined modulo

Oem). This way we get a mapping ho.Ll : M -; Am·



Chap. I An introduction to symplectic geometry 37

We will call J-tLo,Lj = fLo,Ll (J-tm) E HI(M, Z) the Masloy class of the pair Lo, L 1

of Lagrangian subbundles. It measures how much one of the bundles rotates around

the other one.

A.2.9. Exercise (additiyity of the Masloy class). Let Lo, L 1 and L2 be

three Lagrangian sub bundles of a symplectic bundle E. Prove that

A.2.10. Exercise (naturality of the Masloy class).

of symplectic bundles cI>

Let cI> be a morphism

F

1
----. w

E ----.

1
V

(cI> is a symplectic linear isomorphism Ex ---. F<p(x)). Let Lo, L1 be two Lagrangian

subbundles of F. Show that

Note that, for a symplectic bundle E to be able to contain a Lagrangian subbun­

dIe L, it is necessary (and sufficient) that E is isomorphic to L 0 C (as a symplectic

or as a complex vector bundle). Of course, the complex vector bundles which hap­

pen to be complexifications of real vector bundles are rather special. Anyway, there

are interesting examples. For instance, let f : M ---. T* N be a Lagrangian im­

mersion. Then E = f*(T(T* N)) ---. M, the pull back by f of the tangent bundle

T(T* N) ---. T* N is a symplectic vector bundle over M. Let Lo be the tangent bundle

of M and L 1 = f*(V) where V ---. T*M is the subbundle of T(T* M) consisting into

vectors tangent to the fibers of T*M ---. M. Then Lo, L 1 are both Lagrangian sub­

bundles of E and J-tLo,Ll E H1(M, Z) is an object depending only on the Lagrangian

immersion, the significance of which is explained in the following exercise.

A.2.11. Exercise. - Let 7r : E ---. M be a symplectic vector bundle and sup­

pose Lo, L1 are two Lagrangian subbundles such that (Lo)x and (Ld x are transversal

for any x EM. Show that the map ho,Ll : M ---. Am is homotopic to a constant

map.

Thus the Maslov class J-tLo,Lj appears as an obstruction to the transversality of

the Lagrangian subbundles Lo,L 1.

A.2.12. Exercise. - Let f : M ---. T* N be a Lagrangian immersion. Express

in terms of the composition
f 7r

M ----. T* N ----. N

the fact that the two subbundles Lo, L 1 defined above are transversal. So what?
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A.3. The composition of two Lagrangian immersions

If f : M ...... T*N is a Lagrangian immersion, we shall simply call the above /1-£0,£1

the Maslov class of f. Now, let X, Y and Z be three manifolds of the same dimension

n. Suppose f : X ...... T*Y and 9 : Y ...... T*Z are two Lagrangian immersions.

A.3.1. Exercise. - Use the Darboux- Weinstein theorem to show that 9 ex­

tends to a symplectic immersion gof a neighbourhood of the zero section of T*Y into

T*Z. Let l' be the Lagrangian immersion of X into this neighbourhood obtained

from f by a suitable homothety in the fibers. Check that go 1'is a Lagrangian

immersion, whose regular homotopy class does not depend on the choices made.

We shall write 9 0 f for any g 0 1'. Figure 1 shows the composition of two

immersions.

-+--+--+---+-Y Figure 1

Vz

Y

-+--+--+----jf---Z

A.3.2. Exercise. - In the symplectic bundle g*T (T*Z) ...... T*Y, we have two

Lagrangian subbundles , the tangent bundle Lo along the fibers of T*Y and that of

T*Z (say L1), thus a class /1-£0,£1 E HI (T*Y; Z). Let 7r be the projection T*Y ...... Y.

Show that /1-£0,£1 = 7r* /1-g (Hint: in 7r*T (T*Z) we have three Lagrangian subbundles.

Use the results of exercises A.2.1O, A.2.9 and A.2.11 to conclude).

Now, as is easily understood from figure 1, the Maslov class of the composition

of two Lagrangian immersions, which measures the way the tangent bundle of X

rotates with respect to the fibers of T*Z, must be the sum of the two Maslov classes,

more precisely we have the following simple summation formula, which will be very

useful in chapter X.

PROPOSITION A.3.3. - Let X, Y, Z be three n-dimensional manifolds, and

f: X ...... T*Y g:Y ...... T*Z
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be two Lagrangian immersions. Then

J-l(g 0 f) = J-l(J) + (71' 0 f)*(J-l(g))

where 71' : T*Y --+ Y is the projection.

g*T (T*Z)

1
T*Y

f
----+

f*T(T*Y)

1
X

Proof - By definition, the Maslov class J-l(J) compares T X and the tangent

bundle Vy along the fibers in f*T (T*Y) -> X: J-l(J) = J-lTX,vy E H1(X; Z). Now

the symplectic immersion 9 :T*Y --+ T*Z gives a morphism <p (= Tg)

<p
----+

thus in f*T (T*Y) we have three Lagrangian subbundles: T X and the tangents

along the fibers of T*Y and T*Z. So

using the notations of exercise A.3.2 which also gives the proof. D
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Chapter II

Symplectic and almost complex

manifolds

Michele Audin

with an appendix by P. Gauduchon

The aim of this chapter is to introduce the basic problems and (soft!) techniques

in symplectic geometry by presenting examples-more exactly series of examples­

of almost complex and symplectic manifolds: it is obviously easier to understand the

classification of symplectic ruled surfaces if you have already heard of Hirzebruch

surfaces for instance.

The first §explains why there are so many almost complex structures on a sym­

plectic manifold, an elementary, but very important tool of Gromov's theory. Then,

I will explain what the complex ruled surfaces look like (Hirzebruch surfaces) and

give some systematic constructions of symplectic manifolds, either by symplectic

reduction or by surgery: here I will explain which surgeries cannot work. .. and

which do (for instance the ones used in the recent constructions of Gompf). The

last § is an appendix, written by P. Gauduchon, in which he gives a construction of

an almost complex structure on a certain jet space which will be useful to state and

prove Gromov's Schwarz lemma in chapter VII.

I have not tried to give a complete list of references for the classical material of

this chapter. Obviously, one should have a look at [1]' [19], [21] and [29]. The other

references given are either more technical but unavoidable, as is obviously [12], or

well known to me. All of this chapter, and specially §1.1 is an improvement of the

lectures given at CIMPA due to the clever and patient help of Emmanuel Giroux

and Bruno Sevennec whom I am very pleased to thank.

1. Almost complex structures

The aim of this § is to show that there are almost complex structures related to

symplectic forms, that there are in fact many of them, but that in some sense not

too many: they form a contractible set. I shall also very briefly discuss integrability

and Kiihlerness.

41
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An almost complex structure on a manifold W is a section J of the bundle

End TW such that J; = - IdTx w for all x in W. For instance, if W is a complex

manifold (i.e. with holomorphic change of local coordinates), its tangent space Tx W

at any point has a natural structure of complex vector space and multiplication by

i is an almost complex structure. It is the situation we are trying to mimic, J plays

the role of multiplication by i. Note that J gives to TW the structure of a complex

vector bundle, each TxW being a complex vector space by

(a + ib) . = +

Let X be an oriented surface, endowed with a Riemannian metric, in such a way

that we have a notion of rotation by +7r/2 in every tangent plane. The family

of all such rotations defines an almost complex structure on X, thus any oriented

surface admits almost complex structures. Of course, not any manifold, even of even

dimension, even oriented, may be endowed with an almost complex structure. For

instance, we shall see below that it is not the case for the 4-sphere.

1.1. The linear case: almost complex structures, almost complex

structures related to a non-degenerate skew-symmetric 2-form

In R 2n
, a linear almost complex structure is an endomorphism J such that

j2 = - Id. The linear group GL(2n, R) acts on the space of these structures by

conjugation: g. J = gJg-l.

1.1.1. Exercise. - Use a J-complex basis to show that this action is transitive

and that the stabiliser of a given almost complex structure Jo is the group of all

complex (for Jo) automorphisms.

In other words, the set of all almost complex structures can be identified with

.In = GL(2n, R)/GL(n, C).

In en, the standard Hermitian product decomposes into its real and imaginary

parts:

(u, v) = (u, v) - iw(u, v)

the Euclidean scalar product of R 2
n and its symplectic form, respectively. One easily

checks that w(u, iv) is the Euclidean scalar product and moreover that w(iu, iv) =
w(u, v): multiplication by i is an isometry of w. We now try to mimic this situation

in the following definitions.

Let w be a non-degenerate skew-symmetric bilinear form on R 2n. A linear almost

complex structure J is tamed by w if the quadratic form w(x, Jx) is positive definite.

It is calibrated by w if, moreover, it is an isometry of w: w(Jx, Jy) = w(x, y) for all

x, y E R 2n
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1.1.2. Exercise. - Show that, in this case, the bilinear form (x, y) .......

w(x, Jy) = (x, Y)J is a scalar product on R 2n, for which one has

{

E.L = (JEt

EO = (JE).L

JEnEo = 0,

° and .L denoting orthogonality respectively for w and ( , )J.

1.1.3. Exercise. - Let L be any Lagrangian subspace. Check that J LEAL

(the space of all Lagrangian subspaces transversal to L) and that it is L.L (for

( , )J). Deduce that there exists a basis (Xl, ... ,Xn, JX1' ... ,Jxn) of R 2n which is

symplectic.

Let nn be the set of all non-degenerate skew-symmetric bilinear forms on R2n,

and, for w E nn, let Jc(w) be the set of almost complex structures calibrated by w.

The symplectic group is denoted by SP2n (= Sp(n, R) in the notation of chapter I).

PROPOSITION 1.1.4. - nn GL(2n,R)jSP2n! Jc(w) SP2njU(n).

Proof - The group GL(2n,R) acts on nn by (g,w) ....... W(g-l.,g-l-). The

action is transitive, due to the existence of symplectic bases, and the stabiliser of w

is its group of isometries SP2n.

Also, if w is fixed, SP2n acts on Jc(w) by (g, J) ....... gJg- 1:

w (J g-l x , Jg-l y)

= W(g-l x ,g-l y)

= w(x,y)

9 is an isometry of w

J E Jc(w)

g-l is an isometry of w

the action is transitive due to the existence of "complex symplectic bases" (exercise

1.1.3) and the stabiliser of a given J is SP2n n GL(n, C) = U(n) (see 1.1.5). 0

1.1.5. Exercise. - Let cn = R 2nbe endowed with the standard symplectic

structure. Consider the subgroups O(2n), SP2n, GL(n, C), U(n) and compute the

intersections of any two of them.

Denote by .:It(w) the set of all almost complex structure tamed by w. Consider

now cn endowed with its canonical structures (Jo, w and the scalar product). I

learned the next proposition from B. Sevennec:

PROPOSITION 1.1.6. - The map J ....... (J + JO)-l 0 (J - Jo) is a diffeomor­

phism from .:It(w) (resp. Jc(w)) onto the open unit ball in the vector space of matrices

(resp. symmetric matrices) S such that JoS + SJo = O.

COROLLARY 1.1.7. - The spaces Jc(w) and Jt(w) are connected, and even

contractible. 0
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Remark. The fact that Jc(w) is contractible is both well-known and easy

(see below in exercise 1.1.11 the classical proof). That Ji(w) is contractible is a

statement taken from [12]. The original proof of Gromov required some agility in

the use of fibrations. The argument of Sevennec we use here is both nicer and more

elementary.

Proof of the proposition. - Note first that J + Jo is invertible: if x =I 0,

w (x, (J + Jo) (x)) > 0 thus Ker (J + Jo) = {O} and the map is well defined. Write

S = (J + JO)-1 0 (J - Jo) = (A + Id)-1 0 (A - Id)

where A = J0
1

0 J. We now prove that IISII < 1, that is, that IIAx - xl12
<

IIAx + xl1
2

for all x =I 0:

1.1.8. Exercise. - Check that

IIAx + xl1
2

- IIAx - xll
2 = 4w(x, Jx) > O.

Now let S be a matrix such that IISII < 1, which implies that Id -S is invertible

and that the endomorphism

J = Jo 0 (Id +S) 0 (Id -SrI

is well defined.

1.1.9. Exercise. - Check that J is an almost complex structure (1-1 = -J)

if and only if JoS + SJo = 0 and that it is tamed by w.

Obviously the map S 1-+ J is the inverse of the one we are considering, so that

we have proved the proposition for tamed structures. For calibrated structures, we

just have to remark that J is calibrated if and only if S is symmetric:

1.1.10. Exercise. - Check that J is calibrated if and only if for any x,

y E en,

w ((Id -S) x, (Id -S) y) = w ((Id +S) x, (Id +S) y)

and that this is equivalent to

w (Sx, y) + w (x, Sy) = O.

Deduce that J is calibrated if and only if S is symmetric.

This ends the proof of the proposition. 0
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The next exercise gives "the" classical proof that .Jc(w) is contractible.
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1.1.11. Exercise. - Let L be a Lagrangian subspace. If J E .Jc(w), JL E AL

and ( , )J defines a positive definite symmetric bilinear form on L.

1. Conversely, given L' ELand a scalar product g on L, construct an element

of .Jc(w): for a non zero vector x E L, consider its g-orthogonal xl. C L as a

subspace of E. Now (xl.) 0 is an n + I-dimensional subspace of E. Show that

dim (xl. ) 0 n L' = 1. Define Jx to be the unique vector of this line such that

w(x, Jx) = 1 and check that this defines the required element of .Jc(w).

2. Deduce that there is a one-to-one correspondence between .Jc(w) and AL x

Q(L), where Q(L) is the set of all positive definite quadratic forms on L.

3. Prove that AL can be identified with the vector space! of all symmetric n x n

matrices.

4. Deduce that .Jc(w) is contractible.

5. Consider Cn = {(w, J) I J is calibrated by w}. Show that Cn can be identified

with the homogeneous space GL(2n, R)jU(n). Show that the first projection

Cn --> f2n is a homotopy equivalence.

1.2. Tamed and calibrated almost complex structures on a symplectic

manifold

Let W be a 2n-dimensional manifold endowed with a symplectic form w. With

its tangent bundle are associated the bundles

.J (TW) ----- W

.Jc (TW,w) ----- W

.1t. (TW,w) ----- W

with fibre .In
with fibre .Jc(w)

with fibre .1t.(w)

With an obvious definition of an almost complex structure tamed (resp. cali­

brated) by w, such an object is nothing other than a section of the bundle.1t. (TW, w)

(resp . .Jc (TW, w)). These two bundles having contractible fibres, one gets

PROPOSITION 1.2.1. - The space of almost complex structures tamed (or cal-

ibrated) by w is non empty and contractible. 0

Of course, the existence of a non degenerate 2-form calibrating or taming the

complex structure is essential: there are oriented even dimensional manifolds which

do not admit any almost complex structure, the 4-sphere, for instance (see §1.5).

There is also a relative version of 1.2.1: you can extend any section already

defined along a closed subset of W. It is often2 used in the following form.

ISee the appendix to chapter I. There, we also prove that this vector space can be identified

with the tangent space of An.

2For instance in the proofs of the classification theorems of Dusa McDuff.
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PROPOSITION 1.2.2. - Let E c W be a symplectic submanifold, and let 10

be an almost complex structure defined along E (i.e. an endomorphism of TW b::
of square - Id) and tamed (resp. calibrated) by w. There exists an w-tamed (resp.

w-calibrated) almost complex structure 1 on W which extends 10 . 0

1.2.3. Exercise. - If V is an almost complex submanifold of the symplectic

manifold W for an almost complex structure calibrated by the symplectic form,

show that it is a symplectic submanifold.

Remarks.

1. I must mention here that I have never used the fact that w is a closed form.

2. There can be a lot of symplectic forms taming or calibrating the same almost

complex structure. For instance this is the case for all forms w EEl AW on 8 2 x 8 2

(w a volume form, A > 0) and the usual (product) complex structure.

3. It is legitimate to wonder whether it is really useful to consider tamed almost

complex structures. I know of at least one place where one is forced to use

tamed almost complex structures. This is in the study of the so-called C R­

structures (see the beginning of [7]).

1.3. Integrable complex structures (a few words)

As I have already mentioned, an integrable complex structure (that is, the struc­

ture of a complex analytic manifold) is the basic example of an almost complex

structure.

Of course, there are more examples of almost complex structures than just in­

tegrable structures. There even exist almost complex manifolds which do not have

any complex structure: this is the case for instance for the connected sum of three

(or any odd number-except 1) copies of P2(C), see [5] and §1.5 below.

The way the almost complex structure 1 is related to the differentiable structure

of the manifold is described by the famous Nijenhuis tensor (I understand that it

was introduced by Ehresmann, see [21]):

N(X, Y) = [lX, lYj- l[X, lY] - l[lX, Y] - [X, Y].

In the appendix to this part, P. Gauduchon will use the Nijenhuis tensor to dis­

cuss a natural almost complex structure on the space of I-jets of pseudo-holomorphic

mappings between two almost complex manifolds. In this §, we evoke the relation

of N with integrability.

1.3.1. Exercise.

1. Check that, if X f-+ [X, Y] is C-linear (in the sense that it commutes with 1),

then N == O.
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2. Show that N is actually a tensor, that is: N(X, Y) depends only on the values

X(x), Y(x) and not really on the vector fields X and Y.

3. Compute N(X, J X) and deduce that, if W is a surface, N vanishes identically

(on vectors) and everywhere (on W).

1.3.2. Exercise. - For any map f : R 2
n C and any vector field X on R 2

n,

recall that X . f = X . (!I + i12) = X '!I + iX . 12 so that f f-> X . f is a complex

linear map.

1. Let R 2
n be endowed with an almost complex structure J and suppose f is a

holomorphic function, that is df 0 J = i df. Show that df (N(X, Y)) = 0 for

all X, Y.

2. Suppose there exist n holomorphic functions on R 2
n, which are independent

at some point x. Show that N identically vanishes at x.

3. Assume W is a complex manifold and J is its (integrable) complex structure.

Show that the Nijenhuis tensor vanishes identically and everywhere on W.

Remarks.

1. What was used in the previous exercise is that an integrable complex struc­

ture is one with many holomorphic functions. In general, an almost complex

manifold has no holomorphic functions at all. On the other hand, it has a lot

of holomorphic curves (maps f : C ---> W such that df 0 i = J 0 dJ)-they will

be the main tool in this book.

2. It is a hard theorem (in its full generality) [27] that the converse is also true.

For an introduction to these questions, see [20] for instance.

3. Any almost complex structure on a surface is integrable (a result already

known to Gauss in the analytic case). In the smooth case, it is of course a

consequence of what we just said, but there exist simpler proofs, see [28] for

instance.

1.4. Kahler structures

If M is a complex manifold endowed with a Hermitian metric, the imaginary

part of this metric is skew-symmetric and thus can be viewed as a 2-form w which

calibrates the complex structure J (w is said to be a (1, I)-form). Of course, w is

non-degenerate.

When w is closed, that is when it is a symplectic form, it is called a Kahler form

and M is a Kiihler manifold.
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1.4.1. Exercise. - Calling d', d" the Dolbeault operators defined by

d'f = afj d .
L...J adz. ZJ

J

d"f = afj d:z
L...J ad:z. zJ'

J

consider the function f : C n
---+ R defined by f(v) = log (1 + IlvI12). Let W be the

2-form W = id'd"f. Show that w is a Kahler form on C n .

Kahler manifolds are very common: any complex submanifold of a Kahler man­

ifold is Kahler (for the induced (1, I)-form), thus all projective complex algebraic

manifolds are Kahler-it suffices to prove that the projective space is, and it is: in

this chapter, there will be a lot of definitions of symplectic forms on pn(c). All will

coincide (up to a scalar factor) and will be Kahler. The next exercise gives a first

construction.

1.4.2. Exercise.

pn(c):
Let <Pk : Uk ---+ C n (0 :::; k :::; n) be the usual charts in

Put Wk = <Pkw, where w is the Kahler form of exercise 1.4.1 so that

Show that, on Uk nUL, Wk and WI coincide. Deduce that the Wk (0:::; k :::; n) define

a Kahler form on pn(c).

Kahler manifolds satisfy the Hodge duality, in particular they have dim Hp,q =

dimHq,p (see [11] for instance). Note that it implies that their odd Betti numbers

must be even.

It was only in 1976 that Thurston gave the first example of a non-Kahler sym­

plectic manifold: a clever quotient of R 4 by a group preserving the symplectic

form... but such that the quotient has b1 = 3 (see [29]). Then in 1984, D. McDuff

gave examples of simply connected non-Kahler symplectic manifolds [24] of rather

large dimensions. Cleverly combining a very easy construction (see §5.3 below)

with sophisticated examples, Gompf has recently produced 4-dimensional symplec­

tic non-Kahler manifolds which are simply connected [10].

1.5. Some general remarks

As already mentioned, there are many more almost complex structures than just

complex integrable structures. In this section, we shall concentrate on oriented 4­

manifolds. Let W be such a manifold. It has two obvious topological invariants, its
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Euler characteristic X and the signature a of its intersection form (see chapter IV).

Now suppose J is an almost complex structure on W. Then (TW, J) is a complex

vector bundle and, as such, it has Chern classes Cl(J), C2(J). The latter is the Euler

class of TW and does not depend on 1. The first does depend on J and is related

to the topological invariants by

(ci, [W]) = 3a + 2X·

For instance if W = 54, H 2 (W) = 0 thus a = O. On the other hand X = 2

thus 3a + 2X = 4 =I- 0 and of course there is no element Cl in H 2 (5 4
) such that

(CI, [S4]) = 4, thus 54 does not admit any almost complex structure 3
.

Note also that the mod 2 reduction w of Cl(J) depends only on W: it was shown

by Wu in [31] that w is a characteristic element for the quadratic form, that is, it

satisfies

"Ix E H 2(W; Z/2),

It is also a result of Wu in [31] that

w x = x '--' x.

PROPOSITION 1.5.1. - Homotopy classes of almost complex structures on W

are in one-to-one correspondence with integral classes c E H 2 (W; Z) which lift w

and such that (c2
, [W]) = 3a + 2X.

As a result one finds as I already mentioned, that there are almost complex

structures on the connected sum of 3 copies of P2(C), but this manifold has no

integrable complex structure (and no symplectic form either). Other examples can

be found for instance in [5J.

1.5.2. Exercise. - Consider the connected sum W of two copies of P2(C)

both with the canonical orientation. Show that H2(W) = H2(P2(C)) ffi H2(P2(C)

and thus is isomorphic to Z ffi Z. Compute a(W) and X(W). Assume W can be

endowed with an almost complex structure J and show that the first Chern class of

J must decompose into two odd numbers in the previous splitting of H 2
. Deduce

that W has no almost complex structure 4
.

Of course, two complex structures can be homotopic among almost complex

structures without being isomorphic. We shall see in the next § (see §2) examples

of complex structures that have the same Cl but are not isomorphic.

3It is not much harder to prove, using the integrality of the Chern character (see [18] for

instance), that the sphere S2n has no almost complex structure, except for 2n = 2 or 6. It is also

a consequence of the results of Wu in [31J that S6 has an almost complex structure. An explicit

one can be described using the Cayley octonions (see [20J for instance).

4More or less the same proof gives that if WI and W2 are 4-dimensional manifolds which can

be endowed with almost complex structures, then their connected sum cannot (see [5]).
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2. Hirzebruch surfaces

In this §, I present the Hirzebruch surfaces [15J (another good reference is [17]).

In addition to being relevant examples for the discussion almost complex/complex,

they are basic examples for symplectic geometry too: for instance they playa major

role in the classification of Hamiltonian 8 i -actions [3J and in the work of Dusa

McDuff on symplectic 4-dimensional manifolds [26J.

2.1. Definition

Consider a complex line bundle L over the projective line Pi(C) = 8 2 and add

to it a section at infinity, in other words, consider the bundle

P (LEfJ 1) = {(x,I) Ix E pi (C), I is a line in Lx EfJ C},

a bundle over pi with fibre pl. The zero section is given by I = 0 EfJ C, the section

at infinity by I = Lx EfJ O.

If D is any other line bundle over pI, it is clear that P(LEfJl) 9;! P( (by

the map (x, I) ....... (x, I Dx)) thus the bundles P(LEfJ1) describe all the P(L I EfJ L 2 ).

Moreover, using D = L*, one gets an isomorphism P(L EfJ 1) 9;! P(L* EfJ 1) which

exchanges the zero section and the section at infinity5.

It is easy to prove that, from the topological viewpoint, all the rank 2 complex

vector bundles over pi split. This property is still true if one considers holomorphic

bundle? (see [14]).

The isomorphism class of a (topological, or differentiable, or holomorphic) com­

plex line bundle L --> pI is well defined by an integer, its Euler class: decompose the

sphere into two hemispheres and trivialise the bundle on both. To get the bundle,

glue the two trivialisations along the equator 8 1 by a map r.p : 8 1
--> C*. Identify

1l'1 (C*) with Z, associating an integer, the Euler class, to the bundle.

2.1.1. Exercise. - Let B be any orient able surface and let D be a disc in

B. Use a decomposition of B as a polygon to show that the complement of D has

the homotopy type of a wedge of circles. Let L --> B be a complex line bundle.

Show that it is trivialisable both on D and on its complement. Deduce that the

isomorphism type of L is given by an integer, its Euler class (see e.g. [4]).

For k E Z, call O(k) the bundle over pI with Euler class k:

• 0(0) --> pI is the trivial bundle .

• 0(-1) --> pI is the tautological bundle: the fibre at d E pI is the line d of C 2

itself.

5Recall that if L* is the dual of L, L I8i L* has a canonical trivialisation by (x, <p) ...... <p(x).

6The analogous property is definitely false if one replaces pI by a Riemann surface of genus

> 0, see [2].
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• 0(1) is the canonical bundle, the dual of the previous one, and

• O(k) = 0 (kj Ikl)®lkl.

Call, for kEN, Wk = P (O( -k) EB 1).

2.1.2. Examples.

1. For k = 0, Wo = pl(C) X pl(C).

51

2. For k = 1,

WI = {(l, d) Id is a line in C2 and l a line in dEB C C C2 EB C} .

In addition to the structure of a bundle over pi, this manifold is endowed with

a projection 1r to p2(C): to the point (d, l), associate l C C3. Notice that any

point in p2 is the image of a unique point of WI: d is the projection of l on

C2... except for the line d = °EB C which is the image of all points in the pi

of lines d in C 2.

The projection 1r : WI ......... p2(C) is the blow up of P2(C) at the point [0,0,1] .

. One often denotes WI by:P2(C).

2.1.3. Exercise. - Consider the standard ball in p2(C):

B = {lx, y, 1] IIxl2 + IYI2
:::; R

2
} .

Check that 1r-
I (B) is a tubular neighbourhood of the zero section of 0(-1), its

boundary a 3-sphere, and its complement a tubular neighbourhood of the section at

infinity.

It is easy to represent W k as an algebraic submanifold of PI(C) x p2(C):

2.1.4. Exercise. - By definition,

Wk = {(f!,d) E pl(C) x pN(C) If! c C2,d c f!®k EB C C (C2tk EB C}

where N = dim (C 2 )®k. Choose a basis of C2 and show that

Wk = {[a, b], [uak,uak-Ib, ... ,uabk- I ,ubk,v]} C pl(C) X pk+1(C)

(notice that this does not mean that W k pl(C) X pl(C)). Similarly, show that

the "projection"

[Z\, ... , Zk+l, t] f----+ [ZI' Zk+l, t]

although not well defined on pk+l (C) defines an embedding

Wk = {ra,b],[uak,ubk,v]} Cpl(C) XP2(C).



52 M. Audin

Alternatively Wk = {(la, bJ , [x, y, z]) laky - bkx = o} and any Kahler form over

Pl(C) x P2(C) then defines a Kahler form over Wk'

2.2. Topology

In fact, there are only two classes of projectivised pI-bundles over pl. Let

W -> 52 be such a bundle. Over the hemisphere 5l, W can be trivialised as

5l x pl. The gluing is given by a map 51 -> PGL(2, C) and there are only two

homotopy classes: 1fl(PGL(2, C)) Z/2.

2.2.1. Exercise. - Projectivising a bundle L ffi 1 may be achieved by a map

1fl (C*) -> 1fl (PGL(2, C)). Show that it can be identified with mod 2 reduction

Z -> Z/2. Deduce that P(L ffi 1) is trivialisable if and only if the Euler class of L

is even.

Using the examples above, one then gets

PROPOSITION2.2.2. - Wk is diffeomorphic to 52 x 52 if k is even and to

P2(C) if k is odd. 0

One deduces easily from this the cohomology of Wk , which, of course depends

only on k mod 2. It may nevertheless be convenient to express it in terms of k and

of the projection 1'1 over pI: from the inclusion Wk '--------> pI X p2, one gets two

classes u, v E H2(Wk;Z), restrictions of the generator of H2(Pl; Z), H2(P2; Z) resp.

It is classical (see [18J or the definition of Chern classes in chapter IV for instance)

that

PROPOSITION2.2.3. - The ring H*(Wk;Z) is isomorphic to the ring of poly-

nomials Z[u, v]/ (u2,v2 - kuv). 0

2.2.4. Exercise. - Check that the isomorphism type of this ring actually

depends only on k mod 2.

2.3. Symplectic forms

Consider a symplectic form induced by the standard symplectic (Kahler) form

on pI x p2 (as defined on each factor in 1.4.2 for instance), rescaled such that

its cohomology class is Au + JlV and compute the volumes of the following spheres

i : p I
'--------> Wk :

• the zero section i([a, bJ) = ([a, b], [0, 0,1]): i*(Au + Jlv) = AX, it has volume \

• the section at infinity i([a, bJ) = ([a, b], [akY, 0]): i*(Au + Jlv) = (A + kJl)x, it

has volume A+ kJl,

• the fibre i([a,bJ) = ([1,0]' [a, 0, b]): i*(Au + Jlv) = Jlx, it has volume Jl.

(x denotes the generator of H 2 (PI; Z)).
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I find it very convenient to represent Wk and the class of the Kahler form under

consideration by a trapezium, the lengths of its edges being the volumes of the

corresponding spheres as in figure 2.

A

Figure 2

Remark. - In fact, this trapezium is not only a good way to represent the

cohomology classes, but it is actually the image of the moment map of a Hamiltonian

T2-action on Wk.

2.3.1. Exercise. - Consider the 8 1-action on W k induced by the action

t . ([a, b], [x, y, z]) = ([a, b], [x, y, tz])

on pi X p2. Check that its fixed points are the sections at zero and at infinity and

that H = jL Izl2/2 (lxl2+ IYl2 + Izn is a Hamiltonian for this action. Any r E]O, jL[

is then a regular value of Hand 8 1 acts on H-I(r). Check that the quotient

sphere H- I (r)/8 1 gets a natural "reduced" symplectic structure (see §4) of volume

'x+k(jL-r).

Remark. - This volume is an affine function of r, with slope ±k. This is

represented on the trapezium, and is a special case of the Duistermaat-Heckman

formula [9]. Note that, for k > 0, the volume is decreasing when starting from the

zero section of O(k) and increasing when starting from the zero section of O(-k).

2.3.2. Exercise. - Using 2.2.3, show that there does not exist a symplectic

form on Wk which gives the same volume to the sections at zero and at infinity

(k =J 0).

All these Kahler forms belong to "exotic complex structures" on 8 2 x 8 2 or

:P2(C). Fix the parity of k, say k even. The complex manifold W k is S2 X S2,

with a complex structure which depends on k. The almost complex structures are

homotopic due to 1.5.1, but the complex manifolds are not isomorphic (see [15]).
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If one agrees to use intersection in homology and the positivity of intersections of

complex curves, this result can be made into an exercise: suppose r.p : Wk ----> WI

(0 k l) is a holomorphic isomorphism. Let I;o be a complex curve7 with self

intersection k in Wk , then r.p(I;0) will be a complex curve in WI. Call (F,8 0 ) a basis

of Hz (WI; Z) such that F is the class of the fibre and 80 that of a section such that

80 .80 = l.

2.3.3. Exercise. Write the homology class of r.p (I;o) as aF + b80. Show

that a 2: 0, b 2: 0, and that k = 2ab + bZl. Deduce that b = 0 and k = O. Let

be a fibre in Woo Write the homology class of as xF + y80 . Use the fact

that I;o) is a basis of Hz (Wo; Z) to prove that y # 0, then show that y > 0 and

x 2: O. Compute the self intersection of r.p and get x = y = 0, a contradiction.

3. Coadjoint orbits (of U(n))

The simplest possible example of a compact symplectic manifold is the sphere 8z

endowed with a volume form. Any oriented surface would also work: in dimension

2, a symplectic form is simply a volume form (this is the non degeneracy condition,

the condition of being closed is automatically fulfilled).

It turns out that 8z is the basic example in two families of symplectic manifolds:

it is a coadjoint orbit-of 80(3) as well as of U(2)-and it is a symplectic reduction.

In this §, I shall briefly explain the symplectic structure of coadjoint orbits

and then in §4 the symplectic reduction process (this will also be used to construct

Lagrangian submanifolds in chapter X). We will then have at hand a lot of examples

and will be in a position to try to manufacture new ones out of these old ones. I shall

focus attention on dimension 4, and explain in §5 why taking the connected sum

is not a symplectic process while blowing up and down are, and how these remarks

can be generalised to give the symplectic fibre sum recently used by Gompf [10] to

construct his new examples.

The vector space cn is endowed with its canonical Hermitian structure. A matrix

A is Hermitian if tii = A.

3.1. Description of the manifolds

Fix a vector A= (AI, ... , An) ERn and consider, in the space of all n x n complex

matrices, the subspace

'}-{>. = {Hermitian matrices with spectrum A} .

It is well known that Hermitian matrices are diagonalisable in a unitary basis: A =
gDg-l, D diagonal and g E U(n). In other words, '}-{>. is an orbit of the U(n)-action

by conjugation.

7Thinking of WI, Wk as pI-bundles over pI, one can choose So and I;o to be the zero sections.
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Call /1-1 < ... < J1-k the distinct values of the Ai and ni the multiplicity of /1-i' It is

clear that the stabilisers of the elements of H>. are conjugate to U(n1) x· .. x U(nk) C

U(n), thus

PROPOSITION 3.1.1. - The space H>. is a manifold, diffeomorphic to the ho­

mogeneous space U(n)/U(n1) x ... x U(nk)'

Remark. - Note that the diffeomorphism type depends only on the multiplic­

ities of the eigenvalues, not on their values.

To any element in H>., one can associate the sequence Q1, Q2, .. . ,Qk of its

eigenspaces. They are pairwise orthogonal and dim Qi is the multiplicity ni of /1-i'

Equivalently, one can consider the flag

with Pj = Q1 EEl··· EEl Qj. The manifold H>. is a flag manifold.

Generic orbits. - Generic (biggest) orbits correspond to simple (multiplicity

1) eigenvalues, the stabiliser type is the torus 1"" of diagonal unitary matrices. In

this case Qi is a line and H>. is the manifold of complete flags in cn,

The dimension of H>. is n2 - n = 2n
(n

2
-1) in this case.

Small orbits. - The small orbits, excepting the trivial case where k = 1 and

where H>. is a point, are obtained for 2 distinct eigenvalues /1-1 with multiplicity nl,

and /1-2 with multiplicity n2. Using again the eigenspaces, one identifies H>. with the

Grassmann manifold Gnl (Cn) (or Gn2 (cn)) of n1-planes in cn, a 2nln2-dimensional

manifold. It is the homogeneous space U(n)/U(n1) x U(n2) or the quotient of the

Stiefel manifold Vnl (Cn) of unitary nl-frames in Cn by the group U(nr).

An interesting subcase is n1 = 1, in which case the Grassmann manifold is the

complex projective space pn-1 (C).

3.2. Coadjoint orbits and their symplectic structures

The mapping h ....... ih is an isomorphism of real vector spaces from the space H

of all Hermitian matrices onto the space u(n) of skew-Hermitian matrices B
.

The assignment (X, Y) ....... tr (XY) defines a (negative) definite (R-)bilinear form

on u(n), which is invariant under conjugation. This allows us to identify u(n) with

the dual vector space u(n)*. With these identifications, the U(n)-action on u(n)

or H by conjugation is the adjoint or coadjoint action. The flag manifolds H>. are

BIt is of course the Lie algebra of the Lie group U(n): the equation t}fA = Id gives tX + X = 0

when you differentiate it at the point Id.
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thus described as coadjoint orbits of a Lie group. This is why they have a natural

symplectic structure, called the Kirillov structure [19]: in all of this §, you can

replace U(n) by a Lie group G and 1t or u(n)* by the dual g* of its Lie algebra.

First define, for any h E 1t, a skew-symmetric bilinear form Wh on u(n) by

Wh (X, Y) = tr ([X, Y] ih) = tr (X [Y, ih]) .

As (X, Y) f--+ tr (XY) is non-degenerate, the kernel of Wh is the subspace of u(n)

K h = {Y E u(n) I [Y,ih] = O},

which is obviously the Lie algebra of the stabiliser of h for the U(n)-action.

The tangent space to the orbit 1t>. at the point h is the subspace of 1t generated

by the fundamental vector fields of the U(n)-action: one considers the orbit map

defined by h: fh
U(n) ---> 1t

9 f-----> g. h = ghg- 1

and Th1t>. is the image of Tdh' that is of

u(n) 1t

X , [X,h]

in particular, K h = KerTdh' and thus Wh defines, via Tdh' a non-degenerate skew­

symmetric bilinear form on Tdh:

Wh ([X, h], [Y, h]) = tr ([X, Y] ih)

for X, Y E u(n) or [X,h], [Y,h] E Th1t>..

Thus we get a non-degenerate 2-form W on the orbit 1t>.. The next claim is, of

course, that W is closed. You just need to prove that

di:Jh ([X, h], [Y, h], [Z, h]) = 0 for all X, Y, Z E u(n).

Call X the fundamental vector field associated with X: & = [X, h]. Then

3di:J (X, 1:::,Z-) = X .W(1:::, Z-) - 1::: .w(X, Z-) + Z- .w(X, 1:::)

+w ([X,1:::],Z-) +w([1:::,Z-],X) +w([Z-, X] ,1:::).

By definition, wis invariant and the vector fields under consideration are funda­

mental vector fields for the action, thus the first three terms vanish. What is left

also vanishes due to the Jacobi identity.

The 1t>. are thus compact symplectic manifolds. Note that, although the topol­

ogy of 1t>. depends only on the multiplicities in A, the symplectic structure does

depend on the Aj.
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3.2.1. Exercise. - Assume n = 2, k = 2 and nl = 1 (thus 1t>. is a projective

line). Compute win terms of J-ll and J-l2'

3.2.2. Exercise. - Consider the group 80(3) of rotations of 3-dimensional

Euclidean space. Show that its Lie algebra 50(3) is the vector space of skew sym­

metric matrices. Identify it with R 3 by

cp: (x,y, z) t--+ (

-y

-z y)
o -x .

x 0

Show that cp is an isomorphism of Lie algebras (the Lie algebra structure on R 3

being given by the vector product), that the action of 80(3) by conjugation on 50(3)

corresponds to the action by rotations. Thus the scalar product is invariant, which

allows to identify 50(3) with its dual, and the adjoint action with the coadjoint.

Show that the coadjoint orbits are 2-spheres, thus finding once again a family of

symplectic structures on S2.

3.3. Almost complex structures

Once the 1t>. are described are flag manifolds of en, they clearly have a natural

additional structure: they are complex manifolds. As above (proposition 3.1.1) the

complex diffeomorphism type depends only on the multiplicities. Let us describe the

underlying almost complex structure. One can write u(n) = u(nl) EEl· .. EElu(nk)EEl m

where m is a complex vector space. One simply decomposes in blocks a matrix A in

an orbit with multiplicities nl, ... ,nk:

where Ai E u(ni) and Xi,j is a complex matrix. The complex structure on m is

given by the complex structure of the spaces where the blocks Xi,j live, not by the

complex structure of the space of big matrices: if

(

_t :::)

X= t-- Em- X 2,3 ... . .....

· .· .· .

call j(X) the same matrix with each Xk,l replaced by iXk,l: this is the complex

structure of m.

Of course, m is not a Lie subalgebra of u(n), but 9 = u(nl) EEl ... EEl u(nk) is.

Now m is a good representant of the tangent space to U(n)jU(nd x ... x U(nk)

at the point image of IE U(n), and it has a natural complex structure. Everything

is invariant enough to define something on 1t>..
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Fix a diagonal matrix D = (J-ll"" ,J-ll,'" ,J-lk,'" ,J-lk) in the orbit 'H>. with

J-ll < ... < J-lk (so that the stabiliser of D is actually U(nl) x ... x U(nk)' Any

element in Td'H>. can be writen in a unique way as [X, D] for an X E m (the tangent

space to the orbit is generated by fundamental vector fields, unicity comes from the

specification X E m, this subspace being a supplementary of the Lie algebra of the

stabiliser) .

Define now lv[X, D] = [j(X), D] in such a way that lD is a complex structure

on TD'H>.. Let now h = gDg-l be any element in the orbit. Any element in Th'H>.

can be writen uniquely (once 9 is chosen) as [gXg-1,h] with X Em. Put

lh [gXg-1,h] = [gj(X)g-l,h]

thus defining an almost complex structure 1 on the orbit 'H>..

3.3.1. Exercise. - Show that w(lX, lY) = w(X, Y): the complex structure

is an isometry of w. Compute w(X, lY) in terms of the blocks in X and Y and in

terms of the f.lj' Deduce that (if the J-lj are as above) w(X, lY) is a Riemannian

metrics on 'H>.. Thus 1 is calibrated by w.

4. Symplectic reduction

Symplectic reduction is a very simple and very clever process, due to Marsden

and Weinstein [23], already mentionned in chapter I, which can be used for differ­

ent purposes, such as constructing symplectic quotients, i.e. symplectic manifolds

obtained from group actions on large symplectic manifolds (see 4.2), Lagrangian

immersions into the reduced symplectic manifolds starting from Lagrangian immer­

sions into the large one or Lagrangian submanifolds of the large symplectic manifold

starting from Lagrangian submanifolds of the small one (see chapter X). Here we

discuss some classical examples.

4.1. The projective space, dissection

The complex projective space pn (C) is the quotient cn+1 - {O} / Z rv AZ for

A E C*, or, what is almost the same, think S2n+I /z rv AZ for Pil = 1: any line

contains unitary vectors! Let us look at that trivial remark more closely: let

= {z E Cn+I IIIzl1
2 = R2

}

be the radius R sphere. We are considering the quotient by the SI action (A, z) f-t

A' z.

There is a relation between the function H = IIzl12
(of which is a level

set) and the SI-action we consider: the fundamental field for the action is

X z = iz ... and this is the symplectic gradient 9 of H:

W z (X z , Y) = Im(iz, Y) = Re(z,Y) = dH(Y).

90f course, C n +1 is endowed with the standard symplectic form.
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What happens is the following: the tangent space to pn(c) at the point [z] is the

(isomorphic) image of the quotient of Cn+l by the subspace generated by z and iz,

in particular it is Cn+l IC . z, thus a complex vector space, which is not surprising:

the quotient is a complex manifold.

What happens in the symplectic framework is exactly the same: of course, if you

restrict it to the symplectic form is degenerate; its kernel at z is generated

by iz and it is exactly what one has to kill to get the tangent space to pn(c).

4.1.1. Exercise. - Compute the volume of a projective line pi (C) C pn(c)

in terms of R.

4.2. Symplectic reduction: general presentation

Symplectic reduction is a list of consequences of a straightforward linear algebra

lemma:

LEMMA 4.2.1. - If (E,w) is a symplectic vector space and FeE is any

coisotropic subspace, then w defines a non-degenerate 2-form on FIFo. 0

In the pn case, E = Cn+l, F = FO = R . iz and FIFo = 1]zJpn(C).

4.2.2. Exercise. - Let Rn+l be endowed with its usual Euclidean structure,

and Rn+l x Rn+l be endowed with the symplectic form w ((p, q), (p', q')) = p.q _p' .q.

Consider the Hamiltonian (function) H(p, q) = Ilpf Compute the Hamiltonian

vector field (symplectic gradient) X H and its flow <Pt. Show that X H is complete and

write down the corresponding R-action. What are the orbits? Deduce a symplectic

structure on the set of oriented affine lines of Rn+l. Show that this manifold is

diffeomorphic to T* sn. What about the symplectic structures?

I present here a very general setting as a list of exercises (see [21]). Let (W 2N
, w)

be a symplectic manifold (to replace Cn+l endowed with an action of a Lie group

G (to replace SI) with a moment mapping J-t : W --> g* (to replace H : Cn+l --> R)

such that

(TwJ-t(X) , Y) = ww(X, D for X E TwW, Y E 9

and such that J-t preserves the Poisson brackets: W has a natural Poisson bracket

given by its symplectic form, and g* has also a natural one coming from the Lie

bracket on 9 and described in the following exercise.

4.2.3. Exercise. - Let f, 9 E Coo (g*) and put

{j, =

where is considered as an element of 9 using biduality. Show that this defines

a Poisson bracket on g*-that is, a Lie algebra structure on Coo (g*). Let 0 be a

coadjoint orbit in g*. Show that the induced Poisson bracket coincides with the one

defined by the symplectic structure described in §3.
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4.2.4. Exercise. - Show that the moment map J-L is equivariant (g is endowed

with the coadjoint action).

Assume E g* is a regular value of J-L. Then V = is a submanifold of W

and

"ix E V

Let G€ be the stabiliser of for the coadjoint action (it is all of 8 1 in the projective

space example-as it is G in any example where G is abelian).

4.2.5. Exercise.

1. Show that the G-action on W induces a Gcaction on V.

2. Let j : V '--+ W be the inclusion, then

As is a regular value, we know that the G-action is locally free in the neigh­

bourhood of any x E V. Assume moreover that the Gcaction is free. Then one can

apply lemma 4.2.1 to obtain the unique symplectic form on V/G€ such that, in

the diagram

= j*w. The symplectic manifold is a symplectic reduction of V.

The next §will give some examples.

4.3. Construction of symplectic manifolds

Hirzebruch surfaces, first version. - Consider the hypersurface H in (C2
- 0) X

(C 3
- 0) defined by the equation aky - bkx = O. Being complex, it is symplectic

(see 1.2.3). It is endowed with the product action of T 2 by (s, t) . (a, b, x, y, z) =
(sa, sb, tx, ty, tz) whose moment mapping is

J-L : H -----t R 2

(a, b, x, y, z) f-----> (laj2+ Ibl2,Ixl2+ lyj2 + Izn

if is in the positive quadrant of R2, = (83
X 8 5

) n H and the quotient

Wk C pI X p2 appears as a symplectic reduction.
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Hirzebruch surfaces, second version. There is a more terms

of to obtain Hirzebruch surfaces as symplectic reductions, starting

from C4
. Consider U = (C2

- 0) X (C2
- 0) C C4

, with the action of C* x C* by

(4.3.1)

The quotient is identified to Wk by

Let Ji : C4
-. R 2 be the moment map for the action of T2 C C* x C* by (4.3.1):

Ji(Zr, Z2, Z3, Z4) = (k Izd2+ IZ312 + IZ412,IZl12+ IZ2n .

Let = (6,6) E R 2
. Consider Ji-1(O. I want to show that, under certain

hypotheses = U/C* x C*.

So let Z E U. I am looking for Z E in the same C* x C* orbit and more

precisely such that there exist a, b > 0 with

Eliminating b and letting x = a2
, it is necessary that the equation

(4.3.2) X
k
+

1 lzd2 (IZ312 + IZ412) +xk (k61z112- 61z112)

+x IZ212 (IZ312 + IZ4n - 61z212 = 0

has a unique positive root. Then b2 = 6/ (xk IZl12 + IZ2n has a unique positive

solution when 6 > O. The k = 0 case being obvious, assume for simplicity that

k 1. Call f(x) the left hand side of (4.3.2), and compute the derivatives I' and

f". One gets

j"(x) = AXk - 2 [(k + 1) x + (k - (k6 -2
IZ31 + IZ41

where A is positive. Assume that k6 - > 0, then j"(x) > 0 for x > 0 and I' is

increasing on [0, +00[. As 1'(0) > 0 and f(O) < 0 there is a unique positive root x:

PROPOSITION 4.3.3. - If 6 > 0, 6 > 0 and k6 - 6 > 0 then =
W k , and W k is obtained by symplectic reduction starting from C4

. 0

Remark. This is a particular case of a more general construction: W k is a

toric manifold (see [4] for this construction, which basically comes from [8], although

there is a (slight!) mistake in [4] as I learned from Y. Karshon and S. Tolman).

Remark. We shall see later (chapter X) why it is interesting to have W k as

a symplectic reduction starting from the smallest possible complex vector space.
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Grassmannians. - Let us now describe the complex Grassmann manifold

Gn (cn+k) as a symplectic reduction. It is well known (see 3.1) that it is a quotient

of a part of a numerical space: let Vk (C n+k) C (C n+k) k be the Stiefel manifold of

all unitary k-frames in Cn+k. It is clear that Gk (C n+k) = Vk (C n+k) /U(k).

My aim is now to show that this quotient is also a symplectic reduction. Write

(Cn+kt = M(n+k)xk (C), the space of all complex matrices with n + k rows and k

columns. This space is endowed with its canonical symplectic form w = 1mtr (tXY).

Giving a matrix A E M(n+k)xk (C) is equivalent to giving k vectors in Cn+k, its

columns. These k vectors form a unitary k-frame exactly when tAA = Id E

M kxk (C), thus V = Vk (Cn+k) is the "levelld" of

J-l: M(n+k)xk (C)
A

-----> 'H C Mkxk (C)
f-----> tAA

where now 'H denotes as in §3 the real vector space of Hermitian matrices.

Of course U(k) acts on M(n+k)xk (C) by g. A = gAo On the other hand, we are

not afraid to identify 'H with u(k)*. The next assertion is that J-l is the moment

mapping for that action.

4.3.4. Exercise. - For X in M(n+k)xk (C) and Y in u(k), compute the number

(TAJ-l(X),Y) and show it is ±w(X,.tl

We are precisely in the situation of the previous §. Moreover, the stabiliser Gf,

is the whole group U(k) because = Id. The quotient Gk (Cn+k
) is a symplectic

reduction starting from a complex vector space.

Remark. - It is not necessary to do the exercises of 4.2 in full generality to

get this result. Let Ao be the matrix of the k first vectors in the canonical basis.

the upper k x k square in X is a Hermitian matrix. In other words

{X = )IXI E u(k),X 2 E MnxdC)}

u(k) EB M nxk (C)
isotropic EB symplectic

is a coisotropic subspace F whose orthogonal is exactly u(k), thus F/ FO M nxk (C).

5. Surgery?

A natural idea, to construct new symplectic manifolds out of old ones is to

perform surgeries.
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5.1. Connected sums
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Speculative remarks. - Let us trylO to make a symplectic connected sum

W = W I#W2 . A natural idea is to remove a small ball in a Darboux chart of both

manifolds and to try to glue what is left along the boundary s2n-l. The reason why

you cannot manufacture a symplectic form agreeing with the standard ones outside

the sphere is that you are trying to glue together two outsides of this sphere. I mean

that there is a symplectic way of distinguishing the inside from the outside of the

sphere: there exists a vector field X on cn, which is transversal to the sphere, and

such that LXW = w.

5.1.1. Exercise. - Check that the radial field X (p) = 4p has this property.

5.1.2. Exercise. - If (W,w) is a symplectic manifold and if X is a vector

field such that LXW = w, show that X dilates the symplectic form, that is, show

that its flow satisfies rp;w = etw.

Let us come back to the (2n - 1)-sphere in C n
. The dilatation is very explicit

when n 2: the volume of the reduced symplectic manifolds pn-I (C) is increasing

in the direction of X.

5.1.3. Exercise. - Let (W, w) be a symplectic manifold of dimension 2n 4,

and let S be a compact hypersurface. Assume that, in the neighbourhood of S,

there exists a vector field X, transversal to S and such that LXW = w. Show that

ixw defines (a primitive of wand) a contact formll on S. Conversely, assume that

a is a contact form on S such that da is the restriction of w. Show that a transverse

dilating vector field X exists on a neighbourhood of S.

One says that such a hypersuface S has contact type (see [30] for this notion ...

and the solutions of the exercises if needed).

5.1.4. Exercise. - Let E be a Riemannian manifold. Endow T*E with the

canonical symplectic structure. Show that the sphere bundle (with respect to the

given metric) S (T*E) has contact type.

Rigorous statement and proof - There is no symplectic connected sum except

for surfaces. Here is a proof (valid except in dimension 6). Suppose (WI, Jd and

(W2 , J2 ) are two almost complex manifolds. Remove balls B I and B2 , perform the

surgery by gluing the boundaries and assume there exists a J on W such that

J IWi-Bi is homotopic to Ji .

IOThe remarks here are speculative, but the statements in the exercises are rigorous math­

ematics----see [16].

11 A contact form on a 2n - I-manifold is a I-form a such that a A (dat- 1 is a volume form.
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Around B i , TWi is a trivialisable complex bundle. Fix a trivialisation. The

existence of J is equivalent to that of a map cp : 8 2n
-

1
--+ GL(n, C) to be used

to glue together the two trivialisations to construct the (complex) tangent bundle

TW. Such a map cp might also be used to glue the trivialisations of the bundles

over B I and B2 . •. to give an almost complex structure on the tangent bundle to

B I Us B2 = 82n
.

It is well known that, if 2n i= 2, 6, this cannot exist. We already mentioned

this result l2 in 1.5, where we even proved it for 2n = 4. It is very easy to make

symplectic connected sums of surfaces (and more generally of volume forms) as in

the following exercise.

5.1.5. Exercise.

1. Let (J be the usual ("dO") volume form on 8 1
, and let cp : R --+ R be a

positive smooth function such that cp(t) = t 2 for ItI > 1. Check that the

2-form w = cp(t)dt /\ (J on R x 8 1 is a symplectic form which induces the

standard form on R 2-unit disc on both sides]- 00, -1] X 8 1 and [1, +oo[ via

the diffeomorphisms (t, z) f-+ tz.

2. Deduce a symplectic connected sum of symplectic surfaces. Generalise to

volume forms in arbitrary dimensions. Why is there no staightforward gener­

alisation to symplectic forms in higher dimensions?

In dimension 6, any almost complex structure on 8 6 allows us to construct almost

complex connected sums, but this does not work in the symplectic category, the only

proof I know uses pseudo-holomorphic curves (the result is in [12], and a proof, due

to D. McDuff is written in [5]).

Now we have spent enough time constructing nonsymplectic manifolds, let us try

to understand what actually works. For simplicity, let us concentrate on dimension

4.

5.2. Blowing up and down

Let us come back to the standard ball in Darboux coordinates. Do we know

something that we can glue to it, that is, do we know something which is symplectic

and whose boundary looks like 8 3
... but from the inside?

In the spirit of §2.3, that is, of the Duistermaat-Heckman formula [9], represent

the complement of B I in WI as on the left part of figure 3. The slope is 1 due

to the fact that the volume of the 2-sphere obtained by reducing the 3-sphere of

radius R (vertical segment) is precisely R2
. It is now clear that we can glue the

right part of the same figure, that is, the total space of the tautological line bundle

120f course the speculative consideration of increasing volumes has no significance in dimension

2.
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" , ,,,
center of B 1

Figure 3

0(-1) -> pI (C): its boundary is actually 33, and if we endow it with one of the

symplectic forms of §2.3 (The total space of O( -1) is the complement of the section

at infinity in P (O(-1) EB 1)), its boudary is actually seen from where we want. The

volume considerations are equivalent to this.

Figure 3 is so accurate that it even shows what we are really allowed to do in the

symplectic category: we can glue, provided that the volume>' of the zero section

in O( -1) is less than the square of the radius R of the ball we remove: there must

exist an r > 0 such that R2 = >. + r 2
.

This is the symplectic blowing up construction of D. McDuff [24], [25]: one

replaces a large ball (of radius R) by a (neighbourhood of) a sphere of volume

>. < R2
. Note that the blown up symplectic manifold is smaller than the original

one. The opposite operation, that is, to replace a sphere with -1 normal bundle (or

self intersection) with a large enough ball is the symplectic blowing down. This is

the process generalised in the symplectic fibre sum used in [lOJ.

5.3. The symplectic fibre sum

In this §, I describe a construction, recently discovered by Gompf [lOJ, although

it seems to have been known for a very long time, at least by Gromov (!) as onel3

can see on page 343 of [13].

Suppose that we are given two symplectic manifolds WI and W2 which both

contain a symplectic embedded copy of the same surface I;. We want to try to remove

neighbourhoods of I;I and I;2 in WI, W2 and to glue the complements together to

get a symplectic manifold. Of course, we need the boundaries to be diffeomorphic,

in other words, the normal bundles (which are symplectic 2-plane or complex line

bundles) have to be either isomorphic or anti-isomorphic. For the same reasons as

before, the right choice is that they are anti-isomorphic. It is more or less obvious.

For instance, at the almost complex level we know how to glue together disc bundles

of Land L-lover I; to get a complex manifold, namely P (LEB1), in which the normal

bundle to the zero section is L and that to the section at infinity is L -I. The same

13Thanks to E. Giroux for pointing out to me this remark in [13J.
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gluing map allows us to get an almost complex structure on W = (WI - D(L))US(L)

(W2 - D(L)) which is homotopic to the given ones on WI - D(L) and W2 - D(L)

(this is the same argument as the use of the sphere in the connected sum problem).

So we are certain to be able to construct an almost complex manifold. What

should we do to construct a symplectic one?

As in the blowing up and down process, the symplectic forms should agree near

the parts glued together. This is what the symplectic tubular neighbourhood theo-

rem allow us to assume l4; there is a normal form for the symplectic form in a small

enough neighbourhood of the submanifold.

In other words, if you understand one example, you understand everything. For

instance, if L --+ 2: is a complex line bundle over the surface 2: (the normal bundle

of 2:1 in Wd, there is a symplectic form on a small enough disc bundle of L which

can be used as a model. This is most conveniently defined on a compact version

of L, that is on P (L EEl 1). We already have one if 2: = S2, according to 2.3. The

next exercise gives an easy and elegant general construction which I learnt from P.

Iglesias.

5.3.1. Exercise. - Assume L is trivial and construct a symplectic form on

P (L EEl 1). Assume now L non trivial with Euler class k, and endowed with a

Hermitian metric. Consider the unit sphere bundle S(L) with its SI-action by

rotations in the fibres.

1. Show that there exists a connection form a on S(L) such that da = 7r*TJ for

some volume form TJ on 2: (in other words, one can assume that the curvature

of a never vanishes) with IE TJ = k (see chapter IV).

2. Consider now the SI-action on PI(C) by t . [a, b] = [a, tb], put

Ibl
2

H([a, b]) = f-L + lal2 + [b1 2

(H is a Hamiltonian for the action if pi (C) is endowed with the standard

symplectic form wo). Investigate the kernel of the 2-form

w=d(Ha)+wo

on S(L) x pi (C). Assume f-L > 0 and show that wdefines a symplectic form

won the quotient S(L) XSI PI(C) by the diagonal action.

3. Show that S(L) XSI pl(C) is actually diffeomorphic to P (L EEl 1) and compute

the volumes of the surfaces sitting inside (fibres and sections) as in 2.3.

14In the present case (symplectic submanifold) as well as in all cases where the symplectic

form, restricted to the submanifold has constant rank (e.g. symplectic, isotropic, co-isotropic

submanifolds) this is the so called Darboux-Weinstein theorem [29], which can be obtained as the

classical Darboux theorem (in chapter I) with the help of the path method of Moser. A more

general result is due to Givental (see e.g. [6]) and asserts that if the restrictions of the forms

induced on the submanifolds are isomorphic, then they are isomorphic on neighbourhoods.
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Figure 4

Now look at figure 4 which shows neighbourhoods of in WI and in W2 ·

Call a = WI, b = W2, and k the Euler class of the normal bundle to

After rescaling one of the symplectic forms, there exists an r > 0 such that

a + kr = b - kr and we can glue the complementaries WI of the neighbourhoods of

defined by r to get a closed symplectic manifold W (figure 5).

I

I

II I ...

+1 I
c:l I -c

I

I

W'1

Figure 5

Remarks.

1. Although the diffeomorphism type of W is well defined, the symplectic form

might depend on r (not least because of the rescaling).

2. Change the dimensions to get obvious generalisations.

3. Exercise 5.1.4 together with the adjacent remarks about volumes is supposed to

explain why one cannot easily replace symplectic by Lagrangian submanifolds:

a neighbourhood of a Lagrangian submanifold is isomorphic to a disc bundle

of its cotangent bundle, whose boundary has contact type.
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5.3.2. Exercise. - Suppose W contains a symplectic sphere with self

intersection -1. Using pl(C) C P2(C), show that one can view the symplectic

blowing down of as a symplectic fibre sum.

This construction is used by Gompf in two ways. First of all, using some sophisti­

cated examples (construction of homotopy K3-surfaces without complex structure),

he gets 4-dimensional simply connected symplectic manifolds which are non Kahler.

Second, he constructs, for any finitely presented group G, a 4-dimensional symplec­

tic manifold W with 1I"1(W) = G. This result, although new and spectacular (the

situation for complex surfaces is quite different) is nevertheless very elementary. It

uses only the symplectic fibre sum in the easiest case (submanifolds with trivial

normal bundles) and the existence of a symplectic manifold V which contains a

symplectic 2-torus T with trivial normal bundle and simply connected complement.

The construction for G = Z (no symplectic 4-manifold with 11"1 = Z was known

before [10]) is given in the following exercise.

5.3.3. Exercise. - Consider a torus (genus 1 surface) F = R 2 /Z 2
, with the

two circles a (X2 = 0) and {3 (XI = 0) so that 1I"1(F) is generated by a and {3 and

that 11"1 (F)/ ({3) = G = Z. Consider another torus T 2 with one circle 'Y (X2 = 0)

sitting inside. Set W = F X T 2
, endow it with a product symplectic form woo

1. Show that there exists a closed I-form p on F such that pl.a never vanishes.

Let (J be a closed I-form on T 2 having the same property with respect to "(­

Put Wt = Wo + t (p 1\ (J). Show that, for t > 0 small enough, Wt is a symplectic

form15 and (3 x 'Y a symplectic subtorus of (W, Wt) with trivial normal bundle.

Perform the surgery with the manifold V (with the properties stated above)

along the tori, to give WI.

2. Show that for t small enough, {z} X T 2 is a symplectic sub torus in W (with

trivial normal bundle). Choose z far enough from (3, in such a way that

{z} X T 2 is still a submanifold of WI' Perform the symplectic fibre sum along

it with another copy of V, to give W2 . Show that 1I"1(W2 ) = z.

There do exist complex (Kahler) surfaces with the stated properties, for instance

the "rational elliptic surfaces" V obtained by blowing up nine points in general

position in P2(C), as will be seen from the next exercise.

5.3.4. Exercise. - Choose nine points PI,'" ,pg in P2(C).

15At this point, there is a small technicality for a more general group G: if G has a presentation

with k generators, one can try to begin with a genus k surface F. One then has to kill half of

the generators of 1r1 (F), but also all the relations. In order to have an analogue of WI, one needs

a p. For obvious homological reasons, it might be necessary, in order to get one, to increase the

genus... and thus the number of elements to kill.
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1. Show that, for a generic choice of the points Pi, the set of all cubic curves

through these points is a pencil (a complex projective line in the space of all

cubic curves). Hint: recall that, in general, ten points define a plane cubic.

2. Assume that the nine points are chosen in this way. Let V be the complex

surface obtained by blowing up p 2 at the nine points (so that V is a Kahler

manifold). Show that the "map" p2 -+ pI which, to each point P associates the

unique cubic of the pencil through P is actually a well defined map f : V -+ pI,

almost all of its fibres being smooth cubics.

3. Recall that a smooth plane cubic is diffeomorphic to a torus. Check that almost

all the fibres of f are symplectic tori with trivial normal bundles. Show that

the fundamental group of the complement of a smooth cubic in p2 is generated

by a small loop in the complex normal line at some point. Deduce that V is

simply connected.

Appendix: The canonical almost complex structure on the manifold of

I-jets of pseudo-holomorphic mappings between two almost complex

manifolds, by Paul Gauduchon

A.I. Minimal connections on an almost complex manifold

Let (M, J) be an almost complex manifold of (real) dimension n = 2m. We

denote by N the Nijenhuis tensor, or complex torsion, defined by:

(A.l.l) N(X, Y) = [JX, JY]- J[JX, Y] - J[X, JY] - [X, Y],

for all X, Y in TxM, for all x EM. Recall from §1.3 that, according to the

Newlander-Nirenberg theorem [27], N vanishes identically if and only if the almost

complex structure J is integrable.

Let D be a J-linear connection on M, i.e. a R-linear connection preserving

the almost complex structure J (for basic facts about connections, see chapter IV).

The torsion T of D splits into a J-invariant part, denoted by T+, and a J-skew­

invariant part, denoted by T-, with respect to the involutive action of J defined

by: T f-t T(J., J). The component T- in turn splits into two components, denoted

respectively by T-- and T-+, satisfying the following identities:

(A.1.2)

and

(A.1.3)

T--(JX, Y) = T--(X, JY) = -J(T--(X, Y))

T-+(JX, Y) = T-+(X, JY) = J(T--(X, Y)).

Then, the following hold (see, e.g. [22]):
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• The component T-- of the torsion of D is independent of D and is equal to

IN'
4 '

• there exists a non-empty (affine) space of J-linear connections on M, of which

the torsion is reduced to the component T-- =

Connections of this type will be called minimal.

Two minimal J-linear connections D and D' are related by: D' = D + A, where

A is a I-form on M with values in the vector bundle of J-linear endomorphisms

of the tangent bundle TM; moreover, since D and D' have the same torsion, A is

symmetric, i.e. satisfies the identity:

(A.1.4) AxY = AyX, VX, Y E TxM, Vx EM.

Then, the symmetry of A and the J-linearity of Ax, for any X, imply:

(A.1.5) AJX = J oAx , VX E TxM, Vx E M.

A.2. The canonical almost complex structure on Jl(M 1, M2).

Let (MI, J1 ) and (M2 , h) be two almost complex manifolds, of (real) dimension

nl and n2 respectively. A mapping f : M1 ----> M2 is pseudo-holomorphic if df 0 JI =
J2 0 df (df denoting the differential of J).

A.2.1. Exercise. - Denote by N i the Nijenhuis tensor of (Mi , Ji ). If f is a

pseudo-holomorphic mapping, check that

N2 (df(X), df(Y)) = df (NI(X, Y)).

Let Jl(M I , M2 ) denote the manifold of I-jets of pseudo-holomorphic mappings

from (M I , J I ) into (M2 , h), identified with the total space of the (complex) vector

bundle E over the product M 1 x M2 , whose fibre E(Xl,X2) at the point (XI, X2) of

M1 x M2 is the (complex) vector space of C-linear homomorphsims from TxlM 1 to

TX2 M 2 . Chose a JI-linear connection D1 on M I and a J 2-linear connection D 2 on

M 2 , both minimal.

These connections induce a C-linear connection, denoted by \7, acting on the

sections of the vector bundle E, defined, for any section a of E, by:

(A.2.2)

for all Y1 in TxlM1,with the following significance: in the left hand side, YI denotes

any extension (independent of the variable X2) of the vector Y1 on the factor M 1 x

{X2}; in the first term on the right hand side, the variable X2 is "frozen", so that

a(Y1) takes its values in the fixed vector space TX2 M 2 , and aXl denotes the ordinary
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derivative in the direction of X I; in the second term of the right hand side, the

variable XI is "frozen", so that a(YI ) is considered as a vector field on M 2•

The linear connection \7 determines (and is determined by) a horizontal distri­

bution, denoted by H'V, on the total space of E, by which we make the following

identification, for any vector U tangent at to (the total space of) E:

(A.2.3)

where:

• X = (Xt,X 2) is the natural projection of U into T(x\,xz)(MI x M2);

• v'V(U) is the principal part of U w.r.t. \7, where v'V denotes the (vertical)

projection of onto the vertical subspace of identified with the fibre

E(x\,xz), along the horizontal subspace Hr

For a different choice of (minimal) connections D'I = D I +A I and D'2 = D2+A2on

M I and M2 , the induced connection \7' is related to \7 by: \7' = \7 + B, where B is

the I-form on M I with values in the vector bundle End E of C-linear endomorphisms

of E, equal to:

(A.2.4) = Aiz 0 - 0 At,

for all in E(x\,xz) = Homc(T x\MI,Txz M2). It follows readily from (A.2.4) that the

principal parts v'V'(U) and v'V(U) of a same vector U w.r.t. \7' and \7 are related

by:

(A.2.5) v'V'(U) = v'V(U) + AL 0 - 0 Ak\, VU E

where X = (XI, X 2) is the natural projection of U into T(x\,xz)(MI x M2).

With the help of the connection \7, we construct an almost complex structure

.7 on the manifold Jl(M 1 , M 2 ) = E, via the identification (A.2.3), by putting:

(A.2.6) .7U=(J20V'V(U),(JIXl,J2X2))

PROPOSITION A.2.7. - The almost-complex structure .7 is independent of

the choice of the (minimal) connections DI and D2
.

Proof. - Let.7' be the almost complex structure on E = JI(M I, M2) built

from the connection \7'. By (A.2.6), .7'U is represented, via the identification (A.2.3)

w.r.t. \7', by the pair (J2 0 v'V'(U), (JIX I, J2X 2)). By (A.2.5), the principal part

v'V'(.7'U) of .:I'U with respect to the initial connection \7 is equal to

'V' 2 I
J2 0 V (U) - AJzxz 0 + 0 AJIx\,

equal, by (A.2.5), to

J2 0 v'V(U) + J2 0 (Ai z 0 - 0 AkJ - A}zxz 0 + 0 A\x\'

By (A.1.5), the latter expression is equal to J2 0 v'V(U), i.e. the principal part of

.:IU w.r.t. \7. 0
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Remark. - It follows from Proposition A.2.7 that the almost complex struc­

ture.J defined by (A.2.6) on Jl(M I X M2 ) is canonical, i.e. only depends on J I and

J2 ·

A.2.8. Exercise. - Check that .J is integrable if and only if J I and J2 are

integrable (Hint: compute the Nijenhuis tensor N of .J by using distinguished,

vertical and horizontal (w.r.t. V'), vector fields on E, Le., respectively, sections of

E, considered as vertical vector fields, constant on fibres, and horizontal lifts of

vector fields on the basis M I x M2 ).

Each pseudo-holomorphic map f from (MI , J I ) into (M2 , J2 ) canonically lifts, via

its I-jet, to a map, denoted by f, from MI into JI(M I, M2 ). Via the identification

Jl(M I , M 2 ) = E, f is expressed by:

(A.2.9)

PROPOSITION A.2.10. - For any pseudo-holomorphic map f from (Ml, JI)

into (M2 , J2 ), the canonical lift f is a pseudo-holomorphic map from (MI , JI) into

(Jl(Ml, M2 ), .J).

Proof - Chose minimal connections D I and D 2 on MI and M2 respectively,

so that the almost complex structure .J of Jl(M I , M 2 ) = E is expressed by (A.2.6)

w.r. to the induced connection.

For each point x of M I and each vector X of TxM) , the vector df(X), in Tj(x)E,

is represented, via the identification (A.2.3), by the pair:

(A.2.11) df(x) = (V'xdf, (X, df(X))) ,

where, for convenience, we still denote by V' the C-linear connection induced by D I

and D2 on the (complex) vector bundle, over M I , T*M) 0c f*TM 2 (of which df is

a section).

Since the torsion of D\ resp. D2
, is equal to the Nijenhuis tensor Nl, resp. N2 ,

of JI, resp. J2 , the "Hessian" V'df is symmetric. Indeed, we have:

(V'xdf)(Y) - (V'ydf)(X) N2 (df(X), df(Y)) - df(NI(X, Y))

0,

for the differential df of any pseudo-holomorphic mapping f exchanges the Nijen­

huis tensors (exercise A.2.1). It then follows from the C-linearity of df and the

connections D I and D2
, that V'df satisfies the relation:

(A.2.12) (V'J,xdf)(Y) = J2 ((V'xdf)(Y)), "IX,Y E TxM I, "Ix E MI'

By (A.2.11) and (A.2.6), we infer:

df(JIX) = (12 0 V'xdf, (JIX, J2df(X)) = .J(df(X)), "IX E TxMl, "Ix EMil
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Riemannian geometry and linear
connections



Chapter III

Some relevant Riemannian geometry

Jacques Lafontaine

with an appendix by M.-P. Muller

The first two sections of this chapter are an introduction to Riemannian geom­

etry. It is not self-contained, and precise references are provided when necessary.

However, we chosed to give some proofs which have a metric flavour.

Sections 3 and 4 and the appendix deal with results which are crucial in the study

of pseudo-holomorphic curves, namely the Wirtinger and isoperimetric inequalities.

In section 5, following arguments kindly communicated by J. Duval and D. Ben­

nequin, we show how these Riemannian techniques can be used to prove compactness

properties for pseudo-holomorphic curves.

1. Riemannian manifolds as metric spaces

1.1. Introduction

Let U be an open set of Rn, and assign to each m E U a positive definite

quadratic form 9m whose coefficients are smooth functions. For each-say piecewise

smooth-curve c : [a, b]1--t U the length of c is defined by the integral

f(c) = length(c) = l V9c(t)(C(t),c(t))dt.

Then, for any pair (x, y) of points in U, define distg(x, y) to be the infimum of the

lengths of all the curves from x to y in U. It can be easily checked that dist g is

indeed a distance on U, which induces the usual topology, and that conversely dist g
determines 9.

DEFINITION 1.1.1. - A Riemannian metric on a manifold M is a metric such

that M can be covered by open sets which are isometric to open sets of R n, equipped

with such a metric.

More classically, a Riemannian metric is a field m I--t 9m of symmetric positive

definite forms. .. The definition above is of course related to the data of this field

in local coordinates with respect to some atlas of the manifold.

77
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Remark. - Strictly speaking, one should distinguish the infinitesimal data g,

that is the Riemannian tensor, and the distance dist g . In fact, when speaking of

Riemannian metrics, one refers to both, and this is not confusing.

The following properties justify the importance of Riemannian metrics. They

are just trivial consequences of elementary properties of positive definite quadratic

forms.

a) any convex combination of Riemannian metrics is still a Riemannian metric.

b) any submanifold of a Riemannian manifold (M,g) inherits a natural Riemannian

metric.

Either a) (partitions of unity) or b) (elementary embedding theorems in Eu­

clidean space) can be used to prove the existence of Riemannian metrics on any

smooth manifold l
. The numerical invariants which are provided by a Riemannian

metric may give "quantitative versions" of topological properties. Namely, a Rie­

mannian manifold which is complete for dist g has a finite diameter if and only if

M is compact (1.3.5). A more subtle numerical invariant is the injectivity radius,

which guarantees, for any compact (M, g), the existence of an r > 0 such that any

open ball B(x,r) is diffeomorphic to Rn (d. 1.3.10).

In contrast with these global invariants, there are local invariants, which are

given by 9 viewed as a tensor. The most elementary one is the canonical measure.

It is obtained by assigning to each tangent space TmM a suitable normalisation of

the Lebesgue measure: we decide that the cube generated by an orthonormal basis

has measure one. In other words, if with respect to some local coordinates

9 = L:.gijdxidx
j
,

i,i

then for the same coordinates

V g = Vdet(gij)dx
l
... dxn.

Therefore, we can define the (possibly infinite) volume of (M, g), namely vol(M, g) =
fM vg , and by the remark b) above, the volume of any submanifold of M as well.

1.2. The Levi-Civita connection: why and how

For a better understanding of the metric dist g , it is very useful to find curves

whose length is equal to the distance between their extremities. It is clear than any

curve contained in such a curve will satisfy the same property, which is indeed a

local property. It turns out (d. [17] ch.2 or [13] 2.97 for instance) that minimising

the energy is much more convenient. Indeed, it is an easy consequence of 1.3.3

below that a curve is energy minimising if and only if it is length minimising and

parametrised proportionnally to arc-length.

I Of course, all manifolds are paracompact.
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DEFINITION 1.2.1.

is just the integral

The energy of a piecewise smooth curve c : [a, b] f-> M

l b

g(c, c)dt.
2 a

With the usual notations of classical mechanics, it is "well known" that the

curves which are extremal for the energy satisfy the Lagrange equations

8L _ 8L = 0

dt 8q' 8q'

for the Lagrangian L(q, q) = Lij gij(q)qiqj
. Therefore, we get the second order

system
n 1 n

"Lgij(q)qi - 2 "L 8igjkqjqk.
j=l j,k=l

Inversing the matrix (gij), we see that this system is equivalent to a system of the

form q= F(q, q) so that classical existence and uniqueness theorems can be used.

If we want a better insight into what is happening, a more intrinsic approach is

suitable. Namely, a one parameter family of curves Ct(u) being given, we want to

compute the derivative of the energy E(ct), say for t = 0, in terms of the vector field

along Co = c. To do that, we must compare tangent vectors at different points of

the manifold. Linear connections do the job.

DEFINITION 1.2.2. - A linear connection on a manifold M is a R-bilinear

map D from X(M) x X(M) into X(M) such that for any smooth function f,

i) DfXY = fDxY

ii) DxfY = fDxY + (X· J)Y.

Remark. - We just extend the usual properties of the directional derivative

in Rn. Usually, D is supposed torsion-free: we require that

iii) DxY - DyX = D[x,yj.

Remark. - More generally, one defines connections on vector bundles (see

chapter IV). Denoting by q E) the vector space of sections of a vector bundle

E f-> M, a connection is then an R-bilinear map from X(M) x qE) into qE)

satisfying i) and ii) above. Of course, iii) does not make sense in that case.

Coming back to the tangent bundle, a basic result is then the following.

PROPOSITION 1.2.3. - Given a Riemannian manifold (M,g), there exists a

unique torsion-free connection D such that

X . g(Y, Z) = g(D x Y, Z) + g(Y, DxZ).
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= [g(X(s), -l b

g((DCc)(s),X(s))ds.
dt a

Remark. We just mimic the formula for the derivative of a scalar product

in Euclidean space.

Proof It is enough to determine D on coordinate vector fields fJ;. We must

have

8igjk = g(Dai8j,8k) + g(8j , Dai8k).

After circular permutation, summing the two first relation and substracting the third

we get

2g(DaJJj ,8k) = 8jgik + 8k% - 8igjk .

The result follows, since g is non-degenerate (the positivity of g plays no role here).

o
Now, we need to refine a little bit the definition of a connection, since we want to

work with vector fields along curves. Denote by X(c, M) the space of vector fields

along the curve c (recall that they are maps X: If-> TM such that X(u) E Tc(u)M

for any u). The following result is straightforward.

PROPOSITION1.2.4. - Given a connection D, there exists a unique linear

map DC from X(c, M) into itself such that

i) DC(fX) = jX + f DcX for any X in X(c, M) and any f E COO(I).

ii) If X(s) = 1';,(5)' where Y is a vector field on M, then DCX = DeY.

Remark. Our notation is correct, since by 1.2.2 i) the value of Dx Y at

p E M only depends on X p '

Proof. Just notice that, restricting the interval if necessary, any X E

X(c, M) can be written as

X(s) = L fi(s)V;(s),

where the V; are coordinate vector fields. 0

DEFINITION 1.2.5. - Dc is the covariant derivative along c.

Clearly, if X and Yare vector fields along c, and if D is the Levi-Civita connec­

tion,
d

Y(s)) = g(DCX(s), Y(s)) + g(X(s), DCY(s)).
ds

Now, we can write the derivative of energy in the following way:

THEOREM 1.2.6 (first variation formula). - Let (t, s) f-> Ct(s) be a family of
d

smooth curves, where t E] - s, s[ and s E [a, b]. Let X(s) = dtCt(s)lt=o, and Co = c.

Then
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Proof. - Interchanging derivatives, we first get

d rb

dtE(c t ) = ia g((DCX)(s),c(s))ds.

81

Then integrate by parts, using the preceding remark (we invite the reader to fill the

gap in this argument, that is to define and use a covariant derivative for vectors

along the (possibly singular) surface (t, s) f-> Ct(s)). 0

DEFINITION 1.2.7. - A geodesic of a Riemannian metric (M,g) is a curve c

such that DCc = O.

In local coordinates, we get the differential system

ci +L f}k(c)dck = 0,
j,k

the coefficients qk being defined by

Indeed, we recover the Lagrange equations.

The following facts are both important and straightforward:

a) for any m EM and u E TmM, there is a geodesic c :]- c,c[--+ M such that

c(O) = m and c(O) = u, and c is unique in the sense that two such geodesics coincide

on the intersection of their intervals of definition;

b) if a curve s f-> c(s) is a geodesic, so is the curve s f-> c(AS) for any constant A;

c) since 1.g(c, c) = 2g(c, DCc) = 0, g(c, c) is constant along any geodesic. There­

fore, after a suitable scaling of the parameter, we can supposed that geodesics are

parameterised by arc-length.

DEFINITION 1.2.8. - The exponential map at m E M, denoted by eXPm v,

where v E TmM, is given by the position at s = 1 of the unique geodesic c such that

c(O) = m and c(O) = v.

For the moment, eXPm is only defined on a (star-shaped) neighbourhood of 0 in

TmM. The remark b) above shows that eXPm tv is just the position at time t of the

geodesic starting from m with initial speed v. Since we already know, from general

properties of differential equations, that eXPm is smooth, we get the following result.

PROPOSITION 1.2.9. - i) The differential of eXPm at 0 E TmM is the identity

of TmM.

ii) The differential of the map Vx f-> (x, expx vx) from T M to M x M has maximal

rank at Ox'
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Proof. - We have already proved the first part. For ii), taking local co­

ordinates around m and the corresponding coordinates for T M, we see that the

differential at Ox is given by the matrix

u
o

Therefore, using the inverse function theorem, we see that eXPm provides local

coordinates. They are called normal coordinates. They are particularly well adapted

to the metric, as we shall see now.

1.3. Minimising properties of geodesics

PROPOSITION 1.3.1 (Gauss lemma). - The geodesics issuing from m meet

the images byexPm of the spheres 8(0, r) orthogonally.

Proof. - Take two unit orthogonal vectors u and v in TmM, and apply the

first variation formula to c(t, B) = eXPm (t(u cos B+ v sin B)) for B= O. 0

1.3.2. 8cholium. - For ru E TmM (r =I 0), if we identify as usual TruTmM

with TmM, then Tru eXPm is an isometry when restricted to Ru, and preserves the

orthogonal splitting

In dimension 2, taking polar coordinates in TmM, we have

with f(O, B) = 0 and orf(O, B) = 1.

COROLLARY 1.3.3. - For any mE M, there is a strictly positive r such that

any geodesic issuing from m of length smaller than r realises the distance between

its extremities. In other words,

'tIu E TmMwith Ilull = 1, 'tit E [O,r], distg(m,exPmtu) = t.

Proof. - By the inverse function theorem, there is an open set U containing

o E TmM such that eXPm is a diffeomorphism of U onto eXPm(U). Then take a

closed ball B(O, r) c U. Let x = eXPmru. Using polar coordinates in TmM, any

curve c: [0,1] f-+ eXPm (B(O, r)) joining m and x can be written as

c(t) = eXPm(s(t)v(t)) with s(O) = 0, s(l) = r, v(l) = u and Ilv(t)11 = 1.

Then, using the scholium above, we get

= Is'(tW + IITs(t)v(t)eXPm
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Now it is clear that £(c) 2: 1', and that equality occurs if and only if v' vanishes

identically. But this means that c(t) = eXPm tu.

We supposed that c([O, 1]) C eXPm (B(O,1')). If this is not the case, we proceed

just in the same way, considering the first point where c hits the boundary of the

ball. 0

Remarks. - i) The same argument, using 1.2.9 ii), proves that there exists a

8 > °such that any two points x and y whose distance is smaller than 8 can be

joined by a unique geodesic of length distg(x, y).

ii) Since the converse is clear (use the first variation formula), 1.3.3 allows a

purely metric characterisation of geodesics.

Another consequence is the following "intuitive" property, that we leave to the

reader.

1.3.4. Exercise. - For any P, q E M, and for 8 small enough, there exists Po

such that distg(p, q) = distg(p,po) + distg(po, q) and distg(p,Po) = 8.

Using this property, one can prove that geodesics can be extended indefinitely.

This is the Hopf-Rinow theorem (see [13J ch.2, or [17] ch.2 for the proof, and also [14]

for a purely metric view-point).

THEOREM 1.3.5. - For a Riemannian manifold (M, g) the following proper-

ties are equivalent.

i) Any closed and bounded subset is compact.

ii) The metric dist g is complete.

iii) There is an m E M such that eXPm is defined everywhere on TmM.

iv) For every m E M, eXPm is defined everywhere on TmM. Moreover, if one

of these properties is satisfied, any two points of M can be joined by a minimising

geodesic.

DEFINITION 1.3.6. - A complete Riemannian manifold (M,g) is a manifold

which is a complete metric space for dist g.

Now it is clear that a compact Riemannian manifold is complete, and that con­

versely, a complete Riemannian manifold is compact if and only if its diameter is

finite. From now on, all the Riemannian manifolds are assumed to be complete. A

remarkable consequence of completeness is the following.

THEOREM 1.3.7. - Let (M,g) be a complete Riemannian manifold, mE M

and u E TmM. Let

to = sup{ t > 0, s --; eXPm su is minimising on [0, t]}.

Then, if to < 00, one of the following properties occurs.

i) There are (at least) two distinct minimising geodesics from m to eXPmtou

ii) eXPm is singular at tou.
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Proof - By assumption, there IS a sequence tn, with tn > to, such that

distg(m, eXPm tnu) < tn' But eXPm tnu can be joined to m by a minimising geodesic,

so that

eXPm tnu = eXPm SnUn, with Sn = distg(m, eXPm tnu).

Using the compactness of the unit sphere in TmM, and taking a subsequence if

necessary, we can suppose that Un converges to some v E UmM. Clearly, Sn converges

to to. Now, if v f u, situation i) occurs. And if v = u, we see that eXPm is not

injective in any neighbourhood of tou. Therefore tou is a singular point of eXPm' 0

The following definition is useful to precise case ii).

DEFINITION 1.3.8. - If tou E TmM is a critical point of exPm, the point

p = eXPmtou is said to be conjugate to m along the geodesic s f---> eXPm suo

Using the same kind of arguments (see [9] p. 272 or [8] p. 94 for details) one

proves the following.

THEOREM 1.3.9. - Let (M,g) be a complete Riemannian manifold, UM be

its unit tangent bundle, let p(um) be the lowest upper bound of the r > 0 such that

the geodesic t f---> exPm(tu m) is minimising on [0, r]. Then p is a continuous map

from UM to R+.

Remark. - In particular, if M is compact, inf p(um ) is stricly positive and

attained.

DEFINITION 1.3.10. - The injectivity radius inj(M, g) of (M,g) is the infi­

mum of p(um).

In contrast with the compact case, for a noncompact manifold, the injectivity

radius can be infinite (e.g. Euclidean space!) or zero (d. 4.1.1d).

As illustrated in 1.3.7, controlling the injectivity radius involves both local and

global properties of the Riemannian metric. This may be quite delicate (d. [8], ch.

5). The story, a little bit of which will be told in 2.4.3, begins with the following

refinement of 1.3.7.

LEMMA 1.3.11. - Let p EM such that distg(m,p) = p(m). Then either pis

conjugate to m along some minimising geodesic, or there are two geodesics Cl and

C2 from m to p such that Cl(P) = -C2(P).

Proof - Using 1.3.7, we may assume there are two minimising geodesics Cl

and C2 from m to p such that p is not conjugate to m along either. If Cl(P) f -C2(P),

there exists v E TpM such that

g(v, -C) (p)) > 0 and g(v, -C2(p)) > O.

Let a : [0, c[--> M be a curve such that a(O) = p and 0-(0) = V.
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m
p

Figure 6

Since p is not conjugate to m along Cl or C2, there exist for small tone-parameter

families ci and from m to (J(t) such that = Cl and cg = C2. Then, by the first

variation formula, one has £(cD < distg(m,p) for t small enough. Suppose for

instance that

< £(cd = £(C2)'

Using 1.3.7 again we see that the geodesic is minimising at most up to (J(t), a

contradiction. 0

1.4. Some basic examples

1.4.1. Flat tori. - The geodesics of Euclidean space are just the straight

lines, provided with an affine parameter. A more interesting example is provided by

fiat tori, i.e. quotients of Rn by a lattice A: the length of a curve in Rn / A is just

the length of one of its lifts in Rn. Then the geodesics of Rn/A are the projections

of the straight lines of Rn by the covering map p : Rn f-+ Rn / A. Be careful: the

metric structure of such a torus strongly depends on the lattice A: for instance, the

lengths of closed geodesics are just the norms of the vectors of the lattice.

1.4.2. Submanifolds. - Let M be a submanifold of a Riemannian manifold

(M, g), equipped with the induced metric g, and let D and D the corresponding

Levi-Civita connections. Then for any m EM, and any vector fields X and Y on

N, (DxY)m is the orthogonal projection of (Dj(Y)m on TmM, where X and Yare

local prolongations de X and Y to a neighbourhood of m in M. This is a direct

consequence of the characterisation of the Levi-Civita connection in proposition

1.2.3. Taking M = Rn, we see that D't is the orthogonal projection of con Tc(t)M.

It follows easily that the geodesics of the round sphere sn c Rn+I are the great

circles.

1.4.3. The standard sphere. - There is a more geometric way to get this re­

sult: since the image of a geodesic by an isometry is a geodesic, using the uniqueness

property of geodesics we see that a curve which is the fixed point set of an isometry
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is a geodesic. But the great-circles are the intersections with the sphere of the fixed

point sets of orthogonal symmetries with respect to 2-planes through the origin. If

x E sn and if u E Txsn is a unit vector, the geodesic starting from x with initial

speed u is just

S I-> (coss)x + (sins)u,

so that

* d2 (.2)expx9 = s + sm s gsn-l.

In particular, for n = 2,

1.4.4. Hyperbolic space. - With minor modifications, the above applies to

hyperbolic space, defined as follows: consider Rn+l with the quadratic form

()
2 2 2x, X = -xo+ Xl + ... xn ,

and set

Hn = {x E R
n
+

l
, (x,x) = -1 and Xo I}.

Clearly, TxHn = Rx.l (the orthogonality is meant for the form ( , ), not the

Euclidean one of course), and the restriction of ( , ) to TxHn is positive definite.

The intersections of Hn with 2-planes through the origin (which are half hyperbolas

for our Euclidean eyes) provide the geodesics of this Riemannian metric. Indeed,

both arguments we saw for the sphere work for hyperbolic space, replacing Euclidean

symmetries or projections by their Lorentzian analogues. The geodesic starting from

x with initial speed u is now

S I-> (coshs)x + (sinhs)u,

so that

exp; 9 = ds2 + (sinh2 s )gsn-l.

In particular, for n = 2, exp; 9 = ds2 + sinh2
sd(j2. In constrast with the case of the

sphere, we see that expx is a global diffeomorphism, and that distg(x, eXPm su) = lsi
for any s. Topologically, the situation is the same as for Rn. But metrically, it is

completely different: since

* d 1\ ( . hn - l ) n-lexpxvg = s sm s Ws ,

where is the standard volume form of the unit sphere, we have for the volume

of the ball B(x, r) the asymptotic formula

vol(B(x, r)) c:= Cn exp(n - l)r,

and the (n - I)-dimensional volume of the boundary, that is

S;-I(X, r) = {y E Hn
, distg(x, y) = r}

is also O(exp(n - l)r).
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1.4.5. Exercise.

primitive on Rn.

Show that the n-form dx 1 1\ ... 1\ dx n has no bounded

2. The geodesic flow and its linearisation

2.1. The geodesic spray

It is well known that a second order differential equation can be considered as a

first order one: it is sufficient to consider the first derivatives as unknown functions.

If we do this for the equation of geodesics, we get a differential equation on the

tangent bundle TM. More directly, let (M,g) be a complete Riemannian manifold,

and consider the transform

cI>t(m,u) = (exPm tu, :t eXPm tu)

of T M into itself: we assign to (m, u) the position and the velocity at time t of the

geodesic whose position and velocity at time 0 are m and u E TmM. Clearly,

so that cI>t is a one parameter group of diffeomorphisms of T M, and also of the unit

tangent bundle UM (since g(c, c) is constant along a geodesic).

DEFINITION 2.1.1. - cI>t is the geodesic flow of (M, g); its infinitesimal gen-

erator is the geodesic spray.

Taking local coordinates (qi) on M, the vector fields 8/8qi define a local triviali­

sat ion of TM. Denote by (qi, qi) the corresponding local coordinates on T M. With

respect to theses coordinates, the geodesic spray :=: is just

-( .) 8 r i ( );J'k 8
.::. q, q = q [ji - jk q '1 q 8 'i'

i=1 q i=1 q

Fortunately, a more geometric description of :=: is available, but for this we will need

to make a slight detour.

A Riemannian metric (and more generally a pseudo-Riemannian one) provides a

vector bundle isomorphism between T M and T*M. Usually, the isomorphism from

TM to T* M is denoted by D, and the inverse by (Indeed, this notation reminds

us of what happens to indices in local coordinates). Therefore, we can transport the

metric and the energy to T*M. Set

( _ 1
H q,p) - "2 gq (p ,p ).

In local coordinates, we have

1" ..
H = -

2 ..
',)
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Now, the vector field:=: (or, more precisely its image by is just the Hamiltonian

of H for the standard symplectic structure of 1'"M. To see this, let us write down

explicitly Hamilton's equations

The first just says that

dqi 8H

dt 8Pi
and

dPi 8H
dt - 8qi·

n

i/ = 'Lgijpi'
j=!

i.e. that q= r, and the second gives the equation of geodesics we saw in 1.2.7. Let

us see now a less down-to-earth argument.

2.2. The geometry of the tangent bundle

Consider T M as a vector bundle, and let 1r : T M -. M be the natural projection.

Then 1r is a submersion, and for any Um E TmM C TM, the kernel of Tum1r is just

the tangent space at Um to the fibre 1r-!(m) = TmM. Denote by VuTM this kernel.

It is a n-dimensional subspace of TuTM, and is naturally isomorphic to TmM.

DEFINITION 2.2.1. - VuTM is called the vertical tangent space at u. The

union of all the VuTM is naturally a vector bundle of rank dim Mover T M, called

the vertical bundle.

Now, once a linear connection on T M is given, one can define intrinsically an

n-dimensional distribution HuTM which is everywhere transverse to VuTM. In

particular, the restriction of Tup to HuM is a linear isomorphism. To see this, pick

a vector field X in a neighbourhood of m such that Xm = Um. If we view X as a

local section of 1r, it is clear that 1m (TmX(TmM)) is an n-dimensional subspace of

TuT M which is transverse to VuTM. This space only depends on the first jet of X

at m. Now, we choose X such that (DuX)m = 0, and take

for such an X.

The next notion will be discussed in chapter IV.

DEFINITION 2.2.2. - The n-plane distribution u f--> HuTM is the horizontal

distribution associated with the connection D.

An alternative description of HuT M is the following. A curve in T M is just a

vector field along a curve in M; such a curve, say t f--> (c(t), X (t)) is horizontal if

and only if its tangent vector is everywhere horizontal. This amounts to saying that

DCX = O.

Now, let us remember the Riemannian metric g. Using the decomposition of

TuT M above, one defines on T M a Riemannian metric, by prescribing the following

properties.
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i) The spaces HuTM and VuTM are orthogonal.

ii) The natural isomorphism TmM:::: VuTM and the projection Tup: HuTM f-+

TmM are isometries.

An alternative description of this metric is given by the lengths of curves in T M:

if t f-+ (c(t), X (t)) is such a curve, where t E [a, b], its length is just

t Vg((c(t),c(t)) + g((bcX(t), bcX(t))dt.

Usually, it is more convenient and tractable to consider the unit tangent bundle

UM, equipped with the induced metric, instead of the whole of TM. We invite the

reader to check the following examples.

2.2.3. Examples. - If M is Euclidean space Rn, then UMis Rn x sn-I with

the standard product metric. The geodesic flow is given by q>t(m,u) = (m + tu, u).

If M is the standard sphere 8 2
, then US 2 is 80(3) equipped with a bi-invariant

metric; and the geodesic flow q>t is given by right multiplication by the matrix

(

COS t - sinto)
sint cost a .
a a 1

If we lift this action to the universal cover, we get the HopEaction

2.2.4. Exercise. - Check that if S2 is the sphere of radius 1, and if US 2 is

equipped with its natural metric, then its double cover is the sphere 8 3 of radius 2.

Now, pulling back the natural symplectic structure ofT* M to TM by the isomor­

phism we get a symplectic form fl on TM. The above decomposition of T(TM)

enables us to give a neat description of fl.

THEOREM 2.2.5. - Let u E TM and X, Y E Tu(TM). Then

where (xh, XV) and (Yh, YV) are the decompositionsof X and Y into their horizontal

and vertical components.

Remark. - For computing these scalar products, we have identified Hu(TM)

and Vu(TM) with T,,(u)M via the procedure explained above.
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Proof. It suffices to check the equality in suitable coordinates. Take ex-

ponential (normal) coordinates q = (qi) based at 7r(u) = m in a neighbourhood U

of m, the naturally associated coordinates (q, q) for 7r-1(U) and (q,p) for 7r*-I(U).

Then qi(m) = 0, gij(O) = Dij and rt(O) = O. Moreover, the first derivatives of gij

also vanish at q(m). In these coordinates, the isomorphism b is given by

n

(qi, qi) f--------* (qi, L. gkiqk).
k=1

Therefore, although (q, q) are not Darboux coordinates for n, for points whose

coordinates are (0, qi) we have

n

n = L. dqi 1\ dqi
i=1

(since 8kgij(0) = 0).

On the other hand, since rt(O) = 0, the cordinates vector fields 8/8 qi on TM are

horizontal at u (as for the vector fields 8/8qi, they are of course always vertical).

The result follows. 0

COROLLARY 2.2.6. - The geodesic spray is the Hamiltonian of the energy on

TM with respect to the symplectic form n.

Proof. - Check this using the same coordinates. 0

In particular, we recover the fact that the energy is constant along geodesics.

Now, let us come back to TM. It is endowed with a symplectic form n, a

Riemannian metric G, together with the Lagrangian plane fields u 1---+ Hu(TM)

and u 1---+ Vu(TM); both are isometric to TmM. Therefore we get as a free gift

an almost complex structure J on T M which is calibrated by n and such that

G(X, Y) = n(JX, Y). But this almost complex structure is not integrable unless

(M, g) is locally isometric to Euclidean space. Its integrability turns out to be

equivalent to the integrability of the horizontal plane field. We leave the proof to

the reader as an instructive (but unpleasant) exercise. This non-integrability can be

read on the curvature tensor as we shall see in exercise 2.3.2.

2.3. Jacobi fields and curvature

DEFINITION 2.3.1. - The curvature tensor of a Riemannian metric (M,g) is

the field of endomorphisms of T M given by

R(X, Y) = [Dx , Dy] - D[x,Yj.

In other words, take three tangent vectors x, y, z at m E M, and local vector

fields X, Y, Z whose values at m are x, y, z. Then the value at m of the vector field

R(X, Y)Z = Dx(DyZ) - Dy(DxZ) - D[x,yjZ
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only depends on x, y, z (check that the map

(X, Y, Z) I-> R(X, Y)Z

is COO(M)-linear).
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2.3.2. Exercise. Let and TJ be two vector fields on M, and and

H TJ their horizontal lifts. Show that the vertical component of TJl at u E T M

is (we have used once more the canonical isomorphism of Vu(TM) with

T,,<u)M).

Remarks. - a) The curvature of a connection on a vector bundle is defined in

exactly the same way: replace z by a vector of the fibre over m, and Z by a local

section s such that s(m) = z.

b) Both sign conventions coexist in the literature.

It is convenient to set R(x, y, z, t) = g(R(x, y)z, t)). Then the following algebraic

properties hold.

PROPOSITION 2.3.3. - For any x, y, z, t E TmM one has

i) R(x, y, z, t) = -R(y, x, z, t) and R(x, y, z, t) = -R(x, y, t, z).

ii) R(x, y)z + R(y, z)x + R(z, x)y = °(''first Bianchi identity")

iii) R(x,y,z,t) = R(z,t,x,y).

Proof. - i) and ii) can be checked directly. One can then deduce iii) by

elementary but tricky (d. [17], ch.2 for a nice presentation) algebraic manipulations

(a better argument will be given in 2.2.5 below). 0

There are many ways to interpret the curvature tensor. All of them amount to

looking at second order invariants of the metric, since we already know there are no

first order invariants. Here we shall focus on the linearisation of the geodesic flow.

Consider a one parameter family of geodesics, that is a map c : Ix 1- c:, c:[--+ c(s, t)

such that any curve Ct : s I-> c(s, t) is a geodesic. Let J(s) be the vector field along

s I-> c(s,O) given by
d

J(s) = dtc(s, t)lt=o.

DEFINITION 2.3.4. - J is a Jacobi field along c.

2.3.5. Example. - Consider the round sphere sn, take two unit orthogonal

vectors u, v E Tmsn, and set

c(s, t) = (cos s)m + sin s((cos t)u + (sin t)v).

Let V(s) be the vector field along co(s) = c(s,O) which is parallel to v. Then

J(s) = (sins)V(s) is a Jacobi field along the geodesic co. With the same notation,
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J (s) = (sinh s)V (s) is a Jacobi field along the geodesic Co(s) = (cosh s)m + (sinh s)u

of the hyperbolic space Hn.

PROPOSITION 2.3.6. - The Jacobi vector fields along a geodesicc satisfy the

linear differential equation

J(s) + Rc(s)(J(s),c(s))c(s) = O.

For vector fields along c, we have set DCX = X and DC(DCX) = X.

Proof (sketch). - We work with vector fields along the geodesic variation

c(s, t). Then, using covariant derivation along this c we have

and consequently
f)

Da(D.!L!':»)=0.
at a. uS

The desired equation follows by permutation of derivatives (the curvature was made

for that). 0

Remark. - The converse is true: any solution of the differential equation

above is the first derivative of some geodesic variation (cf. [13], 3.45).

2.3.7. Example (continued). - In 1.4.3 we have J(s) = (-sins)V(s) for

the sphere, and J(s) = (sinhs)V(s) for hyperbolic space. Comparing with the

differential equation, we find that for any pair of orthogonal unit tangent vectors we

have

R(v,u)u = v on sn and R(v,u)u = -von H n,
so that

R(x, y, z, t) = ±(g(x, t)g(y, z) - g(x, z)g(y, t)).

Coming back to the general case, we see that c(s) and sc(s) are Jacobi fields.

They correspond to the geodesic variations given by (s, t) c(t + s) (translation of

c along itself) and (s, t) c(ts). On the other hand, for any Jacobi field, the second

derivative of the function s g(J(s), c(s)) clearly vanishes. Using this remark and

basic properties of linear equations, we get the following.

PROPOSITION 2.3.8. - The vector space of Jacobi fields along a geodesicc has

dimension 2n; the subspaceof Jacobi fields which are normal to c has dimension 2n­

2. A Jacobi field is normal to c if and only if for some So one has g(J(so), c(so)) = 0

and g(j(so),c(so)) = o. 0

Let us now calculate the differential of the exponential map.

PROPOSITION 2.3.9. - Let mE M and u,v E TmM. Let c be the geodesic

s eXPm sv and J the Jacobi field along c such that J(O) = 0 and j(O) = u. Then

J(r)
TrvexPm ·u = --.

l'
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Proof (sketch). - Use the geodesic variation (s, t) f-> eXPm (s(v + tu)). 0
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Remark. - In particular, p is conjugate to m along the geodesic s f-> exps u

if and only if there exists a Jacobi field along the geodesic which vanishes at both

extremities. Then m is conjugate to p along the reversed geodesic.

COROLLARY 2.3.10. - A Riemannian manifold with vanishing curvature ten-

sor is locally isometric to Euclidean space.

Proof. - In this case, eXPm is a local isometry from TmM equipped with the

Euclidean metric gm into M. 0

Now, Proposition 2.3.9 can be refined: instead of differentiating eXPm for given

m, one can differentiate the geodesic flow <Pt.

THEOREM 2.3.11. - Let X be a tangent vector to T M at the point um , and

let Y and Z be its horizontal and vertical components. Then, using the canonical

isomorphisms with TmM, one has

T,,<Pt · X = (J(t), j(t))

where J is the Jacobi field along the geodesic 7r(<pt u) such that J(O) = Y and j(O) =
Z.

For the proof, see [15], p. 264 or [5], ch. 1. 0

This property has a nice symplectic interpretation. We already know that <Pt is

a Hamiltonian flow, and therefore preserves the symplectic form r2. Now, take two

Jacobi fields J1 and J2 along a geodesic c. Combining theorems 2.2.5 and 2.3.11, we

see that

is constant along c. We get in this way a symplectic structure on the vector space

of Jacobi fields along a geodesic.

Remarks. - a) Taking the derivative of the expression above gives

or, in other words,

g(J 1(t), R(J2 (t), c(t)) . c(t)) = g(J2(t), R(J1(t), c(t)) . c(t)).

Therefore
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This gives the right reason for the symmetry of the curvature tensor we saw in 2.3.3

iii).

b) Clearly the 2-space generated by c(t) and tc(t) is symplectic, and its symplectic

orthogonal is just the space of Jacobi fields which are orthogonal to c. At least

infinitesimally, we have got a symplectic reduction of (TM, fl.), the reduced space

being the space of geodesics.

c) Unfortunately, this reduction is very seldom a bona fide symplectic manifold

but it is in two important cases. Firstly when the R-action of the geodesic flow

factors through an 5 1-action which is free, that is when all of the geodesics are

closed with the same length (see [5]). Secondly for simply connected manifolds with

non-positive curvature.

2.3.12. Exercise. - Show that the space of geodesics of the Euclidean space

Rn+l is diffeomorphic to the cotangent bundle T*5n of the n-sphere, equipped with

± the standard symplectic structure.

2.4. Back to the metric structure

There are numerous results relating curvature properties with topological prop­

erties of the underlying manifold. We shall be concerned rather with metric prop-

erties which can be deduced from curvature assumptions. Let us begin with the

2-dimensional case, which will be crucial for us.

In this case, the space of normal Jacobi fields is of course one-dimensional. Let

(u,v) be an orthogonal basis of Tc(o)M, with u = C(O), and let V(s) be the vector

field along c such that V == 0 and V(O) = v. Then the normal Jacobi fields take the

form y(s)V (s), and clearly the fonction y satisfies a second order scalar differential

equation, say

y"(s) + k(s)y(s) = O.

Recalling that normal coordinates in dimension 2 are given by

exp;(O)g= ds2 + f 2 (s,(})d(P,

we infer, using 2.3.9, that

k( )
= 8

2
f(s,(})

S f 8s2'

Let us relate this to the general setting of the curvature tensor. In dimension 2,

since A2Tm M is one-dimensional, the space of quadrilinear forms which satisfy the

symmetry properties of 2.3.3 is also one-dimensional, and one checks that

R(x, y, z, t) = K(g(x, t)g(y, z) - g(x, z)g(y, t))

or, equivalently, that R(x, y)z = K(g(y, z)x - g(x, z)y). In other words, the infor­

mation contained in this complicated object R is reduced to a single scalar function

K. The equation of normal Jacobi fields becomes

J(s) + K(c(s))J(s) = 0
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and K (c(s)) is just the fonction k.

DEFINITION 2.4.1. - K is the Gaussian curvature of(M,g).
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Now, we can use classical properties of differential equations to get geometric

information from assumptions about K.

Firstly, if K is negative everywhere, any solution of the Jacobi fields equation is

convex when it is positive, and concave when it is negative, and therefore vanishes

once at most. Using 2.3.9 we see that the exponential map has maximal rank

everywhere. Moreover, since exp;;'9 is then a complete Riemannian metric on TmM,

one deduces that eXPm is a covering map (Cartan-Hadamard theorem).

On the other hand, if K is positive, the Sturm-Liouville comparison theorem can

be applied. Let us recall it for completeness.

THEOREM 2.4.2. - Let y"(s) + h(s)y(s) be a second order scalar linear dif­

ferential equation. Suppose that for any s one has a2
:-::: h( s) :-::: b2

. Let So be the first

positive zero of a solution y such that y(O) = 0 and y'(O) f- O. Then

'Tr 'Tr
- < So < -.
b - - a

Using 1.3.7, we see that if K a2
, the length of any minimising geodesic is

smaller than 'TrIa. In particular, if (M, g) is complete, its diameter is smaller than

'TrIa (Bonnet theorem). Curvature bounds also give volume (or rather area esti­

mates), by using the same idea, and also injectivity radius estimates.

THEOREM 2.4.3 (Klingenberg's lemma). - Let (M,g) be a compact Rieman­

nian surface such that K :-::: b2
. Then

inj(M, g) min

where 1 is the length of the shortest closed geodesic in M.

Proof. - Take p, q such that distg(p, q) = inj(M, g). Suppose q is not conjugate

to p along any minimal geodesic. Then 1.3.11 says there exists two minimising

geodesics CI and C2 from p to q such that

Now exchange p and q. Using the remark following 2.3.9, we see that p is not

conjugate to p either. Then, using 1.3.11 again, we see that CI(O) = -C2(0), so that

CI and C2 fit together to give a smooth closed geodesic.

On the other hand, if q is conjugate to p, then the Sturm-Liouville theorem says
. 'Tr

that dlstg(p,q) b' 0
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To see what happens in higher dimensions, one introduces the following

DEFINITION 2.4.4. - The sectional curvature u(P) of a 2-plane P C TmM

is R(x, y, y, x) where (x, y) is an orthonormal basis of P (clearly, this number does

not depend on the choice of the basis).

2.4.5. Example. - For the standard sphere, a == 1, and for hyperbolic space,

a ==-1.

Now, the Hadamard and Bonnet theorems are valid in higher dimensions if we

replace the Gaussian curvature by the sectional curvature in the statement (see [13J

or [9] for details). In higher dimensions, Bonnet's theorem is called Myers theorem

(d. for instance [13], 3.85; we do not give the best statement, but it does not

matter here). Klingenberg's lemma holds in the same way, but the Sturm-Liouville

technique must be replaced by more delicate Jacobi field estimates, initiated by

Rauch (see [8], ch.I, or [9]).

The influence of curvature on the metric can also be expressed in a very crude

but useful way. Namely, using 2.3.9, together with Jacobi field estimates, one can

control the norm of the differential of eXPm using curvature estimates. On the other

hand, even the simple-minded example of the locally Euclidean torus R 2 /EZ EB Z,

with small E, shows that curvature alone does not always give information about

the size of balls on which eXPm is a diffeomorphism.

DEFINITION 2.4.6. - A Riemannian manifold (M,g) has bounded geometry

if inj(M, g) > 0 and if there is a constant A > 0 such that la(P)1 < A, for any

mE M and any 2-plane Pc TmM.

Compact manifolds have of course bounded geometry; so have universal covers

of compact Riemannian manifolds, equipped with the lifted Riemannian metric,

and tangent spaces to compact Riemannian manifolds, equipped with their natural

Riemannian metric.

The main property of manifolds with bounded geometry is the following "folk"

result:

PROPOSITION 2.4.7. - There is a universal function f(r, A) such that any

ball of radius say inj(M, g)/2 is diffeomorphic to the Euclidean ball of the same ra­

dius, the diffeomorphism being realised by a Lipschitz map whose dilation V

Ilog VI f(inj(M, g), sup Isectional curvature!) .

In dimension 2 this is now straightforward. In higher dimensions it follows again

from the Jacobi field estimates we referred to above. 0
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Bounded geometry implies for instance a quantitative version of the Poincare

lemma. To see this, introduce for differential forms on a compact domain D of

(M,g) the Loo-norm

Iialloo = sup laxl,
xED

where laxl is just the natural Euclidean norm in APTxM, p = deg(a).

PROPOSITION 2.4.8. - If (M,g) has bounded geometry, there exist positive

numbers 8 and C such that, for any Riemannian ball A of radius smaller than 8,

any closed form a E np(A) admits a primitive w such that

Ilwlloo :S Cllall oo

Taking 8 = inj(M, g)/2, this is a trivial consequence of the preceeding result,

combined with the usual proof of the Poincare lemma, where an explicit primitive

is provided. 0

3. Minimal manifolds

3.1. The second fundamental form

Let i : M -t M be an immersion of Minto M. If M carries a Riemannian

metric g, we can equip M with the metric i*g. If X and Yare two vector fields on

M which are tangent to M, for m EM we have the natural decomposition

of DxY into its tangential and normal component. Now (DxY( defines a metric

connection on M, and since [X1M,1IM] = [X, Yl 1M , this connection is symmetric:

using 1.4.2, we recover the Levi-Civita connection of M for the induced metric. As

for (Dx Y) N, the basic properties of connections show that it is COO(M)-linearwith

respect to X and Y. Therefore, we have a symmetric 2-form on TM with values in

the normal bundle N (M).

DEFINITION 3.1.1. - The symmetric 2-form h(X, Y) = (Dxyt is the sec­

ond fundamental form of M.

Remark. - To be completely correct, we should proceed as follows: take

X, Y E r(TM), extend them (locally) to M, and check that (Dx yf and (Dx yt
do not depend on the extensions. Moreover, this definition applies to immersed

manifolds.

The second fundamental form measures the "bending" of M in M in the following

way: pick a unit section IJ of N(M). For small t, we have, at least locally, the
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embedding m I-t eXPm tv of Minto M. If gt is the metric induced by this embedding,

then
1 d

(h, v) = '2 dt9tl,=o'

(This is the best way to see why the second fundamental form of a round sphere in

Euclidean space is proportional to the metric).

This remark makes it natural to consider the trace of h, which is a section

of N(M). Indeed, since the derivative of a determinant is basically a trace, one

should expect some stationariness property for the volume of a submanifold such

that tr(h) = O.

3.2. Area variation formulas for minimal surfaces

DEFINITION 3.2.1. - The mean curvature vector H of a submanifold Me M

is the trace of the second fundamental form. When H == 0, M is said to be minimal.

Then one has the following

PROPOSITION3.2.2 (First variation formula). Let M C M be a submani-

fold, X a compactly supported vector field along M and <Pt : M ---> M a one parameter

family of immersions such that Xx = i<pt(x)lt=o. Then

:t vol(<pt(M))lt=o= - L(H, X)v g .

Proof - Here and in 3.2.4, we follow the elegant set-up due to B. Lawson,

d. [16] or [20]. For any vector field Y, recall that

LxY = DxY - DyX.

Since Lx and Dx have natural prolongations as derivation of the whole tensor

algebra, so has the map Y ---> DyX. Denote by AX this derivation.

LEMMA 3.2.3. - Let el,"" en be a local orthonormal frame of M, and set

= el 1\ e2 1\ ... 1\ en- Then

:t vol(<pt(M))lt=o= Ovg .

Remark. - Observe that the second member is invariantly defined.

Proof - This is straightforward, since

vol(<pt(M)) = L = L<p;vg

and

= ((D x - 0

=

o
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End of the proof of 3.2.2. - With the notations of the lemma, we have
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n n

= L(AXei,ei) = L(DeiX,ei)
i=1 i=1

n n

"'- N "'- TL.J(DeiX , ei) + L.J(DeiX , ei)
i=1 i=1

n n

- L(h(ei,ei)'X) + L(DeiXT,ei)
i=1 i=1

-(H, X) + div(X
T

).

Recall that the divergence of a vector field on a Riemannian manifold is just the

trace of its covariant derivative. We have

(divXT)v g = LXTvg = d(ixTv g ),

so that in the preceding formula the term coming from X T integrates to zero. 0

Lemma 3.2.3 is also crucial for the following basic properties of minimal manifolds

of Euclidean space.

THEOREM 3.2.4 (Monotonicity lemma). - Let Mn eRN be a minimal sub­

manifold. Then for any p EM, we have

vol (B(p, r) n M) 2: wnrn

where Wn is the volume of the n-dimensional unit Euclidean ball.

Proof - Suppose p = 0, and take the vector field X = f(llxll)x. Then

AXei = DeiX = j'(Ilxll) x + f(llxll)ei,

so that

n X , IIxT I1
2

ei, ei) = f (11x11)W+ nf(llxll)·

If X is compactly supported in M and M is minimal, then

n 1M f(llxll)v g = - Lj'(Ilxll)";:Irvg •

Taking f piecewise linear, with f(t) = 1 if 0 ::; t ::; rand f(t) = 0 if t 2: r + c we

get, setting Mr = M n B(p, r),

r f(llxll)v g ::; ?:. r vg '

JM r+e C JM r +e \Mr

In the limit, setting V(r) = vol (B(p, r) n M), we get nV(r) ::; rV'(r). Therefore,

the function r f--> V(r)/r n is non-decreasing. On the other hand, comparing M in

the neighbourhood of p to its tangent plane, we get

. V(r)
hm-- =Wn .
r--+O r n
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Remarks. i) In particular, there are no compact minimal surfaces in RN

(there are indeed many ways to prove this result, this is just one of them).

ii) This result means that, in spite of their volume minimising property, minimal

varieties are rather "big". This is not really surprising. For instance, it follows from

the Gauss equation that minimal surfaces in R N have negative Gaussian curvature,

compare with 5.1.1.

3.3. Minimal varieties in Kahler manifolds

The following property is both trivial and basic.

PROPOSITION3.3.1. - Let M be a complex submanifold of a Kiihler manifold

M. Then M is minimal.

Proof - By assumption, the tangent bundle is complex. Then so is N(M),

since J is isometric. Moreover, we know that Do J = J 0 D. Combining with 1.4.2,

we see that

h(Ju,v) = h(u,Jv) = J(h(u,v)) for any u,v E TM,

so that the second fundamental form h is J-antiinvariant, and has vanishing trace.

D

In fact, much more is true.

THEOREM 3.3.2 (Wirtinger inequality). - Let M be a complex curve in a

compact Kahler manifold M. Then, for any (reall) 2-dimensional manifold M'

homologous to M, one has

area(M') 2:: area(M),

and equality holds if and only if M' is complex.

Proof - Let M' be any oriented submanifold of M. For any m EM', pick a

direct orthonormal basis e, f. Then

a :s:; w(e, f) = g(Je, f) :s:; IIJellllfll·

Moreover, equality holds if and only if the vector space TmM' is complex. In other

words, for the induced metric g we have

Now, if M' is homologous to M, then

vol(M) = r w = r w:S:; vol(M')
1M 1M'

with equality if and only if M' is complex. D
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3.3.3. Exercise.

dimension.

Prove the same result for complex submanifolds of any

Remark. - The very same argument applies when J is an almost complex

structure calibrated by a symplectic form w : in that case, J-holomorphic curves

are still homologically non trivial and minimise area in their homology class (even

though they may not be minimal). And of course, we have some coarse estimate of

the area if J is only tamed, as was already explained in the introduction.

4. Two-dimensional Riemannian manifolds

4.1. Riemannian and complex geometry

Given a 2-dimensional oriented Riemannian manifold (M,g), let Jm be the ro­

tation of angle of TmM. Then J is clearly an almost complex structure, which

is complex for dimensional reasons (see the discussion and references in chapter II),

and M becomes a Riemann surface. Moreover, replacing g by eUg, for any (smooth)

function u does not change the complex structure. This fact has two important

consequences.

Locally. Integrability just says that for any m E M there are always local coordi­

nates (x, y) in a suitable neighbourhood U :3 m such that glu = f(dx 2+ dy2)

(these coordinates are traditionally called conformal or isothermal).

Globally. The uniformisation theorem (d. for instance [10]) says that, as a Riemann

surface, the universal cover M of M is the projective line Cpl, the complex

line, or the unit disc D.

From the point of view of Riemannian geometry, in the first two cases the complex

structures come from the standard round metric on 8 2 and the fiat metric on R2

respectively.

As for the third case, the so-called Poincare models make it clear that H 2

(d. 1.4.4) gives us D with its complex structure. To see this, take ordinary po­

lar coordinates (p,B) on R 2
. It suffices to find a non-vanishing function f such

that

An elementary computation gives

2
f(p) = -1-

2-p

Pulling back the metric to the half-plane Im(z) > 0 by the transform z ........

dx2 + d 2
one gets the Poincare half-plane model, with g = 2 Y

Y

z - z

z +i'
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4.1.1. Exercise. - a) Show that the geodesics of the half-plane model are

half-circles whose centre is on the real axis or half-lines orthogonal to the axis (use

the fact that
az +b

z -. --, with a,b,c,d E R, ad - bc = 1
cz+d

are isometries).

b) Let f>. be the group generated by the isometry z 1-+ AZ (A > 1). Show that

the quotient Pjf>. is isometric to the cylinder Rj(lOgA)Z equipped with the metric

cosh
2

lds 2 + dl2
.

c) Show that this Riemannian manifold is conformal to a unique annulus Aa =
{z E C,a < Izi < I}, with a > O.

d) Taking the group generated by (x, y) 1-+ (x + c, y), show that one obtains a

Riemannian manifold which is conformal to the punctured unit disc, and isometric

to 8 1 x R equipped with the metric e- 2sd02 +ds 2 (this is a typical example of metric

with vanishing injectivity radius).

This exercise covers the so called "exceptional" Riemann surfaces (d. [10], IV.6),

tori excepted.

Coming to the general case, the following property will be important in chapters

VII and VIII.

PROPOSITION 4.1.2. - If M is a surface with non-abelian fundamental group,

M is the unit disc.

Proof. - The complex manifold M is either C or D. But the first case is

excluded, since any discrete goup of complex automorphisms of C acting properly

is abelian. 0

A basic example of this situation is the sphere with n 3 punctures.

Remark. - On the other hand, it is possible to prove that a compact manifold

carries a metric with constant negative curvature if and only if its Euler characteristic

is negative. The "only if" part is of course the Gauss-Bonnet theorem, and the if

part comes from the celebrated "pants decomposition" , d. [19] or [13], III.L.

We shall see now how the difference between C and D can be read on metric

properties of the corresponding Riemannian manifolds, namely R 2 and H2
.

4.2. The isoperimetric inequality

The set-up of the isoperimetric problem is roughly as follows. Given a Rieman­

nian manifold (Mn,g), find a (if possible optimal!) numerical function f such that,

for any compact disc D with rectifiable boundary 8D, one has vol(8D) f( vol(D)).
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DEFINITION 4.2.1. Such an f is an isoperimetric profile of (Mn,g).
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4.2.2. Example. - Among domains in the Euclidean plane with fixed area,

the minimal length is achieved for the circle. In other words, f(t) = v'4:rrt is the

optimal isoperimetric profile.

Intuitively, this can be justified by the following naive approach. Let s f-t c(s)

be an arc-length parameterisation of 8D. Consider a I-parameter variation of c of

the type

Ct(S) = c(s) + tf(s)v(s),

where v(s) is the oriended normal vector. For the domain Dt enclosed by Ct we have

and
d rL

dtarea(Dt)lt=o = - Jo f(s)ds.

Here, L is the length of 8D and lI:(s) the (extrinsic) curvature of c, compare with

3.2.2. Now, if D has minimal boundary length for fixed area, then II: is constant,

and c is a circle.

There is a quite serious gap in this argument: we implicitly supposed the exis­

tence and regularity of a minimising D. Correct proofs were obtained in the 19th

century only, see [18] for a very nice discussion. However, this variational approach

gives some idea of what is going on. It can be applied directly to the sphere and the

hyperbolic plane, and gives some evidence of why domains with minimal boundary

length for fixed area should still be bounded by curves with constant curvature: they

are also geodesic discs in these cases. For the proof, see [7], 1.2.

Denote by and Hl respectively the sphere and the hyperbolic plane of constant

curvature k and -k (k > 0), and by a geodesic disc of radius r. Using 1.4.3 and

1.4.4, we have the following data:

manifold

R2 27rr 7rr2

52
2 sin vlkr 27r v'k

k 7r "Jk T(1 - cos kr)

H2 27rsinh vlkr 27r v'k
k vk T(cosh kr - 1)

(the second line is valid if r S; 7r/Vk; otherwise, we have = 0 and

area( = 47r/ k). In all the cases, the isoperimetric profile is

f(t) = J47rt - (curvature)t 2
,

or more acurately sup(O, J47rt - (curvature)t 2). Now, this property can be gener­

alised when the Gaussian curvature is bounded below.
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THEOREM 4.2.3 (Bol, Fiala). - Let (M,g) be a 2-dimensional Riemannian

manifold whose curvature is smaller than K. Then the function

f(t) = sup(O, V41l"t - Kt 2 )

is an isoperimetric profile of(M,g).

The proof, elementary but tricky, consists in introducing the domain D t C D

whose boundary is {x E D,dist(x,8D) t}, until the area of D t vanishes, and

finding estimates for the (right) derivatives of the area of D t and the length of 8D t .

It will be given in the appendix to this chapter (see also [7] and their references).

Therefore, there is a sharp constrast between Euclidean space and a simply

connected manifold with strictly negative curvature, constant or not. In the latter

case, for big enough domains, we have an isoperimetric inequality of the type

area(D) Clength(8D) instead of area(D) C'length 2 (8D)'

This fact is strongly related to the non-existence of conformal maps of R 2 into a

space of negative curvature (see [14], ch.6) and chapters VII and VIII).

5. An application to pseudo-holomorphic curves

As suggested in the introductory chapter of this book and explained more fully

in chapter VIII, pseudo-holomorphic curves should enjoy some sort of compactness

property. This fact is strongly related to the existence of uniform bounds for met­

ric invariants attached to them. At this point, one should compare this kind of

phenomenon with the compactness theory for Riemannian manifolds developed by

J. Cheeger, M. Gromov and Peters, cf. [14] and [21]. Their theory is both more

general and coarser, but there are some common ideas: in particular, a control of

the injectivity radius prevents degeneracies.

In this section we prove that the set of J-holomorphic curves of degree one in

Cp2 is compact for the compact open topology. A very terse outline is given in [3].

We thank D. Bennequin and J. Duval for having provided many of the details, in

particular in [11].

5.1. Curvature and injectivity radius estimates

PROPOSITION5.1.1. - Let (V,w) be a symplectic manifold with a tamed al­

most complex structure J. Equip V with a Hermitian metric g. There is an upper

bound A( J, g) for the Gaussian curvature of J -holomorphic curves in V.

Proof. - Let be a J-holomorphic curve. Denote by D and D the Levi­

Civita connections of (V, g) and mr;) respectively, and recall that for tangent

vector fields to

DxY = DxY + h(X, Y),
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where h is the second fundamental form (d. 3.1.1). The following property shows

that pseudo-holomorphic curves are not very far from being minimal.

LEMMA 5.1.2. - The norm of the mean curvature vector H of a pseudo­

holomorphic curve satisfies the bound

IIHII :S 211DJ II·
Since JY is also tangent to 1::, we have

DxJY = DxJY + h(X, Y).

Now, since 1:: is 2-dimensional, it is Kiihler, so that DxJY = JDxY. On the other

hand, from the very definition of the covariant derivative,

DxJY = J (DxY) + (DxJ) (Y).

Combining these relations, we obtain

Jh(X, Y) = h(X, JY) + (DxJ) (Y),

and we infer that

Ih(X,X) + h(JX, JX)I:s 21DJI

if IXI = 1, proving the lemma. 0

To finish the proof of 5.1.1, just recall how the Gauss equation (d. [13], 5.5)

relates the curvature tensors Rand R of V and 1:: respectively. We have

R(u, Ju, Ju, u) = R(u, Ju, Ju, u) + g(h(u, u), h(Ju, Ju)) - g(h(u, Ju), h(u, Ju))

The result follows, if V is compact or has bounded geometry. 0

As for the control of the injectivity radius, it can be obtained in the following

setting.

THEOREM 5.1.3. - Let J be an almost complex structure on cpn tamed by

the standard symplectic form, and let g be a Hermitian metric. Then there is an a

priori lower bound for the injectivity radius of pseudo-holomorphic curves which are

homologous to the projective line.

Proof - Using 5.1.1, it is enough, using Klingenberg's lemma (cf. 2.4.3), to

find a lower bound for the length of closed simple geodesics of the J-holomorphic

curve 1::. Let'Y be such a geodesic. It divides 1:: into two pieces D 1 and D2 , which can

be considered as 2-chains in V with boundary "(. On the other hand, if length("() :S

inj(V, g), then 'Y bounds a which is contained in a ball of radius inj(V, g).

With a suitable orientation for we have the equality
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between integral homology classes. Therefore, using our homology assumption on

I:;, we infer that the integral of w on one of the two chains on the right member is

non positive. Suppose for instance that JDI+f).w :<:::: o. We must have

On one hand, let k be the Gaussian curvature of I:;, and A an upper bound obtained

in 5.1.1. Then

r w =.!.. r Aw > .!.. r kw = 21r.
JD 1 A JD 1 - A JD 1 A

(The last equality comes from Gauss-Bonnet theorem, since D I is a disc with

geodesic boundary).

On the other hand, we have seen in 2.4.8 that in the small ball containing

the form w admits a primitive a, with

Iialloo :<:::: C Ilwlloo,

where C depends only on the metric. Then

r w = 1a :<:::: Clength(')').
JD1 "i

Therefore, we must have C length(')') ::::: 21r/ A, or length(')') ::::: 21r/ AC as claimed. 0

Remarks. - a) The assumption about the homology class is of course crucial:

the statement is already false for complex curves of degree 2 in the standard projec­

tive plane, as can be see with the conics XT = ET2 in homogenous coordinates.

b) The relevant notion in that context is that of simple homology class, see

chapter VIII or [23].

5.2. An equicontinuity theorem

Combining 5.1.1 and 5.1.3, we get the following technical lemma.

LEMMA 5.2.1. - Let (5, g) be a Riemannian surface with Gaussian curvature

smaller than K and injectivity radius larger than r. Then any domain D such that

length( aD) :<:::: rand area( D) < 21r/ K has diameter smaller than 3r.

Proof - Let x, y ED be such that dist(x, y) = diam(D), and let XI, YI E aD

realise the distance of X and y to the boundary. Then

dist(x, y) :<:::: dist(x, xd + length( aD) + dist(y, YI)'

It follows that if diam(D) > 3r, the distance of X or y to the boundary is bigger than

r, and D contains a Riemannian ball of radius r, say B(x, r). Using 1.3.2, write the

metric in normal coordinates at x, namely
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Then the Sturm-Liouville therorem says that

Now

r2rr r 211"
area(D) 2 area(B(x, r)) = J

o
J
o

f(s, B)dsdB 2 K (1 - cos VKr).

On the other hand, we know from 4.2.3 that

length
2
(8D) 2 411"area(D)- Karea 2 (D).

If length(8D) rand area(D) we get

area(D) 211"/K (1- V1- ,

a contradiction as soon as r 11"/K. 0
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COROLLARY 5.2.2. - Under the same assumptions, for any 0> 0 there exists

TI > 0 such that, for a closed curve c C f(S2) of length smaller than TI, one of the

components of f(8 2) \ c has a diameter smaller than o.

Proof - The same homological argument as in 5.1.3 says that one of the discs

which bound the loop must have small area. 0

THEOREM 5.2.3. - Let J be a tame almost complex structure on cpn. Let

ai, a2, a3 be three distinct points in 8 2 = Cpl, and d a positive number. Then the set

of J-holomorphic embeddings of degree 1 of 8 2 into cpn such that dist(ai,aj) 2 d

for all i, j is equicontinuous.

Proof - Equip cpn with a J-Hermitian metric g. Denote by f any J-

holomorphic map satisfying our assumptions. We shall prove that there exists a

p > 0 such that, for any disc D p C 8 2 of radius p for the standard metric,

Then it will be possible to apply the Schwarz lemma.

By 5.1.1 and 5.1.3 we already control the curvature and the injectivity radius of

f(8 2). If we can control the area of f(D p ) and the length of 8f(D p ), we will be able

to use 5.2.1. Take f > 0, and set

p = inf {r, 0 < T < 11" and length (8f(D r )) 2 f}.
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We look for a lower bound on p. Take concentric discs in 8 2, and work in normal

coordinates. Since f maps 8 2 into f(8 2
) conformally,

Let us evaluate the area of the annulus f(D c \ Dp ). On the one hand,

area(f(D c \ Dp )) = f l" F
2
(r, B) sin rdrdB

< f (10
2

" F(r, B)dB)2dr (Cauchy-Schwarz).

On the other hand,

r2
"length (8f(D r )) = sinr io F(r,B)dB.

But the area of the annulus is of course smaller than the area of f(8 2
), which is a

priori bounded (d. the introductory chapter). Thus we get

l
clength2 (8f(D r ))d £2 1c dr

cons. > r > - --
- p 27f sin r - 27f p sin r

and this gives a lower bound for p.

Now, 5.2.2 says that either f(D p ) or its complement has controlled diameter.

Choose c smaller than the mutual distances of the points ai. Then Dp contains at

most one point ai, its complement at least two of them, so that diam (f(8 2\D p )) 2 d.

Then if eis small enough, we are sure that the "small" disc is D p . 0

There is still some work to be done to go from this (CO!) equicontinuity result to

compactness: given a convergent sequence fn of pseudo-holomorphic embeddings, we

must prove that the limit has the same property. First use the fact that the Schwarz

lemma also gives control of higher order derivatives. In particular, the limit curve

will be immersed. It will be embedded in CP2 by the adjunction formula, d. chapter

VI.

Appendix: Bol's isoperimetric inequality, by M.-P. Muller

In the plane equipped with a Riemannian metric whose Gaussian curvature k is

bounded above by a constant K, consider a I-connected domain with area a, whose

frontier is a closed rectifiable curve of length 1. In the case where the Gaussian

curvature k is constant, the inequality [2 2 47fa - K a2 is well-known [4]' [22]. In

the general case we are concerned with, the result is due to G. Bol [6J (see also [2] if

k :S 0, and [I2J if 0 :S k :S K). In this appendix, we give a proof of Bol's inequality.
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The curve can be approximated by a Coo regular simple closed curve Co whose

length is close to 1 and which bounds a domain Do whose area is close to a. Moreover,

this curve Co can be assumed to be in general position for the double points of the

parallel curves (wavefronts) and the singularities of the caustic (locus of the singular

points of the parallel curves) associated to Co (see [1]). Notice that a real analytic

approximation of the Riemannian metric (C2 topology in a compact containing the

domain) and of the curve could also be chosen to exclude non generic situations.

In Do bounded by the curve Co, let Dt (t > 0) be the set of points whose

distance to Co is greater than or equal to t. We denote by Ct its (oriented) boundary.

Considering c > 0 smaller than the injectivity radius of the Riemannian metric, the

boundaries of the balls with radius c and centre a point of Ct-€ are regular curves,

and Ct is their envelope. As a consequence, at an angular point of Ct, the angle

between the oriented normals is positive. In the generic situation the number of

angular points is finite. They appear on Ct, for t > to, in the following cases:

1. when Cto has a double point. Generically, there is at most one double point

for a given value to, and the curve has at this point a contact of order 1.

Moreover, the total number of double points is finite, because in the generic

situation there are finitely many geodesic curves which join two points of Co

and are orthogonal to Co at these points (see figure 7),

Figure 7

2. when the geodesic curvature of Cto is infinite at a point, i.e. when the wavefront

reaches the caustic (thus at one of its singular points), see figure 8.

Let l(t) be the length of Ct. Generically, it is a continuous function of t. As long

as Ct is regular, l(t) has a derivative and

l'(t) = -1 C
c,

where C is the geodesic curvature. If there are angular points on the curve Ct, it

is still possible to obtain the (right) derivative of 1 at t. Indeed, for fl.t > 0, the

contribution fl.l of an angular point with angle a to the global length variation

l(t + fl.t) -l(t) has an equivalent fl.l r-.J -2fl.t tan(a/2) (see figure 9).
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Figure 8

Figure 9

If Ct has a double point, it has to be considered as the union of two loops, each

one having an angular point with angle 7r, for the preceeding evaluation. Notice

that it is not possible to estimate III for Ilt > 0, essentially because it is impossible

to go back and rebuild Ct', for t' < t, solely from knowledge of Ct.

Let us summarise the preceding remarks: the function l is (generically) con­

tinuous, has a right derivative l' (taking values in [-00, +oo[) at every value of t,

and

l'(t) = -1 C - 22: tan <Xi

c, i 2

where C is the geodesic curvature and the <Xi > 0 are the angles at the angular

points of Ct.

By the Gauss-Bonnet theorem, the preceeding formula can be rewritten

, { ( <Xi <Xi)
l (t) = - 27rp + }I k - 2 tan - - -

D, i 2 2

where p is the number of connected components of D t . On the other hand, the

function a(t), area of Db is differentiable and a'(t) = -l(t).



Chap. III Some relevant Riemannian geometry 111

Let us consider now the "default" function f, defined by f = L2 - 47l"a + K a
2

where K is a constant such that k K on Do. Its right derivative is

l' = 2l(l' + 27l" - Ka).

Notice that in the expression of l'(t), the contribution of the angular points is neg­

ative because
tan Q; > Qi

2 - 2

and p :2 1. Thus l' -27l" + Ka, and so -00 D' O. A continuous function

which has a negative right derivative is decreasing. Consider the value T for which

Dr is non empty and a(T) = 0 (generically, Dr is a single point: the connected

components of D t , whose number is bounded by the the total number of double

points on all the curves, shrink to a point and disappear one after the other). We

have

f(O) :2 f(T) = l2(T) :2 0

and hence the result. 0

Bibliography

[1] V. I. ARNOLD, Singularities of systems of rays, Russian Math. Surveys 38

(1983), 87-176.

[2] E. BECKENBACH, T. RADo, Subharmonic functions and surfaces of negative

curvature, Trans. Arner. Math. Soc. 35 (1933), 662-674.

[3] D. BENNEQUIN,Problemes elliptiques, surfaces de Riemann et structures sym-

plectiques, in Seminaire Bourbaki, Asterisque 145-146 (1987), 111-136.

[4] F. BERNSTEIN, Uber die isoperimetrische Eigenschaft des Kreises auf der

Kugeloberfiiische und in der Ebene, Math. Ann. 60 (1905), 117-136.

[5] A. BESSE, Manifolds, all of whose geodesics are closed, Springer, 1975.

[6] G. BOL, Isoperimetrisch Ungleichungen fur Bereiche auf Fliichen, Jahres­

bericht d. Deutschen Mathern. Vereinigung 3 (1951), 219-257.

[7] Y. BURAGO, V. ZALLGALLER,Geometric Inequalities, Springer, 1988 (for the

English translation).

[8] J. CHEEGER, D.EBIN, Comparison theorems in Riemannian Geometry, North­

Holland, 1975.

[9] M. DOCARMO, Riemannian Geometry, Birkhaiiser, 1990.

[10] H.M. FARKAS, I. KRA, Riemann Surfaces, Springer, 1992 (second edition).



112 J. Lafontaine

[11] J. DUVAL, Compacite des J-courbes, le cas simple des J-droites d'un pseudo­

plan, preprint (1987).

[12] F. FIALA, Le probleme des isoperimetres sur les surfaces ouvertes a courbure

positive, Comment. Math. Relv. 13 (1940-41),

[13] S. GALLOT, D. HULIN, J. LAFONTAINE, Riemannian Geometry, Springer,

1990 (second edition).

[14] M. GROMOV, J. LAFONTAINE, P. PANSU, Structures metriques pour les

varietes riemanniennes, Cedic-Nathan, diffuse par la Societe Mathematique de

France, 1981.

[15] W. KLINGENBERG, Riemannian Geometry, deGruyter, 1982.

[16] B. LAWSON, Minimal manifolds in real and complex Geometry, Seminaire de

Mathematiques Superieures de Montreal, 1973.

[17] J. MILNOR, Morse theory, Princeton University Press, 1963.

[18] R. OSSERMANN, The isoperimetric inequality, Bull. of Amer. Math. Soc. 84

(1979), 1182-1238.

[19] SEMINAIRE ORSAY, Travaux de Thurston sur les surfaces, Asterisque 66-67

(1979).

[20] SEMINAIRE PALAISEAU, Theorie des varietes minimales et applications, Aste­

risque 154-155 (1987).

[21] S. PETERS, Cheeger's fineteness theorem for diffeomorphism classes of Rie­

mannian manifolds, J. fur die reine und angewandte Math. 349 (1988), 77-82.

[22] E. SCHMIDT, Uber die isoperimetrische Aufgabe im n-dimensionalen Raum

konstanter negativer Kriimmung, Math. Z. 46 (1940), 204-230.

[23] J. WOLFSON, Gromov's compactness of pseudo-holomorphic curves and Sym­

plectic Geometry, J. of Diff. Geom. (1988), 383-405.



Chapitre IV

Connexions lineaires, classes de Chern,

theoreme de Riemann-Roch

Paul Gauduchon

Ce chapitre se divise en trois parties.

La premiere, §§ 1.1-1.5, est un abn§ge de la theorie generale des connexions

lineaires sur un fibre vectoriel complexe. L'accent est mis sur les differentes mani­

festations de la courbure d'une connexion et leur equivalence.

La deuxieme, §§2.1-2.7, expose les bases de la theorie des classes de Chern

d'un fibre vectoriel complexe, sous l'angle topologique (theorie de l'obstruction)

et geometrique (theoreme de Chern-Weil).

La troisieme partie, §§ 3.1-3.2, presente la formule generale de Riemann-Roch­

Hirzebruch, incluant une demonstration complete, extraite de [Gun1]' [Gun2] de la

formule de Riemann-Roch sur une surface de Riemann compacte.

L'ensemble est aussi auto-suffisant que possible et il est recommande au lecteur

de suivre l'ordre indique des paragraphes. Les references se limitent aux ouvrages

que nous avons consultes pour l'elaboration de ces notes.

1. Connexions lineaires

1.1. Connexions lineaires sur un fibre vectoriel complexe

Nous considerons la situation generique suivante : E M ou M est une variete

differentiable (reelle) de dimension n, E un fibre vectoriel complexe (localement

trivial) de rang r, considere comme une variete (reelle) de dimension n + 2r, 1r la

projection de E sur M. Sauf mention contraire explicite, nous supposons M connexe.

Nous notons TM, T* M les fibres tangent et cotangent de M, r(C) l'espace des

fonctions a valeurs complexes (differentiables) definies sur M, r(E) l'espace des

sections (differentiables) de E.

Les produits tensoriels ® sont relatifs au corps C des nombres complexes, de

sorte que T* M ® E note Ie produit tensoriel sur C du complexifie de T* M avec E.

Convention similaire pour A*M ® E, T*M ® E, A*M ® EndE etc ... , ou A*M =

A*(T* M) note Ie fibre des formes exterieures (reelles) de M, End E Ie fibre des

endomorphismes C-lineaires de E.

113
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Dne connexion lineaire sur E est un operateur differentiel \1 d'ordre 1, operant

sur les sections de E, avaleurs dans Ie fibre vectoriel T* M 0 E, de symbole principal

egal a l'identite, i.e. satisfaisant I'identite de Leibniz :

(1.1.1) = df 0 + \If E r(C) , E f(E).

Pour toute section de E, la derivee covariante est ainsi une I-forme sur M a
valeurs dans E. Pour tout vecteur X dans I'espace tangent TxM, x E M, la valeur

de en X, notee qui est un element de la fibre Ex de E en x, est la derivee

covariante de suivant X. La section est \1-parallele en x si est nul pour

tout element X de TxM, \1-parallele, si est annulee par \1.

II resulte de (1.1.1) que la difference de deux connexions lineaires sur E est un

operateur d'ordre 0 de E dans T* M 0 E, i.e. une I-forme sur M a valeurs dans

Ie fibre vectoriel End E. Ainsi, l'ensemble des connexions lineaires sur E est muni

d'une structure naturelle d'espace affine, modele sur l'espace vectoriel (complexe)

f(T* M 0 End E), note A(E).

Le fibre produit M x V, V = C r
, possede une connexion produit (= trivia/e),

notee d, definie par

= \IX E TxM, \IX E M, E r(M x V)

OU X . note la derivee ordinaire suivant X de consideree comme une fonction

definie sur M avaleurs dans l'espace vectoriel V.

Dne trivialisation (locale) 'P de E au-dessus d'un ouvert U de M, i.e. un isomor­

phisme de fibres vectoriels complexes:

'P: Elu ----> U x V

de la restriction de E aU sur Ie fibre produit U x V, determine une connexion triviale,

notee d(ep), sur E 1u. La I-forme de connexion de \1 relative a 'P est la difference

vue comme une I-forme sur U avaleurs dans l'espace vectoriel End V des endomor­

phismes (C-lineaires) de V via la trivialisation 'P.

Si : U ----> Vest l'expression de relativement a 'P, l'expression (\1xO(ep) de

\1 relative a 'P s'ecrit

(1.1.2)

Soient 'PI, 'P2, deux trivialisations locales de E au-dessus des ouverts UI et U2 res­

pectivement, d'intersection non-vide U12. Soit 'P12 la fonction de transition sur U12 ,

avaleurs dans Aut V, definie par
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Les expressions et d'une meme section de E relativement a rpl et rp2

sont liees par

(1.1.3)

tandis que les I-formes de connexion de la meme connexion lineaire V relatives it

rpl et rp2 sont liees par

(1.1.4)

comme il resulte simplement de (1.1.2) et (1.1.3).

Remarque. - La relation (1.1.4) concerne les expressions d'une meme con­

nexion lineaire V relativement a des trivialisations (locales) differentes de E. Nous

obtenons une relation d'apparence similaire en faisant agir Ie groupe de jauge G(E)

sur l'espace affine A(E), OU G(E) est Ie groupe r(Aut E) des sections du fibre Aut

E des automorphismes de fibre vectoriel complexe de E, de la fat;on suivante :

(1.1.5)

soit encore

(1.1.6)

"( . V = "( 0 V 0 "(-I, \1"( E Q(E) , "IV E A(E),

OU V"( note la derivee covariante de "(, vue comme une section du fibre vectoriel

End(E) (voir Ie §1.2.4). Les relations (1.1.4) et (1.1.6) peuvent etre deduites l'une

de l'autre en considerant que la connexion V induit, via les isomorphismes rpl et rp2,

deux connexions distinctes sur Ie fibre produit UI2 x V, derivees l'une de l'autre par

l'action de rp12, vu comme un element du groupe de jauge de UI2 x V.

Vne connexion lineaire V sur E est localement triviale si E peut etre trivialise

localement par des sections V-paralleles de E, i.e. Vest localement isomorphe ala

connexion naturelle d(<p) associee it une trivialisation locale rp de E (= la I-forme de

connexion A(<p) est nulle). II resulte de (1.1.4) que E admet une connexion locale­

ment triviale si et seulement si il existe un recouvrement ouvert {U;} de M et une

trivialisation rpi de E au-dessus de chaque ouvert Ui tels que les fonctions de tran­

sition rpij correspond antes , definies pour chaque paire (i, j) telle que l'intersection

Ui n Uj est non-vide, sont constantes.

De fat;on generale, si Ie fibre E est defini au moyen du recouvrement {Ui } de

Met de ses fonctions de transitions rpij, la donnee d'une connexion lineaire sur E

equivaut ala donnee d'une famille {Ai} de I-formes it valeurs dans l'espace vectoriel

End V, Mes entre elles par

A A -I d -I
j = rpij 0 i 0 rpij - rpij 0 rpij

sur Uij = Ui n Uj des lors que cet ouvert est non-vide.
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1.2. Proprietes fonctorielles des connexions lineaires

1.2.1. - Soit 1/J : N ---> M une application (differentiable) d'une variete N de

dimension quelconque dans M. Le fibre induit 1/J*E de E par 1/J est Ie fibre vectoriel

complexe au-dessus de N obtenu en effectuant Ie produit fibre N x1/1 E de N par E

au-dessus de 1/J. Les elements de 1/J*E sont done les paires (y, u) de N x E telles que

1/J(y) = 7f(u) et la projection de 1/J*E sur Nest definie par: (y, u) I--> y. En d'autres

termes, 1/J*E est Ie fibre vectoriel complexe sur N dont la fibre en y est l'espace

vectoriel E1/1(Y)'

Toute connexion lineaire V sur E induit une connexion lineaire V1/1 sur 1/J*E

definie comme suit: si Eest une section de E, on pose

(1.2.2)

ou note la section induite de 1/J*E, definie a partir de Epar

(1.2.3) = (y,E(1/J(y))), Vy EN.

La connexion lineaire V1/1 est entierement determinee par (1.2.2) car toute section

de 1/J*E est localement engendree, sur f N(C), par les sections de la forme (1.2.3).

Rem arq ue. - La connexion induite V1/1 est plusaisement definie en termes de

distribution horizontale, introduite au §1.3. Pour tout element (y, u) de 1/J*E, un

vecteur tangent en (y, u) a1/J*E est identifie aune paire (Y, U) dans TyN x TuE telle

que 1/J*(Y) = 7f*(U).
Le relevement horizontal f(y,u) de Y en (y, u) relatif aV1/1 est alors defini par

f(y,u) = (Y, (1/J*(Y))u)

ou (1/J*(Y))u note Ie relevement horizontal du vecteur 1/J*(Y) en u relativement a V.

Le lecteur verifiera sans peine que les deux definitions de la connexion induite

V1/1 cOincident.

1.2.4. - Deux connexions lineaires Vi et V 2 sur les fibres vectoriels EI et

E 2 respectivement (au-dessus d'une meme variete M) determinent une connexion

lineaire V sur Ie produit tensoriel E I ® E2
, definie par

(1.2.5) V(e®e)=V le®e+e®V 2e, VeEr(E I
), VeEr(E

2
).

De meme, toute connexion lineaire V sur E determine une connexion lineaire,

encore notee V, sur Ie dual (complexe) E* de E, definie par

(1.2.6) (Vu)(E) = d(u(E)) - u(VE), Vu E f(E*) , VE E r(E).

Plus generalement, V determine, via (1.2.5) et (1.2.6), une connexion lineaire,

encore notee V, sur tout fibre vectoriel (complexe) construit fonctoriellement apartir

de E, tels que E*, End E = E* ® E, A*E etc ... En particulier, si a est une section

de End E, on a, pour tout Edans f(E), (Va)(E) = V(a(E)) - a(VE), c'est adire

(1.2.7) Va = [V, a].
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1.2.8. - Toute connexion lineaire V sur E s'etend en une differentielle exte­

rieure (relative a V) notee d'V, ou simplement V, definie sur les formes sur M a
valeurs dans E, i.e. sur les sections de A*M 181 E, par

P

(d'V'IjJ)(Xo,XI, ... , Xp) = 2) -1)iV Xi ('IjJ(Xo, ... ,Xi,"" X p))
i=O

(1.2.9)

+ L (-I)i+j'IjJ([Xi,Xj]"",Xi, ... ,Xj, ... ,Xp),
O':;i<j':;p

pour toute p-forme 'IjJ avaleurs dans E (ou Xo, ... ,Xp sont (p + 1) vecteurs quel­

conques au point considere de M), 0 ::::: p ::::: n.

Si IJI = 'IjJ 181 u est une p-forme decomposee sur M avaleurs dans E, ou 'IjJ est une

p-forme scalaire (complexe) et u une section de E, on a

(1.2.10)

n

d'VlJI = d'IjJ 181 u + L(e; 1\ 'IjJ) 181 Veiu,
i=1

oU {e;}, i = 1, ... ,n, est un repere quelconque de TxM au point x considere et {en

Ie repere dual (algebrique) de T;M. On observe que si 'IjJ est une O-forme avaleurs

dans E, i.e. une section de E, d'VlJI defini par (1.2.9) ou (1.2.10) coincide avec la

derivee covariante VIJI.

Si IJII est une p-forme avaleurs dans EI, 1J12 une q-forme avaleurs dans E 2
, Ie

produit exterieur formel IJI I 1\ 1J12 est une (p + q)-forme a valeurs dans Ie produit

tensoriel EI 181 E2, muni de la connexion lineaire V induite par VI et V2
. On deduit

aisement de (1.2.10) I'identite suivante :

(1.2.11)

L'identite (1.2.11) vaut, en particulier, quand IJI I = west une p-forme scalaire, i.e.

quand E I est Ie fibre produit M x C et VI = d la connexion naturelle, dont I'exten­

sion au sens de (1.2.9)-(1.2.10) coincide avec la differentielle exterieure ordinaire

operant sur les formes scalaires. Dans ce cas, I'identite (1.2.11) se reduit aI'identite

de Leibniz

pour toute E-forme IJI (qui coincide avec I'identite de Leibniz (1.1.1) quand w = f
est une O-forme, i.e. une fonction scalaire sur M).

Contrairement au cas scalaire, Ie carre d'V od'V n'est pas nul en general. Toutefois,

c'est un operateur d'ordre 0, explicite par

(1.2.12)
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ou RV est la courbure de \7, vue comme une 2-forme sur M it valeurs dans Ie

fibre vectoriel End E, et OU Ie "produit exterieur" RV 1\ IIJ est Ie compose du pro­

duit exterieur formel, it valeurs dans End(E) @ E, et de la contraction naturelle de

End(E) @ E sur E (qui, it a @u, associe a(u)).

La relation (1.2.12) constitue une definition possible de la courbure de \7, voir

Ie §1.4. Nous en deduisons immediatement l'identite de Bianchi suivante, satisfaite

par toute connexion lineaire \7,

(1.2.13) dVRV = 0,

i.e., en tant que 2-forme it valeurs dans End(E), la courbure RV est fermee rela­

tivement it \7 (operant sur les sections de End(E) par (1.2.7)). On a, en effet, pour

toute section de E, la suite d'egalites evidentes :

(dV = _ RV(\70 = _dv
0 (dv

0 + (dv
0 dV) 0 = O.

1.3. Distribution horizontale d'une connexion

Pour tout element u de E, nous notons TuE I'espace tangent en u au fibre E

(vu comme une variete de dimension n + 2r), T;: E Ie sous-espace tangent vertical,

dont les elements sont tangents it la fibre Ex,x = 11"(u). Comme Ex est un espace

vectoriel, nous avons I'identification canonique :

(1.3.1) T;: E = Ex, Vu E Ex, Vx E M.

En particulier, pour toute section de E et tout element X de TxM, la derivee

covariante \7 de suivant X peut etre - et sera - consideree comme un element

de T;: E, i.e. un element vertical de TuE. Dans TuE, nous avons egalement Ie vecteur

image de X par la differentielle de (vue comme une application de la variete

M dans la variete E), dont la projection dans TxM, via 11"*, est egale it X puisque

est un inverse it droite de 11". Soit Xu la difference, dans TuE, des deux vecteurs

et :

(1.3.2)

II resulte aisement de I'identite de Leibniz (1.1.1) que Xu ne depend pas de la

pourvu que = u, i.e. Xu ne depend que de X et de u. Comme

Ie vecteur Xu se projette en X dans TxM puisque \7 est vertical. Le vecteur Xu

est Ie relfwement horizontal, reiat if it \7, de X en u. Les elements x et u etant fixes,

respectivement dans M et Ex, I'application

est un homomorphisme de TxM dans TuE, pour lequel11"*est un inverse it gauche

et dont I'image, notee H'/j, est transverse it T;: E. Le sous-espace H'/j est Ie sous­

espace horizontal de TuE, relatif it \7, et I'ensemble des H'/j constitue Ie sous-fibre
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horizontal, ou la distribution horizontale, sur E determine(e) par la connexion 'V.

Nous obtenons ainsi une decomposition en somme directe de T E :

(1.3.3)

en sous-fibres vertical (independant de 'V) et horizontal (dependant de 'V). La pro­

jection de TE sur la composante verticale TV E determinee par (1.3.3) sera notee

v'V.

La connexion 'Vest entierement determinee en retour par la distribution H'V au

moyen de la relation suivante, immediatement deduite de (1.3.2),

(1.3.4)

On observe que pour tout element u de la fibre Ex, l'espace horizontal Hu cOIncide

avec l'image par la differentielle de toute section 'V-parallele en x et

telle que = u. En particulier, si u = Ox est l'origine de Ex, l'espace horizontal

cOIncide avec l'espace tangent en Ox it la variete M elle-meme, identifiee it la

section nulle de E. Par definition meme de H'V, une section de E est 'V-parallele

si et seulement si l'image de M par est une variete integrale de H'V. Inverse­

ment, puisque H'V est transverse aux fibres de E, toute variete integrale de H'V est

localement l'image d'une section 'V-parallele de E. Il en resulte que

PROPOSITION1.3.5. - La distribution horizontale H'V est integrable si et seu­

lement si la connexion 'Vest localement triviale.

Le defaut d'integrabilite de la distribution horizontale H'V est exactement mesure

par la courbure R'V de 'V, voir Ie §1.4.

Soit u un element fixe de la fibre Ex. Toute courbe (differentiable) c : [0,1] ---+ M

issue de x se releve en une unique courbe horizontale (= tangente it la distribution

horizontale H'V) Cu : [0,1] ---+ E issue de u. L'element cu (1) est Ie transporte parallele

de u Ie long de la courbe c (relativement it 'V). Il est clair, que cu (1) ne depend pas

du parametrage choisi de c. Le transporte parallele cu (1) est la solution de I'equation

differentielle suivante :

= 0, = u,

ou est une section de c*E, 'Vc la connexion induite, d/ dt Ie champ de vecteur

canonique de [0,1]. Il en resulte que Ie transport parallele (relatif it 'V)

est un isomorphisme (C-lineaire) de la fibre Ex sur la fibre EC(I). Tout champ

vecteurs X sur M se releve en un champ de vecteurs horizontal X sur E, tel que Xu

est Ie relevement horizontal du vecteur Xx en u. Tout flot local cpf de X se releve

en un flot local cpr de X, tel que cpr(u) soit Ie transporte parallele de u Ie long de

la courbe cpf(x).
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Nous pouvons des lors donner une description alternative de la derivee covariante

\7 d'une section de E :

(1.3.6)

ou \7 et sont consideres comme des champs de vecteurs verticaux sur E, con-

stants Ie long des fibres, via l'identification (1.3.1).

1.4. La courbure d'une connexion lineaire

La courbure RV' d'une connexion lineaire \7 a ete definie au §1.2.8 par (1.2.12),

soit done par

(1.4.1) dV' 0 = -RV'(u), Vu E Ex, Vx E M,

ou est une section quelconque de E prenant la valeur u au point x considere. Plus

usuellement, la courbure d'une connexion lineaire est definie comme Ie defaut de

commutation de la derivee covariante associee, i.e. par

(1.4.2) = \7[X,YJ - [\7x , \7y]' VX, Y E TxM, Vx E M,

soit done, avec les memes notations que pour (1.4.1),

= \7y (\7 - \7 -

Ii est tres facile de verifier que les deux definitions (1.4.1) et (1.4.2) de la courbure

RV' coincident. Dans les deux cas, RV' est interpretee comme une 2-forme sur M

it valeurs dans Ie fibre vectoriel End(E). Comme \7 yU peut etre considere

comme un element de T;: E, d. Ie §1.3, et, lorsque X et Y sont fixes dans TxM,

R¥: y peut etre considere comme un champ de vecteurs (lineaire) defini sur la fibre

Ex. On a alors la relation suivante ;

PROPOSITION 1.4.3.

= vV'([X, YD, VX, Y E TxM, \:Ix EM.

lei, dans Ie membre de droite, X et Y notent des extensions (quelconques) des

vecteurs X et Y au voisinage du point considere, Xet Yles relevements horizontaux

de X et Y sur E. Avec cette convention, la demonstration de 1.4.3 est la suivante.

Fixons un element u de la fibre Ex et considerons une section de E telle que

= u. La derivee covariante \7 de suivant Ie champ de vecteurs X sera

consideree comme un champ de vecteurs vertical sur E, constant Ie long des fibres

(via l'identification (1.3.1)). Nous faisons de meme pour Comme les champs

de vecteurs \7 et sont tangents aux fibres et constants Ie long des fibres de

E, leur crochet [\7 est nul sur E. On a, de fa«on tautologique, l'egalite :

[X, Yj = [X + \7 Y + - [\7 Y +
- [X +

[X + \7 Y + - [\7 Yj - [X,

[X + \7 Y + + \7y (\7xO - \7x(\7 yO
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(par (1.3.6)). Par (1.3.2), les restrictions it la sous-variete des champs de

vecteurs X + 'V et Y + coincident respectivement avec et On

a done:

Nous obtenons finalement l'expression

(1.4.4)

ou 'V et 'Vy('V sont verticaux sur E, tandis que la composante verticale

Y]) est egale, par (1.3.4), it La proposition 1.4.3 se deduit alors

directement de (1.4.4). 0

La relation 1.4.3 peut etre consideree comme une definition de R'V quand la

connexion 'Vest elle-meme definie par la distribution H'V. Contrairement aux deux

premieres definitions (1.4.1) et (1.4.2), la definition 1.4.3 a un sens pour toute con­

nexion sur E, lineaire ou non, i.e. pour toute distribution de n-plans sur E (ou un

espace fibre quelconque, vectoriel ou non), transverse aux fibres.

De 1.4.3, considere au choix comme une definition ou un tMoreme, nous dedui­

sons Ie fait fondamental suivant (qui est une tautologie ou un tMoreme suivant Ie

point de vue adopte) :

PROPOSITION 1.4.5. - La connexion 'Vest localement triviale si et seulement

si sa courbure R'V est nulle (= 'Vest plate).

En effet, l'annulation du second membre de 1.4.3 est exactement la condition

d'integrabilite de la distribution H'V donnee par Ie theoreme de Frobenius.

Si 'V0 et 'VI sont deux connexions lineaires sur E, i.e. deux elements de A(E),

liees par

(1.4.6)

ou TJ est une I-forme it sur M it valeurs dans End(E), i.e. un element de 0.1M @

End E, nous deduisons aisement de (1.4.1) la relation suivante entre les courbures

correspondantes :

(1.4.7) R'V 1
_ R'Vo d'V° [ ]- - TJ - TJ, TJ ,

ou [TJ, TJ] est la 2-forme it valeurs dans End(E) definie par

[TJ, 1J](X,Y) = [1J(X),1J(Y)] , VX, Y E TxM ,Vx E M.

En particulier, l'expression (R'V)(<P) de R'V relative it une trivialisation locale 'P de

Ese deduit de la I-forme de connexion A(<p) par

(1.4.8)
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Considerons l'application courbure R : V -+ RV definie sur l'espace affine A(E)

des connexions lineaires sur E dans l'espace vectoriel 0,2M I8i End(E) des 2-formes

sur M a valeurs dans End(E). Si Va = V et VI = ,.V appartiennent ala meme

orbite du groupe de jauge Q(E), on deduit aisement de (1.1.5) la relation:

gy,v = ,0 RV 0,-1,

qui exprime l'equivariance de l'application courbure relativement a A(E). En linea­

risant la relation (1.4.7), nous obtenons l'expression suivante de la differentielle Tv R

de l'application courbure R en V :

(1.4.9) (TvR)'f/:= (:tRV+t'1)t=O = -dv'f/, \I'f/E Tv(E) = 0,
l
MI8iEndE.

Remarque. - Considerons, dans l'espace affine A(E), la droite

(1.4.10)

passant par Va et VI, liees par (1.4.6). La fonction courbure, restreinte a cette

droite, s'ecrit, en posant Rt = R
vt

,

R
t = tR

l + (1 - t)R
O+ t(l - t)['f/,'f/l,

que l'on deduit simplement de (1.4.7).

Avec les notations des §§ 1.2.1 et 1.2.4, la courbure satisfait les proprietes fonc­

torielles suivantes :

(1.4.11)

(1.4.13)

1.5. La connexion de Chern d'un fibre vectoriel holomorphe hermi­

tien

Nous considerons dans ce paragraphe Ie cas particulier ou la base M du fibre

vectoriel E est une variete complexe, de dimension complexe m = n/2. Nous notons

y<J,lM, resp. T 1,oM, Ie fibre des vecteurs complexes de type (0,1), resp. (1,0), sur

M, AP,qM, Ie fibre des formes (complexes) de type (p, q), 0 p, q m.

Dne structure holomorphe sur E determine un operateur de Cauchy-Riemann 8
operant sur les sections de E a valeurs dans A0,1 M I8i E = r( A0,1 M I8i E), verifiant

l'identite de type Leibniz suivante :

(1.5.1) 8(1·0 = 8f I8i + \If E r(C), E f(E),
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ou 8f est la partie de type (0,1) de df, tel que les sections (locales) holomorphes de

E sont exactement celles qui sont annulees par 8.
Comme une connexion lineaire, l'operateur 8 s'etend naturellement en une "dif­

ferentielle exterieure" d&, de bidegre (0,1), operant sur les formes de type (0,*) it

valeurs dans E, definie, pour toute forme decomposee 'It = 'l/J Q9 ou 'l/J est une

(O,p)-forme scalaire et une section de E, par

m

d&'It = 8'l/J Q9 + 'LJ':. /\ 'l/J Q9
a=1

ou {ta } est un repere de M au point x considere, Ie repere dual (algebrique)

de M, 8'l/J la partie de type (0, p + 1) de d'l/J.

Comme E est localement engendre par ses sections holomorphes, on a

(1.5.2)

Inversement, tout operateur 8 satisfaisant (1.5.1) et (1.5.2) determine une struc­

ture holomorphe sur E, les sections holomorphes etant, par definition, les sections

(locales) annulees par 8. La condition (1.5.2) implique que E peut etre localement

trivialise par les elements du noyau de 8 (theoreme de Koszul-Malgrange).

Vne connexion lineaire \7 sur E est compatible avec une structure holomorphe 8
si la partie \70,1 de type (0,1) de \7 coincide avec 8, i.e. les connexions lineaires

compatibles avec une structure holomorphe sur E sont celles qui "completent"

l'operateur de Cauchy-Riemann 8 en une connexion lineaire sur E.

Lorsque E est munie d'une structure hermitienne (fibree) h, toute structure

holomorphe 8 sur E peut etre ainsi "completee" en une connexion lineaire \7 definie

par

(1.5.3) \7 = 8+a-I 080 a,

ou a : E --> E* note la dualite (C-antilineaire) de E sur Ie dual E* induite par h,

et ou 8 note, dans Ie second terme, la structure holomorphe de E* induite par celle

de E. II est facile de verifier que la connexion \7 est hermitienne, i.e. preserve h en

ce sens que

et est l'unique connexion lineaire sur E qui soit it la fois hermitienne et compatible

avec la structure holomorphe 8. Cette connexion est la connexion de Chern associee

it la structure hermitienne h et la structure holomorphe 8.
La partie \71,0 de type (1,0) de \7 est egale it a-I o8oa. II resulte de (1.5.2) que Ie

"carre exterieur" de \71,0, comme celui de \70,1 = 8, est nul, i.e. que la courbure R'V

de la connexion de Chern \7 est de type (1, 1). Inversement, toute connexion lineaire

hermitienne \7 sur Ie fibre hermitien (E, h), dont la courbure R'V est de type (1,1),

determine une structure holomorphe sur E, dont l'operateur de Cauchy-Riemann

est egal it la partie \70,1 de type (0,1) de \7. En effet, Ie fait que R'V soit de type
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(1,1) implique que Ie "carre exterieur" de 8 = \7°,1, qui est egal, au signe pres, ala

composante de type (0,2) de R"", est nulle, i.e. que 8 satisfait (1.5.2).

Cette observation est d'un interet particulier quand M est une surface de Rie-

mann (i.e. m = 1), puisque, dans ce cas, toute 2-forme est de type (1,1).

Le reste du paragraphe est consacree a la description de la connexion de Chern

\7 attacMe a un fibre vectoriel hermitien holomorphe (E, h, 8), definie par (1.5.3).

Considerons une trivialisation locale holomorphe cp : E 1u --> U x V de E au-dessus

d'un ouvert U de M, et fixons une base {e>.}, 1 :S A :S r, de l'espace vectoriel V.

La structure hermitienne h est alors representee sur U au moyen d'une mat rice de

fonctions ou est definie par

(x) = h(cp-I(x, e>.), cp-I(x, elL))' I:S A,I-£ :S r, \Ix E U.

La I-forme de connexion A (<,0) de \7 relative a cp est egalement exprimee par une

matrice de I-formes, de type (1,0) puisque \7 est compatible avec la structure con­

forme. On deduit aisement de (1.5.3) l'expression suivante de A(<,o) en fonction de

h(<,o) et de la matrice inverse (h(<,o))-I :

(1.5.4)

Puisque A(<,o) est de type (1,0) et la courbure R"" de \7 est de type (1,1), la relation

(1.4.8) se reduit dans Ie cas present, a

(1.5.5)

(1.5.6)

Lorsque E est de rang 1, la "mat rice" h(<,o) est une fonction positive definie sur

l'ouvert U et (1.5.4), (1.5.5) s'ecrivent respectivement A(<,o) = a log h(<,o) et (R"")(<,o) =
a8 log h(<,o). Dans ce cas, Ie fibre End(E) est canoniquement identifie au fibre produit

M x C et la courbure de toute connexion lineaire sur E est une 2-forme scalaire

(complexe), a valeurs dans iR si la connexion est hermitienne. Nous obtenons alors

une 2-forme reelle en substituant a R"" la forme de Chern definie par

"" _ _I_ R""
1'1 - 21l'i

dont l'expression locale relativement a cp est done

(1''''')(<,0) = -\a8Iogh(<,o).
I 21l'

Nous obtenons une expression formellement similaire, mais de nature globale, en

considerant une section globale holomorphe, non-identiquement nulle, € de E (s'il

en existe). On a alors la relation suivante :

= -1 ia8log 1€1 2,
21l'

qui s'interprete ainsi : Ie second membre est bien defini sur I'ouvert (non-vide) ou

€ ne s'annule pas et s'etend en une forme Coo, egale a 1''''', sur la variete M toute

entiere.
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(1.5.7)

L'argument est Ie suivant : pour toute trivialisation locale holomorphe c.p de E, Ie

carre de la norme de s'ecrit ou est holomorphe. L'expression

locale du second membre, sur l'ouvert OU il est defini, coincide done avec l'expression

locale de qui est globalement defini sur M. L'argument montre que l'on peut rem­

dans (1.5.6), par une "section" meromorphe quelconque (non-identiquement

nulle) de E.

La 2-forme est c1airement fermee et sa c1asse de cohomologie dans H2 (M, R)

est la c1asse de Chern reelle de E, voir Ie §2.1.

Remarque. - Lorsque M est compacte, on deduit aisement de (1.5.6), par un

argument fonde sur Ie theoreme de Stokes (voir par exemple [Ha-Gr] Ch.3), que

la c1asse de cohomologie de est Ie dual de Poincare du diviseur de toute

"section" meromorphe non-triviale de L, i.e. que I'on a

( 1\ 1jJ = { 1jJ, pour toute (n - 2)-forme fermee 1jJ,
1M

ou D{ est Ie diviseur de pour toute section meromorphe non-identiquement nulle

de E.

Lorsque M est une surface de Riemann, Ie diviseur de est constitue des zeros

et des poles de comptes avec leurs multiplicites, et (1.5.7) s'ecrit alors

(1.5.8) L = #{zeros de 0 - #{poles de O·

II apparait, voir Ie §2.1, que les premiers membres de (1.5.7) et (1.5.8) sont

independants, non seulement de la mais encore des structures holomorphes

de M et L.

1.5.9. Exemple Eondamental. - Considerons Ie cas ou M est I'espace pro-

jectif complexe pm = P(C m+ l
) dont les elements sont les droites complexes (vec­

torielles) de cm, et ou E = H est Ie fibre tautologique, ou fibre de HopE, dont la

fibre H x en x est la droite complexe x elle-meme, muni de sa structure holomorphe

naturelle et de la structure hermitienne tautologique induite par la structure hermi­

tienne naturelle de C m
+! : pour tout element u de Hx , lul2 est Ie carre de la norme

(hermitienne) de u vu comme un element de Cm
+! .

On observe que la variete H privee de la section nulle n'est autre que I'espace

em+! prive de I'origine 0, i.e. H est la variete obtenue par ec1atement de 0 dans

em +l
. De ce fait, l'ensemble des elements unitaires de H, i.e. Ie SI-fibre principal QH

des "reperes unit aires" de H, coincide avec la sphere S2m+! des elements unitaires

de em
+!, i.e. la projection naturelle de QH sur M coincide avec la fibration de HopE

l'action du groupe SI, realise comme Ie groupe des nombres complexes de norme 1,

etant explicitee, pour tout e27riO dans SI, par
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pour tout v = (VO, ... ,vm
) dans 82m

+! C cm+l. Le fibre H n'a pas de section holo­

morphe globale non-triviale, tandis que l'espace HO(M, H*) des sections holomor­

phes (globales) du fibre dual H* s'identifie naturellement a l'espace dual (cm+l)* :

a tout element ( de (cm+!)* est associee la section (holomorphe) ( de H* definie

(tautologiquement) par

(1.5.10) (((x))(u) = ((u), "Ix E pm Vu E Hx .

Pour la structure hermitienne induite sur H*, on a

ou u est un element quelconque de norme 1 de la fibre Hx . Choisissons pour (

la forme lineaire (0 : v = (vo, ... ,vm
) >-. vO, et considerons l'ouvert affine Uo =

pm - P((6"-), ou (6"- note Ie noyau de (0 dans cm+!. Sur Uo, nous pouvons choisir

comme coordonnees (complexes) globales les fonctions ZI = Vi Ivo,"', zm = vm Ivo,

et on a

m

1(12 = (1 + L IzOI2)-I,

0=1

de sorte que la forme de Chern I'f!* de H* s'ecrit :

H* 1 - 2
1'1 = 2 i881og (1 + L.J Izol ).

7r 0=1

Cette 2-forme est la forme de Kiihler d'une structure de Fubini­

Study de pm (celle dont Ie volume total est egal a11m!).

Un calcul facile, effectue, par exemple, sur la droite projective P(C2) ou C 2 est

Ie plan complexe de cm+l defini par les equations v2 = ... = vm = 0, montre que

l'integrale de I'(f* sur chaque droite projective de pm est egale a1. Ainsi, on obtient

PROPOSITION 1.5.11. - La classe de de Rham bf!*l de la forme de Chern

du fibre de Hopf dual de pm est Ie generateur positif de la cohomologie entiere

H*(pm, Z) de pm via Ie plongement canonique de H*(pm, Z) dans HdR(pm,R).

En vertu de la remarque precedente, c'est aussi Ie dual de Poincare de la classe

d'homologie de tout hyperplan projectif complexe pm-l de pm.

2. Classes de Chern

2.1. La classe de Chern d'un fibre en droites

Dans ce paragraphe, nous considerons Ie cas ou la base M est une variete quel­

conque (reelle) de dimension n et Ie fibre E est un fibre en droites (complexes), i.e.

un fibre vectoriel complexe de rang 1, note generiquement L. L'ensemble VectlM

des classes d'isomorphisme de fibres en droites sur M est munie d'une loi de groupe
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abelien, au la multiplication est induite par Ie produit tensoriel et l'inverse par Ie

dual. Si [L] note la classe d'isomorphisme de L, on a done

(2.1.1)

Comme nous l'avons deja observe, Ie fibre End Lest naturellement identifie au

fibre produit M x C et toute connexion lineaire '\1 sur L induit la connexion naturelle

(c'est a dire triviale) sur EndL = M x C.

La courbure R'" est alors une 2-forme scalaire (complexe) et l'identite de Bianchi

(1.2.13) s'ecrit dR'" = 0 tandis que la relation (1.4.7) se reduit a R",l = R"'O - d1], ou

1] est une I-forme scalaire (complexe) et d est la differentielle exterieure ordinaire.

Ainsi, R'" est fermee et sa classe de cohomologie [R"'J dans l'espace de de Rham

HJR(M, C) est independante de la connexion lineaire '\1. Comme nous l'avons fait

au paragraphe precedent, nous substituons a la classe [R"'l la classe 2;;lR"'], qui

est reelle, i.e. appartient a HJR(M,R). En effet, tout fibre L admet une structure

hermitienne h et une connexion hermitienne '\1, dont la courbure R'" est a valeurs

dans iR. Nous obtenons ainsi une application cf de Vect1M dans HJR(M,R), qui

associe a [Llla classe 2;;lR"'1.n resulte clairement de (1.4.12) et (1.4.13) que cf est

un homomorphisme de groupes abeliens. L'image de [L] par cf, notee simplement

cf(L) est la c1assede Chern de [Ll, ou, simplement, de L (nous ne distinguerons

plus, dans la suite, Ie fibre L de sa classe d'isomorphisme [L]).

En general, l'homomorphisme cf n'est pas injectif, mais nous allons voir qu'il

se factorise par la c1asse de Chern Cl, qui est un isamarphisme de groupes

abeliens de Vect1M sur Ie groupe de cohomologie entiere H2 (M, Z), i.e. que l'on a

Ie diagramme commutatif suivant :

OU jest l'homomorphisme naturel de H2 (M, Z) dans HJR(M,R), et ou Cl est un

isomorphisme de groupes abeliens. Pour definir Ch il convient d'utiliser Ie formalisme

de la cohomologie de Cech a valeurs dans un faisceau de groupes abeliens, dont nous

resumons brievement les elements essentiels, renvoyant, par exemple, a [God], [Gun1]

ou [Hir] pour un expose detaille.

A tout recouvrement ouvert localement fini V = {Ui } , i E I, de M est associe

un complexe simplicial Kv , Ie nerf de V, dont les sommets sont les elements de

let les p-simplexes les (p + 1)-uples (io, ... ,ip ) d'elements de I tels que l'ouvert

Uio,··,i p = U io n ... n U ip soit non-vide.
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Soit F un faisceau de groupes abeliens dMini sur M. Vne <p sur Kv ,

avaleurs dans F, associe a tout ordonne (io, ... , ip ) de Kv une section

<pio.. ··,ip de F sur l'ouvert Uio , ... , ip ' Nous supposons en outre que <p est alternee.

Nous definissons un operateur cobord 8 de degre 1 sur Ie groupe gradue C*(Kv,F)

des cochaines sur Kv avaleurs dans F par

V<p E CP(Kv, F),

ou, pour ne pas alourdir la notation, nous notons de meme <po , . (indice i kto,···,lk,···,1. p+l

omis) et sa restriction a l'ouvert Uio ,...,i
p
+l'

Nous obtenons ainsi un complexe differentiel (C*(K v ,F), 8) dont Ie groupe (gra­

due) de cohomologie est note H*(K v ,F). La limite inductive de ces groupes, lorsque

V decrit l'ensemble des recouvrements ouverts (localement finis) de M, est Ie groupe

(gradue) de cohomo1ogiede 6ech de M ava1eursdans 1e faisceauF, note H*(M, F).

Lorsque Fest l'un des faisceaux constants M x C, M x R, M x Z, Ie groupe

de cohomologie de Cech correspondant sera note simplement H*(M, C), H*(M, R),

H*(M, Z). Ce dernier est naturellement isomorphe au groupe de cohomologie sin­

guliere de M, et il existe de meme des isomorphismes naturels de H*(M, C) sur

HdR(M, C) et de H*(M, R) sur HdR(M, R) que nous expliciterons plus loin dans Ie

cas de H2 (M, R).

Nous notons C Ie faisceau des germes de fonctions (differentiables) sur M a

valeurs dans C, C*, Ie faisceau des germes de fonctions (differentiables) sur M a
valeurs dans Ie groupe (multiplicatif) C* = C - {O}.

Tout fibre en droites L sur M determine, via un recouvrement ouvert trivialisant

(localement fini) V = {Ui},i E I, et les fonctions de transitions ct> = {ct>i,j}, vues

comme un 1-cocycle sur Kv avaleurs dans Ie faisceau C*, un element de H1(K v ,C*),

puis de H1(M,C*). Nous obtenons de cette maniere un isomorphisme (de groupes

abeliens) VectlM HI(M, C*).

L'homorphisme CI de VectlM = H1(M, C*) dans H 2 (M, Z) est alors defini

comme suit. Supposons Ie fibre L realise par Ie recouvrement V et Ie 1-cocycle <p sur

Kv avaleurs dans C*. Supposons, en outre, que V a ete choisi tel que les ouverts

Ui ainsi que les intersections Ui,j soient contractiles. Nous pouvons alors definir une

1-cochaine B sur Kv, avaleurs dans Ie faisceau C, par

-1
Bi,j = -2. log <Pi,j, V(i,j) E

7r2

Comme <p est un cocycle, dans C1(K v ,C*), la 2-cochaine 8B prend ses valeurs

dans Ie sous-faisceau constant M x Z. La classe de Chern (entiere) cl(L) de Lest,

par definition, l'eIement de H2(M, Z) engendre par ce cocycle.

Nous construisons un inverse pour Cl> de H2(M, Z) dans H1(M, C*), de la fac;on

suivante. Soit a un element de H 2 (M, Z), represente, relativement au recouvrement

V (ou, au besoin, un raffinement de V), par un 2-cocycle a sur K v avaleurs dans Ie

faisceau constant M x Z. Considere comme un 2-cocycle avaleurs dans C, a est un
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cobord. De facon precise, soit {Pi}, i E I, une partition de l'unite subordonnee it V

et considerons la l-cochaine 0 sur Kv it valeurs dans C definie par

(2.1.2) Oi,j = Lai,j,k' Pb V(i,j) E Kt
k

ou la somme est effectuee sur les k tels que (i,j, k) est un 2-simplexe de Kv. On a

alors a = 80.

Considerons la l-cochaine sur Kv it valeurs dans C* definie par

'Pi,j = exp( -2i7l"' Oi,j), V(i,j) E

Comme a = 80 est it valeurs entieres, 'P est un l-cocycle et determine ainsi un

element [L] de Hl(M, C*) = VectlM. Les deux operations sont clairement inverses

l'une de l'autre, ce qui etablit que la classe de Chern (entiere) Cl constitue un

isomorphisme de VectlM sur H2 (M, Z).

II reste it montrer que pour tout fibre en droite L, j (Cl (L)) coincide avec . [RV']

dans HJR(M,R).

L'homomorphisme naturel de H2(M, Z) dans H2(M, R) est exprime, relative­

ment au recouvrement V, par l'application tautologique qui, it la classe d'un 2­

cocycle a it valeur dans M x Z, associe a lui-meme, vu comme un 2-cocycle it valeurs

dans M x R. Nous devons faire suivre cette application de l'isomorphisme naturel

de H2(M, R) dans HJR(M,R) qui, dans Ie cas considere ici, est explicite comme

suit. Considerons la l-cochaine 0 definie par (2.1.2), ou a est considere comme un

2-cocycle it valeurs dans M x R, puis, pour tout i dans I, la I-forme reelle bi definie

par Ui par

bi = L dOi,k . Pk,
k

ou la somme est effectuee sur les k tels que (i, k) est un l-simplexe de Kv . Con­

siderons enfin, sur chaque ouvert Ui , la 2-forme reelle "Y definie par "Yi = dbi .

On verifie aisement que "Yi et "Yj coincident sur Ui,j pour tout l-simplexe (i, j) de

Kv , i.e. chaque "Yi est la restriction it Ui d'une 2-forme reelle fermee "Y, globalement

definie sur M, dont la classe de cohomologie est, suivant la theorie generale, l'element

de HJR(M,R) identifie it la classe de a dans H2(M, R).

Par ailleurs, on a clairement, pour tout simplexe (i,j) de K v ,

-1
b - b = dO = - d (log 'P')

t ) ',) 27l"i ',) ,

qui montre, d. (1.1.5), que -27l"i . bi est l'expression locale sur Ui d'une connexion

lineaire \7 sur L. Par (1.4.8), la 2-forme "Y, dont la classe b] dans HJR(M,R) est

egale it j(cl(L)), est egale it 0
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Remarque. - La classe de Chern Cl que nous venons de construire est 1'homo­

morphisme "cobord" deduit de la suite exacte de faisceaux (dite suite exacte expo­

nentielle)

(2.1.3)
exp 27ri°-----> M x Z ----> C ) C* -----> 0,

ou exp 27ri note Ie morphisme de C dans C* qui a. tout germe j de C associe Ie

germe exp 27rij de C*, dans la suite exacte "longue" induite :

Le fait que Cl soit un isomorphisme est la consequence de l'acyc1icitedu faisceau

C, due a. 1'existence de partitions de l'unite differentiables qui implique 1'annulation

des groupes de cohomologie HP(M,C) pour tout p posit if.

L'identification de H2 (M, R) et de HJR(M,R), que nous avons explicitee dans

Ie cas de H 2 (M, R), se deduit de l'exactitude du complexe de de Rham

ou CP est Ie faisceau des p-formes exterieures (differentiables), i l'inclusion naturelle

de M x R dans CO = C, de la differentielle exterieure, et de 1'acyclicite des faisceaux

CP, d. [Hir] Ch. I §2 12.

L'expose que nous avons presente suit de pres [Wei] Ch. V.

La construction de la classe de Chern Cl est clairement fonctorielle en ce sens

que, pour toute application 'lj; de N dans M, d. §1.2.1, on a

(2.1.4)

donc aussi cf( 'lj;*L) = 'lj;*(cf( L)). Cette derniere relation peut se deduire directement

de (1.4.11) qui, dans Ie cas OU E = L est un fibre en droites, s'ecrit

Par ailleurs, nous avons Ie fait important suivant :

PROPOSITION 2.1.5. - Tout fibre en droites L sur M est isomorphe au fibre

induit 'lj;*H* du fibre de Hopj dual H* de l'espace projectij complexe pm, m 2:

par une application 'lj; de M dans pm, unique Ii homotopie pres.



Chap. IV Connexions, Riemann-Roch 131

Demonstration. - L'argument est Ie suivant. Choisissons une structure her­

mitienne h sur L et considerons Ie SI-fibre principal Q des "reperes unitaires" de

L. Pour tout entier m, considerons la sphere S2m+l, vue comme Ie SI-fibre prin­

cipal QH* des "reperes unitaires" de H* (via la fibration de Hopf de S2m+1 sur

pm induite par l'action conjuguee de I'action (1.5.10)), voir Ie §1.5.9. Considerons

I'espace Q(S2m+1) = (Q X S2m+1)/S\ quotient du produit Q X S2m+1 par l'action de

SI operant simultanement (a droite) sur Q et S2m+1. Cet espace est fibre au-dessus

de M et ses sections, s'il en existe, sont exactement les applications SI-equivariantes

de Q dans S2m+l, i.e. les morphismes de SI-fibres principaux de Q dans s2m+1. En

particulier, a chaque section {; de Q(S2m+l) est attacMe une application 'IjJ de M

dans pm telle que Q coincide avec Ie fibre induit 'IjJ*QH*, donc aussi L avec Ie fibre

induit 'IjJ*H*. En outre, deux telles sections {;I et {;2 sont homotopes si et seulement

si 'ljJ1 et 'ljJ2 sont homotopes.

Par ailleurs, tout espace fibre au-dessus de M possede des sections si la fibre F

est (n-1 )-connexe (c'est adire telle que les groupes d'homotopie 1rj(F) sont triviaux

pour 0::; j ::; n -1), qui sont homotopes entre elles si Fest n-connexe, d. [Ste] Cor.

29.3. Nous concluons en observant que la fibre S2m+1 de Q(S2m+1) est 2m-connexe

et que la classe d'homotopie ['IjJ], construite a partir d'une section quelconque de

Q(S2m+1) quand 2m est superieur ou egal an, est clairement independante de la

structure hermitienne h. 0

L'application 'IjJ determinee, a homotopie pres, par 2.1.5 est I'application c1as­

sifiante associee a L. On observe que la dimension m n'importe pas puisque, pour

tout m' m, Ie plongement canonique de pm dans pm' induit Ie fibre de Hopf de

pm' sur Ie fibre de Hopf de pm.

II resulte du §1.5.9 que la classe de Chern reelle cf(H*) du fibre de Hopf dual

H* sur pm, qui coincide avec la classe de Chern cI(H*) puisque H2(pm, Z) est sans

torsion, est Ie generateur posit if de H 2(pm, Z).

Via la proposition 2.1.5 et la propriete de fonctorialite (2.1.4) de la classe de

Chern, nous obtenons la definition equivalente de cI(L) :

DEFINITION 2.1.6. - La classe de Chern cI(L) d'un fibre en droites L sur M

est l'image inverse 'IjJ*(, par l'application classifiante 'IjJ, du genemteur positif ( de

H2(pm, Z) (pour tout m V.

Nous renvoyons Ie lecteur a [Ste] ou [Hus] pour un expose detaille de la theorie

generale des espaces classifiants.

2.2. Identite de la classe d'Euler et de la classe de Chern d'un fibre

en droites

Dans ce paragraphe, comme dans Ie precedent, nous considerons Ie cas ou E = L

est un fibre en droites (complexes) au-dessus d'une variete (reelle) de dimension

n. Toutefois, Ie fibre L sera considere comme un fibre vectoriel reel de rang 2 dont

chaque fibre Lx est munie d'une structure complexe i, ou, ce qui est equivalent d'une
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structure conforme et d'une orientation. Nous nous proposons d'etablir l'identifica­

tion suivante.

PROPOSITION 2.2.1. - Dans H 2 (M, Z), pour tout fibre en droites L sur M,

cl(L) = e(L), la classe d'Euler entiere du fibre reel oriente L.

Pour ce faire, il est suffisant d'etablir l'identite en termes de cohomologie reelle

de Rham i.e. sous la forme:

PROPOSITION 2.2.2. - Dans H2 (M, R), pour tout fibre en droites L sur M,

cr-(L) = eR(L), la classe d'Euler reelle du fibre reel oriente L, image de e(L) dans

HJR(M,R).

En effet, les deux identites sont equivalentes lorsque L est Ie fibre de Hopf (dual)

H* sur pm, puisque la cohomologie entiere de pm est sans torsion, et induisent

l'identite 2.2.1 pour tout L et tout M du fait de 2.1.5 et de la propriete de foncto­

rialite de e(L) identique it (2.1.4).

Par definition, la classe d'Euler e(L) de Lest la restriction it M, identifiee it la

section nulle O(M) dans L, de la c1asse de Thom de L. En termes de cohomologie

de de Rham, la classe de Thorn de L appartient, d. [Bo-Tu] Ch.I, it la cohomologie

(de de Rham) it support verticalement compact HJRvc(L,R), i.e. la cohomologie du

complexe des formes differentielles sur L dont Ie support est compact dans chaque

fibre, et est representee par toute 2-forme reelle sur L fermee, it support compact

dans chaque fibre et d'integrale egale it 1 sur chacune d'elles.

Sur chaque fibre privee de l'origine Lx - {Ox}, la structure conforme et l'orienta­

tion de Lx determinent une I-forme angulairew = d;d() (ou () note l'angle oriente

de deux vecteurs non-nuls de Lx), determinee, en termes de la structure complexe

i, par

. 1
wu(zu) = 27r'

OU {u, iu} est considere comme une base de Tu(L x ) = Lx. Toute connexion lineaire

'V sur L determine une I-forme de transgression sur L - O(M), dont la restriction

it chaque fibre Lx - {Ox} co'incide avec la I-forme angulaire w. Cette I-forme, notee

w", est definie par

(W")IT'yL = W, (W")IHY = 0, Vu E L - O(M),

ou H:; est l'espace horizontal en u determine par 'V, voir Ie §1.3. La I-forme de

transgression w" et la courbure R" de 'V sont liees par la relation (2.2.3), ou est

la forme de Chern de 'V et Rebn la partie reelle de qui est fermee et represente

cf(L) dans HJR(M,R) :

(2.2.3) d(w") = -7r*(Reb{'))
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Pour montrer (2.2.3), nous utilisons les notations et conventions des §1.3 et 1.4.

Puisque la I-forme angulaire w = est fermee, la restriction de d(w"V) achaque

fibre Lx - {Ox} est nulle. Pour tout element X de et tout element de T;:L, on

a

= X· w"V(O - w"V(X) - w"V([X,W = X· - w"V([X,W,

car w"V(X) = 0; done = 0 car Ie champ de I-formes {w}, qui est

determine par la seule structure complexe i, est de ce fait preserve par la connexion

(C-lineaire) V', d. (1.3.6).

Enfin, si X et Y sont deux elements de on a

d(w"V)(X,Y) = X· w"V(Y) - Y· w"V(X) - w"V([X,Y]),

= -w"V([X, Y])

car w"V(X) = w"V(y) = 0, et d(w"V)(X,Y) = grace a1.4.3, et est egal a
- par 2.2.1. La relation (2.2.3) s'en decluit immediatement. 0

Remarque. - La relation (2.2.3) s'ecrit simplement

d(w"V) =

lorsque la forme de Chern est reelle, en particulier lorsque la connexion V' preserve

une structure hermitienne h sur L.

Ii resulte de (2.2.3) que la 2-forme d(w"V) s'etend differentiablement a L tout

entier, et que sa restriction a la section nulle O(M) = M coincide avec -Re(')'n.

Toutefois, d(w"V) n'est pas a support compact dans les fibres de L. Suivant [Bo­

Th]' nous construisons un representant de la classe de Thorn (au sens de de Rham)

de L en fixant une structure hermitienne h sur L, en considerant une fonction de

troncature j5 sur L definie par

p(u) = p(lul), Vu E L,

ou pest une fonction Coo definie sur la demi-droite [0, oo[ avaleurs dans Ie segment

[0,1], egale a 1 sur un voisinage de 0 et a0 sur la demi-droite [1,00]' et en posant

e = _d(jiw"V).

La 2-forme e est definie sur L tout entier, fermee (mais non exacte, car jiw"V ne

s'etend pas aL), asupport compact dans chaque fibre, et on a, pour chaque fibre

Lx, l'egalite

;; e = 1,
Lx

qui resulte d'un calcul facile sur Ie 2-plan vectoriel Lx. Ainsi, la 2-forme e est un

representant de la classe de Thorn dans HJR(M,R).

Comme dj5 est nulle et pest egal a 1 au voisinage de la section nulle O(M), la

restriction de e a O(M) coincide avec celle de -d(w"V), i.e. avec Re(')'n. Comme

Re(')'n est un representant de nous avons ainsi montre la proposition 2.2.2,

done aussi la proposition 2.2.1. 0
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Remarque. - Lorsque M est compacte et orientee, la classe de Thorn de L vit

dans H;(L, Z) (cohomologie a support compact) et est egale au dual de Poincare de

la classe fondamentale de la section nulle O(M), via l'isomorphisme de Poincare, d.

[Hir] tho 4.3.2.

La classe d'Euler e(L) - done aussi la classe de Chern c(L) - de L est done, en

tant qu'element de H2 (M, Z), Ie dual de Poincare du cycle determine par les zeros

d'une section generique de L.

En particulier, si M est une surface compacte, e(L) = c(L) est un entier, via

l'isomorphisme naturel H 2 (M, Z) = Z, egal au nombre des zeros de toute section

de L transverse ala section nulle, chaque zero etant affecte du signe +1 ou -1 suivant

l'orientation relative des images et O(M) au point d'intersection considere.

Avec cette convention, JM C1 (L) est Ie nombre algebrique de zeros de toute section

de L transverse a la section nulle (formule est a rapprocher de la formule (1.5.8),

obtenue dans Ie cas holomorphe).

2.3. Classes de Chern d'un fibre vectoriel complexe

Ce paragraphe suit de tres pres [Bot] §3. Une fois definie la classe de Chern

c1(L) d'un fibre en droites L au-dessus d'une variete (reelle) M, nous definissons les

classes de Chern cj(E), 1 :::; j :::; r, d'un fibre vectoriel (complexe) de rang r de la

fac;on suivante.

Considerons l'espace fibre P(E) au-dessus de M dont la fibre en x est l'espace

projectif complexe P(E x ). Soit H Ie fibre en droites sur P(E) dont la restriction a

chaque fibre P(E x ) est Ie fibre de Hopf (Ie fibre tautologique de P(E x )), d. §1.5.9.

Soit H* Ie dual de H. Soit ( la classe de Chern c1(H*) de H* dans H2 (P(E), Z).

Par (2.1.4), la restriction de ( a chaque fibre P(E x ) coincide avec la classe

de Chern du fibre de Hopf dual de P(Ex), i.e. avec Ie generateur posit if (x de

H;(P(E x ), Z). Comme (x engendre H(P(E x ), Z) pour tout point x de M, il en

resulte que chaque fibre de P(E) est totalement non-homologue azero.

Comme H*(P(E x), Z) est un Z-module libre, engendre par 1, (x, (;, ... , (;-1,

((; = 0), il resulte alors du tMoreme de Leray-Hirsch, d. par ex. [Hus] Ch. 16,

que H*(P(E), Z) est un H*(M, Z)-module libre, engendre par 1, (, (2, ... ,(r-1. En

particulier, la puissance r-ieme (r du generateur ( satisfait la relation de dependance

(2.3.1) ( + c1(EW- 1+ ... + cr-1(EK + er(E) = 0,

ou chaque cj(E) appartient a H2j(M, Z) et est entierement determine par (2.3.1).

Par definition, Cj (E) est la j- ieme c1asse de Chern (entiere) de E.

Si E = L est un fibre en droites, P(E) est reduit a M et H coincide avec L,

dont la classe de Chern est egale a -c1(L). II en resulte que la nouvelle definition

de c1(L), donnee par (2.3.1), coincide avec l'ancienne.
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La c1asse de Chern totale c(E) de E est definie, dans I'anneau H*(M, Z), par

c(E) = 1+ c1(E) + ... + cr(E).

En particulier, la classe de Chern tot ale d'un fibre en droites Lest egale a

c(L) = 1 + c1(L).

La fonctorialite (2.1.4) de la classe de Chern C1 d'un fibre en droites et celie de

la construction de P(E) apartir de E implique la fonctorialite des classes de Chern

Cj, i.e. celie de la classe de Chern totale :

(2.3.2) C('l/J*E) = 'l/J*(c(E)), V[E] E VectrM, Vr E N,

pour toute application (differentiable) 'l/J de N dans M, d. §1.2.1, ou VectrM note

l'ensemble des classes d'isomorphismes de fibres vectoriels complexes de rang r sur

Met [E] la classe d'isomorphisme de E.

Outre (2.3.2), la propriete fondamentale de la classe de Chern totale c est d'etre

multiplicative en ce sens que

ou E1 EB E 2 est la somme (de Whitney) des fibres vectoriels E 1 et E2
, i.e. leur

produit fibre au-dessus de M, et C(E1)C(E2
) Ie produit dans I'anneau H*(M, Z). En

particulier, si E est totalement decomposable en somme (de Whitney) de fibres en

droites, i.e. s'ecrit

(2.3.4)

ou chaque U est un fibre en droites sur M, (2.3.3) implique

(2.3.5)

Inversement, (2.3.3) se deduit de (2.3.5) et du lemme de decomposition (splitting

principle)que nous verrons un peu plus loin dans ce paragraphe (proposition 2.3.8).

Demonstration de (2.3.5), cf [Bot]. - Observons tout d'abord que (2.3.5)

equivaut au fait que Ie generateur ( de H*(P(E), Z) satisfait la relation

(2.3.6)

Si 7r note la projection de P(E) sur M, Ie fibre induit 7r* E contient (tautologique­

ment) Ie fibre H et on a la suite de fibres vectoriels complexes

(2.3.7) o -+ H -+ 7r* E -+ Q -+ 0,
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ou Q note Ie fibre quotient 1r*E / H. Par produit tensoriel avec H*, on deduit de

(2.3.7) la suite exacte

o-+ 1 -+ 1r*E ® H* -+ Q ® H* -+ 0,

ou 1 note Ie fibre produit M x C. En particulier, Ie fibre 1r*E ® H* possede une

section sans zero, dont la projection sur chaque sommant 1r*J) ® H* est notee

Soit Uj l'ouvert de P(E) - eventuellement vide - sur lequel ne s'annule pas.

11 resulte de la definition donnee en §2.1 de la classe de Chern d'un fibre en droites

que la restriction de Cl (1r*J) ® H*) a. l'ouvert Uj est nulle, i.e. que Cl (1r*J) ® H*) =

( + Cl ([)) (en identifiant Cl (J)) a. son image 1r*(Cl(V))) appartient a. l'image dans

H 2 (P(E), Z) de la cohomologie relative H 2 (P(E), Uj ; Z).

Comme ne s'annule pas, la reunion des ouverts Uj est la variete P(E) entiere.

11 en resulte que Ie produit (( + cl(L 1)) ... (( + Cl(U)), qui appartient a. l'image

de H*(P(E), UUj ; Z) dans H*(P(E), Z), est nul. Nous obtenons ainsi la relation

(2.3.6), donc (2.3.5). 0

Sauf si la base M est de dimension 2 (ou 1), il n'est pas vrai que tout fibre vec­

toriel complexe E puisse se decomposer suivant (2.3.4) mais nous avons la situation

suivante, connue sous Ie nom de lemme de decomposition, ou splitting principle, qui

s'enonce ainsi

PROPOSITION 2.3.8. - A tout fibre vectoriel complexe E est associee une

variete de decomposition ME et une application q de ME dans M verifiant les deux

proprietes :

1. Le fibre induit q*E sur ME se decompose totalement en somme de Whitney

de fibres en droites,

2. La cohomologie entiere H*(M, Z) se plonge, via q*, dans la cohomologie entiere

H*(M E, Z) de ME.

Un candidat pour ME, verifiant tautologiquement la premiere condition, est Ie

fibre en drapeaux F(E) associe a. E, dont la fibre en x est la variete des drapeaux

F(Ex) de Ex dont les elements sont les drapeaux, i.e. les r-uples de droites vectorielles

{l'j} de Ex, 1 :::; j :::; r, telles que les l'j engendrent Ex. On montre que F(E) verifie

egalement la deuxieme propriete, ou q est la projection naturelle de F(E) sur M,

cf. [Bo-Hi], [Hir].

11 resulte de l'existence d'un espace de decomposition pour E et de l'expression

(2.3.5) de la classe de Chern totale d'un fibre decompose que l'anneau de cohomologie

entiere H*(M, Z) peut-etre plonge dans Ie sur-anneau A = H*(M E, Z) de telle sorte

que, dans A, la classe de Chern totale c(E) s'ecrive sous la forme

(2.3.9) c(E) = (1 + (31)'" (1 + (3r),
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ou les f3j sont des elements de A, i.e. la classe de Chern cj(E) est egale a

137

ou Pj est Ie polynome symetrique elementaire d'ordre j. Les f3j sont les classes de

Chern virtuelles de E. On a, en particulier,

(2.3.10)

et c,.(E) = 131 ... f3r.

La classe d'Euler e(E) d'un fibre vectoriel reel oriente est elle-meme multiplica­

tive, i.e. satisfait, cf. par ex. [Mi-St] :

ou E 1 et E2 notent deux fibres vectoriels orientes sur M et El EB E 2 leur somme de

Whitney muni de l'orientation induite. 11 resulte alors de 2.3.8 et (2.3.10) que l'on

a l'identite

(2.3.11) e(E) = cr(E),

pour tout fibre vectoriel complexe E de rang r, vu, agauche, comme un fibre reel

de rang 2r, oriente par la structure complexe des fibres.

L'ecriture de la classe de Chern tot ale c(E) en fonction des classes virtuelles

f3j donnee par (2.3.9) fournit un procede automatique pour calculer, a partir des

classes de Chern de E, les classes de Chern de tout fibre vectoriel (complexe) E, tel

que E*, End E, AP(E), construit de fa<;on fonctorielle a partir de E, cf. §1.2.4. En

effet, toute decomposition (2.3.4) de E induit une semblable decomposition de E en

somme directe de fibres en droites qui se deduisent fonctoriellement des sommants

J) de E. Nous en deduisons immediatement, via (2.1.1), l'expression des classes de

Chern virtuelles, donc aussi des classes de Chern, de E.

2.3.12. Exemple. - E = E*. Les composants de E* sont les fibres duaux

(U)*. Les classes de Chern virtuelles de E* sont donc

(2.3.13)

et donc

(2.3.14)

2.3.15. Exemple. - E = E 1 I8l E2. Si L1,j et L2
,k sont les sommants de E 1

et E2 respectivement, les sommants de E sont les fibres en droites L1,j I8l L2,k, et les

classes de Chern virtuelles de E= E 1 I8l E 2 sont donc :

(2.3.16)
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2.3.17. Exemple. - E = APE. Les sommants de APE sont les fibres en droites

LiI EEl ... EEl [)p, 1 S j1 < ... < jp < T. Les classes de Chern virtuelles de E = APE

sont done

En particulier, on a I'identite, pour tout fibre vectoriel (complexe) de rang T,

(2.3.18)

A cause de (2.3.2), la classe de Chern totale c = 1 + C1 + ... + c,. peut etre vue

comme un morphisme de cofoncteurs de Vect* dans H*(., Z), l'un et I'autre definis

sur la categorie des varietes differentiables (en fait, sur une categorie beaucoup plus

large d'espaces topologiques, cf. [Hir]). Ce morphisme est multiplicatif, i.e. satisfait

(2.3.3). II est normalise par Ie fait suivant : si H* est Ie fibre de Hopf dual de pm,

on a

(2.3.19) c(H*) = 1 + Ie generateur positif de H 2 (pm, Z) .

II resulte des propositions 2.1.5 et 2.3.8 que la classe de Chern totale est ca­

racterisee par ces proprietes et peut etre definie apartir d'elles, considerees comme

axiomes. cf. [Hir] Ch. I §3.

Remarque. - La construction precedente des classes de Chern d'un fibre vecto­

riel complexe s'applique en particulier a l'espace tangent T M d'une variete presque

complexe (M, J), de dimension (reelle) n = 2m, ou Ie fibre tangent TM est con­

sidere, via la structure presque complexe J, comme un fibre vectoriel complexe de

rang m. Les classes de Chern cj(TM) sont alors, par definition, les classes de Chern

de (M, J), notees cj(M, J), ou simplement cj(M).

De (2.3.11), nous deduisons que la classe de Chern em(M) est egale a la classe

d'Euler e(TM), TM etant muni de l'orientation induite par J, i.e. la classe d'Euler

de la variete M munie de l'orientation induite par J. En particulier, cm(M) ne

depend de J que par I'orientation induite par J sur M.

2.4. Le theoreme de Chern- Weil.

La theorie de Chern- Weil (relative aux classes de Chern) consiste a representer

la classe de Chern (totale) c(E) de E, ou plutot l'image cR(E) = j(c(E)) de c(E)

dans H;R(M, R), par une expression universelle en la courbure R'V d'une connexion

C-lineaire'J sur E. Rappelons que la courbure R'V est une 2-forme sur M avaleurs

dans Ie fibre vectoriel (complexe) End E. II en va de meme de la courbure normalisee

if? definie par

iP = _1_R'V.
27l"i
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Considerons la forme de Chern inhomogfme I v, avaleurs complexes, definie sur

M par l'expression suivante, ou I note l'identite de E,

(2.4.1)

Cette expression s'entend de la fac,;on suivante : en tout point x, 1+ i?.'V peut

etre representee par une matrice d'ordre r, acoefficients dans l'anneau (commutatif)

M, et det(I + RV
) est egal, en x, au determinant de cette matrice, qui est un

element de M independant de la representation matricielle choisie de I + RV
.

On observe que, si la connexion V preserve une structure hermitienne h sur E,

la courbure normalisee RV prend ses valeurs dans Ie sous-fibre (reel) des elements

h-hermitiens de End E et la forme de Chern correspond ante I Vest alors une forme

(inhomogEme)a valeurs reelles. Le theoreme de Chern-Weil (relatif aux classes de

Chern) peut alors s'enoncer ainsi :

THEOREME 2.4.2. - Pour toute connexion lineaire V sur E, la forme de

Chern inhomogene I Vest fermee. La classe de de Rham bvl est reelle et est

egale, dans HdR(M,R), a l'image j(c(E)) de la classe de Chern totale de E dans

HdR(M,R).

Observons tout d'abord que 2.4.2 a ete demontre au §2.1 dans Ie cas ou E = L

est un fibre en droites. L'argument utilise au §2.1 pour montrer que est fermee,

de classe reelle et independante de V, s'etend aisement au cas general ou E est

de rang quelconque r, a I'aide du formalisme developpe au §1.2.8. Pour cela, il est

commode de decomposer I v en ses parties homogenes :

ou if est une forme de degre 2j, et d'ecrire chaque If sous la forme

(2.4.3)

avec les conventions suivantes : RV 1\ ... 1\ RV est Ie produit exterieur formel (j

fois) de RV par lui-meme, vu comme une 2j-forme sur M avaleurs dans Ie produit

tensoriel End(E) 0· .. 0 End(E) (j fois); Qj est la composante homogene d'ordre j

de la fonction a f---> det(I +a), vue comme une fonction polynomiale, Ade-invariante,

definie sur I'algebre de Lie 9 = gf(r, C) du groupe lineaire G = GL(r, C), ouAde

note l'action adjointe de G sur g; de fac,;on precise, Qj est vue comme une forme

j-multilineaire symetrique sur g, soit encore une forme lineaire definie sur Ie produit

tensoriel 90 ... 0 9 (j fois) ; Qf est I'element du dual (End (E) 0 ... 0 End( E))* (j

fois) determine par Qj; Qf(R V 1\ ... 1\ RV
) est Ie compose de RV 1\ ... 1\ RV et de

Qr
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Nous sommes alors en situation d'appliquer Ie lemme general suivant. Soit P

une fonction polynomiale homogfme de degre p, Adc-invariante, definie sur g, pE

l'element induit de (End(E) Q9 •.. Q9 End(E))* (p fois), 'l/Jl, ... ,'l/Jp, p formes sur M

avaleurs dans End E de degres respectifs d1, ... ,dp , dV la differentielle exterieure

induite par 'V sur les End E-formes sur M, d. §1.2.8.

LEMME 2.4.4. - La relation

est satisfaite.

Dans cet enonce, les signes, qui dependent des degres d1, . .. ,dp , sont ceux qui

figurent dans Ie cas scalaire (demonstration facile). On observe que Ie membre de

gauche, donc aussi celui de droite, est independant de la connexion lineaire 'V. La

relation cherchee

dbj) = 0, 1 j r,

est alors, via (2.4.3) et 2.4.4, une consequence directe de l'identite de Bianchi

(1.2.13).

Soient 'V0 et 'VI deux connexions lineaires (distinctes) sur E, et

Vt E R,

la droite joignant 'V0 et 'VI dans l'espaee affine A(E), ef. (1.4.10). Soient "(t la forme

de Chern, kt la eourbure normalisee de 'V t
.

De (2.4.3), nous deduisons la suite d'egalites suivante :

·QE ( d R-t R-t)J . - A···A
J dt

-jQf(dVfJ A··· A k t
)

-jd(Qf(fJ A··· A k t
))

On a done, pour 1 j r,

ear Qj est symetrique,

par (1.4.9),

par (1.2.13) et 2.4.4.

qui implique l'egalite eherehee

(2.4.5) [r}] = [rJ], 1 j r,

i.e. la classe de de Rham de "(v ne depend pas de la eonnexion (C)-lineaire 'V.
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Comme h'V'] ne depend pas de V', nous pouvons choisir pour V' une conne­

xion h-hermitienne, pour laquelle ,V' est reelle. Il en resulte que [,V'] appartient a

HdR(M,R). Si E est completement decompose, i.e. de la forme (2.3.4), nous pouvons

choisir, pour representer [rV'J, une connexion decomposee, pour laquelle la courbure

normalisee flV' est diagonale, i.e. de la forme:

OU ,('i, 1 j r, est la forme de Chern du fibre en droites [) relative a une

connexion lineaire V'j sur [). On a donc

[rV'] = (1 + ... (1 + cf(U)),

qui montre, par (2.3.5), que, lorsque E est totalement decompose, [,V'] est egale a

l'image de c(E) dans HdR(M,R).

Le cas general s'en deduit immediatement grace au lemme de decomposition

2.3.8 et ala fonctorialite evidente de la forme de Chern :

pour toute application 'l/J de N dans M, d. §1.2.1. 0

Remarque. - Lorsque M est une variete complexe, de dimension reelle n = 2m,

et E = (E,8) un fibre vectoriel holomorphe sur M, nous pouvons choisir pour

representer [rV'] dans HdR(M,R) la connexion de Chern V' determinee par la struc­

ture holomorphe 8 et une structure hermitienne h, d. §1.5. La forme de Chern cor­

respondante'f est alors une 2j-forme (reelle) de type (j,j), i.e. la classe de Chern

(reelle) cf(E) = lij] de E appartient au sous-espace R) de HJk(M, R)

constitue des classes de de Rham representables par des 2j-formes (reelles) de type

(j,j), 1 j r. En general, Ie sous-espace R) ne COIncide pas avec

HJk(M, R) et l'observation ci-dessus donne une condition necessaire pour qu'un

fibre vectoriel complexe E au-dessus d'une variete complexe M admette une struc­

ture holomorphe.

Ce point peut etre precise dans Ie cas ou E = L est un fibre en droites (complexes)

sur une variete complexe M. Dans ce cas, a la suite exacte exponentielle differentiable

(2.1.3), s'ajoute la suite exacte exponentielle holomorphe
exp(21l"i)

(2.4.6) 0 ------t M x Z ------t 0 I 0* ------t 0,

ou 0 note Ie faisceau des fermes de fonctions holomorphes sur M (c'est Ie faisceau

structural de la variete complexe M), 0* Ie faisceau (multiplicatif) des germes de

fonctions sur M a valeurs dans C*, exp(21l"i) Ie morphisme de faisceaux obtenu par

restriction a partir de (2.1.3), M x Z Ie faisceau constant relatif au groupe Z.
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Comme dans la categorie differentiable, Ie groupe H1(M,0*) s'interprete na­

turellement comme Ie groupe des classes d'isomorphisme des fibres en droites holo­

morphes sur M. La suite exacte "longue" associee it (2.4.6) s'ecrit

0----> Z ----> r(0) ----> f(O*) ----> H 1(M, Z)

(2.4.7)

ou l'application cobord H1(M, O*)'=!'H2(M, Z) associe it toute classe d'isomor­

phisme de fibres en droites holomorphes sur M la classe de Chern du fibre en

droites (complexes) "sous-jacent". En general, cet homomorphisme n'est ni injec­

tif ni surjectif, car Ie faisceau 0, contrairement it C, n'est pas acyclique (il n'existe

pas de partitions de l'unite holomorphe !). En termes de cohomologie de Dolbeault,

Hq(M, O) s'identifie it l'espace de Dolbeault C) determine par Ie complexe

differentiel de Dolbeault (tfJAO,qM, 8).

L'application H2(M, Z) ----> H2(M,0) figurant dans (2.4.7) se factorise, via

l'homomorphisme naturel j de H2(M, Z) dans HJR(M,R), par l'homomorphisme de

HJR(M,R) dans H2(M, 0) = C) defini par ['¢]dR ----> [,¢0,2]Ool,OU '¢ est une

2-forme (reelle) fermee sur M et ,¢0,2 sa partie de type (0,2), qui est 8-fermee puisque

'¢ est fermee. On verifie aisement que Ie noyau de cet homomorphisme coincide avec

l'espace defini precedemment. Nous obtenons ainsi Ie result at suivant,

d. [Che] :

PROPOSITION 2.4.8. - Un fibre en droites (complexes) L defini sur une va­

riete complexe M admet une structure holomorphe si et seulement si sa classe de

Chern reelle appartient au sous-espace de HJR(M,R).

Lorsque M est une surface de Riemann, la condition ci-dessus est vide car toute 2­

forme sur M est alors de type (1, 1). Dans ce cas, tout fibre vectoriel complexe E (de

rang quelconque) admet une structure holomorphe. De fa<;on precise, une structure

hermitienne h (quelconque) etant fixee sur E, l'application V ----> VO
,l constitue un

isomorphisme d'espaces affines de l'espace des connexions lineaires h-hermitiennes

sur l'espace des structures holomorphes sur E, d. §1.5.

Si M est une variete complexe compacte, de dimension n = 2m, la suite exacte

(2.4.7) se simplifie en son debut de la fa<;on suivante :

0----> H1(M, Z) ----> H1(M, 0) ----> H1(M, 0*)

.=!, H2(M, Z) ----> H2(M,0) ----> •..

et Ie noyau de C1 dans H1(M,0*) = Pic(M), Ie groupe de Picard de la variete

complexe M, s'identifie alors avec Ie quotient PicO(M) = H1(M,O)jH 1(M,Z), qui

est la composante connexe de l'identite de Pic(M), identifiee it l'ensemble des classes

d'isomorphismes de structures holomorphes sur Ie fibre produit M x C.
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(2.4.9)

Lorsque, en outre, M est kiihJerienne- mais non en general-Ie groupe Pico(M)

est compact, isomorphes a un tore complexe de dimension (complexe) egale a la

moitie du premier nombre de Betti b1(M) de M.

Soit E un fibre vectoriel reel de rang (reel) r au-dessus de M. Considerons Ie

fibre vectoriel complexe E = E@C, de rang (complexe) r, obtenu en complexifiant

E.
Les fibres vectoriels complexes obtenu de cette maniere, i.e. qui admettent une

structure reelle (un operateur de conjugaison C-antilineaire de carre 1, dont Ie fibre

des elements reels coincide avec E), sont de nature particuliere. En particulier, E

est (non canoniquement) isomorphe au dual E*, via n'importe quelle structure eu­

clidienne (fibree) sur E, etendue C-lineairement a E. De I'exemple 2.3.12, nous

deduisons alors que 2C2j+1(E) = 0, i.e. que les classes de Chern (entieres) d'ordre

impair de E sont les elements de torsion d'ordre 2 de H*(M, Z). En particulier, les

classes de Chern reelles d'ordre impair de E sont nulles.

La c1asse de Pontryagin pj(E), d'ordre j, du fibre vectoriel reel E est I'element

de H 4j(M,Z) defini par

pj(E) = (-I)jc2j(E), 1:::; j :::;

La c1asse de Pontryagin totale p(E) de E est l'element de H*(M, Z) defini par

Malgre Ie signe (-I)j figurant en (2.4.9), que nous justifions plus loin, la classe de

Pontryagin totale p est multiplicative en ce sens que:

modulo les elements de 2-torsion, pour tous fibres vectoriels reels E1 et E2 sur M.

II existe une tMorie de Chern- Weil pour la classe de Pontryagin tot ale p, formelle­

ment similaire a celie que nous avons developpee pour la classe de Chern c, en sub­

stituant au groupe lineaire complexe GL(r, C) Ie groupe lineaire reel GL(r, R) et

a I'algebre de Lie g£(r,C) I'algebre de Lie g£(r,R). Nous montrons ainsi, de fagon

formellement identique au cas precedent, que la forme inhomogene <p'V definie par

(2.4.10) <p'V = det (1 + ,

ou R'V est la courbure d'une connexion R-lineaire sur E est fermee et que sa classe

[<p'V] dans H*(M, R) est independante de \7. En particulier, nous pouvons choisir

pour \7 une connexion preservant une structure euclidienne sur E, de telle sorte que

R'V prenne ses valeurs dans Ie fibre des endomorphismes antisymetriques de E. Pour
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une telle connexion, les elements homogEmesd'ordre impair de I.{J\1 sont nuls. On a

done

= O.

Apres complexification de E en E, la connexion R-lineaire \l induit une conne­

xion (C-)lineaire sur E dont la courbure, encore notee R\1, est l'extension C-lineaire

de R\1. Comme Ie determinant de l'extension C-lineaire d'un endomorphisme R­

lineaire est egal au determinant de l'endomorphisme initial, nous constatons que

les membres de droite de (2.4.1) et (2.4.10) seraient identiques n'etait l'absence du

facteur i dans (2.4.10). II resulte alors de 2.4.2 que

PROPOSITION 2.4.11. - L'image dans HdR(M,R) de la classe de Pontryagin

totale p(E) est egale Ii la classe de de Rham [I.{J\1], pour toute connexion R-lineaire

\l sur E. 0

Cet enoncejustifie l'introduction du facteur (-l)j dans (2.4.9).

Si Ie fibre vectoriel reel E est lui-meme muni d'une structure de fibre vectoriel

complexe, de rang on a la decomposition suivante en somme de Whitney de fibres

vectoriels complexes :

ou E est Ie conjugue de E, identique aE en tant que fibre vectoriel reel et muni de

l'action conjuguee de C sur chaque fibre. On a done la relation

c(E) c(E) . c(E)

= (1 + cl(E) + c2(E) + ... + cr /2(E))

. (1 - cl(E) + c2(E) - ... ± cr /2(E)),

a partir de laquelle on determine aisement les classes de Pontryagin de E a partir

des classes de Chern de E, vu comme un fibre vectoriel complexe. En particulier, on

a

(2.4.12)

La signature T(M) d'une variete compacte orientee, de dimension n = 4k mul­

tiple de 4, est la signature, au sens des formes quadratiques reelles, de la forme

d'intersection definie sur l'espace vectoriel H 2k (M, R), via Ie cup-produit

H 2k(M, R) x H2k(M, R) ---> H4k (M, Z)

et l'identification H 4k(M, R) = R determinee par l'orientation de M. La signature

T(M) peut s'exprimer au moyen d'une expression universelle en les classes de Pon­

tryagin pj(M) = pj(TM) de M, d. [Hir] Ch. II, [Mi-St] §19. En particulier, si M

est une variete orientee de dimension 4, on a

(2.4.13)
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Supposons, en outre, que M soit munie d'une structure presque-complexe J in­

duisant la meme orientation. Via l'identification H4(M, Z) = Z determinee par cette

orientation, nous identifions les classesci(M) et c2(M) avec les entiers (nombres de

Chern) (ci(M), [M]) et (c2(M), [M]). Par (2.3.11), on a

(2.4.14)

et, par (2.4.12) et (2.4.13),

(2.4.15) ci(M) = 2X(M) + 3T(M).

Ainsi, les deux nombres de Chern ci(M) et c2(M) ne dependent, via (2.4.14) et

(2.4.15), que de la structure topologique et l'orientation induite par J.

2.5. Caractere de Chern et classe de Todd

La classe de Chern totale c a ete definie en §2.3 comme un morphisme de Vect*

dans H*(·, Z), vus l'un et l'autre comme des cofoncteurs definis sur la categorie

des varietes differentiables (reelles). Plus generalement, une classe caracteristique

(complexe) F est un morphisme de Vect* dans un cofoncteur quelconque defini sur

cette categorie (ou toute autre categorie d'espaces topologiques). Nous nous limitons

ici au cas ou Ie cofoncteur considere est H*(·, Z) ou H*(·, Q), cohomologie singuliere

(ou de Cech) a coefficients rationnels, et au cas ou la categorie concernee est celle

des varietes differentiables reelles (une variete complexe est consideree, comme nous

l'avons fait jusqu'a present implicitement, comme une variete differentiable reelle

munie d'une structure supplementaire).

Une classe caracteristique F est multiplicative, resp. additive, si elle satisfait la

relation

resp.

oU E
1 et E

2 sont deux elements quelconques de Vect M. Par exemple, la classe de

Chern tot ale c est multiplicative, ainsi que la derniereclassede Chern c,. (ou r est Ie

rang du fibre vectoriel concerne), mais la premiere classede Chern Cl est une classe

caracteristique additive.

Parmi les classes caracteristiques (complexes) multiplicatives, la classe de Chern

totale c est entierement determinee par l'axiome de normalisation (2.3.19), et la

derniere classe de Chern c,. par l'axiome de normalisation

(2.5.1) c,.(H*) = Ie generateur positif de H2 (pm, Z),
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tandis que, parmi les classes caracteristiques (complexes) additives, la premiere

classe de Chern Cl est determinee par Ie meme axiome de normalisation

(les aut res classes de Chern Cj ne sont ni additives, ni multiplicatives).

Grace aux propositions 2.1.5 et 2.3.8, nous pouvons fabriquer de nombreuses

autres classes caracteristiques (complexes), multiplicatives ou additives, normalisees

de fac;on arbitraire sur Ie fibre de Hopf dual H* de pm. En particulier, soit tp une

serie entiere acoefficients rationnels :

A partir de tp, nous fabriquons une classe caracteristique multiplicative tpx et une

classe caracteristique additive tp+, normalisees l'une et l'autre par

ou ( est Ie generateur positif de H 2 (pm, Z), etant entendu que (P = 0 pour p > m.

Les classes caracteristiques tpx et tp+ sont alors explicitees par

(2.5.2)

et pour tout [E] dans VectrM,

(2.5.3)

ou les f3j sont les classes de Chern virtuelles de E, soit done encore

et

ou Pet P sont des polyn6mes acoefficients rationnels des classes de Chern cj(E)

de E, determines par les expressions symetriques (2.5.2) et (2.5.3) (etant entendu

que les formes figurant dans les membres de droites de (2.5.2) et (2.5.3) sont nulles

des que leur degre depasse la dimension de la variete M consideree).

La serie entiere tp est appelee la serie generatrice de la classe caracteristique mul-

tiplicative tpx et de la classe caracteristique additive tp+. Ainsi, la serie generatrice

de C est 1 + t, celle de Cl et de Cr est t.
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Le caractere de Chern ch est la classe caracteristique (complexe) additive, a
valeurs dans H*(-, Q), dont la serie generatrice est

t2 tP

e
t

= 1 + t + - + ---+ - + --.
2 p!

On a done

(2.5.4)

soit done

ch(E) = e(31 + ... + e(3r,

1 2
(2.5.5) cho(E) = r, chl(E) = cI(E), ch2(E) = 2"cl (E) - c2(E), etc ...

Le caractere de Chern ch est additif, par definition, relativement a la somme de

Whitney, et multiplicatif relativement au produit tensoriel :

comme on Ie verifie aisement apartir de (2.5.4) et de I'exemple 2.3.15.

Une autre classe caracteristique (complexe) fondamentale est la c1asse de Todd

qui apparait dans la formulation generale du tMoreme de Riemann-Roch-Hirzebruch

3.1.2. La classe de Todd, notee td, est la classe caracteristique (complexe) multiplica­

tive, avaleurs dans H*(·, Q), dont la serie generatrice est

t
td(t) = --to

1- e-

On peut en deduire I'expression de td en fonction des classes de Chern dont les

premiers elements sont donnes, d. [Hir] p. 14, par

tdl(E)

(2.5.6) td2(E) = l2(ci(E) + c2(E))

td3 (E) = .f4cI(E)C2(E)...

A toute classe caracteristique (complexe) F, a valeurs dans H(·, Z), est associe

Ie genre E, defini, pour toute variete presque-complexe M, par

E(M) = (F(TM), [M])

ou [M] note la classe fondamentale, dans Hn(M, Z) de M muni de I'orientation

induite par la structure presque-complexe J.

Si M = M 1
X M 2 est un produit de deux varietes presque-complexes, on a

TM = EB p;TM 2
,

ou PI, P2 notent les projections de M sur M 1
, M 2 respectivement. On a done

(2.5.7)

ou

suivant que F est multiplicative au additive.
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Comme, pour m = n/2, Cm(TM) est egale ala classe d'Euler de TM, d. (2.3.11),

on a = X(M), ou X(M) est la camcteristique d'Euler-Poincare de M (dont il

est bien connu qu'elle satisfait (2.5.7) pour toute variete compacte, presque-complexe

ou non).

Le genre associe a la classe de Todd td est appele Ie genre de Todd. Pour toute

variete presque-complexe M, Ie genre de Todd de M sera note Td(M). Puisque td

est une classe multiplicative, on a

2.6. Le genre de Todd des espaces projectifs complexes

Pour calculer les classes de Chern de l'espace projectif complexe pm, nous con­

siderons la suite exacte de fibres vectoriels complexes au-dessus de pm :

0-> H -> 1m
+! -> Q -> 0,

ou H est Ie fibre en droites tautologique (Ie fibre de Hopf), ou 1m +1 note Ie fibre

produit pm X em+! et Q Ie fibre quotient (pm X em+1)IH. Par tensorisation avec

Ie fibre de Hopf dual H*, nous obtenons la suite exacte :

(2.6.1) o-> 1 -> H* ® 1m+l -> H* ® Q -> O.

Pour chaque x dans pm l'espace tangent Txpm s'identifie naturellement a l'espace

Hom(x, em+! Ix) des homomorphismes de la droite vectorielle (complexe) x dans

Ie quotient em+! Ix. Nous avons donc l'identification naturelle de fibres vectoriels

(complexes)

TP m = Hom(H, Q) = H* ® Q,

et la suite exacte (2.6.1) s'ecrit encore

(2.6.2) o-> 1 -> H* ® 1m+l -> Tpm -> O.

Dans la categorie des fibres vectoriels complexes (differentiables) toute suite exacte

se scinde. Il resulte donc de la suite exacte (2.6.2) qu'on a un isomorphisme (non­

canonique)

(2.6.3) 1 EB TP m = H* EB ... EB H* (m + 1) fois.

De la multiplicativite (2.3.3) de la classe de Chern tot ale c nous deduisons alors

que c(M) = c(TPm) vaut

(
m+1) .(2.6.4) (1+()m+l=1+(m+1)(+"'+ j (J+.··+(m+1)(m,
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OU ( = cl(H*) est Ie generateur positif de H2(pm, Z), etant entendu que dans Ie

membre de droite, Ie terme (m+l est nul. En particulier, nous retrouvons Ie fait que

X(pm) est egale it (m+ 1). II resulte de (2.6.3) que, pour toute classe caracteristique

multiplicative <I> determinee par une serie entiere cp dont Ie terme constant CPo est

egal it 1, Ie genre (multiplicatif) associe, note M f--> <I>(M), satisfait la propriete :

(2.6.5) <I>(pm) = Ie coefficient de tm dans la serie entiere(cp(t))m+l.

Comme la serie cp.est clairement determinee par les nombres definis par Ie second

membre de (2.6.5), lorsque m decrit I'ensemble des entiers positifs, il resulte de

(2.6.5) que

PROPOSITION 2.6.6. Le genre (multiplicatij) associe a cp est entierement

determine par les valeurs <I>(pm),m O.

Si la serie cp est telle que t ----> cp(t)/t est une fonction meromorphe sur un voisi­

nage de 0 dans C nous deduisons immediatement de (2.6.5) I'expression suivante de

<I>(pm) :

(2.6.7)

OU rest toute courbe de degre 1 dans C - {O}, contenue dans Ie voisinage ou cp(t)/t

est definie.

Dans Ie cas ou cp = td est la serie de Todd, td(t)/t est une fonction meromorphe

definie sur C et on deduit de (2.6.7)

Par changement de variable t f--> u = 1 - e- t
, qui est biholomorphe au voisinage de

zero, on a

1 { du

21ri ir (1 - u)um+l

1 lr 1 1 1-. (--+-+···+-)du
21rt r 1 - u U um+1

= 1.

Ainsi, Ie genre de Todd est Ie genre multiplicatif (complexe) tel que
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2.7. La formule d'adjonction

Nous considerons la situation de deux varietes presque-complexes compactes

(connexes) Met M', de dimensions respectives n = 2m et n' = n+2, et d'un plonge­

ment (pseudo-)holomorphe ide M dans M', de sorte que M sera consideree comme

une sous-variete presque-complexe, de codimension reelle 2, de M'. Nous notons N,

pour N M' (M), Ie fibre normal de M dans M', i.e. Ie fibre quotient de TM(M = i*TM'

par Ie sous-fibre TM. Ainsi defini, Ie fibre normal N possede une structure naturelle

de fibre en droites (complexes) sur M. La variete M est naturellement plongee dans

N, via la section nulle 0, et la paire (O(M), N) est diffeomorphe ala paire (M, V(M)),

ou V(M) est un voisinage tubulaire ouvert de M dans M'. Nous notons [M] la

classe fondamentale de M dans Hn(M, Z), determinee par l'orientation induite par

la structure presque-holomorphe de M, i*[Mj son image dans Hn(M', Z), aM Ie dual

de Poincare de i*[Mj dans H2(M', Z).

Nous deduisons de la remarque de la fin du §2.2 que la classe de Chern cl(N)

de N, qui est aussi la classe d'Euler e(N), est egale ala restriction de aM aM:

(2.7.1)

En termes geometriques, aM est la classe de Chern (entiere) d'un fibre en droites

LM sur M' qui est ainsi determine, a isomorphisme pres, par Ie plongement i de M

dans M', et on a l'isomorphisme (non-canonique)

N LM '*LM= 1M = Z •

Par definition de N, on a l'isomorphisme (non-canonique) de fibres vectoriels com­

plexes sur M :

TM(M = TM EB N,

d'ou nous deduisons, par (2.3.3), la relation suivante

c(M')IM = c(M)c(N),

soit done, par (2.7.1), la formule d'adjonction

(2.7.2) c(M')IM = c(M)(1 + at1t),

ou, rappelons-Ie, c(M') = c(TM') et c(M) = c(TM) notent les classes de Chern

tot ales de M et M' respectivement, et aM est Ie dual de Poincare de M dans M'.

La relation (2.7.2) determine entierement les classes de Chern de M en fonction

de celles de M' et de aM, restreintes aM. En particulier, la premiere classe de Chern

(entiere) de M est donnee par

(2.7.3)
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2.7.4. Exemple: hypersurfaces complexes dans pm+l. - Dans cet exemple,

M' = pm+l est Ie projectif complexe de dimension (complexe) m + 1, et M est

une hypersurface complexe (lisse) de degn§ d, i.e. Ie lieu des zeros d'une section

holomorphe generique du fibre en droites (H*)d, puissance tensorielle d-ieme du

fibre de Hopf dual H*. Dans ce cas, aM est egale ad· (, ou est Ie generateur positif

de H 2(pm+l, Z), et, compte-tenu de (2.6.4), les relations (2.7.2) et (2.7.3) s'ecrivent

respectivement

(1 + (1M )m+2 = c(M)(1 +

et

(2.7.5) cl(M) = (m + 2 - d) . (1M.

Rappelons que, pour toute variete presque-complexe M de dimension reelle 2m, Ie

fibre canonique K M de M est egal, par definition, aAm(T* M), ou Ie fibre cotangent

est considere comme un fibre vectoriel complexe de rang m (et la puissance exterieure

est relative aC). II resulte alors de (2.7.5) et (2.3.18) que Ie fibre canonique K M de

toute hypersurface complexe lisse de degre (m + 2) de pm+l est (topologiquement)

trivial. C'est Ie cas en particulier, des cubiques (lisses) de p2, qui sont des tores

complexes, et des quartiques lisses de p3, qui appartiennent ala famille des surfaces

complexes dites surfaces K3.

2.7.6. Exemple: la formule du genre. - Dans cet exemple, M = I: est une

surface de Riemann (compacte), plongee (pseudo-) holomorphiquement dans une

variete presque-complexe M' de dimension 4. Comme Cl (I:) = Cl (TI:) est egale a la

classe d'Euler de I: on a

(2.7.7) (Cl(I:), [I:l) = X(I:) = 2 - 29,

OU (., -) note la dualite naturelle entre H 2 (I:; Z) et H2 (I:; Z), et ou 9 est Ie genre de

la surface de Riemann, d. §3.2.

Comme aM est Ie dual de Poincare de I: dans M' on a

(2.7.8)

ou . note Ie cup-produit, Le. Ie produit dans l'anneau H*(M'; Z), et

(2.7.9)
(cl(M')IE, [I:l) = (a E . cl(M'), [M'l)

= _(a E
. cl(K M

'), [M'l).

Nous obtenons ainsi, a partir de (2.7.3), la formule suivante, dite formule du

genre

(2.7.10)

souvent ecrite sous la forme suivante, en posant K' = K M
',

(2.7.11) 29 - 2 = K' . I: + I: . I:,

ou K' . I: est l'intersection de K' et I:, et I: . I: l'auto-intersection de I:, definis

respectivement par (2.7.9) et (2.7.8).
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Remarque. - Lorsque I: est une courbe (au sens complexe) Iisse, de degre d,

dans Ie plan project if p2, Ia formule du genre (2.7.10)-(2.7.11) equivaut ala formule

suivante donnant Ie genre de I: en fonction de degre (dans Ie cas lisse) :

(d-l)(d-2)
g = 2 .

On a, en effet, dans ce cas, K'· I: = (-3(· de [P2]) = -3d et I:. I: = (d(· de, [P2]) =

3. Le theoreme de Riemann-Roch

3.1. La formule de Riemann-Roch-Hirzebruch

Nous considerons la situation du debut de ce chapitre dans Ie cas particulier

ou M est une variete complexe de dimension reelle n = 2m et ou E est un fibre

vectoriel holomorphe de rang T. Nous notons £ Ie faisceau des germes de sections

holomorphes de E,Hq(M,£) les groupes de cohomologie (de Cech) de E, d. §2.1.

Comme M est compacte, les groupes Hq(M, £) sont des espaces vectoriels complexes

de dimension (complexe) finie, notees hq(M, £). La caracteristiqued'Euler-Poincare

X(M,£), relative au faisceau £, est la somme alternee des hq(M,£) :

(3.1.1)
m

X(M,£) = L hq(M,£)
q=O

La formulede Riemann-Roch-Hirzebruch,etablie sous la forme generale suivante

par F.Hirzebruch, d. [Hir] Ch.IV, s'ecrit :

PROPOSITION 3.1.2.

X(M,E) = (ch(E)· td(M), [M]).

Dans cet enonce, ch(E) est Ie caractere de Chern de E et td(M) la classe de

Todd de M, d. §2.5.

II resulte, en particulier, de 3.1.2 que X(M, E) ne depend pas de la structure

holomorphe de E et ne depend de la structure complexe de M que via les classes

de Chern cj(M) qui sont invariantes par deformation, et I'orientation induite. La

formule 3.1.2 a ete demontree par F. Hirzebruch dans Ie cas ou M est une variete pro­

jective, i.e. plongeable holomorphiquement dans un espace projectif complexe pN,

de dimension quelconque. Dans Ie cas general, la formule 3.1.2 se deduit du tMoreme

de l'indice d'Atiyah-Singer, en interpretant X(M,£) comme I'indice d'un operateur

differentiel elliptique d'ordre 1. Cette interpretation repose sur I'identification deja

consideree en §2.4 :

(3.1.3)
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ou Ie groupe de Dolbeault HO,q(M,E) est Ie q-ieme groupe de cohomologie du com­

plexe differentiel de Dolbeault (no'*(M, E), 8), ou nO,q(M,E) = r(AO,qM 18) E) est

l'espace des formes differentielles de type (0, q) et 8 l'extension a nO'*(M,E) de

l'operateur de Cauchy-Riemann determinant la structure holomorphe de E.

Remarque. - De fa<;on generale, pour tous 0 :::; p, q :::; m, on a un isomorphisme

canonique

(3.1.4)

ou APT* note Ie faisceau des germes de sections holomorphes du fibre vectoriel

(holomorphe) AP'oMet ou Ie groupe de Doibeault E) est Ie q-ieme espace de

cohomologie du complexe differentiel (np'*(M, E), 8), ou np,q(M,E) = f(Ap,qMI8)E)

est I'espace des formes de type (p, q) sur M et 8 = 8E est I'extension naturelle

de I'operateur de Cauchy-Riemann determinant la structure holomorphe de E a
np,q(M,E). L'isomorphisme (3.1.4) se deduit aisement de l'exactitude du complexe

de Dolbeault

ou Cp,q(E) est Ie faisceau des germes de formes de type (p, q) a valeurs dans E, et

de l'acyclicite de ces faisceaux, d. [Hir] Th. 15.4.1.

Fixons une structure hermitienne 9 sur M et une structure hermitienne h sur E.

Nous pouvons alors completer l'operateur 8 en un operateur differentiel e11iptique

D d'ordre 1, en posant D = 8 + 8*, ou 8* est l'adjoint de 8, relatif a9 et h, defini

par la relation d'adjonction

(3.1.5)

pour toutes les formes 'I/J! E nO,q(M,E), 'l/J2 E no,q+1(M,E), et ou (".) note Ie

produit scalaire induit par 9 et h, et vg Ia forme-volume induite par g.

Soit * I'operateur de Hodge hermitien, defini sur A*M 18)E, obtenu en composant

I'operateur de Hodge riemannien induit par 9 sur A*Met Ie C-anti-isomorphisme a

induit par h de E sur Ie dual E* de E, de sorte que * est un C-anti-isomorphisme de

A*M 18) E sur A*M 18) E*, et, pour tous p, q, un C-anti-isomorphisme de Ap,qM 18) E

sur Am-p,m-qM 18) E*. On note de meme * I'operateur de Hodge hermitien defini

A*M 18) E* sur A*M 18) E. On a alors 8* = - * 08 0 * et done D = 8 - * 0 8 0 *.
L'operateur D est auto-adjoint par construction. En particulier, son indice est nul.

Nous lui substituons I'operateur tJ defini par

(3.1.6)
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qui est encore un operateur differentiel elliptique d'ordre 1, dont l'adjoint D* est

egal a

L'indice ind (D) de D est done egal a

m

ind (D):= dim Ker (D) - dim Ker (D*) = L:(-l)q dim BO,q(E),
q=O

ou BO,q(E) note Ie noyau de D restreint aQo,q(M,E).

De fa<;on generale, l'operateur de Dolbeault D = [) + [)* est defini sur chaque

espace Qp,q(M,E) et les elements du noyau correspond ant Bp,q(E) sont les formes

de QP,q(E) qui sont [)-fermees ainsi que leurs images par *.

En particulier, l'action de * induit un C-anti-isomorphisme

(3.1.7) *BP,q(E) -----> Bm-p,m-q(E*), 0 < <_ p,q _ m.

Par Ie theoreme de Hodge-Kodaira, cf. par ex. [Ko-Mo] Ch. 3, chaque classe de

Dolbeault dans HliZI(M,E) est representee par un unique element de Bp,q(E), i.e.

on a un isomorphisme

(3.1.8) HP,q (M E) = BP,q(E)
Dol , , o p,q m.

De (3.1.4) et (3.1.7), appliques au cas p = 0, nous deduisons :

PROPOSITION 3.1.9.

X(M, £) = ind (D).

Nous avons ainsi identifie, a l'aide de la theorie de Hodge elementaire, la caracte­

ristique d'Euler-Poincare X(M, E) al'indice de l'operateur elliptique D. La formule

3.1.2 resulte alors directement de l'egalite

ind (D) = (ch (E) . td(M), [MD,

deduite de la formule generale donnee par Ie theoreme de l'indice d'Atiyah-Singer,

cf. par exemple [Sch] §25.4.

3.1.10. Remarque. - L'operateur de Hodge hermitien * est defini par l'iden­

tiM

ou 'l/Jl f\ *'l/J2 est Ie produit exterieur contracte, i.e. Ie produit exterieur formel, a
valeurs dans Ie produit tensoriel E QS) E*, suivi de la contraction naturelle de E QS) E*
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dans C. 11 resulte alors de (3.1.7) et (3.1.8) que l'homomorphisme de Hp,q(M,E) 0

Hm-p,m-q(M,E*) dans C defini par

(3.1.11)

constitue une dualite entre Hp,q(M,E) et Hm-p,m-q(M,E*), i.e. induit un isomor­

phismed'espaces vectoriels complexes de Hp,q(M,E) sur Ie dual de Hm-p,m-q(M,E),

donc aussi, via (3.1.4), un isomorphisme

pour tout fibre vectoriel holomorphe E sur M.

Cet isomorphisme, que nous avons etabli apartir du theoreme de Hodge-Kodaira,

mais qui est dMini, via (3.1.11), independamment de toute metrique sur M ou E,

est connu sous Ie nom de dualite de Serre.

Pour p = 0, l'isomorphisme (3.1.12) s'ecrit

(3.1.13)

OU K. = AmT* est Ie faisceau des germes de sections holomorphes du fibre canonique

K = K M de la variete complexe M.

3.1.14. Remarque. - Lorsque E = 1 est Ie fibre produit, muni de sa structure

holomorphe naturelle, Ie faisceau E est Ie faisceau structural 0 de la variete complexe

Met la formule 3.1.2 s'ecrit

(3.1.15) X(M, 0) = Td(M),

OU Td(M) est Ie genre de Todd de la variete complexe. En particulier, Ie genre de

Todd d'une variete complexe (compacte) est un entier. Ce fait reste vrai lorsque

M = (M, J) est une variete presque-complexe. En effet, bien que Ie fibre tangent

TM ne puisse etre considere comme un fibre "holomorphe", l'operateur 8 est encore

defini, par

8'lj; = composante de type (0, q + 1) de d'lj;, V'lj; E no.q M,

ainsi que son adjoint 8*, relatif a une metrique hermitienne quelconque g sur M,

et l'operateur D = 8 + 8*, dont Ie symbole principal est Ie meme que dans Ie cas

integrable. 8i D est l'operateur defini apartir de D par (3.1.6), on a done, comme

dans Ie cas integrable, ind (D) = Td(M). En particulier

PROPOSITION 3.1.16. - Le genre de Todd Td(M) de toute variete presque­

complexe compacte M est un entier. 0
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(3.1.17)

Lorsque M est de dimension (n3elle) 4, Ie genre de Todd Td(M) est egal, par

(2.5.6), (2.4.14) et (2.4.15), it

Td(M) = X(M) + 7(M)
4 .

On en deduit Ie fait suivant :

COROLLAIRE 3.1.18. - Une variete compacte, orientee, de dimension 4 n'ad­

met aucune structure presque-complexe si la somme X(M) +7(M) de sa caracteris­

tique d'Euler-Poincare et de sa signature n'est pas divisible par 4.

Dne telle situation est illustree par la sphere 8 4
, pour laquelle on a X(84

) = 2

et 7(84) = 0, et pour Ie plan projectif complexe, muni de l'orientation inverse, £2,

pour lequel on a X(£2) = 3 et 7(£2) = -1.

On observe que la somme X(M) + 7(M) est toujours un nombre pair. De fac;on

precise, on a

(3.1.19) X(M) + 7(M) = 2(1 - bl(M) + b+(M)),

ou bi (M) dim HI (M; R) est Ie premier nombre de Betti de M et b+(M) la

dimension d'un sous-espace maximal de H2 (M; R) sur lequella forme d'intersection

est definie positive. On a done l'equivalence

X(M) +7(M) est divisible par 4 {o} b+(M) - bl(M) est impair.

Lorsque M est une surface complexe, i.e. une variete complexe de dimension

complexe 2, compacte, la formule (3.1.15) est la formule de Noether. Compte-tenu

de (3.1.17) et (3.1.19), elle s'ecrit encore, en posant hq(M,O) = hO,q(M) = hO,q (et

en omettant la reference it M) :

(3.1.20)

On deduit aisement de (3.1.20) l'alternative suivante, d. [Kod] :

(3.1.21)

ou bien

(3.1.22)

Dne surface complexe compacte M admet une structure kiihlerienne si et seulement

si elle est du type (3.1.22), d. [B-P-V] et references inc1uses.
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3.2. La formule de Riemann-Roch sur une surface de Riemann

157

Dans ce paragraphe, nous supposons que M = E est une surface de Riemann

compacte, i.e. une surface compacte munie d'une structure presque complexe

J (qui est toujours integrable). Comme E est de dimension (reelle) 2, la donnee

de J equivaut ala donnee conjointe d'une orientation et d'une structure conforme

(definie-positive) c. Le fibre canonique K de E est considere indifferemment comme

Ie fibre cotangent (reel) (T*E, J) ou comme Ie fibre Al,oE des formes de type (1,0),

en identifiant un covecteur (reel) a a sa partie de type (1,0), al,o. Nous avons Ie fait

suivant.

PROPOSITION 3.2.1. - Une I-forme a est harmonique, relativement Ii toute

metrique de la classe conforme c, si et seulement si elle est holomorphe en tant que

section du fibre canonique K.

L'argument est Ie suivant. Pour toute metrique riemannienne de c, l'operateur

de Hodge riemannien * coincide avec l'operateur J :

en particulier, est independante de la metrique choisie (dans c). Pour toute met rique

dans c, on a done les equivalences

a est harmonique {=> da = d(Ja) = 0 {=> Ebl,o = o.

De 3.2.1 nous deduisons l'identification (d'espaces R-vectoriels)

et done l'egalite

(3.2.2)

ou bl est Ie premier nombre de Betti de E et OU Ie genre g de E est defini par

i.e. Ie genre g est, par definition, la dimension (complexe) de l'espace HO(E,K.) des

I-formes holomorphes sur E. De (3.2.2), nous deduisons directement l'egalite (2.7.7).

Pour tout fibre vectoriel holomorphe E sur (de rang r), la dualite de Serre (3.1.13)

implique l'egalite

qui se reduit a

(3.2.3)

lorsque [; est Ie faisceau structural O.
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(3.2.7)

Par ailleurs, les groupes de cohomologie hQ (2:.,E) sont nuls des que q est superieur

a 1, comme il resulte clairement de l'isomorphisme de Dolbeault (3.1.3). On a done

X(2:.,£) = hO(2:.,E)- hI (2:.,E).

Comme 2:. est de dimension complexe egale a 1, on a par (2.5.5) et (2.5.6) :

1
ch(E) = r + cI(E), td(2:.) = 1+ 2CI(2:.).

La formule de Riemann-Roch-Hirzebruch 3.1.2 se reduit done, lorsque la base est

une surface de Riemann de genre g, ala formule de Riemann-Roch

(3.2.4) hO(2:.,E) - hI (2:., E) = r(l - g) + d(E),

ou d(E) est Ie degn§ de E, defini par

d(E) = (cI(E), [2:.]).

Lorsque E = L est de rang 1, la formule (3.2.4) s'ecrit

(3.2.5) hO(2:.,.c)- hI (2:., .c) = 1 - 9 + d(L),

qui, pour L = 1, se reduit a (3.2.3).

Le reste du paragraphe est consacre a une demonstration directe des formules

(3.2.4) et (3.2.5), extraite de [Gun1] et [Gun2]. Puisque (3.2.3) a ete etabli, il suffit,

pour demontrer (3.2.5), d'etablir Ie fait suivant. Pour tout fibre vectoriel holomorphe

E, definissons 8(E) par

8(E) = hO(2:.,E) - hI (2:., E) - d(E).

PROPOSITION 3.2.6. - 8(L) est independantde L.

Un diviseur sur 2:. est une somme formelle

v = 2:.f=lPj . Xj,

ou les Xj sont des points distincts de 2:., ou les multiplicites Pj sont des nombres

entiers et N un entier positif indetermine. A un tel diviseur vest associe un fibre

en droites holomorphe L(v), defini, a isomorphisme pres, de la fa<;on suivante. Choi­

sissons, pour chaque indice j, un ouvert Uj de 2:. contenant Ie point Xj et une carte

locale Zj : Uj --+ C. Nous supposons que les ouverts Uj sont disjoints deux a deux

et nous completons Ie recouvrement ouvert de 2:. avec l'ouvert Uo = 2:. - U{Uj }. Le

fibre L(v) est alors determine (a isomorphisme pres) par les fonctions de transitions

relatives a ce recouvrement, definies, d. §1.1, par

<l>j,O = (Zj)Pi, sur Uj - {Xj}'

En outre, est muni d'une section meromorphe dont l'expression

locale, d. (1.1.3), est

= (Zj )Pi, sur Uj

= 1, sur Uo

et dont vest Ie diviseur (Xj est un zero d'ordre Pj si Pj est posit if, un pole d'ordre

-Pj si Pj est negatif).
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Inversement, si un fibre en droites holomorphes L admet une section meromorphe

non-triviale de diviseur v, on a clairement l'isomorphisme :

(3.2.8)

Il resulte de (1.5.8), d. aussi §2.7, que l'on a

(3.2.9) d(L(V)) = d(v),

ou d(v) est Ie degre du diviseur v, defini par

(3.2.10)

Nous nous proposons d'etablir les deux propositions suivantes.

PROPOSITION 3.2.11. - Pour tout fibre vectoriel holomorphe E et tout di­

viseur v, on a

PROPOSITION 3.2.12. - Tout fibre vectoriel holomorphe E sur une surface de

Riemann compacte admet une section meromorphe non-triviale. En particulier,

tout fibre en droites holomorphe sur est de la forme (3.2.8).

Il est clair que 3.2.11 et 3.2.12 mis ensemble impliquent 3.2.6, done (3.2.5). Par

ailleurs, 3.2.11 implique 3.2.12. En effet, 3.2.11 peut s'ecrire sous la forme

puisque deE ® L(v)) est egal a deE) + d(v) par (3.2.9). 11 resulte evidemment de

(3.2.13) que [® Ltv)) est positif, i.e. E ® L(v) admet des sections holomorphes

non-triviales, des que d(lI) est assez grand. Comme E est isomorphe a (E ® L(v)) ®

L(-v) et comme L(-v) possede une section meromorphe non-triviale par construction,

E possede lui-meme une section meromorphe non-triviale. 0

Pour demontrer 3.2.11, nous considerons Ie fibre L(x), i.e. Ie fibre en droites

holomorphe determine par Ie diviseur reduit au seul point x, affecte de la multiplicite

1, et la section holomorphe de L(x) determinee par (3.2.7), ayant Ie point x

comme unique zero (simple). La section holomorphe determine un morphisme

de faisceaux de [® £( -x) dans Ie faisceau [, qui, atout germe de section holomorphe

r.p de E ® L( -x), associe Ie germe de la section holomorphe r.p ® vue comme un

germe de section holomorphe de E via l'isomorphisme canonique de L(-x) ® L(x)

avec Ie fibre holomorphe trivial 1. Ce morphisme de faisceaux est injectif et est un

isomorphisme de faisceaux en dehors du point x. En x, l'image de ce morphisme est

constitue des germes de sections holomorphes de E qui s'annulent en x.
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On a donc la suite exacte de faisceaux suivante

(3.2.14) 0 E ® .c)-x) ------t E Ex 0,

P. Gauduchon

ou Ex note Ie "faisceau gratte-ciel" sur dont la fibre est Ex en x, {O} sur - {x},

et ou la derniere fleche associe a tout germe de section holomorphe de E sa valeur

en x. On verifie aisement que I'on a :

La suite exacte longue associee a (3.2.14) s'ecrit done

(3.2.15)

Puisque (3.2.16) est une suite exacte, la somme alternee des dimensions des

espaces qui y figurent est nulle. Par ailleurs, pour tout fibre vectoriel (complexe) E

de rang r et tout fibre en droites (complexes) L, on a AT(E ® L) = ATE ® LT, et

done, par (2.3.18),

(3.2.16) d(E ® L) = d(E) + rd(L).

Puisque Ie degre de L(-x) est egal a-I, cf. (3.2.9) et (3.2.10), il resulte de (3.2.16)

que d(E ® L(-x)) est egal ad(E) - r. Nous obtenons ainsi l'egalite

(3.2.17)

II est clair que (3.2.17) implique 3.2.11. 0

La demonstration de (3.2.4) se fait par recurrence sur Ie rang du fibre E, a partir

de 3.2.5, qui vient d'etre etablie, et du fait suivant.

PROPOSITION 3.2.18. - Tout fibre vectoriel holomorphe E sur admet un

sous-fibre holomorphe de rang 1.

La proposition 3.2.18 est une consequence facile de 3.2.12. En effet, comme est

de dimension complexe 1, toute section meromorphe non-triviale de E determine

une section holomorphe de la fibration (holomorphe) P(E) --t obtenue de la

fa<;on suivante. Si x n'est ni un zero, ni un pole est la droite complexe de

Ex engendree par si x est un zero d'ordre p de est la droite complexe de

Ex engendree par ou zest une carte holomorphe quelconque au voisinage

de x; si x est un pole d'ordre p, est la droite complexe de Ex engendree par

Par ailleurs, la donnee d'un sous-fibre holomorphe de rang 1 de E equivaut a la

donnee d'une section holomorphe de la fibration P(E) --t 0
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L'argument de recurrence repose sur la suite exacte de faisceaux

o--; I: --; £ --; Q --; 0,

161

ou Q est Ie faisceau des germes de sections holomorphes du fibre vectoriel (holomor­

phe) quotient Q = ElL, dont la suite exacte "longue" s'ecrit

(3.2.19)

De (3.2.19), nous deduisons l'egalite :

hO(l:.,I:) - h1(l:., 1:) + hO(l:.,Q) - h1(l:., Q)

1- 9 + d(L) par (3.2.5)

+(r - 1)(1 - g) + d(Q) par hypothese de recurrence

r(l - g) + d(E) car d(E) = d(Q) + d(L)

puisque, topologiquement (mais non holomorphiquement) E est isomorphe a la

somme de Whitney Q EB L. Ceci acheve la demonstration de la formule (3.2.4).

o

Remarque. - Il resulte du tMoreme de Koszul-Malgrange, d. §5, que toute

connexion C-lineaire \7 operant sur les sections d'un fibre vectoriel complexe E (de

rang quelconque) au-dessus de la surface de Riemann l:. determine une structure

holomorphe sur E, dont l'operateur de Cauchy-Riemann [j'V est egal a \70,1.

Par ailleurs, l'operateur de Cauchy-Riemann [j'V est lui-meme, dans ce cas, un

operateur differentiel elliptique (d'ordre 1), dont l'indice coincide avec l'indice de

l'operateur de Dolbeault D, defini au §3.1 (pour toute metrique hermitienne 9 sur

l:. et toute structure hermitienne h sur E).

Le tMoreme de Riemann-Roch (3.2.4) peut alors s'enoncer sous la forme suivante.

THEOREME 3.2.20. - Soit E un fibre vectoriel complexe de rangr et de degre

d(E) au-dessus d'une surface de Riemann compactel:. de genre g. Pour toute con­

nexion C-lineaire \7 sur E, on a

ind ([j'V) = r(l- g) + d(E).

En particulier, ind ([j'V) est independant de la connexion \7.
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Part 3

Pseudo-holomorphic curves and
applications



Chapter V

Some properties of holomorphic curves

in almost complex manifolds

Jean-Claude Sikorav

The study of holomorphic curves in almost complex manifolds can be viewed as

the confluence of two fields.

Firstly, there is the theory of pseudoanalytic (or generalised analytic) functions

from C to C, initiated by T. Carleman in the thirties and developed in the fifties

by L. Bers [2] and I. N. Vekua [11]. This was later extended by many authors to a

study of more and more general systems of partial differential equations for maps

from R 2 to Rn which are of order one and of elliptic type [so that n is necessarily

even] (see [12]). It is also closely related with the Beltrami equation which occurs

in the uniformisation of complex structures in dimension one (see [1]).

Secondly, there is the theory of holomorphic curves in complex manifolds, es­

pecially Kahler or algebraic. In this setting one can consider holomorphic curves

as analytic subsets of dimension one. The use of these objects to study algebraic

manifolds is well known, and the literature is enormous. From our point of view

one of the most important properties, in the complex framework, is the compactness

theorem of E. Bishop [3] for analytic sets with bounded volume.

In this chapter we shall first (in §1) quote the basic properties of the classical

Cauchy-Riemann operator in one dimension. As is usual in elliptic theory, they

involve the Sobolev spaces Lk,p and the Holder spaces Ck,a. This will be used in

§2 to give a proof of the elliptic regularity properties for holomorphic curves. Since

one obtains a priori bounds, the proof shows that all natural topologies on spaces of

holomorphic curves are identical. In §3 we prove the existence of local holomorphic

curves and some "analyticity" properties (finiteness of the intersection between two

curves and of the critical points of one curve). In §4 we give the main properties of

the area of holomorphic curves, and in §5 we sketch a proof of Gromov's compactness

theorem.

Most of the results of the last three sections are proved with more details by D.

McDuff, M.-P. Muller and P. Pansu in chapters VI, VII and VIII, but our approach

is different and we hope complementary to theirs. Also, we pay a special attention

to curves with boundary for which we try to give the results with more "realistic"

hypotheses (i.e. without requiring the analyticity of the totally real submanifold or

the integrability of the almost complex structure in the neighbourhood).
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1. The equation 8f = 9 in C

1.1. Notations

For a differentiable map from a domain U c C to C, we define the maps

of

8f

These definitions obviously extend componentwise for a map from U to cn.

Let DeC be the closed unit disc. For kEN and 1 < p < 00, denote by

Lk,P(D,C) the space of measurable maps from D to C having k derivatives in V as

distributions. It can be obtained by completing the space of Coo maps with respect

to the norm
k

IlgllLk,p = L IIDigIILP.
i=O

Let r > 0 not an integer. We write r = k + a with kEN and 0 < a < 1.

Denote by Cr(D, C) = Ck,o.(D,C) the space of k times differentiable maps from D

to C whose k-th derivative is of Holder class Co.. We define in this manner a Banach

space for the norm

We denote by C), resp. Co(D,C) the closure in Lk,P(D,C), resp. III

cr(D, C), of the space of Coo maps with compact support in lnt D. Notice that

Lg(D, C) = V(D, C). Similarly, we define the spaces Lk,p(D,cn), Cr+J(D,cn) ...

We define Lk,p(D,oD;C,R) and Cr+J(D,oD;C,R) as being the closures in

Lk,P(D) and Cr+1(D) of the space of all smooth functions f : D --> C such that

f(oD) c R.

1.2. A priori estimates

We can now summarise the results that we shall need in the study of holomorphic

curves.

PROPOSITION 1.2.1. - There exists continuous linear operatorsT : L2(D) -->

L2(D) and P: L2(D) --> Ll,2(D) and positive constants Ak,p, Cp, kEN, 1<p< +00

and Br, r E R+ \ N, with the following properties:

(i) 80 P = ld, 80 P = T,

(ii) Po 8 IL6,2(D) = ld, To 8 I L6,2(D) = 8,

(iii) IITgIILk,P :s Ak,p IlgIILk,P, IIPgIILk+I.p:S (1 + Ak,p) IlgIILk,P,

(iv) IITgilcr :s Br Ilgllcr , IIPgllcr+1:S(1 + Br ) Ilgllcr,
(v) 2<p <+00 * IIPglb-2/P :s Cp IlgIILP,
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For the proof, we refer to the book [11] of N. Vekua (Chapter I, §§ 6, 8, 9). Let

us just indicate the definitions of P for 9 E CO(D) and of T for 9 E CJ(D):

Pg(z) = ff g(() d( I\d( = ff g(() dE, I\dTJ
21rZ JJD(- Z 1r JJD(- z

Tg(z) = p.v. (_1 ff g(() d( 1\ d() = lim ff g(() d( 1\ d(.
21ri JJD (( - Z)2 (( - z)2

Here p.v. means the Cauchy principal value. Properties (i) and (ii) are easy to

show for functions of class CO and C1 respectively. The proof that T is continuous

on L2(D) is based on a "symplectic" argument. Assuming that 9 is of class CIon

e with support in D, set f = Pg. Setting f(oo) = 0 extends f to a C1 map from

e U {oo} = epl to e. Thus we have

since d( 1\ d( is closed. Thus

The inequalities (iii) and (iv), which are due respectively to G. Giraud (1934)

and to A. Calderon-A. Zygmund (1952), can be found in [11], p.56 and 64ff.

For the inequality (v), see [11] p.38: in fact we have then the very important

consequence: L1,p C C I
-

2
/
p

• This last estimate will playa crucial role in the proof

of the regularity theorem (step (a) in the proof of 2.3.6 (i)).

Remarks.

(i) If r is not an integer or if p = +00 then the a priori bounds (iii) and (iv) are

no longer valid. For instance, if f(z) = z log log Izl2 then 8f E CO (as a distribution)

but f is not even Lipschitz. Indeed one has

EJf = log log Izl
2
+

and
8f = z

z log Iz12'

(ii) If 9 is real analytic in D, then we can find Pg and Tg (see [11] p.27) using

1
__ (znzm+1 - zn-m-I) for n > m + 1
m+1 -

1
__ (znzm+l) for n < m + 1.
m+1

(iii) Everything in this section remains obviously valid for maps from e to en.
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1.3. Boundary conditions

PROPOSITION 1.3.1. - There exists unique continuous linear operators To :

L2(D) --+ L2(D) and Po : L2(D) --+ L 1,2(D, 8D; C, R) such that

(i) f = poelJf) +ao(J) 8f = ToelJf) for every f E L 1,2(D,8D;C,R), where

ao(J) = -!; Jg1r f(e i6 )d(} is the constant Fourier coefficient of fWD. Moreover we

have the following properties:

(ii) 8oPo = To andooP o = Id, and To, Po satisfy inequalities analogous to those

of proposition 1.2.1.

The proof of these results can be found in [11], Chapter IV, §7. The operators

Po and To are defined by

Po = P - zp*, To = T - zT*,

where

P*g(z) = -2
1

. ff g((l d( 1\ dC"
1nll D 1-(z

1 ff g(() -
T*g(z) = 27ri llD (1 _ (zP d( 1\ de·

In the definition of Po and To, we have a minus sign instead of the plus sign of Vekua

because our boundary condition is f(8D) c R instead of Refl8D = o.

Remark. - Everything in this section remains valid if we replace (C, R) by
(cn, Rn).

2. Regularity of holomorphic curves

2.1. Definitions

Let V be a differentiable manifold of class C1
. An almost complex structure on V

is a complex structure on the tangent bundle, i.e. a continuous section J of End TV

such that j2 = - Id (see chapter II).

A totally real submanifold of (V, J) is a submanifold W of class C1 and of half

dimension such that TwW never contains a J-complex line. Equivalently: TwV =

TWEBJTW.

Let S be a Riemann surface. A map f : S --+ (V, J) is J-holomorphic if it is

differentiable and its differential df : TS --+ TV is a complex homomorphism at each

point.

Remark on the differentiability assumption. - One usually finds the require­

ment that f should be of class C1
. We will see that this is automatic if J is of class

CT for some r > o.
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2.2. Statement of the results

169

The linearisation of the equation for holomorphic maps is an elliptic operator

of order 1. This implies the regularity of solutions for Holder and Sobolev norms.

The proof gives a priori bounds which imply that all natural topologies on spaces

on J-holomorphic maps coincide.

THEOREM 2.2.1. - Let (V, J) be an almost complex manifold without bound­

ary of class Cr with r E R+ \ Nand W be a totally real submanifold of class Cr +1

(maybe empty). Let S be a Riemann surface and f : (S,8S) ----> (V, W) be a J­

holomorphic map. Then

(i) f is of class Cr+l,

(ii) the topologiesCO and cr+1 of uniform convergence over compact subsets co­

incide on the space HoIAS, 8S; V, W) of J-holomorphic maps (S, 8S) ----> (V, W). In

particular, this space is closed for the CO topology.

The proof will be given in the next paragraphs.

Remark. - The proof will show that if f is continuous everywhere, differ­

entiable and J-holomorphic except on a discrete subset, then it is differentiable

everywhere (and thus J-holomorphic) if J is of class Cr for some r > O. This will

be useful for the theorem on removable singularity (see 4.5).

2.3. Local version of the equation of J-holomorphic maps

Let f : S ----> (V, J) be a map such that f(zo) = Vo.

Interior points. - Choose coordinate charts VJ : (D,O) ----> (S, zo) and <I> :

(B,O) ----> (V,vo) where B is the closed unit ball in R2n = cn, such that f(VJ(D)) C

<I>(B). From now on we identify VJ(D) = D and <I>(B) = B so that we get a map

f: (D,O) ----> (B,O).

The almost complex structure on B is given by a map J : B ----> EndR(C n
) such

that P = - Id. We can assume that J(O) = i Id, the standard complex structure

on C n
. We shall write also i Id = i if there is no danger of confusion. We shall also

assume that B was chosen small enough so that J(v) + i is always invertible.

The equation expressing in these charts that f is J-holomorphic is

(2.3.1)

Using the identities

and

8f 1 ( - )
8x = 2 8f +8f ,
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the equation becomes (i+J(J)) 8j = (i-J(J)) of. Since i+J(v) is always invertible,

this can be written

(2.3.2) 8j + q(J)oj = O.

Here q : B ---> EndR(C n
) is defined by

(2.3.3) q(v) = (i + J(V))-1 (i - J(v)).

It has the same regularity as J and satisfies q(O) = O.

Comment. - Equation (2.3.2) is a quasilinear partial differential equation of

order 1 (or rather a system in the usual terminology). The associated linear equation

8h + q1 (z )oh = 0, where q1 = q 0 j and f is a fixed solution, is elliptic precisely if

q1(Z) has no eigenvalues of modulus 1, in particular if IIq111Loo < 1.

Remark. - It is easy to see that q is anti-complex (qi + iq = 0, and similarly

qJ + Jq = 0), and that the map J f-> q = (i + J)-1 (i - J) gives a chart near i of

the manifold In of almost complex structures on Cn.

If J is of class CT, then so is q. Moreover, we can assume by "renormalisation"

that IIqller is as small as we wish. Indeed, fix E > 0 and replace f by fo,/3(z) =

(3-1f(az) and q by q/3(v) = q((3v). We choose a, (3 such that

(2.3.4) IIq/3ller E and j(D(a)) c B((3).

Then jo,/3 and q/3 satisfy (2.3.2), and it is equivalent to prove the regularity at 0 of

j or of jo,/3' Notice also that a and (3 can be found once we know a modulus of

continuity of j at zoo

Boundary points. - We choose a chart near Zo of the form <p : (D+, oD+, 1) --->

(S,oS,zo) where D+ = {z E D I Rez > O}, and a chart near Vo of the form

ill: (B, B n Rn, 0) ---> (V, W, vo), and such that f(<p(D+)) C ill(B). As W is totally

real, we can assume J(O) = i.

Here again we may assume by "renormalisation" that Ilqller is as small as we

wish. For this, we use instead of the homothety az for small a the homography

<Po(z) = (z + a)/(l + az) for a E]O, 1[ tending to 1. Then we replace j and q by

fo,/3 = (3-1 f 0 <Po and q/3(v) = q((3v) where a, (3 are chosen so that

(2.3.5)

Again, a and (3 can be chosen once we know a modulus of continuity of j at zoo

Theorem 2.2.1 will then follow from the



Chap. V Holomorphic curves 171

PROPOSITION 2.3.6. - Fix r E R+ \ N, and 0 < 1] < 1. Then there exists

c > 0 with the following property. Let q : B -> EndR(C n
) be of class Cr and satisfy

Ilqllcr :::; c.

(i) If f : D -> B is a differentiable map such that 8f +q(f)8f = 0, then f is of

class Cr+l on D(1 -1]). Moreover we have the a priori bound

IlfID(I-'IlIlcr+1 :::; C(r, 1]) IlfllL'''''

(ii) If f : (D+,8D+) -> (B,B n Rn) is a differentiable map such that 8f +
q(J)8f = 0, then f is of class Cr +1 on D+(1]) = {z E D+ 1 Rez 2': 1]}. Moreover we

have the a priori bound

The proof of the proposition rests upon the properties of the operator 8 in C

which we recalled in §1.

2.4. Proof of 2.3.6 (i)

Set !J = pI! where PI : D -> [0, 1] is Coo, supported in lnt D and such that

PIID(I-1]/4) = 1. This is possible with Ilplllcr :::; C(r, 1]). Then we obtain

(2.4.1)

where ql = q 0 f and gl = - (8PI + 8PI ql) f. Observe that gl E Loo(D) with a

norm bounded by 2C(r,1])llfllL"o, and also that Ilqdlv'" :::; c.

We first show that !J E LI,2. This will follow from the

LEMMA 2.4.2. - Let f : (D,8D) -> (C n, Rn) be continuous, differentiable

except on a finite subset. Assume that there exists c, C > 0 such that at all points

of differentiability we have

18f(z)1 :::; (1- c)18f(z)1 + C.

Then f E L I
,2.

Proof - We have to show that llD (18f12 + 18f12) dxdy < +00. The hy­

pothesis implies

(2.4.3)

for suitable A, B. The 2-form {3 = (18112-18fI 2) dx 1\ dy is equal to f*wo where Wo =

dAo is the standard symplectic structure on cn. We have {3 = do: where 0: = f* AO is a

I-form vanishing on 8D. Moreover we have the inequality do: 2': -B/A > -00. Then

Stokes' theorem for forms with differentiable coefficients applies (see the appendix),
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and gives that do: is integrable with flo do: = O. The inequality (2.4.3) gives then

the desired result.

Using (ii) of proposition 1.2.1, this implies that af1 = T (af1) and f1 = p (alI)

so that the equation (2.4.1) can be written

(2.4.4)

Here af1 and gl are considered as elements of L2(D, cn) and q1 as an element of

LOO(D,EndR(C n
)). We will show that this equation (or a slight modification) holds

in various spaces lJ' and CS and that the operator Id +q1T is invertible in these

spaces, thus improving at each step the regularity of a f1' f1 = p (a f1)' q1 and gl

("bootstrap") .

(a) Let us now prove 2.3.6 (i) when [r] = 0, i.e. 0 < r < 1.

Step 1: flD(1 -1]/4) E C 1/3. - By (iii) of proposition 1.2.1, T is continuous

on £3(D) with a norm :s: AO,3. Thus if £ :s: (2Ao,3)-1, Id +q1T is invertible on

L3(D) with an inverse :s: 2 in norm. Equation (2.4.3) implies that alI E L3. Since

II = p (alI) E C1/3, 1.2.1(v) implies that II E C1/3 and

Step 2: flD(1 - 1]/2) E Cl+r/3, - Consider f2 = pd = P2II where P2 is

supported in D(1 -1]/4) and P2ID(1 -1]/2) = 1. Then f2 satisfies

where q2 = q 0 II and g2 = -(ap2 + aP2 q2) f = -(ap2 + aP2 q2) fI. Step 1 implies

that q2 and g2 are in cr/ 3, with norms bounded respectively by by C2(r,1])£ and

C3(r, 1]). By 1.2.1 (iv), T is continuous on cr/3(D) and bounded by Br/3, Let £ be

small enough so that
1

Br / 3C2(r, 1]) £ :s: 2'

Then Id +q2T is invertible on cr/3(D) with an inverse :s: 2 in norm. This implies

that ah is in cr/3(D), so 1.2.1 (iv) gives h E Cl+r/3(D), with

Step 3: flD(1 - 1]/2) E cr+1. - Consider h = P3f P3h where P3 is

supported in D(1 -1]/2) and P3ID(I-1]) = 1. Then h satisfies
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where q3 = q 0 Jz and g3 = - (8P3 + OP3 q3) 1= - (8P3 + 0P3 q3) h Then Step 2

implies that q3 and g3 are in cr with norms bounded respectively by C5 (r, TJ)e and

C6 (r, TJ). Thus if
1

BrC5(r, TJ)e :S 2'

Id +q3T is invertible in Cr with an inverse :S 2, so that 8h E cr and h E Cr
+! with

Ilhllc l+ r / 3 :S C7 (r, TJ)IIIIIL'>O'

This finishes the proof for [r] = O.

(b) Assume by induction that [r] = k 2: 1 and that the proposition is true for

[r] = k - 1. This implies that I is already of class Cr on D(l - TJ/2) and the same

is true for q2 = q 0 II (we keep the notations of (a)). Also IIq211cr and IIg211cr are

bounded by Ce. Then we may assume that IIq211cr is small enough for Id +q2T to be'

invertible on Cr(D): this implies that Jz is in Cr +1(D) so that I is Cr
+! on D(l-TJ)·

Remarks.

1. A more geometrical way to bound the higher derivatives is to observe that the

differential of I is J-holomorphic for some suitable structure J on TV of class

Cr
-

1 (see the appendix by Gauduchon in chapter II).

2. If q is only Loo, Step 1 can be refined to prove that I E L!,P for all p < 00 and

consequently I E cr for all r < 1.

3. In fact, a solution of (2.3.2) is of class Cr
+! on Int D or D+ respectively as

soon as q is of class Cr and q(J(z)) never has eigenvalues of modulus 1, in

particular if Ilqllu>o < 1). The a priori bounds are valid with the constants

depending also on minz dist (Spec q(z), 8 1
). It suffices to prove that if q(O) has

no eigenvalues of modulus one then I is of class Cr +1 near 0 (in case (i)). For

this, the crucial remark is that the operator Id +q(O)T (see §1 and 2.4) is an

isomorphism in suitable spaces, and every small enough perturbation will also

be an isomorphism. Then the "bootstrap" method can be applied exactly as

in §2.4.

2.5. Proof of 2.3.6 (ii)

Since it is completely analogous with the proof of2.3.6 (i) we shall merely indicate

how to modify it.

Set II = pI where P has support in {Re z 2: TJ/4} and equals 1 in D+(TJ/2).

Then II is a differentiable map (D,oD) -> (cn,Rn) which satisfies an equation of

the type 8II + qlolI = gl' Lemma 2.4.2 implies that II is in L I
,2. Thus 1.2.1 (i)

implies that !J = Po(8II) + ao(Jd and 011 = To(8Id so that the equation becomes

(Id +qI To)(8Id = II.
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The proof then goes on exactly as above, with To and Po replacing T and P, and

using the properties of §1.3 instead of §1.2.

2.6. On the equation 8J f = g

If f is a differentiable map S -+ V, we define

- 1
8Jf = 2(df + J(J)dfi).

We consider it as a section over graph (J) of the vector bundle E = HomJ(TS, TV)

over S x V (the fiber Ez,v is the space of anti-complex morphisms from TzS to TvV).

This gives a meaning to the equation 8J f = g if g is a global section of E.

An essential observation is that this equation is equivalent to the fact that the

map Id xf : S -+ S x V is Jg-holomorphic for the structure Jg on S x V defined by

3. Other local properties

3.1. Existence of local holomorphic maps. Perturbations, normal

coordinates

Notations. - We denote by ,r(V) the set of all almost complex structures

on V of class cr. It is naturally a smooth Frechet manifold, and a smooth Banach

manifold if V is compact. A chart near Jo is given by the formula J f-> (10+J)-1(10­

J) which takes values in the space of all C
r sections of EndJo(TV). This last is the

bundle over V whose fiber at v is the space of Jo-anticomplex endomorphisms of

TvV.

THEOREM 3.1.1. - Let (V, Jo) be an almost complex manifold of class cr for

some r > 1. Fix a point v E V. Then

(i) For every X E TvV small enough there exists a Jo-holomorphic map f :

(D , 0) -+ (V, v) such that df (0) . 1 = X.

(ii) Let fo : D -+ V be a Jo-holomorphic map. Then there exists a > 0, a

neighbourhood U of Jo in .:r(V) and a map of class Cr

F: U x D(a) -+ V

such that F( Jo, .) = fo and F( J, .) is J -holomorphic.

Proof - We follow [7] (see also chapter VI) and use the results of §1.2.

The key observation is that the equation 8 f + q(J)8 f = 0 is equivalent to the

holomorphicity (in the standard sense!) of h = (Id +Pq(J)8) f. This will imply that

locally pseudo-holomorphic and holomorphic maps are in a 1-1 correspondence.
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We work in charts D and B as in §2. Define

U = {J E :r(B) I J(v) - i is invertible}.

To each J E U is associated qJ = (i + Jr
l

(i - J). Consider the map

(J,c,J) 1---------+ (Id+PqJ(cJ)8)f.
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Then cI> is of class CT and cI>(J,O,.) is the canonical embedding cr+l(D,B)

CT+l(D,en). Thus the implicit function theorem implies that we can find c > °
such that, for c :s; co, cI>(Jo,c,.) is aCT-embedding CT+I(D,B) CT+I(D,e n)

whose image contains a neighbourhood V of the origin.

Let v E en be small enough so that hv E V, where hv is the linear map hv(z) =
zv. Define f£,v = (cI>(Jo,c, .)tl(h v). Then g£,v = c l f£,v is a Jo-holomorphic map.

Moreover fo,v = hv so that dfo,v(O) = v. Thus for c :s; C1> the map v t--> dg£,v(O) is a

diffeomorphism of onto its image, which is a neighbourhood of 0. This clearly

implies (i).

To prove (ii), recall the definition fa,{3(z) = /3-1 f(az). Choose /3 = co and a small

enough so that h = cI>(Jo,co, .)(Ja,£o) is in V. Then we have fa,£o = cI>(Jo,co, .)-l(h)

so that f(z) = cocI>(Jo,co, .)-l(h)(a-lz). It then suffices to define

Question. - If J is less regular, does there still exist local J-holomorphic

maps? For n = 1 this is true if J is CT with r > 0, and even if J is in Loo provided we

generalise the notion of J-holomorphicity to almost everywhere differentiable maps.

This follows from the Ahlfors-Bers study of the Beltrami equation 8f = j.t(z)8f [1].

An immediate corollary of the existence of local homolorphic curves depending

differentiably on a tangent vector of V is the existence of normal coordinates.

COROLLARY 3.1.2. - Let (V, J) be an almost complex manifold where J is

of class cr with r > 1 not an integer. Then near each point vothere exists cr+l
coordinates (WI, Wi) E e x en

-
l such that J is of the form

For n = 2 one has also the following normal form:
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Remark. - This could be useful in dimension 4 because the local equation of

a J-holomorphic map (f1' h) : C -+ C x C becomes

olI = A(f f )of1 012 = D(f f )012
oy 1, 2 ox ' oy 1, 2 ox

so that each coordinate function satisfies a Beltrami equation with an Loo coefficient

(d. [11] p.211). Notice also that in the normal coordinates, the standard symplectic

form Wo = 1\ dWl + dW2 1\ dW2) is calibrating for J, i.e. wo(X, JY) is a

Riemannian metric. This could make possible the application of ideas of the theory

of minimal surfaces.

3.2. Isolation of critical points and of intersections

PROPOSITION 3.2.1. - Let (V, J) be an almost complex manifold of class cr
with r > 0 and let S be a Riemann surface.

(i) Let f,g : S -+ V be two J-holomorphic maps. Then the points where fez) =
g(z) are isolated.

(ii) Assume that J is of of class C1 and let f : S -+ V be J-holomorphic. Then

its critical points are isolated.

Proof - We follow [4]' who generalises to higher dimensions a classical method

of Carleman (d. also [11] p. 211). Obviously, the problem is local, so we can consider

maps (D,O) -+ (E,O) as in § 2.

(i) The maps f and 9 satisfy

= and =

The difference h = f - g satisfies

oh = J(f/h + (J(f) _ J(g)) og.
oy ox ox

This can be written in the form

(3.2.2) oh = J(f/h + A(z)h
oy ox

where A is a continuous map from D to EndR(Cn).

Assuming J - i small enough we can find 1> : E -+ GLR(C n
) C EndR(C n) such

that J(v) = 1>(v)i1>(V)-land having the same regularity as J. Setting J1 = J(f),

1>1 = 1>(f) and h = 1>lh1 and using J11>1 = 1>li, we have
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thus the equation becomes

177

8h l + B(z)h l = 0

where B is a continuous map from D to EndR(Cn). We can assume by renormali­

sation that its norm is as small as we wish. In particular we have the inequality

(3.2.3)

with e: as small as we wish.

LEMMA 3.2.4. - Fore: small enough there exists a continuous map 1>2: D-->

GLR(cn) such that hi = 1>2H where H is a standard holomorphic map.

Proof - The inequation (3.2.3) implies

where now C is a Loo map from D to Endc(C n) = Mn(C). Indeed, one can for

instance define C(z) as the linear map such that C(z)·h l (z) = -8h l (z) and C(z) = 0

on the orthogonal of hl(z).

Consider the map u f--7 u- 18u from

E = {u E L I ,3(D,oD;GL n C,GL n R) Iao(u) = Id}

to L3(D, Mn(C)). It is a Coo map, and proposition 1.3.1 implies that the derivative

at Id is an isomorphism. Using the implicit function theorem, we find for e: small

enough a map 1>2 E £l,3(D, GLn C) such that 81>21>21 = -C, that is 81>2 = -C1>2.

If we write hi = 1>2H, the equation becomes 8H = 0 which proves the lemma. 0

Thus the difference h = f - 9 can be written h = 'J1H, where 'J1 = 1>11>2 is a

continuous map from D to GLR(C n
) and H is holomorphic. If h is not identically

zero, it has an isolated zero at the origin, which finishes the proof of (i). 0

(ii) Let u = of jox. Then differentiating the equation of joy = J(J)of jox gives

ou ou ( - Jlf\
oy = J(J) ox + oJof + oJof) u,

which can be written in the form

ou ou
oy = J(J) ox + A(z)u,

where A is a continuous map from D to EndR(Cn). This is exactly the same type

of equation as (3.2.2). So we may apply the same arguments as to h in part (i), and

obtain that either u is identically zero, in which case f is locally constant, or u has

an isolated zero at the origin: thus f has isolated critical points if it is not locally

constant. 0
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Remark. - If J is Coo one can use Aronszajn's lemma to prove these results

(see [5], [6] and chapter VI).

4. Properties of the area of holomorphic curves

To investigate geometric properties of holomorphic curves, Gromov uses a Hermi­

tian metric on (V, J) (if V is non compact, it should have "bounded geometry" prop­

erties: bounded curvature, injectivity radius bounded below). For this approach, see

chapter VII. Here we shall proceed differently, working on a "reasonable" category

of almost complex manifolds which includes all the closed manifolds. Our approach

has the advantage that it requires less regularity on J.

4.1. Tame almost complex manifolds

DEFINITION 4.1.1. - Let (V, J, J.l) be an almost complex manifold with a Rie­

mannian metric. It is tame if J.l is complete and there exists positive constants ro,

CI , C2 with the following properties:

(T1) For all x E V, the map expx : B(O, ro) -t B(x, ro) is a diffeomorphism.

(T2) Every loop 'Y in V contained in a ball B = B(x, r) with r ro bounds a

disc in B of area less than 0 1 length(r)2.

(T3) On every ball B = B(x, ro), there exists a symplectic form W x such that

Ilwxll 1 and IXI2 C2wx (X, JX) (taming property).

Comments.

1. Properties (Tl) and (T2) obviously hold if V is closed and the metric is of

class C2
. In fact, it suffices that J.l be complete, that its sectional curvature

be bounded above by some (positive) constant K and the injectivity radius

be bounded below by some positive Po. One can then take 0 1 = 1j-rr and

Po = min (ro, 1T/v'I?). Property (T3) holds if in addition J is uniformly

continuous with respect to J.l. Notice also that (T2) implies that any closed

curve (not necessarily connected) bounds a surface (union of discs) with the

same property.

2. Another way to define tameness would be to require some J-holomorphic con­

vexity property at infinity insuring that a compact holomorphic curve with

boundary in a compact set K is contained in a compact set K' depending only

on K (see 4.4). For instance, if J is integrable one could require V to be Stein

outside a compact set.

4.2. Tame symplectic manifolds

If (V, w) is a symplectic manifold, we say that it is tame if there exists a tame

adapted almost-complex structure.
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Examples of tame symplectic manifolds.

1. Every closed symplectic manifold. Indeed, there exists J of class Coo calibrated

par w (see chapter II) : it suffices then to define (X, Y) = w(JX, Y).

2. Every manifold covering symplectically a compact manifold.

3. Every cotangent (T*M,wM), even if M is non compact.

4. Every manifold which is isomorphic at infinity to the symplectisation of a

compact contact manifold.

4.3. Isoperimetric inequalities and monotonicity

In this section we consider a tame almost complex manifold (V, J, J..L), a compact

Riemann surface with boundary S, and a J-holomorphic map f : S ---> V. We

assume that J is of class cr for some r > °so that f is of class Cr+l. We denote

A = area (f) and L = length (f18S).

PROPOSITION 4.3.1. - There exists positive constants C3 , C4 , C5 and ao de­

pending only on Cl , C2 and ro, with the following properties.

(i) If f(S) is contained in a ball B(x, ro) then A :::; C3 L2
.

(ii) Monotonicity: assume that f(S) C B = B(x, r), with r :::; ro, and f(aS) C

aB. Assume also that f(S) contains x. Then A C4r2
.

(iii) If A :::; ao then A :::; C5 L2
. In particular, ao is a lower bound for the area of

a closed holomorphic curve in V.

One can take C3 = C1C2 , C4 = 1/(4C 3 ), ao = min(C3 , C4 )r5!4 and C5 =
max(C 3 ,C4 ).

Proof

(i) By (T2), f(aS) bounds a surface E C B of area:::; C1L2
. Using the inequality

Ilwxll :::; 1 and the contractibility of B, we have

On the other hand, the taming property and the fact that f is J-holomorphic give

This implies (i).

(ii) Let St = f-l(B(x, t)) and a(t) = area(fISt). Since f is of class cr+l for

some r > 0, Sard's theorem implies that for almost all t, St is a subsurface (not

necessarily connected) with Cl-smooth boundary aSt = f-l(aB(x, t)). Denote by

£(t) the total length of f(aSt). Then

• a(t) is an absolutely continuous function
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• a'(t) = £(t) a.e.
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Inequality (i) gives a(t) ::::: C3£(t)2 for every t ::::: r. Since f is not constant and

1m (1) contains xo, a(t) is > 0 for t > O. Thus for t > 0 we have

( )
' a'(t) 1

a(t) = -- > --.
f*) 2Ja(t) - 2VC2

This implies Ja(r) r/(2VC3), i.e. a(r) r2 /(4C3). 0

(iii) If £ ro/2 then clearly A ::::: C5£2. If C = f(8) is contained in a ball

B(x, ro) then we can apply (i) which gives A ::::: C3£2 ::::: C5£2.

Now assume that £ ::::: ro/2 and that C is not contained in any ball B(x, ro).

This implies that there exists x E C which is not in the ro/2-neighbourhood of aC.

We can apply (ii) to B = B(x, ro/2) and get

which contradicts the hypothesis. 0

4.4. Bound on the diameter in terms of the area

A crucial corollary of the monotonicity is the following result.

PROPOSITION 4.4.1. - Let (V, J, /-1) be tame. Let C6 = 1/C4ro. Then for any

compact subset K of V we have the following property. Any compact and connected

J -curve C = f (S) such that C n K of- 0 and aC = f (a S) c K is contained in the

neighbourhood of K of size C6 area(C):

C c U(K, C6 area(C)).

Proof. - Let VI, V2, ... , VN E C in maximal number such that VI E K,

d(Vi, Vj) > 2ro if i of- j and d(vi, aC) > ro for all i (we allow N = +00 a pri­

ori). Then C is contained in the Nro-neighbourhood of K since it is connected.

Moreover one can apply the monotonicity to each Ci = C n B(Vi, ro): this gives

area(C i ) C4rij. Since the Ci are disjoined, one deduces N ::::: area(C)/(C 4rij),

which implies the desired result. 0

4.5. Removable singularity

THEOREM 4.5.1. - Assume that (V, J, /-1) is tame and that J is of class cr for

some r > O. Let f : D \ {O} -> V be a J -holomorphic map with finite area. Then it

can be extended to a J -holomorphic map on D.
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Proof - Using the remark at the end of § 2.2, it suffices to prove that f has

a continuous extension, i.e. (since the metric is complete) that for every E > 0 there

exists TJ > 0 such that diamf(D(TJ)) ::; E. Set

A(r) = area (JID(r) \ {O}), L(r) = lengthf(8D(r)).

Using the J-holomorphicity and property (T3), we have

A'(r) 1\ dB C;l kD(T) dB

G;l L(r? by the Schwarz inequality.
211'1'

There exists 0 < 1'0 ::; 1 such that A(ro) ::; ao. Then for every 0 < TJ ::; 1'0 we have

11TOL(r? 1 L(r)2 1'0
ao G; -- dr G; min -2- log-.

1) 211'1' 11' TJ

Thus if

(
-811'G2aO)

TJ = 1'0 exp E2 '

we can find l' E [TJ,rol such that L(r) ::; E/2. Then proposition 3.2.1 (ii) gives

A(r)::; GsE
2/4, and proposition 4.4.1 gives diamf(D(r))::; diamf(8D(r))+G 6A(r).

Thus
2

diamf(D(TJ)) ::; diamf(D(r)) ::; + G6GT: .

If E is small enough this is ::; E, which concludes the proof. 0

4.6. Schwarz's lemma

THEOREM 4.6.1. - Let (V,J,J.L) be tame, J being ofclassC for some l' > O.

Assume that ao satisfies 3.2.1 (iii). Then there exists a positive constant G with the

following property: every J -holomorphic map f : D -> V such that area(J) ::; an
satisfies Ildf(O)11 ::; G.

Proof - Using (ii) of theorem 2.2.1 it suffices to prove that f has a uniform

modulus of continuity at 0, i.e. that for every E > 0 we can find TJ > 0 independent

of f such that diamf (D (TJ)) ::; E. But this clearly follows from the proof of the result

on the removable singularity. Indeed, we can take 1'0 = 1 so that TJ is explicitly given

by

(
-811'G2an)

TJ = exp E2 .0

Remark. - The constant depends on IIJllcr if J.L is fixed. Also, if V is closed it

suffices that ao should be less than the area of any holomorphic sphere.
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4.7. Curves with boundary

DEFINITION 4.7.1. - Let (V, J) be an almost complex manifold, f..L a Rieman­

nian metric and W be a totally real submanifold (properly embedded). We say that

(V, J, W, f..L) is tame if it satisfies the properties (Tl), (T2) of 4.1.1 and if in addition

there exists positive constants rw and Cw such that

(T' 1) If x, yare two points on W with distance in V less than rw, then their

distance in W (with respect to the induced metric) is less than Cw.dv(x,y).

(T'2) For all x in W, W n B(x, rw) is contractible and wx-Lagrangian.

We shall assume rw :::; ro which is no real restriction. Also, we say that (V, J, W)

is tame if there exists a metric f..L for which (V, J, W, f..L) is tame.

Then we easily get versions with boundary of the inequalities of 3.2 (isoperimetric

inequalities and monotonicity).

PROPOSITION 4.7.2. - Let (V,J,W,f..L) be tame. Then there exists positive

constants C3(W), C4(W), C5(W), C6(W) and ao(W) with the following properties.

Let C c V be a compact J -curve. Denote A = area (C) and Lw = length( 8C \ W).

Then

(i) IfC c B(x,rw), then A:::;
(ii) If (C,f(8C)) c (B(x,r),8B(x,r) U W) with r :::; rw and if x E C, then

A 2: C4 (W)r 2
.

(iii) If A:::; ao(W) then A :::;

(iv) If C n K i- 0 and 8C c K UW, then C C N(K, C6(W) . A).

Actually, one can take C3(W) = C1(C2 + 1 + Cw), C4 = 1/(4C3(W)), C5 (W) =
max(C 3(W),C 4(W)) and ao(W) =

Proof - It is enough to explain the proof of (i). Now 8C \ W is the union of

a closed curve I and a union (possibly infinite) a of arcs aj from W to W in B. We

already know that I bounds I;1 C B of area:::; C11engthb)2.

Complete aj into a loop aj U aj C B using a path aj in W n B, of length

:::; CwL(aj)' Then aU a f bounds a union of discs I;2 c B of area:::; C1(1 +
Cw ) length( a? Putting I; = C U I;1 U I;2 we get a surface with boundary and a

map (I;,8I;) c (B, W n B). The fact that W n B is Lagrangian and contractible

enables us to finish the proof as before. 0

Removable singularity: the case with boundary. - Exactly as in the case

without boundary, one proves (see also [9]):

THEOREM 4.7.3. - Assume that (V, J, f..L, W) is tame, that J is of class Cr

and W of class cr +1 for some r > 0, and that f : (D+ \ {1},8D+) -> (V, W) is

J -holomorphic with finite area. Then f extends to a J -holomorphic map defined on

D+.
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5. Gromov's compactness theorem for holomorphic curves
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In this § we consider an almost complex manifold (V, J) with a Riemannian

metric fJ and a totally real submanifold W (maybe empty). Assume that (V, J, W, fJ)

is tame, that J is of class Cr for some r > 0 not integer, and that W is of class cr+!.
In §§ 1,2 and 3 we consider a fixed compact Riemann surface 8 (with or without

boundary) which we equip with a conformal metric.

5.1. Fixed Riemann surface: apparition of bubbles

Let 8 be a compact Riemann surface. We recall (see theorem 2.2.1 above) that

on the space HolJ (8, 08; V, W) the topologies of uniform convergence CO or Cr +1

coincide.

DEFINITION 5.1.1. - Let Un) be a sequence of J -holomorphic maps from

(8, 08) to (V, W).

(i) Let g : Cpl ---> V be a non constant J -holomorphic sphere. We say that it

occurs as a bubble in the sequence Un) if there exists a sequence of holomorphic

charts I.f!n : D(R,.) ---> 8, with Rn ---> +00, converging on C to a point p E 8, and

such that

fn 0 I.f!n ---> glC,

where C is identified to CP 1 \ {oo}.

(ii) Let g : (D, aD) ---> (V, W) be a non constant J -holomorphic disc. We say that

it occurs as a bubble in the sequence Un) if there exists a sequence of holomorphic

charts I.f!n : (D \ B( -1, on), aD) ---> (8, 08) with On ---> 0, converging on D \ {I} to a

point p E 8, and such that

fn 0 I.f!n ---> gID\{-l}·

Notice that in both cases we have area(g) :::: lim inf areaUn).

The following result shows that noncompact ness can only occur if there is some

bubbling.

PROPOSITION 5.1.2. - Let Un) be a sequence of J-holomorphic maps from

(8,88) into (V, W) whose areas are bounded by a fixed constant A, and whose images

meet a fixed compact set. Then, after passing to a subsequence (which we still name

Un)), one of the following conditions is satisfied:

(i) Un) converges to a J-holomorphic map foe : 8 ---> V.

(ii) There is a bubbling of some J -holomorphic sphere.

(iii) There is a bubbling of some J -holomorphic disc.

Proof. - We equip 8 with a conformal metric. Assume that (i) is not satis­

fied, i.e. Un) has no converging subsequence. Since fn(8) meets a fixed compact

set, Ascoli's theorem implies that the fn are not equicontinuous, so that Mn =
maxZES Ildfn(z)11 tends to +00. Let Pn E 8 be a point such that Ildfn(Pn)11 = Mn- By

passing to a subsequence, we may assume that Pn converges to a point p E 8. By
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proposition 4.5.1, fn(S) is contained in the fixed compact set N(K, C4A), so that

we can also assume that fn(zn) converges to a point v E V.

(a) Assume first that P E IntS. Let r.p be a holomorphic chart (D,O) -+ (S,p).

Then Un = r.p-l(Pn) is defined and Iunl < for n large enough. Set R,. = and

r.pn(u) = r.p(';" + un) so that r.pn is defined over D(R,.). Then R,..-+ +00 and r.pn

converges to P on C.

Consider the J-holomorphic map 9n = fn or.pn : D(R,.) -+ V. It satisfies IId9nli :::;
Mn.C.J" = C < +00 and 9n(0) -+ v, thus by passing to a subsequence we may

assume that 9n converges on C to a J-holomorphic map 9 : S -+ V. Moreover

Ildf(O)11 = lim Ild9n(0)11 = 11r.p'(O)II > 0, so 9 is not constant. Finally Fatou's lemma

implies area (9) :::; lim inf area (9n) :::; lim inf area (in) :::; A. Thus the theorem 4.5.1

of removable singularities implies the extension of 9 to Cpl, so that we have proved

that 9 is a J-holomorphic sphere satisfying (ii).

(b) Assume now that pEaS. Let bn = dist(Pn,aS). Assume first that Mnbn =
R,. is unbounded. By passing to a subsequence we may assume that R,. -+ +00.
We can find a holomorphic chart 'l/Jn : (D, bn) -+ (S, zn) with the property '" 1,

i.e. C-1bn :::; :::; Cbn for some positive constant C. Set r.pn(u) = 'l/Jn()t.,,). Then

we can prove that (ii) holds exactly as in case (a).

(c) Finally, assume that pEaS and that Mnbn is bounded. Let r.p be a holo­

morphic chart (D+,aD, 1) -+ (S,aS,p). Then Un = r.p-l(Pn) is defined for i large

enough and converges to 1, with 1 -Iunl '" bn . Set

Vn = (1- and r.pn(u) = r.p CU:
v
::) = r.p(hn(u)).

= 1r.p'(hn(u))I·

For U E K this is equivalent to 1 - Ivnl = M;;l. Thus for U E K we have

Let K be a compact subset of D \ {-I}. Then the domain of definition of r.pn
contains K for n large enough and since V n -+ 1 we have r.pn -+ Z on D \ {-I}.

Moreover,

Now set 9n = fnor.pn as before, so that 9n is a J-holomorphic map defined eventually

on any compact subset of D \ {-I} and sending the boundary to W. Then on each K

we have IId9nli :::; Mn.C(K).M;;! = C2(K). Moreover, set = (un - vn)/(l - vnun)

so that Un = + vn)/(l + whence = Pn' Then

thus we can assume that converges to a point u:x, E D+.
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On the other hand, converges to v, so by passing to a subsequence we can

assume that gn converges on D \ {-I} to a J -holomorphic map g : (D \ {-1 }, aD \

{-1 }) --> (V, W). Furthermore

Ildg(I)11 lim Ildgn(u:x,)II 2: liminf Mn

> liminf Mn · Cl(D+) . M;;l = CI(K) > 0,

thus g is not constant. Finally, Fatou's lemma and the theorem 4.7.3 on removable

singularity in the case with boundary allow us to prove that g extends to a J­

holomorphic disc satisfying (iii). This finishes the proof of the proposition. 0

5.2. The compactness theorem for closed curves

DEFINITION 5.2.1. - Let (V, J) be an almost complex manifold. A cusp-curve

is a (j, J)-holomorphic map f : j) --> (V, J) defined on a closed Riemann surface,

not necessarily connected, with 2k distinct points identified by pairs. That is to say,

we are given Pl,'" ,Pk, ql,"" qk on satisfying f(pj) = f(qj)·

Thus f induces j: t --> V where t = "" qj).

DEFINITION 5.2.2. - Let (In) be a sequence of almost complex structures on

V, and fn : (8,jn) --> (V, I n) be a sequence of (jn, In)-holomorphic maps. Assume

that I n converges to J and that f : --> (V, J) is a cusp-curve. We say that

fn converges to f if there exists a continuous map an : 8 --> t with the following

properties:

• a;;l(pj) = 'Yn,j is an embedded loop for j = 1, ... , k

• the topological type of (8, in) is constant, where in = Uj=l 'Yn,j

• an induces a diffeomorphism of 8 \ in on = \ {PI, ... , qd, and an.(jn)

converges to j on

• fn 0 a;; I converges to f uniformly on

Remarks.

1. The uniform convergence implies that the the homotopy class [In] E [8, V] is

eventually constant and satisfies [In] = [foo 0 an], and also that

limarea(fn) = area(foo).

2. If the complex structure jn is fixed (or more generally if it converges to some

joo), the proof will show that is equal to 8 plus a finite number of spheres

corresponding to bubbles as described in §5.1.
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3. In the case of curves with boundary, the compactness theorem becomes un­

wieldy to state (although there are essentially no new ideas in the proof). If

the complex structure in is fixed, it implies that the homotopy class of fn is for

n large enough equal to [foo] +2:i[gi]+2:j [hj] where foo is a map from (S, oS)

to (V, W), the gi are J-holomorphic spheres and the hj are J-holomorphic

discs with boundary in W.

THEOREM 5.2.3. - Let (V, I n, J.tn) be uniformly tame and such that I n con­

verge to Joo ' Let S be a closed real surface (not necessarily connected) and (jn) a

sequence of complex structures on S. Let fn : (S, in) -> (V, In) be a sequence of

In-holomorphic maps. Assume that area(fn) is bounded by some constant A and

that the image fn(Sn) meet a fixed compact set. Then there is a subsequence which

converges to a cusp curve.

Sketch of proof - We define I/n to be a conformal metric on (S, in) of constant

curvature ±1 on each component of genus =I- 1, of constant curvature 0 and total

area 1 on each component of genus 1. Note that I/n is unique on each component of

genus> 1.

We shall prove a slightly more general result than the one asserted'in the theorem.

Instead of assuming that fn is defined on all of S, we make the following hypotheses:

(HI) fn is defined on a closed subset S \ Un, where Un = U:=I B(qn,r,cn,r) is a

union of a fixed number of J.tn-ballswith radii tending to zero and the centers qi,r

converge to ql, ..., qs (not necessarily distinct)

(H2) The total length of fn(oUn) tends to zero.

The conclusion will be almost the same, with the following precisions:

• "Yn,j is contained in S \ Un,

• an is defined on S \ Un and sends each compoment of oUn to a point,

• the convergence of (fn) to foo is uniform on each compact subset of S \

{Ph' .. ,Pk, ql,' .. ,qs} and also near {ql" .. ,qs} \ {PI, . .. ,pd·

Case 1. - Assume first that, after passing to a subsequence, in converges

modulo Diff S. There is no loss of generality in assuming that in converges to i. The

proof will be by induction on where is the smallest area of a J -holomorphic

sphere.

If N = 0 then 5.1.2 implies that we have compactness. So we assume that N :2: 1

and that the result is already known when [4] = N - 1.ao .

Define Mn(z) = d(z, Un)lldfn(z)ll. If Mn(z) is uniformly bounded then fn con­

verges on S \ {aI, ... , as} to some J-holomorphic map f00' Because of the theorem

on the removal of singularities, foo can be extended to all of S, and the proof of that

result also shows that the convergence is uniform also near {ql' ... ,qs}.
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On the other hand, if Mn(z) is not uniformly bounded, let Pn be a point where

Mn(z) is maximal. By passing to a subsequence, we can assume that Mn(Pn) = Mn

tends to +00.

Set Mn = Ildfn(Pn)II and consider gn(u) = fn 0 i.p where 7l' is a chart near

Pn. This is defined for lui :S CMn- Then, as in proposition 5.1.2, by passing to a

subsequence we can assume that it converges to a holomorphic sphere g.

Using the metric Idul/(1+luI2 ) on Cpl, we see that Ildgn(u) II :S C/lul
2 for

some constant C. Thus, after taking a subsequence we have Ildgn(u)11 :S 2C/n 2 for

lui :S n. We can also assume area (gn(D(n))) --+ area(g) and En = n/Mn --+ O.

Thus the length of gn(&D(n)) = fn(&B(Pn, En)) is 27l'n· 2C/n 2 which tends to O.

Moreover the area of fn(Un U B(Pn, En)) has diminished at least by Therefore,

we can apply the induction hypothesis to

Case 2. - Now assume that Un) goes to infinity in the space 3(S)/Diff S

(moduli space). We shall use induction on the maximal genus of a component of S.

The hypothesis on in implies that we can find, in a fixed nonzero homotopy class,

a in-conformal annulus An of large module and whose generator curves have small

fln-length (Mahler's compactness theorem, see [8] and chapter VIII). Since Un is a

union of s small balls, the annulus An can be found in S \ Un'

By the length-area argument we can find a meridian 'Yn of An such that the

length of fnbn) tends to 0 and separating A in two annuli of large modulus. Then

we can apply the induction hypothesis to S \ (Un U 'Yn).

Appendix: Stokes' theorem for forms with differentiable coefficients

A.I. Statement

THEOREM A .1.1. - Let a be a differential form of degree n - 1 defined on a

compact domain BeRn with a piecewise C1 boundary and differentiable except at

a finite number of points. Assume that one of the two following properties hold:

(i) da is Lebesgue integrable on B

(ii) da 2: -C > -00, where da is identified with a function (this implies that

the Lebesgue integral of da is well defined as an element of R U {+oo}).

Then we have rda = r a.
Js Jas

For C a positive constant, we say that a domain U c Rn is C-fat if areaU .

diam U :S C vol U. The proof will use the following lemma.

LEMMA A.1. 2. - For every x E B there exists <5 (C) > 0 such that for every

C-fat domain U c B(x, <5) one has

Jh:S r a.
u Jau
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A.2. Proofs

The proof of A.1.1 generalises the one of [10] p.180 who proves the result in case

(i) for n = 1. I am indebted for this proof to Bruno Sevennec.

It is easy to see that it is enough to prove it in the case where the coefficients

are everywhere differentiable. Fix c > o. There exists an upper semicontinuous

function h which satisfies h < da and

(A.2.1) fa h > fa da - c (or > if fa da = +00).

For a suitable 0 we can find arbitrarily fine triangulations of B with C-fat n-

simplices. In particular we can find one triangulation such that all n-simplices

satisfy the conclusion of the lemma. By summing the inequalities fUi h :S fa" a

over all the n-simplices we have a cancellation of all the integrals on an interior

n - I-simplex on the right, so we get

{ h:S { a.
JB JaB

Comparing this with (A.2.1) and since c is arbitrary, we obtain

{da:S{a
JB JaB

(notice that this inequality is all that we need for the regularity of holomorphic

curves). Similarly, using a function 9 which is lower semicontinuous and> do: we

can prove the reverse inequality fB da 2: faB a. This finishes the proof of Stokes

theorem. 0

Proof of the lemma. - Since h is upper semicontinuous and h(x) < da(x), one

has h(y) < da(x) - "., for some"., > 0 and Iy - xl < 8 small enough. Thus

(A.2.2)

On the other hand,

Lh :S (da(x) -".,) vol(U).

a(y) = a(x) + Da(x).(y - x) + o(ly - xl)·

Using the classical Stokes theorem and the fact that U.is C-fat, we deduce

( a = da(x) vol(U) + o(vol(U)).
Jau

Comparing this and (A.2.2) we obtain the lemma. 0
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Chapter VI

Singularities and positivity of

intersections of J-holomorphic curves

Dusa McDuff

with an appendix by Gang Liu

This chapter is devoted to proving some of the main technical results about

J-holomorphic curves which make them such a powerful tool when studying the

geometry of symplectic 4-manifolds. We begin by establishing some elementary local

properties of these curves. Next, we develop enough of the theory of deformations

of J-holomorphic curves to prove the following result in Gromov [2, 2.2.C2J on the

positivity of intersections of two curves in an almost complex 4-manifold.

THEOREM 2.1.1. - Two closed distinct J-holomorphic curves C and C' in an

almost complex 4-manifold (M, J) have only a finite number of intersection points.

Each such point x contributes a number kx 1 to the algebraic intersection number

C· C'. Moreover, kx = 1 iff the curves C and C' intersect transversally at x.

Finally, we simplify and sharpen some of the work in [4] in order to prove that

immersed curves are C2-dense in the "big" moduli space Ms(A,w) of all curves

which are J-holomorphic for some tame J.

COROLLARY 4.2.1. - Immersed curves are dense in the "big" moduli space

Ms(A,w) C X x J with respect to the topology induced by the C2 -topology on X and

the Cl-topology on J.

Although, as we shall see, the weaker density result proved in [4] is enough to

establish the adjunction formula, the sharper form is needed in [6J in order to prove

that evaluation maps for spaces of rational curves preserve orientation. Applications

of these results to symplectic 4-manifolds are described, for example, in [5, 6].

The proofs given are adaptations of the arguments in Nijenhuis and Woolf's

fundamental paper [9], which to my knowledge is the first paper to discuss J­

holomorphic curves for non-integrable J. They are quite elementary and are com­

plete, except that some estimates are quoted from [9] without proof.

191
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I wish to thank Dietmar Salamon for his many useful comments on the first

section, and Gang Liu for a very careful reading of the text.

1. Elementary properties

1.1. J-holomorphic curves

Let (M, J) be an almost complex manifold and (E, j) be a Riemann surface. A

smooth map u : E --+ M is called J -holomorphic if the differential du is a complex

linear map with respect to j and J:

J 0 du = du oj.

There are many ways of writing this equation. It will be most convenient for us to

use the form derived by Nijenhuis and Woolf in [9], which writes it in terms of the

usual delbar operator on e.
By using appropriate charts on E and on M, we may suppose that the domain of

u is a closed disc D = D(R) centered at 0 and of radius R in e, and that the range

M is en equipped with a Coo almost complex structure J which equals the standard

structure Jo at the origin {O} = (0, ... ,0). We will write Ui, iii, i = 1, ... , n, for

the component functions of u together with their conjugates, and 8 and [) for the

usual del and delbar operators on en. We will consider maps u : D --+ en such that

u(O) = O.

LEMMA 1.1.1. - u is J -holomorphic if and only if

(1.1.2)

where, for each WEen, Aim(w) is a certain n x n complex-valued matrix,

is made from the entries of J(w) and which vanishes when J(w) = Jo.

Aim(u(O)) = A;m(O) = 0 for all i, m.

which

Thus

Proof. - Consider the complexified cotangent bundle V = T*e n
Q9 e, where

en has its usual complex structure Jo. Each fiber Vw , wEen of this bundle has

two commuting almost complex structures, one which we will call i induced by

multiplication by yC1 in e, and the other which we will call Jo induced by the

action of Jo on T(e n
). We think of the former as the basic complex structure, and

consider the latter to be a complex linear automorphism of the complex vector space

(Vw , i). Then each Vw decomposes as Vw 1,0 E9 Vw0,1, where Vw 1,0 is the +i eigenspace

of Jo and Vw 0,1 is the -i eigenspace. Correspondingly, V decomposes into a sum

V 1,0 E9 VO,l, where V 1,0, respectively VO,l, is the space of complex valued forms with

Jo-type (1,0), respectively (0,1).

Here is an explicit formula for this decomposition. If Wj = Xj + iYj, j = 1, ... ,n

are the coordinates of en, then Jo acts by:

Jo = Jo = -
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so that the transpose action on the cotangent space is

Thus

193

Jo(dWj) = Jo(dxj + idYj) = -dYj + idxj = idwjl

which implies that dWj E Vl,o. Thus the summands Vl,o and VO,l have bases

dWl, ... ,dwn1 and dUll, ... ,dwn . For short, we will denote the element l:k akdwk +
bkdwk of V as adw + bdw where a, b E C n

, and correspondingly will describe auto­

morphisms X of V by means of 2 x 2 block matrices of the form:

V has a similar decomposition V = Vi,oEBVJ,l with respect to the almost complex

structure J. It is easy to check that P = HId - iJ) and 15 = + iJ) are the

corresponding projections onto the ±i eigenspaces of J. Note that P(Id - P) =
o= Pp. Thus the space of complex valued I-forms on (Cn

, J) of J-type (1,0) is

spanned by the forms represented by the columns of P, namely:

where Qk denotes the transpose (Pk)t of Pk. It is well-known that a map u : D --; Cn

is J-holomorphic if and only if it pulls the I-forms of J-type (1,0) back to I-forms

of type (1,0) on D. Hence we require that the I-forms

u*(Qldw + Q3dw) Ql(u)du + Q3(u)du

U*(Q2dw+ Q4dw) = Q2(u)du + Q4(u)du

have type (1,0) on D. Since the type (0,1) part of the I-form du on D is au this is

equivalent to the equations

We claim that the second of these equations follows from the first. To see this,

observe that the equation P15 = 0 implies:

Plp2+ P2P4 = 0, P3P2+ P4P4 = O.

By the definition of 15, 154 = Id at W = O. Thus P4 is invertible near {O}, and if

B = -152 (154 )-1,

Thus

Q2 = P4 = BtQl, Q4 =

showing that the second equation is B t times the first. Moreover, by multiplying

the first equation by (Qd-1, one gets an equation of the required form. Note that

A(O) = 0 because Q2(0) = O. 0
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Remark. Nijenhuis and Woolf show by a simple calculation that all the

components Pk of P can be written in terms of A (they use the fact that J is real,

which implies J1 = J4 , J2 = J3 ). Conversely, given any matrix A of complex valued

functions such that (1 - A.A) is invertible, they construct a corresponding P and

hence J. Thus, for such A, every solution of equation (1.1.2) is J-holomorphic for

an appropriate J.

COROLLARY 1.1.3. - Any map u which satisfies equation (1.1.2) is a solution

of a system of equations of the form:

where 'l/Ji = 0 when all its arguments equal zero (here 8j denotes the partial derivative

8/8z j , etc).

Proof. - In shorthand notation we may write equation (1.1.2) as:

8u+A8u = o.

Thus 88u + A88u is a function of u and its first derivatives. By taking conjugates,

we see that 88u + .A88u is too. Therefore, substituting for 88u in the first equation,

we find (1 - A.A)88u also has this property. The result now follows by multiplying

by (1- A.A)-1. 0

Here is a useful consequence of this result.

LEMMA 1.1.4. - If two J-holomorphic curves u, u' : E --+ (M, J) have the

same oo-jet at a point z of a connected Riemann surface then u = u'.

Proof. - Since E is connected, it is enough to prove this locally. Hence, by the

above corollary, we may assume that u and u' are solutions of the following system

of equations on D:

and that 9 = u - u' vanishes to infinite order at {O} E D. Because 9 and its deriva­

tives are bounded on D, it is easy to check that 9 satisfies differential inequalities

of the form:

m

for i = 1, ... ,n and all zED. The desired conclusion now follows from Aronszajn's

strong unique continuation theorem which we now quote:

THEOREM 1.1.5 (Aronszajn). - Suppose that 9 E Rm) satisfies the

pointwise estimate
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(almost everywhere) where is the Laplace operator. Suppose further that g vanishes

to infinite order at the point z = 0 in the sense that

J Ig(z)1 = O(r
k

)

Izl:'Or

for every k > O. Then g == O.

Here Rm) is the Sobolev space of maps from D to Rm whose second

derivative is L2 on all precompact open subsets of D. Since all the maps which

we consider here are smooth, a reader who is unfamiliar with Sobolev spaces can

suppose that g is Coo. This theorem can be viewed as a generalisation of the unique

continuation theorem for analytic functions. It is proved by Aronszajn in [1] and by

Hartman and Wintner in [3].

1.2. Critical points

A critical point of a J-holomorphic curve u : -> M is a point z E such

that du(z) = O. If we think of the image C = c M as an unparametrised

J-holomorphic curve, then a point x E C is said to be critical if it is the image of

a critical point of u. Points on C which are not critical are called regular or non­

singular. In the integrable case critical points of nonconstant holomorphic curves are

obviously isolated. The next proposition asserts this for arbitrary almost complex

structures.

LEMMA 1.2.1. - Let u : -> M be a nonconstant J -holomorphic curve, for

some compact connected Riemann Then the set

x = {z E Idu(z) = O}

of critical points is finite.

Proof - It suffices to prove that critical points are isolated, and so we may

work locally. Thus we may suppose that n is an open neighbourhood of the origin

{O} in C, and that the map u from (n, {O}) to (cn, {O}) is J-holomorphic for some

J : cn -> GL(2n, R). Moreover, we may assume that J is standard, that is equal

to Jo, at the point {O}. Thus

u(O) = 0, du(O) = 0, J(O) = Jo.

Write z = s + it. Since u is non-constant it follows from lemma 1.1.4 that the

oo-jet of u(z) at z = 0 must be non-zero. Hence there exists an integer k 2 such

that u(z) = O(lzl k
) and u(z) f O(lzlk+l). This implies Aim(u(z)) = O(lzl k

). Now

examine the Taylor expansion of the equation
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up to order k - 1 to obtain

[)n(u) = 0,

D. McDuff

where n(u) denotes the Taylor expansion of u of order up to and including k. It

follows that n(u) : e ----> en is a holomorphic function and there exists a nonzero

vector aE en such that

u(z) = azk + O(lzl k+I
),

Hence

°< Izi :S E u(z) 0, du(z) °
with E > °sufficiently small. This proves the lemma. 0

We now show how to choose nice coordinates near a regular point of a J-

holomorphic curve.

LEMMA 1.2.2. - Let nee be an open neighbourhood oj{O} and u : n ----> M

be a local J -holomorphic curve such that du(O) 0. Then there exists a chart

a : U ----> en defined on a neighbourhood of u(O) such that

aou(z) = (z,o, ... ,O), da(u(z))J(u(z)) = Joda(u(z))

ProoF. - Write z = s + it E nand W = (WI,W2,"" wn) E en where Wj =
Xj + iYj' Shrink n if necessary and choose a complex frame of the bundle u*TM

such that

Define r.p : n x e n
-

I ----> M by

where exp denotes the exponential map with respect to some metric on M. Then r.p

is a diffeomorphism of a neighbourhood V of zero in en onto a neighbourhood U of

u(O) in M. It satisfies r.p(ZI'0, ... ,0) = U(ZI) and

at all points z = (ZI' 0, ... ,0) and j = 1, ... , n. Hence the inverse a = r.p-I : U ----> V

is as required. 0
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1.3. Intersections
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We next start investigating intersections of two distinct J-holomorphic curves.

The most significant results in this connection occur in dimension 4, and will be

discussed in the next section. For now, we prove a useful result which is valid in

all dimensions asserting that intersection points of distinct J-holomorphic curves

u : I; -> M and u' : I;' -> M can only accumulate at points which are critical

on both curves C = u(I;) and C' = u'(I;'). For local J-holomorphic curves this

statement can be reformulated as follows.

LEMMA 1.3.1. Let u, v : 0 -> M be local non-constant J -holomorphic

curves defined on an open neighbourhood0 of 0 such that

u(O) = v(O), du(O) l' O.

Moreover, assume that there exist sequences Zv, (v E 0 such that

u(zv) = v((v), lim Zv = lim (v = 0,
v-oo

Then there exists a holomorphic function 'P : 0' -> 0 defined in some neighbourhood

of zero such that 'P(O) = 0 and v = u 0 'P.

Proof. - By lemma 1.2.2 we may assume without loss of generality that M =
en and

u(z) = (z,O), J(WI'O) = i

where W = (WI, w) with WEen-I. Write v(z) = (VI(Z),v(z)).

We show first that the oo-jet of v at z = 0 must vanish. Otherwise there would

exist an integer £ 0 such that v(z) = O(lzjf) and v(z) l' O(lzlf+I). The assumption

of the lemma implies £ 1 and hence J(v(z)) = Jo + O(lzjf). As in the proof of

lemma 1.2.1, consider the Taylor expansion up to order £ - 1 on the left hand side

of the equation 8v + A(v)8v = 0 to obtain that Tf(v) is holomorphic. Hence

where p(z) is a polynomial of order £ and a E e n
-

l is nonzero. This implies that

v(z) l' °in some neighbourhood of 0 and hence u(z) l' v(z) in this neighbourhood,

in contradiction to the assumption of the lemma. Thus we have proved that the

oo-jet of v at z = °vanishes.

We prove that v(z) == 0. To see this note that, because J = Jo along the axis

{w = a}, A(w) = °there, and so

_8A---::-(W_I_'O...:...)= 8A(WI' 0) = °
8XI 8YI '

for all WI (here A is as in lemma 1.1.1). Hence

1

8A
(W) I 1

8A
(W) I I-I!:I + !:I :::;'c W,

UXI UYI
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and hence

18(A(w)1 :S c (Iwl + lei) .
By arguing as in corollary 1.1.3, one easily sees that

D. McDuff

Hence it follows from Aronszajn's theorem that ii == O. The required function <p is

now given by <p(z) = Vl(Z). 0

2. Positivity of intersections

2.1. The main theorem

Here is the statement of the main theorem.

THEOREM 2.1.1. - Two closed distinct J -holomorphic curves C and C' in an

almost complex 4-manifold (M, J) have only a finite number of intersection points.

Each such point x contributes a number kx ::::: 1 to the algebraic intersection number

C· C'. Moreover, kx = 1 iff the curves C and C' intersect transversally at x.

The proof of this theorem has two ingredients: some topology and a deforma­

tion result (proposition 2.1.2). The necessary topology is only sketched: interested

readers can refer to [4] for more detail. The deformation result is proved in detail

in §3 because the proof given in [4J can be simplified by using the approach of [7].

We also take the opportunity to correct some minor mistakes in [4, 7].

Step 1: Definition of kx and ku . - When x is an isolated point of intersection,

the number kx may be calculated as follows:

(i) choose closed neighbourhoods U C C and U' C C' of x which intersect only at

x;

(ii) perturb U keeping 8U disjoint from U' and 8U' disjoint from U to make U

intersect U' in transverse double points; and

(iii) count the number of these points with sign according to the orientation.

It is not hard to check that this number kx is well-defined, i.e. independent of all

choices. Indeed, it is a basic topological fact that the algebraic intersection number

of U and U' does not change under deformations which satisfy condition (ii) above.

When x is not isolated, one cannot define kx in this way since it is impossible

to satisfy condition (i). However, by the results in the previous section, we know

that the only accumulation points of C n C' are critical on both C and C' and that

critical points are isolated. Therefore, there is a closed neighbourhood U of x in

C whose boundary 8U does not meet C'. We may also suppose that x is the only

critical point on U and that U does not meet C' in any critical point other than x.
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Choose a closed neighbourhood U' of x in C' such that Un C' = Un Int U'. Then,

if we perturb U in such a way that condition (ii) continues to hold, the intersection

number of U with U' does not change, and so, given a perturbation which intersects

U' in transverse double points, we may define ku , as before, by counting these points

according to orientation. Note that this number may depend on the choice of U but

not on the choice of U'. Moreover, if x is regular on one of the curves, x is an isolated

point of intersection and so ku = kx for sufficiently small neighbourhoods U.

Step 2: Proof of the theorem when x is a regular point of C. - By lemma 1.3.1

we may identify a neighbourhood of x in M with a neighbourhood V of {O} in C 2

in such a way that J = Jo at {O}, C is given by z f-+ (z,O) and C' is parametrised

by a function of the form z f-+ (f(z), azk + O(k + 1)). Suppose further that {O}

is the only intersection point of C and C' in V. Then their boundary curves are

disjoint, and so remain disjoint under small perturbations. It follows that if V and

c: > 0 are both sufficiently small, we may perturb C' first to the image of the map

z f-+ (f(z),az k) and then to the image of the map z f-+ (fl(Z),c: + azk) without

changing the algebraic number of intersection points of this curve with C. An easy

calculation now shows that this intersection number is k.

This proves the theorem when x is regular on one of the curves. We now have

to make sure that if x is critical on both curves it is not possible to perturb C and

C' near x so as to create lots of points which contribute negatively to C . C'. This

bad behavior is ruled out in the next step.

Step 3: Proof that ku O. - Observe first that it suffices to prove this for any

sufficiently small neighbourhood of x in C, where x is critical on both curves. For,

by step 2, ku increases when U is enlarged to include more points of intersection

which are non-singular on at least one of the curves. Therefore we may suppose that

x is the only singular point on C and C'. The argument is based on the following

proposition.

PROPOSITION 2.1.2. - Ifu is a J-holomorphic map (D(R),O) --+ (C 2, (0,0))

and if ,(t) is any arc beginning at ,(0) = (0,0), there is, for some R' < R and some

to> 0 a smooth family Ut: (D(R'), O) --+ (C 2 ,,(t)), ItI to, of local J-holomorphic

curves in C 2 with Uo = u. If u is critical at z = 0, we may assume that each Ut is

also critical at z = O. Further, given u = Uo, we may choose ,(t) so that the disc

ut(D(R')) does not go through ,(0) for t =I 0.

Note that here we have written D(R) for the closed disc of radius R centered at

oin C. This result is a deformation result: it says that local J-holomorphic curves

through the point x persist as the point x moves, even if x is a singular point.

This proposition is proved in the next section. To apply it here, let us suppose

that our two curves C = 1m u and C' = 1m u' meet at (0,0) E C 2
. Choose the arc

,(t) so that there is a deformation Ut : D(R') --+ C2 of U which does not go through
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(0,0), when t > O. Further, choose U = u(D(Rd), for some R I ::::: R', so that

its boundary is disjoint from C', and choose a suitable U'. Then, for small t, the

deformation Ut = ut(D(R I )) satisfies condition (ii) above, and ku is the intersection

number of ut(D(R')) with C' for small t =I- O. Since we have arranged that all of the

points in this intersection are non-singular on C', this intersection number is 0 by

step 2. Note that it may be 0 since ut(D(R')) might be disjoint from U'.

Step 4: Proof of the theorem. - We first show that C n C' is finite. For

suppose not, let N be the intersection number C . C' and let {Xl, ... ,xd be the

finite set of points in C n C' which are singular on both curves. (Observe that N is

finite because it is the intersection number of the homology classes represented by

C and C'.) Then there are infinitely many points in C nC' which are regular on at

least one of the curves, and so there is a neighbourhood U of {XI, ... ,xd in C such

that (C-U)nC' contains more than N points. Since kx 1 for all X E (C-U)nC',

we must have (C - U)· C' > N. But then

N = C . C' = ku + (C - U) n C' (C - U) n C' > N,

which is absurd.

Since C n C' is finite, all points of intersection are isolated, and kx is defined

for all points X E C n C'. Suppose that X E C n C' is singular on both curves.

We must show that kx > 1. Choose R > 0 so that u(D(R)) meets C' only at

X = u(O), choose an arc 'Y C C' through x, and deform C = 1mu along 'Y as in

proposition 2.1.2. We may assume that, for small t, Ut is critical at z = O. Then

kx may be calculated by counting up the intersection points of ImutID(R) with C'.

By step 2, the contribution from y = Ut(O) E C' is > 1. Since all other points

of intersection contribute a number which is 0 by step 3, the total intersection

number is > 1 as required. 0

It remains to prove proposition 2.1.2. This will follow (in §3.3) by using the

methods which Nijenhuis and Woolf developed in [9] to prove local existence for

J-holomorphic curves and the integrability theorem for almost complex structures

1. Our presentation will follow [7], and is simpler than that in [4] in that we do not

use branched covers.

2.2. The adjunction formula

The other main result about singularities which is needed for applications to

4-dimensional symplectic geometry is the adjunction formula, which gives a useful

numerical criterion for a curve to be embedded. Recall that if C is the image of a

J-holomorphic map from a Riemann surface of genus 9 to V, then the virtual genus

of C is defined to be the number
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where Cl is the first Chern class of the complex vector bundle (TV, J).
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THEOREM 2.2.1 (the adjunction formula). - If C is the image of a some­

where injective J -holomorphic map u : ---t M, the virtual genus g(C) is an integer.

Moreover,

g(C) 2 g =

with equality if and only if C is embedded.

A proof is sketched at the end of §4. Roughly speaking, this theorem says that

each singular point x of a J-holomorphic curve contributes a positive number kx to

the self-intersection number. It is harder to prove than positivity of intersections

because it involves only one curve. Indeed, it is even quite hard to measure kx

(this is, of course, the intersection number of a neighbourhood V of x with some

perturbation of V, but one has to be careful about prescribing how the boundary

of V is allowed to move since this affects the number of intersections). If V is a

topologically embedded neighbourhood of x in C, we may define kx to be the self­

intersection number of a perturbation V' of V which is immersed and is equal to V

near its boundary. However, this definition is not suitable in our context since the

perturbations V' which we use are J-holomorphic and so never equal V near the

boundary. A full discussion may be found in [4, §4].

In [7] the methods developed in the next section are pushed further to give a

complete description of the topological type of a J-holomorphic singularity. It is

shown that no new singularities occur in the non-integrable case. In particular, in

dimension 4 a neighbourhood of a singular point is homeomorphic to a cone over

an algebraic knot in S3. (Another proof of this, one which is valid under weaker

smoothness assumptions on J, may be found in [8].) It is easy to see that this result

also implies the adjunction formula. However, it does not imply corollary 4.2.1 on

the density of immersed curves, since the methods in [7] are purely local: they allow

us to deform C to a curve C' which is non-singular at the given point x, but they

give no control over the size of the neighbourhood on which C' is non-singular.

3. Local deformations

3.1. An integral equation

Nijenhuis and Woolf establish local existence of J-holomorphic curves by trans­

forming equation (1.1.2) into an integral equation which involves the usual Cauchy

kernel Sk and the usual Green's operator Tk for [) on D = D(R). Thus, given a

complex valued function f, we define

= r f(() d(
27ft laD (- z
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and
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= If f(() d( 1\ dC.
21l"Z D (- z

In order that our maps all preserve 0, it will be convenient also to define

Sk(J) - Skf(O), and

-

LEMMA 3.1.1.

(i) If f : (D(R),O) ----> (C,O) is CI-smooth then:

(a) 8SR(J) = 0 and 8TR(J) = f;

(b) f = SRf +TR8f;

(c) SRSR(J) = SR(J) and SRTR(J) = O.

(ii) If f is Coo, then for each k ::::: 0 there is a constant c, which depends on k,

and f, such that

IISRfllk:R ::::: Cllfllk+I:R, for all R::::: Ro,

where II ·llk:R denotes the Ck-norm on D(R).

Proof - It is well-known that the properties in (i) hold for Sk and TR: see,

for example, [9]. Therefore, they also hold for SR and TR. (ii) is also elementary,

and may be proved by applying the usual integral formula to evaluate the k-th

derivative of SR(J), where f is expressed as a polynomial of degree k plus (k + l)st

order remainder. 0

Remark. - We will denote the oo-jet of fat z = 0 by jOO(J), and will consider

it to be a power series (with complex coefficients) in z and z. Its "holomorphic part"

consists of all terms which involve powers of z alone and will be called jh'(J). When

f is real analytic in D, the formal power series joo(J) is convergent in D with sum

f(z). In this case, it is easy to describe SR' Namelyl, if

f
m-p= ampz z ,

m,p;:::O

then

SRf = L ampR 2pzm-p.

m;:::p;:::O

Thus SR depends on R. Further, as R ----> 0, the coefficient of each term in jOO(SR(J))

tends to the coefficient of the corresponding term in jh'(J). In the general case, we

may think of SR(J) as the function on D(R) given by the non-negative part of the

Fourier series of f IclD(R).

lThe following sentences correct Note 1.2 in [7]. I am grateful to Gang Liu for pointing out this

error.
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Following [9], we consider the norm II . which is defined as follows. For f in

the space cJ+a(D(R)) of functions (D(R),O) ---> (C,O) which are Cl+a-smooth, set

= max{118fIIR,118fIIR}, IlfliR = IflR + (2R)"'Ha [f].

Here Ha[f] is the usual Holder norm of exponent a, °< a < 1, and IflR =
sup {If(z)1 : z E D(R)}. Since f(O) = 0, the value of does bound IfIR.

In fact, it is not hard to see that

(See [9] 7.1c.)

Remark. - If u = (Ul,U2) maps (D,O) to (C 2 ,(0,0)), we extend all these

definitions componentwise. Further, to be consistent with [9], we define =

sup etc. 0

Given u: (D(R),O) ---> (C 2
, (0,0)) set

B;(u) -TR and

Bi(u) B;(u) - z (:zB;(U)(O)) , for i = 1,2,

and set

B(u) = (B1(u),B2 (u)).

LEMMA 3.1.2. - dB(u)(O) = °when u(O) = (0,0).

Proof - Because 8TR (J) = f for all f and because Aim((0,0)) = 0, one easily

checks that 8TR(A(u)8u) vanishes at z = 0. Thus the linear terms of TR(A(u)8u)

are holomorphic. 0

We took the linear terms out of B in order to gain control over the first derivatives

of the J-holomorphic curve which we will construct. Thus, here we are following

[9, 4] rather than [7J.

Consider the following equation on D = D(R):

(3.1.3) u(z) = tp(z) + B(u)(z), u(O) = (0,0),

where tp: (D,O) ---> (C2 ,(0,0)) is any Jo-holomorphic map, i.e. 8tp = 0. The next

lemma shows that this integral equation is equivalent to the generalised Cauchy­

Riemann equation (1.1.2).

LEMMA 3.1.4. - Assume that J is an almost complex structure on C 2 such

that J( (0,0)) = Jo and that tp is Jo-holomorphic. If u solves equation (3.1.3) on

D(R) for a given tp then u is J -holomorphic. Conversely, everyJ -holomorphicmap

u : (D(R),O) ---> (C 2
, (0,0)) is a solution of equation (3.1.3) for tp = tpR(U) =

SR(U) + z (fzB'(u)(O)).
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Proof The first statement follows by applying 8 to equation (3.1.3) and

using lemma 3.1.1(a), equation (1.1.2) and the definition of B. The converse is

proved by substituting -A8u for 8u in lemma 3.1.1(b). 0

3.2. Local existence results

We aim to show that for every J-holomorphic map u there is a constant R I such

that u is uniquely determined by cp(u) for all R :::; R I . We begin with the following

proposition.

PROPOSITION 3.2.1. - Suppose that cp: (D(Ro),O) ----> (C 2,(0,0)) is a holo­

morphic map with :::; K. Then, if the functions Aim are Coo, there is R I :::; Ro

such that, for each R :::; R I, equation (3.1.3) has a unique solution UR for which

UR(O) = (0,0) and IluRlln :::; 2K. Moreover, this solution is Coo and depends

smoothly on cp and on the component functions Aim'

Proof Here is a sketch of the proof. Let B = BR be the Banach space

consisting of all functions h: (D(R),O)----> (C2 ,(0,0)) such that IIhlln < 00, with

norm II . lin, and let

A = {h E B : :::; 2K}.

By [9, (6.1.2,4)] there is a constant CI which is independent of R such that

Using this, we find for h E B that

(3.2.2) :::; cIIIAim(h)8h mII R

:::; nCIIIAim(h)

If IIhlln :::; 2K, then oh and 8h are uniformly bounded by 2K and so h is uniformly

bounded by 2KRon D(R). Thus

for some constant C4 which is independent of R :::; Ro. Therefore

which implies that

(3.2.4)

It is also shown in [9] that when Aim E CHe> there is a constant C6 which is inde­

pendent of R such that

(3.2.5)
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It is now not hard to show that

IIO(h') - :::; c7R"llh' -
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where C7 is independent of R :::; Ro. (These last two steps are discussed further

in the next section.) Therefore, if Rj is chosen so that both 2C5R'l and C7R'l are

:::; the map h f-> cP + O(h) is a contraction mapping of A. The first statement in

the the proposition now follows easily. The claim that UR is Coo holds by standard

elliptic regularity (and is proved in [9]). The proof of the statement about the

smoothness of the dependence on parameters may be found in [9, (5.4)]. See also

the appendix, which treats the question of C2-dependence on parameters in the

slightly more general situation considered in §4. 0

Given cP, we will write HR(cp) for the solution UR of equation (3.1.3) which is

constructed above. Note that this solution will depend on R in general and exists

only when R:::; Rj = Rj(K, Aim)'

COROLLARY 3.2.6. - If U is a J -holomorphic map (D(R o), 0) --+ (C2
, (0,0)),

then there is Rj :::; Ro such that HR(CPR(U)) exists for all R :::; Rj and equals u.

Proof - This is almost obvious. We just have to check that given u, there is

Ro > 0 and K > 0 such that K for all R:::; Ro. For if this is so, we may

increase K if necessary so that :::; 2K for all R :::; Ro and then conclude that

u = H R(cPR(u)) for all R :::; Ro by the uniqueness statement in the above proposition.

But CPR(U) = SR(U) +z (iO'(u)(O)), and both parts of this are uniformly bounded

(for fixed u) as R --+ 0: this holds for SR by part (ii) of lemma 3.1.1, and for 0' by

inequality (3.2.4). 0

3.3. Local perturbations

The following result is the key to the proof of proposition 2.1.2.

THEOREM 3.3.1. - Suppose that 1;., A E A, is any family of COO-smooth al­

most complex structures on M which depends Ck-smoothly on the parameter A E A.

If, for some AO E A, u>'O : D --+ M is a J>'o-holomorphiccurve through x, then one

can find a neighbourhood N of AO in A and an R > 0 such that U>'o extends to a

family

u>,: (D(R),O) --+ (M,x)

of J>, -holomorphic curves through x which depend Ck-smoothly on A EN. If U>'o is

singular at x, we may assume that the U>, are also singular at x.

Moreover, there is a constant c > 0 which is independent of R such that
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Proof. Clearly, we can choose coordinates near x so that u(O) = (0,0)

and J((O,O)) = Jo. Further, by replacing J>. by (g>.)*(J>.), for a suitable family

of local diffeomorphisms g>., we may suppose that J>.(O) = Jo. By corollary 3.2.6,

u>'o = HR(<PR(U>.o)) for sufficiently small R. Thus, by proposition 3.2.1, we can get

a smooth family of solutions u>. by taking <P = <PR(U>.o) and perturbing J = J>.o'

Lemma 3.1.2 implies that, when u is J-holomorphic, du(O) = d<pR(U)(O). Therefore,

if u>'o is singular at x, so is <PR(u>'o) and the u>..

To prove the last statement, let (1), be the operator () with coefficients Atm coming

from J>. and let K>. be the corresponding contraction mapping h f-+ <p+()>.(h). Then,

Ilu>. - < II K >.(u>.o) -

1I()>.(u>.o)-

IITR((A;m(u>.o)- A;:;'(u>.o))8(u>.0)m)

< Cl sup IIA;m(u>.o)-
,m

< C2 sup IIA;;" - A;:;,llcl
im

as required. 0

Proof of proposition 2.1.2. - To prove the first two statements we apply

theorem 3.3.1 with Jt = (gt)*(J), where gt is a family of local diffeomorphisms of M

such that gt(r(t)) = u(O) to get a family of Jt-holomorphic maps and then put

( )
-1 IUt = gt OUt·

To prove the last statement we need to choose ,(t) so that, for small t, the

images of the Jt-holomorphic maps do not go through 9t(X). (Note

that R must be independent of t here.) It is easy to see that we may choose ,(t)

and gt so that (i) Jt = J at u(O) for all t;

(ii) dist(gt(x),uo(D(R))) > kIt for all small t and some k1 > 0; and

(iii) IIJt - Joliet::; k2t for some k2 ·

Applying the inequality

IhlR = sup{lh(z)1 : z E D(R)} ::;

to h = - u, we find that

- u(z)1 ::; 6Rck2t::; for small t, and all z E D(R)

provided that R::; Hence gt(x) rf. as required. 0

4. Perturbing away singularities

4.1. Approximation by immersions

In this section we show that singular local J-holomorphic curves may be per­

turbed to be immersed. We will prove a slightly sharper result than in [4].
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THEOREM 4.1.1. - Suppose that Uo : (D(R),O) ----> (C 2
, (0,0)) is a J-holo­

morphic curve which is singular at z = 0. Then, for some RI R, Eo > °there

is a family of J-holomorphic maps u£ : (D(Rd,O) ----> (C2
, (0,0)), lEI < Eo, whose

second derivatives are continuous functions of E. Moreover, the u£ are immersions

fore -I 0.

Proof - The idea of the proof is to lift Uo over a suitable branched cover

to get an immersion uo. If J is the corresponding lift of J, then one can perturb

Uo to a family of J-holomorphic immersed curves u£ which project downstairs to

immersions. Thus, the outline of the proof is the same as in [4, §3]. However,

we begin with a different choice of coordinates near (0,0) E C 2
, and so consider a

slightly different branched cover2
. This makes the lift J of J smoother than before,

and so enables us to simplify the argument.

We first claim that we may choose Jo-holomorphic coordinates (WI, W2) near

(0,0) in C 2 so that u has the form

where k 2 and a E C. To see this, observe that the argument of lemma 1.2.1

shows in fact that u is holomorphic through order 2k - 1, that is

Since k 2, this means in particular that the terms in u of order k and k + 1 are

holomorphic. Thus u has the form

u(z) = (a, b)zk + (c, d)zk+1 + O(lzlk+2),

where a, b, c, dEC and a -I O. We may make b = 0 by the coordinate change

(WI, W2) f--> (WI, w2-bwda) and then make (a, c) = (1,0) by replacing the coordinate

WI by wI(a + CWI)I/k. This puts u into the stated form.

We now choose COO-smoothcoordinates near (0,0) so that in addition

the axis = O} and all the vertical curves = const. are J-holomorphic. (To

arrange this, use proposition 2.1.2 to find a J-holomorphic disc tangent to {W2 = O}

to serve as the new axis = O}, and then find a family of J-holomorphic discs

perpendicular to = O} which will serve as the verticals = const.) Clearly,

by reparametrising these discs (using the fact that every almost complex structure

on a 2-manifold is integrable), we may further assume that J = Jo on the tangent

bundles to these verticals.

2In fact, Micallef pointed out that [4, Lemma 2.5] is not quite correct: one cannot always choose

coordinates so that an arbitrary almost complex structure J on C 2 equals Jo at all points on the

axes {WI = O} and {W2 = A}, though one can make them equal along one axis as we saw in

lemma 1.2.2. Thus something has to be done to this proof, and it is fortunate that we can simplify

it at the same time.
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From now on, we will call our coordinates WI, W2 and assume that they satisfy

all these conditions. Consider the branched cover:

w: C
2

-> C
2

(WI,W2) 1--7

If we write = a+ib, then a, b are real homogeneous polynomials of order k-l

in XI, YI, where Wj = Xj + iYj, and it is easy to check that

(

a -b 00)
b a 0 0

dwl(wl,w2) = 0 0 1 0 '

o ° ° 1

and

(

a/k2IwI12k-2 b/k2IwI12k-2 ° 0)
-I _b/k

2
\WI1

2k
-
2

a/k
2

IwI1
2k

-
2 °°

dw IW(Wl,W2) = ° ° 1 ° .
° ° ° 1

Next, consider the lift j = dw- I
0 J 0 dw of J. Our hypotheses imply that

where the functions Bpq = °when W2 = 0. Thus their Taylor expansion has order

2: 1 in X2, Y2. It follows easily that the lift j = Jo + B is well-defined except on

the branching axis {(O,W2): W2 =I- O}. Further, the functions Bpq(WI,W2) are either

smooth or have the form

where h, h' are homogeneous polynomials of order 2k - 2. Thus the first derivatives

of the functions Bpq are bounded on the cone

The reason for considering Wis that the J-holomorphic map u lifts over Wto an

immersion u of the form

where h is at least CI
. To see this, recall that we chose coordinates so that

Because the Taylor expansion of UI involves z as well as z, it is not divisible by

zk. But, the worst terms of Z-k UI have the form zl/zP where p :oS k and e- p
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k + 2 - k = 2, and it is easy to check that these are CI. Thus z-k UI = 1+ f, where

f is CI. Since 1 + h is the k-th root of 1 + f, the result follows.

Consider the C2 change of coordinates:

1>(WI,W2) = (u11(wd, W2 - u2(u1
1
(wd)) .

Then 1> = Id on the axis {WI = O} and the map u, given by

u(z) = 1> 0 u(z) = (z,O),

is J-holomorphic, where J = 1>*(J). Note that J is as smooth as 1. In particular,

it is easy to check that its first derivatives are bounded on the deleted cone r - {O},

and that its second derivatives grow no faster than l/llwll as Ilwll --+ O. Clearly, the

corresponding functions Aim also have these growth properties.

We now want to apply proposition 3.2.1 with the almost complex structure J

to the family of maps tpc = z(l,e). Since tpo is J-holomorphic, the solution HR(tpo)

corresponding to tpo is just tpo = u. We claim that, for some R I , co > 0, there is a

family of solutions HR(tpc) for lei < co. To see this, note first instead of working in

A, we can set up our contraction map on the space:

{ .. 1}
L = h: h(z) = z(l, 0) + h, 2 .

Note that all the elements of L are embeddings. Further, it is easy to check that, if

hE L, then h(D(R)) c r for R < 1/2.

Next observe that all the estimates in the proof of proposition 3.2.1 except pos­

sibly for (3.2.5) apply with our Aim, which are of class C'" rather than of class Coo.

To check that (3.2.5) holds we will need the following lemmas.

LEMMA 4.1.2. - Let'l/J: D(R) - {O} --+ C be a boundedfunction whose first

derivative is such that
Cg

1d1P(z)I ::;

and let tp E B. Then, II tp . 'l/J IIR ::; cgR IltplIR' where Cg depends only on Cg and

m = supl'l/JI.

Proof. - Note first that

H",[tp. 'l/J] < (Itp(Z) - tp(z')1I'l/J(z')I Itp(z)II'l/J(z)- 'l/J(Z')I)
sUPlzl::;lz'l Iz - z'l'" + Iz - z'l'"

< m H",[tp] + - Z'II-",

< mH",[tp]+

Here we used the fact that Itp(z)I ::; Izlmax{ latplR, 18tp1R} ::; IzllltpllR' since tp(O) = O.

Thus

Iltp . 'l/JIIR < ItplR supl'l/JI+ R'"H",[tp . 'l/J]

< Rm + R'" (H",(tp)m+



210

which has the required form because

Het(cp) :S R1
-

etmax{18cpln,lacpln} :S

o

D. McDuff

Here is the needed replacement for equation (3.2.5).

LEMMA 4.1.3. - Let A be one of the functions Aim so that its first derivatives

satisfy the assumptions of the previous lemma on the cone f, and let h, h' E L. Then

IIA(h') - A(h)lln :S ec,R Ilh' -

Proof - As in [9, 7.1h] we may write

2 1

A(h'(z)) - A(h(z)) = (h;(z) - hi(z)) 10 8iA (h(z) + t(h'(z) - h(z))) dt

2 1

+ aiA(h(z)+t(h'(z)-h(z)))dt

Each term in the sums on the right hand side is an integral over t of a product cp'ljJ,

where cp = h;(z) - hi(z) and'ljJ = 8iA or aiA evaluated at (h(z) + t(h'(z) - h(z)).

Thus the conditions of the previous lemma are satisfied and the result follows. 0

As in proposition 3.2.1, one can now derive the inequality:

IIB(h') - :S C7Retllh'-

for h, h' E L. To see this, note

IIB(h') - :S IITn (Am(h') - Aim(h))ah;")

+IITn (Aim(h)(ah;" - ahm))

< CISuPim (IIAim(h') - Aim(h)llnllhlln

+ IIAim(h)lInllh' -

which clearly has the right form for some constant C7.

It followseasily that, when :S 4, the mapping h f-> cp,+B(h) is a contraction

mapping M, on L for small E. Hence, it has a unique fixed point Hn(cp,) on L.

Finally, let u, = <1>-1 0 Hn(cp,). As remarked above, this map is an embedding.

Moreover, since it intersects the branching axis only at the point (0,0), where it is

tangent to the plane EWI - W2 = 0, it projects down to an immersion u, = IlJ 0 u,.
The statement about smoothness cannot quite be quoted from Nijenhuis and

Woolf [9] (note that in their language, we are claiming that the functions u, are

C2,o, that is, they vary continuously in the C2-topology when E varies continuously

in the CO-topology). They show that when J is Coo, the solution u, varies as smoothly

as does its holomorphic part S(u,). Thus one cannot work with u, since the almost

complex structure j is not sufficiently smooth. It is also not immediate that the

variation of S(u,) is C2-smooth. However, Gang Liu realised that Nijenhuis and

Woolf's methods do suffice to prove what we need. The details are in the appendix.

o
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4.2. J-spheres in symplectic manifolds

Here is a corollary which is important for some applications. We assume that

(M,w) is a symplectic manifold, and write:J for the space of all Coo w-tame almost

complex structures on M and X for the space of all Coo-maps 8 2 -> M. Further,

given A E H2 (M, Z), we denote by Ms(A, w) the "big" moduli space of A-curves.

This consists of all pairs (u, J) E X x:J such that u is J-holomorphic and represents

the class A.

COROLLARY 4.2.1. - Immersed curves are dense in the "big" moduli space

Ms(A,w) c X x:J with respect to the topology induced by the C2 -topology on X and

the C1-topology on :J.

Proof - Given a J-holomorphic curve C = 1mu, the above theorem im­

plies that there is a neighbourhood U C C of its singular points which has a J­

holomorphic perturbation U,. Then, one can patch U, to C - U by an annulus A

which is a subset of U, at one end and a subset of C - U at the other to get an

immersed curve C' C U, u A u (C - U). Observe that C' is J-holomorphic except

over the patch A. Because U, is C2-close to U, the tangent spaces of A are C1

close to those of C, and hence are invariant under some almost complex structure

J' which is C1-close to J. Thus we may extend J', setting it equal to J except near

A, so that it is C1-close to J, and so that C' is J'-holomorphic. The pair (C', J') is

the desired immersed curve near (C, J) (for more details of the patching procedure,

see [4, Lemma 4.3]). 0

Remark. - This is exactly what is needed in [6, Proposition 3.4J in order

to show that the evaluation map from a suitably defined 4-dimensional space of

immersed spheres in a symplectic 4-manifold M to M is locally orientation preserv­

ing. In this argument we have to work in a topology on the moduli space which

is sufficiently fine for the set of regular points of the Fredholm projection operator

PA : Ms(A,w) ->.:7 to be open, and yet sufficiently coarse for the immersed curves

to be dense. One could pursue the methods of the appendix to prove density of the

immersed curves in the COO-topologyon X x.:7, but at present there is no application

of this result.

4.3. Sketch proof of the adjunction formula

It is easy to see that if the curve C is immersed with k double points, then each

double point contributes 2 to the self-intersection number and

1
g(C) = 1+ 2(C, C - Cl(C)) - 2k.

Thus the result holds in this case. Further, since, by corollary 4.2.1, every curve has

a perturbation which is immersed, and since g(C) is invariant under perturbation,
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g(C) must be an integer which is at least as large as the genus. Thus the only

difficulty is to show that a singular closed curve cannot perturb to an embedded

curve.

It is shown in [4] that it is enough to show this locally. In fact, one can show

that the contribution kx of a singular point to the self-intersection number C· C is

twice the number of double points of any immersed J-holomorphic perturbation U'

of a neighbourhood U of x in C. Therefore, the essential step is to see that kx is

always positive.

This follows, of course, from the analysis of singularities in [7] or [8J. But such a

powerful result is not necessary. To calculate kx , first suppose that C has the local

parametrisation:

U(Z) = (zk, zm) + O(m + 1),

where k < m and (k, m) = 1. It is not hard to see that kx does not change when

U is perturbed first to the topological embedding u' : z I---> (zk, zm) and then to

u" : z I---> (zk,Ez + zm). It is now easy to calculate that kx = (k - 1)(m - 1) which

is > 0 as required.

However, when k and m have a common factor, the map u' above is not a

topological embedding, and so this argument breaks down. In this case, one makes

a preliminary perturbation of u = HR('PR) by making a quadratic perturbation

'PR + z2(E,0) of 'PR' By lemma 3.1.2 this gives us a map u' with a singularity of

order 2 at 0, i.e. in suitable local coordinates u' has the form

In addition, we can arrange that m is odd: see [4, Proposition 2.6]. Therefore, by

the previous case, this singularity contributes the even number m - 1 ;:::: 2 to kx .

Because the contribution of the other singular points is non-negative, we must have

kx > O. 0

Appendix: The smoothness of the dependence on E, by Gang Liu

A.I. Statements

In this appendix, we show how to adapt Nijenhuis and Woolf's argument to

our situation. We give all details, modulo quoting some estimates, and thus this

appendix can serve as an introduction to the process of "elliptic bootstrapping" .

Given any k 2: 0, we will say that the family of functions U g is Ck,o if U g varies

continuously in the Ck-topology as E varies continuously in the CO-topology. Observe

that k need not be an integer here. We will mostly be concerned with the case when

1 :::; k :::; 2. When 1 < k = 1 + (3 < 2, we will take the Cl+,6-norm to be defined in

the same way as the norm II· lin in §3, so that all the estimates of §§ 3,4 apply. In

particular, the Cl+u-norm for functions on D(R) is exactly 11·lln·
We aim to prove that, for any R2 < R}, the family Ug : D(R 1 ) -> C 2 constructed

in theorem 4.1.1 is C2,O when restricted to D(R2). Recall that 'Pg(z) = (I,E)z. We

know from the definition of L that:
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(i) there is M > 0 such that IIH(ip,JII's M for all c; and

(ii) H(ipg) is the unique solution in L of the equation

u(Z) = ipg(z) + B(u)(z).

213

Here, for simplicity, we have written H instead of HR. Recall also that the norm

II . IIR incorporates a Holder norm of some arbitrary but fixed exponent a, where

O<a<1.

LEMMA A.I.I. - ForO<f3<a, H(ipg) isCI+,6,o.

Proof. - We must show that, for any sequence 8j ----> 8,

But, by (i) above, the sequence {H(ipoJ is uniformly bounded and equicontinuous

in the CI+a-norm . Therefore it has a subsequence which converges in the CI+,6-norm

to some limit, say H'(ipo). Now, by construction,

We showed in §4 above that B is continuous with respect to the CI+,6-norm, for any

f3 < 1. (The only limitation on f3 here is that we need the functions Aim to be of

class C,6.) Therefore, we may let j go to 00 in the above equation. This gives

By the uniqueness statement (ii), H'(ipo) = H(ipo). This shows that every subse­

quence of {H(ipoJ converges in CI+,6 to H(ipo). 0

Now ug= <I>-I 0 H(ipg), where <I> is C2
. This implies that the functions Ug= W0 ug

still satisfy:

(i)' for some constant M ' , SM ' ; and
(ii)' U g E CI+,6.

Recall further that J and hence the functions Aim are Coo.

LEMMA A.I.2. - {Ug } E C2,o

Proof. - Suppose we can prove that for any R2 < R I ,

(A.1.3) L 118i8j ugllR2 s
i+j9

for some continuous function F. Then, this will imply that Ug is uniformly bounded

and equi-continuous under the C2+,6-norm for any f3 < a. Therefore, if 8j ----> 8, the

sequence {uo
j

} has a subsequence which converges in C2+,6 with limit say. But,

by (ii)', we know that {UOj } converges CI+,6 to Uo. Thus = Uo. This proves that

{u g } E C2,o, as required. 0
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A.2. Proof of estimation A.1.3

Estimate (A.1.3) is of a standard elliptic type. Given a solution u of a first order

elliptic equation, it estimates the C2+"-norm of u in terms of its Cl+"-norm. (In

general, if the equation has order f., one can estimate a Ck+l+,,_ norm in terms of a

CH"-norm.) Its proof is based on the following fundamental elliptic estimate.

(iii) If f,w E C"(D(R 1)), and f = 8R,! + TR1W, then for any R2 < R1! f E

Cl+"(D(R 2)) and

:S c(R1,R2) (11f11RI + R1IlwIlRl)·

See [9] 4.3d. We will also use the following formulae.

(iv) [9, (6.3b)] If f,g E Cl+"(D), then T(J8g) E Cl+"(D) and

8T(J8g) = T(8f8g - 8f8g) + f8g - 8(J8g) - 8(J8g);

(v) [9, (6.2c)] If f E C1(D) then 88(J) = 8(81) + 8(81).

Here 8 is defined by:

8(J)(z) = { f(()d(.
27rZ laD (- z

Proof of (A.l.3). - For simplicity, we write u instead of u€. By construction,

we know that

8u + A(u)8u = 0,

or equivalently

(vi) u = 8(u) - T(A(u)8u).

Therefore, using (iv) and (v), we find:

8u 88(u) - 8T(A(u)8u)

8(8u) + 8(8u) - T(8A(u).8u - 8A(u).8u)

-A(u)8u + 8(A(u)8u) + 8(A(u)8u)

8(8u) - T(8A(u).8u - 8A(u).8u) - A(u)8u + 8(A(u)8u).

Thus, because 871 = - A(u)8u, we have

[1- A(u)A(u)].8u = 8([1- A(u)A(u)].8u) - T(8A(u).8u - 8A(u).8u).

Applying (iii), we find that, R2 < R},

11[1- < c(R1,R2)(11[1-A(u)A(u)].8uIIRI

+R I I18A(u).8u- 8A(u).8uIIR,)

:S cI(R 1, R2) + c2(R},R2)
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Here we use the fact that

au - I au
aA(u) = aA(w)lw=u'-a + aA(w) '-a'

z w=u z

and the inequality Ila.bll ::::: lIall.llbll from [9, (7.1b)]. Thus

11[1 - A(u)A(u)rl[l-

::::: c3(R1 , R2 ) + C4 (R1 ,

215

This is an estimate for of the required form. To get a similar estimate for

we note

=

< +
::::: + cs

This completes the proof.
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Chapter VII

Gromov's Schwarz lemma as an estimate

of the gradient for holomorphic curves

Marie-Paule Muller

1. Introduction

In a symplectic manifold (M 2
n, w) with a tamed almost complex structure' J, the

2-form w induces an area form on (immersed) J-curves f : (I:, i) -+ (M, J), where

(I:, i) is a'Riemann surface which will be closed, open or compact with boundary,

according to the context. The image f(I:) will be denoted by S. Throughout this

chapter, we shall assume that S is contained in a fixed compact subset of M.

Roughly speaking, the final goal is to ensure the existence of "enough" J-curves

verifying a given homological condition. This will be a consequence of an Ascoli

type "compactness theorem" , explained in the next chapter.

Our immediate task, in this chapter, is to present an essential ingredient in the

proof of the compactness theorem: a Schwarz lemma which is "ad hoc" for J-curves,

that is an estimate for the derivative of J-holomorphic maps.

In order to simplify the presentation, we assume that the various data are of

class COO. Nevertheless, the minimal regularity class for each statement can easily

be made clear by the context.

2. A review of some classical Schwarz lemmas

2.1. Holomorphic functions

Let us begin with the well-known standard Schwarz lemma, which is a conse­

quence of the maximum principle: denoting by D1 the (Euclidean) unit disc Izi < 1

in C, for every holomorphic function f : D1 -+ D1 with f(O) = 0, we have 11'(0)1 :::; 1.

The following equivalent formulation, where the assumption f(O) = 0 is dropped,

can easily be obtained using two homographies of the disc:

2.1.1. Exercise. - Show that, for every holomvfphic function f : D1 -+ D1 ,

If'(z)1 1
-'--'--'---,;2 < ---2'

1 - If(z)1 - 1 - Izl

217
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Now, in terms of the Poincare metric m-l (with constant curvature -1) on the

disc D1 , the inequality in 2.1.1 says that f is a contraction when D1 (as source and

as target) is endowed with m-l (instead of the Euclidean metric mo):

j*m-l :::; m-l

(note that f*m-l is conformal).

2.2. Negatively curved ranges

The preceeding Schwarz lemma (which is now a lemma in hyperbolic geometry)

was generalized to the case of non-constant negative curvature by L. Ahlfors (1938),

then by H. Grauert and H. Reckziegel (1965) (see [1]' [7]).

LEMMA 2.2.1. - Let M be a Hermitian manifold whose metric 11 is such

that the holomorphic sectional curvature is less than -1. Then f* 11 :::; m-l for every

holomorphic curve f : D 1 ---t M.

Let us mention the existence of many other references concerning Schwarz lem­

mas, see for example chapter 2 of [12J. In all of them, the assumption that the

relevant sectional curvature in the target manifold M has a (strictly) negative up­

per bound is made. The next exercise will explain where exactly the curvature is

involved, and why it is assumed to be negative.

2.2.2. Exercise. - Consider two Hermitian metrics m = eg dZeLz and 11 =
ehdZeLz on D1 (the first one is supposed to be the reference metric to which we want

to compare the second one). Assume that the respective Gaussian curvatures verify

kJl :::; km , that there is a point Zo in D1 where the ratio 111m achieves its maximum

and that at this point, km(zo) < O. Prove that 11 :::; m everywhere on D1 (Hint: see

for example chapter 2 in volume 2 of [6]).

Now, there are many interesting cases where the condition that 111m achieves

its maximum at some point in the disc is fulfilled. For example, prove it when m

is the Poincare metric, or even more generally, a metric with infinite area which is

invariant under rotations around 0 (using if necessary a slightly smaller disc Dr in

order to have the function h (corresponding to 11) bounded on that disc, then let r

tend to 1).

3. Isoperimetric inequalities for J-curves

Let us choose a Hermitian metric 11 on the manifold (M, J). For each J-curve f :
(D1, i) ---t (M, J), we consider the induced metric on D 1, which will also be denoted

by 11 from now on. The goal is to construct on D1 a "reference metric" m which

will be suitable for all these J-curves. Clearly, we must make the assumption that

M is compact (or, at least, that we consider only J-curves whose images S = f(D 1)

remain in a compact set).
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The first step is to obtain an upper bound K for the Gaussian curvature k of J-

curves. The trouble is that this constant K can be positive. Therefore, it will not be

convenient to use a spherical metric mK, whose area is at most 41r/ K, as a reference

metric on the disc. Moreover, as the parametrisation is involved, it is evident that

this local property k :S K for J-curves cannot be sufficient for an estimate of 11'(0)1.

This explains why we shall need further (global) information about the geometry of

J-curves. An isoperimetric inequality, valid for large values of the area, will complete

the analysis, allowing us to draw a "profile" which corresponds to the sought after

"reference metric" .

3.1. A bound on the mean curvature

Let "V' be the ambient (ie. on (M, J1)) Levi-Civita connection. The connection "V

for the metric induced on S is the tangential part of "V', and the second fundamental

form II is its normal part:

= "VxY +II(X, Y).

Now we estimate the trace of II and thus the mean curvature 1/2 trace (II). As is

appearent from the following calculations, we assume here that J is at least of class

C1
. Let (X, JX) be a (local) orthonormal frame for the tangent bundle TS. We

have

X + J

+ J X + [JX, Xl)

+ J - + tangential component.

Finally, trace (II), which is the normal part of X + is such that

(3.1.1) Iltrace(II)11 :S +

:S 211"V'JII

which is bounded on compact subsets of M.

3.2. An upper bound for the Gaussian curvature

The Gauss equation relates the curvature Ron S to the ambient curvature R':

R'(W, Z, X, Y) = R(W, Z, X, Y) + (II(X, Z), II(Y, W)) - (II(Y, Z), II(X, W)).

With an orthonormal frame (X, JX) as before, we obtain the sectional curvature

on TS:

R'(X, JX,X,JX) = k+ IIII(X,JX)11
2

- (II(JX,JX),II(X,X)).

Let Csee be an upper bound for the (J-holomorphic) sectional curvature on the

compact manifold M. The preceeding relation yields

k :S Csee + 1/2 II trace (II)11
2

which is bounded by a constant K, by (3.1.1).
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3.3. Two isoperimetric inequalities

Let D1 be the closed unit disc in C. For a J-curve with boundary f : D1 --+

(M, J, p,), let a (resp. 1) be the area (resp. the length of the boundary) of the

J-curve, for the induced metric. The upper bound on Gaussian curvature k :::; K

implies an isoperimetric inequality.

LEMMA 3.3.1. - The inequality 12 41ra - K a2 holds.

This isoperimetric inequality, which is well-known when the curvature k is con­

stant, is established by G. Bol in [4] (see a proof and references in the appendix to

chapter III).

From now on, we shall make use of a symplectic form w which tames J (see

chapter II). The compactness of M allows one to assume that w(X, JX) :::; IIXI12

for every tangent vector X (by a convenient normalization of the metric).

LEMMA 3.3.2. - Let f : --+ (M, J, p,) be a compact J -curve with boundary

whose image S is contained in a region of M where w is exact: w = dA. Then

a:::; const·l

where the constant depends only on A.

Proof. - We have a :::; fE f*w :::; feE f*A:::; IIAllux,1. D

Remarks .

• Notice that the boundary must be non empty when the symplectic struc­

ture is exact .

• Think of the Darboux theorem. By compactness of M, there is a radius

e such that w is exact on a neighbourhood of all the closed balls B(x, e)

in M: w = dAx . Moreover, we can assume that w(X, JX) IIXI12
and

IAx(X)1 :::; IIXII on each of these balls. We then obtain 1 a for the J-curves

corresponding to the intersections S n B(x, e).

4. The Schwarz and monotonicity lemmas

4.1. Gromov's Schwarz lemma

Given a J-curve f: D 1 --+ (M,J,p,), let a(r) (resp. l(r)) denote the area (resp.

the length of the boundary) of the Euclidean disc Dr with respect to the metric f* p,.

PROPOSITION 4.1.1 (Schwarz lemma). - Assume that for some constants K

and C, the functions a(r) and l(r) corresponding to a J -curve f : D1 --+ (M, J, p,)

fulfil the isoperimetric conditions 12 41ra - K a2 and 1 Ca.



Chap. VII Gromov's Schwarz lemma 221

Then there exists a constant c(K, C) (depending only on K and C) such that

f* j1(0) < (K C)
mo(O) - c , .

Equivalently,

11'(0)1::'0:::; VC(K,C).

Proof. - The idea is to proceed as if we had on D[ a "reference metric"

m, conformal and invariant under rotation. In fact, we shall never use its metric

tensor, but only its corresponding functions lm(r) and am(r). More precisely, we

shall exploit its profile, i.e., the function which expresses I;" as a function of am,

Let P be the function defined on [0, +oo[ by the formula P(a) = max{41ra­

K a2,C2a2}.

Our first task is to obtain two functions lm(r) and am(r), defined for 0 < r < 1,

linked together by the relation I;" = P(am ), behaving near 0 as the length and area

functions of a true metric: am(r) ,..., Const. r2, and with enough area to cover all

possibilities: am(r) --+ +00 as r --+ 1. Moreover, we require that lm(r) and am(r)

correspond to a metric which is conformal and invariant by rotation.

Let us first write down these two last conditions. Let m = h2(dx2+ dy2) be a

conformal metric on the disc. By the Schwarz inequality, the corresponding functions

I(r) and a(r) verify:

a'(r) 2Jrr (faDr h
2
) (faDT 1)

> (faDT Ihlr

I(r?

with equality if and only if h is constant on the circles aDr , ie. m is invariant

by rotation. This yields the condition 2Jrra;"(r) = Im(r)2. Adding the "profile

condition" I;" = P(am ), we obtain the differential equation

(4.1.2)
a;"(r) 1

P (am(r)) 2Jrr

Let Q(a) be a primitive of the function 1/P(a) defined when a > O. According

to (4.1.2),

(4.1.3)
1

Q(am(r)) = -logr + constant
2Jr

Integrability conditions.

1. We still have the choice of the additive constant in 4.1.3: as the function 1/P(a)

is integrable near +00, taking Q(+00) = 0 enables us to have am (1) = +00,

as we want.
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2. Let us examine the behaviour near 0 of the resulting am(r) = Q-l(f,;:logr).

As
1 1
----
P(a) 41ra

is integrable near 0, Q(a) = :/; log a+g(a) for a function g(a) which is contin­

uous at O. With (4.1.3), this gives us a constant C1 such that am(r) rv C1r
2.

We shall now exploit the preceding result in order to deduce the majoration of

the metric J1, at 0 from the inequality concerning its profile. As J1, is conformal and

satisfies the isoperimetric inequalities in the statement of 4.1.1, its area function

a(r) is such that 211"a'(r) l(r)2 P(a(r)).

For 0 :::; r :::; 1, let s(r) be the radius such that a(r) = am(s(r)). We have

211"r a;"(s) s'(r) 211"r a'(r)

> P(a(r))

P(am(s))

211"s a;"(s)

thus

As s(l) < 1, we obtain s(r) :::; r for all r. Thus am(r) a(r). In particular for small

r, C1r
2

rv am(r) a(r) rv 11'(0)12
11"r2 , which completes the proof. 0

Remarks.

1. Since the only properties of P(a) used above were the two integrability prop­

erties, the proof works for other functions verifying these conditions, as for

example P(a) = 411"a + a2, which corresponds to the classical case, where

K = -1 and m = m-l, the Poincare metric.

2. As in lemma 2.2.1, we can drop the specialisation to the point 0 using m-l

instead of ma for the estimation of 1': we obtain the equivalent conclusion

:::; VC(K, C)

for every z in the disc, whenever the profile condition is verified (e.g. in the

framework of §3.3).

3. Here is another way to drop the point 0: keeping ma on D1 , consider for each

point z the restriction of f to the disc with centre z and radius 1 - 14 We

have immediately

1J'(z)11l < VC(K, C).
ma - 1-lzl
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It is an easy exercise to generalise this last remark in order to obtain the

I Const
If (z)1 :s dist(z,

where the constant depends on everything but f·

COROLLARY 4.1.4. - Let be a compact Riemann surface with boundary,

with a metric J.LL.. For every J -curve f : -+ (M, J, J.L) whose image is contained

in a fixed compact set where J is tamed by an exact symplectic form w = d>', the

following estimate holds

4.2. A monotonicity lemma for J-curves

For a complex analytic manifold 5 defined by an equation f(z1"'" zp) = 0,

where f is a holomorphic function on a domain of CP, metric properties were estab­

lished by P. Lelong [8] as a consequence of general results concerning plurisubhar­

monic functions. In particular, Lelong proved that the mean value of the function

log If I on a sphere with variable radius R and fixed centre is a convex function of

log R. An immediate "monotonicity" corollary can be stated as follows: a point M

of 5 being fixed, let 5R be the intersection of 5 with the ball of radius R and centre

M; the monotonicity property asserts that the ratio between the volume of 5R and

the corresponding volume of the tangent space at M (i.e. of the ball of radius R in

Cp-1, when M is regular), is an increasing function of R whose value at R = 0 is the

order of multiplicity of the point M. A monotonicity lemma for minimal surfaces is

presented in chapter III.

M. Gromov establishes an analogous lemma for J-curves in a compact M, which

subsequently gives an upper bound for the number of components which can be cut

out of a J-curve by little balls of a given radius 10, when the global area is bounded

by a given constant. Throughout this paragraph, the compacity assumption for M

means that all the constants which are mentionned do not depend on the considered

points x, y. .. For a J-curve 5 and a point x on 5, let us consider the intersection

of 5 with the ball B(x,c) in M.

LEMMA 4.2.1 (Monotonicity lemma). - There are constants co and Co such

that for every 10 :S co and for every J -curve 5, if x E 5 is such that 5 n B(x, c) is

compact with its boundary contained in the boundary aB (x, c), then

Area (5 n B(x,c)) 2:: _Jr_ c2.
1 + COlo

This result will be an easy consequence of the

LEMMA 4.2.2. - There are constants 101 and C1 such that for every compact

J -curve 5 (with boundary) contained in a ball B(x, c) with 10 < 101, the area a and

the length l of the boundary verify

l
2 4Jr

> ---a.
- 1 +C1C
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4.2.3. Exercise. - In the following detailed proofs, we give a short summary

of what is done at each stage; as an exercise, the reader can anticipate the text, and

complete the proofs starting from these indications.

Proof of lemma 4.2.2. - Starting with J(x) and /-L(x) on the tangent space

TxM, let Jx and /-Lx be the (constant) complex structure and Hermitian metric ob­

tained on TxM by translation. We consider also the standard calibrated symplectic

structure Wx associated with Jx, /-Lx. Choosing small enough, the exponential map

allows to carryall these structures onto B(x, We shall indicate by means of a

lower index x the use of the Riemannian metric /-Lx.

As /-L and J are of class C1
, we have at every point Y E B(x, c:D:

1. II/-L(Y) - /-Lx(Y) II ::; cj"dist(x,y),

2. IIJ(y) - Jx(y)11 ::; cJdist(x,y)

for some constants cj" and CJ (independent of x and y).

With the first inequality, we easily compare the lengths and areas corresponding

to /-Lx with those corresponding to /-L. In particular, there is a constant C such that

for every curve contained in a ball B(x, c:) with c: ::; the respective lengths lx and

l verify:

(4.2.4) (1 + cc:) l 2: lx

The next step yields a relation between the area a of S and the integral of W x

on S. Consider an orthonormal (for /-L) frame (U, JU) of TyS. When we use /-Lx, the

complex structure Jx is calibrated by W x and we have

and

Applying the first inequality repeatedly and the second one, we obtain a constant C

as before, verifying moreover:

W X (U, JU) 2: 1 - C . dist(x, y)

which implies that for a J-curve S as in the lemma, contained in some B(x, c:) with

c: <

(4.2.5)
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Finally, a homological argument and Wirtinger's inequality allow us to relate the

preceeding integral to the length l, as follows. Let us go back to TxM and consider

there the image of S (still denoted by S). The Riemannian metric we shall use is

JLx. Choose a surface S' (connected or not) which has the same boundary as Sand

whose area verifies the isoperimetric inequality 2:
Any surface with non positive curvature would do (e.g. a minimal or ruled

surface), thanks to a result of A. Weil [11], see also [2]. As a hand-made solution,

we can also consider, for each connected component BiS of the boundary, a cone

S; whose vertex is a convenient point on the loop BiS itself; its planar development

verifies the required isoperimetric inequality, even if there are lines of singular points,

and even if the total angular variation is more than 27r; and for the union S' of these

cones we obtain

as required.

Applying Wirtinger's inequality to S' and using (4.2.5) we obtain

l; 2: 2: 47r r Wx = 47r rWx 2: 47r (1 - CE) a.
ls' ls

The relation (4.2.4) between land lx completes the proof, for a radius E)

taking also into account the value of the constant c: for example 2CE) 1.0

Notice that the image of the JL-ball B(x, E) may be non-convex in TxM, thus S'

is not necessarily contained in it; nevertheless, JLx and Wx are everywhere available

in TxM. This is the reason for going back to TxM (an alternative technique would

be to observe that the image of B(x, E) contains a JLx-ballwith radius (1 - cons.E).0,

by the first inequality above, and to work with S contained in this smaller ball).

Remark. - If we assume J and JL only of class CQ (0 < a < 1), it is easy to

obtain the corresponding formulation of lemma 4.2.2, with E
Q instead of .0 (in the

inequalities, dist(x,y) is replaced by dist(x,y)Q).

Proof of the monotonicity lemma 4.2.1. - Let A(E) be the area of the inter­

section S n B(X,E). Its derivative with respect to .0 is related to the length £(.0) of

the boundary B(S n B(x, E)) by A'(E) 2: £(.0). The lemma yields for every .0 E)

A'(E) [47r
JA(E) 2:

Integration from 0 to .0 together with Taylor's formula gives immediately

A(E) 2: 7rE
2 (1-

and hence the result (with, for example, Co = c) and ClEo 1, Eo Ed.D
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Remarks.

1. In the following, we shall assume that co :::; Cl.

M.-P. Muller

2. Notice that in lemma 4.2.2, the point x needs not belong to the J-curve.

5. Continuous Lipschitz extension across a puncture

5.1. Continuous extension

In the next chapter VIII, J-curves "with missing points" will occur (as limits).

The monotonicity lemma allows to eliminate these singularities in the case where

the area is finite.

THEOREM 5.1.1. - Let f : D1 - 0 ---> (M, J, Ji) be a J -curve with finite area.

Then f extends to a continuous map defined on D1 .

Proof. - Assume that the image S = f(D l -0) has two different accumulation

points p, q. Consider two closed disjoint balls B(p,c) and B(q,c), with c:::; co (cf.

lemma 4.2.1). We can assume that f(aD 1) does not intersect these balls.

In f-l(B(p,c)), consider only the connected components which are compact

and whose images in B(p,c) meet the smaller ball B(P,c/2). For each of them,

the monotonicity lemma 4.2.1 ensures that its Ji-area is at least cst(c/2)2. As the

total area of S is finite, the number of these components is finite too. Thus, there

exists a connected component in f-l(B(p,c)) which has the point 0 in its closure;

consequently, this component meets all the circles aDr for r small enough. As the

situation is the same near q, we conclude that for every r small enough, the loop

f (aDr ) meets both B(p, c) and B(q, c). Thus its length satisfies l(r) 2 d> 0, where

d = dist (B(p, c), B(q, c)). Now, as Ji is conformal (see §4.1)

'() l2(r) d
2

a r >-->­
- 27rr - 27rr

for r > 0 small enough. The last function being non integrable near 0, this contra­

dicts a(r) < 00.

5.2. Isoperimetric inequality for holomorphic curves with punctures

The preceeding proof shows that there is, at least, a sequence (rn ) decreasing to

osuch that the corresponding lengths l(rn ) tend to 0 (of course, a(rn ) decreases also

to 0, as the total area is finite). This is enough for the following extension of lemma

4.2.2. Here, L;* is a punctured compact Riemann surface with boundary (finitely

many interior points can be removed).

LEMMA 5.2.1. - Lemma4.2.2holdsforeveryJ-curvef:L;*--->B(x,c)with

finite area. 0
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In fact we have much more than the remark above:
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LEMMA 5.2.2. - Let 1 : D 1 - 0 --> (M, J,J-L) be a J-curve with finite area.

Then lim,._o l(r) = O.

Proof - By theorem 5.1.1, the J-curve 1 has a continuous extension at O. Let

ro be such that 1 (Dro ) is contained in some B(x, co). We can assume that ro = 1.

For the moment, let us consider on D1 - 0 the usual complete hyperbolic conformal

metric m* with finite area at the end 0; in polar coordinates

dr 2 + r 2dB2

m* = 2 .

r 2 (log r)

For every point z in D1 - 0, we have a covering p : (D 1, m-l) --> (D1 - 0, m*)

by the Poincare disc, which is a local isometry and sends 0 onto z. Applying §4.1

(Schwarz lemma and the remark) to lop, we obtain If'(z)lm* :Scst, for every z.

Now, the length of the circle 8D r is easy to compute for m*; it tends to 0 as r --> O.

We conclude that the length of the image 1 (8D r ) also tends to O. 0

LEMMA 5.2.3. - There is a constant C2 such that for every J -curve f : D1 ­

0--> B(x, co) with finite area, the diameter of S = f(D 1 - 0) and the length l of

the boundary f(8D 1)verify

Proof - Let us assume that l :S Then, we certainly have a point x on

S such that the ball B(x, neither meets f(8D 1), nor contains the point 1(0)

given by theorem 5.1.1 (take two points x', x" with dist(x',x") = if neither x'

nor x" is convenient, for example if f(O) is near x' and 8S near x", notice that

= Applying first lemma 5.2.1 to S, then the

monotonicity lemma 4.2.1 to S n B(x, c) with c =

thus l2 const 0

Notice that lemma 5.2.3 is also valid for every J-curve 1 : --> B(x, co) as

in lemma 5.2.2 (with a constant C2 depending on the number of punctures and

components in the boundary).

As a consequence of lemma 5.2.3, we can rewrite lemma 5.2.1 for = D 1 - 0,

replacing c by l (given S, relate the smallest possible value for c to the diameter):

LEMMA 5.2.4. - There is a constant C3 such that for every J -curve f : D 1 -

0--> B(x, co) with finite area a, the length l of the boundary verifies

l
2 41T'a
>--.0
- 1 + C3l
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5.3. Lipschitz extension

Lemma 5.2.4, together with lemma 3.3.2 (which remains valid, see the remark

before lemma 5.2.1), gives the following complement to theorem 5.1.1:

PROPOSITION 5.3.1.

area. Then

for every z in D1 - O.

Let f : D1 - 0 -t B(x, co) be a J -curve with finite

1J'(z)l:::; cons.
1-lzl

Proof - Fixing a point z =I 0, let us consider the J-curve obtained by restric­

tion of f to the disc with centre z and radius 1 - Izl, punctured at o. We try to

apply the Schwarz lemma. By lemma 5.2.4, for every smaller disc, the area a and

boundary length l verify z2 P(a) for a profile function P(a) = max{h-I(a), C2a2
}

which is defined for a 0 by

1+ 1/2

h(u) = U C3
U

471"

and the constant C is given on the ball by lemma 3.3.2. It is easy to see that

the integrability conditions in the proof of Schwarz lemma are satisfied, and this is

enough (see the first remark in §4.1). 0

In conclusion, a J-curve f : D 1 - 0 -t (M, J, M) with finite area has a continuous

extension at 0 and its derivative l' is bounded in a neighbourhood of 0, so f is

Lipschitz.

Remark. - In the next §, it will be shown that the extension is smooth and

holomorphic at o.

6. Higher derivatives

6.1. A Schwarz lemma for higher derivatives

Following a classical procedure [9], one can view the derivative Df of a holomor­

phic map as a holomorphic map itself, apply the Schwarz lemma and get bounds on

higher derivatives.

PROPOSITION 6.1.1. - Let (V, M) be a compact Riemannian manifold. Let

J be an almost complex structure of class Ck+o on V. There exist constants co

(depending only on the CO norm of M and on the Co norm of J) and C (depending

only on the CO norm of M and on the Ck+o norm of J) such that every J -holomorphic

map f of the unit disc to an co-ball of V has its derivatives up to order k + 1 + a

near the origin bounded by C.
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Proof - Let G be the bundle over D I x M whose fibre at (z, m) consists of

all C-linear maps TzD I TmM. The first jet of a holomorphic map I : DI Mis

a lift to G of the graph of I, viewed as a section D I DI X M. There is a unique

complex structure J on G such that first jets of J-holomorphic maps D I (M, J)

are J -holomorphic maps DI (G, J). An elegant construction of J is given in

the appendix to chapter II. A more down to earth description of it is suggested in

exercise 6.1.2 below. The structure J depends on first derivatives of J only so J is

of class CQ provided J is of class CI+Q.

Let I : DI M be J-holomorphic. Assume that the image I(Dd lies in an

Eo-ball B of M. We check that its first jet D I satisfies the assumptions of corollary

4.1.4. Proposition 4.1.1 implies that DI takes its values in a compact subset K of

G. This subset is a Euclidean ball bundle over B, thus the restriction of J to K is

close to the product structure on B x cm, which is tamed by the product symplectic

form w. On K, w still tames J (shrink the ball B if necessary), and w = d)" with

).. bounded. Thus Corollary 4.1.4 applies and an estimate on the derivative of D I
follows. Repeating the argument leads to a Ck+I-estimate when J is of class Ck+Q.

It remains to climb from Ck+I to Ck+I+Q. Let g be the k-th derivative of I. Since

g is Lipschitz, the nonlinear holomorphic curve equation

8g - q(g)og= 0

can be treated as a linear equation with Holder continuous coefficients. Elliptic

regularity (see [5]) implies a CI+Q bound on g. 0

We conclude this § by an exercise in which the reader is asked to calculate the

complex structure J in coordinates.

o

J(y)

t;..(y) .pu

and prove that

J. o(Df) = o(Df)

ox I ox2

(Hint: let J = (1:) denote the matrix of the almost complex structure on M. Write

the equations expressing the fact that I is J-holomorphic and differentiate with

respect to Xl).
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For the germ of a J-curve y = f (x) show that

M.-P. Muller

Now every element (xo, Yo, Po) of G is a D f(xo) for a suitable germ f [9]. Deduce

that .12 = -Id and that, for any J-curve f, the I-jet Df is .J-holomorphic.

6.2. Holomorphic extension across a puncture

PROPOSITION6.2.1. - Let (M,J.L) be a compact Riemannian manifold. Let

J be an almost complex structure of class CI+Q on M. Every J -holomorphic map

f : D* --t M of finite area extends as a J -holomorphic map of the disc to M.

Proof. - Let f : D 1 - 0 --t M be a holomorphic map with finite area. Ac­

cording to theorem 5.1.1, f extends continously at 0, thus one can assume that the

image of f lies in an co-ball of M. Then proposition 5.3.1 says that the first jet

D f takes its values in a compact set K of the bundle of I-jets G. As in the proof

of 6.1.1, .1 is tamed by an exact form on K, and corollary 4.1.4 applies: Df is a

Lipschitz map D1 - 0 --t M. In particular, it extends continuously at 0, f is of class

C1 and thus holomorphic at O. 0

Remark. - Extra work is needed for boundary punctures, see [10].
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Chapter VIII

Compactness

Pierre Pansu

In this chapter, we will be concerned with the space of J-holomorphic maps of

compact Riemann surfaces (8, Js ) into a fixed compact almost complex manifold

(V, J). Even if an upper bound on area is imposed, this space is not compact in

general.

Example. The conics x f-+ (x, Elx), Cpl -+ Cp2 all have the same area.

As E tends to 0, they converge smoothly, except at x = O.

The graph of a dilation x f-+ (x, EX), cpl -+ Cpl X cpl converges smoothly,

as E tends to 0, except at x = 00.

In both cases, the images /£(8) converge, as subsets in the range V, to a union

of two holomorphic curves

In his paper [3], M. Gromov states a compactness property for sets of holomorphic

curves, which lies between the convergence of images (as subsets in the range) and

the convergence of maps (parameter included): given a sequence /j : (8, Js ) -+

(V, J) of holomorphic maps with bounded areas, there exists a subsequence that

converges smoothly away from a finite set of points, at which "bubbles" develop.

This kind of result, which is classical in analytic geometry (E. Bishop's com­

pactness theorem for analytic submanifolds in Kahler manifolds [1]), appeared more

recently in analysis on manifolds. In this context, the bubbling off phenomenon was

first discovered by J. Sacks and K. Uhlenbeck in their work on harmonic maps of a

Riemann surface to a Riemannian manifold [6]. Since then, it has shown up in other

variational problems where a noncompact symmetry group arises (see the report by

J.P. Bourguignon [2]).

In these notes, which follow [3] closely, a proof of Gromov's compactness theorem

for closed holomorphic curves is given. Holomorphic curves with boundary are

covered only in an easy special case.

The first step in the proof is the compactness of "cusp-curves", i.e., convergence

up to a change of parameter. In the second step, convergence of parametrised curves

is obtained as a consequence of the convergence of graphs in 8 x V.

There are other approaches to compactness theorems, due to T. Parker and J.

Wolfson [5] and Rugang Ye [7J.

233
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I express hearty thanks to Dusa McDuff and Fran<;oisLabourie for their help in

completing these notes.

1. Riemann surfaces with nodes

Let us view a holomorphic curve in a fixed almost complex manifold V as the

following set of data:

• an oriented differentiable 2-manifold S;

• a conformal or complex structure Js on S;

• a holomorphic map f : S --> V.

In a degenerating family of holomorphic curves, it may happen that the complex

structures Js themselves degenerate. Thus a first step in understanding holomorphic

curves is to understand noncompactness in the moduli space of complex structures

on surfaces. This is a classical subject, for which a good reference is [4].

As we have seen in the above examples, topology can change in a degenerating

family of holomorphic curves. It turns out a similar phenomenon is already present

in the moduli space of complex structures on a surface. It is easy to visualise in

terms of metrics of constant negative curvature.

1.1. Compact surfaces with constant curvature

Let S be a compact, orientable surface of genus greater than 1. In 2 dimen­

sions, Riemannian metrics and complex structures are interrelated objects. Given a

Riemannian metric and an orientation, rotation by 90° in each tangent space is well­

defined and defines an almost-complex structure, which is automatically integrable

(see chapter II for references). Two Riemannian metrics define the same complex

structure if and only if they are conformal. Conversely, in a conformal class of Rie­

mannian metrics, the curvature -1 condition singles out a unique metric. This is

the content of the uniEormisation theorem.

As a consequence, there is a 1-1 correspondence between complex structures on S

and Riemannian metrics on S with curvature -1 (this correspondence breaks down

for spheres and tori).

Noncompactness in the space of metrics with curvature -1 is easy to understand.

The key notion is that of injectivity radius (see chapter III). Locally, any metric of

curvature -1 is isometric to the hyperbolic plane (i.e., the disc with its hyperbolic

metric). The injectivity radius at a point p is the largest r such that the geodesic disc

centreed at p is isometric to a geodesic disc of the hyperbolic plane. The injectivity

radius of the Riemannian surface is the infimum of the injectivity radii of points of

S.

PROPOSITION 1.1.1. - For every E: > 0, the space of Riemannian metrics on

S with injectivity radius greater than E: is compact.
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Indeed, the Gauss-Bonnet formula implies that all metrics with curvature -Ion

5 have the same area. This means that 5 can be covered by a number of hyperbolic

discs of radius c that depends only on c. The gluing data then vary in a compact

set. 0

Here, 5j converges to 5 means that there exist diffeomorphisms 'Pj : 5j ----> 5

which pull back the metric of 5j to metrics on 5 which converge uniformly in Coo_

topology.

1.2. The modulus of an annulus

It is useful to translate the compactness criterion of proposition 1.1.1 into purely

conformal terms. A small injectivity radius means that there exists a short closed

geodesic /, which is not null homotopic. Then / has a large embedded tubular

neighbourhood. In an orient able surface, such a neighbourhood is an incompressible

annulus with large modulus.

DEFINITION 1.2.1. - Let A be an annulus equipped with a smooth complex

structure. Then A is either conformal to the punctured Euclidean plane, the punc­

tured disc or a unique cylinder 51 x [0, L] where the 51 factor has unit length. The

number L is called the modulus of A. Here is an alternative definition.

(1.2.2) ±= infJIdul
2

A

over smooth functions u on A which take the value 0 on one boundary component

and 1 on the other.

Conversely, if a compact Riemann surface 5 contains an incompressible annulus

A with large modulus, then the conformal metric with curvature -1 has a small

injectivity radius. A compactness criterion for sets of compact Riemann surfaces

follows, where the following topology is used: the sequence (5 j , Js
j

) converges to

(5, Js ) if there exist diffeomorphisms 'Pj : 5 ----> 5 j such that the pushed forward

complex structures ('Pj)*(JSj ) on 5 converge uniformly and smoothly to Js .

PROPOSITION 1.2.3. - Fix a number L. Consider all compact Riemann sur­

faces 5 of fixed genus greater than 1, with the following property: the modulus of

every incompressible annulus in 5 is less than L. This space is compact.

1.3. Degeneration

Given a complete Riemannian surface 5 with curvature -1, and c > 0, the c­

thick part of 5 is the set of points where the injectivity radius is greater than c.

Note that the number of connected components of the c-thick part of 5 is bounded

in terms of the genus and c.
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DEFINITION 1.3.1.'- A sequence of complete surfaces Sj with curvature -1

converges to S if for every c > 0, the c-thick part of Sj converges to the c-thick part

of S.

An obvious extension of Proposition 1.1.1 says that every sequence of complete

surfaces with curvature -1 and uniformly bounded area has a convergent subse­

quence (in the COO-topology).The next point is to describe how area and topology

can change in the limit.

The part of a compact surface with curvature -1 where the injectivity radius is

small is also easy to describe. The model is the quotient of the hyperbolic plane by

an isometry which translates a geodesic, by a distance f < 7f /4. In this surface,

the injectivity radius is an increasing function of the distance from,. Let us denote

by A(f) the 7f /8-thin part of this surface, i.e., the set of points where the injectivity

radius is less than 7f /8. When f tends to 0, the annulus A(f) splits into two isometric

parts called standard cusps, and denoted by C. The standard cusp C is a complete

Riemannian surface with boundary, conformal to a punctured disc. It can be viewed

as the quotient of a horodisc, an open subset in the hyperbolic plane, by the parabolic

rotation which translates boundary points by a distance 7f /8. Observe that the area

of the c-thin part of A(f) tends to 0 as c tends to 0 uniformly in e. As a consequence,

in the convergence A(f) ---+ CUe, the areas converge. Furthermore, as f varies from

oto 7f /8, the area of A(f) varies between two positive constants.

. closed
geodesIc d .
loop of geo eS1C

0=/t·;fl:]
the annulus A( f)

geodesic

loop of

..

the cusp C

Figure 10

The next proposition describes the decomposition of the compact oriented con­

stant curvature surface S into thick and thin parts.

PROPOSITION1.3.2 (Thick and thin decomposition). - The set of points in

S where the injectivity radius is less than 7f /8 is a disjoint union of annuli, each of

them being isometric to one of the A(f).

Thus, if a sequence Sj of surfaces with curvature -1 degenerates but converges

to S in the sense of definition 1.3.1, a finite (bounded) number of disjoint closed

geodesics have lengths that tend to zero, and S is diffeomorphic to the complement

of the union of these curves. Furthermore, S contains two isometrically embedded
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copies of the standard cusp C for each removed curve. As a consequence, S is

conformal to a disjoint union of compact Riemann surfaces with points removed

(exactly 2 for each removed curve). The total genus of these surfaces is no more

than the genus of the Sj. For j large enough, Sj is obtained from by performing

a series of connected sums, thus to reconstruct the manifold Sj, its is sufficient to

remember which pairs of punctures have to be glued together.

It should be clear by now that a description of degeneration in families of Rie­

mannian surfaces with curvature -1 should include disconnected or non compact

surfaces with finite area as well.

1.4. Noncompact surfaces with constant curvature

In general, a complete Riemannian surface with curvature -1 and finite area

contains finitely many disjoint isometric copies of the standard cusp, whose union

has a compact complement. As a consequence, it is conformal to the complement

of a finite subset in a compact surface equipped with a smooth complex structure.

Conversely, given a compact Riemann surface and a finite subset F c the

uniformisation theorem applies provided the Euler characteristic of \ F is negative:

there exists a unique complete conformal metric on \ F with curvature -1 and

finite area.

As a consequence, given a compact oriented surface there is a 1-1 correspon­

dence between the data of a complex structure on together with a finite subset

F c and complete Riemannian metrics on \ F with curvature -1 (this corre­

spondence now includes spheres with at least three punctures and tori with at least

one puncture).

Let us call a Riemann surface with nodes the data of a disjoint union of compact

surfaces equipped with complex structures, a finite set of marked points called nodes,

and an equivalence relation identifying certain marked points in pairs. Its genus is

defined to be the sum of the genus of all components.

There is a natural topology on the set of Riemann surfaces with nodes. One says

that converges to if is almost obtained from by a connected sum at pairs of

identified marked points. This means that there is a disjoint collection A j of annuli

in of large modulus, a map 'Pj from to which is a diffeomorphism away from

A j and collapses each annulus in A j to a node of such that the pushed forward

complex structures ('Pj )*JEj converge on compact subsets of \ {marked points} to

JE ·

By construction, uniformisation yields a homeomorphism between the space of

Riemann surfaces with nodes and the space of Riemannian surfaces with nodes with

curvature -1 and finite area.

PROPOSITION 1.4.1.

less than g is compact.

The space of Riemann surfaces with nodes of genus
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2. Cusp-curves

2.1. Definitions

DEFINITION 2.1.1. - A cusp-curve in an almost complex manifold (V, J) is

a J -holomorphic map from a Riemann surface with nodes to V, i. e. J the data of

a disjoint union of compact surfaces Ee equipped with complex structures, a finite

set of nodes, and an equivalence relation identifying certain nodes in pairs, together

with a J -holomorphic map f : UeEe -+ V compatible with the identifications.

DEFINITION 2.1.2 (Ck-topology on cusp-curves). - Let f : UeEe -+ V be a

cusp-curve. Given E > 0, a Hermitian metric v on Ee and a neighbourhood U of

the nodes, a neighbourhood of the cusp-curve f is defined as follows. It is the set of

cusp-curves f :uet e -+ V such that there exists a continuous map

(J : Uete -+ UeEe

with the following properties: (J is a diffeomorphism except above the nodes; the

pull-back of a node is an annulus of modulus:::::liE or a node;

Ilf - f 0 (J-llick< E

away from U J where the metric v on Ee and a fixed metric /-L on V are used when

measuring norms;

larea(J) - area (f) I< E.

By construction, the examples in the introduction illustrate the convergence of

a sequence of holomorphic spheres to the join of two holomorphic spheres.

Figure 11

Since constant maps are holomorphic, the number of distinct curves in the image

f(E e) C V can decrease in the limit. The above topology is non Hausdorff, but this

should not be taken too seriously. It is the space of non parametrised curves which

is Hausdorff.
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Cusp-curves with boundary. Let T be a compact complex manifold with

boundary of dimension 1 (i.e., it has an atlas of holomorphic charts onto open subsets

of C or of a closed half plane). Its double is a compact Riemann surface S with a

natural antiholomorphic involution T which exchanges T and S \ T while fixing the

boundary aT. If f : T ---. V is a continuous map, holomorphic in the interior of T,

it is convenient to extend f to S by

f = f 0 T.

DEFINITION 2.1.3. - A cusp-curve with boundary in (V, J), is the data of

finitely many compact Riemann surfaces Sl obtained by doubling surfaces with bound­

ary Tl and a continuous map f : UlSl ---. V, holomorphic in the interior of each Tl ,

and such that fOT = f. A finite set of "nodes" is given, together with identifications

in pairs compatible with T and f.

The topology is the same as for closed surfaces. As in the case of closed surfaces,

in a convergent sequence of cusp-curves, a finite number of simple closed curves, but

also, of simple arcs with endpoints on aTl , may collapse to a node.

2.2. Compactness theorems

THEOREM 2.2.1 (Compactness for closed cusp-curves). - Let V be a closed

Riemannian manifold. Let Jj be a convergent (in Ck+a) sequence of almost complex

structures on V, and fj : S ---. V a sequence of Jrholomorphic curves with bounded

areas. There exists a subsequence which converges (in Ck+l+a) to a cusp-curve f :

UlI;l ---. V, where, topologically, UlI;l is obtained from S by collapsing a finite

number of disjoint simple closed curves. In particular, the genus cannot increase in

the limit

THEOREM 2.2.2 (Compactness for cusp-curves with boundary). - Let V be

a closed Riemannian manifold, W a real analytic submanifold of V. Let Jj be a

convergent (in Ck+a) sequence of almost complex structures on V which are inte­

grable in a neighbourhood of W, and for which W is totally real. For every sequence

1; : (T, aT) ---. (V, W) of Jrholomorphic curves with boundary in W, and bounded

areas, has a ck+l+a convergent subsequence.

3. Proof of the compactness theorem 2.2.1

3.1. Scheme of the proof

Constant curvature -1 metrics Jij on S will be chosen so that the maps 1; become

uniformly Lipschitz. Gromov's Schwarz Lemma provides us with a Lipschitz bound

for maps of large hyperbolic discs immersed in S into small balls of V. By removing

a controlled number of points on S and choosing for Jij the conformal metric with
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cusps at these points, one can ensure that each (non removed) point of 8 is the

centre of such an immersed disc. One can then choose convergent subsequences of

metrics and maps. In the limit, a holomorphic map of finite area of a punctured

surface is obtained. It needs be extended across the punctures.

The main tools, Gromov's Schwarz lemma and the removable singularity theo­

rem, are needed in the following form (see chapter VII).

PROPOSITION 3.1.1. - Let (V,J.l) be a compact Riemannian manifold. Let

J be an almost complex structure of class Ck+o on V. There exist constants Eo

(depending only on the CO norm of J.l and on the Co norm of J) and C (depending

only on the CO norm of J.l and on the Ck+o norm of J) such that every J -holomorphic

map of the unit disc to an Eo-ball of V has its derivatives up to order k + 1+ ex near

the origin bounded by C.

PROPOSITION 3.1.2. - Let (V,J.l) be a compact Riemannian manifold. Let

J be an almost complex structure of class CHo on V. Every J -holomorphic map

f : D* --+ V of finite area extends to a J -holomorphic map of the disc to V.

A coarse form of monotonicity will also be needed. The constant Eo in this

statement is the one in proposition 3.1.1.

PROPOSITION 3.1.3. - Let (V, J.l) be a compact Riemannian manifold. Let J

be an almost complex structure of class Co on V. Let x E V. If 8 is a J -holomorphic

curve in V with boundary contained in the sphere EJB(x, Eo), then

area (8) ;::::

3.2. Choice of metric on the domain

Let f : 8 --+ V be a holomorphic map. In this paragraph, a metric with curvature

-1 will be constructed on 8 (perhaps with finitely many points removed) in such a

way that the image by f of every unit geodesic disc in this metric has diameter less

than EO, the constant that enters the Schwarz lemma 3.1.1.

Removal of a net. - In V, let us choose a maximal system of disjoint Eo-balls

with centres on f(8). Let F be the set of centres. According to the monotonicity

property 3.1.3, f(8) leaves a definite quantum of area inside each of these balls, thus

the number of points in F is bounded by a constant N that depends only on the

area and Eo.

Since F is maximal, every point of f(8) lies at a distance at most 2Eo from a

point of F. Next we want to bound the diameter of discs contained in f(8) \ F.

The trick is to construct annuli with large modulus.
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Annuli. - Let A be an annulus contained in f(8) \ F, whose boundary com­

ponents have length at most co. Then the diameter of A is less than 12co. Indeed,

every point of A lies at a distance at most 2co of the boundary (by construction of

F), and, for the same reason, the boundary components lie at most 4co apart.

If a Riemannian annulus has a large modulus, then a slightly smaller isotopic

annulus has a short boundary. Indeed, let 4> : 8 1
X [0, L] --> A be a conformal

mapping. Denote by

8f = 4>(SI x {t}).

Then

area (A) > J( J 11>'1
2
) dt

o

> J( J 11>'1)2 dt

o

L

> Jlength (Sf)2 dt.

o

Thus there exists a t such that

length(Sn (area (A)/L)I/2.

Splitting A into three adjacent annuli (i.e., they share boundary components like

plumbing fixtures), one finds short curves in the extreme annuli. We sum up the

discussion in a

LEMMA 3.2.1. - Let Ao, A, Al be adjacent annuli in 8 \ f-l(F). If the

moduli of Ao et Al are larger than L, a constant which depends only on the area of

f(S) and on co, then

diameter f(A) :s 12co·

Bound on the diameter of discs in the p,*-metric. - We choose to give S \

f-l(F) the unique complete conformal metric p,* with curvature -1.

LEMMA 3.2.2. - There exists a constant p depending only on co and on the

area of f (S), such that every geodesic disc of radius p in the metric p,* is contained

in an annulus A admitting adjacent annuli with moduli greater than L as in lemma

3.2.1.

Proof. - Fix r = min{71'f8,exp(-2L)} and set p = r 2
. The thick and thin

decomposition of surfaces with constant curvature, (proposition 1.1.1 and §1.4) tells

us what a geodesic disc of radius r looks like. Either it is isometric to a hyperbolic

geodesic disc (when the injectivity radius is larger than r, the thick case), or it is

contained in a tube around a closed geodesic A(£) or in a standard cusp C (when

the injectivity radius is less than r, the thin case).
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• The thick case: Let x be a point of S \ j-l(F) where the injectivity radius is

larger than 7r/8. Choose a point y E 8B(x, 2r). The shells

Ao B(y, r2
) - y

A B(y, 3r2
) - B(y, r2

)

A l B(y, r) - B(y, 3r2
)

are topological annuli. Also B(x, p) c A, modulus (Ao) = +00 and

1 1
modulus (A l ) ;:::j 2log L

as required.

Figure 12

• The thin case: Then x is either close to a closed geodesic or in a cusp.

x

or

Figure 13

In both cases, the function

u = d(·, geodesic) - d(x, geodesic)

u = d(·,cusp) - d(x,cusp)
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is smooth on B(x, 1r18), and Idul = 1. The sets

Ao u- 1[-1r18, _r2
]

A u- 1[-r 2,+r2]:=>B(x,p)

Al u- I [+r2 ,1r18].

are topological annuli. Using formula (1.2.2) one gets

of the order of 1/r, which is much larger than L. 0

Conclusion. - For all xES \ I-I (F), one has

const (V, M, IIJIIca, area).
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Indeed, if <I> denotes the conformal immersion of the unit Euclidean disc onto the

M* geodesic ball B(x,p), then

(x) const ·IU 0 <I»'(O)1::'0

where the constant only depends on the radius p. Since the image of I 0 <I> has a

small diameter, the Schwarz lemma 3.1.1 applies and a bound on the derivatives of

10 <I> follows.

Notice that this bound does not depend on the injectivity radius of the metric

M*·

3.3. End of proof

Convergence of metrics. - Again, we are given a sequence fj : Sj ---+ (V, M)

of holomorphic curves with bounded area and genus. On each of them, a finite set

Fj is removed and a metric Mj is chosen in order that the maps Ij are uniformly

Lipschitz.

Since the genus of Sj and the number of points in Fj are bounded, the area of

Mj stays bounded, and the compactness criterion 1.3.1 for surfaces with curvature

-1 applies. Up to taking a subsequence, the metrics Mj can be viewed as smoothly

convergent metrics on larger and larger subsets of a fixed surface E which is dif­

feomorphic to the complement of finitely many "nodes" in a compact surface

The maps Ii are then uniformly Lipschitz maps on these subsets. A subsequence

converges uniformly to a holomorphic map I defined on E. On compact subsets of

E, the convergence is as smooth as the almost complex structure on V, thanks to

the estimate on higher derivatives included in the Schwarz lemma and to elliptic

regularity.
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Convergence of areas. - According to 1.3.1, the metrics J-lj converge smoothly

away from sets of smaller and smaller area. Since the Ji are uniformly Lipschitz,

their Jacobians are bounded and so

Bubbles intersect. - According to the removable singularity theorem 3.1.2, the

map f extends across the nodes. It remains to prove that f is compatible with the

identifications, i.e., it takes equal values at nodes that arise from the degeneration

of the same annulus A(£). As in the proof of the removable singularity theorem, one

shows that if A, is the c-thin part of A(£), then the diameter of f(A,) tends to 0

with c. If not, the holomorphic annulus f(A,) which has a short boundary and small

area (Lipschitz estimate) would intersect a large ball, contradicting monotonicity.

This ends the proof of theorem 2.2.1.

Remark. - The convergence of areas and monotonicity imply that the images

Ji(Sj) converge as subsets of V.

3.4. Compactness for cusp-curves with boundary

Under our strong assumption (the totally real data W is real analytic), only

minor changes are needed to adapt the proof. The idea is that in the proof of the

estimate for the first derivative of a conformal map

f: (S,J-l*) --> (V,J-l)

only intrinsic properties of the metric J-llf(S) are used, like isoperimetric inequalities.

In this respect, maps which are a mixture of holomorphic and anti-holomorphic are

just as good as holomorphic maps.

LEMMA 3.4.1. - Let W be a real analytic totally real submanifold in (V, J).

Assume that J is integrable in a neighbourhood of W. Then there exists a unique

anti-holomorphic involution TV defined in a neighbourhood of W whose fixed point

set is W.

It is sufficient to produce local holomorphic charts of V that take W to R m c cm.

We can assume that V = cm. Write Cm = Rm EB iRm. Locally, W is the graph of

a real analytic map <p of Rm to Rm, i.e.,

The map <p extends holomorphically to a neighbourhood of Rm in cm. The map

Z f-> Z + i<p(z)

is a local diffeomorphism, as follows from the assumption TwW n iTw W = 0. 0
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LEMMA 3.4.2. - Assume the triple (V, J, W) satisfies the hypotheses of the

previous lemma. Choose on V a Hermitian metric J.L which is invariant under the

involution TV. Let f : S V be a cusp-curve with boundary (remember this means

that f 0 T = I) such that f(aT) C W. Then the pull-back metric f*J.L sur S is

smooth and satisfies the isoperimetric inequalities and mono tonicity holds.

Remark. - These isoperimetric inequalities are the standard ones involved in

the statement of the Schwarz lemma in chapter VII.

The proof follows from the Schwarz reflection principle.

THEOREM 3.4.3 (Reflection principle). - Let T be a Riemann surface with

boundary, let T be the natural antiholomorphic involution on the doubled surface S.

Let f : (T, aT) (V, W) be holomorphic. The formula

J(x)=TwoloT(x)

defines a holomorphic extension of I to a neighbourhood of T in S.

The identity f* J.L = 1*J.L proves lemma 3.4.2. 0

Choice of a metric on the domain. - Keep the construction T-invariant. Ar­

range things so that F does not intersect W. Since the metric J.L* is T-invariant, the

boundary 8T is totally geodesic.

Convergence of metrics on the domain. - Observe that in the limit, the

geodesics which collapse are of three types:

• simple closed curves;

• simple arcs joining two boundary points

• boundary components.

The presence of nodes on aT causes no extra difficulty.

Non compact ranges. - All of these results persist when, while W is compact,

V has a coercivity property that prevents holomorphic curves with boundary on W

from escaping to infinity. In the case when W = C m
, monotonicity, which holds

globally, implies coercivity.

4. Convergence of parametrised curves

Finally, we are concerned with maps Ij : S V where the complex structure

on S is fixed. In this case, the "bubbles", i.e., the extra components in a limiting

cusp-curve, are always spheres. This remains true if the complex structure is allowed

to vary in a compact subset of the moduli space of S.
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4.1. Graphs

The trick is to apply cusp-curve compactness to the graphs gr(fj) : 8 -+ 8 x V

or more generally to sections of bundles X -+ 8.

THEOREM 4.1.1. - Let X be a compact manifold and 1r : X -+ 8 a fibration

over a Riemann surface 8. Let Jj be a Ck+cx-convergentsequence of almost complex

structures on X, such that for each j the fibration 1r : (X, Jj ) -+ 8 is holomorphic.

Let fj : 8 -+ X be a sequence of sections with bounded area. Then there exist a

finite subset r c 8 and a Joo-holomorphic section foo : 8 -+ X such that

(i) a subsequence of the h converges in Ck+l+cx to foo away from r;

(ii) if I E rand hb) do not converge to f 00 b), then the fiber X y contains a non

trivial rational curve

which passes through foob);

(iii) for large j, the homotopy class of h in [8, Xl is the same as

foo + L'P...,
...,

(care has to be taken if 8 is not a sphere, but if 8 is a sphere, the formula

holds in 1r2(X)),

Proof. - Let F : -+ X be a limiting cusp-cuve for some subsequence of

h Let P = 1r 0 F. Since P is holomorphic, the domain splits as

= U

where P is constant on each component of and P is a ramified covering on each

component of This implies that

genus 2: genus (8).

According to theorem 2.2.1,

genus U :S genus (8).

Thus the surface whose genus is 0, is a union of spheres.

Let x be a point of 8 which is neither in r = nor a branch point of P. One

can assume that the fj(x) converge. As the h(8) n Xx converge in the Hausdorff

sense to n Xx, one concludes that intersects Xx in a single point.

As a consequence, the ramified covering F : -+ 8 is an isomorphism, and

is the image of a section foo. As the h(S) Hausdorff converge to the image of a

section, the maps fj converge uniformly to foo in a neighbourhood of x. Since all of

the fj send this neighbourhood into a small ball of X, the Schwarz lemma applies,

and the convergence is in fact Ck+l+cx. 0
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4.2. The corresponding statement for curves with boundary

THEOREM 4.2.1. - Let 1f : X -> T be a fibration over a Riemann surface

with boundary T. Let W be a submanifold of 1f-I(87'). Let Jj be a Ck+o-convergent

sequence of almost complex structures on X. Assume that for each j, 1f : (X, Jj ) -> 3

is holomophic, that W is totally real with respect to Jj , and that Jj is integrable in

a neighbourhood of W. Let fj : (T,87') -> (X, W) be a sequence of Jrholomorphic

sections of 1f, with bounded areas. Then there exists a finite subset f in T and a

Joo-holomorphic section foo : T -> X such that

(i) a subsequence of the Ii Ck+l+O-converges to foo away from f;

(ii) if,,! E f and fjh) does not converge to fooh), then the fiber X-y contains a

non trivial rational curve 'P-y : 52 -> X-y (resp. a holomorphic disc 'P-y : (D, aD) ->

(X-y, W-y) if"! E aT) which passes through fooh);

(iii) for large j, the homotopy class of fj in [(T, aT, (X, W))J is the same as

100 + I>-Y
-y

(care has to be taken if T is not a disc, but if T is a disc, the formula holds in

1f2(X,W)).

4.3. Simple homotopy classes

Under certain extra assumptions which forbid bubbles, a compactness theorem

for parametrised curves will follow. Here are two typical assumptions .

• There are no nontrivial rational curves in the fibres. This appears in the proof

that a compact embedded Lagrangian submanifold in em cannot be exact

(one argues by contradiction) .

• The homotopy class of Ij in [3, Xl is simple and, in the case when 3 = 3 2
,

normalise the parametrisation in three points.

DEFINITION 4.3.1.

topy class

Let J be an almost complex structure on V. A homo-

f3 E 1f2(V)

is J -simple if in any decomposition f3 = Lj fj where Ii :52 -> V is J -holomorphic,

at most one of the Ij is nonconstant.

Example. - Let V = 52 X VI, equipped with an almost complex structure J

tamed by W = WI EEl W2. Let f3 be the homotopy class of the first factor. Assume

that, for every J-holomorphic curve c in VI

JW2 is an integral multiple of JWI·

C f3

then the class f3 is J-simple.
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COROLLARY 4.3.2. - Let (3 E 7l"2(V) be a J -simple class. Fix three distinct

points S1, s2, S3 in 32. For all A, all 8 > 0, there exists an c > 0 such that the set

of J -holomorphic maps f : 32 -t V which satisfy

area(f) < A,

dist(f(sj), f(Sk)) > 8,

Ilaft, < c

is compact.

The operator af is explained in chapter v. It takes its values in the space of

sections of a certain bundle X. Every such section 9 determines an almost complex

structure Jg on X = 32 X V, and the equation af = 9 means that the graph of f
is Jg-holomorphic. Furthermore, as 9 tends to 0, the almost complex structure Jg

tends to the product structure on X.

Proof - We prove the corollary by contradiction. Let h be a noncompact

sequence of Jgj-holomorphic curves with bounded areas, which satisfy the normali­

sation condition in the statement, and where the gj tends to O. Let F : -t X

be a limiting cusp-curve of the graphs of the fj (it is holomorphic with respect to

the product almost complex structure on X). Since (3 is J-simple, at most one of

the maps

X ---> V

is nonconstant. If the limiting section foo is non constant in V, then there are

no bubbles and compactness holds. Otherwise 100 is constant and there is exactly

one bubble over some point, E 32. Away from " the fj converge uniformly to a

constant map but this contradicts the assumption dist(f(sj), f(Sk)) ::::: 8. 0

Example. - Fix three disjoint submanifolds in 32 x V and require

that f(Si) E In this case the conclusion is that compactness holds for Jg-

holomorphic curves with 9 small enough (this is theorem 2.3.C of [3]).
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Chapitre IX

Exemples de courbes

pseudo-holomorphes en geometrie
• •rlemannlenne

Fran<;ois Labourie

Rappelons qu'une structure presque complexe sur une variete est la donnee d'un

champ d'endomorphismes de carre -1 du fibre tangent. Dne application pseudo­

holomorphe entre deux varietes presque complexes est une application dont la diffe.­

rentielle commute avec les structures complexes. Enfin une courbe pseudo-holomor­

phe dans une variete presque complexe est une surface reelle dont Ie plan tangent

est stable par rapport it la structure complexe (voir les chapitres precedents et no­

tamment II et III).

Notre but dans ce chapitre est, dans un premier temps, de traduire dans Ie

langage des courbes pseudo-holomorphes un certain nombre de problemes classiques

de geometrie riemannienne sur les surfaces. Nous utiliserons en particulier cette

interpretation pour etudier les degenerescences possibles des solutions de ces pro­

blemes. Nous etudierons ainsi

1. les immersions isometriques elliptiques (probleme de Weyl), d'une surface S

dans une variete M de dimension 3,

2. les surfaces it courbure de Gauss prescrite (probleme de Minkowski, Monge­

Ampere elliptique) dans une variete M de dimension 3,

3. les surfaces it courbure moyenne prescrite, et en particulier les surfaces mini­

males, dans une variete M,

4. les applications harmoniques dont la source est une surface,

5. les equations elliptiques du deuxieme ordre sur les surfaces.

Pour chacun de ces cas, nous expliciterons la construction permettant de trans­

crire ces exemples dans Ie langage pseudo-holomorphe. En general, l'interpretation

est la suivante : les solutions des problemes consideres sont a priori des surfaces dans

une variete, S x M dans Ie premier exemple (en considerant Ie graphe de l'immersion)

et M dans les exemples 2 et 3. Ces surfaces se relevent alors comme des surfaces

251
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tangentes a un sous-fibre d'holonomie - au sens de [5] - dans un certain espace

de jets E se fibrant sur notre espace de base. Dans Ie cas des exemples 2 et 3,

Ie fibre que nous considererons est Ie fibre unitaire tangent et Ie releve se fait par

l'application de Gauss. Chacune des fibres du sous-fibre d'holonomie sera alors munie

d'une structure presque complexe qui stabilise l'espace tangent du releve de notre

surface. Reciproquement, si une courbe pseudo-holomorphe tangente ace sous-fibre

se projette sur une surface dans notre espace de base, cette surface est solution du

probleme.

Ces donnees suffisent alors pour appliquer la theorie des courbes pseudo-holomor­

phes. En particulier, nous nous sommes interesses dans les deux premiers exemples

au probleme d'existence. Les resultats obtenus l'ont ete en utilisant (comme dans

Ie cas des courbes pseudo-holomorphes) la methode de continuite. Cette methode

consiste schematiquement it partir d'une solution pour un probleme proche, it la

deformer et obtenir notre solution comme limite de cette deformation. L'un des

points cruciaux est alors bien entendu d'obtenir un resultat de compacite pour une

suite de solutions, et c'est it ce moment que les resultats de Gromov et en par­

ticulier Ie lemme de Schwarz s'averent particulierement efficaces pour contr6ler la

convergence et decrire les degenerescences.

Essayons de derire les degenerescences de solutions, it nouveau schematiquement,

dans notre cas. Si on etudie une suite de solutions, deux types de divergences peuvent

apparaitre. D'une part, celles Mes it l'apparition de bulles dans la suite de courbes

pseudo-holomorphes qui se traduisent elles memes par des bulles pour les solutions

(l'exemple des surfaces minimales est bien connu). D'autre part, et c'est Ie nouveau

phenomene, ceux provenant de l'existence de courbes pseudo-holomorphes para­

sites non associees a des solutions de notre probleme. En effet, une courbe pseudo­

holomorphe dans notre espace de jets ne se projette pas necessairement sur une sur­

face dans l'espace de base. Si la projection est de rang 0, elle est incluse dans la fibre,

ce qui dans Ie cas des surfaces minimales correspond it l'apparition de singularites

differentiables. Si la projection est de rang 1, on obtient une degenerescence fiJjforme

comme dans Ie cas des immmersions isometriques elliptiques (voir Ie theoreme 1.1.2).

Ce dernier type de degeneresecence apparait lorsque l'on ne borne plus l'aire, comme

nous allons l'expliquer maintenant.

Imaginons pour simplifier que notre espace E soit un fibre au dessus du disque

D et que les courbes pseudo-holomorphes soient des graphes au dessus de D. A

aire bornee, la tMorie de Gromov - qu'il faut adapter tres soigneusement dans Ie

cas des varietes a bord - montre que toute suite de courbes pseudo-holomorphes

converge vers une limite elle-meme pseudo-holomorphe, modulo Ie detachement de

bulles. Pour des raisons tres simples, dans Ie cas d'une suite de courbes graphes,

les bulles apparaissent dans la fibre. Dans Ie cas des "immersions isometriques ellip­

tiques par exemple, la fibre ne peut contenir de courbes pseudo-holomorphes pour

la raison tres forte que son espace tangent ne contient pas de sous-espaces com­

plexes. Si maintenant l'on ne borne plus l'aire et que les bulles sont exclues, la

suite des courbes pseudo-holomorphes va converger vers une lamination (imaginons
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une spirale s'enlac;ant sur un cercle). Les points recurrents de cette lamination ne

peuvent etre traces sur des courbes graphes dans un de leurs voisinages. Dans Ie

cas des immersions isometriques, ces points recurrents se trouvent sur ces courbes

pseudo-holomorphes parasites qui se projettent sur Ie disque en des geodesiques.

Vne description precise de l'apparition de ces points recurrents permet d'obtenir de

nouveaux resultats.

En ce qui concerne les deux premiers exemples, nous presenterons egalement les

resultats geometriques que cette interpretation nous a permis d'obtenir.

Dans une deuxieme partie, nous rappellerons et enoncerons quelques lemmes

concernant les courbes pseudo-holomorphes. Les deux premiers, et en particulier Ie

lemme de Schwarz, permettent de faire converger une suite d'applications pseudo­

holomorphes. Les deux suivants permettent de decrire la limite, en particulier de

contr6ler l'apparition de singularites et Ie comportement du bord d'une suite de

courbes pseudo-holomorphes.

A la fin du paragraphe sur les immersions isometriques elliptiques, nous esquis­

serons une demonstration utilisant ces lemmes.

Vne partie de ce qui est redige ici est deja pam ailleurs de maniere dispersee, nous

avons choisi de reunir les passages utilisant les courbes pseudo-holomorphes (§§ 1

et 2), de presenter de nouveaux exemples (§§3.1, 3.2 et 3.3) d'isoler des resultats

pseudo-holomorphes (§ 3.3) et de donner dans l'introduction un guide de lecture, afin

d'essayer de montrer l'utilite de l'application de la theorie de Gromov a l'analyse

globale.

Signalons encore que Ie codage pseudo-holomorphe permet egalement d'obtenir,

en utilisant la positivite des intersections (chapitre VI), des resultats d'unicite de

solutions, en particulier pour les immersions elliptiques. Nous ne developpons pas

ce point de vue ici et renvoyons a [6].

Je tiens a remercier ici Pierre Pansu, qui m'a patiemment explique Ie lemme de

Schwarz, et Misha Gromov qui m'a suggere ces problemes.

1. Immersions isometriques elliptiques

Ce paragraphe est un resume de la premiere partie de [6].

1.1. Definitions et resultats

Vne immersion isometrique elliptique (ou localement convexe) (resp. e-elliptique)

d'une surface S dans une variete M de dimension 3, est une immersion isometrique

dont Ie discriminant de la deuxieme forme fondamentale (par rapport a la prmiere

forme fondamentale) est positif en tout point (resp. superieur a un e positif). Ceci est

automatiquement Ie cas si, par exemple, la courbure sectionnelle de M est inferieure

a un Ko, et la courbure de S est en tout point strictement superieure aKo.

Nous nous sommes interesses a la divergence d'une suite de telles immersions.

On se donne donc une suite (fn) d'immersions e-elliptiques d'une surface S dans

une variete riemannienne (M, g) de dimension 3, telle que les metriques induites
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convergent de fac;on Coo vers une metrique go. On suppose egalement que (In) con-·

verge de fac;on CO vers une application fo; il suffit pour cela par exemple que M

soit compacte. Notre premier resultat exhibe un critere permettant d'affirmer sous

une hypothese assez faible que notre suite converge de fac;on Coo. Remarquons que

les theoremes\de ce type exigent habituellement une borne uniforme sur la courbure

moyenne.

THEOREME 1.1.1. - 8i l'integrale de la courbure moyenne des fn(8) est ma­

joree, la suite (In) converge Coo sur tout compact vers une immersion isometrique

fo de (8,go) dans (M,g).

Notre deuxieme result at nous permet de decrire la fac;on dont degenere notre

suite d'immersions. Un point x de 8 est dit singulier si la suite fn ne converge pas

(pour la topologie COO) au voisinage de x.

THEOREME 1.1.2. - 80it (In) une suite d'immersions c:-elliptiques de (8, go)

dans (M, g) convergeant de maniere CO vers une application fo. 8i la suite (In) ne

converge pas de maniere Coo au voisinage d'un point x de 8, dont nous dirons alors

que ce point est singulier. Il existe alors une unique geodesique I de 8, passant par

x, telle que fo soit une isometrie de I dans une geodesique de M. De plus, tous les

points de I sont singuliers.

Donnons un exemple du phenomene deerit par ce tMoreme. On peut construire

(voir [11]) une famille (In) d'immersions isometriques de la sphere moins deux points

antipodaux dans R3. Chaque immersion fn s'enroule alors n fois autour de l'axe des

pOles, la limite etant un segment (figure 14).

N:
N:

---_ ...._-----

1 tour n tours : S

Figure 14

infinite

S de tours

Nous nous proposons maintenant de decrire Ie I-jet d'une immersion isometri­

que d'une surface 8 dans une variete M de dimension 3. Ce jet est avaleur dans
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I'ensemble E = Isom(T8, TM) des isometries lineaires de T8 dans TM. Notre but

est de munir un ouvert 0 de E d'une structure presque complexe telle que Ie I-jet

d'une immersion isometrique elliptique (ou localement convexe) definisse une courbe

pseudo-holomorphe de O. L'aire induite sur ces courbes pseudo-holomorphes sera

alors l'integrale de la courbure moyenne.

Ceci est la premiere etape de la demonstration du theoreme 1.1.1.

Nous verrons aussi que d'autres courbes pseudo-holomorphes "parasites", les sur-

faces de pli, s'introduisent naturellement (proposition 1.6.2). Demontrer Ie theoreme

1.1.2 revient alors it demontrer que Ie graphe du I-jet d'une suite d'immersions

isometriques elliptiques converge soit vers un graphe, soit vers une telle surface de

plio

1.2. Espace des jets d'immersions isometriques

Notre premiere etape va etre de decrire E et plus particulierement son espace

tangent. L'espace E est naturellement un fibre sur 8 x M. On notera 7rs et 7rM, les

projections sur 8 et M respectivement et pour simplifier on notera leur differentielle

de la meme maniere.

La fibre au point (s, m) est Isom(T s 8, TmM), I'ensemble des isometries de Ts 8

dans TmM. L'espace tangent it la fibre en un point (s,m,g) s'identifie it I'ensemble

des applications lineaires 1 de Ts8 dans TmM qui verifient

(J(u) Ig(u)) = 0

ou u appartient it Ts 8 et ( I ) designe Ie produit scalaire de TmM. Une telle 1
s'ecrit necessairement 1 = 9 /\ v, ou v appartient it TmM, et /\ designe Ie produit

vectoriel dans TmM (nous supposerons M orientee). Cet espace tangent s'identifie

done canoniquement it TmM.

On munit ce fibre de la connexion induite par les connexions de Levi-Civita sur

8 et M, on note alors 7rp la projection sur I'espace tangent it la fibre qui s'en deduit.

Nous avons done decompose l'espace tangent it E en

it l'aide des projections 7rs, 7rM et 7rp.

1.3. I-jets d'immersions isometriques

Soit maintenant 1 une immersion isometrique de 8 dans M. Nous noterons 1* la

differentielle de 1, /1 son I-jet, \7 la connexion de M, n Ie vecteur normal exterieur

it la surface 1(8) et Jo la structure complexe naturelle sur 1*(T8) induite par la

metrique et l'orientation, donnee par Jo(u) = n /\ u .

Nous allons maintenant decrire l'espace des vecteurs tangents it la surface j1 1(8)
dans E.
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PROPOSITION 1.3.1. - A l'aide de la decomposition precedente, l'espace tan­

gent d l f(8) est l'ensemble des vecteurs de la forme

ou u designe un vecteur de T 8.

Demonstration. - Seul Ie dernier terme est a identifier. Considerons d'abord

I'espace tangent a la fibre comme un espace d'applications lineaires. Le dernier terme

est alors I'application 7rF(V) qui a w associe 7rF(V)(W) OU

OU II( , ) designe la deuxieme forme fondamentale de la surface immergee. Or

II(u, w)n

1.4. Cas elliptique

-('l!.(u)n I f*(w))n

(n A 'l !.(u)n) A f*(w)

f*(w) A -Jo'l !.(u)n. 0

Dans Ie cas elliptique, la deuxieme forme fondamentale est une metrique. On a

alors

'l !.(u)n = kJoJ

OU k
2 est Ie produit des courbures principales de la surface (autrement dit la courbure

gaussienne extrinseque) et J designe la structure complexe associee a la deuxieme

forme fondamentale qui respecte I'orientation, c'est-a-dire la rotation d'angle pour

cette metrique. En particulier, nousavons :

PROPOSITION 1.4.1. - L 'espace tangent d l f(8) dans E est constitue des

vecteurs de la forme

ou u designe un vecteur de T8.

L'equation de Gauss s'ecrit

k = K(T8) - K(J*(T8))

(Ia courbure gaussienne extrinseque est la difference entre la courbure gaussienne et

la courbure sectionnelle du plan tangent pour la metrique ambiante). II en resulte

que la courbure extrinseque est une fonction parfaitement definie sur E.
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1.5. Structure presque complexe

Soit 0 l'ouvert de E constitue des points ou la courbure extrinseque k est stricte­

ment positive. Nous allons munir 0 d'une structure presque complexe telle que

j1 f(8) soit une courbe pseudo-holomorphe lorsque fest une immersion isometrique

elliptique.

Decomposons TE d'une nouvelle maniere

T(s,m,g)E= V Ef) W,

oU V = {G(u, v) = (u,g(u), kg(v));Vu, v E T8} et W = {(u, -g(u) + an,,Bn)}, et

munissons T E de la structure presque complexe J telle que

J Iv: G(u, v) f-+ G(v, -u)

et

J Iw: (u, -g(u) + an, ,Bn) f-+ (lou, -g(Jou) + ,Bn, -an)

(en fait, la structure complexe sur W n'a aucune incidence sur la suite). Munissons

V de la metrique hermitienne J.l :

OU ( I) designe la met rique de 8. On munit ensuite W de n'importe quelle metrique.

1.6. Courbes pseudo-holomorphes

Nous allons maintenant exhiber des courbes pseudo-holomorphes.

PROPOSITION 1.6.1. - 8i fest une immersion isometrique elliptique de 8

dans M, j1 f(8) est une courbe pseudo-holomorphe de O. De plus la structure

presque complexe induite sur 8 est celie donnee par la deuxieme forme fondamentale.

L'element d'aire w induit est HWo ou H designe la courbure moyenne de l'immersion

et Wo l'element d'aire de la metnque initiale.

C'est une consequence de la proposition 1.4.1. D

II existe d'autres courbes pseudo-holomorphes. Celles que nous allons introduire

sont celles qui produisent les degenerescences du tMoreme 1.1.2.

PROPOSITION 1.6.2. - Soient ,(t) une geodesique de 8 et f(t) une geodesique

de M, toutes deux pammetrees par l'arc. La surface F = F(')', r) de E constituee

des isometries de T-y(t)8 dans Trrt)M qui envoient d,/dt sur dr/dt, est une courbe

pseudo-holomorphe.

Nous l'appellerons surface de pli. A nouveau la preuve est immediate. D
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1.7. Idee de la demonstration du theoreme 1.1.1

Nous avons vu que les immersions isometriques elliptiques se relevent en courbes

pseudo-holomorphes dans un espace de jets E se fibrant sur S x M, la structure

conforme induite etant celle de la deuxieme forme fondamentale.

Dne premiere etape de la demonstration consiste a. demontrer que chaque fibre de

cette fibration admet un voisinage calibre (A.1.1). Si Un) est une suite d'immersions

isometriques de S dans M, convergeant de fa<;on Co, nous pouvons alors supposer

en prenant un voisinage U d'un point xo de S homeomorphe au disque que

P fn(U) est indus dans ce voisinage.

On considere maintenant gn la representation conforme de D dans jl fn(U) en­

voyant l'origine dans Ie releve de xo. D'apres Ie lemme de Schwarz, nous pouvons

extraire de (gn) une sous-suite convergeant sur tout compact vers une application

go. II nous reste donc a. comprendre ce qu'est l'image de go, et en particulier de mon­

trer que c'est une surface immergee. Supposons donc que l'integrale de la courbure

moyenne soit uniformement bornee sur U, ce qui est l'hypothese du theoreme 1.1.1.

Ceci entraine que l'aire de gn(D) est bornee. Par ailleurs, Ie bord de gn(D) est indus

dans 7r81(8U).Le lemme A.4.1 nous assure alors que Ie bord de go(D) est egalement

indus dans 7r81(8U). Comme 7r8g0(0) est xo, go(D) n'est pas reduit a. un point.

Ensuite, on considere Cpl(W), Ie fibre sur E dont la fibre en tout point est

l'espace des droites complexes du plan complexe W. Notre application gn se releve

alors par l'application de Gauss en une application 9n a. valeurs dans Cpl(W). De

plus en chaque point de E, Cpl(W) est separe en deux hemispheres par Ie cerde

des droites complexes dont la projection sur TS est singuliere. Or !In ne rencontre

jamais ce cerde. Le lemme A.1.2 nous assure alors que (!In) converge egalement. Le

lemme A.3.1 nous assure ensuite que go est bien une immersion.

La suite de la demonstration consiste alors a. montrer que go(D) est soit un

graphe d'immersion isometrique, soit indus dans une surface de plio 0

2. Courbure de Gauss prescrite

2.1. Le probleme

Nous allons montrer que de nombreux problemes a. courbure de Gauss prescrite

sur les surfaces, en particulier Ie probleme de Minkowski, mais aussi Ie probleme

de Monge-Ampere et celui des plongements radiaux (cf [9], [3]) s'interpretent en

terme de courbes pseudo-holomorphes. On s'interessera ici au probleme suivant qui

contient les cas cites:

PROBLEME A. Soit M une variete riemannienne orientee de dimension 3, et

9 une fonction definie sur U(M), Ie fibre unitaire de M, et strictement superieure a
la fonction courbure sectionnelle k. On cherche alors une surface orientee, dont la

courbure en tout point x vaille g(n), n etant la normale orientee en ce point.
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On remarquera que de telles surfaces sont necessairement localement convexes,

grace a nos hypotheses sur k.

La traduction pseudo-holomorphe nous a ete utile dans [7], ou nous l'avons ap­

pliquee au probleme de Minkowski dans les varietes hyperboliques.

Le probleme de Minkowski dans l'espace euclidien s'enonce ainsi : Quelles fonc­

tions sur la sphere sont obtenues en poussant la fonction courbure d'une surface

immergee par l'application de Gauss? Lorsque nous nous interessons aux fonctions

positives, c'est-a-dire aux surfaces convexes, ce probleme une solution dont l'enonce

est simple et elegant ([8] et dans un autre cadre [10]) :

THEOREME (Nirenberg, Alexandrov, Pogorelov). - Pour qu'il existe une surface

convexe solution du probleme de Minkowski pour une fonction k positive definie sur

la sphere 8 2
, il faut et il suffit que

!s2 Ids = 0,

au u est Ie vecteur position sur la sphere et ds l'element d'aire. Une telle surface est

alors unique Ii translation pres.

Nous nous sommes interesses a un probleme analogue dans Ie cadre des varietes

hyperboliques. La solution de ce probleme nous a permis d'etudier les surfaces a

courbure de Gauss constante de ces varietes. Enon<;onsce probleme :

Soit M une variete hyperbolique geometriquement finie et sans cusp, c'est-a­

dire a cc:eur de Nielsen N compact. La variete M \ Nest alors la reunion finie de

varietes (voir [12]) B i homeomorphes a 8i x R, ou les 8i sont les surfaces de Riemann

compactes qui sont les composantes connexes du bord Moo de M a l'infini. Dans une

telle variete ou plus generalement dans un bout geometriquement fini B (voir [7])

associe a une lamination geodesique mesuree, dont Ie bord a l'infini est Boo, se pose

naturellement un probleme de Minkowski.

Soit en effet 8, une surface convexe lisse incompressible dans B, on definit

l'application de Gauss <p de 8 dans Boo en associant a tout point de 8 la geodesique

normale en ce point (figure 15).

On associe donc a toute telle surface convexe 8 une fonction F(8) sur Boo donnee

par

(2.1.1) F(8) = k 0 <p-l

ou k est la fonction courbure de 8. Le probleme que nous considerons est, etant

donnee une fonction k sur Boo, de resoudre (2.1.1). Notre resultat est Ie suivant

THEOREME 2.1.2. - Soit k une fonction Coo definie de Boo dans ]- 1,0[. Il

existe alors une unique surface convexe S incompressible dans B, telle que k = F(8).

Ce resultat est, pour Ie probleme de Minkowski, l'analogue du result at de M.s.

Berger ([2]) pour Ie probleme de Nirenberg:
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THitOREME (M.S. Berger). Toute fonction negative sur une surface de Rie­

mann de genre au moins 2 est la courbure d 'une unique metnque conforme dune

metrique donnee.

En appliquant notre result at au cas ou k est une fonction constante, on en deduit

I'existence et l'unicite d'une surface Sk a courbure constante k. Un exemple bien

connu de cette situation est Ie cas ou M est Ie quotient de I'espace hyperbolique par

un groupe fuchsien : les surfaces equidistantes de I'hyperplan de symetrie sont alors

a courbure constante et de plus forment un feuilletage.

2.2. Traduction pseudo-holomorphe

Revenons au probleme sous sa forme generale, et montrons

LEMME 2.2.1. Il existe une structure presque complexe sur un sous-fibre W

dufibre tangent d U(M), telle que les champs de vecteurs normaux unitaires N(S),

aux surfaces S solutions du probleme A soient des courbes pseudo-holomorphes tan­

gentes d W.

La structure conforme induite est alors celle donnee par la deuxieme forme fon­

damentale. Enfin, il existe une metrique hermitienne sur W telle que l'aire d'une

courbe pseudo-holomorphe est l'integrale de la courbure moyenne de la surface sous­

jacente.

Demonstration. U(M) est un fibre sur M muni d'une connexion qui se deduit

de la connexion de Levi-Civita sur M. Grace a cette connexion Ie fibre tangent it

U(M) en un point n se decompose en
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ou P est Ie plan orthogonal a n. Remarquons que P etant oriente, il est muni

naturellement d'une structure complexe Jo. Le sous fibre West alors en tout point

n de U(M) donne a l'aide de cette decomposition par

W(n) = PEB P.

II est facile de verifier qu'une surface tangente a W dont la projection sur M

est reguliere est un champ de vecteurs normaux N (S) a une surface S de M. Dans

cette decomposition, l'espace tangent a une telle surface N(S) est constitue des

vecteurs de la forme (u, A(u)), ou A est l'operateur deuxieme forme fondamentale.

Soit maintenant c la fonction telle que

c2
= g - k.

On munit alors W de la structure complexe J, telle que

On verifie maintenant aisement que dire que N(S) est une courbe pseudo­

holomorphe entraine

det(A) = c
2

,

c'est a dire que S est solution du probleme A. Enfin, si go est la met rique de M, si

l'on munit W de la met rique donnee par

la met rique induite sur S, solution du probleme A, est alors la met rique

Ceci finit de demontrer notre lemme. 0

A nouveau comme dans l'exemple precedent, des courbes parasites tubulaires

apparaissent.

PROPOSITION 2.2.2. - Soit'Y une geodesique de M, La surface S("() de U(M)

constituee des vecteurs normaux Ii 'Y est une courbe pseudo-hoLomorphe.

Elles apparaissent comme degenerescences dans l'exemple deja cite en 1.1.2.

3. Autres exemples et constructions

3.1. Courbure moyenne prescrite

Soit M une variete riemannienne, G = G2(M) la grassmannienne des 2-plans

orientes de M et F ----> G Ie fibre sur G dont la fibre en un point Pest l'orthogonal

po du plan P. Si S est une surface orientee immergee dans M on notera egalement

son releve par l'application de Gauss dans G. On se pose alors Ie probleme

suivant
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PROBLEME B. - Soit H une section du fibre F, existe-t-il une surface S orientee

et immergee dans M dont le vecteur courbure moyenne en un point x est H(TxS) ?

Les surfaces minimales sont des solutions du cas particulier de ce probleme cor­

respondant a la section nulle. En dimension 3, Ie fibre F a une section n canonique

correspond ant au vecteur normal et les surfaces a courbure moyenne constante A

sont les solutions du probleme pour la section An. Notre but est de demontrer Ie

lemme suivant, analogue acelui sur la courbure de Gauss:

LEMME 3.1.1. - Il existe une structure presque complexe sur un sous-fibre

W du fibre tangent Ii G, telle que les releves par l'application de Gauss d'une

surface S solution du pmbleme B soient des courbes pseudo-holomorphes tangentes

Ii W. La structure conforme induite est alors celie de la metrique induite S.

Demonstration. - G est un fibre sur M muni d'une connexion qui se deduit

de la connexion de Levi-Civita sur M. Grace acette connexion Ie fibre tangent aG

en un point P se decompose en

ou po est l'orthogonal de P. Remarquons que, P etant oriente, il est muni naturelle­

ment d'une structure complexe Jo. Le sous-fibre West alors en tout point P de G

donne a l'aide de cette decomposition par

W(P) = Hom(P, PO) EB P.

II est facile de verifier qu'une surface tangente a W, dont la projection sur M

est reguliere, est un releve d'une surface S de M. Dans cette decomposition,

l'espace tangent a une telle surface est constitue des vecteurs de la forme

(u, A(u)), ou A est l'operateur deuxieme forme fondamentale.

Nous allons construire a l'aide de H (la section de F associee anotre probleme)

une structure presque complexe sur W. Pour cela soit u un vecteur de P, nous

pouvons lui associer l'element B(u) de Hom(P, PO) defini par

B(u): v 1--+ g(Jou,v)H(P).

Ceci nous permet de definir l'endomorphisme J de W dans lui-meme donne par

J(A, u) = (A 0 Jo+ B(u), Jou),

dont on verifie aisement qu'il ales proprietes requises. 0

Les courbes pseudo-holomorphes parasites sont maintenant incIuses dans la fibre,

et correspondent a l'apparition de singularites sur notre surface.
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3.2. Applications harmoniques clont la source est une surface
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Rappelons que si fest une application differentiable d'une variete riemannienne

(S,g) dans une variete riemannienne (M,h), on peut definir l'energie de f comme

1 r 2
E(J) = "2 is IIDgl1 Vg•

Les points critiques de l'energie sont, par definition, les applications harmoniques.

Ces points critiques sont ceux qui verifient l'equation :

tr(9 DJ) = O.

On considere ici 9Df comme une 2-forme sur TS it valeurs dans TM, definie

par

9 x Df(Y) = -

ou X et Y sont deux champs de vecteurs de S, et 9 M (resp. 9 S
) designe la connexion

de Levi-Civita de M (resp. S). La trace est prise relativement it g.

Dans Ie cas ou S est une surface, l'energie est en fait un invariant conforme.

Notons maintenant E = J 1(S, M) l'espace des I-jets d'applications de S dans M.

On peut done maintenant associer it toute application f de S dans M une surface

"E,(J) dans E. On montre alors aisement Ie resultat suivant :

LEMME 3.2.1. - Il existe une structure presque complexe sur un sous fibre

W du fibre tangent aE, tel que le releve "E,(J) d'une application harmonique f,

soit une courbe pseudo-holomorphe tangente aW. La structure conforme induite est

alors celie de la metrique de S.

Demonstration. - E est un fibre sur M x S muni d'une connexion qui se deduit

des connexions de Levi-Civita sur M x S. Un point g de E est la donnee d'un point

s de S, d'un point m de M et d'une application lineaire L de TsS dans TmM. Grace

it la connexion Ie fibre tangent it E en un point g se decompose en

TgE = TS EEl TM EEl Hom(TS, TM).

L'espace tangent it "E,(J) est constitue des vecteurs de la forme (u, D f(u), 9 u DJ).

On considere done Ie sous-fibre W dont la fibre en g = (s,m,L) est l'ensemble des

vecteurs de la forme (u, L(u), H). Si Jo est la structure complexe de S, la structure

complexe it construire sur West celle donnee par

J(u, L(u), H) = (lou, L(Jou), H 0 Jo),

dont on verifie aisement qu'elle a toutes les proprietes requises. 0
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3.3. Equations non lineaires elliptiques du deuxieme ordre

Soit donc S une surface et considerons E = T*S x R l'espace des I-jets de

fonctions de S dans R. Soit maintenant F une fonction de E dans R. Nous allons

montrer

LEMME 3.3.1. - II existe une structure complexe JF sur le sous fibre d'holo­

nomie W, telle que "£(J), le graphe du I-jet d'une fonction f, soit pseudo-holomorphe

si et seulement si, la fonction f est solution de l'equation fl(J) = FV(J)).

Demonstration. - L'espace tangent aE se decompose, al'aide de la connexion,

en

TE = TS EB T*S EB R,

Considerons alors Ie sous-fibre d'holonomie W consitue des vecteurs de la forme

(u, w, g(u)) au point 9 de E OU u est un vecteur tangent aS et w un vecteur cotangent

et munissons Ie de la structure complexe

JF(u,w,g(u)) = (Jou,w 0 Jo+ F < Jou,. >,g(Jou)),

OU Jo designe la structure complexe de S. A nouveau, cette structure presque com­

plexe remplit bien son office. 0

Appendice : Convergence d'applications pseudo-holomorphes

Dans cet appendice, nous allons, d'une part rappeler Ie lemme de Schwarz (A.1.I)

qui exhibe un critere permettant de faire converger une suite d'applications pseu­

do-holomorphes, et d'autre part, demontrer deux lemmes (A.3.I et A.4.I) qui nous

permettent de decrire la limite.

Nous avons vu en 1.7 comment ces lemmes s'empilent pour demontrer Ie theoreme

1.1.1.

A.I. Lemme de Schwarz

Nous allons extraire de la demonstration du tMoreme de compacite des courbes

cusps de Gromov (voir [4] et les chapitres VII et VIII) Ie lemme fondamental qui

nous sera utile par la suite. Nous considerons une variete E munie d'une structure

presque complexe Jet d'une metrique hermitienne 1-£. Le lemme est Ie suivant :

LEMME A.1.I (Lemme de Schwarz). - Soit 9 une application pseudo-holo­

morphe de D, le disque unite de C, dans E. Si g(D) est incluse dans un compact

de E calibre, c'est-a-dire sur lequel il existe une 1-forme (3 telle que, pour tout x

vecteur non nul

(**) d(3(x, Jx) > 0,

alors toutes les derivees a tous les ordres de 9 a l'origine sont majorees a priori.



Chap. IX Courbes holomorphes en geometrie riemannienne 265

Ce lemme est Ie resume de la premiere partie du theoreme de compacite des

courbes cusps de Gromov tel qu'il est expose dans Ie chapitre VIII. Dans Ie cas,

qui nous interesse ici, des courbes pseudo-holomorphes tangentes it un sous-fibre, il

suffit de supposer (**) verifiee pour les vecteurs tangents au sous-fibre considere.

On peut trouver des compacts calibres de la maniere suivante : soit F --+ E

un fibre, muni d'une connexion, sur une variete presque complexe E et dont la fibre

est kiihlerienne. L'espace total est alors egalement une variete presque complexe. Si

maintenant K est un compact de la fibre, qui possede un voisinage, dans la fibre,

dont Ie deuxieme groupe de cohomologie reelle est nul, K est alors calibre. Cette

remarque et Ie lemme de Schwarz permettent de montrer Ie lemme (voir Ie chapitre

VII) :

LEMME A .1. 2. - Soit 1r : F --+ E un fibre, muni d 'une connexion, sur une

variete presque complexe E et dont la fibre est kiihlerienne. On munit l'espace total

de la structure presque complexe induite. Soit ensuite (in) une suite d'applications

pseudo-holomorphes de D dans F telle que

1. (1r 0 fn) converge,

2. fn(D) est indus dans un compact K,

3. K possede un voisinage U, tel que H 2 (Un1r- 1(x)) soit nul, pour tout x de E.

Alors les derivees des fn sont uniformement majorees.

En fait, dans Ie chapitre VII, on montre Ie lemme de Schwarz pour la premiere

derivee et I'on applique Ie lemme que nous venons d'enoncer (sur la premiere derivee)

it I'espace des jets. Ceci permet d'amorcer la recurrence demontrant Ie lemme de

Schwarz it tous les ordres.

A.2. Hypotheses

A I'aide du theoreme d'Ascoli et du lemme de Schwarz, nous pourrons extraire

des suites convergentes d'applications pseudo-holomorphes pour la topologie Coo sur

tout compact. II nous reste it decrire un peu mieux la limite et en particulier de nous

interesser a l'apparition de singularites et au comportement du bordo Nous nous

interesserons donc dans la suite de cette section it la situation suivante :

1. une variete E munie d'une suite (In) de structures presque complexes con­

vergeant de fa<;on Coo vers Jo,

2. une suite (in) d'applications pseudo-holomorphes de D dans (E, I n) con­

vergeant de fa<;on Coo sur tout compact vers fo, application pseudo-holomorphe

de D dans (E, Jo),

3. nous supposerons egalement que E est muni d'une suite (J.1n) de metriques

hermitiennes convergeant vers J.10.
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A.3. Singularites

Considerons G2 (E), la grassmannienne des 2-plans tangents aE. Si maintenant

fest une immersion d'une surface S dans E, on peut lui associer une application

J de S dans G2 (E) qui, a un point, associe Ie plan tangent a I'image. Nous allons

montrer Ie

LEMME A.3.1. - Si les hypotheses suivantes sont verifiees :

1. les fn sont des immersions,

2. la suite (In) converge,

3. fo n'est pas constante,

alors fo est une immersion.

Demonstration. - Remarquons, tout d'abord, que fo etant pseudo-holomorphe

et non constante, ses singularites sont isolees. Nous pouvons done supposer, pour

simplifier, que fo est une immersion sur D moins l'origine. Nous voulons montrer

que fo est une immersion sur D. Considerons les metriques gn = induites par

les fn sur D. Nous savons que gn = Ang ou 9 est la metrique canonique. De meme,

go = foJ-lo est de la forme Aog. Nous allons voir que Ao est partout non nulle.

Nous allons tout d'abord montrer que l'hypothese 2 entraine que, si kn est la

courbure de la metrique 9n, il existe une constante C telle que sur un voisinage de

l'origine
C

Iknl An'

Notre deuxieme hypothese peut se traduire de la maniere suivante : soient Fn =
fn*(TE) ----> DIes fibres induits par les fn du fibre tangent a E, alors les fibres

Dn = fn*(TD) vus comme sous-fibres de Fn, convergent. En particulier :

• d'une part la courbure des plans tangents aux images est uniformement bornee,

• d'autre part, les deuxiemes formes fondamentales Sn de Dn dans Fn sont uni­

formement bornees : si u est un vecteur de Dn et v un vecteur tangent a D

alors

Ceci entraine que si w et u sont des vecteurs tangents a l'image,

En combinant ces deux remarques et l'equation de Gauss pour la surface fn(D),

nous en deduisons l'inegalite recherchee. Maintenant nous savons que
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et donc :s: C. Nous en deduisons que sur D moins I'origine

:s: C.
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II est alors facile de montrer a l'aide de la formule de Green que AO est non nulle

partout.O

AA. Bord

On note dans ce paragraphe f(aD), l'ensemble des points d'adMrence des suites

(J(x n )) lorsque (xn ) tend vers Ie bord du disque unite. Notre but est de montrer Ie

LEMME A.4.l. - 8i l'aire de fn(D) est uniformement bornee, alors fo(aD)

est indus dans la limite de Haussdorff des fn(aD).

Montrons tout d'abord la proposition suivante :

PROPOSITION A.4.2. - Fixons une metrique riemannienne auxilliaire d, on

suppose que notre suite (In) d'applications pseudo-holomorphes verifie de plus

1. d(Jn(aD), f n(0)) est minoree par un nombre strictement positif independant

de n,

2. l'aire de fn(D) est uniformement majoree.

Alors fo n'est pas constante.

Demonstration. - Raisonnons par l'absurde : si (In) tend vers une fonction

constante alors, pour tout disque D(r) de rayon r et tout e strictement positif,

fn(D(r)) est inclus dans B(Jo(O), c), pour tout n assez grand.

Considerons I'anneau A(r) = D \ D(r) et notons Ao et AIles deux composantes

de son bord, Al = aD et Ao = aD(r). D'apres nos hypotheses, nous avons alors

pour tout n assez grand

(A.4.3)

et

(A.4.4)

Rappelons maintenant la notion de module d'un anneau. Tout anneau metrique

A est conforme a8 1 x [0, L(A)], Ie reel L(A) est alors appeIe module de l'anneau A.

On peut egalement Ie calculer par la formule

(A.4.5)
1 . r 2

L(A) = J)du l

ou B designe l'ensemble des fonctions u telles que UIAo :s: 0 et UIA
I

1, Ao et Al

designant les deux composantes connexes du bordo
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Revenons it notre anneau A(r), si nous faisons tendre r vers 1 son module tend

vers O. Par ailleurs A(r) est conforme it son image par fn, et nous pouvons minorer

son module it l'aide de (A.4.5) : nous injectons dans la formule la fonction u(y) =
dn(y,fn(O)). Son gradient ayant une norme inferieure it 1, nous obtenons pour n

grand grace it l'hypothese 2, (A.4.3) et (A.4.4) ,

L(fn(A(r))) C(c:, (3, K).

Ceci nous fournit la contradiction recherchee. 0

Nous pouvons maintenant demontrer notre lemme.

Demonstration. Soit y un point de fo(oD). Par definition il existe une suite

de points (Yn) tel que Y = lim(fo(Yn)). Puisque fn converge sur tout compact vers

fo, nous pouvons supposer que pour toute suite Pn telle que Pn n,

(A.4.6)

Munissons D de la metrique hyperbolique et supposons que les boules B
n

de

rayon 1 autour des Yn soient disjointes. Puisque l'aire de fn(D) est uniformement

majoree, l'aire de fo(D) est bornee et done

lim (Aire(fo(B n))) = O.

II existe done une suite Pn telle que Pn n et

(A.4.7)

Considerons maintenant la famille 9n de transformations conformes de D telle que

9n(O) = Yn et la famille d'applications pseudo-holomorphes In = fPn 09n' D'apres

(A.4.7), 9n tend sur tout compact vers une application constante. Par ailleurs,

9n(D) = fPn (D) a une aire uniformement majoree. Notre proposition precedente

nous permet d'affirmer que

et done que

Ceci et (A.4.6) nous permettent de conclure que Y appartient it lim(fn(oD)). 0
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Chapter X

Symplectic rigidity: Lagrangian

submanifolds

Michele Audin

Introduction

Franc;ois Lalonde Leonid Polterovich

This chapter is supposed to be a summary of what is known today about La­

grangian embeddings. We emphasise the difference between flexibility results, such

as the h-principle of Gromov applied here to Lagrangian immersions (and also to the

construction of examples of Lagrangian embeddings) and rigidity theorems, based

on existence theorems for pseudo-holomorphic curves.

The most famous result in the family of rigidity theorems is the Arnold con­

jecture (corollary 2.2.5), according to which there exists no exact (see §2.1) closed

Lagrangian submanifold in en and its application to the existence of exotic struc­

tures on R 2
n. An equivalent statement is that the symplectic area class (see §2.1),

which belongs to the first de Rham cohomology group of a Lagrangian submanifold,

cannot vanish. Very analogous are Maslov class rigidity results: if it is true that

essentially any integral cohomology class can be the Maslov class of a Lagrangian

immersion, the situation is quite different for embeddings.

We have tried to give complete least of the results which are either

easy to prove, or which rely on pseudo-holomorphic curves' methods, as this is the

subject of the book. This chapter is based mainly on the results and techniques of

Gromov but also on work of the authors, of course. We have also tried to present

new results, in the text as well as in exercises, as for instance in §4. The proofs of

the basic results come more or less directly from [24], although very often via the

unobtainable "corollaires symplectiques" [44]. We thank Jean-Claude Sikorav, who

encouraged us to plunder his paper.

Let us now describe in detail the contents of this chapter.

We begin by recalling in §1 the h-principle for Lagrangian immersions and by

giving many examples of Lagrangian submanifolds and of ways to construct them,

mainly as submanifolds of standard symplectic space en.
In the next section, we state the main theorem, the rigidity result 2.2.4 and derive

some symplectic corollaries, as for example the above mentioned Arnold conjecture
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and the solution of some Lagrangian intersection problems (in §2.3).

In §3, we concentrate on Lagrangian submanifolds of en. We show how the pre­

vious rigidity results give obstructions to realising certain manifolds as Lagrangian

submanifolds of en. It is customary (see [26]) to call these obstructions "hard". For

the sake of completeness, we recall also the simplest "soft" obstructions. In this way,

no sphere (except the circle) can be a Lagrangian submanifold. Actually, the hard

techniques are needed only in the case of the 3-sphere, where they are both essential

and very poorly used: as it is simply connected, any Lagrangian embedding has to

be exact. However we give other examples: a 3-manifold with non zero HI, no soft

obstruction, but which cannot be embedded as a Lagrangian submanifold due to

the rigidity results (see theorem 3.3.3).

The next section is devoted to rigidity results in cotangent bundles and appli­

cations to mechanics: we look especially at Lagrangian tori in T*Tn, where the

topology is large enough to contain both symplectic and topological invariants, and

interesting relations between them. This example is also very interesting in mechan­

ics, particularly if one is willing to look at perturbations of integrable systems.

In §5, we concentrate on pseudo-holomorphic curves and, finally, we give a proof

of the main theorem 2.2.4.

In a short appendix, for the sake of completeness, we construct exotic symplectic

structures on R 2
n. Surprisingly enough, we know of no way to prove that these

structures are different from the standard one other than via the rigidity theorems.

1. Lagrangian constructions

In this §, we give some systematic ways of constructing Lagrangian submani­

folds, mainly in standard linear symplectic space. We begin by recalling Gromov's

h-principle-a flexibility result-for Lagrangian immersions in §1.1, then show how

it may also be used to construct examples of Lagrangian submanifolds. In the follow­

ing §§, we give as many examples of systematic constructions as we know. Perhaps

nothing is really original here (we did not invent either symplectic reduction, La­

grangian cobordisms or wavefronts) but it turns out that folkloric and "well known"

examples are not that well known, hence the list. We stress the fact that most

of these constructions derive, more or less directly, from the symplectic reduction

process of Marsden and Weinstein [34] and the Arnold papers [3] on Lagrangian

cobordisms.

1.1. Lagrangian immersions in en and the h-principle

Recall from chapter I that ,\ c en is a Lagrangian subspace if and only if ,\ ..L i,\

and dim,\ = n. Hence an immersion f : Ln --+ en is Lagrangian if and only if

\:Ix E L,
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In particular, Txf defines a complex linear isomorphism
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TxL ®R e
v ® (a + ib)

--+ en
f-------> aTxf(v) + ibTxf(v)

and, varying x, a complex vector bundle isomorphism

Tf
TL®R e --+ L x en.

Such an isomorphism will be called a U-parallelisation of L. We have just proved

that, in order for L to admit Lagrangian immersion in en, it is necessary that it is

U-parallelisable. The h-principle for Lagrangian immersions in en, also called the

Gromov-Lees theorem, asserts that the converse is true (see theorem 1.1.3 below for

a precise statement).

Thus, for instance, any n-dimensional stably parallelisable manifold admits La­

grangian immersions into en; complexifying a stable parallelisation, gives an iso­

morphism

Recall the

PROPOSITION 1.1.1 (see e.g. [29]). Let E be a complex n-dimensional vec­

tor bundle on a manifold of (real) dimension n. Then E is trivial if and only if it

is stably trivial. Moreover, any stable trivialisation is homotopic to the suspension

of an instable one.

This says that 'P is homotopic to the sum of an isomorphism

1(; : T L lSi e --+ L x en

and the identity.

Using the normal vector field of a codimension 1 embedding, we see that all

spheres, allorientable surfaces satisfy TV EEl trivial line bundle = V x Rn+!. Thus

these manifolds are stably parallelisable. Consequently, they can have Lagrangian

immersions, and the h-principle asserts thet they do have. The next exercise gives

an explicit construction for the sphere.

1.1.2. Exercise. - Let sn = {(x, y) ERn x R IIIxl12 + y2 = 1} and let

W: sn ---> en be given by W(x, y) = (1 +iy)x. Draw a picture of W for n = 1, and

show, in general, that W is a Lagrangian immersion with one double point!.

!The existence of an immersion of Sn with one double point was very important in Whitney's

study of immersions in twice the dimension. Hence the name W.
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Remark. - One can show that the U-parallelisation of sn defined by the

Lagrange immersion W is homotopic to (the destabilisation of) the complexification

of a stable parallelisation of sn (see chapter 0 of [5]).

Two Lagrangian immersions fo, fl : L -+ en are said to be regularly homotopic

(implicitly "among Lagrangian immersions") if there exists a map

f : L x [0, 1] -------+ en

such that ft is a Lagrangian immersion for any t. Now we can state the Gromov-Lees

theorem in en.

THEOREM 1.1.3 (Gromov [23], Lees [32]). - The set of Lagrangian regular

homotopy classes of Lagrangian immersions Ln -+ en is in one-to-one correspon­

dence with the set of homotopy classes of U -parallelisations of L.

In other words, giving a Lagrangian immersion of L into en is equivalent to

giving a U-parallelisation of L.

1.1.4. Exercise. - Show that if a Lagrangian immersion f : Ln -+ en exists,

then the set of regular homotopy classes of all Lagrangian immersions L -+ en is

in one-to-one correspondence with the set [L, U(n)] of homotopy classes of maps

L -+ U(n).

1.1.5. Exercise. - Let V be any closed surface.

1. Show that the set [V, U(2)] is in one-to-one correspondence with HI(V; Z)

(Hint: recall that V can be represented by a polygon, whose edges are identified

in pairs, see [35] for instance).

2. Show that TV I8i e is a trivialisable complex vector bundle if and only if the

Euler characteristic X(V) is even. If this is the case, show that the regular

homotopy class of a Lagrangian immersion is well defined by its Maslov class

(see the appendix to chapter I).

Let us mention that the "Gromov-Lees theorem" is a very special case of the

general h-principle of Gromov. We recall here this principle, for the general case of

Lagrangian immersions in symplectic manifolds.

Let f : Ln -+ W 2n be a Lagrangian immersion into a symplectic manifold. From

f, we can extract two topological data: the homotopy class of the map f : L -+

W (which is such that the cohomology class of f*w vanishes) and the Lagrangian

subbundle T L of the symplectic bundle f*TW -+ L.

THEOREM 1.1.6 ([23]). - Let L be a closed manifold and (W,w) be a sym­

plectic manifold. Then there is a weak homotopy equivalence between the two spaces:
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• The space of Lagrangianimmersions L -+ W.

• The space of all bundle maps 'P : T L -+ TW such that the induced map on the

bases 'lj; : L -+ W pulls back the cohomologyclass of w to 0 and the induced

map on the fibres sends any fibre of T L to a Lagrangiansubspace. 0

Recall that a weak homotopy equivalence is a map that induces an isomorphism

of homotopy groups. We shall use this statement only at the 7l'0 level.

When W is en, f : L -+ en is homotopic to a constant map, so that the first

datum is redundant. The statement 1.1.3 is then 1.1.6 at the 7l'0 level. The condition

'lj;*[w] = 0 is also automatically satisfied when w is exact, e.g. when it is the canonical

structure on a cotangent bundle.

1.1.7. Exercise. - Let W = T*X be a cotangent bundle. Prove that the

regular homotopy classes of Lagrangian immersions L -+ Ware in one-to-one cor­

respondence with the disjoint union

II U(J)
JEIL,X]

where U(J) is the set of homotopy classes of complex isomorphisms

'P : TL 0 e -----> j*TX 0 e.

What happens when L = X = T 2?

1.2. First examples of Lagrangian embeddings

The study of Lagrangian embed dings is far more difficult (the present chapter is

devoted to this problem). Let us begin with a list of examples in en.

Of course any embedding of 3 1 in e is Lagrangian. Taking products gives La­

grangian embeddings of any torus Tn into en and in particular of T 2 into e 2
• It is

easy to see (d. 3.2.1 below) that no other orient able surface can have a Lagrangian

embedding into e 2
. Beautiful examples of Lagrangian embeddings of all non ori­

entable surfaces L with X(L) < 0 and divisible by 4 were constructed by Givental

(see [22], [8] and below exercise 1.5.5). The condition that X(V) == 0 mod 4 is

necessary (see [7] and §3.1) but nobody knows what happens for X = 0: the Klein

bottle is open!

Another example, taken from [5], is the "classifying space" , the Lagrangian grass­

mannian An (see chapter I).
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1.2.1. Exercise. - Consider the complex vector space Sym (n, C) of all com-

plex symmetric n x n matrices, endowed with its natural hermitian (and symplectic)

structure. Show that
4> : U(n) ------; Sym (n, C)

A f------> AtA

induces a Lagrangian embedding <I> : An ---+ Sym (n, C).

1.2.2. Exercise. - Deduce from 1.2.1 that U(n)j SO(n) admits Lagrangian

immersions into cn(n+I)/2 and that SU(n)j SO(n) is U-parallelisable and thus admits

Lagrangian immersions into cn(n+I)/2-1 (Hint: show that U(n)j SO(n) is diffeomor­

phic to SI x SU(n)jSO(n)).

We have already used the elementary fact that the product of two Lagrangian

embeddings is a Lagrangian embedding. Almost as elementary-but more useful-is

the following generalisation.

PROPOSITION 1.2.3. - Assume V and Ware compact manifolds, f : vn ---+

cn is a Lagrangian immersion and g : wm ---+ cm a Lagrangian embedding (m 2: 1).

Then, in the Lagrangian regular homotopy class of the immersion f x g, there is a

Lagrangian embedding of vn x wm into cn+m.

Proof. - Consider the isotropic immersion obtained as the composition

Vn Ccn+m

and apply the general position lemma:

LEMMA 1.2.4. - Let f : vn ---+ cn+m (m 2: 1) be an isotropic immersion.

Then, among isotropic immersions, there exists an approximation of f which is an

embedding. 0

We can approximate by an isotropic embedding fg : v n
---+ c n+m

. A tubular

neighbourhood of fg(V) is symplectomorphic to a neighbourhood of the zero section

in T*V x C m
---+ V (see chapter I). We can assume that g(W) is contained in a small

enough neighbourhood of 0 in Cm and embed V x W as a Lagrangian submanifold

of this neighbourhood via the zero section and g. 0

An easy consequence of 1.2.3, 1.1.1 and of the Gromov-Lees theorem 1.1.3 is the

following corollary:

COROLLARY 1.2.5. - The three following assertions are equivalent:

(i) V has a Lagrangian immersion in cn
.

(ii) V x Tm (m 2: 1) has a Lagrangian immersion in cn+m
.

(iii) V x rm (m 2: 1) has a Lagrangian embedding in c n+m
. 0
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Here is an application:
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1.2.6. Exercise. - Use 1.2.5 and the existence of a Lagrangian embedding of

An (see 1.2.1) to improve 1.2.2 and show that U(n)j 50(n) actually has a Lagrangian

embedding into cn(n+1)/2.

1.3. Symplectic reduction

It is a classical fact that one can use symplectic reduction to construct Lagrangian

immersions in the "small" symplectic manifold starting from Lagrangian immersions

in the "big" one (see [3] and [5] for instance). In this §, we use symplectic reduction

to construct examples of Lagrangian embeddings. We use the constructions and the

notations of chapter II, where the following diagram is considered:

f j
M <------> <------> W 2N g*

(1.3.1) p1 i 1p

Ln <------> V 2n

Here is the moment mapping for a G-action on W 2N
, E g* is a regular value

such that the induced Gcaction on is free and p : --> V2n is the

corresponding principal Gcbundle. The manifold V is endowed with the reduced

symplectic structure a induced from the symplectic structure w of W.

Assume that i is a Lagrangian embedding and that M --> Ln is the principal

bundle induced by i.

Then jo f is an isotropic embedding: it is obviously the embedding of a dimension

n + submanifold, and

( . f)* f* .* f* * * .* 0JO w= JW= pa=pza= .

In particular, if = G, for instance when G is abelian, or, more generally, if

is a fixed point of the coadjoint action, then dim M = Nand j 0 f is the inclusion

of a Lagrangian submanifold.

At first sight, this does not seem very useful: you begin with a Lagrangian sub­

manifold of something complicated like V and you get a Lagrangian submanifold of

something simple. In fact, as the reader has probably already understood, it is very

hard to construct Lagrangian submanifolds of the standard symplectic vector space

CN
. On the other hand, there are a lot of complex algebraic manifolds which are ob­

tained as symplectic reductions ... and they have obvious Lagrangian submanifolds:

their real parts, from which one can construct lots of examples.

Circle bundles over real projective spaces. - This example appears in [50]

but is a consequence of the remark above in the simplest case where the reduced

manifold is the complex projective space: G = 51, W = Cn+l, V = pn(c) and



278 M. Audin, F. Lalonde and 1. Polterovich

L = pn(R). We then get a Lagrangian submanifold M of cn+1 which is the circle

bundle of the complexified canonical bundle over pn(R).

1.3.2. Exercise.

1. Show that M is diffeomorphic to 8 1
X 8n /(z,x) '" (-z,-x), the Lagrangian

embedding into cn+1 being given by (z,x) f-t zx.

2. Write M as a bundle onto 8 1 with fibre 8 n
. Such a bundle can be understood

as ([0,1] x 8n )/(0,x) '" (l,cp(x)) where cp is a diffeomorphism of the fibre.

Show that our M is given by cp = antipodal map, and deduce that for n odd,

M is diffeomorphic to 8 1
X 8n

.

3. With the notations of the appendix to chapter I, show that IIJ.lMII = n + 1.

Torus bundles over real Hirzebruch surfaces. - The symplectic reduction

process described above can be applied in the case of torus bundles over real toric

manifolds. Once complex toric manifolds are described by symplectic reduction, as

for instance in [9], one gets a lot of examples. For Hirzebruch surfaces, this was done

in chapter II.

Here the diagram (1.3.1) is

M 4

pI i

L 2
'----------+

The real part of the Hirzebruch manifold Wk is (topologically) the torus 8 1 x 8 1

(the real part of P1(C) x P1(C)) if k is even and the Klein bottle p2(R)#P2(R)

:P2(R), the real part of P2(C)) if k is odd (recall from chapter II that :P2(C) is

P2(C) blown up at one point). Thus we get Lagrangian embeddings of T2-bundles

over T 2 or over the Klein bottle into C 4
.

Principal bundles over real Grassmannians. - Let us look now at an example

with a non-abelian group. Apply the construction above to the complex Grassmann

manifolds obtained as symplectic reductions as in chapter II. The diagram (1.3.1)

is now:

i
'----------+

M(n+k)xk (C) u(k)*

and M is the U(k)-principal bundle over the real Grassmannian associated with the

complexified canonical bundle.
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1.4. Surgeries

It is very easy to remove the double points of a Lagrangian immersion ... provided

that you are allowed to change the source manifold! The surgery operation we use

is a variant of a classical topological process which removes an Sk x D1 in a (k + l)­

manifold and pastes in a Dk+1 x SI-I along the boundary Sk x SI-I (this is an index

k surgery). In the context of Lagrangian immersions, the construction is directly

connected with Lagrangian cobordisms and thus comes from [3], see also [31] and

[42]. Consider, following Arnold, the function

a3

Sy (q,a) = 3 - aQ(q) + ay

where q ERn, Q is a nondegenerate quadratic form, a E Rand y E {-I, I} is a

parameter.

Let L y be the submanifold (a quadric) of Rn x R defined by

Ly = { (q, a) ERn x R I a:: = a
2

- Q(q) + y = o}

and let I y : L y ---+ en be defined by

.8Sy . 8Q
Iy(q, a) = q+ = q - za 8q .

This is a Lagrangian immersion by construction. As the index of the quadratic

form varies, we get examples of surgeries of all indices.

a3

1.4.1. Exercise. - Consider the function S(q, a, y) = 3 - aQ(q) + ay and

the n + I-manifold with boundary (elementary cobordism)

L = {(q, a, y) ERn x R x [-1,1] I = O}.

Check that I : (q, a, y) f-t (q, y) + i ( defines a Lagrangian immersion of

L into en+! and that the restriction of I to y = ±1 projects to I y (thus f is a

Lagrangian cobordism between I-I and iI).

Assume now that Q is positive definite. Then I-I is a Lagrangian immersion

of the disjoint union of two n-balls, with one double point and II is a Lagrangian

embedding of a cylinder sn-I X R (see figure 16). It is not hard to embed these

local models in order to replace a Lagrangian immersion of a manifold V by another

Lagrangian immersion of a manifold V' having one double point less and thus to get

an embedding after a finite number of steps. The manifold Viis obtained from V

by adding a handle of index 1.
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a
a

*'-)-ft,
y=1

Figure 16
y= -1

In the next application, we construct, following [30], a Lagrangian immersion of

the Klein bottle in C2 which will be shown later to be, in some sense, as close as

possible to an embedding (see 2.2.9).

1.4.2. Exercise.

1. Show that there exist two copies 8 1 and 8 2 of the Whitney sphere (see exercise

1.1.2) which intersect at two points PI and P2, which can be chosen arbitrarly

close to each other. Check that these two points have different signs, and that

after an index 1 surgery on each of these two points, one gets a Lagrangian

immersion j of the Klein bottle into C 2 with two double points.

2. Assume PI and P2 were chosen very close to each other. Consider a small

loop, = 'I U,2 where 'I joins PI to P2 in 81 and ,2 joins P2 to PI in 82.

The loop, has two corners at PI and P2. The index 1 surgery on PI and P2

transforms, into a smooth loop ,'. Show that one can assume that , and "

lie in C x 0 C C 2
. Compute the Maslov index of " by looking at the normal

field of lines X,,/' along,' defined by X,,/'(p) = orthogonal complement of Tp(r')

in Tp (j(K 2
)). The Maslov index is the sum of the rotation indices along,' of

T(r') and X"/,. Deduce that J-l(j) = a*, where a* generates HI (K2, Z).

1.5. Wavefronts and Lagrangian surfaces

In this §, we give some examples based on Givental's beautiful paper [22]. The

idea is to construct Lagrangian immersions or submanifolds in R 4 by drawing them

in some R3. Here it must be understood that 4 = 2n and 3 = n + 1. Consider

canonical coordinates (q,p) E R 2
n, add a coordinate z and endow R 2

n X R with the

(contact) I-form 0: = dz - pdq.

An immersion f : L --> R 2
n which is Lagrangian is exact (see below §2.I) if

(and only if) there exists a lift / : L --> R2n X R such that /*(0:) = 0 (a Legendre

immersion): choose a primitive h of f*(pdq) and set /(x) = (J(x), h(x)).
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Note that, as dz = pdq on L, the projection 1r 0 f : L ---. Rn x R, which forgets

the p coordinates, suffices to determine 1 (and f). This is the wavefront of f.
For instance the "eye" in figure 17 is the wavefront of the Whitney immersion in R 2

while the "flying saucer" , obtained by rotating the eye about the z-axis is that of the

Whitney immersion in R 4
• Double points of the Lagrangian immersion correspond

to points in the front which project to the same q E Rn and have parallel tangent

spaces.

p

-4---4--+q

z

"flying saucer"

q

"eye"

Figure 17

1.5.1. Exercise. - Show that, for a hypersurface in Rn xR to be a wavefront,

it is necessary that its tangent space never contains the "vertical" direction (z axis).

Interpret the singularities in figure 17 in terms of the Lagrangian immersion. Deduce

that the cohomology class dual to the singularities of the wavefront is the Maslov

class of the Lagrangian immersion.

If f is a Lagrangian immersion which is not exact, the construction gives a Legen­

dre immersion and a wavefront of the smallest cover of L on which f*(pdq) becomes

exact. For instance, the zigzag in figure 18 is the wavefront of a Lagrangian immer­

sion of R into R 2
... which is just the standard embedding of Sl. It is still possible

to "draw" the Lagrangian submanifold by drawing a significative part (image of a

fundamental domain for the deck transformations) of the wavefront (as the bold

part in the zigzag).

Rotating the zigzag about the z-axis (figure 18) gives the wavefront of a la­

grangian immersion of R x Sl in R 4
... which defines an embedded Lagrangian

torus, so that the "flying saucer with a hole" in figure 18 represents a genuine La­

grangian subtorus of R 4
. The following exercises rely on this technique and show

how to construct the Givental surfaces according to [8].

1.5.2. Exercise. - Show that figure 19 represents a Lagrangian immersion

of an orientable genus 9 surface with 9 - 1 double points, all with the same sign.
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torus

z

p

-t--+---,.y- q

-t----jl--+_ q

....

Figure 18

------
torus with 9 holes

Figure 19

Now consider the Lagrangian submanifold L y used in §1.4.

1.5.3. Exercise (see [3]). - Give formulas for the wavefronts of the immer­

sions fy : Ly -+ R2n. For n = 1 and Q definite positive, draw the wavefront of the

elementary cobordism.

To solve the next exercises, one must be rather careful with signs. We concentrate

on surfaces, and use the orientation of C 2 defined by the symplectic form.

1.5.4. Exercise. - Show that the double point in the Whitney 2-sphere is

positive, and that the double points in figure 19 are all negative.

At this point, it should be obvious that the embedded torus in figure 17 is what

one obtains by suppressing the double point of the Whitney immersion.

1.5.5. Exercise. - Suppress the 9 - 1 double points of the Lagrangian im­

mersion in figure 19 and show that the result is a Lagrangian embedded non ori­

entable Compute the Euler charcteristic X(Vg ). Show that one obtains

Lagrangian embeddings of all non orientable surfaces with Euler characteristic di­

visible by 4, except the Klein bottle.
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Figure 20

We shall see in 3.2 that the condition that X is divisible by 4 is necessary. For

the Klein bottle, we already did the best we could (up to now) in 1.4.2. Of course,

it is easy, from the construction given there and 1.5.3, to get the wavefront of

the immersion constructed. A nice definition of Lagrangian non oriented handles,

coming from [22], allows to give an alternative construction.

1.5.6. Exercise.

1. Show that the map R 2
-+ R 4 given by

(
ql) ( 2uv )

(u,v) u'

is an exact Lagrangian embedding. Draw its wavefront.

2. Show that the left part of figure 20 represents an embedded non oriented

handle. Use it to construct alternative pictures of nonoriented Lagrangian

surfaces.

3. Show that the right part of figure 20 is a Lagrangian Klein bottle with two

double points. Use exercise 1.5.1 to show that its Maslov class is a generator

of H1(K; Z), thus, according to exercise 1.1.5 the Klein bottle is regularly

homotopic to that of exercise 1.4.2. '

Remark. - Each half of the Klein bottle in figure 20 is a Mobius strip, obtained

by adding a handle to a disc (half of the Whitney sphere).' The wavefront of an

alternative (exact) Lagrangian Mobius strip is drawn in [3] and is probably the

ancestor of all these constructions.
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2. Symplectic area and Maslov classes-rigidity in split manifolds

2.1. Symplectic area class, exactness and monotonicity

Let (V, w) be a symplectic manifold. It is exact if the 2-form w is exact. This is the

case for cotangent bundles, for instance, where the symplectic form is the differential

of the Liouville form. Suppose that f : L -> V is a Lagrangian immersion in an

exact symplectic manifold. Let A be a primitive of the symplectic form. Of course

the I-form f* A is closed on L. Indeed,

d(J*A) = f*dA = f*w = o.

The class [1*A] E HI (L; R) is called the symplectic area class of the immersion f.

2.1.1. Exercise.

the choice of A.

Show that the symplectic area class does not depend on

2.1.2. Exercise (the Lagrangian suspension).

dimensional manifolds and let

Let L and X be two n-

Lx [0,1]

(x, t)

f
----> T*X

ft(x)

be a regular homotopy of Lagrangian immersions. Show that there exists a La­

grangian immersion of the form

Lx [0,1]

(x, t)

F
----> T*X x C

1------+ (Jt(x), t + i9t(X))

if and only if the symplectic area class [it Ax] does not depend on t (Hint: set ht(x) =
i8/&t (J*Ax )(x,t)- 9t(X) and show that F is Lagrangian if and only if it (J: A) = dht)·

Remark. This well known result will be very useful in §2.3. It was essential

in the theory of Lagrangian cobordisms and thus comes from2 [3].

A Lagrangian immersion into an exact symplectic manifold will be called exact

if its symplectic area class vanishes.

2.1.3. Exercise. Let a be a I-form on a closed manifold X. We consider

a as a section of the cotangent bundle T*X, and thus its graph as a submanifold in

T*X. When is it a Lagrangian submanifold?, an exact Lagrangian submanifold?

2Actually it is only implicit in [3]; it was written explicitly, in [5] for instance where one can

find the solution of the exercise.
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2.1.4. Exercise. - Show that the Whitney immersion W : 51 -+ e is an

exact Lagrangian immersion (see figure 17). Use the Jordan theorem to show that

there exists no exact Lagrangian embedding of 51 into e (see 2.2.5 for the Gromov

theorem which generalises that remark to higher dimensions).

2.1.5. Exercise. - Let X, Y and Z be three n-dimensional manifolds. Sup­

pose f : X -+ T*Y and g : Y -+ T*Z are two exact Lagrangian immersions. Show

that their composition (in the sense of the appendix to chapter I) is exact.

In an exact symplectic manifold (V,w), the integration map

Jw : 1r2V -----> R

is zero. If (V, w) satisfies this weaker condition, it will be called weakly exact.

There is a notion of weakly exact Lagrangian submanifold L in any symplectic

manifold: one requires that the integration morphism

Jw : 1r2(V,L) -----> R

is zero. The following exercises are straightforward but unavoidable.

2.1.6. Exercise. - Check that an exact Lagrangian submanifold in an exact

symplectic manifold is weakly exact.

2.1.7. Exercise. - If a connected symplectic manifold contains a weakly

exact Lagrangian submanifold, then it is weakly exact.

The next notion relates the two I-cohomology classes we have. A Lagrangian

immersion f : L -+ en is called monotone if its Maslov class is proportional to the

symplectic area class: fl = c . A for some real number c > o.

2.1.8. Exercise. - Show that the standard Lagrangian torus L = {P] + q] =
1, j = 1, ... ,n} C en is monotone.

2.1.9. Exercise (see [39]). - Show that the Lagrangian immersion M -+

en+1 of exercise 1.3.2 is monotone (Hint: evaluate the Maslov class).

2.2. Rigidity in split manifolds

In this §, we state two main general results of rigidity for both the area and

the Maslov classes. Both theorems were originally proved by infinite dimensional

techniques: the first one using the pseudo-holomorphic curves approach (this proof is

given in §5) and the second one using calculus of variations for the action functional.



286 M. Audin, F. Lalonde and 1. Polterovich

DEFINITION 2.2.1. - Let (V,w) be a symplectic manifold without boundary.

(V, w) is geometrically bounded if there exist on V an almost complex structure J

and a complete Riemannian metric /1 such that the following properties are satisfied:

1. J is uniformly tamed by w, that is: there exist strictly positive constants Q and

f3 such that:

w(X, JX) Q

and

Iw(X, Y)I :s; f3IIXII
JL

IIYII
JL

for all X, Y E TV. This obviously implies that w tames J (that is: w(X, J X) >

o for all non zero tangent vector X).

2. There exist an upper bound for the sectional curvature of (V, /1) and a strictly

positive lower bound for the injectivity radius of (V, /1).

Remark. - If V is compact, condition 1 is equivalent to the fact that w tames

J. Condition 2 is also obviously true in this case, thus any compact symplectic

manifold is geometrically bounded.

2.2.2. Other examples.

1. The cotangent bundle (T*M,WM) of a closed manifold M, endowed with the

standard symplectic structure, is geometrically bounded; in fact, one may

choose a wM-tame almost complex structure J, homogeneous with respect to

uniform dilatations in the fibres, and a metric /1 on T* M induced by any

Riemannian metric on M. This is also true if M is an open subset of a closed

manifold, or if M is of finite topological type.

2. Any product of a geometrically bounded manifold (V,w) with the standard

(en, wo, Jo, /10) is geometrically bounded.

DEFINITION 2.2.3. - Let L be a Lagrangian submanifold of a symplectic man­

ifold (V, w). The pair (V, L) is geometrically bounded if:

1. there exist structures J and /1 on V such that (V,w, J,/1) is geometrically

bounded;

2. L is properly embedded in V (that is: L has no boundary and is closed as a

subset of V);

3. the second fundamental form of L C (V, /1) is bounded above, and there exist

constants 8> 0 and K > 0 such that any pair of points el , e2 E L with distance

(in V) dJL(el , e2 ) smaller or equal to 8 can be joined by a path in L of /1-length

smaller or equal to K 8.
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We shall sometimes abbreviate "geometrically bounded" to "g. bounded". Of

course, any compact Lagrangian submanifold without boundary in a g. bounded

manifold gives rise to a g. bounded pair. We can now state the main theorem of this

chapter. We recall that a Lagrangian distribution on a symplectic manifold (V,w)

is simply a smooth field that associates to each point x E V a Lagrangian vector

subspace of Tx V.

THEOREM 2.2.4. - Let (V,w) be a product (V' x C,w' EBwo) where (V',w') is

a geometrically bounded weakly exact symplectic manifold. Let L be a geometrically

bounded Lagrangian submanifold of V. If the projection of L on the C-factor is

bounded, then there exists a loop in L which bounds a holomorphic disc (thus L is

not weakly exact).

Moreover, if £' is any Lagrangian distribution on V', and if L is as above and

monotone, then there exists a loop 'Y which bounds a holomorphic disc and which is

such that

1:::; IIML(T)II :::; dimL + 1

(with respect to the Lagrangian distribution .c = £' x R of V). Thus 1 :::; IlJiLil :::;
dimL+ 1.

The proof of this theorem using pseudoholomorphic techniques is postponed to

§5. This theorem shows that the requirement of being embedded impose severe

constraints on both the symplectic area and the Maslov classes of a Lagrangian

submanifold. This is in sharp contrast with an immersed Lagrangian submanifold,

whose behaviour is entirely characterised by the h-principle and thus much more

flexible. The formulation of theorem 2.2.4 is quite general and has many useful

corollaries. The following was conjectured by Arnold in the 60's and proved by

Gromov in 1985 and in [24]:

COROLLARY 2.2.5.

(cn,wo). D

There exists no closed exact Lagrangian submanifold in

Remark. - As a consequence, there is no closed simply connected Lagrangian

submanifold in cn. For instance, for n 2: 2, the n-sphere has no Lagrangian em­

bedding into cn. If n 1= 3, this is more or less3 easy to prove using standard

algebraic topology methods, but for n = 3, corollary 2.2.5 is needed (see §3.2 for

these questions).

Consider now the constraints imposed on the Maslov class of a Lagrangian em­

bedding in cn. The Maslov class Jif of any Lagrangian immersion f : L -+ cn
is clearly an invariant of Lagrangian regular homotopy. It turns out, as theorem

2.2.4 shows, that the invariant IIJifl1 can distinguish those Lagrangian regular homo­

topy classes that may contain embeddings. For n = 1, we have already seen in the

3Depending on the actual value of n.



288 M. Audin, F. Lalonde and 1. Polterovich

appendix to chapter I that any even integer is the Maslov class of a Lagrangian im­

mersion f : 51 -> C but that Lagrangian embeddings have 11J1.!11 = 2. For n ::::: 2, the

following two results are known, the first one being an obvious corollary of theorem

2.2.4:

COROLLARY 2.2.6 ([39]). Let L be a closed monotone Lagrangian subman­

ifold of cn. Then 1 IIJ1.LII n + 1. 0

The second result was proved by Viterbo using "soft" techniques ... in this case

infinite dimensional Hamiltonian systems (once again, soft may be very hard!)

THEOREM 2.2.7 (Maslov class rigidity [49]). Let L be any closed manifold

admitting a Riemannian metric of non negative sectional curvature (a torus for

instance). Then for every Lagrangian embedding f : L -> cn, 1 11J1.!11 n + 1.

Remarks. - There is no known example of a closed Lagrangian submanifold

L c cn that does not satisfy the inequality 1 IIJ1.Li1 n + 1.

Corollary 2.2.6 is almost optimal in the following sense: for every pair of integers

2 k n, there exists a monotone Lagrangian embedding f of a closed manifold

into C
n with 11J1.!11 = k (see [39]).

Surprisingly enough, there exist no rigidity theorems for higher 4 Lagrangian

characteristic classes. Using the h-principle, one can say a lot about the realisability

of such or such a class by Lagrangian immersions (see [6]), but nothing is known (at

least to us) in the case of embeddings.

2.2.8. Example. - Note that theorem 2.2.4 implies that a simply connected

closed manifold L admits no Lagrangian embedding in (VI x C,w l EEl wo) if VI is

weakly exact. For such an embedding, there would exist a disc D with boundary in

L, of strictly positive area. Let D I be a disc in L bounded by aD. It would have

a non zero symplectic area because V is weakly exact, which is absurd. Does there

exist a non weakly exact VI such that V' x C contains a closed simply connected

Lagrangian submanifold? Here is an example: let w be an area form on 52 such that

the pull-back of w by the Hopf fibration f : 5 3(C C 2) -> 52 is equal to the restriction

of the standard form Wo on C 2. Then the graph of f : 53 -> 52 is a Lagrangian

submanifold of (C 2 x 52,WO EEl -w) since (gr(J))*(wo EEl -w) = Wo - Wo = O.

Now let us generalise the preceeding example: let m, k be two non zero inte­

gers, X 2m+2k and Z2k be any geometrically bounded symplectic manifolds, with X

weakly exact and split, ym+2k C X any geometrically bounded simply connected

submanifold whose projection on the C-factor is bounded.

If Z is weakly exact, there is no symplectic map f : Y -> Z (that is such that

f*(wo) = wI
Y

)' In particular, one may replace the condition "weakly exact" on Z by

4Actually, pseudo-holomorphic curves methods are typically 1 and/or 2-dimensional, and they

are the only tool we have up to now for proving rigidity results.
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the stronger condition "7l'2(Z) = 0" and obtains: there is no symplectic map from

Y to Z if 11'1(Y) = 0 and 11'2(Z) = O!

Here is a consequence: let Y be a closed coisotropic submanifold of a geometri­

cally bounded split weakly exact manifold X (R2
n for instance). Suppose that the

characteristic foliation of Y is globally integrable (that is: Y admits a reduction).

Then 11'1(Y) = 0 implies 7l'1 (K) =I- 0, where K is a leaf of the foliation.

As a final application, the next exercise will show that any (if any!) Lagrangian

embedding of the Klein bottle must be regularly homotopic to the Lagrangian im­

mersions of K 2 constructed above (1.4.2 and 1.5.6).

2.2.9. Exercise (see [30]).

1. Suppose that i : K 2
-> C 2 is a Lagrangian embedding, and let p,(i) = xa*

(where a* generates H I (K2; Z)), x E Z. Use the Weinstein tubular neighbour­

hood theorem and the summation formula (appendix to chapter I) to show

that i induces a Lagrangian embedding of T 2 in C 2 of Maslov class 2xar.

Deduce, using Viterbo's theorem 2.2.7, that x = ±1, that is : p,(i) = ±a*.

2. Consider the Lagrangian immersion j constructed in 1.4.2. Let f :T 2
-> K 2 be

the orientation twofold covering of K2, and let {aI, bl } be a basis of HI (T2;Z)

with f*(ad = 2a and f*(bl ) = b where b is torsion and a is a torsion-free

primitive class. Let {ar, bn be the dual basis and B E HdR(T2
) the I-form

corresponding to br by the de Rham isomorphism. Note that the graph gr(B)

of B : T 2 -> T*T 2 is Lagrangian submanifold and that the composition

h: T 2 gr(B) , T*T 2 T* K 2

is a Lagrangian embedding which is a lifting of f. Show that f*(H I (K 2
; Z)) C

2H I (T 2
; Z) and that p,(h) = O.

3. Using the result of exercise 1.1.5, prove that the Lagrangian Klein bottles j

constructed in 1.4.2 and 1.5.6 are regularly homotopic to i.

2.3. Lagrangian intersections

In the sixties, Arnold stated a set of conjectures in global symplectic geometry,

based on Poincare's last geometric theorem (the Poincare-Birkhoff theorem), a the­

orem about fixed points of certain diffeomorphisms of the annulus which preserve

the area: that is, about fixed points of some symplectic diffeomorphisms. Using the

classical "diagonal trick" explained in chapter I, one easily converts a question about

fixed points of symplectic diffeomorphisms into a problem about the intersection of

two Lagrangian submanifolds (a very good reference on these conjectures and their

mutual relations is the survey by Chaperon [19]). The general conjectures are now

theorems of Gromov (here theorem 2.3.6 and corollaries 2.3.9 and 2.3.7). Following

Gromov, we give proofs of these results, based on theorem 2.2.4.
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The main result in this §asserts that you cannot disconnect certain Lagrangian

submanifolds from themselves by deformation. We first need to explain which de­

formations are allowed.

Exact Lagrangian isotopies. - Let L c (V, w) be a Lagrangian submanifold,

and let It : L ---. V be an isotopy (among Lagrangian embeddings): It is a Lagrangian

embedding for all t and 10 = Id. We shall also consider all the it's together as a

map

1 : L x [0,1] -----> V.

We say that 1 is an exact Lagrangian isotopy if the I-form

i%tf*w

on L x [0,1] is exact.

2.3.1. Exercise. - Show that 1 is an exact Lagrangian isotopy if and only

if, for any loop 0: in L and any t, the area of 1 (0: x [0, t]) is zero.

2.3.2. Exercise. - In the neighbourhood of a Lagrangian submanifold, we

know that the symplectic form is exact, being isomorphic to that of a cotangent

bundle. Show that 1 is an exact Lagrangian isotopy if and only if the symplectic

area class of It does not depend on t.

2.3.3. Exercise. - Assume L is compact. Show that a Lagrangian isotopy

is exact if and only if, for any given t, the 1.(L) (s close to t) are graphs of exact

I-forms dh. in any symplectic tubular neighbourhood of It(L) (isomorphic to T*L).

Hamiltonian isotopies. - Recall that a diffeomorphism I{J of (V, w) is Hamilto­

nian if it is of the form I{J = I{Jl, I{Jt being a Hamiltonian isotopy, i.e. the flow of a

(time-dependent) Hamiltonian vector field.

If (V, w) is any symplectic manifold, we endow V x V with the symplectic form

w 0 -w so that the diagonal is a Lagrangian submanifold.

2.3.4. Exercise. - Show that an isotopy I{Jt of V is a Hamiltonian isotopy if

and only if It : x f-+ (x, I{Jt(x)) is an exact Lagrangian isotopy of V into V x V.

2.3.5. Exercise (ambient isotopies, see e.g. [19]). - Let L be a compact

submanifold of the symplectic manifold (V,w). Let It be an isotopy of L in V.

Show that the following two properties are equivalent:

• It is an exact Lagrangian isotopy of L,

• L is a Lagrangian submanifold (i.e. 10 is a Lagrangian embedding) and there

exists a compactly supported Hamiltonian isotopy I{Jt of (V, w) such that It =
I{Jt 010 for any t E [0,1].
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Now the main results of this § are the following:
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THEOREM 2.3.6 ([24]). - Let (V,w) be a g. bounded weakly exact symplectic

manifold. Let L be a closed weakly exact Lagrangian submanifold and let ft : L ->

(V,w) be a Hamiltonian isotopy. Then h(L) meets L.

COROLLARY 2.3.7. - Let (V, w) be a weakly exact compact symplectic mani-

fold. Then any Hamiltonian diffeomorphism of V has a fixed point.

Following Gromov, we prove theorem 2.3.6 by using the isotopy f to construct a

Lagrangian immersion of Lx 8 1 into (V x C, wEB wo), and relate the double points of

the later with the points of Lnh(L); we then apply theorem 2.2.4 to conclude. The

construction is based on an elegant trick known as the "figure eight trick". Notice

first that, according to the Lagrangian suspension process described in exercise 2.1.2,

we have a Lagrangian immersion

Lx [0,1]

(x, t)

F
VxC

(ft(x) , t + ig(x, t)).

Now, we use the Whitney immersion (the "figure eight"). Consider a symplectic

immersion <p : 8 1 x [a, b] -> C giving a tubular neighbourhood (figure 21) of the

Whitney sphere: we use an interval [a, b] = g(L x [0,1]) where we can assume that

a < 0 < b and consider 8 1 x [a, b] as a part of the (trivial) cotangent bundle T*8 1
.

Co

hOlD Co x [a,b]

Figure 21

0 1 X [a, b]

We decompose 8 1 as a union of four closed intervals 10 U Co U h U 0 1 as in figure

21: <p I(CouCtlxla,bj is an embedding. Now, we describe the desired map

G
L x 8

1
------+ V X C

on each of the four intervals. To keep notation simple, we rescale and assume that

Ij = Ok = [O,IJ. Then

• On L x 10 , G(x,t) = (fo(x),<p(t,go(x))): L does not move.

• On L x Co, G(x, t) = (ft(x), <p(t, g(x, t))). Here, <p has no double point, so we

allow L to move.
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• On L x h, the situation is the same as it was on L x 10, and G(x, t) =
(!J(x),ifJ(t,g(x, 1))).

• On Lx G1, we just have to come back: G(x, t) = (!J-t(x), ifJ(1 - t, g(x, 1 - t))).

The smoothing of these maps is left as an exercise to the reader:

2.3.8. Exercise. - Construct a smooth map p : 8 1 -> [0,1] such that

G(x,z) = (J(x,p(z)),ifJ(z,hp(z)(x)))

is a smooth map L x 8 1
-> C with the above properties (the formula comes from

[24]).

Now, by its very definition, G is a Lagrangian immersion and its double points

in V x C are the points in

L n !J(L) x 0 C V x 0 C V x C.

If L n f1(L) = 0 we thus have a Lagrangian embedding, which is weakly exact

because L was (and because the Whitney map is exact). This concludes the proof.

o

Remark. - The same proof gives a more general result: we may assume that L

is non compact provided the isotopy has compact support; of course, the conclusion

is that Land !J(L) meet inside the support.

We apply the previous result to the Lagrangian intersection problem in a cotan­

gent bundle: any exact Lagrangian submanifold must meet the zero section:

COROLLARY 2.3.9. - Let L be a Lagrangian submanifold in the cotangent

bundle T*X of a closed manifold. If L is exact, it intersects the zero section.

Proof - Consider the isotopy Ft given by scalar multiplication in the fibres

(q,p) I-> (q, etp). If L misses the zero section, Ft(L) nL = 0 for t large enough. Now

Ftwx = etwx thus Ft induces an isotopy of L, which is Lagrangian exact if L is

exact. Now the symplectic form Wx itself is exact thus L is weakly exact (see 2.1.6),

and we get a contradiction to theorem 2.2.4. 0

Proof of corollary 2.3.7. - We use the "diagonal trick" (see chapter I) which

converts results on Lagrangian submanifolds into results on fixed points of symplectic

diffeomorphisms. Let ifJt be the Hamiltonian isotopy, ifJ = ifJ1 the diffeomorphism.

Consider

Ft = Id xifJt : V V x V,
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and endow V x V with the symplectic form w EEl (-w) so that the diagonal, which is

also Fo(V), is a Lagrangian submanifold. The symplectic manifold (V,w) is weakly

exact if and only if its Lagrangian submanifold is. We may apply 2.3.6 thus

getting points in n F1(V). Of course, they correspond to fixed points of <po 0

Remark. - One can relax the compactness condition, replacing it by compact­

ness of the support of the isotopy.

3. Soft and· hard Lagrangian obstructions to Lagrangian embeddings

in en

3.1. Lagrangian and totally real embeddings

We begin with a straightforward observation.

PROPOSITION 3.1.1. - In order for there to exist a Lagrangian embedding of

vn into en, it is necessary that there exists, in the same regular homotopy class of

(ordinary) immersions, both a Lagrangian immersion and an (ordinary) embedding.

The example of S3 (see below and §2.2) shows that the converse is false. However,

it becomes true if one relaxes somewhat the constraint of being Lagrangian. The

"soft" version of a Lagrangian embedding is a totally real5 embedding: instead of

requiring that

you just insist that those two subspaces be transversal. This is equivalent to re­

quiring that Txf (TxL) contain no non trivial complex subspace, or equivalently no

complex line, hence the name. This really is a softer notion: there exists an analogue

of the Whitney lemma (elimination of double points) which gives the converse to

3.1.1.

THEOREM 3.1.2 ([23]). - Any Lagrangian or totally real immersion which is

regularly homotopic to an embedding is regularly homotopic to a totally real embed­

ding, among totally real immersions. 0

Note that there is no homotopic distinction between an (exact) Lagrangian im­

mersion and a totally real immersion (this is an obvious consequence of the Gromov­

Lees theorem 1.1.3).

5Totally real embeddings are interesting in their own right, especially in complex analysis (see

e.g. [46]).
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3.2. Soft obstructions

Now, if f : vn ---+ en is any immersion, there is a simple and classical (due

to Whitney) obstruction to the existence of an embedding in the same regular ho­

motopy class: you just count appropriately (if V is oriented and n is even, any

transversal double point carries a natural sign) the number of double points (as­

sumed to be transversal). You get a number

d(J) E { Z if n is even and orientable

Z/2 otherwise.

It is classical (and very easy to prove in the orientable case) that

PROPOSITION 3.2.1. - Let n = 2k be even, and let f : vn ---+ en be a La­

grangian immersion with normal crossings. Then

d(J) = (-1 )k+1 X(V)
2

(equality mod 2 if V is non orientable).

As usual, X is the Euler characteristic 6
. The general result is due to Whitney, at

least in the oriented case, and relates d(J) to the Euler characteristic of the normal

bundle of f. As f is Lagrangian, this is isomorphic to the tangent bundle (the sign

comes from the consideration of orientations). Hence 3.2.1 (for the non-orientable

case, see [7] for a complete proof). D

3.2.2. Exercise. - Carefully taking orientations into account, check that the

formula in 3.2.1 is compatible with the suppression of double points allowed by the

surgery operation of §1.4.

3.2.3. Exercise. - Let V be an oriented surface of genus g. What is the

minimal number of double points of a Lagrangian immersion of V? Compare with

1.5.2.

The situation in odd dimensions (n = 2k + 1) is more complicated. Very often,

the Kervaire semi-characteristic

k

X-Z/2 (V) = L dim Hi (V; Z/2) mod 2
i=O

plays the same role as X, but this is not so easy to prove: "soft" obstructions may

come from... hard algebraic topology. We shall not give details here-after all, this

6Note that xlV) is automatically even when a Lagrangian immersion exists: it is plus or minus

the Euler characteristic of the normal bundle, and normal bundles of manifolds are known to have

rather few Stiefel-Whitney classes, due to Wu formulas.



Chap. X Lagrangian submani{olds 295

is a book on pseudo-holomorphic curves' methods. The reader is invited to consult

[7] for precise statements and proofs. The easy-to-state consequences are grouped

in the following theorem.

THEOREM 3.2.4. - 1. A closed connected n-manifold V admits totally real

embeddings if and only if it is U-parallelisable and

(a) if n is even, X(V) = 0 (equality mod 4 if V is nonorientable)

(b) if n == 1 mod 4 and V is orientable, X.Z/2 (V) = o.

2. If V is a non parallelisable stably parallelisable manifold, it has no totally real

embedding. 0

The applications of this theorem to the non existence of Lagrangian embeddings

are obvious.

As a conclusion to this §, let us discuss in some detail the case of the sphere 8n
. If

n is even, 3.2.1 shows that there is no totally real, hence no Lagrangian embedding.

If n > 1 is odd, it is a classical and basic result in differential topology (Smale­

Hirsch theory of immersions) that there are exactly two regular homotopy classes of

immersions 8n
-t R 2

n, that of the standard embedding 8n c Rn+I c R 2n and that

of W. Assume now that there exists a Lagrangian embedding. Then the standard

embedding must be regularly homotopic to a Lagrangian immersion, in particular

its normal bundle (which obviously is trivial) must be isomorphic to T8 n
... Due to

the non parallelisability of almost all the spheres, we conclude that n = 1 (we know

8 1 has Lagrangian embeddings into C), 3 or 7.

If n = 3 or 7, one looks carefully at the forgetful map from the space of La­

grangian immersions to the set of ordinary immersions, which turns out, homotopi­

cally, to be a map 7l"n (U(n)) -t 7l"n (O/O(n)), that is Z -t Z/2, induced by the

natural inclusions and projection 7 U(n) C 0(2n) C 0 = 0(00) -t O/O(n). This

map is onto for n = 3, but not for n = 7. In other words, any immersion is homotopic

to a Lagrangian immersion for n = 3, but not for n = 7. Due to the existence of

the Lagrangian Whitney immersion W (see 1.1.2), 8 7 has no Lagrangian (or totally

real) embedding in C 7
.

We can conclude that 8 3 has a totally real embedding 8
. But we need all the

Gromov machinery (see §2.2) to conclude that 8 3 has no Lagrangian embedding in

standard 9 C 3 !

Remark. - The same arguments show that all orient able closed 3-dimensional

manifolds have totally real embeddings into C 3
.

7According to the Smale-Hirsch theory, the h-principle for immersions, '7rn (OjO(n)) is in one­

to-one correspondence with the set of regular homotopy classes of immersions sn -+ R 2n.

8An explicit one, i.e. formulas, is given in [1J.
9But there are symplectic structures on C 3 in which you can find a Lagrangian S3, see [37].
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3.3. Hard obstructions to Lagrangian embed dings

We just saw that there is no soft obstruction to the existence of Lagrangian

embeddings of closed orientable 3-manifolds into e 3
. Indeed, each such manifold

admits a totally real embedding into e 3 while the algebraic topology cannot distin­

guish between the totally real and Lagrangian cases. However the rigidity results of

§2 allow us to produce further obstructions which work in dimension 3 as well.

Lagrangian obstructions via the symplectic area class. - According to 2.2.5

every closed Lagrangian submanifold of en has a non-vanishing symplectic area

class, and hence a non-trivial first cohomology group. Therefore we have the follow­

ing propositon:

PROPOSITION 3.3.1. - Let Ln be a closed manifold with HI(L, Z) = O. Then

L does not admit a Lagrangian embedding into en. 0

For instance, as already discussed, the 3-dimensional sphere S3 does not admit

a Lagrangian embedding into e 3
. This is also the case for the homogeneous space

SU(n)jSO(n) (see 1.2.2).

Lagrangian obstructions via the Maslov class. In the present section we

describe a sequence of flat manifolds Kn (n 3) which do not admit a Lagrangian

embedding into en (see [41]). These manifolds can be considered as "multidimen­

sional Klein bottles". Our approach is based on the Maslov class rigidity for flat

manifolds (see 2.2.7).

Let Tn be the torus with coordinates Xl, ... ,Xn (mod 1). Consider the map

1
a: (Xl,'" ,Xn ) f--+ (Xl + 2n _ 2,X3,'" ,Xn , -X2).

3.3.2. Exercise. - Show that a generates a group, say G, of transformations

of the torus which is isomorphic to Zj(2n - 2) and acts freely. Denote by Kn the

quotient Tn jG and by 0: Tn ---; Kn the natural projection. Show that HI(K n;Z)

Z. Show that K 3 is orientable.

Our main result in this § is the following theorem:

THEOREM 3.3.3. - The manifold Kn does not admit a Lagrangian embedding

into en.

Before proving theorem 3.3.3, let us notice that at least the case of K 3 cannot be

treated with the methods described above. Indeed, K3 is orientable and hence there

are no obstructions of an algebraic topological nature. Moreover, non-vanishing of

the symplectic area class cannot be applied because H I (K3) of- 0 as shown in 3.3.2.

Suppose that a Lagrangian embedding, say f, does exist. Let B:T*Tn ---; T* Kn

be the covering induced by 0, and let 7r : T* Kn ---; Kn be the natural projection.
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3.3.4. Exercise. - Show that there exists Po E Rn such that the restriction

of fj to a torus L = {p = Po} c T*T" is an embedding.

Denote this restriction by g. Note that 9 is a Lagrangian embedding since L is

a Lagrangian submanifold. Let

be the homomorphism induced by n:g.

3.3.5. Exercise. - Show that A expands in the sense that: IIAal1 = (2n-

2) II all for all a E H 1(Kn, Z).

3.3.6. Exercise. - Show that the Maslov class of 9 vanishes (Hint: use the

fact that L is transversal to the fibres of the bundle T*T n).

We are now in a position to finish the proof. Let h : L ---+ en be a composition

(in the sense of the appendix to chapter I) of f and g. Then the summation formula

implies that !-th = A!-tf. Since Kn and L are flat, it follows from 2.2.7 that II!-thll :S

n + 1, and IINII 1. On the other hand 3.3.5 implies that II!-thll = (2n - 2) II!-tfll.
Therefore we obtain that n + 1 2n - 2 which is impossible for n > 3. In order to

treat the case n = 3 recall that the manifold K3 is orient able and therefore in this

case II!-t/ll 2 (we saw in the appendix to chapter I that II!-t/ll is even). Previous

arguments give us that

n + 1 (2n - 2) '2,

and we get a contradiction with n = 3. 0

4. Rigidity in cotangent bundles and applications to mechanics

In the present section we establish constraints on various invariants of Lagrangian

submanifolds of cotangent bundles. A specific feature of this problem is that non­

linear methods, which allow us to attack the rigidity phenomenon in linear spaces

and split manifolds, do not generally work for cotangent bundles. Fortunately, in

many important cases one can get around this difficulty with the help of quite

elementary (but clever!) constructions which reduce rigidity questions in cotangent

bundles to rigidity questions in split manifolds.

We start our discussion with embedded Lagrangian tori in T*Tn (see §4.1).

There are at least two reasons for this. Firstly, in this case one can clearly see

non-trivial interrelations between symplectic and topologic invariants of Lagrangian

embed dings. Secondly, Lagrangian tori arise in various qualitative problems of me­

chanics (see §4.3 below). In order to treat the problem we need certain techniques

which are described below in a more general context. In §4.2 we give an account

of Maslov class rigidity in cotangent bundles. We use a simple algebraic formalism
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in which a crucial role is played by the summation formula for the composition of

Lagrangian embeddings.

We then give applications to mechanics: Hamiltonian mechanics provides us with

a wide variety of different types of dynamic behaviour. However one can distinguish

a class of systems with the simplest dynamics, the so called integrable systems, whose

phase spaces (up to measure zero) are foliated by invariant Lagrangian tori carrying

quasi periodic motion. An important problem is to understand what happens to

these tori when perturbed. In §§ 4.3 and 4.4 we discuss several recent results in this

direction in the context of classical mechanical systems on T*T".

4.1. Lagrangian tori in T*Tn

In the following theorem we sum up our knowledge on embedded Lagrangian

tori in T*Tn.

THEOREM 4.1.1. - Let L c T*Tn be an embedded Lagrangian torus, and let

A: H1(Tn;R) -t H1(L;R) be the homomorphism induced by the restriction of the

natural projection to L. Then

1. L is either homologous to the zero section with suitable orientation or homol-

ogous to zero;

2. in the first case the Maslov class of L vanishes;

3. in the second case the symplectic area class A of L does not vanish and the

Maslov class Jl satisfies 2 IIJlII n + 1. Moreover, neither A nor Jl lies in

the image of A.

Comments and proof. The first statement is due to Arnold (see [4]) who

realised that it is closely related to the Lagrangian intersections problem (see the

discussion in §2.3). We present his argument below. Certain generalisations to exact

Lagrangian submanifolds of cotangent bundles can be found in [31]. Statement

2 was proved in [49] (see also [39], [31] and [41] for alternative approaches and

generalisations). Below we use a method invented by Lalonde and Sikorav in [31].

To our knowledge, the last statement never appeared in the literature before (except

the Maslov class computations in the case n = 2, see [39]).

Proof of statement 1. - We use an indirect argument. Assume that L is

homologous to a non-trivial multiple of the zero section.

4.1.2. Exercise. - Show that this assumption implies that there exists a

non-trivial covering T*Tn -t T*Tn such that all lifts of L are disjoint Lagrangian

tori homologous to the zero section.
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Let L' and L" be two such lifts. Then they differ by a deck transformation, say

Q, which in canonical coordinates (p, q) can be written Q(p, q) = (p, q + k mod 1),

for some constant vector k.

4.1.3. Exercise. - Show that Q is a time-one map of a Hamiltonian flow on

T*Tn (Hint: choose the Hamiltonian function to be linear in p).

We now have two disjoint Lagrangian tori L' and L" in T*Tn homologous to the

zero section, and a time-one map Q of a Hamiltonian flow such that Q(L') nL" = 0.

But this is impossible due to the theorem on Lagrangian intersections (see §2.3

above). This contradiction proves the desired statement. 0

Proof of statement 2. - Note that if L is homologous to the zero section then

A is an isomorphism. Hence the statement will follow from the first assertion in

4.2.9 below. 0

Proof of statement 3. - Note that if L is homologous to zero then A has

a non-trivial kernel. All assertions about the Maslov class now follow from 4.2.9

below.

It remains to show that ,\ does not lie in the image of A (of course this will imply

that ,\ i- 0). Obviously it is sufficient to find a loop, say "(, on L which bounds a

disc with positive symplectic area.

4.1.4. Exercise. - Use our assumption on L in order to show that there

exists a covering r : V = T*(yn-l XRl) --+ T*Tn such that every lift of L is compact.

Denote such a lift by L'. Note that V is symplectomorphic to T*T n x C and

hence is a split manifold. Therefore 2.2.4 gives us a loop, say "(' on L' which bounds a

disc of positive symplectic area. Obviously the loop r("(') has the desired properties.

This completes the proof. 0

4.2. The Maslov class rigidity in cotangent bundles

As we have already mentioned, a basic tool for understanding Maslov class rigid­

ity in cotangent bundles is the summation formula for the composition of Lagrangian

embeddings (see the appendix to chapter I). We will use (essentially) ideas developed

in [31]: an iteration method based on the summation formula for Maslov classes.

Let us fix some notation. All manifolds considered below are connected and without

boundary. We write 7rx for the natural projection of the cotangent bundle T* X.

Given two manifolds X and Y and a homomorphism A : H1(X; Z) --+ H1(y; Z) ,

we denote by F(Y, X; A) the set of all Lagrangian embeddings f : Y --+ T* X with

(7rx 1)* = A. The main objects of interest are the sets I(Y, X; A) consisting of all
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elements of H 1(y, Z) which can be represented by the Maslov class of an embedding

from F(Y, X; A). An important algebraic invariant of such a set is the value

11111 = sup Ilvll E [0; +00].
vEl

We set 11011 = -1.

Reparametrisations. - Let us describe the behaviour of the sets I(Y, X; A)

under diffeomorphisms of manifolds Y and X. We denote by Dx the group of all

automorphisms of H 1(X, Z) generated by diffeomorphisms of X.

PROPOSITION 4.2.1. - For all C E D y , C(I(Y,X;A)) = I(Y,X;C(A)).

Proof. - Note that every diffeomorphism <p of Y defines a bijective map

F(Y,X;A) -+ F(Y, X; <p*A)

which takes a Lagrangian embedding f into its composition with <p. Moreover,

It f<p = <p*It!· The proposition follows. 0

PROPOSITION 4.2.2. - For all C E Dx , I(Y,X;AC) = I(Y,X;A).

Proof. - Note that every diffeomorphism 'l/J of X admits a unique lift to a

(fibrewise linear) symplectic diffeomorphism, say 'l/J' of T* X. Therefore'l/J defines a

bijective map

F(Y, X; A) -+ F(Y, X; A'l/J*)

which takes each Lagrangian embedding f to its composition with 'l/J'. The desired

assertion follows from the fact that 1t1/>'! = It!. 0

4.2.3. Exercise. -

sets.

Show that I(Y, Y;Id) and I(Y,X;O) are Dy-invariant

The cocyc1e property. - Recall that the sum of two subsets of a lattice is a

set consisting of all pairwise sums of their elements. By definition, I + 0= 0.

Our main technical tool is given by the following "cocycle property" which is

just a reformulation of the summation formula of chapter 1.

PROPOSITION 4.2.4. - If Z is compact, then I(Z, Y; B) + BI(Y, X; A) c
I(Z, X; BA).

Proof. - If h is a composition of Lagrangian embeddings f E F( Z, Y; B) and

g E F(Y, X; A) then h E F(Z, X; BA) and moreover Ith = It! + Bltg· 0
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Geometric properties. - Recall that each I(Y, X; A) is a subset of an integral

lattice H1(y; Z).

PROPOSITION 4.2.5. - The set I(Y, X; A) is central symmetric.

Proof. - Let a be the standard anti-symplectic involution of 1'*X, that is

a(O = for every co-vector ( One can easily check that for each f E F(Y, X; A)

the composition a f belongs to F(Y, X; A) and J-taf = -J-tf. The proposition follows.

o

4.2.6. Exercise. - Prove that if X is compact then I(X, X; Id) is star-

shaped, that is Zv C I(X, X; Id) provided v E I(X, X; Id). In particular, either

I(X,X;Id) = {O} or III(X,X;Id)11 = +00 (Hint: use the cocyde property 4.2.4).

Rigidity in cotangent bundles via rigidity in en. - From now on we assume

that X is a compact n-dimensional manifold satisfying the following conditions:

1. the group Dx acts transitively on the set of primitive elements of H1(X; Z);

2. X admits a Lagrangian embedding into en = T*Rn;

3. moreover, I(X, Rn; 0) does not contain 0 and III(X, Rn; 0)11 < +00.

A basic example of such a manifold is the torus Tn (see theorem 4.1.1).

Our first observation is that in this situation the structure of the set I(X, Rn; 0)

is quite simple.

4.2.7. Exercise. - There exists a finite set M of positive integers such that

I(X, Rn; 0) consists of all v E H1(X; Z) with Ilvll EM (Hint: use that I(X, Rn; 0)

is Dx-invariant (see 4.2.3) and the fact that the primitive elements are exactly the

elements of norm 1).

Now we are in position to formulate the main result.

THEOREM 4.2.8. - For every homomorphism A of H1(X; Z) the following

holds:

1. I(X, X; A) c I(X, Rn; 0) provided A has a non-trivial kernel;

2. If A is a monomorphism, I(X, X; A) is equal to {O} or empty;

3. I(X, X; A) n Q. Image(A) is {O} or empty.



302 M. Audin, F. Lalonde and 1. Polterovich

Proof - The cocycle property 4.2.4 implies that

I(X, X; A) + AI(X, R n;0) C I(X, R n;0).

If A has a non-trivial kernel then 4.2.7 implies that the set AI(X, Rn; 0) contains 0

because Ker A contains at least one primitive element and therefore some multiple

of that element must belong to I(X, Rn; 0), and assertion 1 follows. Note that if A

is a monomorphism then Q. Image(A) covers the whole of Hl(X; Z). Therefore

assertion 2 is an immediate consequence of assertion 3.

We prove assertion 3 by using an indirect argument. Assume that there exist

primitive elements el, e2 of Hl(X; Z) and positive integers p, q such that Ael = pe2

and qe2 E I(X, X; A). Set m = max M, and note that mel E I(X, Rn; 0) due to

4.2.7. We obtain

qe2 E I(X,X;A),

A(med = mpe2 E AI(X,Rn;O),

and hence the cocycle property gives us that (q + mp)e2 E I(X, Rn; 0). This is a

contradiction to the assumption III(X,Rn; 0)11 < m + 1. 0

Let us apply the previous theorem to the case X = T" .

COROLLARY 4.2.9.

1. If A is an isomorphism then I(Tn, T"; A) = {O}.

2. If A has a non-trivial kernel then 2 11p,11 n + 1 for all p, E I(T n,Tn; A).

3. Moreover, in the last case, I(T", Tn; A) n Q. Image(A) = 0.

Proof - Statement 1 follows from 4.2.8 (second condition) and the fact that

I(T", T"; A) is not empty (it contains a suitable pararnetrisation of the zero section).

Statement 2 follows from 4.2.8 (first condition) and the Maslov class rigidity theorem

2.2.7. Statement 3 follows from 4.2.8 (third condition) and the fact that I(Tn, T"; A)

does not contain 0 due to statement 2. 0

Exactness and monotonicity. - Propositions 4.2.1, 4.2.2, 4.2.3, 4.2.4, 4.2.5,

4.2.6 and their proofs remain true with no change if one considers exact Lagrangian

embed dings instead of general ones (that is the sets lex(Y, X; A) consisting of all

elements from Hl(X, Z) representing the Maslov classes of exact Lagrangian em­

beddings from F(Y, X; A)). The reason is that that the class of exact Lagrangian

embeddings is closed under the composition operation as we already mentioned in

§2.1. The situation with regard to 4.2.7,4.2.8 and 4.2.9 is quite different since there

are no exact Lagrangian embeddings of a compact manifold into en! Nevertheless

one can overcome this difficulty using monotone Lagrangian embed dings into cn
(see [41]). As an illustration we present the following exercise:
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4.2.10. Exercise. - Let X = Tn X 82
. Show that Iex(X, X; Id) = {O}. Due

to the "exact" version of 4.2.6 it is sufficient to show that IIIex(X,X; Id)11 < +00.
Suppose that this is not true, then there is an exact Lagrangian embedding, say f
from F(X, X; Id) with 1I1l!11 > n. Recall now that X admits a monotone Lagrangian

embedding, say 9 into C n +2 (see 2.1.8). Moreover, using the action of Dx one can

choose 9 in such a way that the vectors Ilg and Il! are proportional with a positive

coefficient. Consider now the composition h of f and g. One can check that h is

monotone and that Illlhll > n + 1, in contradiction with 2.2.6.

4.2.11. Exercise. - Let X be as in the previous exercise. Show that

I(X, X; Id) = {O} (Hint: show that each embedding from F(X, X; Id) is Lagrangian

isotopic to an exact one, and apply 4.2.10).

4.3. Applications to mechanics: from order to chaos

In the following we use canonical coordinates (p, q) on T*P. We say that a

Hamiltonian function H on T*Tn satisfies the Legendre condition if it is strictly

convex with respect to momenta: Hpp > o. Note that the Legendre condition

appears in most physically important examples. Consider for instance the motion

of a free particle. The corresponding Hamiltonian function is just the kinetic energy

H(p,q) = (A(q)p,p)j2, where each matrix A(q) is symmetric and positive definite.

4.3.1. Exercise. - Set (aij ) = A-I. Show that trajectories of the Hamilto-

nian flow generated by H project to geodesics of the Riemannian metric aijdqidQj

on Tn.

It turns out that the Legendre condition has a nice geometric meaning which is

crucial for our considerations. Roughly speaking, if a Hamiltonian function satis­

fies this condition, then the corresponding Hamiltonian flow twists every Lagrangian

subspace into the positive direction with respect to the vertical Lagrangian distribu­

tion F = {dq = O}. Let us express this twisting property in a more precise way. In

what follows we identify every tangent space TxT*Tn with the standard symplectic

vector space R2n, and we write A = An for the Lagrangian Grassmann manifold. We

denote by a the subspace {dq = O}, and by N" the set off all Lagrangian subspaces

from A which are not transversal to a.

PROPOSITION 4.3.2 (Twisting property). - Let gt be the Hamiltonian flow

generated by a Hamiltonian function H which satisfies the Legendre condition. Then

for all x E T*Tn, .\ E Aa the vector

is a-positive.
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Proof Given the definition of an a-positive vector (see the appendix to

chapter I), we have to check that for every non-zero vector E >. n a the following

inequality holds:

In (p, q)-coordinates such a vector can be written as (a,O). Linearising the Hamil­

tonian equations we obtain

and the desired inequality can be reformulated as (Hppa, a) > O. But this follows

from the Legendre condition 10. 0

The simplest integrable system on T*rr' is given by a Hamiltonian function

H(p,q) = (p,p)/2 associated with the Euclidean metric on the torus (cf. 4.3.1).

The corresponding Hamiltonian flow can be written as

(p, q) f---> (p, q + pt),

and hence each torus {p = const} is invariant under the dynamics.

A striking fact which follows from the celebrated Kolmogorov-Arnold-Moser the­

ory (see e.g. [2], appendix 8) is that most of these tori survive under a small pertur­

bation, namely a set of large measure in the phase space is still foliated by invariant

tori of the perturbed system. Let us emphasise two properties of those invariant tori

which are exhibited by the KAM-theory:

• each such torus is homologous to the zero section;

• in some angular coordinates <p mod 1 on such a torus the dynamics is given

by a linear shift <p f---> <p + IJ"t, where the components (1J"1"'" IJ"n) of IJ" are

independent over Z.

A smooth embedded n-dimensional torus which is invariant under a Hamiltonian

flow on T*Tn and satisfies these two conditions is an essential invariant torus. One

might expect that the geometry of invariant tori becomes very complicated when

the perturbation becomes very large. An obstruction to such a behaviour is given

by the following theorem, the proof of which will be given in §4.4.

THEOREM 4.3.3. If a Hamiltonian function satisfies the Legendre condi-

tion, every essential invariant torus of its Hamiltonian flow is the graph of a smooth

section of the cotangent bundle.

lOThis twisting property makes sense in any symplectic manifold endowed with a Lagrangian

distribution. Functions with this property are investigated in [16], [17J.
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Let us make some comments. The first result of this kind was obtained by

BirkhofI for invariant curves of area preserving maps of the annulus (see [13], and

also [27], [21]) and is usually known as Birkhoff's second theorem. Our formulation

for the multidimensional case comes from [40] (see also [15], [12] for the case n = 2,

and [28] for some other interesting extensions of the BirkhofI's theory). We refer

the reader to [16] for a detailed discussion and far reaching generalisations.

As we shall show in §4.4, theorem 4.3.3 gives us a tool to understand the in-

variant tori breaking mechanism. In order to formulate the result, we specify our

deformation of the Euclidean metric on the torus. For simplicity, we restrict our

attention to the case n = 2 (the multidimensional case can be treated in exactly the

same manner). Let, be an embedded closed curve on ']"2 which bounds a disc, say

B, and fix a point K inside the disc. Let Gg , (e eo) be a Riemannian metric on

the torus such that

distance(K, ,) > e ·length(/).

In other words, increasing the parameter c corresponds to a bump growing up inside

the disc B and whose top point is K. The proof of the next theorem will be given

in §4.4.

THEOREM 4.3.4 ([14], see also [10] and [40]). - There exists a critical value

of the parameter, say Cer, such that for all e > eer the Hamiltonian flow associated

with the metric Gg has no essential invariant tori.

Remark. - Thus tori disappear. The question of the dynamical properties of

the system is far from being understood. Nevertheless, there are some very inter­

esting results in dimension 2: more complicated invariant sets appear, the Aubry­

Mather Cantor sets (see [14], [10] and [20] in which Donnay constructed a metric on

']"2 whose geodesic flow is ergodic-a classical property of negatively curved mani-

folds).

4.4. Symplectic geometry and variational properties of invariant tori

The following simple observation is crucial for proving the results of the previous

section.

PROPOSITION 4.4.1 ([28]). - Every essential invariant torus of a Hamilto-

nian flow on T*Tn is Lagrangian.

Proof. - Let cp mod 1 be angular coordinates on an essential invariant torus L

such that in these coordinates the restriction of the Hamiltonian flow to L is given

by an irrational shift. Denote by n the restriction of the symplectic form to L. Since

n is preserved by the dynamics, and since every trajectory is dense on L we conclude

that n is a translation invariant form with respect to cp-coordinates. Moreover, n is

exact since the symplectic form is. Hence n vanishes, and L is a Lagrangian torus.

o
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Now we are in position to prove 4.3.3. The proof given below incorporates a nice

argument which we learned from G. Paternain (see [38]). We use the notations of

§4.3.

Proof of 4.3.3. - Let L be an essential invariant torus of a Hamiltonian flow gt,

which is generated by a Hamiltonian function H satisfying the Legendre condition.

Note first of all that it is sufficient to check that L is transversalto the Lagrangian

distribution F = {dq = O}. Assume for contradiction that there exists a point x E L

such that the tangent subspace A = TxL belongs to

Figure 22

Our plan is to construct a loop, say" on L with positive value of the Maslov

class. By 4.3.2, the vector

(g;(X)A) It=o
is a-positive and hence transversal to Therefore there exists some positive a

such that the for every t E [-a, aJ the subspace

g;(X)A = Tgt(x)L

is transversal to a (see figure 22). Set A+ = ga(x), A_ = g-a(x). Let U+, U_ be

small neighbourhoods in L of the points A+ and A_ respectively such that for each

point, say y, of these neighbourhoods the tangent subspace TyL is still transversal

to a. Note that every trajectory on L is dense, and hence there exists a segment of

trajectory, say r, whose end points B+ and B_ belong to U+ and U_ respectively.

Now join B_ with A_ by a smooth path inside U_, A_ with A+ by a piece of the

trajectory of the point x for t E [-a, a], and A+ with B+ by a smooth path inside

U+. Adding the segment r we obtain a loop, on 1. Note that the corresponding

loop Z f-t TzL (z E ,) in An has a non-empty intersection with Moreover, our

construction together with 4.3.2 imply that its tangent vector in each intersection

point is a-positive. Therefore the value of the Maslov class of L on , is positive

as noticed in the appendix to chapter 1. On the other hand L is an embedded

Lagrangian torus homologous to the zero section and hence its Maslov class vanishes

by theorem 4.1.1. This contradiction proves the theorem. 0
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Before we give the proof of 4.3.4, let us recall that a fundamental property of

a geodesic is that locally it minimises the length. A geodesic is called (globally)

minimal if any segment minimises length in the homotopy class of paths with the

same endpoints (see chapter III).

4.4.2. Exercise. - Show that for E sufficiently large there is no complete

globally minimal geodesic of the metric Go which passes through the top of the

bump K (Hint: if E is sufficiently large then a globally minimal geodesic will prefer

to go round the bump!).

We now give the proof of 4.3.4 in two exercises. A basic observation is the

following:

4.4.3. Exercise. - Let L be a smooth Lagrangian section of T*T' which is

invariant under a Hamiltonian flow associated to a Riemannian metric on Tn and

which is contained in a regular level {h = cont}. Show that each trajectory which

lies on L projects to a globally minimal geodesic (Hint: use a classical Weierstrass

theorem of the variational calculus (see [33] for details)).

4.4.4. Exercise (proof of 4.3.4). - Show that 4.3.4 is a consequence of the

two previous exercises together with 4.3.3 and 4.4.1.

4.4.5. Exercise.-

eter.

Find an estimate for the critical value Ecr of the param-

5. Pseudo-holomorphic curves: proof of the main rigidity theorem

5.1. The Riemann-Hilbert problem

In order to prove theorem 2.2.4, we will first establish a theorem on the exis­

tence and unicity of solutions of the equation oJf = 9 on geometrically bounded

almost complex manifolds containing a given totally real submanifold. This is a

generalisation of the so-called Riemann-Hilbert problem.

The simplest form of the Riemann-Hilbert problem consists, given a map 9 :

D2
---> en on the closed unit disc D2 c e, in finding a solution f : D2

---> en of the

equation of = 9 which sends the boundary 8D 2 into the totally real subspace Rn =
(Xi,"" Xn) C en = (Xi, Yi,"" Xn,Yn). This problem always admits a solution in

appropriate Holder spaces (and therefore in Coo spaces by elliptic regularity). More

precisely, for any fixed real non integral number r > 0, the map

is onto, where the domain is the space of maps of Holder class r + 1 from D2 to

en which send 8D2 in Rn and 1 on 0, and where the target space is the space of
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maps from D2 to en of Holder class r (see the classical reference [47]' pp. 56 and

355-356).

This problem can be generalised in the following way (see [24], [43], we follow

here [44]). Let (V, J) be an almost complex manifold. Denote by i the complex

structure on e (multiplication by i). For a C1 map f : D 2 -> V, define

- 1 (Of Of) 1 ( 0)oJf = - - + J- = - (df + Jdfi) -
2 ox oy 2 ox

which is a section of the vector bundle f*(TV) on D 2
. It will be more convenient

to consider this section as a section of the bundle pr:iTV -> D2 x V defined over

the graph of f (here pr2 : D2 x V -> V is the projection on the second factor). The

generalisation of the Riemann-Hilbert problem is then:

GENERAL PROBLEM. - Given a totally real submanifold L of an almost com­

plex manifold (V, J) and a global section g of pr:iTV, find f : (D2,oD2) -> (V, L)

homotopic to a point in 1r2(V,L) and such that oJf = glgraph(f) (which we will simply

denote by oJf = g).

Note that this problem does not always admit a solution; for instance, if L is a

closed, totally real submanifold embedded in en endowed with the standard complex

structure, and if 9 : D2
X en -> en is equal to a constant go, there is no solution

when Ilgoll is sufficiently large (see the harmonicity argument in the proof of theorem

2.2.4).

The following theorem (which provides a solution to the Riemann-Hilbert prob­

lem under certain hypotheses) is proved by Sikorav in [44].

THEOREM 5.1.1. - Let V be endowed with any complete Riemannian metric

J-L. The general problem above has a solution for all C'" bounded (with respect to J-L)

sections 9 of Holder class C'" (for a > 0) if the following conditions hold:

1. if 9 == 0, the only solutions ofoJf = 9 which belong to C"'+1(D2,oD 2;V,L)

are the constants;

2. for anyB > 0, the family {f E C"'+1(D2,oD2;V,L)llloJfll cQ :::; B} is equicon­

tinuous.

Moreover, one may impose f(l) = eo for any given point eo E L.

It may be embarassing to try to apply this theorem directly, because the second

condition is not easily verifiable in practice. Sikorav shows that this condition holds

true under some hypotheses on the geometry of V and L. His proof does not make

use of the compactness theorem for J-holomorphic discs and, for this reason, the
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hypotheses on V and L needed to establish the surjectivity of fhf = 9 are stronger

than those needed by Gromov in [24J theorem 2.3.8. We will now prove the stronger

version of the theorem due to Gromov, using a compactness theorem.

THEOREM 5.1.2. - Let (V,w) be a symplectic manifold and LeV be a La­

grangian submanifold such that (V, L) is g. bounded (with respect to structures J

and J1, on V). If there is no non-constant J -holomorphic 2-sphere in V and no non­

constant J -holomorphic disc with boundary in L, then for any COO bounded section

9 of pr2TV --+ D2 x V and any point eo E L, there exists a solution to the equation

8J f = 9 which sends 8D2 in L and the point 1 to the point eo, and such that f is

homotopic to a point in 7l"2(V, L, eo) .

Remarks.

1. Since w tames J, any non-constant J-holomorphic disc f : (D 2
, 8D 2

) --+ (V, L)

satisfies JD2 f*w > O. Therefore, the hypotheses of the theorem concerning J­

holomorphic discs and spheres are satisfied if L is a weakly exact Lagrangian

submanifold (recall that this means that the integration map Jw from 7l"2(V,L)

to R is zero). Thus, if (V, L) is g. bounded and L is weakly exact, there

always exists a solution to the Riemann-Hilbert problem. This is the case, for

example, when (V, w, J, J1,) = (C n,Wo, Jo, J1,0) and L is the image of Rn c C n

by any bounded symplectic diffeomorphism.

2. The conclusion of theorem 5.1.2 is a Fredholm alternative (see the proof below):

suppose (V, L) is g. bounded and V contains no non-trivial J-holomorphic

sphere, then either the map 8J is "surjective" or there exists a non-trivial

J-holomorphic disc in 7l"2(V, L). Of course, this alternative may be useful in

both directions: when we know that there is no non-trivial J-holomorphic

disc in 7l"2(V, L), we conclude that 8J is surjective as in the example above;

when we know that OJ cannot be surjective, we conclude that there exists a

non-trivial J-holomorphic disc in 7l"2(V, L) and hence that L is not (weakly)

exact (this applies to any closed (compact and without boundary) Lagrangian

submanifold of cn, see below).

Proof of theorem 5.1.2. - We first bring the problem into a Fredholm frame­

work with a given operator 8J : we do not yet have a well defined operator since the

section 8J f of f*TV is defined only on a subset of D2 x V which depends on f. For

eo ELand a non integral r > 0 fixed, let us define:

• The set pH of Holder class CT+l maps f : (D2,8D2, 1) --+ (V, L, eo) which are

homotopic to fo == eo in 7l"2 (V, L, eo),

• the set CT of CT sections of pr2TV --+ D2 x V which are CT bounded,

• the set HT+l = {(J,g) E p+l X CT such that 8J f = g},

• the projection map 6"T : HT+l --+ CT defined by 6"T(J,g) = g.
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The followingfour properties hold for any totally real submanifold L of an almost

complex manifold (V, J) (see chapter V).

1. Gr is a complex Banach vector space, p+1 is an almost complex Banach

manifold with tangent space

TfP+l = {Cr+l sections of (f*(TV) , (f laD2)*TL) which vanish at I},

and the charts of p+1 are given by the exponential map of a Riemannian

metric on V for which L is totally geodesic (that is such that any geodesic

tangent to L at any point of L lies entirely in L). Finally, Hr+l is a Coo

submanifold of p+1 X Gr. Indeed, let fa E p+l and U(fo) be a CO-small

neighbourhood of fa. For any f E U(fo), denote by N(f) the space of cr_

sections of pr2(TV) over the graph of f. Let V be endowed with any Coo

connection compatible with J; then the parallel transport induced by this

connection gives a complex isomorphism:

for any f E U(fo). On U(fo) x Gr, define <I> : U(fo) x Gr -+ Ar(fo) by

<I>(f,g) = PT(f, fa) (aJf - glgraPh(J))'

It is clear that <1>-1(0) = Hr+l n (U(fo) x Gr), that <I> is a smooth map, and

that 0 is a regular value of <I> because <I>(f, .) : Gr -+ Ar(fa) is affine and onto.

Finally, the kernel of the associated linear map, K(f) = {g I glgraph(f) = O}

admits a closed supplement in Gr. Since these are the sufficient conditions for

the inverse image of a point by a smooth map between Banach manifolds to

be a smooth submanifold, we conclude that Hr+1 is a Coo submanifold.

2. 6.r is a Fredholm map of index O. In fact, 6.r is locally equivalent to a quasi­

linear differential operator of order 1 whose linearisation is of the form

where K is a compact operator. Since ais an isomorphism, (Id+K) 0 ais

Fredholm of index 0 (see chapter V).

3. 6.r is regular at (fa, 0) (see chapter V).

4. Elliptic regularity: if f is of class C1 and if aJf = 9 with 9 of class cr, then f

is of class cr+l (see chapter V or [36]).

5.2. Proof of theorem 5.1.2

Let us now prove theorem 5.1.2: given elliptic regularity, it is sufficient to prove

that 6.r is surjective for any non integral r > O. The non-existence of non-constant
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J-holomorphic disc in 1l'2(V,L) means that = (£0,0), and together with the

third property above, this implies that 0 is a regular value of In order to prove the

theorem, it is therefore enough to show that is proper. By Smale's generalisation

(see [45]) of Sard's theorem to Fredholm maps between Banach manifolds, one can

deduce (see figure 23):

M

v

Figure 23

THEOREM 5.2.1. - Let <I> : M -+ V be a Coo proper Fredholm map between

Banach manifolds of nonnegative index. Then, for any regular value y E V, <I>-l(y)

is a smooth submanifold (either empty, or of dimension ind <I», and the non oriented

cobordism class of <I>-l(y) does not depend on the choice of the regular value y of V.

Denoting by ')'(<I» this invariant in the ring of non oriented cobordism, we have: <I>

is onto when ')'(<I» i- o. 0

Let us apply this theorem to assuming that it is proper. Since 0 is a regular

value whose inverse image is a single point, i- 0, and hence is onto.

Let us describe this more explicitely: let 9 £; Gr be a regular value of and let

')' : [0,1] -+ Gr be a path from 0 to g, everywhere transversal to Since is a

proper Fredholm map of index 0, is a non empty compact submanifold of

real dimension ind +1 = 1, whose boundary is included in

In fact, equals U because if there were a point p

belonging say to but not to the differential of would send

the vector tangent to at p on the zero vector at ')'(1), hence the dimension

of ker at p would be strictly positive. Since ind = 0, this would contradict

the regularity of g. Thus is a non oriented cobordism between

and therefore their mod 2 cardinalities are equal. We conclude that

not empty. This shows that all regular values of are in the image of

and since this is true by definition for non regular values as well, is onto. 0

It remains to prove:

PROPOSITION 5.2.2. - is proper.
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Proof - Suppose that 6"r is not proper: then there exists a sequence Un, gn)

(n E N) which contains no convergent subsequence in HrH but whose projection

(gn)nEN has a convergent subsequence. Denoting by the same symbols (gn)nEN this

subsequence, we thus have a sequence Un) E (PH, II Ilcr+!) with no convergent

subsequence, and a sequence (gn) which Cr-converge to a value 9 E Gr such that

BJfn = gn-

We now show that each section 9 of pr2TV induces an almost complex structure

Jg on D 2 x V with the properties described in the following lemma, due to Gromov

(we do not specify the differentiability class, since the lemma clearly holds true for

any class of maps).

LEMMA 5.2.3. - There exists a unique structure Jg on D2x V such that the

germs of Jg-holomorphicsections Id xf Ofprl : D2 x V --> D2 correspondexactly to

the solutions ofBJf = 9 on V and such that the restriction of Jg to any fibre s x V

ojD 2
X V --> D2 coincides with the original structure J on V = s x V.

Proof - In the exact sequence of bundles over D2 x V:
incl 7r

o Homc(T D2,TV) --4 HomR(T D2,TV)

HomR(TD 2,TV)jHomc(TD 2,TV) 0

the projection 7r has a right inverse whose image is the set Homanti_dT D2,TV) of

real homomorphisms C such that Co i = -J 0 C. Hence,

HomR = Home EB Homanti_e,

since
1 . 1 .

A = 2"(A - J 0 A 0 t) EB 2"(A + J 0 A 0 t)

(of course BJ is simply the projection on the second factor of this decomposition,

that is the projection on the anti-complex part). Since D 2 is of complex dimension 1,

an anti-complex homomorphism is determined by its value on ajax and this defines

an identification of Homanti_dT D2,TV) with pr2(TV).

Let 9 be a section of pr2(TV), which we consider as a section of the bundle

Homanti_dTD2,TV). We define the endomorphism Jg of T(D 2 x V) at (s,v) E

D 2
X V by

JglTvV = J and JgITs D
2 = i + 2gs ,v 0 i.

The fact that 9 is anti-complex obviously implies that J; = - Id. Finally, the germ

of a section Id xf of prl : D2 x V --> D2 defined near s E D2 is Jg-holomorphic at

s if and only if Jg(d(Id xJ)(s)) = d(Id xJ)(s) 0 i. But

Jg(d(Id xJ)(s)(X)) = Jg(X EB df(s)(X))

= iX EB (2g(iX) + Jdf(X))

is equal to d(Id xJ)(s)(iX) = iX EB df(iX) for all X E Ts D2 exactly when g(Z) =

Hdf + Jdfi)(Z) for all Z E Ts D2, that is exactly when 9 = BJf. 0
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It is clear that the properties stated in the lemma determine an almost complex

structure on D2 x V in a unique way. Hence, the two sequences Un) and (gn) induce

a sequence of Jgn-holomorphic sections (Id xfn) of D2 x V --+ D2. The sequence

(JgJ Cr converges to an almost complex structure Jg but the sequence (Id xfn) of

maps from D 2 to D 2
X V C+ 1 diverges. We will deduce from this the existence

of a non constant rational J-holomorphic curve in V (that is: a non constant J­

holomorphic map 3 2
, in other words a J-holomorphic sphere) or the existence of

a non-constant J-holomorphic disc in V whose boundary lies in L. In both cases,

this will contradict the hypotheses of the main theorem. We need the following

theorem of Gromov on the compactness of holomorphic discs (see chapter VIn for

these compactness properties):

THEOREM 5.2.4. - Let (M, WM) be a symplectic manifold, g. boundedfor JM

and J-lM. Assume JM is of class cr. Let W c M be a Lagrangian submanifold such

that the pair (M, W) is g. bounded. Let

'Pn: (D 2,8D2, 1) -----+ (M, W, wo)

be a sequence of (i, JM) -holomorphic discs of class Cr+J whose areas are bounded

above. Then there exists a subsequence which either Cr+J converges to a (i, JM)­

holomorphic disc or weakly converges to a JM-holomorphic cusp-disc whose image

in M is the union of k1 non-constant JM-rational curves and k2 non-constant JM­

holomorphic discs with boundary in W, where k1 0, k2 1, and k1 + k2 2.

o

This theorem is still true for a sequence (JM)n --+ JM of almost complex struc­

tures C-converging to an almost complex structure JM and a sequence 'Pn of holo­

morphic discs (for i and (JM)n), provided that all the ((JM)n,WM, J-lM) for n suffi­

ciently large and (JM,WM,J-lM)are geometrically bounded with respect to the same

constant aM. Then the limit disc or cusp-disc is JM-holomorphic.

To apply this theorem to the sequence (Id xfn) of Jgn-holomorphic discs in D 2 x

V, we verify the hypotheses of the theorem. Here M = D2 X V, W = 8D2
X L,

and J-lM = J-lo Ell J-ll where J-lo is the standard metric on D2 and J-ll = J-l is the metric

given on V. Since (D2,8D2) is obviously geometrically bounded with respect to

(i, J-lo, wo), the conditions in the definition of "geometrically bounded" which depend

only on the metric structure are satisfied for the pair (D2 x V,8D 2
X L). Therefore,

it is enough to find a symplectic form WM on M = D2 X V and a positive constant

aM such that

WM(X, JgnX) aM

for all tangent vectors of D2 x V and all sufficiently large n.

We set WM = (Cwo) Ell w, where Wo is the standard form on D2, W is the given

form on V, and C is a constant depending on Ilgnllcowhich we will now compute ll
.

llThe reader may consider the following estimations as a (rather technical) exercise and compute

the constant C by her or himself.
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Let G be an upper bound for all Ilgnllco, Then:

WM(X, JgnX) Cwo ffi w(Xo ffi Xl, iXo ffi (2gn(iXo) + JXd)

C IIXol1 2 + w(X I > JX I ) + 2w(X I ,gn(iX o))

> C IIXol1 2 + 0: IIXl l1 2 + 2w(X I ,gn(iX o))

> C IIXol1
2
+ 0: IIXl l1

2
- 2{3G IIXoIIIIX"1

because Iw(XI,gn(iXo)) I ::; {3IIXIllllgn(iXo)11 ::; (3IIXIllllgnllcoIIXoll. Thus, obvi-

ously,

0: 2
WM(X, JgnX) ::::: "2IIXIII'M

if C is sufficiently large. Actually, if

IIXIII 4{3G
--<­
IIXol1 - 0: '

then:

with

When

IIX"I 4{3G-->­
IIXol1 - 0: '

one gets

WM(X, JgnX) > (0: - IIXl l1
2
+ C IIXol1

2

> IIXl l1
2
+ C IIXol1

2
:::::

Therefore, M = D2
X V is geometrically bounded with MM = Mo ffi MI, WM =

Cwo ffi W where

and with any of the given almost complex structures Jgn or Jg.
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Since every fn : D2
-+ V is contractible in 7f2(V,L), all discs Id xfn belong to the

same homotopy class in 7f2(D2 x V,fJD2
X L). Their WM-areais JD2CWo + JD2 =

C7f for all n, and their JlM-area is uniformly bounded above. Writing p = Id xfn,

JlM-area(p) JD211 A ;;

< JD2 + II;;I[M)
< ±JD2 (WM +WM (;;,Jgn ;;))

21 *< - P WM
a D2

because p is Jgn-holomorphic. Hence:

2C7f
JlM-area(Id xfn) --.

a

The compactness theorem thus applies to the Cr+l divergent sequence Id xfn and

therefore there exists a Jg-cusp-disc whose components contain at least one non­

constant Jg-holomorphic sphere S or two non constant Jg-holomorphic discs D with

boundary in fJD2 x L. But since this cusp-disc is a weak limit of sections of D2x V -+

D2, S cannot be transverse to the fibres of the projection D2 x V -+ D2 and the

same is true for D; that is to say, S (or D) lies entirely in a fibre of the projection.

There exists therefore either a non-constant J-rational curve in V or a non-constant

J-holomorphic disc in V whose boundary lies in L. This concludes the proof of

theorem 5.1.2. 0

5.3. Proof of theorem 2.2.4

Let (V, w) be a product (V' x C, w'EElwo)where (V', w') is a weakly exact geometri­

cally bounded symplectic manifold. Let L be a g. bounded Lagrangian submanifold

of V. If L is bounded with respect to the second factor (that is if the image of L by

pr2 : V' x C -+ C is bounded), we show that there exists a loop in L that bounds a

holomorphic disc (with respect to an w-tamed almost complex structure).

First, (V' x C, w' EEl wo) is also geometrically bounded. It is easy to see that,

given any totally real submanifold L in V' x C which is bounded with respect to

C, the equation 8J f = 9 has no solution when the factor 92 of 9 = 91 EEl 92 is equal

to a constant e of sufficiently large norm. In fact, any solution f to the equation

8J f = 91 EEl e satisfies 8(pr20J) = 92 = e and therefore 12 = pr2 0 f : D2
-+ C is

harmonic. The Poisson formula then gives

8J 12(O) = - 12

7< e
i9

h(e
i9

)dB;

so lei = 18J12(0)1 112(e
i9

)1 diam12(fJD2) diam(pr2(L)).
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Thus, there is no solution to OJf = g1 EBc when lei > diam(pr2(L)). On the other

hand, if the totally real submanifold L is Lagrangian and g. bounded, the Fredholm

alternative of 5.1.2 shows that if OJf = 9 has no solution for some g, there must

exist either a holomorphic sphere or a holomorphic disc with boundary on L. Since

V is weakly exact, only the second case can occur.

To prove the second part of theorem 2.2.4, let us quickly review the proof above

from a slightly more general point of view. For each class a E 7r2 (V, L), define

F;.+l and as follows:

• is the set of Cr+l Holder maps f : (D2, fJD2) -; (V, L) such that [f] = a,

• = {(f,g) E X Gr such that OJf = g},

• g) = g.

Note that since V is weakly exact, the symplectic area of a E 7r2(V, L) depends

only on its image by 7r2(V,L) -!..... 7r1(L) -.!!..... H1(L;Z) where fJ is the boundary

homomorphism and H the Hurewicz map. Observe also that the Maslov index of

L along HfJ(a) relative to the Lagrangian distribution I:- in V is independent of

the choice of I:- because HfJ(a) is contractible in V (so we need only know that

such a distribution exists). We will refer to this Maslov index as J-ldHfJa) or J-lda)

indifferently.

Here, are again Banach manifolds : -; Gr is a Fredholm

map of index = J-lL(a) + n.

The Poisson formula argument showed that there exists some value 9 E Gr such

that there is no solution to the equation OJf = 9 with f E .FO+1. Let "( be a

path in Gr from "((0) = 0 to "((1) = 9 transverse to the Fredholm projections :

-; Gr for all a. The proof above shows that the restriction of to

is not proper. Therefore, there exists a sequence gt E Im"( converging to goo E Im"(

and a sequence ft with OJft = gt such that the sequence {it} has no convergent

subsequence. By the compactness theorem and lemma 5.2.3, this implies (extracting

a subsequence of ft if needed) that the sequence ft weakly converges to a union of

k1non-constant rational curves in V with one disc foo with boundary in L such that

OJfoo = goo, and k2-1 non-constant holomorphic discs with boundary in L. Since V

is weakly exact, we have therefore one disc f 00 and k ':'" k2 - 1 > 0 holomorphic discs

h, ... ,fk with boundary in 1. Denote by aoo ,a1, ... ,ak E 7r2(V,L) the homotopy

classes of foo, h,···, fk'

5.3.1. Exercise. - Using the index formula, that the fact that "( is

transversal to and the fact that r 1

(goo) is not empty together imply

that J-lL(aoo ) 2: -n - 1.
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Since the discs foo, fJ, ... , fk occur as a weak limit of a contractible disc, we have

0 00 + 01 + ... + Ok = 0,

so that J.lL(000)+L:f=1 J.lL(Oi) = o. But each disc 1; is holomorphic and non-constant,

so their symplectic area 'x(Oi) is strictly positive, and by monotonicity J.lL(Oi) > 0

for all 1 :::; i :::; k. Therefore
k

LJ.lL(Oi) :::; n + 1
;=1

implies that 1 :::; J.lL(Oi) :::; n + 1 for at least one i. This concludes the proof. 0

Appendix: Exotic structures on R2n

A.I. Exotic structures

A symplectic form w on R 2
n is exotic if there exist no symplectic embedding

(R2n,w) '---+ (R2n,wo) in the standard structure. The fact that the proof of the

Arnold conjecture (corollary 2.2.5) implies the existence of exotic structures on R 2
n

for n ;::: 2 is now considered to be folklore. Nevertheless, it appeared in the written

culture only in 1984 in a paper by Viterbo [48]. It is very surprising that we do not

know any other method of constructing exotic structures. There are some variants

(see e.g. [11]), but basically, you construct a symplectic structure which admits a

closed exact Lagrangian submanifold. We already mentioned such a construction,

due to M.-P. Muller in §3.2. Here we content ourselves12 with a simple proof of:

THEOREM A.1.1. - For any n ;::: 2, there exist on R 2
n exotic symplectic

structures.

A.2. Proof of existence

It is enough to construct an immersion F : R 2
n ----; R 2

n that sends a given closed

Lagrangian submanifold L of (R2
n, wo) onto an immersed exact Lagrangian subman­

ifold W of (R2n, wo). Indeed, F*Wo is then such that L is a closed exact Lagrangian

submanifold of (R2n , F*wo). Hence (R2n, F*wo) is exotic because a symplectic em­

bedding

<p : (R2n
, F*wo) ----; (R2n

, wo)

would send a primitive ,X of F*wo (a form whose exterior derivative is F*wo) to a

form <p*(,x) on 1m <p whose derivative is woo We would then have d('xo - <p*(,x)) = 0

on 1m <p and 'xo = <p*(,x)+ exact form on 1m <p, so that'xol<p(L)would be exact which

contradicts the inexistence of a closed exact Lagrangian submanifold of (R2n, wo).

To construct the immersion F : (R2n, L) ----; (R2n, W), we take the simplest

example of a closed Lagrangian submanifold, that is L = Tn c R 2n. Let ft : 8 1 ----;

12The construction in [37] is actually harder. .. but gives something more precise, as the title of
the paper shows.
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R2 be a regular homotopy from the standard inclusion to an exact (Lagrangian)

immersion fl : SI --> R 2 (that is h has for instance two double points of opposite

signs and the total area enclosed by 1m h is algebraically zero). The product of

n copies of this regular homotopy gives a regular homotopy Ft : T" --> R 2
n. Now,

given any closed smooth submanifold X of a closed manifold Y and any manifold Z

of dimension larger than dim Y, Smale's h-principle for immersions (see e.g. [25])

implies that the restriction map

r : Imm(Y, Z) --> Imm(X, Z)

between spaces of smooth immersions is a Serre fibration: that is, given any homo­

topy H t : A --> Imm(X, Z) defined on a CW-complex A and any r-lift Ho : A -->

Imm(Y, Z) of Ho, there exists an r-lift of the whole homotopy, M:A --> Imm(Y, Z),

which coincides with the given lift at time t = O. Let us apply this with X = Tn,

Y = S2n-l, Z = R 2n (note that n < 2n - 1 because n 2), A = {pt}, H t = Ft :

Tn --> R 2
n, and Ho the standard inclusion. Hence Ft can be extended to a regular

homotopy : s2n-l --> R 2n and so Ji\ extends F1 (this is all we need). Let D 2n-l

be a disc smoothly embedded in S2n-l, such that Tn lies in D2n-l (such a disc exists

because n < 2n -1), and let U be a tubular neighbourhood of D 2
n-l in R 2

n. Then

the restriction Ji\ : D2n-l --> R 2n of Ji\ :S2n-l --> R2n can be extended to an immer­

sion G : U --> R 2
n. The composition of G with an immersion <p : R 2

n --> U which

is the identity on a smaller disc Di
n

-
1 c D2n-1 containing T", gives an immersion

Go <p : R 2
n --> R 2

n sending T" onto an immersed exact Lagrangian submanifold of

(R 2
n, wo).

Remark. - Note that by theorem 2.2.4, the exotic structure w on c n con­

structed in the above proof is not symplectomorphic to (Cn
-

1 x C,w' EBwo) for any

geometrically bounded factor (C n
-

1
, w').
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