Progress in Mathematics

Holomorphic curves
in symplectic geometry
Michele Audin

Jacques Lafontaine
Editors

Springer Basel AG






Progress in Mathematics
Volume 117

Series Editors

J. Oesterlé
A. Weinstein



Holomorphic curves
in symplectic geometry

Michele Audin

Jacques Lafontaine
Editors

Springer Basel AG



Editors:

Michele Audin Jacques Lafontaine

Université Louis Pasteur Université Montpellier 2

Institut de Recherche Mathématique Avancée  Département de Mathématiques
7, rue René Descartes F-34095 Montpellier Cedex 5

F-67084 Strasbourg Cedex

Library of Congress Cataloging-in-Publication Data

Holomorphic curves in symplectic geometry / Michele

Audin, Jacques Lafontaine, editors.

(Progress in mathematics ; vol. 117)

Includes bibliographical references (p. — ) and index.

ISBN 978-3-0348-9656-6 ISBN 978-3-0348-8508-9 (eBook)

DOI 10.1007/978-3-0348-8508-9

1. Symplectic manifolds. 2. Holomorphic functions. I. Audin,
Michele. II. Lafontaine, J. (Jacques), 1944 Mar. 10~ II1. Series:
Progress in mathematics (Boston, Mass) ; vol. 117.
QA649.H65 1994
516.3°62 — dc20

Deutsche Bibliothek Cataloging-in-Publication Data

Holomorphic curves in symplectic geometry / Michele, Audin;
Jacques Lafontaine ed. — Basel ; Boston ; Berlin : Birkh&user,
1994

(Progress in mathematics ; Vol. 117)

ISBN 978-3-0348-9656-6

NE: Audin, Michele [Hrsg.]; GT

This work is subject to copyright. All rights are reserved, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, re-use
of illustrations, broadcasting, reproduction on microfilms or in other ways, and
storage in data banks. For any kind of use permission of the copyright owner must
be obtained.

© 1994 Springer Basel AG
Originally published by Birkhduser Verlag in 1994

Softcover reprint of the hardcover 1st edition 1994

ISBN 978-3-0348-9656-6

987654321



Preface

The school, the book

This book is based on lectures given by the authors of the various chapters in
a three week long CIMPA summer school, held in Sophia-Antipolis (near Nice) in
July 1992.

The first week was devoted to the basics of symplectic and Riemannian geometry
(Banyaga, Audin, Lafontaine, Gauduchon), the second was the technical one (Pansu,
Muller, Duval, Lalonde and Sikorav). The final week saw the conclusion of the school
{(mainly McDuff and Polterovich, with complementary lectures by Lafontaine, Audin
and Sikorav).

Globally, the chapters here reflect what happened there. Locally, we have tried to
reorganise some of the material to make the book more coherent. Hence, for instance,
the collective (Audin, Lalonde, Polterovich) chapter on Lagrangian submanifolds
and the appendices added to some of the chapters.

Duval was not able to write up his lectures, so that genuine complex analysis
will not appear in the book, although it is a very current tool in symplectic and
contact geometry (and conversely). Hamiltonian systems and variational methods
were the subject of some of Sikorav’s talks, which he also was not able to write up.
On the other hand, F. Labourie, who could not be at the school, wrote a chapter
on pseudo-holomorphic curves in Riemannian geometry.

The aim and sources of the book

When we planned the summer school (during the Souriau conference of 1990),
our aim was to understand in some detail the techniques and results of Gromov’s
1985 paper!. It is a long, but very concise paper, with a lot of hard techniques,
some beautiful tricks, and many spectacular results (see our introductory chapter
for a small panorama of these).

Some of the authors of the present book had already written good—often very
good—papers explaining such or such a page or result of Gromov, which papers,
for some obscure reasons, have been lying dormant in some {necessarily obscure)
drawer since 1986 or 1987. Some of these underground papers are already classics,

! Pseudo-holomorphic curves in symplectic manifolds, Invent. Math. 82 (1985), 307-347.



for instance those of Pansu? and Sikorav®. Muller, Pansu and Labourie used their
respective clandestine papers as a basis for their written contribution here. Others
preferred to have theirs plundered by someone else: “Corollaires symplectiques” in
chapter X and Duval’s very beautiful text* in chapters III and VIII. We hope this
book will become the “official” reference replacing these clandestine papers.

Some of the contributions are really new, for example McDuff’s chapter VI on
the positivity of intersections.

We have tried to make this book accessible to graduate students: introductory
and more or less self contained (hence the chapters I to IV, where she or he will
nevertheless find some nonstandard material); with the necessary examples and
techniques needed to understand the applications given in the book, for instance in
the first and last chapters, but also those not given in the book, as in the beautiful
papers of McDuff on symplectic 4-manifolds, and of course, those in all forthcoming
(hopefully) papers. For the same purpose, we have included numerous exercises in
some of the chapters.

The students and the question of language

In keeping with its vocation, the CIMPA organised the school for students of
different ages and/or levels coming from various (mainly developing) countries, who
very bravely survived the techniques, the hot weather and the accomodation in
Sophia: even at the very end of the school, they were still very enthusiastically
discussing the contents of the many two hours (and more) lectures of Dusa McDuff.

It was even possible to overcome the language problems: a lot of the students
came from the so-called French-speaking African countries—this just means that
French was already their second language and that their English was very poor.
Some came from various Asian countries—same problem, just interchange French
and English in the previous sentence. To tell the truth, we also had a Bilingual
Canadian.

Everybody made some kind of effort and communication was indeed very good.
The more unusual experiments we witnessed were, an Israeli lecturer discussing
exotic structures in Russian with a Vietnamese student, and, even more exotic,
a Rwandese professor explaining his lectures to a student from Burundi, in Kin-
yarwanda of course (yes, it works)!

After this, the reader will probably appreciate finding not only English in the
book: two of the chapters are in French, none in Hebrew nor Alsatian. Moreover,
the English of all contributors (except Dusa, of course) was checked by an English
mathematician, Marcus Slupinski, thanks to whom the book is not completely gib-
berish.

2 Notes sur les pages 316 & 323 de larticle de M. Gromov. ..
3 Corollaires symplectiques.
4 Compacité des J-courbes : le cas simple des J-droites d’un pseudoplan.
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Introduction

Applications of pseudo-holomorphic
curves to symplectic topology

Jacques Lafontaine Michele Audin

This chapter is an introduction to the book. First we will describe some problems
in symplectic geometry, or more exactly topology, and the way to solve them using
pseudo-holomorphic curves techniques. Then we describe very roughly the contents
of the book. For the basic results in geometry, the reader can consult chapters I, 11
or III.

Unless otherwise mentioned (i.e. apart from Darboux’s theorem), all theorems
in this chapter are due to Gromov and come from [9] (see also [10]).

1. Examples of problems and results in symplectic topology

1.1. Flexibility and rigidity in symplectic manifolds

A symplectic manifold (W, w) is a manifold W endowed with a closed nondegen-
erate 2-form w. The basic examples are R?" with the 2-form wo = Y dp; A dg; and
the 2-sphere with its usual volume form (or any orientable surface with any volume
form).

Locally, such a structure is very flexible: all such structures are isomorphic. More
precisely, if we call a diffeomorphism symplectic when it preserves the symplectic
structures, the basic form of Darboux’s theorem (see chapter I) is:

THEOREM 1.1.1 (Darboux). — Let (W,w) be a symplectic manifold of dimen-
ston 2n. Let x be any point in W. There exists a neighborhood U of x and a
symplectic diffeomorphism of (U, w|U) into an open subset of (R*, wy).

This shows that there exists no local invariant in symplectic geometry like, for
instance, the curvature in Riemannian geometry: locally, all symplectic manifolds
are alike, and there is no difference between suitable open subsets of the 2-sphere
and the planel.

This allows us to draw local maps of the earth in which the areas are exact if not the lengths
and angles.



2 J. Lafontaine and M. Audin

Of course, globally, things are quite different. For instance, if W is a 2n-manifold,
w™ is a volume form (this is the nondegeneracy condition) and thus, any symplectic
diffeomorphism preserves the volume: there is no symplectic diffeomorphism from a
large ball into a smaller one in R2".

A basic question is thus to understand if there is a way to distinguish between
volume preserving and symplectic diffeomorphisms. Note that “volume geometry”
is very flexible, even globally. On the one hand, we have the Moser theorem, which
asserts that two volume forms on a closed manifold are diffeomorphic when they
give the same total volume to the manifold. On the other hand, if U and V are
connected open subsets of R™ with vol(U') < vol(V), there is an embedding U — V
which preserves the volume form. In contrast, the first result we quote in symplectic
geometry is a very spectacular rigidity theorem:

THEOREM 1.1.2. — Let (W,w) be a symplectic manifold, and let f be a dif-
feomorphism of W which is a limit, in the compact-open (C°) topology, of a sequence
of symplectic diffeomorphisms. Then f is symplectic.

Thus a volume preserving diffeomorphism which is not symplectic cannot be a
limit of symplectic diffeomorphisms. According to Arnold, who invented the phrase
“symplectic topology”, this theorem of Gromov proves the existence of symplectic
topology [1].

In the same mood, Gromov defined a symplectic invariant, much finer than the
volume, the width, which prevents, for instance, the embedding of a large ball into
an infinite thin cylinder. We consider a ball B2 of radius R in the standard
symplectic space R?2 = R? @ R? and a ball B2 of radius r in the symplectic
summand R

THEOREM 1.1.3. —  Suppose there exists a symplectic embedding of By into
the cylinder B> x R*™. Then R<r.

Similarly, one cannot embed two disjoint small balls in a large one (not too large,
of course, but with volume bigger than the sum of the volumes of the small balls):

THEOREM 1.1.4. — Let U be an open subset of R®™ which contains two dis-
joint balls of radii Ty and T3. Suppose there exists a symplectic embedding of U into
a ball of radius R. Then r? +r} < R%.

Remarks.

1. C. Viterbo likes to present theorem 1.1.3 as an “uncertainty principle”... in
classical mechanics [25].

2. The inequality in theorem 1.1.4 is called a packing inequality. For beautiful
results and a discussion of packing inequalities, see [17].
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3. Another famous and related problem is that of the symplectic camel, whose
ability to pass through the eye of a needle is discussed, following St Luke? 18
25, in e.g. [19], [7] and [18].

1.2. Flexibility and rigidity for Lagrangian submanifolds

The next flexibility result is Gromov’s h-principle, applied here to Lagrangian
immersions. Recall that an immersion f : L — W is Lagrangian if f*w = 0 and
dimL = %dim W. From such an f, we can extract two topological data: the
homotopy class of the map f (such that f*w = 0) and the Lagrangian subbundle
TL of f*TW. The h-principle (see [11] and chapter X for interesting special cases
and other references) asserts that the map which associates these two data with f
is a weak homotopy equivalence: everything which is not excluded by homotopy
theory is allowed.

Using pseudo-holomorphic curves methods, Gromov proved that the situation
for Lagrangian embeddings is quite different. A typical consequence is the proof
of the Arnold conjecture. Let Ay = 3 p;dg; be the Liouville form on R?®, so that
wp = dXg. Note that f*wy = 0 & f*Ay is a closed 1-form, and call exact any
Lagrangian immersion f such that f*)g is an exact 1-form.

THEOREM 1.2.1 (Arnold conjecture). — There exists no closed ezact Lagran-
gian submanifold in R*".

For n = 1, this is a consequence of the theorems of Stokes and Jordan. In higher
dimensions, this rigidity theorem implies the existence of exotic symplectic struc-
tures on R?" (2n > 4); it is also related to problems of intersections of Lagrangian
submanifolds and of fixed points of symplectic diffeomorphisms: any symplectic
diffeomorphism of (W,w) defines a Lagrangian submanifold, namely its graph in
W x W endowed with the symplectic form w @ —w.

All of these things will be discussed in great detail in chapter X, so we shall not
spend more time on them here. However, we must mention that a lot of activity
related to the above conjecture of Arnold—which actually belongs to a whole set of
conjectures, stated by Arnold in the sixties—began a long time before theorem 1.2.1
was proved, and took its roots in “Poincaré’s last geometric theorem” (or Poincaré-
Birkhoff theorem). Once again, we refer the reader to the paper of Arnold [1], and
also of Chaperon [3] and to chapter X and the references therein.

2. Pseudo-holomorphic curves in almost complex manifolds

Although some rigidity results can be proved by variational methods, we will
emphasise here methods involving pseudo-holomorphic curves, as initiated by Gro-

2See also Mat. 19 24, Mk 10 25.
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mov in [9]. It might seem surprising, but we know of no other way to prove the
Arnold conjecture or the existence of exotic structures.

Basically, what happens is the following;:

1. Given a symplectic manifold (W, w), there are plenty of tame almost complex
structures, that is: sections of End(TW) such that J? = —Id and such that
w(z, Jx) is positive on TW —0. But (except in the case of a Kéihler structure),
there is no natural choice for such a J. The basic idea of Gromov is to consider
the whole family of these tame almost complex structures.

2. For a generic almost complex structure, there are no holomorphic functions
(even locally), but there are many local pseudo-holomorphic curves. More-
over, many classical properties of ordinary holomorphic curves still hold: see
§2.2 below and chapters V and VI respectively for analytical and geometric
properties.

3. In many cases, if there are compact pseudo-holomorphic curves for some almost
complex structure Jy tamed by a symplectic form w, there are such curves for
any tame symplectic structure J. For instance, the properties of pseudo-
holomorphic curves in CP? or CP! x CP! for any almost complex structure
tamed by the usual (Ké&hler) symplectic form mimic the classical properties of

algebraic curves (holomorphic for the usual complex structure): see theorems
2.2.3 and 2.2.4 below.

2.1. Almost complex structures and pseudo-holomorphic curves

As we mentioned above, an almost complex structure on a manifold W is a field
of endomorphisms J (a section of End(TW)) such that J? = —Id. For example, a
complex manifold carries a natural almost complex structure. Namely, if (21,. .., 2,)
is a local holomorphic chart on an open set U and if we write 2, = x + iyk, J is

given by 5 5 5 5
—=—and J—=——.
Oz Oyx Oy Oy,

However, “most” almost complex structures are not defined by a complex (or
holomorphic, or analytic, or integrable) structure (see chapter IT). In other words, an
almost complex structure J is usually not integrable. To see this, define holomorphic
functions as smooth functions f : W — C such that T, f o J = iT, f. For a generic
almost complex structure, there are no holomorphic functions, even locally.

On the contrary, there are always many pseudo-holomorphic curves. A pseudo-
holomorphic curve f is a map from a Riemann surface S into W such that JoT'f, =
Tf, oi (the same compatibility condition as above, but now W is the target space).
In local coordinates, this amounts to the differential system

of; & 0 .
Lol asicom
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of 2n equations for 2n unknown functions.

If J is analytic, the Cauchy-Kowalevskaya theorem implies that there are (local)
analytic solutions. In the smooth case, this is still true, since the differential system is
a quasi-linear elliptic system: the system is linear with respect to higher derivatives;
when linearised, it gives the usual Cauchy-Riemann equations, which are elliptic.
Therefore, pseudo-holomorphic curves enjoy the properties which are expected of the
solutions of an elliptic system: regularity properties coming from Sobolev and/or
Holder estimates (chapter V) and also a removable singularity theorem (chapter
VII).

To save on typing, we shall often simply write a J-curve for a pseudo-holomorphic
curve.

Now, any symplectic manifold will have a lot of complex structures, related to the
symplectic form in the following way: an almost complex structure J on a manifold
W is tamed by a symplectic form w if

w(X,JX)>0 VX eTW —0;
if moreover w is J-invariant, J is said to be calibrated.

PROPOSITION 2.1.1. — The space of almost complex structures on a given
symplectic manifold (W,w) which are tamed (resp. calibrated) by w is nonempty and
contractible. In particular, these spaces are connected.

See chapter II for details and for a proof of the proposition. Note that, if J is
an w-tame almost complex structure, then

p(X)Y)=w(X,JY) - w(JX,Y)

is a J-invariant Riemannian metric.

The following elementary property of tame structures turns out to be crucial
when studying pseudo-holomorphic curves.

PROPOSITION 2.1.2. —  Let C be a pseudo-holomorphic curve in a closed sym-
plectic manifold (W, w) equipped with a tame almost complex structure, and let y be
a J-invariant metric. There is a universal bound

area,(C) < A(w, J, 11, [C])

involving the geometry of W and the homology class [C] of C.
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Proof. — Using compactness, we see there exists some constant M > 0 such
that

w(X,JX)< Mw(X,JX) VX eTW.
Then
area,, (C) :/CU’LSM/CW'
But

[w= oo

An important consequence of this easy proposition is that a closed pseudo-
holomorphic curve is never a boundary.

Remark. — This result is a coarse generalisation of a classical property of
compact Kahler manifolds, namely: any Kéhler submanifold is volume minimising
in its homology class (Wirtinger inequality, see chapter III).

Another basic property of holomorphic curves persists in the pseudo-holomorphic
case, namely positivity of intersections. Indeed, one easily sees that, when two
smooth pseudo-holomorphic curves in a 4 dimensional almost complex manifold
(W, J) meet transversally, the intersection of their homology classes is positive as in
the holomorphic case. M. Gromov pointed out and D. McDuff proved (see chapter
VI) that the same positivity property holds without the transversality or smoothness
assumptions.

2.2. Some existence theorems for pseudo-holomorphic curves

Gromov discovered a general procedure for proving the existence of J-holomor-
phic curves with certain properties when J is a tame almost complex structure on
a manifold which carries some model structure Jy for whose holomorphic curves the
analogous properties are well understood.

Kibhler structures. — A good “model” structure might be a Kéhler structure:
a Kihler metric on a manifold W is given by a Riemannian metric g, an integrable
complex structure J compatible with J (i.e. J is an isometry of g), such that the
skew form

w(X,Y) =¢(JX,Y)
is closed. The form w is then called the Kahler form. The condition w(X, JX) >0

forces the nondegeneracy of w, thus a Kéahler form is symplectic and tames the
complex structure. For more details, see e.g. [20], [13] and chapter II.
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There are some basic examples. The first one is, of course, R?® identified with
C" and equipped with its standard metric and complex structure. The Kéhler form
is just the standard symplectic form. Also, in dimension 2, every J is integrable
(see chapter II for a discussion and references) and giving J is equivalent, once
an orientation is prescribed, to giving a (pointwise) conformal class of Riemannian
metrics: Kahler 2-dimensional manifolds are just Riemann surfaces.

The projective space. — The next example is the complex projective space
CP". Consider the Hopf fibration

h:§*H — CP"

which assigns to Z = (2,...,2,) € §*"1 C C™"! the point with homogeneous
coordinates Z in CP™. In other words, h(Z) is the line in C™™! generated by the
vector Z, and CP™ is obtained as the quotient of $?**1 by the S!-action (u, Z) —
uZ. There is a natural Riemannian metric on CP": take the standard (induced)
metric on the sphere, for which the S'-action is by isometries, and decide that A is
a Riemannian submersion.

2.2.1. Exercise. — Use Fubini’s theorem to show that the volume of $%"11
is 27vol (CP™). Compute vol (CP") and show in particular that vol (CP!) = .
Deduce that, for n = 1, the procedure gives the 2-sphere, equipped with a metric of
constant curvature 4. Give another (direct) proof of this last fact.

Now the normal space to the sphere at Z is the real line generated by Z and
the tangent space to the S'-orbit is the real line generated by iZ, so that, taking
quotients, we get an almost complex structure on CP", which is, of course, the one
associated with the analytic structure.

Now, let o be the 1-form on $?"*! given by az(X) = (JZ, X). Then do = h*w,
where w is the 2-form on CP™ given by

w(X,)Y)=9(JX,Y).

Thus we have all the necessary structures and the following exercise is straightfor-
ward.

2.2.2. Exercise. — Show that g is a Kéhler metric.

Remark. — This way of describing the 2-form w is an example of the basic
symplectic reduction process, see chapter II.
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Curves In “pseudo”-projective spaces. — We can now state two results which
are derived from the basic examples of CP? and CP! x CP! equipped with the
Kahler structures just described?®.

THEOREM 2.2.3. — Let J be an almost complez structure tamed by the (stan-
dard) symplectic form w on CP2. Then

a) If x and y are two distinct points, there exists one and only one J-curve
homologous to CP' € CP? (in other words: of degree 1) through them.

b) If (x1,...,z5) are five points such that no three of them lie on a degree 1
J-curve, there is one and only one degree 2 J-curve through them.

In other words, the situation of “pseudo-lines” or “pseudo-conics” in a “pseudo-
plane” is the same as that of lines and conics in a plane. In the same way, the

following result mimics existence theorems for algebraic curves in CP! x CP! (see
[22)).

THEOREM 2.2.4. — Let J be a tame almost complex structure on CP' x
CP! = 5% x S% equipped with the standard (product) symplectic structure.

a) Any point (x,y) is contained in a unique J-curve homologous to S* X *.

b) Ifa>0,b>0and a+b >0, the class a[S? x x| + b[x x S?] is represented by
a J-curve.

Now we give a statement for higher dimensions. Here the model situation is
that of S% x V, equipped with a split symplectic form and a split almost complex
structure. We assume that V is aspherical (for 2-spheres), namely that ms(V) = 0.

THEOREM 2.2.5. — Let (V,0) be a compact aspherical symplectic manifold
and let J be an almost complez structure on CP!xV tamed by the product symplectic

structure w®o. Then any point (z,v) of CP1XV is contained in exactly one J-curve
homologous to the fibre CP! x {v} of v.

The proofs of these results go as follows. Let (W, w) be one of the symplectic
manifolds in the statements (CP?, CP! x CP! or CP! x V). Consider the set C of
pairs (f, J) where J is a tame almost complex structure and f a J-sphere in W in
the given homology class. Then C can be given the structure of a manifold modelled
on a suitable chain of Hélder or Sobolev spaces (see [12] and [2]).

Let p be the projection of C into the space J of all tame complex structures.
The main point is to show that p is surjective. As is usual in this kind of nonlinear
problem, one shows that p(C) is open, closed and nonempty (we already know from
2.1.1 that J is connected).

1. p(C) is not empty: in the first two cases, take the standard complex structure
and algebraic curves, in the third case, use any tame split structure.

30f course, there is a natural Kéhler structure on the product of two Kéhler manifolds.
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2. p(C) is open: basically, one shows that the linearisation of p is surjective
by combining a vanishing theorem and an index computation (see [9], {14])
involving the Riemann-Roch theorem (see chapter IV).

3. p is proper, therefore p(C) is closed. As usual, this is the most difficult part.
Here, one proves first an equicontinuity property (see chapters V, VII and
VIII) which comes from a suitable generalisaton of the Schwarz lemma for
holomorphic functions. The main difficulty is to control the possible collapsing
of the curves. For instance a sequence of conics may converge to a degenerate
conic (i.e. two projective lines intersecting at a point) in the same homology
class. In the same way, a sequence of curves of degree? (1,1) in CP! x CP!
may converge to S x {z} U {z} x S%. Indeed, this type of difficulty already
occurs in the proof of the conformal mapping theorem (of which assertion (b)
of theorem 2.2.4 is some kind of generalisation). It can be proved (see chapter
VIII or [26]) that such degeneracies never occur for simple homotopy classes,
i.e. classes which do not admit a nontrivial decomposition as a sum of classes
containing J-curves: for instance, the class of a conic in CP? is not simple,
as it can be written as twice the class of a line, the class of the line is simple,
as are the degree (1,0) class in S2 x S? and the class of S x V with the
assumptions of theorem 2.2.5.

3. Proofs of the symplectic rigidity results

We apply these existence results to prove the rigidity theorems of §1.1.

3.1. Symplectic width

We begin by the proof of theorem 1.1.3. Suppose ¢ is an embedding of the ball
B2 into the cylinder B2 x R?". Consider the smaller concentric balls Bp: = B3 +?
for " < R. Since ¢ (BRI) is compact, there is a symplectic embedding of Bgs
in B2(r) x T?: take T?" = R /LZ" for L big enough, one infers a symplectic
embedding of Bg into B%(r) x T?", using the

LEMMA 3.1.1. — The ball B¥(r) and the sphere of same volume with one
point removed, equipped with their standard symplectic structures, are symplecto-
morphic. O

Take R” < R'. Let Jy be the standard almost complex structure of R?**2. Then,
using proposition 2.1.1 we see that the almost complex structure ¢, Jy on ¢ (BRN)
can be extended to S%(r/2) x T?" as an almost complex structure tamed by wj+w.
Now we can use theorem 2.2.5: there exists a J-holomorphic curve C' homologous

4A curve has degree (p, q) if its projections onto the two factors have respective degrees p and
q. Equivalently, it is in the same homology class as pCP! x x + g » xCP1.
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to $2 x * and containing ¢(0). One has
/ Wy + wy = wr?
Yo T W .

EC=Cny (BRH), we have

7rr22/w6+w(')':/ wp
(o4 w—l(cl)

since ¢ is symplectic. But ¢~1(C") is a Jo-holomorphic curve through 0, whose
boundary is contained in Sgr. Using the monotonicity lemma for minimal surfaces
(see chapter III), we have

-1 U /2
area = / we > (RN~
(¢71(C) - (R")
Finally, since R” and R’ are arbitrary, one infers that R < r. O

The arguments for theorem 1.1.4 are very similar, but use 2.2.3. We can suppose
that U is symplectically embedded in the standard complex projective space, using
the following equivariant version of 3.1.1:

LEMMA 3.1.2. — The open sets B C R* and CP"— CP"™ !, equipped with
their standard symplectic structures, are symplectomorphic, if they have the same
total volume. [

Now we have a symplectic embedding of V into CP? equipped with the U(3)-
invariant symplectic form such that the total volume is 72R*/2 = vol (B%). Then
we can proceed just as in the previous theorem. If B(a,R;) and B (b, Ry) are
balls contained in U, push forward the standard complex structure J; of R* to
(B{a,R\))Up (B (b RY)) (for some R} < R; and R} < Ry, and extend it to CP? as
a tame almost complex structure J. Let C be a J-holomorphic curve through ¢(a)
and ¢(b), homologous to CP'. Then area(C) = mR?, and the same area comparison
argument applies.

3.2. Rigidity of symplectic diffeomorphisms

The rigidity theorem 1.1.2 is a simple corollary of Darboux’s theorem and of the
next result:

THEOREM 3.2.1. — Let (fi)en be a sequence of symplectic embeddings of
the ball B(0, R) into R®™. If fi converges for the C°-topology to a map f which is
differentiable at 0, then the linear map f'(0) is symplectic.

The proof relies on a simple but tricky linear algebra lemma, due to Y. Eliash-
berg:
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LEMMA 3.2.2. — Let L € SL(2n,R?). Equip R*™ with its standard sym-
plectic struture. If L is neither symplectic nor anti-symplectic, there exists a linear
symplectic map S and a symplectic basis (e1, f1,...,en, fn) such that

1. modulo Vect (eq, ..., fn), one has (Lo S)(e1) = dey and (Lo S)(fi) = Af1,
with |A] < 1,

2. Lo S leaves the symplectic orthogonal to Re; @ R fy globally invariant.

Proof. — There is a pair (e, f) of vectors such that
lw(e, f)l =1

and
lw(Le, Lf)| = A% < 1.

Indeed, since L est unimodular, |w(Le, Lf)| cannot be always strictly bigger than 1.
Let S be a symplectic map such that S(Le) = Ae and S(Lf) = Af. Now, to get
the result, just transpose everything (symplectically!). O

Proof of the theorem. —  Since the f, are symplectic embeddings, they preserve
Lebesgue measure. This property is preserved by C%-limits. We claim that f'(0) is
unimodular. Indeed, by composing the f; on the left and on the right with linear
unimodular maps, one is reduced to the case when f’(0) is diagonal with respect to
the standard basis. The claim follows by comparing f to f/(0).

Now, it is enough to prove that f/(0) is symplectic or anti-symplectic: using the
same argument for the sequence g, = fi X Idrz, we see that f/(0) x Idg: will be
also symplectic or anti-symplectic.

Taking coordinates with respect to the symplectic basis of the lemma, and work-
ing in a neighbourhood of 0, we have:

(fo8)(z1,2e,...,29n) = (A1, Axo, . ..) + o(|z]).

(Don’t bother about the coordinates of f o S after the second one!). Take the
Euclidean metric defined by this basis. If € is small enough, we can find ¢’ < € such
that foS sends the ball B?*(0, ¢) into B2(0,&’) x R2*~2. Then the same thing is true
for fi oS, provided that k is big enough. This contradicts theorem 1.1.3.

4. What is in the book... and what is not

4.1. Contents of the book

We begin with two chapters introducing symplectic geometry and almost com-
plex manifolds. The reader will find the very basic definitions and results, a lot of
examples (how can one construct symplectic manifolds?) and exercises.

The next chapter is devoted to some facts in Riemannian geometry which will
be useful, either directly in the proofs below, or simply to understand what is going
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on. Chapter IV is a panorama of the theory of linear connections and Chern classes,
culminating in the Hirzebruch-Riemann-Roch theorem.

Then we get to the technical part. Chapter V is devoted to analytic aspects of
the theory of pseudo-holomorphic curves, chapter VII gives a proof of Gromov’s
version of the classical Schwarz lemma, which is the main tool in the proof of
the Gromov compactness theorem, which is in turn the subject of chapter VIIL
We have already explained above how this theorem can be used to prove the exis-
tence of (global) pseudo-holomorphic curves satisfying given properties. In chapter
IX, pseudo-holomorphic curves are shown to appear also in Riemannian geometry.
Chapter VI explains some geometrical aspects of pseudo-holomorphic curves: just
as two holomorphic curves in analytic surfaces, two pseudo-holomorphic curves in
almost complex manifolds have positive intersection.

Chapter X is a panoramic view of Lagrangian submanifolds and related sub-
jects. We have tried to explain all aspects of the situation: homotopic, topologic,
and “hard” (that is: using pseudo-holomorphic curves techniques) results and to
give as many examples as we know. All of the results evoked in §1.2 and their
interrelationships will be proved—usually in a more general setting.

4.2. What could have been in the book

There is no complex analysis in this book. By this we mean results like filling
by holomorphic discs, rational convexity of Lagrangian tori and so forth, as appear
in the work of Eliashberg {6] and Duval [4], [5] for instance.

Related to this, there is no contact geometry, although there are many interesting
new results in this theory. We refer the reader to the beautiful survey talk by Giroux
[8] and the references he gives.

There are no infinite dimensional Morse theory techniques although results like
the distinction between the thin cylinder and the sphere above (theorem 1.1.3) would
have fitted very well® with them. Here, good references are [24] and [21].

But this is a book about pseudo-holomorphic curves. There are also some results
closely related with pseudo-holomorphic curves which are also not in the book. For
example, a whole set of results on the classification of 4-dimensional symplectic
manifolds, which constitute one of the beautiful achievements of the theory, have
been obtained by D. McDuff [15] and [16] in the last few years. They do not appear
explicitly here, but we hope the reader of the present book will be able to read the
original papers.
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Basic symplectic geometry



Chapter 1

An introduction to symplectic geometry
Augustin Banyaga

with an appendix by M. Audin, A. Banyaga, F. Lalonde and L. Polterovich

1. Linear symplectic geometry

1.1. Symplectic vector spaces

A symplectic form on a vector space V is a skew-symmetric bilinear form « :
V xV — Rsuch that & : V — V*: &(z)(y) = a(z,y) is an isomorphism. Here V*
denotes the dual of V.

The couple (V, @) is called a symplectic vector space. Two symplectic vector
spaces (V, ) and (U, 8) are isomorphic if there exists a linear mapping T : V — U
such that T*8 = a. We will prove that all finite dimensional symplectic vector
spaces are even dimensional and that any two symplectic vector spaces of the same
dimension are isomorphic. Let us start with a few examples:

1. Let V be a 2n-dimensional vector space. Choose a basis e = (eg,ez,...,€,)
of V and denote by € = (g1, ...,£2,) the dual basis: ¢; € V* are defined by:

-y i3
Recall that if w; and wsy are linear forms on V, we define a skew-symmetric
bilinear form w; A wy by
(wi Awa)(vr,v2) = wi(v1) - walvg) — wi(v2) - wa(vr).
On the vector space V, consider the 2-form:
s = (e1 N erin) + (2 Negin) + - + (84 A gay).
The matrix of &, : V — V* within the bases e and ¢ is:
-1,
7= ( 12 0 )

17
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where [, is the identity (n X n)-matrix.

Hence a; is a symplectic form on V. If V = R*™ and e = (e1,...,e2m) IS
the standard basis, then a, above is called the “standard” symplectic form on
R*.

2. Let U be an n-dimensional vector space and let V = U & U*. Define a 2-form
a by:
o(w® p,ul ® o) = (1) - p(a).
This is a symplectic form which looks much like the one in the preceeding
example (with obvious change of notations).

3. If A is any skew-symmetric invertible 2n x 2n-matrix, the form a4 defined on
R2n by
ax(X,Y) = (X, AY),
where { , ) is the usual inner product, is a symplectic form.

For instance, if a, ay, az are three real numbers with a3 # 0, the form ayx
defined on R* by the matrix

0 1 0 —a
-1 0 0 —a
A=10 0 0 —a

a; ag as 0

was used by Zehnder in [21] (to construct examples of Hamiltonian systems
without periodic orbits).

Our first theorem asserts that any symplectic vector space is isomorphic to (R*", ay).

THEOREM 1.1.1. — Let (V,a) be a symplectic vector space. There exists a
basis € = (U1, ..., Un, V1, ..., Un) Of V such that, for all i, j,
alu,uy) = alv,v) =0
a(ui,vj) = (5,]
If (1, -y €ny Miy--- M) 18 the basis dual to e, then a assumes the expression:

a=€ A +EAQp+ -+ AN,

A basis satisfying these properties is called a canonical or symplectic basis. The
theorem is a consequence of the following lemma.

LEMMA 1.1.2. — Let V be an n-dimensional vector space and o a skew-
symmetric bilinear form. There exists a basis € = (€1,...,en) of V* and an integer
g < n/2 depending on a such that

a=€1/\52+83/\54+"'+52q_1/\52q.
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Proof. — Let b= (by,...,b,) be any basis of V and let 8 = (31,...,0,) be
the dual basis. Then o = 3, ; a:;8; A B;. If @ = 0, then ¢ = 0, and the lemma is
proved. Otherwise, there exists at least one a;; which is non zero. Assume a;y # 0.
Let

Qa3 Q24 Q2n

e = bh— (—53+—ﬂ4+"'+—ﬂn)
a2 a2 a2

€2 = apfs+a13fs+ -+ anfn.

It is easy to check that a; = a — €; A €5 does not contain 3; and ;3. Observe that
(€1,€2, B3, ..., 0n) are linearly independent. If a; = 0, we are done. Otherwise,
we redo the argument with ¢ as a bilinear 2-form on the space with dual basis
Bs,...,0,. Each time, the number of arguments decreases by 2 until the form
vanishes.

Finally we have a basis (e1,...,€,) of V* in which @ = g1 Aeg+- - + 951 Aegq.
0

Proof of the theorem. — Let E(a) C V* be the image of & : V — V*. Then
E(a) is spanned by e, ..., £, Hence the integer 2¢ above is the rank of &. If « is
a symplectic form, & is an isomorphism and 2¢ = dim(V'). O

1.2. Subspaces of Symplectic Vector Spaces

Let (V, @) be a symplectic vector space and W C V a subspace of V. The -
orthogonal complement W+ of W is defined as {v € V | a(v,w) =0, VYw € W}.
A subspace W is said to be:

— isotropic if W C W+

— coisotropic if Wt C W

— symplectic if WL N W = {0}
— Lagrangian if W = W+

The restriction of « to an isotropic subspace is identically zero. The a-orthogonal
complement of a coisotropic subspace is an isotropic subspace. A Lagrangian sub-
space is both isotropic and coisotropic. It is obvious that any 1-dimensional subspace
is isotropic and any codimension 1 subspace is coisotropic.

For any subspace W, we have:

dim(W+) = dimV — dim(a(W))

But since & is an isomorphism, dim(&(W)) = dim(W). Therefore dim(W+i) =
dim V — dim(W), i.e.:
dim(W+) + dim(W) = dim V.

If W is isotropic, then 2dimW < dimW + dimW+ = dimV, hence dimW <
dim V/2.
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If W is coisotropic, then dim V = dim W 4 dim W+ < 2dim W, hence dim W >
dim(V')/2. Thus isotropic subspaces have dimension < ;dimV and coisotropic
have dimension > 1/2dim V. Therefore Lagrangian subspaces have exactly half the
dimension of V.

Examples. — Let {u1,...,us, v1,...,0,} be a canonical basis of (V,a). The
subspaces Ly spanned by {uy,...,ux} and My spanned by {vy,..., %}, 1 <k <n
are isotropic and L,, M, are Lagrangian. The subspaces spanned by the n + ¢

vectors {u1, ..., Un, V1,...,Ve} OF {u1,...,upv1,..., 0}, 1 < €< n are coisotropic.
THEOREM 1.2.1. —  Any isotropic subspace is contained in a Lagrangian sub-
space.
Proof. — Suppose W C V is an isotropic subspace which is not Lagrangian,

then W C W+ (strict inclusion). Let w € W+ — W and let W, be the space
spanned by {wy,...,wy, u} where {wy,...,w} is a basis of W. Then W C W,
(strict inclusion); moreover W, is isotropic: indeed if v; = z; + Au, (i = 1,2), are
elements in W, (z; € W), then:

a(vy,v9) = az1, 22) + Ma(u, z2) + Ao(z1, u) + A Aea(u, u).

The first term in the right hand side is zero since z; € W (which is isotropic),
the next two terms are zero since v € W+, z; € W and the last term is zero since
o is skew-symmetric.

In this way we have enlarged W to a new isotropic subspace W,, containing W.
If W, = W we are done. Otherwise repeat the same construction. .. until we get
a Lagrangian space L, i.e. L= L. 0O

For instance, we may start with {0} and get flags of isotropic subspaces
{cwicWeC---CW,

where W,, is Lagrangian.

Two Lagrangian subspaces L, H C V are said to be transversal if LN H = {0}.
In that case V=L & H.
Let L C V be a Lagrangian subspace. The natural map & : L — (V/L)* defined
by
(@(z)(y+L)=az,y)forallz e L,y+ L e V/L

is an isomorphism.
Let now (e, ...,e,) be a basis of L and (ey,...,&,) its dual basis, then if T; =

(ta) (&), {Th,...,T,} generate a Lagrangian subspace H such that V = L& H
and it is easy to check that {e;,...,e,, T1,...,T,} is a canonical basis of V.
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1.3. Euclidean and complex structures associated with symplectic
vector spaces

Let (V,a) be a symplectic vector space and let B = {uy,...,Un, v1,...,0,} be
a canonical basis. We define a linear mapping Jg : V — V and an inner product
{(,)ponV by:
JB('LL,') = Vi, JB(Ui) = —u,-,z' = 1, ..o n,

and
(ui,uj)B = <’U.;,?}j>3 = (5,']', <Ui, Uj>B = 0 V’L,j

To simplify notation, we write J for Jg and { , ) for { , }p (but have in mind that
J and ( , ) depend on the choice of the canonical basis).

The following identities are clear:

(i) JoJ = — identity (i.e. J is a complex structure)

(i) (Ju,Jv) = (u,v), (i.e. J is an isometry)

(i) a(u,v) = {Ju,v), for all u,v € V

As a consequence, we have

(iv) J'a=a

Indeed:

(J*a)(u,v) = a(Ju, Jv) = (J*u, Jv) = —{u, Jv) = —(Jv,u) = —a(v,u) = a(u,v).

DEFINITION 1.3.1. — A Kahlerian vector space is a symplectic vector space
(V, @) with a complex structure J satisfying: J*a = a.

We just observed that a symplectic vector space is a Kahlerian vector space
(these notions will be developed in chapter II).

It is very convenient to use the symplectic structure, the inner product and the
complex structure together. In this way, one easily gets the results of the following
exercises:

1.3.2. Exercise. — Show that a subspace W of V is Lagrangian if and only
if JW is the orthogonal of W with respect to the Euclidean structure.

1.3.3. Exercise. — Consider (V,J) as a complex vector space. Show that
{, ) —ta(, ) is a Hermitian structure on (V, J).

2. Symplectic manifolds and vector bundles

2.1. Symplectic vector bundles

A vector bundle 7 : E — M over a smooth manifold M is called a symplectic
vector bundle if each fiber E, = 7~ 1(x) carries a symplectic form a,, which varies
smoothly with z. The rank of a symplectic vector bundle must be even. The
collection & = (a,) is called a symplectic structure on E.
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The following example is inspired by the linear theory. Let TM and 7*M be
respectively the tangent and cotangent bundles of a smooth manifold M, then if
E =TM ®T*M is their Whitney sum, then w : E — M is a symplectic vector
bundle. We will see that not all symplectic vector bundles are obtained in this way.

If # : E — M is a symplectic vector bundle, a subbundle L — M is said to be
isotropic if each fiber over x € M is an isotropic subspace of E,. Definitions for
coisotropic, Lagrangian subbundles are analogous. Observe that to the contrary of
the linear theory an arbitrary symplectic vector bundle 7 : E — M does not admit
a Lagrangian subbundle L. Indeed, this would imply that E = L @ L*.

If E is the tangent bundle of a smooth manifold M, then a symplectic structure
a = (o) on FE is a (smooth) differential form © of degree 2 on M:

Q(:C)(g, 77) = ax(&za 771:)

(for all vector fields &, n on M). This 2-form has the property that the mapping Q
assigning to a vector field £ the 1-form i(£)$2 defined by:

i(6)2n) = Q(¢,m)

is an isomorphism from the space X of vector fields on M to the space Q' (M) of
1-forms on M. The form §2 above is called sometimes an almost symplectic form or
an almost symplectic structure.

An almost complex structure on a smooth manifold M is a 1-1 tensor field
J:TM — TM such that J? = —I. This says that there exists in each fiber T, M a
complex structure J, which varies smoothly with z.

An almost Hermitian structure is a couple (g, J) where J is an almost complex
structure and g is a Riemannian metric such that g(JX, JY) = ¢g(X,Y) for all vector
fields X,Y.

Starting with an almost complex structure J and any Riemannian metric gg,
one can form an almost Hermitian structure (g, J) where g(X,Y) = go(X,Y) +
go(JX,JY). Given an almost Hermitian structure (g, J) on a smooth manifold M,
we construct an almost symplectic form Q on M : Q(X,Y) =g¢(JX,Y).

Conversely starting with an almost symplectic structure 2, we can find an almost
Hermitian structure (g, J) such that Q(X,Y) = ¢(JX,Y).

Indeed let gg be any Riemannian metric and denote by gy : TM — T*M the
Riemannian duality: go(X)(Y) = go(X,Y). Let

K=g;'oQ:TM — TM.
This is a skew-symmetric tensor field such that

Go(KXONY) = g(K(X),Y)
= QX)Y)=QX,Y).
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The polar decomposition of K, (in each fiber) yields two tensor fields R, J such
that K = RJ where R = vV KK* is a positive definite symmetric tensor field. One
checks that J? = ~I (i.e. J is an almost complex structure) and that Q(JX, JY) =
QX,Y).

Moreover, letting g(X,Y) = go(RX,Y), we have ¢(JX,JY) = ¢g(X,Y) and
g(JX,Y)=Q(X,Y).

For more details, we refer to the basic texts [14], [15], [20] and to chapter II of
the present book.

2.2. Symplectic Manifolds

If an almost symplectic form §2 is closed, then we say that € is a symplectic
form. The couple (M, Q) of a smooth manifold M and a symplectic form Q on it is
called a symplectic manifold.

The basic example of a symplectic manifold is Euclidean space R?* equipped
with the constant symplectic form (2 defined by the linear symplectic form a, in
§1.1. For r € R™,

Qs(2)(€,m) = as(§(z), n(2)),

where &,n : R*™ — R?" are vector fields on R?™. If z = (x1,...,%n,Y1,-..,Ys) aT€
coordinates on R?", we see that:

This shows that d2; = 0, and therefore Q, is a symplectic form.

The next basic examples are provided by the cotangent bundles M = T*X of
smooth n-manifolds X. Let 7 : T*X — X be the natural projection. An element
a € T*X is a couple (a,0) where a = 7(a) and § € T;X. For £ € T,(T*X),
(Tym)(€) € T, X, where Tym : T,(T*X) — T, X is the tangent map of w. Therefore
we can define a 1-form—the Liouville form— Ax on T*X by:

Ax(@)(€) = O0((Tum)(E))

where ¢ € T*X and £ € T,(T*X).

Let (z1,...,%,) be a local coordinate system in a neighbourhood U of a point
in X. On T*U = 7 }(U) we get a coordinates system (z1,...,Zn, Y1, - .,Yn) Such
that (Tn}(0/0x;) = 0/0z; and (T'r)(3/0y;) = 0. In these coordinates, the 1-form
Ax assumes the expression:

i=1

Let 2x = dAx; in the above coordinates

QX = Zdyl /\dl‘i.

=1

This shows that Qx is a symplectic form on T*X.
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Remarks.

1. An oriented surface is a symplectic manifold, any volume form being a sym-
plectic form.

2. The symplectic form o, on R?" is invariant by translations z; — z; + 2,
¥ — vi + 2m. Therefore §2, descends to a 2-form on the torus 72" = R**/Z?",
which is a symplectic form Q.

Note that the symplectic form €, = 3" dz; A dy; on R?" is exact: Q = d); = d),
where

1
M= zdy, = 5 > (zidy; — yidz;).

However the corresponding symplectic form on T?" is not exact. Indeed we note the
following:

PROPOSITION 2.2.1. — No symplectic form on a closed manifold can be exact.

Proof. — If a symplectic form € on the 2n-dimensional compact manifold M
(without boundary) is exact, i.e. @ = dw, then Q" = d(w A Q*!) and by Stokes

theorem
/ Q"=/ WA =0
M oM

which is absurd since [, Q" is a multiple of the total volume of M. O

Remark. — A symplectic form on a smooth manifold is of course an almost
symplectic form, but there are almost symplectic manifolds which carry no sym-
plectic structure. Indeed by the proposition above, the sphere S® cannot carry a
symplectic form, since any closed two form on S® is exact. However S® carries an
almost complex structure and hence almost Hermitian structures and in turn almost
symplectic structures (see also chapters II and IV). In these introductory lectures,
we will not consider the problem of existence of symplectic structures.

The classification problem is the following: given two symplectic manifolds
(M1,9)) and (Ms,$)y), does there exists a diffeomorphism ¢ : My — M, such
that p*Qy = ;7 Such a diffeomorphism is called a symplectic diffeomorphism. The
classification problem is still unsolved. However, a local classification is achieved
by Darboux theorem which asserts that locally, all symplectic manifolds look alike.
More precisely, we have the following

THEOREM 2.2.2 (Darboux). — For any point x in the symplectic manifold
(M, ), there exists an open neighbourhood U of x and a local chart ¢ : U — R*®
with ©(z) = 0 and p*Q, = Q|y, where Q, is the standard symplectic structure on
R
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This theorem is classical. Weinstein’s proof [20] of this theorem (which was
inspired by a theorem of Moser and also pointed out by Martinet) extends to give
a more general theorem:

THEOREM 2.2.3 (Darboux-Weinstein). — Let N be a submanifold of a smooth
manifold M equipped with two symplectic forms 0y and Qa such that Qs|ny = Q|w,
there exists an open neighbourhood U of N in M and a diffeomorphism ¢ : U —
©(U) C M such that (z) = z, V& € N and ¢*Qy = O, where we wrote Q; = Qo).

Moreover if a compact Lie group G acts on M preserving £y and $y and leaving
N invariant, then @ can be chosen to commute with the G-action.

Proof. — Let g be a G-invariant Riemannian metric on M (if there is no group
acting, G = {e} is the trivial group). Take U” to be a tubular neighbourhood of N
in M. Using the exponential map of g on the normal bundle of N, we get a smooth
retraction p, : U” — U" such that py : U" — N p; = identity and p,(z) = = when
x € N. The retraction p; commutes with G.

Now, for each z € U”, let py(z) € T, )M be the vector tangent to the curve
t — pi(x) at the point ps(z). Hence p, : U" — TM is a vector field along U”. For
any p-form « on M we define a family of (p — 1)-forms denoted p}(:(p;)a) on U” by:

[Pt (i(pr)a)](z) (X1, .., Xp1) = alpe()) (e(2)), (P X1, - s (Pe)s Xpa)-

Denote by I(a) the (p — 1)-form on U”
1 K/ s
1) = [ (prilpadat

2.24. Exercise. — Check the following formula of advanced calculus (see [13]
or [14]):

d 0 (sl *:f
5 (Pra) = pi(i(p)da) +d(pfi(p))
and deduce that

H * 1*" 1 oy
pio—pia = [ (pripdadt +d [ (prip)at.

Therefore the operator I : QP{U") — QP~1(U") is a “homotopy” operator: i.e.
a— pra=dI{a) + I(da).
Because p; commutes with G so does I, i.e.
I{a*a) = a*(Ia), VaeG.
Apply now the facts above to o = Q5 — £ since a|y = 0, pja = 0 and hence

a =d(Ia) + I{da) = d(Ia) since da = 0.
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We have found a 1-form 8 = I{«) on the neighbourhood U” of N such that 8|y =0
and

Q=0 +ds

on U”. Since the restriction of oy = € + t(d8) to N is the symplectic structure 2,
for all ¢, there exists a smaller neighbourhood U’ € U” on which o; is a symplectic
form, i.e. Vy € U', 64(y) : T,M — T;M is an isomorphism. Let X, be the family
of vector fields on U’ such that i(X;)o, = —f.

2.2.5. Exercise. — Recall the Cartan formula
Lyw = i(X)dw + d(i{X)w)
for the Lie derivative Lx. Apply it to get:

60t
L — =0.
XtUt + at 0

Since X;(z) = 0 for all z € N, there exists a smaller neighbourhood U of N,
U C U’ on which X; can be integrated to a time dependent embedding ¢; : U — M
with ¢;(z) = z, Vo € N. We have

d, . , [ 0o
a(%gt) = ¥t (-a—;- + LX¢Ut> =0.

This means that ¢jo; = @§og = 0p on U ie. il =0 on U.
Observe that ¢; is G-equivariant, since X; was G-invariant (because 3 was and
o,y are). O

Proof of Darboux theorem. — In the preceeding theorem, replace the subman-
ifold N by a point {z}. Choose a G-invariant Riemannian metric, and let U” be
a domain of a geodesic chart, (identifying a neighbourhood of 0 in T, M with R?",
running along geodesics). The linear mapping, constructed in §1.1, identifying the
2-form Q(z) in T, M ~ R?" and the canonical symplectic form €2, can be chosen to
be G-equivariant; now apply the Darboux-Weinstein theorem to get a G-equivariant
Darboux theorem. O -

Relative Poincaré lemma. — Let N be a closed submanifold of a smooth man-
ifold M and  a closed k-form on M such that Q|y = 0. There exists an open
neighbourhood U of N in M and a (k — 1)-form 3 such that 8|y =0 and Q = dg
onU. O

As we said earlier, the proof of the Darboux-Weinstein theorem given above is
inspired by the proof of the following result of Moser [17]:
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THEOREM 2.2.6. — Let Qq, Q; be two symplectic forms on a compact manifold
M such that there ezists a smooth family w; of symplectic forms with wy = $y,
w; =y and for each t, &, = Ow,;/0t is ezact. Then there exists a diffeomorphism
@ of M, isotopic to the identity such that ©*Q; = Q.

Proof. — By the Hodge-de Rham theorem, there exists a smooth family 3
of 1-forms such that «, = —dB,. Let X; be the family of vector fields defined
by: i(X,)w; = —Bi, then: Lx,w; + 0w /0t = 0. As above, if ¢, is the family of
diffeomorphisms obtained by integrating the time dependent vector fields X, we
have

d . .
d—i(‘#’fwz) = oy (Lx,w +w) = 0.

This implies that @iw; = @O = Yjwe = wo = . O

2.3. Submanifolds of symplectic manifolds

Let (M, ) be a symplectic manifold. The tangent bundle TM — M of M is a
symplectic vector bundle. For any smooth manifold P and f : P — M a smooth
map, the pull-back E = f*(TM) is a symplectic vector bundle over P. The mapping
f is called an isotropic, coisotropic, Lagrangian or symplectic map if (T f)(TP) is
an isotropic, coisotropic, Lagrangian or symplectic subbundle of E = f*(T'M): this
means that for each z € P, (T,.f)(T,P) is an isotropic, coisotropic, Lagrangian or
symplectic subspace of T M.

A submanifold P of a symplectic manifold is qualified as an isotropic, coisotropic,
Lagrangian or symplectic submanifold if the corresponding embedding qualifies for
these terminologies. For instance any 1-dimensional submanifold of (M, Q) is an
isotropic submanifold and any codimension 1 submanifold is a coisotropic subman-
ifold. For instance if f : M — R is any smooth map and a € R is a regular value
of f, then P = f~!(a) is a coisotropic submanifold.

Here are a few examples of Lagrangian submanifolds. Let (M, ) be the cotan-
gent bundle of a certain manifold: M = T*X, Q = dAx. The restriction of €2 to the
zero section is identically zero. Therefore ¢ : X — T*X the inclusion of X as the
zero section is a Lagrangian embedding. The canonical 1-form Ax on T*X verifies
the following property: for any 1-form 8 on X, i.e. 8 is a section 3: X — T*X of
the cotangent bundle, then:

B Ax = 0.
Hence if 8 is a closed form (dg3 = 0), then

B = 5" (dAx) = d(8"Ax) = dB = 0,

which means that the mapping 3 : X — T*X is a Lagrangian mapping. Since J is
an embedding, we see that its image, 8(X) = P, i.e. the graph of 3, is a Lagrangian
submanifold. For instance, any smooth function S : X — R defines a Lagrangian
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submanifold (dS)}(X) C T*X (this Lagrangian submanifold is said to be generated
by S).

PRrROPOSITION 2.3.1. — The Lagrangian submanifolds of T*X which project
diffeomorphically onto X are in 1-1 correspondence with closed 1-forms on X. O

The diagonal trick. — Another way of getting Lagrangian submanifolds is to
consider the graph of symplectic diffeomorphisms. A symplectic diffeomorphism
of a symplectic manifold (M, Q) is a C* diffeomorphism ¢ : M — M such that
¢*Q = Q. We will study the space of those mappings in §2.4. The graph of a
symplectic diffeomorphism ¢ is the submanifold

Ty ={(z,y) e M x M |y = p(2)}.

On M x M we have the “product” symplectic form Q = 73Q — m3Q where =; :
M x M — M is m;(21,22) = z;. Let j: M — Ty, € M x M be the inclusion of the
graph in M x M then:

Q=T =0 - g =0.

Therefore I, is a Lagrangian submanifold of M x M. This trick will be very useful
in chapter X: it allows to relate fixed points of symplectic diffeomorphisms and
intersections of Lagrangian submanifolds.

Symplectic reduction (see also chapter II). — Let P be a submanifold of a
symplectic manifold (M, ), and assume that L = (T'P) N (T P)* is a subbundle of

TP. The symplectic form 2 induces a symplectic structure Q on the vector bundle
TP/L: Yx € P, define:

Q6+ Loy + Lg) = Qz)(€,m)

where £, € T, P and L, are any elements in (T, P) N (T, P)*. It is easy to see that
(2, is a symplectic form on T, P/(L,).

PROPOSITION 2.3.2. —  The subbundle L = (I'P) N (TP)* is involutive.

Proof. — Let £, be two sections of L, i.e. &(z) € T,P N (T,P)*. Let
j: P — M be the embedding defining the submanifold P, and denote: Qp = j*Q.
Since

dQp =dj*Q = 7*dQ=7dQ2=0

we have for any vector field  on P:

0 (d2p) (&1, €2,m)

i

& - Qp(&2,m) — &2 - Qp(&1,m) +1- Qp(61,62)

—Qp([61,&],m) + Qp([1,71, &) — Qp([&2,7],61)



Chap. I An introduction to symplectic geometry 29

If u is any vector field on P, Qp(u,&;) = Qp(&, u) = 0 since &(z) € (T, P)*. Hence
in the sum above all the terms except possibly Qp([€1,£s],n) vanish: therefore we
have

0 = (d2)(&1,&2,m) = —Qp([&1, &2, m)-

Since 1 was an arbitrary vector field on P, the equation above means that [£, &)]
is a section of (T'P)* therefore [, &) is a section of L = TP N (TP)*. O

Let F be the foliation defined on P by L = TP N (T'P)* (Frobenius theorem).
The 2-form 2p is constant along the leaves of F. Indeed, if £ is a tangent vector to
the leaves of F, i.e. if £ is a section of TP N (TP)*, then

Lep = di(€)Qp + i(€)dp = di(€)Qp.

But i(£)Q2p = 0 since £ is a section of (T'P)*. Therefore L;Qp = i(£)Qp = 0, which
means that Qp is an F-basic form.

If the leaf space P/F = N is a smooth manifold and 7 : P — N is the natural
projection, there exists a 2-form Qy on N such that 7Qy = Qp. Clearly TN =
TP/L and Qn(T) = Q,(x) for an x € P projecting on T € N. Hence (Qy is a
symplectic form on N. The symplectic manifold (N,Qy) is said to be obtained
by reduction from (M, ) [20]. For instance if P is a coisotropic submanifold of a
symplectic manifold (M,), then (TP)* C TP and (TP)! N (TP) = (TP)" is a
subbundle. The reduction machinery applies.

Example. — Let (M, Q) be a symplectic manifold and P C M a hypersurface.
Then P is a coisotropic submanifold, and (T'P)* is a one dimensional subbundle of
TpM = 5T M, where j : P — M is the embedding.

This 1-dimensional subbundle (T'P)* is the kernel of the 2-form j*Q = Qp. The
subbundle (TP)* is called the characteristic subbundle of P. If P is oriented, so
is (TP)*: it then admits a global section Z called the characteristic vector field of
P. If P is the level surface of a smooth function H : M — R on M, then Z is
proportional to the Hamiltonian vector field Xp. (See §2.4).

2.4. Symplectic transformations and Poisson brackets

If (V, ) is a symplectic vector space, we denote by Sp(V, a) the set of all linear
endomorphisms T : V — V such that T*a = a, L.e. (T*a)(u1,us) = a(Tuy, Tuy) =
a(u1,u2). An element of Sp(V,a) is called a linear symplectic transformation or a
linear symplectomorphism. The set Sp(V, «) is a group called the linear symplectic
group of (V,a).

Let Sp(n, R) denote the linear symplectic group of (R?*, a,). It is clear from
§1.1 that if (V,a) is any 2n-dimensional symplectic vector space, then Sp(V,a) is
isomorphic to Sp(n, R).

The group Sp(n, R) is a closed subgroup of GL(2n,R), hence it is a Lie group.
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2.4.1. Exercise. — Show that Sp(n,R) has dimension n(2n + 1).

We saw that for all z,2/ € R™, as(z,z') = (Jz,r’) where J is the skew-

symmetric matrix
0)-1,
=( )

From this we see that if A is a matrix representing a symplectic transformation,
that tA-J-A=J.
Let us identify R?® with C™ by:

w=(Z1,..., Zn, Y1, Yn) E R —— 2=(z,...,2,) € C"
where z; = zx + i yx and let ( , ) be the usual Hermitian inner product on C*
(2,2 =212y + - + 2.7,

Since 2,z = (zx T}, + Yrvi) — i(Tky} — Thyx) We see that, if u,u’ € R®™ are identified
with 2,2 € C™ as above,

(2,2) = (u,u'y — i a,(u, ).

The standard symplectic form ; is minus the imaginary part of the Hermitian inner
product. The unitary group U(n) is the group of all invertible n X n-matrices A with
complex entries such that (Az, A2') = (z,2'). Hence an element A € U(n) preserves
as and { , ), ie. U(n) C Sp(n,R) and U(n) C O{2n) where

O(2n) = {A € GL(2n,R) | (Az, AZ) = (z,2')}.

Applying the polar decomposition to A € Sp(n,R) we find that A can be written
in a unique way as
A = Bexp(Coa)

where C is a symmetric complex matrix, a : C* — C" is the complex conjugation,
and B € U(n). This shows that U(n) is a deformation retract of Sp(n,R) by the
path ¢t — Bexp(t(C o a)). We will come back to the study of these groups in the
next section.

Let now (M,Q) be a symplectic manifold. A symplectic diffeomorphism (also
called a symplectomorphism) is a C* diffeomorphism ¢ : M — M such that ¢*( =
). This means that for each z € M, the linear mapping T, : TeM — Ty M pulls
Qo)) back to Q(z). The set Diffy (M) of all symplectic diffeomorphisms of (M, )
forms a group which we think of as the non-linear version of Sp(V, ) = Sp(n, R).

In contrast with Sp(n, R) which is a finite dimensional Lie group, Diffy (M),
in any reasonable sense, is an infinite dimensional space, and its structure is much
more complicated (see for instance [7]). We also saw that if (V}, o) and (V3, o) are
any two 2n-dimensional vector spaces, then Sp(Vy, ;) = Sp(V4, a3). For symplectic
manifolds (M;,€), i = 1, 2, satisfying some additional conditions, Diffg, (M) is
isomorphic to Diffg,(M>) if and only if there exists a C*° diffeomorphism A : M; —
M, such that h*Qy = Ay, for some constant A (see [8]).
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An easy way of getting diffeomorphisms is to integrate vector fields. We therefore
consider the set Lo(M) of vector fields on M whose local 1-parameter group belongs
to Diffy (M). If £, is a local flow of X € Lo(M), then fQ) = Q. Differentiating, we
get:

d * X
0= 2(£79) = 1 (LxQ).

Hence we see that Lq(M) consists of vector fields X on M such that LxQ = 0.
Since dQ = 0, this is exactly the set of vector fields X such that ¢(X)S2 is a closed
1-form.

With the bracket of vector fields, Lo(M) is a Lie algebra. Indeed it is clear that
La(M) is a linear subspace of the space Xy of all vector fields on M. We just need
to show that if X; € Lo(M), i = 1,2, then [ X1, X5] € Lo(M).

2.4.2. Exercise. —  Check that i([X7, X5])Q = d(Q(Xs, X1)) and hence that
i{[Xa, X2])Q is closed being exact.

Let H!(M,R) be the first de Rham cohomology group of M, i.e. the quotient
of the space of closed 1-forms by the subspace of exact 1-forms. The mapping
s: Lo(M) - HY(M,R): X — [i(X)Q] (where [a] € H'(M,R) is the equivalence
class of a closed form modulo exact ones), vanishes on the ideal [Lo(M), Lo(M)] C
La(M) generated by the brackets [X;, Xj], Xi, X; € Lao(M).

Given a smooth function f : M — R on a symplectic manifold (M, Q), we
define the Hamiltonian vector field Xy of f as the unique vector field defined by the
equality:

(X)) = —df
Recall that € induces an isomorphism between the space of vector fields on M and
the space of 1-forms. Clearly, Xy € Kers C Lo(M).

Given f,g € C*(M) (the space of smooth functions on M), we define {f, g} €
C*®(M) by:

(.9} = X, X,)

called the Poisson bracket of f and g.

2.4.3. Exercise. — Use exercise 2.4.2 to show that [Xy, X | = Xz

PROPOSITION 2.4.4. — The space C*°(M), with the Poisson bracket, is a Lie

algebra and the mapping f — X; is a surjective Lie algebra homomorphism from
C®(M) to Kers C Lq(M), with kernel R. If M is connected, we have the exact

sequence

0— R —— C°(M) —— Lo(M) —— H'(M,R) —— 0.
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Proof. — The only thing we still have to prove is that (C*(M),{, })is a
Lie algebra. The equation [Xy, X,] = X;; . shows that f — X is a Lie algebra
homomorphism. Observe that

{f;9} = QXp X,)
= —i(X)(X,))

= —i(Xj)[~dy]
= X9

Henceif X; = Xy, ¢=1,2,3

XU X5, Xi) = Xa A S5, fo} = {Fi {5 fi}}

and
X, X5, Xi) = UX s, 155 Xp) = {5} fid-
Since df? = 0, we have

0 = (dQ)(Xl,XQ,Xs) == Xl . Q(Xl,Xg,) - X2 . Q(Xl,Xg)
+X3 - (X1, X2) — Q([X1, X, X5)
+Q([X1, X5, Xo) — Q([Xs, X3, X1).

Hence

o
i

{fis{fo, £33} = {fo, {f1, fa}} +{fs, { /1, fo}}
~{{fQi, o}, fs} + A, 3} o} — {2, f3} o}
2({f1, {fo, f3}} + {{f1, f3}, fi} + {fs, { f1, 2} })

and the Jacobi identity is satisfied. O

The results mentioned here show that the group Diffy (M) is extremely large.
Suppose for instance M is compact, any function f : M — R yields a 1-parameter
group ¢, € Difff (M) obtained by integrating X;. The set F of diffeomorphisms
¢ € Diffy (M) which are time 1 maps of flows ¢, coming from X; generates a
normal subgroup G of Diffy’ (M), the identity component (for the C*° topology) in
Diffy (M).

If HY(M,R) = 0, it was proved in [7] that G = Diffy(M), i.e. any element of
Diffy’ (M )g can be written as a finite composition of time 1 diffeomorphisms obtained
by integrating Hamiltonian vector fields X, f € C*°(M).

To close this section, let us mention a very simple property of the flow ¢, of X,
feC=(M). Since X; - f = Xy, X;) =0, we see that

d
a(wif) = ;X5 f)=0,



Chap. I An introduction to symplectic geometry 33

i.e. fis constant on the orbits of ;. In particular ¢; maps a level set P = f~(aq)
into itself.

Suppose ag is a regular value, then P is a codimension 1 submanifold and X is
tangent to it. Let j : P — M be the inclusion of P in M and 2p = 7*€2. The kernel
of Qp is (TP)* C (TP), hence it is a 1-dimensional subbundle and the nowhere
vanishing vector field X; on P is a section of (T'P)*. If £ is a tangent vector at z
to P represented by a curve v : (~¢,¢) — P with v(0) = z, then

(UX))(x)(§) = —(df}E)(z) = _%f(')'(t)”t:o =0

since f(y(t)) = ao for all t. Therefore X;(x) € Ker Qp(z).

We may apply the reduction scheme to this situation: the 2-form §p is invariant
under the flow ¢, and if the orbit space N = M/{orbits of ¢;} is a manifold, and if
m: M — N is the natural projection, there is a symplectic form Qy on N such that
™0 N = Q P

For instance if M = R?>*? with the symplectic form Q, = Y7 dz; A dy; and
f:R™2 . R is the distance function

1
floy) =@+ + o+ i+ i)

then X; = 7 (y;0/0z; — 7:0/0y;) is the Hopf field. The flow ; of X s is obtained
by solving the Hamilton equations:

Ty = Yk

yk = Tk,
which can be rewritten as

% = —1z

a

with 2, = xp + iyk.

Hence z(t) = 2;(0)e™*. Thus the flow ¢, of X generates a free action of the
circle S? on the level set S?*+ = f~1(1/2). Therefore the quotient space CP™ has a
natural symplectic structure as the reduction of the symplectic manifold (R?"+2,Q,).

Appendix: the Maslov class, by M. Audin, A. Banyaga, F. Lalonde
and L. Polterovich

Although the Maslov class is a very classical topic, we shall collect some more or
less well known facts in this appendix. We follow the classical papers of Arnold [2]
and Duistermaat [11]. Some books mention or study the Maslov class, for instance
[3], [5] and [19]. In chapter X, we shall give some constraints on the Maslov class
of a Lagrangian submanifold (rigidity theorems) using methods from the theory of
pseudo-holomorphic curves. In'this appendix, we content ourselves with the simplest
properties and definitions.
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A.l1. The Lagrangian Grassmannian

Let A, be the set of all Lagrangian subspaces of the symplectic vector space
(R?,Q,). The most convenient here is to consider that R?*® = C" with its canonical
Hermitian structure { , ) the imaginary part of which is —;, the real part being

the canonical scalar product. Recall that a subspace L is Lagrangian if and only if
L+ =1L

A.1.1. Exercise. — Show that A; is diffeomorphic to S.

PRrROPOSITION A.1.2. — The space A, is diffeomorphic to the homogeneous
space U(n)/O(n) and 71 (A,) X Z (hence HY(A,,Z) 2 Z).

Proof. — Let L € A,. Because L+ = 4L, any orthonormal basis of L as a
real subspace is a unitary basis of C™ as a complex vector space. Conversely, if
(e1,...,€,) is a unitary basis of C", the real subspace spanned by the n vectors is
Lagrangian.

This shows that the unitary group U(n) acts transitively on A,, the stabiliser
of the Lagrangian supspace R® C C™ being the orthogonal group O(n). Hence
A, = U(n)/O(n). Remember that m (U(n)) is isomorphic to Z = m,S! thanks to
the determinant mapping U(n) — S* and that the fiber SU(n) is simply connected.

Of course the determinant does not define a map on U(n)/O(n) but, as it takes
values in +1 on O(n), its square does. Thus there is a well defined mapping

det’: A, — S'={z€C||z| = 1},
which is a fibration with fiber SU(n)/SO(n).

Since SU(n) is simply connected and SO(n) is connected, SU(n)/SO(n) is sim-
ply connected. The homotopy exact sequence of the fibration A, — S! gives

0 =m(SU(n)/SO(n)) — m1(A) — 7 (SY) — m(SU(n)/SO(n)) = 0.
Therefore 7y (A,) & m(SHY = Z. 0O

A.1.3. Exercise. -— Deduce that A, is a compact manifold of dimension
n(n+1)/2.
The tangent spacc to the Lagrangian Grassmann manifold (see [11]). — Fix

a Lagrangian subspace A € A,. As we shall now show one can naturally identify
the tangent space Th\A, with the space S(A) of all symmetric bilinear forms on A.
Indeed, each tangent vector, say v € ThyA can be represented as a‘%A(t)/\“:o, where
A(t) is a path of linear symplectic transformations of C" with A(0) = id. We attach
to such a vector a form S, € S()) given by

d
Sv(ga 77) = w(f) EEA(t)nlt:O) fOI‘ all 5777 S )‘ .
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A.14. Exercise. —  Show that the map v — S, is a well-defined isomorphism.

A.2. The universal Maslov class

Let df be a 1-form representing the fundamental class of %, i.e. [df] =1 € Z &
H'(S1,Z). The class
tin = (det?)"[d6] € H*(An,2Z)

is a generator of H'(A,,Z) called the universal Maslov class.
The reader interested in higher cohomology classes is invited to consult [12], [6]
or [16] for instance.

A.2.1. Exercise. —  Show that the value of the Maslov class on the cycle
{e?"® . R"}, ¢ € [0,1] is equal to 2n.

Geometry of the universal Maslov class (see (2], [11], [4], [10]). — Here we give
a geometric description of the universal Maslov class. Fix a Lagrangian subspace,
say o € A,,. Let A2 be the set of all Lagrangian subspaces which are not transversal

n
to a. It turns out that A7 is a stratified submanifold of the form U A7 ;, where
=1

codim A7, =1 and codim A} ; > 3 for j > 1.

A.2.2. Exercise. — Show that the set of all Lagrangian subspaces which are
transversal to « (the complementary of A%) is diffeomorphic to the vector space of
symmectric bilinear maps S : « — « (Hint: any n-plane transversal to « is the
graph of a linear map f : i — a). Deduce that A, — A2 is contractible.

Define a transversal orientation of A% as follows. A tangent vector v € ThA,
is called o-positive if A € A% and S, is positive definite on A N . One can show
that all a-positive vectors form an open convex cone in Tha A,. Moreover each such
vector is transversal to AZ.

It turns out that the submanifold A% together with the transversal orientation by
a-positive vectors represents a singular cycle which is Poincaré-dual to the universal
Maslov class.

The Maslov class for a Lagrangian immersion. — If we have a continuous map
g: L — Ay, we may pull back p, to L by g and get g*(u,) € HY(L, Z).

For instance if f : L — R® is a Lagrangian immersion, i.e. for all z € L,
(Tef)(TL) € Ay, then z — (T, f)(T,L) is a mapping g = f : L — A, (the Gauss
map) and the class " (u,) € H'(L, Z) is called the Maslov class of the immersion j.

Example. — For n = 1, the Maslov class of a Lagrangian immersion S! — C
is nothing other than the degree of the tangent mapping.



36 A. Banyaga

A.2.3. Exercise. — Show that any even integer is the Maslov class of some
(Lagrangian) immersion of S! into C. Use the Whitney turning tangents theorem
(see [9] for instance) to show that any (Lagrangian) embedding of S! into C has
Maslov class +2.

A.24. Exercise. — Let f: L — C" be a Lagrangian immersion. Let v be
a smooth loop on L. Assume that the image of the tangent vector to vy by the
differential of the Gauss map is always a-positive (for some a € A,). Show that the
Maslov class of f, evaluated on 7, is positive.

When M is the cotangent bundle T*T™ (p,q mod 1) of the torus and w =
S~ dp A dg, we identify each tangent space T, M with the standard symplectic linear
space C". Thus any Lagrangian immersion into 7*T™ has a Gauss map f : L — A,
and a Maslov class piy, equal to FuoeH Y(L;Z). We shall also use the notation pj,
where L C M is a Lagrangian submanifold and f: L — M is the inclusion.

Recall that the group H(L;Z) is a free Z-module. An element of H'(L;Z) is
called primitive if it can be included into some basis. For every v € H'(L; Z) — {0}
we denote by ||v|| the unique positive integer such that v = ||v|| - (primitive element).
We set ||0]] = 0.

A.2.5. Exercise. — Let f,g: L — M be two Lagrangian immersions with

llsll # lliggll. Show that f and g belong to different connected components of the
space of all Lagrangian immersions.

A.2.6. Exercise. — Show that ||us|| is even for a Lagrangian immersion f of
an orientable manifold.

A.2.7. Exercise. — Show that ||pr|| = 2 for the standard Lagrangian torus
L={pl+q¢=1 j=1,...,n} CC"

A.2.8. Exercise (see[18]). — Find a Lagrangian embedding f : $%*~! x S* —
C2k with ||,uf\| =2

The Maslov class of a pair of two Lagrangian subbundles. — Now we look
at the case of a symplectic vector bundle 7 : E — M over a smooth manifold M
and two Lagrangian subbundles Ly, L; in it. Choose a vector bundle Aq such that
Ly® X is a trivial bundle of rank m. Then L; ® Ay and Lo ® Ag are both Lagrangian
subbundles of the trivial symplectic bundle E & (Ao ® C). For each z € M, there
exists E, € U(m) such that (L1 ® o)z = Ez((Lo® o)) which is well defined modulo
O(m). This way we get a mapping fr, ., : M — Ap,.
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We will call pip,,1, = f7, 1, (tm) € H'(M, Z) the Maslov class of the pair Ly, L,
of Lagrangian subbundles. It measures how much one of the bundles rotates around
the other one.

A.29. Exercise (additivity of the Maslov class). — Let Ly, L, and Ly be
three Lagrangian subbundles of a symplectic bundle E. Prove that

HLo,Ly = KL, Ly + MLy Lo

A.2.10. Exercise (naturality of the Maslov class). — Let ® be a morphism
of symplectic bundles ®
rF ——- F
v L w

(® is a symplectic linear isomorphism E, — F,)). Let Ly, Ly be two Lagrangian
subbundles of F'. Show that

— *
Ho*Lop*Ly = ¥ HLo,Ly

Note that, for a symplectic bundle E to be able to contain a Lagrangian subbun-
dle L, it is necessary {and sufficient) that F is isomorphic to L ® C (as a symplectic
or as a complex vector bundle). Of course, the complex vector bundles which hap-
pen to be complexifications of real vector bundles are rather special. Anyway, there
are interesting examples. For instance, let f : M — T*N be a Lagrangian im-
mersion. Then E = f*(T(T*N)) — M, the pull back by f of the tangent bundle
T(T*N) — T*N is a symplectic vector bundle over M. Let Ly be the tangent bundle
of M and L, = f*(V) where V — T*M is the subbundle of T(T* M) consisting into
vectors tangent to the fibers of T*M — M. Then Ly, L; are both Lagrangian sub-
bundles of E and ur, r, € H'(M, Z) is an object depending only on the Lagrangian
immersion, the significance of which is explained in the following exercise.

A.2.11. Exercise. — Let w: E — M be a symplectic vector bundle and sup-
pose Lo, L, are two Lagrangian subbundles such that (L), and (L), are transversal
for any x € M. Show that the map fr,r, : M — A,, is homotopic to a constant
map.

Thus the Maslov class pr, 1, appears as an obstruction to the transversality of
the Lagrangian subbundles Lg, L.

A.2.12. Exercise. — Let f: M — T*N be a Lagrangian immersion. Express

in terms of the composition
T

MfT*N N

the fact that the two subbundles Ly, L, defined above are transversal. So what?
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A.3. The composition of two Lagrangian immersions

If f: M — T*N is a Lagrangian immersion, we shall simply call the above pr, 1,
the Maslov class of f. Now, let X, Y and Z be three manifolds of the same dimension
n. Suppose f: X = T*Y and g: Y — T*Z are two Lagrangian immersions.

A.3.1. Exercise. — Use the Darboux-Weinstein theorem to show that g ex-
tends to a symplectic immersion g of a neighbourhood of the zero section of T*Y into
T*Z. Let f’ be the Lagrangian immersion of X into this neighbourhood obtained
from f by a suitable homothety in the fibers. Check that go f’ is a Lagrangian
immersion, whose regular homotopy class does not depend on the choices made.

We shall write g o f for any g o f. Figure 1 shows the composition of two
immersions.

T X Vz
Vy *Y
% 4
e
IN—A )X
Y
Y Figure 1 | Z
A.3.2. Exercise. — In the symplectic bundle g*T' (T*Z) — T*Y, we have two

Lagrangian subbundles, the tangent bundle Ly along the fibers of 7*Y and that of
T*Z (say L), thus a class pr, 1, € H' (T*Y; Z). Let 7 be the projection T*Y — Y.
Show that pr, 1, = 7 pg (Hint: in 7T (T*Z) we have three Lagrangian subbundles.
Use the results of exercises A.2.10, A.2.9 and A.2.11 to conclude).

Now, as is easily understood from figure 1, the Maslov class of the composition
of two Lagrangian immersions, which measures the way the tangent bundle of X
rotates with respect to the fibers of 7*Z, must be the sum of the two Maslov classes,
more precisely we have the following simple summation formula, which will be very
useful in chapter X.

ProposITION A.3.3. — Let X,Y, Z be three n-dimensional manifolds, and

f:X->TY g:Y->TZ
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be two Lagrangian immersions. Then

plgo )= u(f)+ (ro f)*{ulg)

where © : T*Y — Y is the projection.

Proof. — By definition, the Maslov class u(f) compares TX and the tangent
bundle V4 along the fibers in f*T(T*Y) — X: u(f) = prxv, € H(X;Z). Now
the symplectic immersion § : T*Y — T*Z gives a morphism ¢ (= T9)

FTTY) —— §T(T*2)

M.

" ™Y

thus in f*T(T*Y) we have three Lagrangian subbundles: TX and the tangents
along the fibers of 7*Y and T7Z. So

wgo f) = prxvy + vyvy = s + Lo L,

using the notations of exercise A.3.2 which also gives the proof. O
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Chapter 11

Symplectic and almost complex
manifolds

Michele Audin

with an appendix by P. Gauduchon

The aim of this chapter is to introduce the basic problems and (soft!) techniques
in symplectic geometry by presenting examples—more exactly series of examples—
of almost complex and symplectic manifolds: it is obviously easier to understand the
classification of symplectic ruled surfaces if you have already heard of Hirzebruch
surfaces for instance.

The first §explains why there are so many almost complex structures on a sym-
plectic manifold, an elementary, but very important tool of Gromov’s theory. Then,
I will explain what the complex ruled surfaces look like (Hirzebruch surfaces) and
give some systematic constructions of symplectic manifolds, either by symplectic
reduction or by surgery: here I will explain which surgeries cannot work... and
which do (for instance the ones used in the recent constructions of Gompf). The
last § is an appendix, written by P. Gauduchon, in which he gives a construction of
an almost complex structure on a certain jet space which will be useful to state and
prove Gromov’s Schwarz lemma in chapter VII.

I have not tried to give a complete list of references for the classical material of
this chapter. Obviously, one should have a look at [1], [19], [21] and [29]. The other
references given are either more technical but unavoidable, as is obviously [12], or
well known to me. All of this chapter, and specially §1.1 is an improvement of the
lectures given at CIMPA due to the clever and patient help of Emmanuel Giroux
and Bruno Sévennec whom I am very pleased to thank.

1. Almost complex structures

The aim of this § is to show that there are almost complex structures related to
symplectic forms, that there are in fact many of them, but that in some sense not
too many: they form a contractible set. I shall also very briefly discuss integrability
and Kahlerness.

41
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An almost complex structure on a manifold W is a section J of the bundle
End TW such that J2 = —Idpw for all z in W. For instance, if W is a complex
manifold (i.e. with holomorphic change of local coordinates), its tangent space T, W
at any point has a natural structure of complex vector space and multiplication by
¢ is an almost complex structure. It is the situation we are trying to mimic, J plays
the role of multiplication by i. Note that J gives to TW the structure of a complex
vector bundle, each T,W being a complex vector space by

(a +ib) - £ = af + bJE.

Let X be an oriented surface, endowed with a Riemannian metric, in such a way
that we have a notion of rotation by +7/2 in every tangent plane. The family
of all such rotations defines an almost complex structure on X, thus any oriented
surface admits almost complex structures. Of course, not any manifold, even of even
dimension, even oriented, may be endowed with an almost complex structure. For
instance, we shall see below that it is not the case for the 4-sphere.

1.1. The linear case: almost complex structures, almost complex
structures related to a non-degenerate skew-symmetric 2-form

In R*", a linear almost complex structure is an endomorphism J such that
J? = —Id. The linear group GL(2n,R) acts on the space of these structures by
conjugation: g-J = gJg!.

1.1.1. Exercise. — Use a J-complex basis to show that this action is transitive
and that the stabiliser of a given almost complex structure Jy is the group of all
complex (for Jo) automorphisms.

In other words, the set of all almost complex structures can be identified with

JIn = GL(2n,R)/GL(n,C).

In C", the standard Hermitian product decomposes into its real and imaginary
parts:
(u,v) = (u,v) — w(u,v)

the Euclidean scalar product of R?® and its symplectic form, respectively. One easily
checks that w(u,iv) is the Euclidean scalar product and moreover that w(iu,iv) =
w(u, v): multiplication by ¢ is an isometry of w. We now try to mimic this situation
in the following definitions.

Let w be a non-degenerate skew-symmetric bilinear form on R?*. A linear almost
complex structure J is tamed by w if the quadratic form w(z, Jz) is positive definite.
It is calibrated by w if, moreover, it is an isometry of w: w(Jz, Jy) = w(z,y) for all
z,y € R
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1.1.2. Exercise. —  Show that, in this case, the bilinear form (z,y) —
w(z, Jy) = (x,y) is a scalar product on R*", for which one has
Ft = (JE)
E° = (JE)*
JENE° =0,

° and 1 denoting orthogonality respectively for w and ( , );.

1.1.3. Exercise. — Let L be any Lagrangian subspace. Check that JL € Ap
(the space of all Lagrangian subspaces transversal to L) and that it is Lt (for
(, )s). Deduce that there exists a basis (1, ...,Zn, J21,...,JZ,) of R?" which is
symplectic.

Let §2,, be the set of all non-degenerate skew-symmetric bilinear forms on R?",
and, for w € Q,, let J.(w) be the set of almost complex structures calibrated by w.
The symplectic group is denoted by Sp,, {= Sp(n, R) in the notation of chapter I).

PROPOSITION 1.1.4. — , = GL(2n,R)/Spon, Je(w) = Spa,/U(n).

Proof. — The group GL(2n,R) acts on €, by {g,w) — w(g~!,g7!-). The
action is transitive, due to the existence of symplectic bases, and the stabiliser of w
is its group of isometries Spo,.

Also, if w is fixed, Spa, acts on J,(w) by (g,J) — gJg~':

w(glglr,gJg™y) = w(Jglz,Jg7ly) g is an isometry of w
= w(glz,g7'y) J € J.(w)
= w(z,y) g~ ! is an isometry of w
the action is transitive due to the existence of “complex symplectic bases” (exercise
1.1.3) and the stabiliser of a given J is Sps, N GL(n,C) = U(n) (see 1.1.5). O

1.1.5. Exercise. — Let C™ = R? be endowed with the standard symplectic
structure. Consider the subgroups O(2n), Sps,, GL{n,C), U(n) and compute the
intersections of any two of them.

Denote by Ji(w) the set of all almost complex structure tamed by w. Consider
now C" endowed with its canonical structures (Jo, w and the scalar product). I
learned the next proposition from B. Sévennec:

PROPOSITION 1.1.6. — The map J — (J +Jo) o (J — Jo) is a diffeomor-
phism from Jy(w) (resp. J.(w)) onto the open unit ball in the vector space of matrices
(resp. symmetric matrices) S such that JoS + SJy = 0.

COROLLARY 1.1.7. — The spaces J.(w) and Jy(w) are connected, and even
contractible. O
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Remark. — The fact that J,(w) is contractible is both well-known and easy
(see below in exercise 1.1.11 the classical proof). That J,(w) is contractible is a
statement taken from [12]. The original proof of Gromov required some agility in
the use of fibrations. The argument of Sévennec we use here is both nicer and more
elementary.

Proof of the proposition. — Note first that J + J, is invertible: if x % 0,
w(z, (J + Jo) (x)) > 0 thus Ker (J + Jy) = {0} and the map is well defined. Write

S=(J+Jo) o(J=Jo)=(A+1Id) " o (A -1d)

where A = J;' o J. We now prove that ||S|| < 1, that is, that |Az — z|? <
| Az + z|)® for all z # 0

1.1.8. Exercise. — Check that

Az + z||® — || Az — z||* = 4w(z, Jz) > 0.

Now let S be a matrix such that ||S]| < 1, which implies that Id —S is invertible
and that the endomorphism

J=Jyo(Id+S)o(Id-S)"

is well defined.

L1.9. Exercise. — Check that J is an almost complex structure (J ! = —J)
if and only if JoS + SJy = 0 and that it is tamed by w.

Obviously the map S — J is the inverse of the one we are considering, so that
we have proved the proposition for tamed structures. For calibrated structures, we
just have to remark that J is calibrated if and only if S is symmetric:

1.1.10. Exercise. —  Check that J is calibrated if and only if for any =z,
yeC

w((ld=8)z,1d-8)y) = w (Id+S5) z, (Id +83) y)
and that this is equivalent to
w(Sz,y) + w(z,Sy) =0.

Deduce that J is calibrated if and only if S is symmetric.

This ends the proof of the proposition. O
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The next exercise gives “the” classical proof that J.(w) is contractible.

1.1.11. Exercise. — Let L be a Lagrangian subspace. If J € J.(w), JL € Af
and (, ); defines a positive definite symmetric bilinear form on L.

1. Conversely, given I/ € L and a scalar product g on L, construct an element
of J.(w): for a non zero vector x € L, consider its g-orthogonal z* C L as a
subspace of F. Now (mi-) is an n + 1-dimensional subspace of E. Show that

dim (z1)° N L’ = 1. Define Jz to be the unique vector of this line such that
w(z, Jxr) =1 and check that this defines the required element of J.{w).

2. Deduce that there is a one-to-one correspondence between J.(w) and Ay x
Q(L), where Q(L) is the set of all positive definite quadratic forms on L.

3. Prove that A can be identified with the vector space! of all symmetric n x n
matrices.

4. Deduce that J.(w) is contractible.

5. Consider C, = {(w, J) | J is calibrated by w}. Show that C, can be identified
with the homogeneous space GL(2n,R)/U(n). Show that the first projection
C, — Q, is a homotopy equivalence.

1.2. Tamed and calibrated almost complex structures on a symplectic
manifold

Let W be a 2n-dimensional manifold endowed with a symplectic form w. With
its tangent bundle are associated the bundles

JTW) —— W with fibre J,
T (TW,w) —— W  with fibre J.(w)
J.(TW,w) —— W  with fibre J;(w)

With an obvious definition of an almost complex structure tamed (resp. cali-
brated) by w, such an object is nothing other than a section of the bundle J; (TW, w)
(resp. J.(TW,w)). These two bundles having contractible fibres, one gets

PROPOSITION 1.2.1. —  The space of almost complex structures tamed (or cal-
tbrated) by w is non empty and contractible. (1

Of course, the existence of a non degenerate 2-form calibrating or taming the
complex structure is essential: there are oriented even dimensional manifolds which
do not admit any almost complex structure, the 4-sphere, for instance (see §1.5).

There is also a relative version of 1.2.1: you can extend any section already
defined along a closed subset of W. It is often? used in the following form.

!See the appendix to chapter I. There, we also prove that this vector space can be identified
with the tangent space of A,,.
ZFor instance in the proofs of the classification theorems of Dusa McDuff.
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PROPOSITION 1.2.2. — Let ¥ C W be a symplectic submanifold, and let Jy
be an almost complex structure defined along ¥ (i.e. an endomorphism of TW |g
of square —1d) and tamed (resp. calibrated) by w. There exists an w-tamed (resp.
w-calibrated) almost complex structure J on W which extends Jy. O

1.2.3. Exercise. — If V is an almost complex submanifold of the symplectic
manifold W for an almost complex structure calibrated by the symplectic form,
show that it is a symplectic submanifold.

Remarks.
1. I must mention here that I have never used the fact that w is a closed form.

2. There can be a lot of symplectic forms taming or calibrating the same almost
complex structure. For instance this is the case for all forms w® Aw on S2 x 52
(w a volume form, A > 0) and the usual (product) complex structure.

3. 1t is legitimate to wonder whether it is really useful to consider tamed almost
complex structures. | know of at least one place where one is forced to use
tamed almost complex structures. This is in the study of the so-called C'R-
structures (see the beginning of [7]).

1.3. Integrable complex structures (a few words)

As T have already mentioned, an integrable complex structure (that is, the struc-
ture of a complex analytic manifold) is the basic example of an almost complex
structure.

Of course, there are more examples of almost complex structures than just in-
tegrable structures. There even exist almost complex manifolds which do not have
any complex structure: this is the case for instance for the connected sum of three
(or any odd number—except 1) copies of P?(C), see [5] and §1.5 below.

The way the almost complex structure J is related to the differentiable structure
of the manifold is described by the famous Nijenhuis tensor (I understand that it
was introduced by Ehresmann, see [21]):

N(X,Y) = [JX,JY] - J|X,JY] - JJJX,Y] - [X,Y].

In the appendix to this part, P. Gauduchon will use the Nijenhuis tensor to dis-
cuss a natural almost complex structure on the space of 1-jets of pseudo-holomorphic
mappings between two almost complex manifolds. In this §, we evoke the relation
of N with integrability.

1.3.1. Exercise.

1. Check that, if X — [X, Y] is C-linear (in the sense that it commutes with J),
then N = 0.
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2. Show that N is actually a tensor, that is: N(X,Y) depends only on the values
X(z), Y(z) and not really on the vector fields X and Y.

3. Compute N(X,JX) and deduce that, if W is a surface, N vanishes identically
(on vectors) and everywhere (on W).

1.3.2. Exercise. — For any map f : R?" — C and any vector field X on R?®,
recall that X - f =X - (fi+ifz) = X - fi +iX - fy so that f— X - f is a complex
linear map.

1. Let R?® be endowed with an almost complex structure J and suppose [ is a
holomorphic function, that is df o J = idf. Show that df (N(X,Y)) = 0 for
all X, Y.

2. Suppose there exist n holomorphic functions on R?", which are independent
at some point z. Show that N identically vanishes at x.

3. Assume W is a complex manifold and J is its (integrable) complex structure.
Show that the Nijenhuis tensor vanishes identically and everywhere on W.

Remarks.

1. What was used in the previous exercise is that an integrable complex struc-
ture is one with many holomorphic functions. In general, an almost complex
manifold has no holomorphic functions at all. On the other hand, it has a lot
of holomorphic curves (maps f : C — W such that df o¢ = J o df )—they will
be the main tool in this book.

2. Tt is a hard theorem (in its full generality) [27] that the converse is also true.
For an introduction to these questions, see [20] for instance.

3. Any almost complex structure on a surface is integrable (a result already
known to Gauss in the analytic case). In the smooth case, it is of course a
consequence of what we just said, but there exist simpler proofs, see [28] for
instance.

1.4. Kihler structures

If M is a complex manifold endowed with a Hermitian metric, the imaginary
part of this metric is skew-symmetric and thus can be viewed as a 2-form w which
calibrates the complex structure J (w is said to be a (1, 1)-form). Of course, w is
non-degenerate.

When w is closed, that is when it is a symplectic form, it is called a Kahler form
and M is a Kahler manifold.
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1.4.1. Exercise. — Calling d’, d’ the Dolbeault operators defined by

e af] ) e 8f] —
df—zadzjdzj df_zadijdzj’

consider the function f : C* — R defined by f(v) = log (1 + ||v||2) Let w be the
2-form w = id'd" f. Show that w is a Kéhler form on C™.

Kahler manifolds are very common: any complex submanifold of a Kahler man-
ifold is Kéhler (for the induced (1, 1)-form), thus all projective complex algebraic
manifolds are K&hler—it suffices to prove that the projective space is, and it is: in
this chapter, there will be a lot of definitions of symplectic forms on P*(C). All will
coincide (up to a scalar factor) and will be Kahler. The next exercise gives a first
construction.

1.4.2. Exercise. — Let ¢ : Uy — C™ (0 < k < n) be the usual charts in
P"(C):
z; n
U= {0 o |2 #0} gn(or ) = (2) e = {(Xnu}-
itk

Put wy = gjw, where w is the Kahler form of exercise 1.4.1 so that

AR

|z

wy, = id'd" log

Show that, on U, N Uj, wy and w; coincide. Deduce that the wy (0 < k < n) define
a Kihler form on P*(C).

Kéhler manifolds satisfy the Hodge duality, in particular they have dim HP? =
dim H?%? (see [11] for instance). Note that it implies that their odd Betti numbers
must be even.

It was only in 1976 that Thurston gave the first example of a non-Kéhler sym-
plectic manifold: a clever quotient of R* by a group preserving the symplectic
form... but such that the quotient has b; = 3 (see [29]). Then in 1984, D. McDuft
gave examples of simply connected non-Kahler symplectic manifolds [24] of rather
large dimensions. Cleverly combining a very easy construction (see §5.3 below)
with sophisticated examples, Gompf has recently produced 4-dimensional symplec-
tic non-Kihler manifolds which are simply connected [10].

1.5. Some general remarks

As already mentioned, there are many more almost complex structures than just
complex integrable structures. In this section, we shall concentrate on oriented 4-
manifolds. Let W be such a manifold. It has two obvious topological invariants, its
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Euler characteristic xy and the signature o of its intersection form (see chapter IV).
Now suppose J is an almost complex structure on W. Then (TW, J) is a complex
vector bundle and, as such, it has Chern classes ¢1(J), ¢a(J). The latter is the Euler
class of TW and does not depend on J. The first does depend on J and is related
to the topological invariants by

(2, [W]) = 30 + 2.

For instance if W = S, H¥(W) = 0 thus 0 = 0. On the other hand x = 2
thus 30 + 2y = 4 # 0 and of course there is no element ¢; in H%(S*) such that
(c3,[51)) = 4, thus S* does not admit any almost complex structure?.

Note also that the mod 2 reduction w of ¢;(J) depends only on W: it was shown
by Wu in [31] that w is a characteristic element for the quadratic form, that is, it
satisfies

Vr € H*(W;Z/2), W~ T =2 — .

It is also a result of Wu in [31] that

PROPOSITION 1.5.1. — Homotopy classes of almost complex structures on W
are in one-to-one correspondence with integral classes ¢ € H? (W;Z) which lift w
and such that (c®,[W]) = 30 + 2.

As a result one finds as I already mentioned, that there are almost complex
structures on the connected sum of 3 copies of P%(C), but this manifold has no
integrable complex structure (and no symplectic form either). Other examples can
be found for instance in [5].

1.5.2. Exercise. — Consider the connected sum W of two copies of P?(C)
both with the canonical orientation. Show that H2(W) = H%(P?(C)) & H*(P?(C)
and thus is isomorphic to Z & Z. Compute o(W) and x(W). Assume W can be
endowed with an almost complex structure J and show that the first Chern class of
J must decompose into two odd numbers in the previous splitting of H2. Deduce
that W has no almost complex structure?.

Of course, two complex structures can be homotopic among almost complex
structures without being isomorphic. We shall see in the next §(see §2) examples
of complex structures that have the same ¢; but are not isomorphic.

31t is not much harder to prove, using the integrality of the Chern character (see [18] for
instance), that the sphere $%* has no almost complex structure, except for 2n = 2 or 6. It is also
a consequence of the results of Wu in [31] that % has an almost complex structure. An explicit
one can be described using the Cayley octonions (see [20] for instance).

4More or less the same proof gives that if W, and W, are 4-dimensional manifolds which can
be endowed with almost complex structures, then their connected sum cannot (see [5]).
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2. Hirzebruch surfaces

In this §, I present the Hirzebruch surfaces [15] (another good reference is [17}).
In addition to being relevant examples for the discussion almost complex/complex,
they are basic examples for symplectic geometry too: for instance they play a major
role in the classification of Hamiltonian S-actions [3] and in the work of Dusa
McDuff on symplectic 4-dimensional manifolds [26].

2.1. Definition

Consider a complex line bundle L over the projective line P}(C) = 52 and add
to it a section at infinity, in other words, consider the bundle

P(L&1)={(z,1) |z € PY(C),lis alinein L, & C},

a bundle over P! with fibre P!. The zero section is given by I = 0 & C, the section
at infinity by I = L, @ 0.

If D is any other line bundle over P!, it is clear that P(L®1) & P((L&1)®D) (by
the map (z,!) — (z,{® D,)) thus the bundles P(L & 1) describe all the P(L; & Ls).
Moreover, using D = L*, one gets an isomorphism P(L & 1) & P(L* & 1) which
exchanges the zero section and the section at infinity®.

It is easy to prove that, from the topological viewpoint, all the rank 2 complex
vector bundles over P! split. This property is still true if one considers holomorphic
bundles® (see [14]).

The isomorphism class of a (topological, or differentiable, or holomorphic) com-
plex line bundle L — P? is well defined by an integer, its Euler class: decompose the
sphere into two hemispheres and trivialise the bundle on both. To get the bundle,
glue the two trivialisations along the equator S* by a map ¢ : S — C*. Identify
m {C*) with Z, associating an integer, the Euler class, to the bundle.

2.1.1. Exercise. — Let B be any orientable surface and let D be a disc in
B. Use a decomposition of B as a polygon to show that the complement of D has
the homotopy type of a wedge of circles. Let L — B be a complex line bundle.
Show that it is trivialisable both on D and on its complement. Deduce that the
isomorphism type of L is given by an integer, its Euler class (see e.g. [4]).

For k € Z, call O(k) the bundle over P! with Euler class k:
e O(0) — P! is the trivial bundle.

e O(—1) — P! is the tautological bundle: the fibre at d € P! is the line d of C?
itself.

5Recall that if L* is the dual of L, L ® L* has a canonical trivialisation by (z,¢) — ¢(z).
6The analogous property is definitely false if one replaces P! by a Riemann surface of genus
>0, see [2].



Chap. II Symplectic and almost complex manifolds 51

e O(1) is the canonical bundle, the dual of the previous one, and
o O(k) = O (k/ k|)*".
Call, for k e N, W, =P (O(—k) @ 1).

2.1.2. Examples.
1. For k = 0, W = P1(C) x P1(C).
2. For k=1,
W, = {(l,d) | dis alinein C?> and I alinein d& C C CQ@C}.

In addition to the structure of a bundle over P!, this manifold is endowed with
a projection m to P?(C): to the point (d,[), associate I C C3. Notice that any
point in P? is the image of a unique point of Wy: d is the projection of { on
C2... except for the line d = 0@ C which is the image of all points in the P!
of lines d in C2.

The projection 7 : Wy — P?(C) is the blow up of P?(C) at the point [0,0, 1].
" One often denotes W by P2(C).
2.1.3. Exercise. — Consider the standard ball in P2(C):
B = {lz,y 11| laf + Iy’ < B}

Check that 7—!(B) is a tubular neighbourhood of the zero section of O(—1), its
boundary a 3-sphere, and its complement a tubular neighbourhood of the section at
infinity.

It is easy to represent Wy as an algebraic submanifold of P1(C) x P?(C):

2.14. Exercise. — By definition,
W, = {(e, d) € PC)x P¥(C) | £c Cldc o c (0) e c}

where N = dim (C?)®*. Choose a basis of C? and show that
W = {[a, b], [ua®, ua*1b, ... ,uabk_l,ubk,v]} C P1{C) x P*(C)

(notice that this does not mean that Wy 2 P1(C) x P!(C)). Similarly, show that
the “projection”

[Zh ey Zk+l7t] _ [Zb Zk+17t]
although not well defined on P**!(C) defines an embedding
Wi = {[a,b], [ua*, ub®,v]}  PL(C) x P(C).
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Alternatively W = {([a, b,lz,y,2]) | aby — bFz = O} and any Kahler form over
P!(C) x P%(C) then defines a Kihler form over W.

2.2. Topology

In fact, there are only two classes of projectivised P!-bundles over P!. Let
W — S? be such a bundle. Over the hemisphere S, W can be trivialised as
52 x P!. The gluing is given by a map S' — PGL(2,C) and there are only two
homotopy classes: m;(PGL(2,C)) = Z/2.

2.2.1. Exercise. — Projectivising a bundle L @ 1 may be achieved by a map
7 (C*) — m (PGL(2,C)). Show that it can be identified with mod 2 reduction
Z — 7/2. Deduce that P(L & 1) is trivialisable if and only if the Euler class of L
is even.

Using the examples above, one then gets

__ PROPOSITION 2.2.2. — W, is diffeomorphic to $? x S? if k is even and to
P2(C) if k is odd. O

One deduces easily from this the cohomology of Wy, which, of course depends
only on k mod 2. It may nevertheless be convenient to express it in terms of ¥ and
of the projection m over P*: from the inclusion W, ——— P! x P?, one gets two
classes u, v € H*>(Wy; Z), restrictions of the generator of H2(P'; Z), H*(P?; Z) resp.
It is classical (see [18] or the definition of Chern classes in chapter IV for instance)
that

PROPOSITION 2.2.3. — The ring H*(Wy; Z) is isomorphic to the ring of poly-
nomials Z[u,v]/ (u?,v? — kuv). O

2.2.4. Exercise. — Check that the isomorphism type of this ring actually
depends only on k& mod 2.

2.3. Symplectic forms

Consider a symplectic form induced by the standard symplectic (Kahler) form
on P! x P? (as defined on each factor in 1.4.2 for instance), rescaled such that
its cohomology class is Au + pv and compute the volumes of the following spheres
i:Ple—— Wy

e the zero section i([a, b)) = ([a, 8], [0,0,1]): #*(Mu+ pv) = Az, it has volume A,

e the section at infinity i([a, b]) = ([a,d], [a¥, b, 0]): *(Au + pv) = (A + kp)z, it

has volume X + kg,

o the fibre i([a,d]) = ([1,0],[a,0,b]): #*(Mu + pv) = pz, it has volume p.

(z denotes the generator of H*(P';Z)).
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I find it very convenient to represent W and the class of the Kéhler form under
consideration by a trapezium, the lengths of its edges being the volumes of the
corresponding spheres as in figure 2.

A
I
A+ ku
Figure 2
Remark. — In fact, this trapezium is not only a good way to represent the

cohomology classes, but it is actually the image of the moment map of a Hamiltonian
T?-action on W;.

2.3.1. Exercise. — Consider the S'-action on W} induced by the action

t- ([av b]? [1‘, Y Z]) = ([aa b]? [xvy’tz])

on P! x P2, Check that its fixed points are the sections at zero and at infinity and
that H = p)z|? /2 (|av|2 + 1yl + |z|2) is a Hamiltonian for this action. Any r €0, u|
is then a regular value of H and S! acts on H~!(r). Check that the quotient
sphere H'(r)/S! gets a natural “reduced” symplectic structure (see §4) of volume
A+ Ek{p—r).

Remark. — This volume is an affine function of r, with slope +k. This is
represented on the trapezium, and is a special case of the Duistermaat-Heckman
formula [9]. Note that, for & > 0, the volume is decreasing when starting from the
zero section of O(k) and increasing when starting from the zero section of O(—k).

2.3.2. Exercise. — Using 2.2.3, show that there does not exist a symplectic
form on Wy which gives the same volume to the sections at zero and at infinity

(k # 0).

__ All these Kahler forms belong to “exotic complex structures” on S? x S? or
P%(C). Fix the parity of k, say k even. The complex manifold W, is 5% x 52,
with a complex structure which depends on k. The almost complex structures are
homotopic due to 1.5.1, but the complex manifolds are not isomorphic (see [15]).
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If one agrees to use intersection in homology and the positivity of intersections of
complex curves, this result can be made into an exercise: suppose ¢ : W, — W,
(0 < k < 1) is a holomorphic isomorphism. Let ¥y be a complex curve’ with self
intersection k in Wy, then ¢(3%) will be a complex curve in W,. Call (F, Sp) a basis
of Hy (W; Z) such that F is the class of the fibre and Sy that of a section such that
So-So=1.

2.3.3. Exercise. —  Write the homology class of ¢ (o) as aF' + bSg. Show
that @ > 0, b > 0, and that k = 2ab + b%l. Deduce that b = 0 and k£ = 0. Let
® be a fibre in W,. Write the homology class of ¢(®) as £F + ySp. Use the fact
that (®,¥) is a basis of Hy (Wy;Z) to prove that y # 0, then show that y > 0 and
x > 0. Compute the self intersection of ¢ (®) and get z =y = 0, a contradiction.

3. Coadjoint orbits (of U(n))

The simplest possible example of a compact symplectic manifold is the sphere $?
endowed with a volume form. Any oriented surface would also work: in dimension
2, a symplectic form is simply a volume form (this is the non degeneracy condition,
the condition of being closed is automatically fulfilled).

It turns out that S? is the basic example in two families of symplectic manifolds:
it is a coadjoint orbit—of SO(3) as well as of U(2)—and it is a symplectic reduction.

In this §, I shall briefly explain the symplectic structure of coadjoint orbits
and then in §4 the symplectic reduction process (this will also be used to construct
Lagrangian submanifolds in chapter X). We will then have at hand a lot of examples
and will be in a position to try to manufacture new ones out of these old ones. I shall
focus attention on dimension 4, and explain in §5 why taking the connected sum
is not a symplectic process while blowing up and down are, and how these remarks
can be generalised to give the symplectic fibre sum recently used by Gompf [10] to
construct his new examples.

The vector space C" is endowed with its canonical Hermitian structure. A matrix
A is Hermitian if *A = A.
3.1. Description of the manifolds

Fix a vector A = (A, ..., \,) € R™ and consider, in the space of all n xn complex
matrices, the subspace

Hy = {Hermitian matrices with spectrum A}.

It is well known that Hermitian matrices are diagonalisable in a unitary basis: A =
gDg™, D diagonal and g € U(n). In other words, H, is an orbit of the U(n)-action
by conjugation.

"Thinking of W, W}, as PL-bundles over P*, one can choose Sy and g to be the zero sections.
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Call p1 < -+ < g the distinct values of the A; and n; the multiplicity of y;. It is
clear that the stabilisers of the elements of H,, are conjugate to U(ny) X ---xU(ng) C
U(n), thus

PRrROPOSITION 3.1.1. — The space Hy is a manifold, diffeomorphic to the ho-
mogeneous space U(n)/U(ny) x -+ x U(ng).

Remark. — Note that the diffeomorphism type depends only on the multiplic-
ities of the eigenvalues, not on their values.

To any element in H,, one can associate the sequence Q1,Qs,..., Q% of its
eigenspaces. They are pairwise orthogonal and dim @Q; is the multiplicity n; of y;.
Equivalently, one can consider the flag

OchcCc---Cch=C"

with P; = Q1 & --- @ ;. The manifold H, is a flag manifold.

Generic orbits. — Generic (biggest) orbits correspond to simple (multiplicity
1) eigenvalues, the stabiliser type is the torus 7™ of diagonal unitary matrices. In
this case @); is a line and H), is the manifold of complete flags in C™,

Hy={(0CP C---CP,=C"|dimP, = j}.

. . . -1) . .
The dimension of H,y is n2 — n = 2281 i this case.
A 2

Small orbits. — The small orbits, excepting the trivial case where k = 1 and
where H,, is a point, are obtained for 2 distinct eigenvalues p; with multiplicity n;,
and po with multiplicity ny. Using again the eigenspaces, one identifies H, with the
Grassmann manifold G,,, (C") (or G, (C")) of n;-planes in C", a 2n;n,-dimensional
manifold. It is the homogeneous space U(n)/U(n;) X U(na) or the quotient of the
Stiefel manifold V,,, (C") of unitary ny-frames in C" by the group U(n,).

An interesting subcase is n; = 1, in which case the Grassmann manifold is the
complex projective space P~ (C).

3.2. Coadjoint orbits and their symplectic structures

The mapping h + ¢h is an isomorphism of real vector spaces from the space H
of all Hermitian matrices onto the space u(n) of skew-Hermitian matrices®.

The assignment (X,Y) — tr (XY') defines a (negative) definite (R-)bilinear form
on u(n), which is invariant under conjugation. This allows us to identify u(n) with
the dual vector space u(n)*. With these identifications, the U(n)-action on u(n)
or H by conjugation is the adjoint or coadjoint action. The flag manifolds H) are

B1t is of course the Lie algebra of the Lie group U(n): the equation *AA = Id gives ‘X + X =0
when you differentiate it at the point Id.
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thus described as coadjoint orbits of a Lie group. This is why they have a natural
symplectic structure, called the Kirillov structure [19]: in all of this §, you can
replace U(n) by a Lie group G and ‘H or u(n)* by the dual g* of its Lie algebra.

First define, for any h € H, a skew-symmetric bilinear form wy on u(n) by
wp (X,Y) =t ([X,Y]ih) = tr (X [Y,ih]).
As (X,Y) — tr (XY) is non-degenerate, the kernel of wy, is the subspace of u(n)
Ky ={Y u(n) | [Y,ih] = 0},

which is obviously the Lie algebra of the stabiliser of h for the U(n)-action.

The tangent space to the orbit H at the point h is the subspace of H generated
by the fundamental vector fields of the U(n)-action: one considers the orbit map
defined by h: i

Un) — H
g +—— g-h=ghg™!
and T, H, is the image of T fy,, that is of

u(n) —»Tlfh H

X r—— [X,h]
in particular, K; = Ker T f;,, and thus wy defines, via T} f;, a non-degenerate skew-
symmetric bilinear form on T} f:
@ ([X, R, Y, A]) = tr (X, Y]4h)
for X, Y € u(n) or [X, 4], [Y,h] € T, H,.

Thus we get a non-degenerate 2-form & on the orbit Hy. The next claim is, of
course, that @ is closed. You just need to prove that

diy, ([X, h],[Y,h],[Z,h]) =0 for all X,Y,Z € u(n).
Call X the fundamental vector field associated with X: X, = [X, h]. Then

3o (XY, Z)=X oY, Z2)-Y -0(X,Z2)+Z-2(X,Y)
+@ (X, Y], 2) +a([Y, 2], X) + @ (£, X],Y).

y £

By definition, & is invariant and the vector fields under consideration are funda-
mental vector fields for the action, thus the first three terms vanish. What is left
also vanishes due to the Jacobi identity.

The H, are thus compact symplectic manifolds. Note that, although the topol-
ogy of H, depends only on the multiplicities in A, the symplectic structure does
depend on the A;.
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3.2.1. Exercise. — Assumen =2, k=2 and n; = 1 (thus H, is a projective
line). Compute [, @ in terms of y; and pa.

3.2.2. Exercise. — Consider the group SO(3) of rotations of 3-dimensional
Euclidean space. Show that its Lie algebra so(3) is the vector space of skew sym-
metric matrices. Identify it with R? by

0 —z y
p:(zy,2)—~| 2 0 —=z
-y z 0

Show that ¢ is an isomorphism of Lie algebras (the Lie algebra structure on R3
being given by the vector product), that the action of SO(3) by conjugation on so(3)
corresponds to the action by rotations. Thus the scalar product is invariant, which
allows to identify so(3) with its dual, and the adjoint action with the coadjoint.
Show that the coadjoint orbits are 2-spheres, thus finding once again a family of
symplectic structures on S2.

3.3. Almost complex structures

Once the H), are described are flag manifolds of C™, they clearly have a natural
additional structure: they are complex manifolds. As above (proposition 3.1.1) the
complex diffeomorphism type depends only on the multiplicities. Let us describe the
underlying almost complex structure. One can write u(n) = u(n;) @ ---du(ny) dm
where m is a complex vector space. One simply decomposes in blocks a matrix A in
an orbit with multiplicities ny, ..., ng:

A X Xug
X2 Ay X3
A=
Xe-1,k
Ag

where A; € u(n;) and X;; is a complex matrix. The complex structure on m is
given by the complex structure of the spaces where the blocks X ; live, not by the
complex structure of the space of big matrices: if
0 X2 Xi3
N> on R
1,2
X = Xy e e e em

call j(X) the same matrix with each Xy replaced by iXy;: this is the complex
structure of m.
Of course, m is not a Lie subalgebra of u(n), but g = u(n;) ® - - - ® u(ny) is.
Now m is a good representant of the tangent space to U(n)/U(ny) % - -+ x U(ng)
at the point image of I € U(n), and it has a natural complex structure. Everything
is invariant enough to define something on H,.
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Fix a diagonal matrix D = (p1,...,41,..., bk, .-, M) in the orbit H, with
p1 < -+ < pg (so that the stabiliser of D is actually U(n;) x --- x U(ng). Any
element in 73, can be writen in a unique way as [X, D] for an X € m (the tangent
space to the orbit is generated by fundamental vector fields, unicity comes from the
specification X € m, this subspace being a supplementary of the Lie algebra of the
stabiliser).

Define now Jp[X, D] = [§(X), D] in such a way that Jp is a complex structure
on TpHy. Let now h = gDg™! be any element in the orbit. Any element in T H,,
can be writen uniquely (once g is chosen) as [¢Xg™', h] with X € m. Put

Ju[9Xg7"h] = [95(X)g7",h]

thus defining an almost complex structure J on the orbit H,.

3.3.1. Exercise. — Show that & (JX,JY) =& (X,Y): the complex structure
is an isometry of &@. Compute & (X, JY) in terms of the blocks in X and Y and in
terms of the p;. Deduce that (if the u; are as above) @ (X, JY) is a Riemannian
metrics on H,. Thus J is calibrated by @.

4. Symplectic reduction

Symplectic reduction is a very simple and very clever process, due to Marsden
and Weinstein [23], already mentionned in chapter I, which can be used for differ-
ent purposes, such as constructing symplectic quotients, i.e. symplectic manifolds
obtained from group actions on large symplectic manifolds (see 4.2), Lagrangian
immersions into the reduced symplectic manifolds starting from Lagrangian immer-
sions into the large one or Lagrangian submanifolds of the large symplectic manifold
starting from Lagrangian submanifolds of the small one (see chapter X). Here we
discuss some classical examples.

4.1. The projective space, dissection

The complex projective space P* (C) is the quotient C**! — {0} /z ~ Az for
A € C*, or, what is almost the same, think S""1/z ~ Az for ||\ = 1: any line
contains unitary vectors! Let us look at that trivial remark more closely: let

S?{H'l - {Z e gntl | ||ZH2 - R2}
be the radius R sphere. We are considering the quotient by the S* action (), z) —

Az
There is a relation between the function H = 1 ||z[|2 (of which SZ"*! is a level
set) and the S!'-action we consider: the fundamental vector field for the action is

X, = iz... and this is the symplectic gradient? of H:
w, (X,,Y)=1Im(iz,Y) = Re{z,Y) = dH(Y).

90f course, C"**! is endowed with the standard symplectic form.
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What happens is the following: the tangent space to P*(C) at the point |z] is the
(isomorphic) image of the quotient of C™*! by the subspace generated by z and iz,
in particular it is C"*!/C - z, thus a complex vector space, which is not surprising;
the quotient is a complex manifold.

What happens in the symplectic framework is exactly the same: of course, if you
restrict it to Sp't!, the symplectic form is degenerate; its kernel at z is generated

by iz and it is exactly what one has to kill to get the tangent space to P*{C).

4.1.1. Exercise. — Compute the volume of a projective line P}(C) C P"(C)
in terms of R.

4.2, Symplectic reduction: general presentation

Symplectic reduction is a list of consequences of a straightforward linear algebra
lemma:

LEMMA 4.2.1. — If (E,w) is a symplectic vector space and F C E 1is any
cotsotropic subspace, then w defines a non-degenerate 2-form on F/F°. O

In the P" case, E = C™, F = T,S¥"! F° =R - iz and F/F° = T},P*(C).

4.2.2. Exercise. — Let R"*! be endowed with its usual Euclidean structure,
and R"™ x R"**! be endowed with the symplectic form w ((p, q), (¢, ¢')) = p-¢ —p'-q.
Consider the Hamiltonian (function) H(p,q) = } |pl|>. Compute the Hamiltonian
vector field (symplectic gradient) Xy and its flow ;. Show that X is complete and
write down the corresponding R-action. What are the orbits? Deduce a symplectic
structure on the set of oriented affine lines of R™*!. Show that this manifold is
diffeomorphic to 7*S™. What about the symplectic structures?

I present here a very general setting as a list of exercises (see [21]). Let (W?2N W)
be a symplectic manifold (to replace C*™! endowed with an action of a Lie group
G (to replace S') with a moment mapping p : W — g* (to replace H : C**! — R)
such that

Tupu(X), VY =w, (X, Y)for X e T,W, Yecg

and such that p preserves the Poisson brackets: W has a natural Poisson bracket
given by its symplectic form, and g* has also a natural one coming from the Lie
bracket on g and described in the following exercise.

4.2.3. Exercise. — Let f, g € C*(g*) and put
{f,9} (&) = [df (§), dg(£)]

where df (§) is considered as an element of g using biduality. Show that this defines
a Poisson bracket on g*—that is, a Lie algebra structure on C*® (g*). Let O be a
coadjoint orbit in g*. Show that the induced Poisson bracket coincides with the one
defined by the symplectic structure described in § 3.
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4.24. Exercise. — Show that the moment map p is equivariant (g is endowed
with the coadjoint action).

Assume £ € g* is a regular value of p. Then V = p~1(€) is a submanifold of W
and

Ve eV T,V =Ker T, p.

Let G¢ be the stabiliser of £ for the coadjoint action (it is all of S in the projective
space example—as it is G in any example where G is abelian).

4.2.5. Exercise.

1. Show that the G-action on W induces a Ge¢-action on V.
2. Let j : V ——— W be the inclusion, then

Ker (j*'w), = T, (G¢ - z) .

As £ is a regular value, we know that the G-action is locally free in the neigh-
bourhood of any z € V. Assume moreover that the G¢-action is free. Then one can
apply lemma 4.2.1 to obtain the unique symplectic form ¢ on V/G; such that, in
the diagram .

v .w
|

V/G,

7*0 = j*w. The symplectic manifold (V/G¢, o) is a symplectic reduction of V.
The next §will give some examples.

4.3. Construction of symplectic manifolds

Hirzebruch surfaces, first version. — Consider the hypersurface H in (C? — 0) x
(C?® — 0) defined by the equation a*y — ¥z = 0. Being complex, it is symplectic
(see 1.2.3). It is endowed with the product action of T2 by (s,t) - (a,b,z,y,2) =
(sa, sb, tz, ty,tz) whose moment mapping is

u:H —— R2? )
(a,b,0,y,2) —— (la]* + ", |=f* + [y]* + |2I7)

if £ is in the positive quadrant of R?, p=1(£) = (8% x $%) N H and the quotient
W, C P! x P? appears as a symplectic reduction.
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Hirzebruch surfaces, second version. — There is a more economical—in terms
of dimensions—way to obtain Hirzebruch surfaces as symplectic reductions, starting
from C*. Consider Y = (C? —0) x (C? — 0) C C*, with the action of C* x C* by

(4.3.1) (s,t) - (21,22, 23,24) = (sktzl,tz% $23, sz4) .
The quotient is identified to Wy, by
(21, 29, 23, 24) — ([23, 24], [Z§Z2, 2411622,21}) .

Let p : C* — R? be the moment map for the action of 7% C C* x C* by (4.3.1):
1
wler, 2,28, 20) = 5 (Kl + Lol + 2l | +]2f)

Let £ = (£,&) € R2 Consider p'(£). I want to show that, under certain
hypotheses on &, u~1(€)/T? =U/C* x C*.

So let z € Y. I am looking for Z € p~1(£) in the same C* x C* orbit and more
precisely such that there exist a, b > 0 with

(Zy, 29,23, Z4) = (akbzl,bzz,a23,az4) .
Eliminating b and letting = &2, it is necessary that the equation

(432) $k+1 |21|2 (iz3|2 + (Z4|2) + l'k (kfg |21|2 _ 51 |21|2>
+x |22!2 (|23|2 + |Z4|2) — 51 |22f2 =0

has a unique positive root. Then b = &/ (xk |21 ” + |zz[2) has a unique positive
solution when & > 0. The k = 0 case being obvious, assume for simplicity that
k > 1. Call f(z) the left hand side of (4.3.2), and compute the derivatives f’ and

f". One gets
w]
|28]” + |za]*

where A is positive. Assume that k& — & > 0, then f”(z) > 0 for x > 0 and f' is
increasing on [0, +oc0[. As f'(0) > 0 and f(0) < 0 there is a unique positive root z:

f(z) = AzF2 [(k + 1Dz +

PROPOSITION 4.3.3. — If& >0, & > 0 and k& — & > 0 then p 1(£)/T? =
Wy, and Wy, is obtained by symplectic reduction starting from C*. O

Remark. — This is a particular case of a more general construction: Wy is a
toric manifold (see [4] for this construction, which basically comes from [8], although
there is a (slight!) mistake in [4] as I learned from Y. Karshon and S. Tolman).

Remark. — We shall see later (chapter X) why it is interesting to have W}, as
a symplectic reduction starting from the smallest possible complex vector space.
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Grassmannians. — Let us now describe the complex Grassmann manifold

G, (C"“‘) as a symplectic reduction. It is well known (see 3.1) that it is a quotient
k

of a part of a numerical space: let V; (C"““) C (C"+k) be the Stiefel manifold of
all unitary k-frames in C"**. It is clear that Gy (C"+k) =V (C’”‘k) JU(k).

My aim is now to show that this quotient is also a symplectic reduction. Write

k

(C"‘”“) = Myxk (C), the space of all complex matrices with n + k rows and k
columns. This space is endowed with its canonical symplectic form w = Im tr (tYY).
Giving a matrix A € Muix)xx (C) is equivalent to giving k vectors in C***, its

columns. These k vectors form a unitary k-frame exactly when ‘AA = Id €
My (C), thus V =V}, (C"*k) is the “level Id” of

p Mk (C) —— M C Mixi (C)
A —— tAA

where now H denotes as in §3 the real vector space of Hermitian matrices.

Of course U(k) acts on Mnikyxx (C) by g+ A = gA. On the other hand, we are
not afraid to identify H with u(k)*. The next assertion is that y is the moment
mapping for that action.

4.34. Exercise. — For X in M, k)xx (C) and Y in u(k), compute the number
(Tap(X),Y) and show it is +w(X,Y).

We are precisely in the situation of the previous §. Moreover, the stabiliser G
is the whole group U(k) because £ = Id. The quotient Gy (C"*k) is a symplectic
reduction starting from a complex vector space.

Remark. — It is not necessary to do the exercises of 4.2 in full generality to
get this result. Let Ag be the matrix of the £ first vectors in the canonical basis.

Taght (X) =" A X +' XAy =0&

the upper k x k square in X is a Hermitian matrix. In other words

TAOV = {X = < ;: )‘Xl S U(k),X2 € Mpxk (C)}

= u(k) ® My (C)
isotropic @ symplectic

is a coisotropic subspace F' whose orthogonal is exactly u(k), thus F/F° = M, (C).

5. Surgery?

A natural idea, to construct new symplectic manifolds out of old ones is to
perform surgeries.
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5.1. Connected sums

Speculative remarks. — Let us try!® to make a symplectic connected sum
W = W #W,. A natural idea is to remove a small ball in a Darboux chart of both
manifolds and to try to glue what is left along the boundary S?*~!. The reason why
you cannot manufacture a symplectic form agreeing with the standard ones outside
the sphere is that you are trying to glue together two outsides of this sphere. I mean
that there is a symplectic way of distinguishing the inside from the outside of the
sphere: there exists a vector field X on C”, which is transversal to the sphere, and
such that Lxw = w.

5.1.1. Exercise. — Check that the radial field X (p) = %p has this property.

5.1.2. Exercise. — If (W,w) is a symplectic manifold and if X is a vector
field such that Lxw = w, show that X dilates the symplectic form, that is, show
that its flow satisfies p}w = e'w.

Let us come back to the (2n — 1)-sphere in C™. The dilatation is very explicit
when n > 2: the volume of the reduced symplectic manifolds P*~! (C) is increasing
in the direction of X.

5.1.3. Exercise. — Let (W,w) be a symplectic manifold of dimension 2n > 4,
and let S be a compact hypersurface. Assume that, in the neighbourhood of S,
there exists a vector field X, transversal to S and such that Lxw = w. Show that
ixw defines (a primitive of w and) a contact form!! on S. Conversely, assume that
« is a contact form on S such that do is the restriction of w. Show that a transverse
dilating vector field X exists on a neighbourhood of S.

One says that such a hypersuface S has contact type (see [30] for this notion. ..
and the solutions of the exercises if needed).

5.1.4. Exercise. —  Let ¥ be a Riemannian manifold. Endow T*% with the
canonical symplectic structure. Show that the sphere bundle {with respect to the
given metric) S (T*L) has contact type.

Rigorous statement and proof. — There is no symplectic connected sum except
for surfaces. Here is a proof (valid except in dimension 6). Suppose (W1, J;) and
(Ws, Jo) are two almost complex manifolds. Remove balls B; and B,, perform the
surgery by gluing the boundaries and assume there exists a J on W such that
J lw,—p, is homotopic to J;.

10The remarks here are speculative, but the statements in the exercises are rigorous math-
ematics—see {16].
1A contact form on a 2n — 1-manifold is a 1-form o such that o A (da)* ! is a volume form.
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Around B;, TW; is a trivialisable complex bundle. Fix a trivialisation. The
existence of J is equivalent to that of a map ¢ : S>»! — GL(n,C) to be used
to glue together the two trivialisations to construct the (complex) tangent bundle
TW. Such a map ¢ might also be used to glue the trivialisations of the bundles
over By and Bs... to give an almost complex structure on the tangent bundle to
By Ug By = 8%,

It is well known that, if 2n # 2, 6, this cannot exist. We already mentioned
this result!? in 1.5, where we even proved it for 2n = 4. It is very easy to make
symplectic connected sums of surfaces (and more generally of volume forms) as in
the following exercise.

5.1.5. Exercise.

1. Let o be the usual (“df”) volume form on S', and let ¢ : R — R be a
positive smooth function such that o(¢) = #? for |t| > 1. Check that the
2-form w = (t)dt Ao on R x S! is a symplectic form which induces the
standard form on R%—unit disc on both sides | — 00, —~1] x S1 and [1, +o0[ via
the diffeomorphisms (¢, z) — tz.

2. Deduce a symplectic connected sum of symplectic surfaces. Generalise to
volume forms in arbitrary dimensions. Why is there no staightforward gener-
alisation to symplectic forms in higher dimensions?

In dimension 6, any almost complex structure on S¢ allows us to construct almost
complex connected sums, but this does not work in the symplectic category, the only
proof I know uses pseudo-holomorphic curves (the result is in [12], and a proof, due
to D. McDuff is written in [5]).

Now we have spent enough time constructing nonsymplectic manifolds, let us try

to understand what actually works. For simplicity, let us concentrate on dimension
4.

5.2. Blowing up and down

Let us come back to the standard ball in Darboux coordinates. Do we know
something that we can glue to it, that is, do we know something which is symplectic
and whose boundary looks like S3... but from the inside?

In the spirit of §2.3, that is, of the Duistermaat-Heckman formula [9], represent
the complement of By in Wi as on the left part of figure 3. The slope is 1 due
to the fact that the volume of the 2-sphere obtained by reducing the 3-sphere of
radius R (vertical segment) is precisely R>. It is now clear that we can glue the
right part of the same figure, that is, the total space of the tautological line bundle

120f course the speculative consideration of increasing volumes has no significance in dimension
2.
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Figure 3

O(-1) — PY(C): its boundary is actually S3, and if we endow it with one of the
symplectic forms of § 2.3 (The total space of O(—1) is the complement of the section
at infinity in P (O(—1) @ 1)), its boudary is actually seen from where we want. The
volume considerations are equivalent to this.

Figure 3 is so accurate that it even shows what we are really allowed to do in the
symplectic category: we can glue, provided that the volume A of the zero section
in O(—1) is less than the square of the radius R of the ball we remove: there must
exist an r > 0 such that R? = X + r2.

This is the symplectic blowing up construction of D. McDuff [24], [25]: one
replaces a large ball (of radius R) by a (neighbourhood of) a sphere of volume
X < R?%. Note that the blown up symplectic manifold is smaller than the original
one. The opposite operation, that is, to replace a sphere with —1 normal bundle (or
self intersection) with a large enough ball is the symplectic blowing down. This is
the process generalised in the symplectic fibre sum used in [10].

5.3. The symplectic fibre sum

In this §, I describe a construction, recently discovered by Gompf [10], although
it seems to have been known for a very long time, at least by Gromov (1) as one!®
can see on page 343 of [13].

Suppose that we are given two symplectic manifolds W; and W, which both
contain a symplectic embedded copy of the same surface ¥.. We want to try to remove
neighbourhoods of ¥; and 3, in Wy, W5 and to glue the complements together to
get a symplectic manifold. Of course, we need the boundaries to be diffeomorphic,
in other words, the normal bundles (which are symplectic 2-plane or complex line
bundles) have to be either isomorphic or anti-isomorphic. For the same reasons as
before, the right choice is that they are anti-isomorphic. It is more or less obvious.
For instance, at the almost complex level we know how to glue together disc bundles
of L and L™! over X to get a complex manifold, namely P(L®1), in which the normal
bundle to the zero section is L and that to the section at infinity is L~!. The same

13Thanks to E. Giroux for pointing out to me this remark in {13].
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gluing map allows us to get an almost complex structure on W = (W; — D(L)) Us(z)
(Wa — D(L)) which is homotopic to the given ones on W) — D(L) and W, — D(L)
(this is the same argument as the use of the sphere in the connected sum problem).

So we are certain to be able to construct an almost complex manifold. What
should we do to construct a symplectic one?

As in the blowing up and down process, the symplectic forms should agree near
the parts glued together. This is what the symplectic tubular neighbourhood theo-
rem allow us to assume'®: there is a normal form for the symplectic form in a small
enough neighbourhood of the submanifold.

In other words, if you understand one example, you understand everything. For
instance, if L — ¥ is a complex line bundle over the surface 3 (the normal bundle
of 31 in W), there is a symplectic form on a small enough disc bundle of L which
can be used as a model. This is most conveniently defined on a compact version
of L, that is on P{L @ 1). We already have one if ¥ = %, according to 2.3. The
next exercise gives an easy and elegant general construction which I learnt from P.
Iglesias.

5.3.1. Exercise. —  Assume L is trivial and construct a symplectic form on
P(L®1). Assume now L non trivial with Euler class k, and endowed with a
Hermitian metric. Consider the unit sphere bundle S(L) with its S'-action by
rotations in the fibres.

1. Show that there exists a connection form « on S(L) such that da = 7*n for
some volume form 1 on ¥ (in other words, one can assume that the curvature
of o never vanishes) with [ n = k (see chapter IV).

2. Consider now the S'-action on PY(C) by ¢ - [a,b] = [a, t}], put

‘ laf* + 1bI*

(H is a Hamiltonian for the action if P1(C) is endowed with the standard

symplectic form wyp). Investigate the kernel of the 2-form

H([a,b]) =

w=dHa)+ wp

on S(L) x P1(C). Assume p > 0 and show that & defines a symplectic form
w on the quotient S(L) x 51 P}(C) by the diagonal action.

3. Show that S(L) x g1 P}(C) is actually diffeomorphic to P (L @ 1) and compute
the volumes of the surfaces sitting inside (fibres and sections) as in 2.3.

4In the present case (symplectic submanifold) as well as in all cases where the symplectic
form, restricted to the submanifold has constant rank (e.g. symplectic, isotropic, co-isotropic
submanifolds) this is the so called Darboux-Weinstein theorem [29], which can be obtained as the
classical Darboux theorem (in chapter I) with the help of the path method of Moser. A more
general result is due to Givental (see e.g. [6]) and asserts that if the restrictions of the forms
induced on the submanifolds are isomorphic, then they are isomorphic on neighbourhoods.
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Figure 4

Now look at figure 4 which shows neighbourhoods of ¥; in W; and %, in W.
Call @ = f5, w1, b= f5;, wo, and k the Euler class of the normal bundle to ¥;.

After rescaling one of the symplectic forms, there exists an r > 0 such that
a+ kr = b— kr and we can glue the complementaries W of the neighbourhoods of
¥; defined by r to get a closed symplectic manifold W (figure 5).

Figure 5

Remarks.

1. Although the diffeomorphism type of W is well defined, the symplectic form
might depend on 7 (not least because of the rescaling).

2. Change the dimensions to get obvious generalisations.

3. Exercise 5.1.4 together with the adjacent remarks about volumes is supposed to
explain why one cannot easily replace symplectic by Lagrangian submanifolds:
a neighbourhood of a Lagrangian submanifold is isomorphic to a disc bundle
of its cotangent bundle, whose boundary has contact type.
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5.3.2. Exercise. —  Suppose W contains a symplectic sphere ¥ with self
intersection —1. Using P}(C) C P%(C), show that one can view the symplectic
blowing down of ¥ as a symplectic fibre sum.

This construction is used by Gompf in two ways. First of all, using some sophisti-
cated examples (construction of homotopy K 3-surfaces without complex structure),
he gets 4-dimensional simply connected symplectic manifolds which are non Kahler.
Second, he constructs, for any finitely presented group G, a 4-dimensional symplec-
tic manifold W with = (W) = G. This result, although new and spectacular (the
situation for complex surfaces is quite different) is nevertheless very elementary. It
uses only the symplectic fibre sum in the easiest case (submanifolds with trivial
normal bundles) and the existence of a symplectic manifold V' which contains a
symplectic 2-torus T with trivial normal bundle and simply connected complement.
The construction for G = Z (no symplectic 4-manifold with m = Z was known
before [10]) is given in the following exercise.

5.3.3. Exercise. — Consider a torus (genus 1 surface) F' = R%/Z?, with the
two circles a (3 = 0) and 3 (z; = 0) so that 7 (F) is generated by o and § and
that m,(F)/(8) = G = Z. Consider another torus T2 with one circle v (z2 = 0)
sitting inside. Set W = F x T2, endow it with a product symplectic form wy.

1. Show that there exists a closed 1-form p on F such that p|g never vanishes.
Let o be a closed 1-form on T? having the same property with respect to +.
Put w; = wg + ¢t (p A o). Show that, for ¢ > 0 small enough, w; is a symplectic
form!® and § x 7 a symplectic subtorus of (W, w;) with trivial normal bundle.
Perform the surgery with the manifold V' (with the properties stated above)
along the tori, to give Wj.

2. Show that for ¢ small enough, {2} x T? is a symplectic subtorus in W (with
trivial normal bundle). Choose z far enough from f, in such a way that
{2} x T? is still a submanifold of W;. Perform the symplectic fibre sum along
it with another copy of V, to give W,. Show that m(Ws) = Z.

There do exist complex (Kéhler) surfaces with the stated properties, for instance
the “rational elliptic surfaces” V obtained by blowing up nine points in general
position in P%(C), as will be seen from the next exercise.

5.3.4. Exercise. — Choose nine points py, ..., py in P?(C).

15 At this point, there is a small technicality for a more general group G: if G has a presentation
with k generators, one can try to begin with a genus & surface F. One then has to kill half of
the generators of 7 (F), but also all the relations. In order to have an analogue of w;, one needs
a p. For obvious homological reasons, it might be necessary, in order to get one, to increase the
genus. .. and thus the number of elements to kill.
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1. Show that, for a generic choice of the points p;, the set of all cubic curves
through these points is a pencil (a complex projective line in the space of all
cubic curves). Hint: recall that, in general, ten points define a plane cubic.

2. Assume that the nine points are chosen in this way. Let V' be the complex
surface obtained by blowing up P? at the nine points (so that V is a Kahler
manifold). Show that the “map” P? — P! which, to each point p associates the
unique cubic of the pencil through p is actually a well defined map f : V — P*,
almost all of its fibres being smooth cubics.

3. Recall that a smooth plane cubic is diffeomorphic to a torus. Check that almost
all the fibres of f are symplectic tori with trivial normal bundles. Show that
the fundamental group of the complement of a smooth cubic in P? is generated
by a small loop in the complex normal line at some point. Deduce that V' is
simply connected.

Appendix: The canonical almost complex structure on the manifold of
1-jets of pseudo-holomorphic mappings between two almost complex
manifolds, by Paul Gauduchon

A.1. Minimal connections on an almost complex manifold

Let (M,J) be an almost complex manifold of (real) dimension n = 2m. We
denote by N the Nijenhuis tensor, or complex torsion, defined by:

(A.1.1) N(X,Y) = [JX,JY] - JJX,Y] - J|X,JY] - [X,Y],

for all X, Y in T, M, for all z € M. Recall from §1.3 that, according to the
Newlander-Nirenberg theorem [27], N vanishes identically if and only if the almost
complex structure J is integrable.

Let D be a J-linear connection on M, i.e. a R-linear connection preserving
the almost complex structure J (for basic facts about connections, see chapter IV).
The torsion T' of D splits into a J-invariant part, denoted by T+, and a J-skew-
invariant part, denoted by T, with respect to the involutive action of J defined
by: T'— T(J., J.). The component T~ in turn splits into two components, denoted
respectively by 77~ and T~ satisfying the following identities:

(A.1.2) T-(JX,)Y)=T(X,JY)=-J(T " (X,Y))
and
(A.1.3) THJX,Y)=T"YX,JY)=J(T " (X,Y)).

Then, the following hold (see, e.g. [22]):
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e The component T~ of the torsion of D is independent of D and is equal to
1
iN;
FEAR!

e there exists a non-empty (affine) space of J-linear connections on M, of which
the torsion is reduced to the component T~ = iN .

Connections of this type will be called minimal.

Two minimal J-linear connections D and D' are related by: D' = D 4 A, where
A is a 1-form on M with values in the vector bundle of J-linear endomorphisms
of the tangent bundle TM; moreover, since D and D’ have the same torsion, A is
symmetric, i.e. satisfies the identity:

(A.14) AxY = Ay X, VXY eT,M, VYze M.
Then, the symmetry of A and the J-linearity of Ax, for any X, imply:

(A15) Ajx = JOAx, VX e T.M, Ve M.

A.2. The canonical almost complex structure on J'(M;, M,).

Let (My,J;) and (M3, J2) be two almost complex manifolds, of (real) dimension
n; and ny respectively. A mapping f : M; — M, is pseudo-holomorphic if df o J; =
Jyodf (df denoting the differential of f).

A.2.1. Exercise. — Denote by N; the Nijenhuis tensor of (M, J;). If f is a
pseudo-holomorphic mapping, check that

Ny (df (X), df (Y)) = df (M(X,Y)).

Let JY(Mj, Ms) denote the manifold of 1-jets of pseudo-holomorphic mappings
from (My, J1) into (Ma, J2), identified with the total space of the (complex) vector
bundle E over the product M; x M,, whose fibre E(,, ;) at the point (x,z;) of
M, x M, is the {complex) vector space of C-linear homomorphsims from T, M; to
T,,M,. Chose a Ji-linear connection D! on M; and a Jo-linear connection D? on
M5, both minimal.

These connections induce a C-linear connection, denoted by V, acting on the
sections of the vector bundle E, defined, for any section a of E, by:

(A-2.2) (Vi xa)2) (Y1) = Ox, (a(Y1)) + D%, (a(11)) — a(Dx, Y1),

for all Y7 in T, M, ,with the following significance: in the left hand side, Y; denotes
any extension (independent of the variable z5) of the vector Y; on the factor M; x
{z2}; in the first term on the right hand side, the variable z, is “frozen”, so that
a(Y1) takes its values in the fixed vector space Ty, Ms, and dx, denotes the ordinary
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derivative in the direction of X;; in the second term of the right hand side, the
variable z; is “frozen”, so that a(Y7) is considered as a vector field on M.

The linear connection V determines (and is determined by) a horizontal distri-
bution, denoted by HY, on the total space of E, by which we make the following
identification, for any vector U tangent at £ to (the total space of) E:

(A.2.3) U= (v"(U),(X1,Xa)), YU €TE,EE Ep,a,
where:
o X = (X1, X,) is the natural projection of U into Tz, z,)(M1 x Ma);
e vV(U) is the principal part of U w.r.t. V, where vV denotes the (vertical)

projection of T ' onto the vertical subspace of T¢ F, identified with the fibre
E, ,), along the horizontal subspace Hgv .

For a different choice of (minimal) connections D' = D!+ A! and D”? = D?*+ A% on
M; and M, the induced connection V' is related to V by: V' = V + B, where B is
the 1-form on M; with values in the vector bundle End F of C-linear endomorphisms
of E, equal to:

(A2.4) Bx, xn)f = A, 0 £ —£0 Ak,

for all £ in Eg, 5,y = Homg(T;, My, Ty, M,). It follows readily from (A.2.4) that the
principal parts vV (U) and vV (U) of a same vector U w.r.t. V' and V are related
by:

(A.2.5) V' (U) =0V (U) + A%, 06 — €0 AL, VU € TLE,
where X = (X, X5) is the natural projection of U into T{z, 4,)(M1 X My).

With the help of the connection V, we construct an almost complex structure
J on the manifold J1(M:, M;) = E, via the identification (A.2.3), by putting:

(A26) JU = (J2 o ’UV(U), (J1X1, JQXQ)) YU ¢ TEE, VE € F.

PROPOSITION A.2.7. — The almost-complex structure J is independent of
the choice of the (minimal) connections D' and D?.

Proof. — Let J' be the almost complex structure on E = JY(M;, My) built
from the connection V'. By (A.2.6), J'U is represented, via the identification (A.2.3)
w.r.t. V', by the pair (J, 0 vV (U), (J1X1, /aX3)). By (A.2.5), the principal part
vV (J'U) of J'U with respect to the initial connection V is equal to

JoovY' (U)— A%y o€+ €0 ALy,
equal, by (A.2.5), to
JZO”V(U)+J2°(A§(2 of—foA}(l) _A32X2 °§+f°AlJlX1~

By (A.1.5), the latter expression is equal to J, o vV(U), i.e. the principal part of
JU wrt. V. O
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Remark. — It follows from Proposition A.2.7 that the almost complex struc-
ture J defined by (A.2.6) on J(M; x My) is canonical, i.e. only depends on J; and
Ja.

A.2.8. Exercise. — Check that J is integrable if and only if J; and J, are
integrable (Hint: compute the Nijenhuis tensor A of J by using distinguished,
vertical and horizontal (w.r.t. V), vector fields on E, i.e., respectively, sections of
E, considered as vertical vector fields, constant on fibres, and horizontal lifts of
vector fields on the basis M; x Ms).

Each pseudo-holomorphic map f from (M}, J1) into (Mj, J3) canonically lifts, via
its 1-jet, to a map, denoted by f, from M into JY M, My). Via the identification
JY My, My) = E, f is expressed by:

(A29) f(a:) = df|TzM1, Yz € M.

PROPOSITION A.2.10. — For any pseudo-holomorphic map f from (M, J;)
into (Ma, J3), the canonical lift f is a pseudo-holomorphic map from (Mi, J;) into
(Jl(Mh M2)7 J)

Proof. — Chose minimal connections D! and D? on M; and M, respectively,
so that the almost complex structure J of J1(M;, M,) = E is expressed by (A.2.6)
w.r. to the induced connection.

For each point z of M; and each vector X of T, M;, the vector d f (X), in Tf(z)E ,
is represented, via the identification (A.2.3), by the pair:

(A.2.11) df(X) = (Vxdf, (X,df(X))),

where, for convenience, we still denote by V the C-linear connection induced by D!
and D? on the (complex) vector bundle, over My, T*M; ®c f*T M, {(of which df is
a section).

Since the torsion of D!, resp. D?, is equal to the Nijenhuis tensor Ny, resp. Na,
of Jy, resp. Js, the “Hessian” Vdf is symmetric. Indeed, we have:

(Vxdf)(Y) = (Vydf)(X) = No(df(X),df(Y)) — df (Mi(X,Y))
= 0,

for the differential df of any pseudo-holomorphic mapping f exchanges the Nijen-
huis tensors (exercise A.2.1). It then follows from the C-linearity of df and the
connections D! and D?, that Vdf satisfies the relation:

(A.212) (Vuxd)Y) = L(Vxd)(Y)), VXY €T M, Ve M.
By (A.2.11) and (A.2.6), we infer:
df(J1X) = (Jo o Vxdf, (1 X, Jodf (X)) = T(dF(X)), VX € T,M;, Vze& M,
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ie.
(A.2.13) df o Jy = J odf.
0O
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Riemannian geometry and linear
connections



Chapter III

Some relevant Riemannian geometry

Jacques Lafontaine

with an appendix by M.-P. Muller

The first two sections of this chapter are an introduction to Riemannian geom-
etry. It is not self-contained, and precise references are provided when necessary.
However, we chosed to give some proofs which have a metric flavour.

Sections 3 and 4 and the appendix deal with results which are crucial in the study
of pseudo-holomorphic curves, namely the Wirtinger and isoperimetric inequalities.

In section 5, following arguments kindly communicated by J. Duval and D. Ben-
nequin, we show how these Riemannian techniques can be used to prove compactness
properties for pseudo-holomorphic curves.

1. Riemannian manifolds as metric spaces

1.1. Introduction

Let U be an open set of R™, and assign to each m € U a positive definite
quadratic form g,, whose coefficients are smooth functions. For each—say piecewise
smooth-—curve ¢ : [a,b] — U the length of ¢ is defined by the integral

() = length(e) = | oo (e(0), e

Then, for any pair (z,y) of points in U, define disty(z,y) to be the infimum of the
lengths of all the curves from z to y in U. It can be easily checked that dist, is
indeed a distance on U, which induces the usual topology, and that conversely dist,
determines g.

DEFINITION 1.1.1. — A Riemannian metric on a manifold M is a metric such
that M can be covered by open sets which are isometric to open sets of R™, equipped
with such a metric.

More classically, a Riemannian metric is a field m — g,, of symmetric positive
definite forms... The definition above is of course related to the data of this field
in local coordinates with respect to some atlas of the manifold.

7
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Remark. — Strictly speaking, one should distinguish the infinitesimal data g,
that is the Riemannian tensor, and the distance dist,. In fact, when speaking of
Riemannian metrics, one refers to both, and this is not confusing.

The following properties justify the importance of Riemannian metrics. They
are just trivial consequences of elementary properties of positive definite quadratic
forms.

a) any convex combination of Riemannian metrics is still a Riemannian metric.
b) any submanifold of a Riemannian manifold (M, g) inherits a natural Riemannian
metric.

Either a) (partitions of unity) or b) (elementary embedding theorems in Eu-
clidean space) can be used to prove the existence of Riemannian metrics on any
smooth manifold!. The numerical invariants which are provided by a Riemannian
metric may give “quantitative versions” of topological properties. Namely, a Rie-
mannian manifold which is complete for dist, has a finite diameter if and only if
M is compact (1.3.5). A more subtle numerical invariant is the injectivity radius,
which guarantees, for any compact (M, g), the existence of an r > 0 such that any
open ball B(z,r) is diffeomorphic to R™ (cf. 1.3.10).

In contrast with these global invariants, there are local invariants, which are
given by g viewed as a tensor. The most elementary one is the canonical measure.
It is obtained by assigning to each tangent space T,, M a suitable normalisation of
the Lebesgue measure: we decide that the cube generated by an orthonormal basis
has measure one. In other words, if with respect to some local coordinates

g= Zgijdmidacj,

4.J

then for the same coordinates

vy = y/det(g;;)dz" ... dz".

Therefore, we can define the (possibly infinite) volume of (M, g), namely vol(M, g) =
fas Vg, and by the remark b) above, the volume of any submanifold of M as well.

1.2, The Levi-Civita connection: why and how

For a better understanding of the metric distg, it is very useful to find curves
whose length is equal to the distance between their extremities. It is clear than any
curve contained in such a curve will satisfy the same property, which is indeed a
local property. It turns out (cf. [17] ch.2 or [13] 2.97 for instance) that minimising
the energy is much more convenient. Indeed, it is an easy consequence of 1.3.3
below that a curve is energy minimising if and only if it is length minimising and
parametrised proportionnally to arc-length.

10Of course, all manifolds are paracompact.
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DEFINITION 1.2.1. — The energy of a piecewise smooth curve ¢ : [a,b] — M
is just the integral

1 b
> / 9(é, &)t

With the usual notations of classical mechanics, it is “well known” that the
curves which are extremal for the energy satisfy the Lagrange equations

doL oL _
oG og

for the Lagrangian L(q,q) = 1 3; ¢ij(¢)¢'¢’. Therefore, we get the second order
system

n ) 1 &2 .

> 9i(9)d - 3 > Bigimd’d.

= k=1
Inversing the matrix (g,;), we see that this system is equivalent to a system of the
form § = F(q, ¢) so that classical existence and uniqueness theorems can be used.

If we want a better insight into what is happening, a more intrinsic approach is

suitable. Namely, a one parameter family of curves ¢;(u) being given, we want to
compute the derivative of the energy E(c;), say for ¢ = 0, in terms of the vector field

X(u) = %Ct(u)it:O

along ¢g = ¢. To do that, we must compare tangent vectors at different points of
the manifold. Linear connections do the job.

DEFINITION 1.2.2. — A linear connection on a manifold M is a R-bilinear
map D from X (M) x X(M) into X (M) such that for any smooth function f,
i) DixY = fDxY
i#) DxfY = fDxY + (X - Y.

Remark. — We just extend the usual properties of the directional derivative
in R™. Usually, D is supposed torsion-free: we require that
iii) DxY — Dy X = Dix,yj.

Remark. — More generally, one defines connections on vector bundles (see
chapter IV). Denoting by T'(E) the vector space of sections of a vector bundle
E +— M, a connection is then an R-bilinear map from X (M) x I'(E) into T'(E)
satisfying 1) and ii) above. Of course, iii) does not make sense in that case.

Coming back to the tangent bundle, a basic result is then the following.

PROPOSITION 1.2.3. — Given a Riemannian manifold (M, g), there exists a
unique torsion-free connection D such that

X -g(Y,Z) =g(DxY, Z) + g(Y, Dx Z).
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Remark. — We just mimic the formula for the derivative of a scalar product
in Euclidean space.

Proof. — It is enough to determine D on coordinate vector fields 9;. We must
have

9;9;% = 9(Da,05,0k) + 9(0;, Do, O).
After circular permutation, summing the two first relation and substracting the third
we get
29(Ds,05, 0x) = 0;gik + Orgij — Oigji.
The result follows, since g is non-degenerate (the positivity of g plays no role here).
0
Now, we need to refine a little bit the definition of a connection, since we want to
work with vector fields along curves. Denote by X'(c, M) the space of vector fields
along the curve ¢ (recall that they are maps X : I — T'M such that X (u) € TywM
for any u). The following result is straightforward.

PROPOSITION 1.2.4. — Given a connection D, there exists a unique linear
map D¢ from X(c, M) into itself such that

i) D(fX) = fX + fDX for any X in X(c, M) and any f € C>(I).

i) If X(s) =Y, where Y is a vector field on M, then D°X = DY .

Remark. — Our notation is correct, since by 1.2.2 i) the value of DxY at
p € M only depends on X,

Proof. — Just notice that, restricting the interval if necessary, any X €
X(c, M) can be written as

X(s)= 3 FsIils),
where the V; are coordinate vector fields. O
DEFINITION 1.2.5. — D¢ is the covariant derivative along c.
Clearly, if X and Y are vector fields along ¢, and if D is the Levi-Civita connec-
tion,
%Q(X(S)y Y(s)) = g(D°X(s),Y(s)) + 9(X(s), DY (s))-

d
Now, we can write the derivative of energy in the following way:

THEOREM 1.2.6 (first variation formula). — Let (t,s) — ¢(s) be a family of
d
smooth curves, where t €] —¢,¢] and s € [a,b]. Let X(s) = ECt(S)‘tzo, and ¢y = ¢.
Then

& Bleieo = X (), e~ [ o(DO)(s), X (5))ds.
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Proof. — Interchanging derivatives, we first get

9 Ble) = [ g(DX)(s),éls)ds.

dt
Then integrate by parts, using the preceding remark (we invite the reader to fill the
gap in this argument, that is to define and use a covariant derivative for vectors
along the (possibly singular) surface (t, ) — ¢(s)). O

DEFINITION 1.2.7. — A geodesic of a Riemannian metric (M, g) is a curve c
such that D% = 0.

In local coordinates, we get the differential system

&+ Tilo)der =0,
gk

the coefficients I'; being defined by
Dy,0x =y Ty,

Indeed, we recover the Lagrange equations.

The following facts are both important and straightforward:

a) for any m € M and u € T,, M, there is a geodesic ¢ :] — ¢,e[— M such that
¢(0) = m and ¢(0) = u, and ¢ is unique in the sense that two such geodesics coincide
on the intersection of their intervals of definition;

b) if a curve s — ¢(s) is a geodesic, so is the curve s — ¢(As) for any constant X;

c) since Lg(é,¢) = 2g(¢, D°¢) = 0, g(¢, é) is constant along any geodesic. There-
fore, after a suitable scaling of the parameter, we can supposed that geodesics are
parameterised by arc-length.

DEFINITION 1.2.8. — The exponential map at m € M, denoted by exp,, v,

where v € T, M, is given by the position at s = 1 of the unique geodesic ¢ such that
c(0) = m and ¢(0) = v.

For the moment, exp,, is only defined on a (star-shaped) neighbourhood of 0 in
TmM. The remark b) above shows that exp,, tv is just the position at time ¢ of the
geodesic starting from m with initial speed v. Since we already know, from general
properties of differential equations, that exp,, is smooth, we get the following result.

PROPOSITION 1.2.9. — 1) The differential of exp,, at 0 € T,,M is the identity
of T, M.
ii) The differential of the map v, — (x,exp, v,) from TM to M x M has mazimal
ronk at Q.
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Proof. — We have already proved the first part. For ii), taking local co-
ordinates around m and the corresponding coordinates for TM, we see that the
differential at 0, is given by the matrix

(7)

Therefore, using the inverse function theorem, we see that exp,, provides local
coordinates. They are called normal coordinates. They are particularly well adapted
to the metric, as we shall see now.

1.3. Minimising properties of geodesics
PROPOSITION 1.3.1 (Gauss lemma). — The geodesics issuing from m meet

the images by exp,, of the spheres S(0,1) orthogonally.

Proof. — Take two unit orthogonal vectors v and v in T;, M, and apply the
first variation formula to c(t,6) = exp,, ({(ucosd +vsinh)) for § = 0. O

1.3.2. Scholium. —  For ru € T,, M (r # 0), if we identify as usual T, T;, M
with T, M, then T,, exp,, is an isometry when restricted to Ru, and preserves the
orthogonal splitting

TmM = Ru @ (Ru)*.

In dimension 2, taking polar coordinates in 7,, M, we have
expl, g = dr? + f2(r,0)d6?,
with £(0,0) = 0 and 8, (0,60) = 1.

COROLLARY 1.3.3. — For any m € M, there is a strictly positive r such that
any geodesic issuing from m of length smaller than r realises the distance between
its extremities. In other words,

Vu € T,,M with |lull =1, Vt € [0,7], disty(m,exp,, tu) =¢.

Proof. — By the inverse function theorem, there is an open set U containing
0 € T,M such that exp,, is a diffeomorphism of U onto exp,,(U). Then take a
closed ball B(0,7) C U. Let x = exp,, ru. Using polar coordinates in T,,M, any
curve c: [0,1] — exp,, (B(0,7)) joining m and z can be written as

c(t) = exp,,(s(t)v(t)) with s(0) =0, s(1) =7, v(1) = w and |Jv(t)|| = 1.
Then, using the scholium above, we get

el = 15" OF + [ Tn expr -5t (1) [ey-
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Now it is clear that ¢(c) > r, and that equality occurs if and only if v vanishes
identically. But this means that ¢(t) = exp,, tu.

We supposed that ¢([0,1]) C exp,, (B(0,r)). If this is not the case, we proceed
just in the same way, considering the first point where ¢ hits the boundary of the
ball. O

Remarks. — i) The same argument, using 1.2.9 ii), proves that there exists a
6 > 0 such that any two points x and y whose distance is smaller than § can be
joined by a unique geodesic of length disty(z, y).

ii) Since the converse is clear (use the first variation formula), 1.3.3 allows a
purely metric characterisation of geodesics.

Another consequence is the following “intuitive” property, that we leave to the
reader.

1.3.4. Exercise. — For any p,q € M, and for § small enough, there exists pg
such that dist,(p, ¢) = dist,(p, po) + disty(po, ¢) and dist,{p, ps) = 6.

Using this property, one can prove that geodesics can be extended indefinitely.
This is the Hopf-Rinow theorem (see [13] ch.2, or [17] ch.2 for the proof, and also [14]
for a purely metric view-point).

THEOREM 1.3.5. — For a Riemannian manifold (M, g) the following proper-
ties are equivalent.

i) Any closed and bounded subset is compact.

i) The metric disty is complete.

iii) There is an m € M such that exp,, is defined everywhere on T,,M.

w) For every m € M, exp,, is defined everywhere on T,,M. Moreover, if one
of these properties is satisfied, any two points of M can be joined by a minimising
geodesic.

DEFINITION 1.3.6. — A complete Riemannian manifold (M, g) is a manifold
which is a complete metric space for dist,.

Now it is clear that a compact Riemannian manifold is complete, and that con-
versely, a complete Riemannian manifold is compact if and only if its diameter is
finite. From now on, all the Riemannian manifolds are assumed to be complete. A
remarkable consequence of completeness is the following.

THEOREM 1.3.7. — Let (M, g) be a complete Riemannian manifold, m € M
and u € T,,M. Let

to = sup{t > 0, s — exp,, su is minimising on [0, {]}.

Then, if to < 0o, one of the following properties occurs.
i) There are (at least) two distinct minimising geodesics from m to exp,, tou
i) exp,, is singular at tyu.
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Proof. — By assumption, there is a sequence t,, with ¢, > ¢g, such that
disty(m, exp,, t,u) < t,. But exp,, {,u can be joined to m by a minimising geodesic,
so that

€XDy, tnll = €XP,, Spltn, With s, = disty(m, exp,, tau).

Using the compactness of the unit sphere in T,,M, and taking a subsequence if
necessary, we can suppose that u,, converges to some v € U,, M. Clearly, s, converges
to 2. Now, if v # wu, situation i) occurs. And if v = u, we see that exp,, is not
injective in any neighbourhood of tyu. Therefore ¢yu is a singular point of exp,,. O

The following definition is useful to precise case ii).

DeFINITION 1.3.8. — If tou € T,,M s a critical point of exp,,, the point
p = exp,, tou is said to be conjugate to m along the geodesic s — exp,, su.

Using the same kind of arguments (see [9] p. 272 or [§] p. 94 for details) one
proves the following.

THEOREM 1.3.9. — Let (M,g) be a complete Riemannian manifold, UM be
its unit tangent bundle, let p(u,,) be the lowest upper bound of the r > 0 such that

the geodesic t — exp,,(tu,,) is minimising on [0,7]. Then p is a continuous map
from UM to R...

Remark. — In particular, if M is compact, inf p(u,,) is stricly positive and
attained.
DEeFINITION 1.3.10. — The injectivity radius inj(M, g) of (M, g) is the infi-

mum of p(tm).

In contrast with the compact case, for a noncompact manifold, the injectivity
radius can be infinite (e.g. Euclidean space!) or zero (cf. 4.1.1d).

As illustrated in 1.3.7, controlling the injectivity radius involves both local and
global properties of the Riemannian metric. This may be quite delicate (cf. [8], ch.
5). The story, a little bit of which will be told in 2.4.3, begins with the following
refinement of 1.3.7.

LEMMA 1.3.11. — Let p € M such that disty(m,p) = p(m). Then either p is
conjugate to m along some minimising geodesic, or there are two geodesics ¢ and
¢y from m to p such that é(p) = —éa(p).

Proof. — Using 1.3.7, we may assume there are two minimising geodesics ¢;
and ¢, from m to p such that p is not conjugate to m along either. If ¢;(p) # —éa(p),
there exists v € T, M such that

g(v,—¢1(p)) >0 and g(v, —c2(p)) > 0.

Let 0 : [0,6[— M be a curve such that o(0) = p and ¢(0) = v.
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Figure 6

Since p is not conjugate to m along c; or ¢y, there exist for small ¢ one-parameter
families ¢} and c§ from m to o(t) such that ¢} = ¢; and ¢§ = ¢,. Then, by the first
variation formula, one has ¢(cf) < disty(m,p) for t small enough. Suppose for
instance that

6eh) < 6(ch) < Uer) = bea).

Using 1.3.7 again we see that the geodesic ¢} is minimising at most up to o(t), a
contradiction. O

1.4. Some basic examples

1.4.1. Flat torii — The geodesics of Euclidean space are just the straight
lines, provided with an affine parameter. A more interesting example is provided by
flat tori, i.e. quotients of R™ by a lattice A: the length of a curve in R"/A is just
the length of one of its lifts in R”. Then the geodesics of R™/A are the projections
of the straight lines of R" by the covering map p : R® — R"/A. Be careful: the
metric structure of such a torus strongly depends on the lattice A: for instance, the
lengths of closed geodesics are just the norms of the vectors of the lattice.

1.4.2. Submanifolds. —  Let M be a submanifold of a Riemannian manifold
(M, 3), equipped with the induced metric g, and let D and D the corresponding
Levi-Civita connections. Then for any m € M, and any vector fields X and Y on
N, (DxY)y, is the orthogonal projection of ([),-(ff)m on T,,M, where X and Y are
local prolongations de X and Y to a neighbourhood of m in M. This is a direct
consequence of the characterisation of the Levi-Civita connection in proposition
1.2.3. Taking M = R", we see that D% is the orthogonal projection of & on Tgy M.
It follows easily that the geodesics of the round sphere S™ ¢ R™! are the great
circles.

1.4.3. The standard sphere. — There is a more geometric way to get this re-
sult: since the image of a geodesic by an isometry is a geodesic, using the uniqueness
property of geodesics we see that a curve which is the fixed point set of an isometry
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is a geodesic. But the great-circles are the intersections with the sphere of the fixed
point sets of orthogonal symmetries with respect to 2-planes through the origin. If
z € S™ and if u € T,S™ is a unit vector, the geodesic starting from z with initial
speed u is just

s — (cos 8)z + (sin s)u,
so that

expl g = ds® + (sin? 5)ggn-1.

In particular, for n = 2,
expt g = ds? + sin® sdf?.

1.4.4. Hyperbolic space. —  With minor modifications, the above applies to
hyperbolic space, defined as follows: consider R™* with the quadratic form

2

n?

(T,2) = —z2+ 22+ -2
and set
H"={z € R" (z,2) = —1 and z,>1}.

Clearly, T,H® = Rzt (the orthogonality is meant for the form ( , ), not the
Euclidean one of course), and the restriction of { , ) to T, H™ is positive definite.
The intersections of H™ with 2-planes through the origin (which are half hyperbolas
for our Euclidean eyes) provide the geodesics of this Riemannian metric. Indeed,
both arguments we saw for the sphere work for hyperbolic space, replacing Euclidean
symmetries or projections by their Lorentzian analogues. The geodesic starting from
z with initial speed u is now

s+ (cosh s)z + (sinh s)u,
so that
exp’ g = ds® + (sinh? 5)ggn1.

In particular, for n = 2, expl g = ds? + sinh? sd62. In constrast with the case of the
sphere, we see that exp, is a global diffeomorphism, and that dist,(x, exp,, su) = |s]
for any s. Topologically, the situation is the same as for R™. But metrically, it is
completely different: since

exp; Uy = ds A (sinh"_1 s) Wit
where w2 ! is the standard volume form of the unit sphere, we have for the volume
of the ball B(z,) the asymptotic formula
vol(B(z,r)) ~ ¢, exp(n — 1)r,
and the (n — 1)-dimensional volume of the boundary, that is

S;“l(x,r) = {y € H", disty(z,y) =r}
is also O(exp(n — 1)r).
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1.4.5. Exercise. — Show that the n-form dz' A --- A dz” has no bounded
primitive on R™.

2. The geodesic flow and its linearisation

2.1. The geodesic spray

It is well known that a second order differential equation can be considered as a
first order one: it is sufficient to consider the first derivatives as unknown functions.
If we do this for the equation of geodesics, we get a differential equation on the
tangent bundle TM. More directly, let (M, g) be a complete Riemannian manifold,
and consider the transform

d
by (m,u) = (expm tu, 5 XPm tu)

of TM into itself: we assign to (m,u) the position and the velocity at time ¢ of the
geodesic whose position and velocity at time 0 are m and u € T, M. Clearly,

Oy = D0 Py,

so that @, is a one parameter group of diffeomorphisms of TM, and also of the unit
tangent bundle UM (since g(¢, ¢) is constant along a geodesic).

DEFINITION 2.1.1. — &, s the geodesic flow of (M, g); its infinitesimal gen-
erator is the geodesic spray.

Taking local coordinates (¢*) on M, the vector fields /8¢ define a local triviali-
sation of TM. Denote by (¢', ¢*) the corresponding local coordinates on TM. With
respect to theses coordinates, the geodesic spray = is just

L LI .. 0
2g,9) =Y d'as — 2 Til@d ¢ -
; aqz ; ]k( 6q1

Fortunately, a more geometric description of = is available, but for this we will need
to make a slight detour.

A Riemannian metric (and more generally a pseudo-Riemannian one) provides a
vector bundle isomorphism between T'’M and T* M. Usually, the isomorphism from
TM to T*M is denoted by b, and the inverse by §. (Indeed, this notation reminds
us of what happens to indices in local coordinates). Therefore, we can transport the
metric and the energy to T*M. Set

1
H@m=5%WmU

In local coordinates, we have

1 i
H= 529]Pipj~
ij
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Now, the vector field Z (or, more precisely its image by #) is just the Hamiltonian
of H for the standard symplectic structure of T*M. To see this, let us write down
explicitly Hamilton’s equations

d¢ _0H 4 dn_ _oH

=S ans = - .
dt 6p¢ dt 6ql
The first just says that
i=> 9"p;
=1

i.e. that ¢ = p%, and the second gives the equation of geodesics we saw in 1.2.7. Let
us see now a less down-to-earth argument.

2.2. The geometry of the tangent bundle

Consider T'M as a vector bundle, and let 7 : TM — M be the natural projection.
Then = is a submersion, and for any u,, € T,,M C TM, the kernel of T,, 7 is just
the tangent space at u,, to the fibre 771(m) = T,, M. Denote by V,T'M this kernel.
It is a n-dimensional subspace of 1,7 M, and is naturally isomorphic to T,,M.

DEerFINITION 2.2.1. — V,TM is called the vertical tangent space at u. The
union of all the V,TM is naturally a vector bundle of rank dim M over TM, called
the vertical bundle.

Now, once a linear connection on T'M is given, one can define intrinsically an
n-dimensional distribution H,TM which is everywhere transverse to V,TM. In
particular, the restriction of T,p to H,M is a linear isomorphism. To see this, pick
a vector field X in a neighbourhood of m such that X,, = u,,. If we view X as a
local section of , it is clear that Im (7,,X (T;,M)) is an n-dimensional subspace of
T, TM which is transverse to V,TM. This space only depends on the first jet of X
at m. Now, we choose X such that (D, X), =0, and take

H,TM =1m (T, X (T, M))

for such an X.
The next notion will be discussed in chapter IV.

DEFINITION 2.2.2. — The n-plane distribution u — H,TM is the horizontal
distribution associated with the connection D.

An alternative description of H,TM is the following. A curve in TM is just a
vector field along a curve in M; such a curve, say t — (c(t), X(t}) is horizontal if
and only if its tangent vector is everywhere horizontal. This amounts to saying that
DeX =0. .

Now, let us remember the Riemannian metric g. Using the decomposition of
T.TM above, one defines on T'M a Riemannian metric, by prescribing the following
properties.
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i) The spaces H,TM and V,TM are orthogonal.

ii) The natural isomorphism 7,,M ~ V,TM and the projection T,,p : H,TM —
T»M are isometries.

An alternative description of this metric is given by the lengths of curves in TM:
if £ — (c(t), X (t)) is such a curve, where ¢ € [a, b], its length is just

[ Vol e00) + o (DX @), DX (D)

Usually, it is more convenient and tractable to consider the unit tangent bundle
UM, equipped with the induced metric, instead of the whole of TM. We invite the
reader to check the following examples.

2.2.3. Examples. — If M is Euclidean space R, then UM is R™ x S"~! with
the standard product metric. The geodesic flow is given by ®,(m,u) = (m + tu, u).

If M is the standard sphere S, then UUS? is SO(3) equipped with a bi-invariant
metric; and the geodesic flow ®; is given by right multiplication by the matrix

cost —sint O
sint cost 0
0 0 1

If we lift this action to the universal cover, we get the Hopf action

y(2,2) = (e2,e"2) on 8% ={(z,2) € C% |2]*+ |* = r?}.

2.24. Exercise. — Check that if S? is the sphere of radius 1, and if US? is
equipped with its natural metric, then its double cover is the sphere S? of radius 2.

Now, pulling back the natural symplectic structure of 7*M to T'M by the isomor-
phism 1, we get a symplectic form Q on TM. The above decomposition of T(T'M)
enables us to give a neat description of (.

THEOREM 2.2.5. — Letu € TM and X,Y € T,(TM). Then
2Qu(X7 Y) = g(Xha Yv) - g(Yh7Xv)7

where (X", X¥) and (Y, Y?) are the decompositions of X and Y into their horizontal
and vertical components.

Remark. — For computing these scalar products, we have identified H, (T M)
and V,(T'M) with T,y M via the procedure explained above.
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Proof. — It suffices to check the equality in suitable coordinates. Take ex-
ponential (normal) coordinates ¢ = (¢*) based at 7(u) = m in a neighbourhood U
of m, the naturally associated coordinates (g, q) for 7=}(U) and (g, p) for 7~ 1(U).
Then ¢*(m) = 0, g;;(0) = 6;; and T'5,(0) = 0. Moreover, the first derivatives of g;;
also vanish at g(m). In these coordinates, the isomorphism b is given by

n
(¢,d) —— (¢, Y grd®).
k=1

Therefore, although (g,¢) are not Darboux coordinates for 2, for points whose
coordinates are (0,¢') we have

Q=> d§" ndg (since Orgi;(0) = 0).
i=1
On the other hand, since I'f;(0) = 0, the cordinates vector fields 8/0¢' on TM are

horizontal at u (as for the vector fields 8/¢t, they are of course always vertical).
The result follows. O

COROLLARY 2.2.6. — The geodesic spray is the Hamiltonian of the energy on
TM with respect to the symplectic form (1.

Proof. — Check this using the same coordinates. O

In particular, we recover the fact that the energy is constant along geodesics.

Now, let us come back to TM. It is endowed with a symplectic form €2, a
Riemannian metric G, together with the Lagrangian plane fields u — H,(TM)
and u — V,(TM); both are isometric to T,,M. Therefore we get as a free gift
an almost complex structure J on TM which is calibrated by € and such that
G(X,Y) = Q(JX,Y). But this almost complex structure is not integrable unless
(M, g) is locally isometric to Euclidean space. Its integrability turns out to be
equivalent to the integrability of the horizontal plane field. We leave the proof to
the reader as an instructive (but unpleasant) exercise. This non-integrability can be
read on the curvature tensor as we shall see in exercise 2.3.2.

2.3. Jacobi fields and curvature

DEFINITION 2.3.1. — The curvature tensor of a Riemannian metric (M, g) is
the field of endomorphisms of TM given by

R(X,Y) = [Dx, Dy] = Dixy).

In other words, take three tangent vectors z,y,2 at m € M, and local vector
fields X,Y, Z whose values at m are z,y, z. Then the value at m of the vector field

R(X,Y)Z = Dx(DyZ) — Dy(DxZ) — Dixy|Z
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only depends on z,y, z (check that the map
(XY, Z)~ R(X,Y)Z

is C*(M)-linear).

2.3.2. Exercise. — Let £ and 7 be two vector fields on M, and H¢ and
H7 their horizontal lifts. Show that the vertical component of [£,7] at v € TM
is R(&,m)u (we have used once more the canonical isomorphism of V,(TM) with
TrwyM).

Remarks. — a) The curvature of a connection on a vector bundle is defined in
exactly the same way: replace z by a vector of the fibre over m, and Z by a local
section s such that s(m) = z.

b) Both sign conventions coexist in the literature.

It is convenient to set R(zx,y, z,t) = g(R(z,y)z,t)). Then the following algebraic
properties hold.

PROPOSITION 2.3.3. — For any x,y, 2,t € T,, M one has
i) R(z,y,2,t) = —R(y,x, z,t) and R(x,y, z,t) = —R(z,y,t,2).
i) R(x,y)z + R(y, z)x + R(z,z)y = 0 (“first Bianchi identity”)
i) R(zx,y, 2,t) = R(z,t,2,y).

Proof. — i) and ii) can be checked directly. One can then deduce iii) by
elementary but tricky (cf. [17], ch.2 for a nice presentation) algebraic manipulations
{a better argument will be given in 2.2.5 below). O

There are many ways to interpret the curvature tensor. All of them amount to
looking at second order invariants of the metric, since we already know there are no
first order invariants. Here we shall focus on the linearisation of the geodesic flow.
Consider a one parameter family of geodesics, that is a map ¢ : Ix] — ¢,e[— ¢(s,t)
such that any curve ¢; : s + ¢(s,t) is a geodesic. Let J(s) be the vector field along
s — ¢(s,0) given by

J(s) = %c(s, t)t=0-

DEFINITION 2.3.4. — J is a Jacobi field along c.

2.3.5. Example. — Consider the round sphere S”, take two unit orthogonal
vectors u, v € T,,,5™, and set

c(s,t) = (cos s)m + sin s((cost)u + (sint)v).

Let V(s) be the vector field along co(s) = c(s,0) which is parallel to v. Then
J(s) = (sins)V(s) is a Jacobi field along the geodesic co. With the same notation,
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J(s) = (sinh s)V'(s) is a Jacobi field along the geodesic co(s) = (cosh s)m + (sinh s)u
of the hyperbolic space H™.

PROPOSITION 2.3.6. — The Jacobi vector fields along a geodesic ¢ satisfy the
linear differential equation

J(8) + Res)(J(s), ¢(s))é(s) = 0.
For vector fields along c, we have set D°X = X and Di(D°X) = X.

Proof (sketch). — We work with vector fields along the geodesic variation
¢(s,t). Then, using covariant derivation along this ¢ we have
9 _ 0 d tl Do (D 9, 0
25, =0 and consequently %( 8%%) = 0.

The desired equation follows by permutation of derivatives (the curvature was made
for that). O

Remark. — The converse is true: any solution of the differential equation
above is the first derivative of some geodesic variation (cf. [13], 3.45).

2.3.7. Example (continued). — In 1.4.3 we have J(s) = (—sins)V(s) for
the sphere, and J(s) = (sinhs)V(s) for hyperbolic space. Comparing with the
differential equation, we find that for any pair of orthogonal unit tangent vectors we
have

R(v,u)u = v on S™ and R(v,u)u = —v on H",
so that
R(z,y,2,t) = +(g(x, )g(y, 2) — g(z, 2)9(y, 1))-

Coming back to the general case, we see that ¢(s) and sé(s) are Jacobi fields.
They correspond to the geodesic variations given by (s, t) — c(t + s) (translation of
c along itself) and (s,t) — c(¢s). On the other hand, for any Jacobi field, the second
derivative of the function s — g(J(s),é(s)) clearly vanishes. Using this remark and
basic properties of linear equations, we get the following.

PROPOSITION 2.3.8. —  The vector space of Jacobi fields along a geodesic ¢ has
dimension 2n; the subspace of Jacobi fields which are normal to ¢ has dimension 2n—
2. A Jacobi field is normal to c if and only if for some s, one has g(J(s,), ¢(s,)) = 0
and g(J(s,), ¢(s,)) = 0. O

Let us now calculate the differential of the exponential map.

PROPOSITION 2.3.9. — Letm € M and u,v € T,, M. Letc be the geodesic
s+ exp,, sv and J the Jacobi field along ¢ such that J(0) =0 and J(0) = u. Then
Ty €Xpyy 86 = M

r
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Proof (sketch). — Use the geodesic variation (s,t) — exp,, (s(v+tu)). O

Remark. — In particular, p is conjugate to m along the geodesic s — exp, u
if and only if there exists a Jacobi field along the geodesic which vanishes at both
extremities. Then m is conjugate to p along the reversed geodesic.

COROLLARY 2.3.10. — A Riemannian manifold with vanishing curvature ten-
sor 1s locally isometric to Fuclidean space.

Proof. — In this case, exp,, is a local isometry from 7, M equipped with the
Euclidean metric g,, into M. O

Now, Proposition 2.3.9 can be refined: instead of differentiating exp,, for given
m, one can differentiate the geodesic flow ®,. '

THEOREM 2.3.11. — Let X be a tangent vector to TM at the point u,,, and
let Y and Z be its horizontal and vertical components. Then, using the canonical
isomorphisms with T,,M, one has

T2 X = (J(t), J(t))

where J is the Jacobi field along the geodesic m(®,u) such that J(0) =Y and J(0) =
Z.

For the proof, see [15], p. 264 or [5], ch. 1. O

This property has a nice symplectic interpretation. We already know that @, is
a Hamiltonian flow, and therefore preserves the symplectic form Q. Now, take two
Jacobi fields J; and J; along a geodesic c. Combining theorems 2.2.5 and 2.3.11, we
see that

g(1(t), J2(t)) — g(Ja(t), (1))

is constant along c. We get in this way a symplectic structure on the vector space
of Jacobi fields along a geodesic.

Remarks. — a) Taking the derivative of the expression above gives
g(1i(1), (1)) = g(Ja(2), L (1)),
or, in other words,
9(J1(8), R(J2(t), é(1)) - €(t)) = g(Ja(t), R(J1(2), é(1)) - €(2)).

Therefore
R(Jl(t)v é(t)7 é(t)a J2(t)) = R(JQ(t)v é(t)v é(t)a Jl(t))
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This gives the right reason for the symmetry of the curvature tensor we saw in 2.3.3
iii).

b) Clearly the 2-space generated by ¢(¢) and #é(¢) is symplectic, and its symplectic
orthogonal is just the space of Jacobi fields which are orthogonal to ¢. At least
infinitesimally, we have got a symplectic reduction of (TM, ), the reduced space
being the space of geodesics.

¢) Unfortunately, this reduction is very seldom a bona fide symplectic manifold
but it is in two important cases. Firstly when the R-action of the geodesic flow
factors through an S'-action which is free, that is when all of the geodesics are
closed with the same length (see [5]). Secondly for simply connected manifolds with
non-positive curvature.

2.3.12. Exercise. — Show that the space of geodesics of the Euclidean space
R"*! is diffeomorphic to the cotangent bundle T*S™ of the n-sphere, equipped with
+ the standard symplectic structure.

2.4. Back to the metric structure

There are numerous results relating curvature properties with topological prop-
erties of the underlying manifold. We shall be concerned rather with metric prop-
erties which can be deduced from curvature assumptions. Let us begin with the
2-dimensional case, which will be crucial for us.

In this case, the space of normal Jacobi fields is of course one-dimensional. Let
(u,v) be an orthogonal basis of T¢)M, with u = ¢(0), and let V(s) be the vector
field along ¢ such that V = 0 and V(0) = v. Then the normal Jacobi fields take the
form y(s)V (s), and clearly the fonction y satisfies a second order scalar differential
equation, say

y'(s) +k(s)y(s) = 0.
Recalling that normal coordinates in dimension 2 are given by
expyq) g = ds® + f*(s,0)d6?,
we infer, using 2.3.9, that
1 6%f(s,0
o)=L PL60
f 0s

Let us relate this to the general setting of the curvature tensor. In dimension 2,
since A%T,, M is one-dimensional, the space of quadrilinear forms which satisfy the
symmetry properties of 2.3.3 is also one-dimensional, and one checks that

R(xv%zvt) = K(g(x’t)g(% Z) - g(l’, Z)g(ya t))

or, equivalently, that R(z,y)z = K(g(y, 2)x — g(z, z)y). In other words, the infor-
mation contained in this complicated object R is reduced to a single scalar function
K. The equation of normal Jacobi fields becomes

J(s)+ K(c(s))J(s) =0



Chap. III Some relevant Riemannian geometry 95

and K(c(s)) is just the fonction k.
DEFINITION 2.4.1. — K is the Gaussian curvature of (M, g).

Now, we can use classical properties of differential equations to get geometric
information from assumptions about K.

Firstly, if K is negative everywhere, any solution of the Jacobi fields equation is
convex when it is positive, and concave when it is negative, and therefore vanishes
once at most. Using 2.3.9 we see that the exponential map has maximal rank
everywhere. Moreover, since exp%, g is then a complete Riemannian metric on T,, M,
one deduces that exp,, is a covering map {Cartan-Hadamard theorem).

On the other hand, if K is positive, the Sturm-Liouville comparison theorem can
be applied. Let us recall it for completeness.

THEOREM 2.4.2. — Let y"(s) + h(s)y(s) be a second order scalar linear dif-
ferential equation. Suppose that for any s one has a® < h(s) < b%. Let s be the first
positive zero of a solution y such that y(0) = 0 and y'(0) # 0. Then

<8 <

S

S

Using 1.3.7, we see that if K > a?, the length of any minimising geodesic is
smaller than 7/a. In particular, if (M, g) is complete, its diameter is smaller than
7/a (Bonnet theorem). Curvature bounds also give volume (or rather area esti-
mates), by using the same idea, and also injectivity radius estimates.

THEOREM 2.4.3 (Klingenberg’s lemma). — Let (M, g) be a compact Rieman-
nian surface such that K < b?. Then

w1
inj(M, g) > min{ —, ~
ni(M,g) > min { . £1.
where [ is the length of the shortest closed geodesic in M.

Proof. — Take p, g such that dist,(p, ¢) = inj(M, g). Suppose g is not conjugate
to p along any minimal geodesic. Then 1.3.11 says there exists two minimising
geodesics ¢; and ¢, from p to g such that

01(80) = CQ(SO) = q and él(SO) - —éQ(SO).

Now exchange p and ¢. Using the remark following 2.3.9, we see that p is not
conjugate to p either. Then, using 1.3.11 again, we see that ¢;(0) = —c(0), so that
c1 and c; fit together to give a smooth closed geodesic.

On the other hand, if ¢ is conjugate to p, then the Sturm-Liouville theorem says
that dist,(p, ¢) > % 0
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To see what happens in higher dimensions, one introduces the following

DEFINITION 2.4.4. —  The sectional curvature o(P) of a 2-plane P C T,,M
is R(z,y,y,x) where (z,y) is an orthonormal basis of P (clearly, this number does
not depend on the choice of the basis).

24.5. Example. — For the standard sphere, o = 1, and for hyperbolic space,
o=-1.

Now, the Hadamard and Bonnet theorems are valid in higher dimensions if we
replace the Gaussian curvature by the sectional curvature in the statement (see [13]
or [9] for details). In higher dimensions, Bonnet’s theorem is called Myers theorem
(cf. for instance [13], 3.85; we do not give the best statement, but it does not
matter here). Klingenberg’s lemma holds in the same way, but the Sturm-Liouville
technique must be replaced by more delicate Jacobi field estimates, initiated by
Rauch (see (8], ch.I, or [9]).

The influence of curvature on the metric can also be expressed in a very crude
but useful way. Namely, using 2.3.9, together with Jacobi field estimates, one can
control the norm of the differential of exp,, using curvature estimates. On the other
hand, even the simple-minded example of the locally Euclidean torus R?/eZ & Z,
with small €, shows that curvature alone does not always give information about
the size of balls on which exp,, is a diffeomorphism.

DEFINITION 2.4.6. — A Riemannian manifold (M, g) has bounded geometry
if inj(M, g) > O and if there is a constant A > 0 such that |o(P)| < A, for any
m e M and any 2-plane P C T,,M.

Compact manifolds have of course bounded geometry; so have universal covers
of compact Riemannian manifolds, equipped with the lifted Riemannian metric,
and tangent spaces to compact Riemannian manifolds, equipped with their natural
Riemannian metric. -

The main property of manifolds with bounded geometry is the following “folk”
result:

PROPOSITION 2.4.7. — There is a universal function f(r, A) such that any
ball of radius say inj(M, g)/2 is diffeomorphic to the Euclidean ball of the same ra-
dius, the diffeomorphism being realised by a Lipschitz map whose dilation D satisfies

[log D| < f(inj(M, g), sup [sectional curvature|).

In dimension 2 this is now straightforward. In higher dimensions it follows again
from the Jacobi field estimates we referred to above. O
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Bounded geometry implies for instance a quantitative version of the Poincaré
lemma. To see this, introduce for differential forms on a compact domain D of
(M, g) the L*®-norm

lalleo = SupiazL
zeD

where |a,| is just the natural Euclidean norm in APT, M, p = deg(a).

PROPOSITION 2.4.8. — If (M, g) has bounded geometry, there exist positive
numbers & and C such that, for any Riemannian ball A of radius smaller than §,
any closed form o € QP(A) admits a primitive w such that

[wlloo < Cllalleo

Taking § = inj(M, g)/2, this is a trivial consequence of the preceeding result,
combined with the usual proof of the Poincaré lemma, where an explicit primitive
is provided. O

3. Minimal manifolds

3.1. The second fundamental form

Let i : M — M be an immersion of M into M. If M carries a Riemannian
metric g, we can equip M with the metric i*¢g. If X and Y are two vector fields on
‘M which are tangent to M, for m € M we have the natural decomposition

DyY = (D‘Xy)T + (DxY)"

of DxY into its tangential and normal component. Now (ﬁXY)T defines a metric
connection on M, and since [X|p,Ys] = [X, Y]y, this connection is symmetric:
using 1.4.2, we recover the Levi-Civita connection of M for the induced metric. As
for (EXY)N, the basic properties of connections show that it is C*°(M)-linear with

respect to X and Y. Therefore, we have a symmetric 2-form on TM with values in
the normal bundle N(M).

DEFINITION 3.1.1. —  The symmetric 2-form h(X,Y) = (EXY)N 1s the sec-
ond fundamental form of M.

Remark. — To be completely correct, we should proceed as follows: take
X,Y € I(TM), extend them (locally) to M, and check that (EXY)T and (bXY)N
do not depend on the extensions. Moreover, this definition applies to immersed
manifolds.

The second fundamental form measures the “bending” of M in M in the following
way: pick a unit section v of N(M). For small ¢, we have, at least locally, the
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embedding m — exp,, tv of M into M. If g, is the metric induced by this embedding,

then
1d

5 g te=0"
(This is the best way to see why the second fundamental form of a round sphere in
Euclidean space is proportional to the metric).

This remark makes it natural to consider the trace of h, which is a section
of N(M). Indeed, since the derivative of a determinant is basically a trace, one

should expect some stationariness property for the volume of a submanifold such
that tr(h) = 0.

<h7l/> =

3.2. Area variation formulas for minimal surfaces

DEFINITION 3.2.1. —  The mean curvature vector H of a submanifold M C M
1s the trace of the second fundamental form. When H =0, M 1is said to be minimal.

Then one has the following

PROPOSITION 3.2.2 (First variation formula). — Let M C M be a submani-
fold, X a compactly supported vector field along M and ; : M — M a one parameter
family of immersions such that X, = %0y(z)|s=. Then

%vol((pt(M))h:o = - /M<HvX>Ug'

Proof. — Here and in 3.2.4, we follow the elegant set-up due to B. Lawson,
cf. [16] or [20]. For any vector field Y, recall that

ny = ﬁXy - EyX

Since Lx and Dx have natural prolongations as derivation of the whole tensor
algebra, so has the map Y — Dy X. Denote by AX this derivation.

LEMMA 3.2.3. — Letey,...,e, be a local orthonormal frame of M, and set
E=e NesAN---ANe,. Then

d
vollp(M))lio = [ (A¥E v,
Remark. — Observe that the second member is invariantly defined.

Proof. — This is straightforward, since

vl () = [ llentlvy = [ v,

and

Lx3(¢,€) = (Dx — AN)g)(&,6)
_(Axg)(§7£) = ZQ(AX§7 6)

d 2
A

It
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End of the proof of 3.2.2. — With the notations of the lemma, we have

n n

<AX€7§> = Z(Axei1ei>zz<ﬁeiX,ei>

i=1 i=1
= Z(EeiXNa ei) + Z(EEiXT) ei)

i=1 =1

T é(h(eia ei), X) + i<DeiXT’ ¢i)

= —(H,X)+ div(XT).lz

Recall that the divergence of a vector field on a Riemannian manifold is just the
trace of its covariant derivative. We have

(divXT)v, = Lyrv, = d(ix,v,),

so that in the preceding formula the term coming from X7 integrates to zero. O

Lemma 3.2.3 is also crucial for the following basic properties of minimal manifolds
of Euclidean space.

THEOREM 3.2.4 (Mohotonicity lemma). — Let M" C R¥ be a minimal sub-
manifold. Then for any p € M, we have

vol (B(p,7) N M) > w,r"

where wy, is the volume of the n-dimensional unit Fuclidean ball.

Proof. — Suppose p =0, and take the vector field X = f(||z|/)z. Then

.Axei = -D-ele — f,(||1‘||)<w’61>

z + f(lizl)e:,

(||
so that y
d "]
;(Axei,eﬁ = f’(llrll)w +nf(llz).

If X is compactly supported in M and M is minimal, then

2
o, et = [ raen L,
M ! M =l

Taking f piecewise linear, with f(t) =1if0<t¢t<rand f(() =0ift > 7 +¢ we
get, setting M, = M N B(p,r),

T
T < -—/ .
/Mr+e f(” ”)vy-— e M, Vg

In the limit, setting V'(r) = vol (B(p,r) N M), we get nV (r) < rV’(r). Therefore,
the function r +— V(r)/r™ is non-decreasing. On the other hand, comparing M in
the neighbourhood of p to its tangent plane, we get

lim Vi)

r—0 gt

n-
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Remarks. — 1) In particular, there are no compact minimal surfaces in RV
(there are indeed many ways to prove this result, this is just one of them).

ii) This result means that, in spite of their volume minimising property, minimal
varieties are rather “big”. This is not really surprising. For instance, it follows from
the Gauss equation that minimal surfaces in R™ have negative Gaussian curvature,
compare with 5.1.1.

3.3. Minimal varieties in Kdhler manifolds
The following property is both trivial and basic.
PROPOSITION 3.3.1. — Let M be a complex submanifold of a Kihler manifold

M. Then M is minimal.

Proof. — By assumption, the tangent bundle is complex. Then so is N(M),
since J is isometric. Moreover, we know that D o J = J o D. Combining with 1.4.2,
we see that

h(Ju,v) = h(u, Jv) = J(h(u,v)) for any u,v € TM,

so that the second fundamental form h is J-antiinvariant, and has vanishing trace.
O

In fact, much more is true.

THEOREM 3.3.2 (Wirtinger inequality). — Let M be a compler curve in a
compact Kihler manifold M. Then, for any (real!) 2-dimensional manifold M’
homologous to M, one has

area(M’) > area(M),

and equality holds if and only if M’ is complex.

Proof. — Let M’ be any oriented submanifold of M. For any m € M, pick a
direct orthonormal basis e, f. Then

0 <wle, f) =g(Je, f) < [ Jell | £1]-

Moreover, equality holds if and only if the vector space T,,, M’ is complex. In other
words, for the induced metric g we have

0 <wmr < vy
Now, if M’ is homologous to M, then
vol(M) =/ w=/ w < vol(M")
M M

with equality if and only if M’ is complex. O
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3.3.3. Exercise. — Prove the same result for complex submanifolds of any
dimension.
Remark. — The very same argument applies when J is an almost complex

structure calibrated by a symplectic form w : in that case, J-holomorphic curves
are still homologically non trivial and minimise area in their homology class (even
though they may not be minimal). And of course, we have some coarse estimate of
the area if J is only tamed, as was already explained in the introduction.

4. Two-dimensional Riemannian manifolds

4.1. Riemannian and complex geometry

Given a 2-dimensional oriented Riemannian manifold (M, g), let J,, be the ro-
tation of angle 5 of T,,M. Then J is clearly an almost complex structure, which
is complex for dimensional reasons (see the discussion and references in chapter I1),
and M becomes a Riemann surface. Moreover, replacing ¢ by e*g, for any (smooth)
function u does not change the complex structure. This fact has two important

consequences.

Locally. Integrability just says that for any m € M there are always local coordi-
nates (z,y) in a suitable neighbourhood U 3 m such that gy = f(dz® + dy?)
{these coordinates are traditionally called conformal or isothermal).

Globally. The uniformisation theorem (cf. for instance [10]) says that, as a Riemann
surface, the universal cover M of M is the projective line CP!, the complex
line, or the unit disc D.

From the point of view of Riemannian geometry, in the first two cases the complex
structures come from the standard round metric on S$? and the flat metric on R2
respectively.

As for the third case, the so-called Poincaré models make it clear that H?
(cf. 1.4.4) gives us D with its complex structure. To see this, take ordinary po-
lar coordinates (p,8) on R2 It suffices to find a non-vanishing function f such
that

2 p)(dp* + p*d8?) = dr? + sinh? rd6®.

An elementary computation gives

2 . dz? + dy?
Pulling back the metric to the half-plane Im(z) > 0 by the transform z z —_F l,,
z41

dz? + dy?

one gets the Poincaré half-plane model, with g = 3
Y
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4.1.1. Exercise. —  a) Show that the geodesics of the half-plane model are
half-circles whose centre is on the real axis or half-lines orthogonal to the axis (use

the fact that
az+b

cz+d’

Z —

with a,0,c,d€ R, ad —bc=1

are isometries).
b) Let I'y be the group generated by the isometry z — Az (A > 1). Show that
the quotient P/T' is isometric to the cylinder R/{log \)Z equipped with the metric

cosh? lds® + diI?.

¢) Show that this Riemannian manifold is conformal to a unique annulus A, =
{z € C,a < |z| <1}, with a > 0.

d) Taking the group generated by (z,y) — (z + c,y), show that one obtains a
Riemannian manifold which is conformal to the punctured unit disc, and isometric
to S! x R equipped with the metric e 2°d6? + ds? (this is a typical example of metric
with vanishing injectivity radius).

This exercise covers the so called “exceptional” Riemann surfaces (cf. [10], IV.6),
tori excepted.

Coming to the general case, the following property will be important in chapters
VII and VIIL

__ ProrosiTioN 4.1.2. — If M is a surface with non-abelian fundamental group,
M is the unit disc.

Proof. — The complex manifold M is either C or D. But the first case is
excluded, since any discrete goup of complex automorphisms of C acting properly
is abelian. O

A basic example of this situation is the sphere with n > 3 punctures.

Remark. — On the other hand, it is possible to prove that a compact manifold
carries a metric with constant negative curvature if and only if its Euler characteristic
is negative. The “only if” part is of course the Gauss-Bonnet theorem, and the if
part comes from the celebrated “pants decomposition”, cf. [19] or [13], IIL.L.

We shall see now how the difference between C and D can be read on metric
properties of the corresponding Riemannian manifolds, namely R? and HZ.

4.2. The isoperimetric inequality

The set-up of the isoperimetric problem is roughly as follows. Given a Rieman-
nian manifold (M™, g), find a (if possible optimal!) numerical function f such that,
for any compact disc D with rectifiable boundary 8D, one has vol(8D) > f(vol(D)).
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DEFINITION 4.2.1. — Such an f is an isoperimetric profile of (M™, g).

4.2.2. Example. — Among domains in the Euclidean plane with fixed area,
the minimal length is achieved for the circle. In other words, f(¢) = /4wt is the
optimal isoperimetric profile.

Intuitively, this can be justified by the following naive approach. Let s — ¢(s)
be an arc-length parameterisation of 0D. Consider a 1-parameter variation of ¢ of
the type

ci(s) = c(s) + tf(s)v(s),

where v/(s) is the oriended normal vector. For the domain D, enclosed by ¢; we have

& engh(0D Vo = — [ r(s)/(s)ds

and p L
Zl—iarea(Dt)u:O = —/0 f(s)ds.

Here, L is the length of 9D and «(s) the (extrinsic) curvature of ¢, compare with
3.2.2. Now, if D has minimal boundary length for fixed area, then x is constant,
and c is a circle.

There is a quite serious gap in this argument: we implicitly supposed the exis-
tence and regularity of a minimising D. Correct proofs were obtained in the 19th
century only, see [18] for a very nice discussion. However, this variational approach
gives some idea of what is going on. It can be applied directly to the sphere and the
hyperbolic plane, and gives some evidence of why domains with minimal boundary
length for fixed area should still be bounded by curves with constant curvature: they
are also geodesic discs in these cases. For the proof, see [7], 1.2.

Denote by S? and HZ respectively the sphere and the hyperbolic plane of constant
curvature k and —k (k > 0), and by A, a geodesic disc of radius r. Using 1.4.3 and
1.4.4, we have the following data:

manifold | length(0A,) area(A,)
R? 2nr mr?
sin \/E'r 2w

iy el

S? 2 7 1 — cos Vkr)
inh
H} 2w% 2?Tr(cosh Vir —1)

(the second line is valid if 7 < 7/v/k; otherwise, we have length(dA,) = 0 and
area(A,) = 4n/k). In all the cases, the isoperimetric profile is

f@t) = \/ 4t — (curvature)t?,

or more acurately sup(0, \/ 4t — (curvature)t?). Now, this property can be gener-
alised when the Gaussian curvature is bounded below.
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THEOREM 4.2.3 (Bol, Fiala). — Let (M,g) be a 2-dimensional Riemannian
manifold whose curvature is smaller than K. Then the function

f(t) = sup(0, Virt — Kt?)
is an isoperimetric profile of (M, g).

The proof, elementary but tricky, consists in introducing the domain D; C D
whose boundary is {z € D,dist(x,dD) < t}, until the area of D, vanishes, and
finding estimates for the (right) derivatives of the area of D, and the length of 3D;.
It will be given in the appendix to this chapter (see also {7] and their references).

Therefore, there is a sharp constrast between Euclidean space and a simply
connected manifold with strictly negative curvature, constant or not. In the latter
case, for big enough domains, we have an isoperimetric inequality of the type

area(D) < Clength(0D) instead of area(D) < C'length?(8D)-

This fact is strongly related to the non-existence of conformal maps of R? into a
space of negative curvature (see [14], ch.6) and chapters VII and VIII).

5. An application to pseudo-holomorphic curves

As suggested in the introductory chapter of this book and explained more fully
in chapter VIII, pseudo-holomorphic curves should enjoy some sort of compactness
property. This fact is strongly related to the existence of uniform bounds for met-
ric invariants attached to them. At this point, one should compare this kind of
phenomenon with the compactness theory for Riemannian manifolds developed by
J. Cheeger, M. Gromov and Peters, cf. {14] and [21]. Their theory is both more
general and coarser, but there are some common ideas: in particular, a control of
the injectivity radius prevents degeneracies.

In this section we prove that the set of J-holomorphic curves of degree one in
CP? is compact for the compact open topology. A very terse outline is given in [3].
We thank D. Bennequin and J. Duval for having provided many of the details, in
particular in [11].

5.1. Curvature and injectivity radius estimates

PRroOPOSITION 5.1.1. — Let (V,w) be a symplectic manifold with a tamed al-
most complex structure J. Equip V with a Hermitian metric g. There is an upper
bound A(J,g) for the Gaussian curvature of J-holomorphic curves in V.

Proof. — Let ¥ be a J-holomorphic curve. Denote by D and D the Levi-
Civita connections of (V,g) and (X, gjz) respectively, and recall that for tangent
vector fields to 3

DxY = DxY + h(X,Y),
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where h is the second fundamental form {cf. 3.1.1). The following property shows
that pseudo-holomorphic curves are not very far from being minimal.

LEMMA 5.1.2. — The norm of the mean curvature vector H of a pseudo-
holomorphic curve satisfies the bound

17| < 2| DJ|.
Since JY is also tangent to X, we have
DxJY = DxJY + h(X,Y).

Now, since ¥ is 2-dimensional, it is Kéhler, so that DxJY = JDxY. On the other
hand, from the very definition of the covariant derivative,

DxJY = J (DxY) + (DxJ) (Y).
Combining these relations, we obtain
Jh(X,Y) = i(X,JY) + (DxJ) (),

and we infer that
Ih(X,X)+h(JX,JX)| < 2|DJ|

if | X| = 1, proving the lemma. O

To finish the proof of 5.1.1, just recall how the Gauss equation (cf. {13], 5.5)
relates the curvature tensors R and R of V and I respectively. We have

R(u, Ju, Ju,u) = R(u, Ju, Ju,uw) + g(h{u, u), h(Ju, Ju)) — g(h(u, Ju), h(u, Ju))

The result follows, if V' is compact or has bounded geometry. O

As for the control of the injectivity radius, it can be obtained in the following
setting.

THEOREM 5.1.3. — Let J be an almost complex structure on CP™ tamed by
the standard symplectic form, and let g be a Hermitian metric. Then there is an o
priori lower bound for the injectivity radius of pseudo-holomorphic curves which are
homologous to the projective line.

Proof. — Using 5.1.1, it is enough, using Klingenberg’s lemma (cf. 2.4.3), to
find a lower bound for the length of closed simple geodesics of the J-holomorphic
curve ¥. Let v be such a geodesic. It divides ¥ into two pieces D; and D5, which can
be considered as 2-chains in V' with boundary v. On the other hand, if length(~y) <
%inj(V, g), then v bounds a disc A, which is contained in a ball of radius %inj(V, 9).
With a suitable orientation for A we have the equality

[Z] = [D1+ A} + [D2 — A]
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between integral homology classes. Therefore, using our homology assumption on
¥, we infer that the integral of w on one of the two chains on the right member is
non positive. Suppose for instance that [,  , w < 0. We must have

ol
A Dy

On one hand, let k£ be the Gaussian curvature of ¥, and A an upper bound obtained

in 5.1.1. Then
1 2

1 T
= — > ——
/Dl“’ A DlA“’—A/DIk“’ A

(The last equality comes from Gauss-Bonnet theorem, since D; is a disc with
geodesic boundary).

On the other hand, we have seen in 2.4.8 that in the small ball containing A,
the form w admits a primitive a, with

lalle < Cllwlle

where C depends only on the metric. Then

/D w= /Ya < Clength(y).

Therefore, we must have C'length(y) > 27 /A, or length(y) > 2r/AC as claimed. O

Remarks. — a) The assumption about the homology class is of course crucial:
the statement is already false for complex curves of degree 2 in the standard projec-
tive plane, as can be see with the conics XT = €72 in homogenous coordinates.

b) The relevant notion in that context is that of simple homology class, see
chapter VIII or [23].

5.2. An equicontinuity theorem

Combining 5.1.1 and 5.1.3, we get the following technical lemma.

LEMMA 5.2.1. — Let (S, g) be a Riemannian surface with Gaussian curvature
smaller than K and injectivity radius larger than r. Then any domain D such that
length(0D) < r and area(D) < 2x/K has diameter smaller than 3r.

Proof. — Let z,y € D be such that dist(z,y) = diam(D), and let 21,11 € 9D
realise the distance of x and y to the boundary. Then
dist(z, y) < dist(x, z;) + length(0D) + dist(y, y1).

It follows that if diam(D) > 3r, the distance of z or y to the boundary is bigger than
r, and D contains a Riemannian ball of radius r, say B(z,r). Using 1.3.2, write the
metric in normal coordinates at z, namely

ds® + f2(s,0)d6”.
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Then the Sturm-Liouville therorem says that

sinvKs

f(s,60) > TR

Now
area(D) > area(B(z,r)) = /027r /OT f(s,0)dsdf > 2?W(l — cos VKT).
On the other hand, we know from 4.2.3 that
length?(8D) > 4rarea(D) — Karea®(D).

If length(8D) < r and area(D) < 3%, we get

Kr?
area(D) < 2n/K (1 —4/1— W) ,

a contradiction as soon as r < 7/K. O

COROLLARY 5.2.2. — Under the same assumptions, for any 6 > O there exists
n > 0 such that, for a closed curve ¢ C f(S?) of length smaller than n, one of the
components of f(S?)\ ¢ has a diameter smaller than 6.

Proof. — The same homological argument as in 5.1.3 says that one of the discs
which bound the loop must have small area. O

THEOREM 5.2.3. — Let J be a tame almost complex structure on CP™. Let
a1, ag, az be three distinct points in S? = CPL, and d a positive number. Then the set
of J-holomorphic embeddings of degree 1 of S? into CP™ such that dist(a;,a;) > d
for all ¢, j us equicontinuous.

Proof. — Equip CP" with a J-Hermitian metric g. Denote by f any J-
holomorphic map satisfying our assumptions. We shall prove that there exists a
p > 0 such that, for any disc D, C S? of radius p for the standard metric,

diam (£(D,) < 9.

Then it will be possible to apply the Schwarz lemma.

By 5.1.1 and 5.1.3 we already control the curvature and the injectivity radius of
f(S?). If we can control the area of f(D,) and the length of 0f(D,), we will be able
to use 5.2.1. Take ¢ > 0, and set

p=inf{r,0 <r <7 and length (0f(D,)) > ¢}.
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We look for a lower bound on p. Take concentric discs in S?, and work in normal
coordinates. Since f maps S? into f(S?) conformally,

g = F*(r,0)(dr* + sin® rdf?).

Let us evaluate the area of the annulus f(D.\ D,). On the one hand,

area(f(D.\ D,)) /pc /027r F?(r,0) sinrdrdf

cginr 27 2
/p ?(/0 F(r, 0)d0> dr (Cauchy-Schwarz).

On the other hand,
27
length (9f(D,)) = sinr / F(r,6)dd.
0

But the area of the annulus is of course smaller than the area of f(S?), which is a
priori bounded (cf. the introductory chapter). Thus we get

c 2 2
cons. Z / wdr 2 .e_ ‘ .ﬂ‘_
p 2rsinr 27 Jp sinr

and this gives a lower bound for p.

Now, 5.2.2 says that either f(D,) or its complement has controlled diameter.
Choose ¢ smaller than the mutual distances of the points a;. Then D, contains at
most one point a;, its complement at least two of them, so that diam (f(S*\D,)) > d.
Then if £ is small enough, we are sure that the “small” disc is D,. O

There is still some work to be done to go from this (C°!) equicontinuity result to
compactness: given a convergent sequence f, of pseudo-holomorphic embeddings, we
must prove that the limit has the same property. First use the fact that the Schwarz
lemma. also gives control of higher order derivatives. In particular, the limit curve
will be immersed. It will be embedded in CP? by the adjunction formula, cf. chapter
VI

Appendix: Bol’s isoperimetric inequality, by M.-P. Muller

In the plane equipped with a Riemannian metric whose Gaussian curvature & is
bounded above by a constant K, consider a 1-connected domain with area a, whose
frontier is a closed rectifiable curve of length . In the case where the Gaussian
curvature k is constant, the inequality (2 > 47a — Ka? is well-known [4], [22]. In
the general case we are concerned with, the result is due to G. Bol [6] (see also [2] if
k <0, and [12] if 0 < £ < K). In this appendix, we give a proof of Bol's inequality.
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The curve can be approximated by a C* regular simple closed curve ¢y whose
length is close to 1 and which bounds a domain Dy whose area is close to a. Moreover,
this curve ¢y can be assumed to be in general position for the double points of the
parallel curves (wavefronts) and the singularities of the caustic (locus of the singular
points of the parallel curves) associated to ¢y (see [1]). Notice that a real analytic
approximation of the Riemannian metric (C? topology in a compact containing the
domain) and of the curve could also be chosen to exclude non generic situations.

In D, bounded by the curve cg, let D; (¢ > 0) be the set of points whose
distance to cq is greater than or equal to . We denote by ¢, its (oriented) boundary.
Considering € > 0 smaller than the injectivity radius of the Riemannian metric, the
boundaries of the balls with radius £ and centre a point of ¢; . are regular curves,
and ¢; is their envelope. As a consequence, at an angular point of ¢, the angle
between the oriented normals is positive. In the generic situation the number of
angular points is finite. They appear on ¢, for t > tg, in the following cases:

1. when ¢, has a double point. Generically, there is at most one double point
for a given value ty, and the curve has at this point a contact of order 1.
Moreover, the total number of double points is finite, because in the generic
situation there are finitely many geodesic curves which join two points of ¢
and are orthogonal to ¢y at these points (see figure 7),

Ctq

Figure 7

2. when the geodesic curvature of ¢, is infinite at a point, i.e. when the wavefront
reaches the caustic (thus at one of its singular points), see figure 8.

Let [(t) be the length of ¢;. Generically, it is a continuous function of t. As long
as ¢ is regular, [(t) has a derivative and

l’(t):‘/ctC

where C' is the geodesic curvature. If there are angular points on the curve ¢, it
is still possible to obtain the (right) derivative of [ at ¢. Indeed, for At > 0, the
contribution Al of an angular point with angle « to the global length variation
I(t + At) — I(t) has an equivalent Al ~ —2Attan(a/2) (see figure 9).
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Ct

Cto

Figure 8

Ct

Figure 9

If ¢; has a double point, it has to be considered as the union of two loops, each
one having an angular point with angle «, for the preceeding evaluation. Notice
that it is not possible to estimate Al for At > 0, essentially because it is impossible
to go back and rebuild cy, for t’ < ¢, solely from knowledge of c,.

Let us summarise the preceding remarks: the function ! is (generically) con-
tinuous, has a right derivative I’ {taking values in [—o0, +oc[) at every value of ¢,

and
’ a;
'ty = _/c,C_Q % tan—2

where C is the geodesic curvature and the o; > 0 are the angles at the angular
points of ¢;.

By the Gauss-Bonnet theorem, the preceeding formula can be rewritten
o o
r)y=—2mp+ [ k-2 (tani——’)
(t) = ~2mp+ | ; 53

where p is the number of connected components of D;. On the other hand, the
function a(t), area of Dy, is differentiable and a/(t) = —I(t).
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Let us consider now the “default” function f, defined by f = [2 — 4ma + Ka?
where K is a constant such that ¥ < K on Dy. Its right derivative is

f =2l + 21 — Ka).

Notice that in the expression of I'(t), the contribution of the angular points is neg-
ative because

tan iy %

2 72

and p > 1. Thus I’ € —27 + Ka, and so —oo < D' < 0. A continuous function
which has a negative right derivative is decreasing. Consider the value T for which
Dy is non empty and a(T) = 0 (generically, D7 is a single point: the connected
components of D;, whose number is bounded by the the total number of double
points on all the curves, shrink to a point and disappear one after the other). We
have

F(0) > F(T) = (1) 2 0

and hence the result. O
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Chapitre IV

Connexions linéaires, classes de Chern,
théoreme de Riemann-Roch

Paul Gauduchon

Ce chapitre se divise en trois parties.

La premiere, §§1.1-1.5, est un abrégé de la théorie générale des connexions
lindaires sur un fibré vectoriel complexe. L’accent est mis sur les différentes mani-
festations de la courbure d’une connexion et leur équivalence.

La deuxiéme, §§2.1-2.7, expose les bases de la théorie des classes de Chern
d’'un fibré vectoriel complexe, sous ’angle topologique (théorie de l'obstruction)
et géométrique (théoréme de Chern-Weil).

La troisieme partie, §§3.1-3.2, présente la formule générale de Riemann-Roch-
Hirzebruch, incluant une démonstration compléte, extraite de [Gunl], [Gun2] de la
formule de Riemann-Roch sur une surface de Riemann compacte.

L’ensemble est aussi auto-suffisant que possible et il est recommandé au lecteur
de suivre l'ordre indiqué des paragraphes. Les références se limitent aux ouvrages
que nous avons consultés pour 'élaboration de ces notes.

1. Connexions linéaires

1.1. Connexions linéaires sur un fibré vectoriel complexe

Nous considérons la situation générique suivante : £ —— M ol M est une variété
différentiable (réelle) de dimension n, £ un fibré vectoriel complexe (localement
trivial) de rang r, considéré comme une variété (réelle) de dimension n + 2r, = la
projection de E sur M. Sauf mention contraire explicite, nous supposons M connexe.
Nous notons TM, T*M les fibrés tangent et cotangent de M, I'(C) I'espace des
fonctions & valeurs complexes (différentiables) définies sur M, ['(E) 'espace des
sections (différentiables) de E.

Les produits tensoriels ® sont relatifs au corps C des nombres complexes, de
sorte que T*M ® E note le produit tensoriel sur C du complexifié de T*M avec E.
Convention similaire pour A*M ® E, "M ® E, A*M @ End E etc..., ol A*M =
A*(T*M) note le fibré des formes extérieures (réelles) de M, End E le fibré des
endomorphismes C-linéaires de E.
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Une connexion linéaire sur E est un opérateur différentiel V d’ordre 1, opérant
sur les sections de E, & valeurs dans le fibré vectoriel T*M ® E, de symbole principal
égal a l'identité, i.e. satisfaisant ’identité de Leibniz :

(1.1.1) V(f)=df @€+ fVE, Vfel(C), VEeT(E).

Pour toute section £ de F, la dérivée covariante V£ est ainsi une 1-forme sur M &
valeurs dans E. Pour tout vecteur X dans l'espace tangent T, M,z € M, la valeur
de V¢ en X, notée V&, qui est un élément de la fibre E, de E en z, est la dérivée
covariante de £ suivant X. La section £ est V-paralléle en = si Vx¢ est nul pour
tout élément X de T, M, V-paralléle, si £ est annulée par V.

Il résulte de (1.1.1) que la différence de deux connexions linéaires sur E est un
opérateur d’ordre 0 de £ dans T*M & E, i.e. une 1-forme sur M 2 valeurs dans
le fibré vectoriel End £. Ainsi, 'ensemble des connexions linéaires sur E est muni
d’une structure naturelle d’espace affine, modelé sur 1'espace vectoriel (complexe)
I'(T*M ® End E), noté A(E).

Le fibré produit M x V, V = C", posséde une connexion produit (= triviale),
notée d, définie par

dx€ =X -¢, VX €T,M, VX €M, V¢eT(MxV)

ol X - & note la dérivée ordinaire suivant X de &, considérée comme une fonction
définie sur M & valeurs dans I’espace vectoriel V.

Une trivialisation (locale) ¢ de E au-dessus d’un ouvert i de M, i.e. un isomor-
phisme de fibrés vectoriels complexes :

QOZEW—)UXV

de la restriction de E & U sur le fibré produit U x V', détermine une connexion triviale,
notée d¥), sur Ey,. La 1-forme de connexion de V relative a ¢ est la différence

AW = ¢y — )

vue comme une 1-forme sur I/ & valeurs dans 'espace vectoriel End V' des endomor-
phismes (C-linéaires) de V via la trivialisation .

Si @) .U — V est Pexpression de ¢ relativement & ¢, expression (V€)@ de
V x€ relative & ¢ s’écrit

(1.1.2) (ng)(so) - X-§(“’) +Agf)(§(“’)).
Soient (1, s, deux trivialisations locales de E au-dessus des ouverts U et Us res-

pectivement, d’intersection non-vide U2. Soit 42 la fonction de transition sur Ui,
a valeurs dans Aut V, définie par

(2 0 T 1) (z,v) = (, p1a(x)(v)), Vz €Uy, YweV.
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Les expressions £V et £(#2) d’une méme section & de E relativement & ¢; et g
sont liées par

(1.1.3) 60 = ppy(£),

tandis que les 1-formes de connexion de la méme connexion linéaire V relatives a
1 et g sont liées par

(1.1.4) AW = 415 0 A¥Y 0 o1 — dipry 0 3

comme il résulte simplement de (1.1.2) et (1.1.3).

Remarque. — La relation (1.1.4) concerne les expressions d'une méme con-
nexion linéaire V relativement a des trivialisations (locales) différentes de E. Nous
obtenons une relation d’apparence similaire en faisant agir le groupe de jauge G(E)
sur l'espace affine A(E), ot G(F) est le groupe I'(Aut E) des sections du fibré Aut
E des automorphismes de fibré vectoriel complexe de E, de la fagon suivante :

(1.1.5) v-V=y0Vony! VyegGE), VYV AE),
soit encore
(1.1.6) ¥V =V-Vyoqy

ot Vv note la dérivée covariante de -y, vue comme une section du fibré vectoriel
End(FE) (voir le §1.2.4). Les relations (1.1.4) et (1.1.6) peuvent étre déduites I'une
de P'autre en considérant que la connexion V induit, via les isomorphismes ¢, et ¢y,
deux connexions distinctes sur le fibré produit Uy x V, dérivées 'une de I’autre par
I'action de @13, vu comme un élément du groupe de jauge de ;o X V.

Une connexion linéaire V sur E est localement triviale si E peut étre trivialisé
localement par des sections V-paralleles de E, i.e. V est localement isomorphe a la
connexion naturelle %) associée 4 une trivialisation locale ¢ de E (= la 1-forme de
connexion A est nulle). Il résulte de (1.1.4) que E admet une connexion locale-
ment triviale si et seulement si il existe un recouvrement ouvert {{/;} de M et une
trivialisation ¢; de E au-dessus de chaque ouvert U; tels que les fonctions de tran-
sition ¢;; correspondantes, définies pour chaque paire (i, 5) telle que 'intersection
U; NU; est non-vide, sont constantes.

De fagon générale, si le fibré £ est défini au moyen du recouvrement {I4;} de
M et de ses fonctions de transitions ¢;;, la donnée d’une connexion linéaire sur E
équivaut a la donnée d’une famille {A;} de 1-formes & valeurs dans l'espace vectoriel
End V, liées entre elles par

Aj =i 0 Ao gt — dipij o ot

sur U;; = U; NU; des lors que cet ouvert est non-vide.
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1.2. Propriétés fonctorielles des connexions linéaires

1.2.1. — Soit ¢ : N — M une application (différentiable) d’une variété N de
dimension quelconque dans M. Le fibré induit ¥*E de E par ¢ est le fibré vectoriel
complexe au-dessus de N obtenu en effectuant le produit fibré N xy E de N par E
au-dessus de . Les éléments de ¢*E sont donc les paires (y,u) de N x E telles que
¥(y) = 7(u) et la projection de Y*E sur N est définie par : (y,u) — y. En d’autres
termes, *E est le fibré vectoriel complexe sur N dont la fibre en y est I'espace
vectoriel Ey,.

"Toute connexion linéaire V sur E induit une connexion linéaire V¥ sur ¥*E
définie comme suit : si £ est une section de E, on pose

(1.2.2) VY€ = (y, Vyur)f), VY €T,N, Vye N,
ol é note la section induite de Y*E, définie & partir de £ par
(1.2.3) W) = (W, €wW)), VyeN.

La connexion lindaire V¥ est entiérement déterminée par (1.2.2) car toute section
de Y*E est localement engendrée, sur I'y(C), par les sections de la forme (1.2.3).

Remarque. — La connexion induite V¥ est plus-aisément définie en termes de
distribution horizontale, introduite au §1.3. Pour tout élément (y,u) de ¥*E, un
vecteur tangent en (y, u) & *E est identifié & une paire (Y, U) dans T,N x T, F telle
que Y. (Y) = m (V). ~

Le relevement horizontal Y{, ) de Y en (y, u) relatif & V¥ est alors défini par

Yoy = (¥, (9:(Y))a)

ott (1.(Y')), note le relevement horizontal du vecteur #,(Y) en u relativement & V.
Le lecteur vérifiera sans peine que les deux définitions de la connexion induite
V¥ coincident.

1.2.4. — Deux connexions linéaires V! et V? sur les fibrés vectoriels E! et
E? respectivement (au-dessus d’une méme variété M) déterminent une connexion
linéaire V sur le produit tensoriel E' ® E2, définie par

(125) V(E'®E) =V o+ oV, Vel eD(EY), Ve eT(E?).

De méme, toute connexion linéaire V sur £ détermine une connexion linéaire,
encore notée V, sur le dual (complexe) E* de E, définie par

(12.6)  (Vo)(€) = d(o(€)) — a(VE), Yo eT(EY), Vé e I(E).

Plus généralement, V détermine, via (1.2.5) et (1.2.6), une connexion linéaire,
encore notée V, sur tout fibré vectoriel (complexe) construit fonctoriellement & partir
de E, tels que E*, End E = E* @ E, A*E etc... En particulier, si a est une section
de End E, on a, pour tout £ dans I'(E), (Va)(§) = V(a(f)) — a(VE), c’est & dire

(1.2.7) Va =V, al
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1.2.8. — Toute connexion linéaire V sur F s’étend en une différentielle exté-
rieure (relative & V) notée dV, ou simplement V, définie sur les formes sur M &
valeurs dans E, i.e. sur les sections de A*M ® E, par

P
(@) (Xo, X1, Xp) = D _(— Y(Xo, ..., X Xp))
i=0
(1.2.9)
+ 3 (CDM(Xa Xl Ky, Xy, X,
0<i<j<p
pour toute p-forme ¥ & valeurs dans E (ou Xy, ..., X, sont (p + 1) vecteurs quel-

conques au point considéré de M), 0 < p < n.
Si ¥ = 1) ® u est une p-forme décomposée sur M a valeurs dans E, ol 9 est une
p-forme scalaire (complexe) et u une section de E, on a

(1.2.10) A"V =dy@u+Y (e Ap) ® V,u,

i=1

ot {¢;},i=1,...,n, est un repere quelconque de T M au point x considéré et {e}}
le repére dual (algébrique) de T M. On observe que si ¢ est une O-forme & valeurs

dans E, i.e. une section de E, dV¥ défini par (1.2.9) ou (1.2.10) coincide avec la
dérivée covariante V.

Si ¥, est une p-forme & valeurs dans E', U, une g-forme & valeurs dans E?, le
produit extérieur formel ¥y A ¥y est une (p + ¢)-forme & valeurs dans le produit
tensoriel E'® E?, muni de la connexion linéaire V induite par V! et V2. On déduit
aisément de (1.2.10) l'identité suivante :

(1.2.11) dV(Uy AW,) =dV Uy ATy + (—1)PU; AdV U,

L’identité (1.2.11) vaut, en particulier, quand ¥ = w est une p-forme scalaire, i.e.
quand E* est le fibré produit M x C et V! = d la connexion naturelle, dont ’exten-
sion au sens de (1.2.9)—(1.2.10) coincide avec la différentielle extérieure ordinaire
opérant sur les formes scalaires. Dans ce cas, l'identité (1.2.11) se réduit & I’identité
de Leibniz

AV (WA W) =dw A+ (—1)Pw AdVT,

pour toute E-forme ¥ (qui coincide avec l'identité de Leibniz (1.1.1) quand w = f
est une O-forme, i.e. une fonction scalaire sur M).

Contrairement au cas scalaire, le carré d¥ od¥ n’est pas nul en général. Toutefois,
c¢’est un opérateur d’ordre 0, explicité par

(1.2.12) (@ od”)=—RYAV, VI e (N'MQE),
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ol RY est la courbure de V, vue comme une 2-forme sur M & valeurs dans le
fibré vectoriel End E, et ot le “produit extérieur” RV A ¥ est le composé du pro-
duit extérieur formel, & valeurs dans End{E) ® E, et de la contraction naturelle de
End(E) ® E sur E (qui, & a @ u, associe a{u)).

La relation (1.2.12) constitue une définition possible de la courbure de V, voir
le §1.4. Nous en déduisons immédiatement 'identité de Bianchi suivante, satisfaite
par toute connexion linéaire V,

(1.2.13) d"RY =0,

i.e., en tant que 2-forme & valeurs dans End(E), la courbure RV est fermée rela-
tivement & V (opérant sur les sections de End(E) par (1.2.7)). On a, en effet, pour
toute section & de E, la suite d’égalités évidentes :

(dVRV)(§) = d¥(RY(€)) — R¥(VE) = —d" o (d” 0 d" )¢+ (dV 0 d7) 0 d¥E = 0.

1.3. Distribution horizontale d’une connexion

Pour tout élément u de E, nous notons T, F 'espace tangent en u au fibré E
(vu comme une variété de dimension n + 2r), TY E le sous-espace tangent vertical,
dont les éléments sont tangents & la fibre E,,z = m(u). Comme E, est un espace
vectoriel, nous avons l'identification canonique :

(1.3.1) TYE=E,, Yu€E, YzecM.

En particulier, pour toute section £ de E et tout élément X de T, M, la dérivée
covariante V x £ de £ suivant X peut étre — et sera — considérée comme un élément
de TY E, i.e. un élément vertical de T,,E. Dans T, F, nous avons également le vecteur
£, X, image de X par la différentielle de & (vue comme une application de la variété
M dans la variété E), dont la projection dans T, M, via ,, est égale & X puisque £
est un inverse & droite de . Soit )~(u la différence, dans T, F, des deux vecteurs £,X
et V Xg :

(1.3.2) X, =6X — VxE.

1l résulte aisément de I'identité de Leibniz (1.1.1) que X, ne dépend pas de la
section £, pourvu que £(z) = u, i.e. X, ne dépend que de X et de u. Comme &, X,
le vecteur X,, se projette en X dans T, M puisque Vx¢ est vertical. Le vecteur X,
est le relévement horizontal, relatif & V, de X en u. Les éléments x et u étant fixés,
respectivement dans M et E,, 'application

XX, XeT M

est un homomorphisme de T, M dans T, F, pour lequel m, est un inverse & gauche

et dont I'image, notée HY, est transverse a T, E. Le sous-espace HY est le sous-

espace horizontal de T, E, relatif & V, et 'ensemble des HY constitue le sous-fibré
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horizontal, ou la distribution horizontale, sur E déterminé(e) par la connexion V.
Nous obtenons ainsi une décomposition en somme directe de TFE :

(1.3.3) TE=T'E®HY

en sous-fibrés vertical (indépendant de V) et horizontal (dépendant de V). La pro-
jection de TE sur la composante verticale TV E déterminée par (1.3.3) sera notée
\
Y.
La connexion V est entiérement déterminée en retour par la distribution HY au

moyen de la relation suivante, immédiatement déduite de (1.3.2),
(1.3.4) Vxé=vV(6X), VX €T, M, V¢cT(E).

On observe que pour tout élément u de la fibre F,, Pespace horizontal H, coincide
avec I'image &,(T,M) par la différentielle de toute section &, V-paralltle en z et
telle que £(z) = u. En particulier, si u = 0, est Porigine de E_, I'espace horizontal
HOVz coincide avec 'espace tangent en 0, a la variété M elle-méme, identifiée & la
section nulle de E. Par définition méme de HV, une section ¢ de E est V-parallele
si et seulement si 'image £(M) de M par £ est une variété intégrale de HV. Inverse-
ment, puisque H" est transverse aux fibres de E, toute variété intégrale de HV est
localement I'image d’une section V-parallele de E. Il en résulte que

PROPOSITION 1.3.5. —  La distribution horizontale HY est intégrable si et seu-
lement si la connezion V est localement triviale.

Le défaut d’intégrabilité de la distribution horizontale HV est exactement mesuré
par la courbure RV de V, voir le §1.4.

Soit « un élément fixé de la fibre E,. Toute courbe (différentiable) ¢ : [0,1] — M
issue de z se releve en une unique courbe horizontale (= tangente & la distribution
horizontale HY) ¢, : [0,1] — E issue de u. L’élément &,(1) est le transporté paralléle
de u le long de la courbe c¢ (relativement & V). Il est clair, que ¢,(1) ne dépend pas
du paramétrage choisi de c. Le transporté paralléle ¢,(1) est la solution de I’équation
différentielle suivante :

Viat =0, £(0)=u,

ol £ est une section de c¢*E, V° la connexion induite, d/dt le champ de vecteur
canonique de [0,1]. Il en résulte que le transport paralléle (relatif & V)

u—— &(1), Vue E,,

est un isomorphisme (C-linéaire) de la fibre E, sur la fibre Ec(1). Tout champ de
vecteurs X sur M se reléve en un champ de vecteurs horizontal X sur E, tel que X,

est le relevement horlzontal du vecteur X, en u. Tout flot local ¢;f de X se reléve
en un flot local ¢ de X, tel que ;¥ (u) soit le transporté parallele de u le long de
la courbe ¢ (z).



120 P. Gauduchon

Nous pouvons dés lors donner une description alternative de la dérivée covariante
Vx¢& d’une section £ de E :

(1.3.6) Vx€= [X,f},

ou V¢ et £ sont considérés comme des champs de vecteurs verticaux sur E, con-
stants le long des fibres, via l'identification (1.3.1).

1.4. La courbure d’une connexion linéaire

La courbure RY d’une connexion linéaire V a été définie au §1.2.8 par (1.2.12),
soit donc par

(1.4.1) d¥ oVE=—RV(u), Vu€ E,,Vz € M,

ou £ est une section quelconque de F prenant la valeur u au point x considéré. Plus
usuellement, la courbure d’une connexion linéaire est définie comme le défaut de
commutation de la dérivée covariante associée, i.e. par

(142) R;,Y = V[ny] - [Vx,vY], VX, YeT,M, VielM,
soit donc, avec les mémes notations que pour (1.4.1),
RYyu = Vy(Vx€) = Vx(Vy) - Viyxié.

11 est tres facile de vérifier que les deux définitions (1.4.1) et (1.4.2) de la courbure
RY coincident. Dans les deux cas, RV est interprétée comme une 2-forme sur M
a valeurs dans le fibré vectoriel End(E). Comme Vx¢, R)'}'yu peut étre considéré
comme un élément de TY E, cf. le §1.3, et, lorsque X et Y sont fixés dans T, M,
R;y peut étre considéré comme un champ de vecteurs (linéaire) défini sur la fibre
E,. On a alors la relation suivante :

PROPOSITION 1.4.3.
RYy =vY(X,Y]), VXY €T,M, VzeM.

Ici, dans le membre de droite, X et Y notent des extensions (quelconques) des
vecteurs X et Y au voisinage du point considéré, X et Y les relevements horizontaux
de X et Y sur E. Avec cette convention, la démonstration de 1.4.3 est la suivante.
Fixons un élément v de la fibre E, et considérons une section £ de F telle que
&(xz) = u. La dérivée covariante Vx¢ de £ suivant le champ de vecteurs X sera
considérée comme un champ de vecteurs vertical sur F, constant le long des fibres
(via I'identification (1.3.1)). Nous faisons de méme pour Vy&. Comme les champs
de vecteurs Vx€ et Vy & sont tangents aux fibres et constants le long des fibres de
E, leur crochet [V x€, Vy£] est nul sur E. On a, de fagon tautologique, I'égalité :

[X,Y] = [X+VxEY + Vil = [V, Y + Vyd]
~ [X + Vx€, Vy€] - [VxE, Vg

(X + V&Y + Vy] — [VxE, Y] - [X, Vyé]

It

(X + Vx&Y + Vyl] + Vy(VxE) — Vx(Vyé)
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(par (1.3.6)). Par (1.3.2), les restrictions & la sous-variété £(M) des champs de
vecteurs X + V x& et Y + Vy€ coincident respectivement avec £,X et £Y. On
a donc :

{X +VxEY + VYg] = [€*X7 f*Y] = 6*[X7 Y]

Nous obtenons finalement ’expression
(1.4.4) [X, Y] = &[X, Y]+ Vy(Vx€) - Vx(Vyo),

ou Vx(Vy&) et Vy(VxE) sont verticaux sur E, tandis que la composante verticale
vV(&,[X,Y]) est égale, par (1.3.4), & Vixy)§. La proposition 1.4.3 se déduit alors
directement de (1.4.4). O

La relation 1.4.3 peut étre considérée comme une définition de RV quand la
connexion V est elle-méme définie par la distribution HV. Contrairement aux deux
premieéres définitions (1.4.1) et (1.4.2), la définition 1.4.3 a un sens pour toute con-
nexion sur E, linéaire ou non, i.e. pour toute distribution de n-plans sur F (ou un
espace fibré quelconque, vectoriel ou non), transverse aux fibres.

De 1.4.3, considéré au choix comme une définition ou un théoréme, nous dédui-
sons le fait fondamental suivant (qui est une tautologie ou un théoréme suivant le
point de vue adopté) :

ProproSITION 1.4.5. — La connexion V est localement triviale si et seulement
st sa courbure RV est nulle (= V est plate).

En effet, 'annulation du second membre de 1.4.3 est exactement la condition
d’intégrabilité de la distribution HY donnée par le théoréme de Frobenius.

Si V? et V! sont deux connexions linéaires sur E, i.e. deux éléments de A(E),
liées par

(1.4.6) Vi=V0+4np,

oll 7 est une 1-forme & sur M & valeurs dans End(FE), i.e. un élément de O*'M ®
End E, nous déduisons aisément de (1.4.1) la relation suivante entre les courbures
correspondantes :

(14.7) RV = R¥" —d""n ~ [n.1,
ot [n,7n] est la 2-forme & valeurs dans End(E) définie par
[, 7}(X,Y) = n(X),n(Y)] , VXY € T,M ,Vz € M.

En particulier, U'expression (RV)® de RV relative & une trivialisation locale @ de
E se déduit de la 1-forme de connexion A®) par

(1.4.8) (RV)(«J) = —dAW® _ [A(w)’A(v)].
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Considérons I'application courbure R : V — RV définie sur 'espace affine A(E)
des connexions linéaires sur £ dans I'espace vectoriel 0*M ® End(E) des 2-formes
sur M & valeurs dans End(E). Si V° = V et V! = 4.V appartiennent & la méme
orbite du groupe de jauge G(E), on déduit aisément de (1.1.5) la relation :

R =y0R%oy™,
qui exprime I'équivariance de I'application courbure relativement & A(E). En linéa-

risant la relation (1.4.7), nous obtenons I’expression suivante de la différentielle Ty R
de I'application courbure R en V :

(1.4.9) (TyR)y := <%RV+”'> =—d"n, Vn € Ty(E) = 'M ® End E.
t=0

Remarque. —  Considérons, dans l'espace affine A(F), la droite
(1.4.10) V=tV + (1 -1)V° Vt e R,

passant par V° et V!, lides par (1.4.6). La fonction courbure, restreinte & cette
droite, s’écrit, en posant Rt = RV,

R' = tR' 4+ (1 = )R® + (1 — t)[n, 7],

que I'on déduit simplement de (1.4.7).
Avec les notations des §§1.2.1 et 1.2.4, la courbure satisfait les propriétés fonc-
torielles suivantes :

(1.4.11) RY'y,(z,u) = (2, Ry, yyyu) » V2 € M Vu € E,,

(1.4.12) R¥(u; ® up) = RV (w1) @ us + w1 ® RY (up), Vu, € El Vu, € E2,

(1.4.13) (RVQ)(u) = —((R%w), V(€ E:, VueckE,,
R¥a=[RY,qa], VYacEnd,E.

1.5. La connexion de Chern d’un fibré vectoriel holomorphe hermi-
tien

Nous considérons dans ce paragraphe le cas particulier ou la base M du fibré
vectoriel E est une variété complexe, de dimension complexe m = n/2. Nous notons
T M, resp. T'OM, le fibré des vecteurs complexes de type (0, 1), resp. (1,0), sur
M, AP1M, le fibré des formes (complexes) de type (p,q), 0 < p,¢ < m.

Une structure holomorphe sur E détermine un opérateur de Cauchy-Riemann 0
opérant sur les sections de E & valeurs dans A%'M ® E = I'(A®'M ® E), vérifiant
I’identité de type Leibniz suivante :

(1.5.1) o(f€) =0f ®E+ fO€, VfeT(C), VEeT(E),
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ot Jf est la partie de type (0, 1) de df, tel que les sections (locales) holomorphes de
E sont exactement celles qui sont annulées par 0.

Comme une connexion linéaire, 'opérateur 0 s’étend naturellement en une “dif-
férentielle extérieure” d?, de bidegré (0,1), opérant sur les formes de type (0,%) &
valeurs dans E, définie, pour toute forme décomposée ¥ = ¥ ® £, ou 9 est une
(0, p)-forme scalaire et £ une section de E, par

~ _ m —
PU=0RE+Y AP L,
a=1
ol {€,} est un repere de T%! M au point = considéré, {5} le repére dual (algébrique)
de A% M, Ov la partie de type (0,p + 1) de dy.
Comme FE est localement engendré par ses sections holomorphes, on a

(1.5.2) dPod®=0.

Inversement, tout opérateur 0 satisfaisant (1.5.1) et (1.5.2) détermine une struc-
ture holomorphe sur E, les sections holomorphes étant, par définition, les sections
(locales) annulées par 8. La condition (1.5.2) implique que E peut étre localement
trivialisé par les éléments du noyau de 0 (théoréme de Koszul-Malgrange).

Une connexion linéaire V sur E est compatible avec une structure holomorphe 0
si la partie V%! de type (0,1) de V coincide avec 9, i.e. les connexions linéaires
compatibles avec une structure holomorphe sur E sont celles qui “completent”
'opérateur de Cauchy-Riemann & en une connexion linéaire sur E.

Lorsque E est munie d’une structure hermitienne (fibrée) h, toute structure
holomorphe 8 sur E peut étre ainsi “complétée” en une connexion linéaire V définie
par

(1.5.3) V=0+0"'0000,

ol 0 : E — E* note la dualité (C-antilinéaire) de E sur le dual E* induite par h,
et ot & note, dans le second terme, la structure holomorphe de E* induite par celle
de E. 1l est facile de vérifier que la connexion V est hermitienne, i.e. préserve h en
ce sens que

h(v§17£2) + h(gla V§2) = d(h‘(ghgz))’ V£1,£2 € F(E)a

et est I’'unique connexion linéaire sur E qui soit & la fois hermitienne et compatible
avec la structure holomorphe 9. Cette connexion est la connexion de Chern associée
a la structure hermitienne h et la structure holomorphe .

La partie V10 de type (1,0) de V est égale & 01 0doo. Tl résulte de (1.5.2) que le
“carré extérieur” de V1, comme celui de V%! = 9, est nul, i.e. que la courbure RV
de la connexion de Chern V est de type (1,1). Inversement, toute connexion linéaire
hermitienne V sur le fibré hermitien (E, h), dont la courbure RV est de type (1,1),
détermine une structure holomorphe sur E, dont 'opérateur de Cauchy-Riemann
est égal & la partie V%! de type (0,1) de V. En effet, le fait que RY soit de type
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(1,1) implique que le “carré extérieur” de d = V%!, qui est égal, au signe pres, a la
composante de type (0,2) de RV, est nulle, i.e. que 0 satisfait (1.5.2).

Cette observation est d’un intérét particulier quand M est une surface de Rie-
mann (i.e. m = 1), puisque, dans ce cas, toute 2-forme est de type (1, 1).

Le reste du paragraphe est consacrée & la description de la connexion de Chern
V attachée & un fibré vectoriel hermitien holomorphe (E, h, 8), définie par (1.5.3).
Considérons une trivialisation locale holomorphe ¢ : Ey — U x V de E au-dessus
d’'un ouvert U de M, et fixons une base {e,}, 1 < A < r, de l'espace vectoriel V.
La structure hermitienne /4 est alors représentée sur & au moyen d’une matrice de
fonctions (hgf)), ot hf\fl) est définie par

h(x) = k(e (z,e2), 97 (2, e,)), 1<Ap<r, Vzel.

La 1-forme de connexion A®) de V relative & ¢ est également exprimée par une
matrice de 1-formes, de type (1,0) puisque V est compatible avec la structure con-
forme. On déduit aisément de (1.5.3) I'expression suivante de A®) en fonction de
h®) et de la matrice inverse (h(*))~1 ;

(1.5.4) AW = 9p(9) o (p9)~1,

Puisque A® est de type (1,0) et la courbure RY de V est de type (1,1), la relation
(1.4.8) se réduit dans le cas présent, &

(1.5.5) (RY) = —3(0h¥) o (R¥W)~1).

Lorsque E est de rang 1, la “matrice” h(¥) est une fonction positive définie sur
Pouvert U et (1.5.4), (1.5.5) s’écrivent respectivement A®) = §log h(#) et (RV)(¥) =
d01log h¥). Dans ce cas, le fibré End(E) est canoniquement identifié au fibré produit
M x C et la courbure de toute connexion linéaire sur E est une 2-forme scalaire
(complexe), & valeurs dans iR si la connexion est hermitienne. Nous obtenons alors
une 2-forme réelle en substituant & RV la forme de Chern v\ définie par
v 1 v
= 2_m'R

dont 'expression locale relativement & ¢ est donc
-1 -
()@ = %iaa log ht¥).

Nous obtenons une expression formellement similaire, mais de nature globale, en
considérant une section globale holomorphe, non-identiquement nulle, £ de F (s'il
en existe). On a alors la relation suivante :

1 -
v . 2
(1.5.6) n =g 1001og |€|°,

qui s’interprete ainsi : le second membre est bien défini sur 'ouvert (non-vide) ot
¢ ne s’annule pas et s’étend en une forme C™, égale & vV, sur la variété M toute
entiere.
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L’argument est le suivant : pour toute trivialisation locale holomorphe ¢ de E| le
carré |€]? de la norme de ¢ s'écrit hPEW@EW) ot %) est holomorphe. L'expression
locale du second membre, sur I'ouvert on il est défini, coincide donc avec 'expression
locale de vy, qui est globalement défini sur M. I’argument montre que I’on peut rem-
placer &, dans (1.5.6), par une “section” méromorphe quelconque (non-identiquement
nulle) de E.

La 2-forme 7y est clairement fermée et sa classe de cohomologie dans H?(M, R.)
est la classe de Chern réelle de E, voir le §2.1.

Remarque. Lorsque M est compacte, on déduit aisément de (1.5.6), par un
argument fondé sur le théoréme de Stokes (voir par exemple [Ha-Gr] Ch.3), que
la classe de cohomologie [yY] de 7y est le dual de Poincaré du diviseur de toute
“section” méromorphe non-triviale de L, i.e. que 'on a

(1.5.7) / WAY= / ¥,  pour toute (n — 2)-forme fermée 1,
M Dg

ol D¢ est le diviseur de £, pour toute section méromorphe non-identiquement nulle
£de E.

Lorsque M est une surface de Riemann, le diviseur de £ est constitué des zéros
et des poles de £, comptés avec leurs multiplicités, et (1.5.7) s’écrit alors

(1.5.8) /M 7Y = #{zéros de £} — #{poles de £}.

Il apparait, voir le §2.1, que les premiers membres de (1.5.7) et (1.5.8) sont
indépendants, non seulement de la section £, mais encore des structures holomorphes
de M et L.

1.5.9. Exemple fondamental. —  Considérons le cas ou M est 'espace pro-
Jjectif complexe P™ = P(C™!) dont les éléments sont les droites complexes (vec-
torielles) de C™, et ot E = H est le fibré tautologique, ou fibré de Hopf, dont la
fibre H, en z est la droite complexe x elle-méme, muni de sa structure holomorphe
naturelle et de la structure hermitienne tautologique induite par la structure hermi-
tienne naturelle de C™*! : pour tout élément u de H,, |u|? est le carré de la norme
(hermitienne) de u vu comme un élément de C™*1.

On observe que la variété H privée de la section nulle n’est autre que Pespace
C™*! privé de lorigine 0, i.e. H est la variété obtenue par éclatement de 0 dans
C™*!. De ce fait, 'ensemble des éléments unitaires de H, i.e. le S'-fibré principal Qf
des “reperes unitaires” de H, coincide avec la sphére S?™*! des éléments unitaires
de C™*!, j.e. la projection naturelle de Q¥ sur M coincide avec la fibration de Hopf

52m+1 Pm’

I'action du groupe S?, réalisé comme le groupe des nombres complexes de norme 1,
étant explicitée, pour tout > dans S', par

(UO, L ’,Um) . e27ri0 — (,U0€27ri9, o 7,Um627ri9)’
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pour tout v = (v°,...,v™) dans S?™+! C C™*L, Le fibré H n’a pas de section holo-
morphe globale non-triviale, tandis que 'espace H®(M, H*) des sections holomor-
phes (globales) du fibré dual H* s’identifie naturellement & 'espace dual (C™t1)* :
a tout élément ¢ de (C™")* est associée la section (holomorphe) ¢ de H* définie
(tautologiquement) par

(1.5.10) C@)(u) = ((u), VzeP™ Vuc H,

Pour la structure hermitienne induite sur H*, on a
K@) =KwWP, VzeP™,

ou u est un élément quelconque de norme 1 de la fibre H,. Choisissons pour ¢
la forme linéaire ¢y : v = (v7,...,0™) > 4%, et considérons V'ouvert affine Uy =
P™ — P((3), ol ¢ note le noyau de ¢y dans C™*'. Sur Uy, nous pouvons choisir
comme coordonnées (complexes) globales les fonctions 2! = v! /20, ... 2™ = ¢™ /1,0,
etona

m
I =1+ 122,
a=1
de sorte que la forme de Chern v/ de H* s'écrit :

m
A= iz'aglog(l + ) 12%3).

2 a=1

Cette 2-forme est la forme de Kéhler d’une structure (kihlérienne) de Fubini-
Study de P™ (celle dont le volume total est égal & 1/m!).

Un calcul facile, effectué, par exemple, sur la droite projective P(C?) ou C? est
le plan complexe de C™*! défini par les équations v? = --. = v™ = 0, montre que
I'intégrale de vfI" sur chaque droite projective de P™ est égale & 1. Ainsi, on obtient

PROPOSITION 1.5.11. — La classe de de Rham [yf"] de la forme de Chern
du fibré de Hopf dual de P™ est le générateur positif de la cohomologie entiére
H*(P™,Z) de P™ via le plongement canonique de H*(P™,Z) dans H3z(P™ R).

En vertu de la remarque précédente, c’est aussi le dual de Poincaré de la classe

d’homologie de tout hyperplan projectif complexe P™~1 de P™.

2. Classes de Chern

2.1. La classe de Chern d’un fibré en droites

Dans ce paragraphe, nous considérons le cas ol la base M est une variété quel-
conque (réelle) de dimension n et le fibré E est un fibré en droites (complexes), i.e.
un fibré vectoriel complexe de rang 1, noté génériquement L. I’ensemble Vect; M
des classes d’isomorphisme de fibrés en droites sur M est munie d’une loi de groupe
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abélien, ol la multiplication est induite par le produit tensoriel et I'inverse par le
dual. Si [L] note la classe d’isomorphisme de L, on a donc

(2.1.1) [L1] - [Lo] = [L1 ® Lo] , [L)7F = [L*].

Comme nous I'avons déja observé, le fibré End L est naturellement identifié au
fibré produit M x C et toute connexion linéaire V sur L induit la connexion naturelle
(C’est a dire triviale) sur End L = M x C.

La courbure RY est alors une 2-forme scalaire (complexe) et I'identité de Bianchi
(1.2.13) s’écrit dRY = 0 tandis que la relation (1.4.7) se réduit & RV = RY" —dn, ot
n est une 1-forme scalaire (complexe) et d est la différentielle extérieure ordinaire.

Ainsi, RV est fermée et sa classe de cohomologie [RV] dans I’espace de de Rham
H2,(M,C) est indépendante de la connexion linéaire V. Comme nous 'avons fait
au paragraphe précédent, nous substituons a la classe [RY] la classe ﬁ[RV], qui
est réelle, i.e. appartient & H2,(M,R). En effet, tout fibré L admet une structure
hermitienne h et une connexion hermitienne V, dont la courbure RV est & valeurs
dans iR. Nous obtenons ainsi une application cf¥ de Vect; M dans H2z(M,R), qui
associe & [L] la classe 5--[RV]. Il résulte clairement de (1.4.12) et (1.4.13) que cf’ est
un homomorphisme de groupes abéliens. L'image de [L] par cf, notée simplement
c(L) est la classe de Chern réelle de [L], ou, simplement, de L (nous ne distinguerons
plus, dans la suite, le fibré L de sa classe d’isomorphisme [L]).

En général, 'homomorphisme cF n’est pas injectif, mais nous allons voir qu'il
se factorise par la classe de Chern (entiére) ¢y, qui est un isomorphisme de groupes
abéliens de Vect; M sur le groupe de cohomologie entiere H2(M, Z), i.e. que 'on a
le diagramme commutatif suivant :

Vect, M % H2(M, Z)

R .
[e5) Vi

HgR(Mv R)

ol j est ’homomorphisme naturel de H%(M,Z) dans H2z(M,R), et ou ¢; est un
isomorphisme de groupes abéliens. Pour définir ¢y, il convient d’utiliser le formalisme
de la cohomologie de Cech & valeurs dans un faisceau de groupes abéliens, dont nous
résumons briévement les éléments essentiels, renvoyant, par exemple, & {God], [Gunl]
ou [Hir] pour un exposé détaillé.

A tout recouvrement ouvert localement fini V = {U;},i € I, de M est associé
un complexe simplicial Ky, le nerf de V, dont les sommets sont les éléments de
I et les p-simplexes les (p + 1)-uples (4,...,1,) d’éléments de I tels que Pouvert
Uiy, i, = Uiy 0 -+ - N U, soit non-vide.
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Soit F un faisceau de groupes abéliens défini sur M. Une p-cochaine ¢ sur Ky,
a valeurs dans F, associe & tout p-simplexe ordonné (i, ... ,3p) de Ky une section
Pip,.i, de F sur Pouvert U, ...,1,. Nous supposons en outre que ¢ est alternée.
Nous définissons un opérateur cobord 0 de degré 1 sur le groupe gradué C*(Ky, F)
des cochaines sur Ky, a valeurs dans F par

(a(p)i01--->ip+l = Zz:[lJ(_1)k<pi0,...,ik,...,ip+1’ Vo € CP(KW]:)v

ou, pour ne pas alourdir la notation, nous notons de méme Dy,
omis) et sa restriction a I'ouvert Uio,...,i,, e

Nous obtenons ainsi un complexe différentiel (C*(Ky, F), d) dont le groupe (gra-
dué) de cohomologie est noté H*(Ky, F). La limite inductive de ces groupes, lorsque
V décrit I’ensemble des recouvrements ouverts (localement finis) de M, est le groupe
(gradué) de cohomologie de Cech de M & valeurs dans le faisceau F, noté H*(M, F).

Lorsque F est 'un des faisceaux constants M x C,M x R, M x Z, le groupe
de cohomologie de Cech correspondant sera noté simplement H*(M, C), H*(M,R),
H*(M,Z). Ce dernier est naturellement isomorphe au groupe de cohomologie sin-
guliere de M, et il existe de méme des isomorphismes naturels de H*(M,C) sur
Hjp(M,C) et de H*(M,R) sur Hji(M,R) que nous expliciterons plus loin dans le
cas de H2(M, R)).

ikreintt (indice i

Nous notons C le faisceau des germes de fonctions (différentiables) sur
valeurs dans C, C*, le faisceau des germes de fonctions (différentiables) sur
valeurs dans le groupe (multiplicatif) C* = C — {0}.

Tout fibré en droites L sur M détermine, via un recouvrement ouvert trivialisant
(localement fini) V = {l4},i € I, et les fonctions de transitions ® = {®; ;}, vues
comme un 1-cocycle sur Ky & valeurs dans le faisceau C*, un élément de H*(Ky, C*),
puis de H'(M,C*). Nous obtenons de cette maniére un isomorphisme (de groupes
abéliens) VectiM — HY(M,C*).

L’homorphisme ¢; de Vect;M = HYM,C*) dans H?(M,Z) est alors défini
comme suit. Supposons le fibré L réalisé par le recouvrement V et le 1-cocycle ¢ sur
Ky a valeurs dans C*. Supposons, en outre, que V a été choisi tel que les ouverts
U; ainsi que les intersections If; ; soient contractiles. Nous pouvons alors définir une
1-cochaine @ sur Ky, & valeurs dans le faisceau C, par

M &
M a

9,"]' = 2—7[_17/ IOgQDi,j, V(Z,_]) € K\l}

Comme ¢ est un cocycle, dans C*(Ky,C*), la 2-cochaine 96 prend ses valeurs
dans le sous-faisceau constant M x Z. La classe de Chern (entiére) ¢;(L) de L est,
par définition, 1'élément de H2(M,Z) engendré par ce cocycle.

Nous construisons un inverse pour c;, de H*(M,Z) dans H'(M, C*), de la fagon
suivante. Soit a un élément de H%(M, Z), représenté, relativement au recouvrement
V (ou, au besoin, un raffinement de V), par un 2-cocycle a sur Ky & valeurs dans le
faisceau constant M x Z. Considéré comme un 2-cocycle a valeurs dans C, a est un
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cobord. De facon précise, soit {p;},i € I, une partition de I'unité subordonnée & V
et considérons la 1-cochaine # sur Ky a valeurs dans C définie par

(2.1.2) 0= @ik~ pr, V(i,]) € Ky
P

ol la somme est effectuée sur les k tels que (4, j, k) est un 2-simplexe de Ky. On a
alors a = 06.
Considérons la 1-cochaine sur Ky, & valeurs dans C* définie par

@ij = exp(=2ir - 6;;), V(i,7) € Ky.

Comme a = 90 est a valeurs entieres, ¢ est un 1-cocycle et détermine ainsi un
élément [L] de H'(M,C*) = Vect; M. Les deux opérations sont clairement inverses
P'une de 'autre, ce qui établit que la classe de Chern (entiere) ¢; constitue un
isomorphisme de Vect; M sur H?(M,Z).

11 reste & montrer que pour tout fibré en droite L, j(c1(L)) coincide avec 51 [RV]
dans H25(M,R).

L’homomorphisme naturel de H?(M,Z) dans H?(M,R) est exprimé, relative-
ment au recouvrement V, par U'application tautologique qui, & la classe d’'un 2-
cocycle a a valeur dans M X Z, associe a lui-méme, vu comme un 2-cocycle & valeurs
dans M x R.. Nous devons faire suivre cette application de l'isomorphisme naturel
de H*(M,R) dans H2,(M,R) qui, dans le cas considéré ici, est explicité comme
suit. Considérons la 1-cochaine § définie par (2.1.2), ol a est considéré comme un
2-cocycle a valeurs dans M x R, puis, pour tout ¢ dans I, la 1-forme réelle b; définie
par U; par

bi=>_db;x - px,
%

ol la somme est effectuée sur les & tels que (4, k) est un 1-simplexe de K. Con-
sidérons enfin, sur chaque ouvert I;, la 2-forme réelle -y définie par ~; = db;.

On vérifie aisément que y; et ; coincident sur U; ; pour tout 1-simplexe (i, j) de
Ky, i.e. chaque +; est la restriction a U; d’une 2-forme réelle fermée -y, globalement
définie sur M, dont la classe de cohomologie est, suivant la théorie générale, 1’élément
de H2,(M,R) identifié & la classe de a dans H?(M,R).

Par ailleurs, on a clairement, pour tout simplexe (i, j) de Ky,

-1

bi—bj=db;; = i d(log ¢s;) ,
qui montre, cf. (1.1.5), que —2mi - b; est Uexpression locale sur I; d'une connexion
linéaire V sur L. Par (1.4.8), la 2-forme ~, dont la classe [y] dans H25(M,R) est
égale & j(c1(L)), est égale & ;~[RY]. D

27
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Remarque. — La classe de Chern ¢; que nous venons de construire est ’homo-
morphisme “cobord” déduit de la suite exacte de faisceaux (dite suite exacte expo-
nentielle)

exp 2mi
(2.1.3) 00— MxZ->C c* 0,

ou exp 27i note le morphisme de C dans C* qui & tout germe f de C associe le
germe exp 27if de C*, dans la suite exacte “longue” induite :

0—TI(2) —I(C) —TI(C*) — HY(M,Z) — H'(M,C)
— H'(M,C*) — H*(M,Z) — H*(M,C) — -
Le fait que ¢, soit un isomorphisme est la conséquence de ’acyclicité du faisceau

C, due a I'existence de partitions de I'unité différentiables qui implique 'annulation
des groupes de cohomologie HP(M, C) pour tout p positif.

L’identification de H*(M,R) et de H2,(M,R), que nous avons explicitée dans
le cas de H*(M, R), se déduit de V'exactitude du complexe de de Rham

0-MxR5C0S0M 4. Leom o,
ou CP est le faisceau des p-formes extérieures (différentiables), i Pinclusion naturelle

de M x R dans C° = C, de la différentielle extérieure, et de I'acyclicité des faisceaux
C?, cf. [Hir] Ch. I §2 12.

L’exposé que nous avons présenté suit de prés [Wei] Ch. V.

La construction de la classe de Chern ¢; est clairement fonctorielle en ce sens
que, pour toute application ¢ de N dans M, cf. §1.2.1, on a

(2.1.4) a(¥'L) = * (e (L)), [L] € Vect; M,

donc aussi cff(¥*L) = *(cf(L)). Cette derniere relation peut se déduire directement
de (1.4.11) qui, dans le cas ot E = L est un fibré en droites, s’écrit

RY = ¢*(RY).
Par ailleurs, nous avons le fait important suivant :
PROPOSITION 2.1.5. — Tout fibré en droites L sur M est isomorphe au fibré

induit Yv*H* du fibré de Hopf dual H* de lespace projectif compleze P™, m > 5
par une application ¢ de M dans P™, unique & homotopie preés.
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Démonstration. — L’argument est le suivant. Choisissons une structure her-
mitienne k sur L et considérons le S'-fibré principal () des “repéres unitaires” de
L. Pour tout entier m, considérons la sphere S vue comme le S'-fibré prin-
cipal Q" des “repéres unitaires” de H* (via la fibration de Hopf de S$?™*! sur
P™ induite par 1'action conjuguée de I’action (1.5.10)), voir le §1.5.9. Considérons
I'espace Q(S?™+1) = (Q x §2™*1)/S!, quotient du produit @ x S?™*1 par I'action de
S! opérant simultanément (& droite) sur @ et S?™+1. Cet espace est fibré au-dessus
de M et ses sections, s'il en existe, sont exactement les applications S!-équivariantes
de Q dans S#™*1 i.e. les morphismes de S'-fibrés principaux de @ dans S*™+!. En
particulier, a chaque section 1,5 de Q(S?™*1) est attachée une application ¢ de M
dans P™ telle que Q coincide avec le fibré induit ¢*Q¥", donc aussi L avec le fibré
induit ¥* H*. En outre, deux telles sections 1Z1 et 1/32 sont homotopes si et seulement
si ¥y et 1y sont homotopes.

Par ailleurs, tout espace fibré au-dessus de M posséde des sections si la fibre F’
est (n—1)-connexe (c’est a dire telle que les groupes d’homotopie 7;(F') sont triviaux
pour 0 < j < n—1), qui sont homotopes entre elles si F' est n-connexe, cf. [Ste] Cor.
29.3. Nous concluons en observant que la fibre $?™+! de Q(S#™*1) est 2m-connexe
et que la classe d’homotopie [¢)], construite & partir d’une section quelconque de
Q(S?™*1) quand 2m est supérieur ou égal & n, est clairement indépendante de la
structure hermitienne A. O

L’application 1) déterminée, & homotopie pres, par 2.1.5 est application clas-
sifiante associée & L. On observe que la dimension m n’importe pas puisque, pour
tout m’/ > m, le plongement canonique de P™ dans P™ induit le fibré de Hopf de
P™ sur le fibré de Hopf de P™.

Il résulte du §1.5.9 que la classe de Chern réelle cf{(H*) du fibré de Hopf dual
H* sur P™, qui coincide avec la classe de Chern ¢;(H*) puisque H?(P™, Z) est sans
torsion, est le générateur positif de H*(P™, Z).

Via la proposition 2.1.5 et la propriété de fonctorialité (2.1.4) de la classe de
Chern, nous obtenons la définition équivalente de ¢;(L) :

DEFINITION 2.1.6. —  La classe de Chern c;(L) d’un fibré en droites L sur M

est tmage inverse ¥*(, par Uapplication classifiante v, du générateur positif { de
H2(P™,Z) (pour tout m > %).

Nous renvoyons le lecteur & [Ste] ou [Hus| pour un exposé détaillé de la théorie
générale des espaces classifiants.

2.2. Identité de la classe d’Euler et de la classe de Chern d’un fibré
en droites

Dans ce paragraphe, comme dans le précédent, nous considérons le cas oll E = L
est un fibré en droites (complexes) au-dessus d’une variété (réelle) de dimension
n. Toutefois, le fibré L sera considéré comme un fibré vectoriel réel de rang 2 dont
chaque fibre L, est munie d’une structure complexe 7, ou, ce qui est équivalent d'une
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structure conforme et d’une orientation. Nous nous proposons d’établir l'identifica-
tion suivante.

PROPOSITION 2.2.1. — Dans H%(M,Z), pour tout fibré en droites L sur M,
c1(L) = e(L), la classe d’Euler entiére du fibré réel orienté L.

Pour ce faire, il est suffisant d’établir I'identité en termes de cohomologie réelle
de Rham i.e. sous la forme :

PROPOSITION 2.2.2. — Dans H*(M,R), pour tout fibré en droites L sur M,
cR(L) = (L), la classe d’Buler réelle du fibré réel orienté L, image de e(L) dans
Hz?R(Mv R)

En effet, les deux identités sont équivalentes lorsque L est le fibré de Hopf (dual)
H* sur P™, puisque la cohomologie entiere de P™ est sans torsion, et induisent
I'identité 2.2.1 pour tout L et tout M du fait de 2.1.5 et de la propriété de foncto-
rialité de e(L) identique & (2.1.4).

Par définition, la classe d’Euler e(L) de L est la restriction & M, identifiée & la
section nulle O(M) dans L, de la classe de Thom de L. En termes de cohomologie
de de Rham, la classe de Thom de L appartient, cf. [Bo-Tu] Ch.1, & la cohomologie
(de de Rham) & support verticalement compact Hzp (L, R), i.e. la cohomologie du
complexe des formes différentielles sur L dont le support est compact dans chaque
fibre, et est représentée par toute 2-forme réelle sur L fermée, & support compact
dans chaque fibre et d’intégrale égale a 1 sur chacune d’elles.

Sur chaque fibre privée de lorigine L, — {0,}, la structure conforme et l'orienta-
tion de L, déterminent une 1-forme angulaire w = %dﬂ (ol1 8 note I'angle orienté
de deux vecteurs non-nuls de L), déterminée, en termes de la structure complexe
i, par

wu(w) =0, wy(iv) = %, Yu e L, — {0},

ot {u,iu} est considéré comme une base de T,(L;) = L,. Toute connexion linéaire
V sur L détermine une 1-forme de transgression sur L — 0(M), dont la restriction
3 chaque fibre L, — {0,} coincide avec la 1-forme angulaire w. Cette 1-forme, notée
wV, est définie par

(WV)\TXL =uw, (WV)\HX =0, Yue L - O(M)7

ot HY est l'espace horizontal en u déterminé par V, voir le §1.3. La 1-forme de
transgression wV et la courbure RY de V sont liées par la relation (2.2.3), ou 7y est
la forme de Chern de V et Ré(vY) la partie réelle de v, qui est fermée et représente
cR(L) dans H2z(M,R) :

(2.2.3) d(wY) = —m"(Ré(xY))
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Pour montrer (2.2.3), nous utilisons les notations et conventions des §1.3 et 1.4.
Puisque la 1-forme angulaire w = 5-dfl est fermée, la restriction de d(w") & chaque
fibre L, — {0, } est nulle. Pour tout élément X de HY et tout élément £ de T) L, on
a

dWV)(X,8) = X -w¥(€) - € w¥(X) —wV([X,€]) = X - w7 (€) ~ ¥ ([X,4)),
car w¥(X) = 0; donc d(wV)(X,£) = 0 car le champ de 1-formes {w}, qui est

déterminé par la seule structure complexe 4, est de ce fait préservé par la connexion
(C-linéaire) V, cf. (1.3.6).

Enfin, si X et ¥ sont deux éléments de HY, ona
dw)(X,Y) = X -w9(¥)-¥ w7 (X)-wY(X,Y)),
= —w¥(X,Y])
car w¥(X) = w¥(¥) = 0, et d(w")(X,Y) = ~w(RY yu) grace & 1.4.3, et est égal &
—Ré((7)xy) par 2.2.1. La relation (2.2.3) s’en déduit immédiatement. O

Remarque. — La relation (2.2.3) s’écrit simplement
d(w”) = —m*(77)

lorsque la forme de Chern +yy est réelle, en particulier lorsque la connexion V préserve
une structure hermitienne h sur L.

1l résulte de (2.2.3) que la 2-forme d(w") s’étend différentiablement & L tout
entier, et que sa restriction & la section nulle 0(M) = M coincide avec —Re(7Y ).
Toutefois, d(w"V) n’est pas & support compact dans les fibres de L. Suivant [Bo-
Tu], nous construisons un représentant de la classe de Thom (au sens de de Rham)
de L en fixant une structure hermitienne h sur L, en considérant une fonction de
troncature p sur L définie par

plu) = p(lul),  Vuel,

ol p est une fonction C* définie sur la demi-droite [0, oo & valeurs dans le segment
[0,1], égale & 1 sur un voisinage de 0 et & 0 sur la demi-droite {1, 00|, et en posant

0 = —d(w").

La 2-forme © est définie sur L tout entier, fermée (mais non exacte, car pw¥ ne
s’étend pas & L), & support compact dans chaque fibre, et on a, pour chaque fibre
L, égalité

0=1,
Ly
qui résulte d’un calcul facile sur le 2-plan vectoriel L,. Ainsi, la 2-forme © est un
représentant de la classe de Thom dans H2,(M, R).

Comme dp est nulle et j est égal a 1 au voisinage de la section nulle 0(M), la
restriction de © & 0(M) coincide avec celle de —d(wV), i.e. avec Ré(7y). Comme
Ré(7y) est un représentant de cf(L), nous avons ainsi montré la proposition 2.2.2,
donc aussi la proposition 2.2.1. O
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Remarque. — Lorsque M est compacte et orientée, la classe de Thom de L vit
dans H2(L,Z) (cohomologie & support compact) et est égale au dual de Poincaré de
la classe fondamentale de la section nulle 0(Af), via I'isomorphisme de Poincaré, cf.
[Hir] th. 4.3.2.

H.(L,Z) > HL,Z).

La classe d’Euler e(L) — donc aussi la classe de Chern ¢(L) — de L est donc, en
tant qu’élément de H2(M,Z), le dual de Poincaré du cycle déterminé par les zéros
d’une section générique de L.

En particulier, si M est une surface compacte, e(L) = ¢(L) est un entier, via
I'isomorphisme naturel H2(M,Z) = Z, égal au nombre des zéros de toute section &
de L transverse a la section nulle, chaque zéro étant affecté du signe +1 ou —1 suivant
lorientation relative des images £(M) et 0(M) au point d’intersection considéré.
Avec cette convention, [y, c1(L) est le nombre algébrique de zéros de toute section
¢ de L transverse & la section nulle (formule est & rapprocher de la formule (1.5.8),
obtenue dans le cas holomorphe).

2.3. Classes de Chern d’un fibré vectoriel complexe

Ce paragraphe suit de trés prés [Bot] §3. Une fois définie la classe de Chern
c1(L) d’un fibré en droites L au-dessus d’une variété (réelle) M, nous définissons les
classes de Chern ¢;(E), 1 < j < r, d’un fibré vectoriel (complexe) de rang r de la
facon suivante.

Considérons ’espace fibré P(FE) au-dessus de M dont la fibre en z est I'espace
projectif complexe P(E,). Soit H le fibré en droites sur P(E) dont la restriction &
chaque fibre P(E,) est le fibré de Hopf (le fibré tautologique de P(E,)), cf. §1.5.9.
Soit H* le dual de H. Soit ¢ la classe de Chern ¢,(H*) de H* dans H*(P(E), Z).

Par (2.1.4), la restriction de ¢ & chaque fibre P(E,) coincide avec la classe
de Chern du fibré de Hopf dual de P{E,), i.e. avec le générateur positif ¢, de
H*(P(E,),Z). Comme (, engendre H(P(FE,),Z) pour tout point z de M, il en
résulte que chaque fibre de P(E) est totalement non-homologue & zéro.

Comme H*(P(E,),Z) est un Z-module libre, engendré par 1,{;,(2,...,¢070,
(¢Z = 0), il résulte alors du théoréme de Leray-Hirsch, cf. par ex. [Hus] Ch. 16,
que H*(P(E), Z) est un H*(M, Z)-module libre, engendré par 1,(,¢,...,¢""". En
particulier, la puissance r-iéme " du générateur ( satisfait la relation de dépendance

(2.3.1) +alB) T+ ea(E) +e(B) =0,

ol chaque ¢;(E) appartient & H*(M,Z) et est entierement déterminé par (2.3.1).
Par définition, ¢;(F) est la j-iéme classe de Chern (entiere) de E.

Si B = L est un fibré en droites, P(E) est réduit & M et H coincide avec L,
dont la classe de Chern est égale & —c1(L). Il en résulte que la nouvelle définition
de ¢;(L), donnée par (2.3.1), coincide avec V'ancienne.
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La classe de Chern totale ¢(E) de E est définie, dans 'anneau H*(M, Z), par
oE)y=1+c(E)+ -+ (E).
En particulier, la classe de Chern totale d’un fibré en droites L est égale &
(L) =1+¢1(L).

La fonctorialité (2.1.4) de la classe de Chern ¢; d’un fibré en droites et celle de
la construction de P(E) a partir de E implique la fonctorialité des classes de Chern
¢, i.e. celle de la classe de Chern totale :

(2.3.2) c(W*E) = 4*(c(E)), V[E]€ Vect,M, ¥reN,

pour toute application (différentiable) ¢» de N dans M, cf. §1.2.1, ot Vect, M note
I'ensemble des classes d’isomorphismes de fibrés vectoriels complexes de rang r sur
M et [E] la classe d’isomorphisme de F.

Outre (2.3.2), la propriété fondamentale de la classe de Chern totale ¢ est d’étre
multiplicative en ce sens que

(23.3) c(E'® E?) = c(E")e(E?), VI[E' € Vect, M, V[E? e Vect,, M,

ol E' @ E? est la somme (de Whitney) des fibrés vectoriels E' et E?, i.e. leur
produit fibré au-dessus de M, et ¢(E")c(E?) le produit dans I'anneau H*(M, Z). En
particulier, si E est totalement décomposable en somme (de Whitney) de fibrés en
droites, i.e. s’écrit

(2.3.4) E=L'e.---qoL,
ol chaque L7 est un fibré en droites sur M, (2.3.3) implique
(2.3.5) c(E)=(1+ca(NA+c(L?) - 1+ (7).

Inversement, (2.3.3) se déduit de (2.3.5) et du lemme de décomposition (splitting
principle) que nous verrons un peu plus loin dans ce paragraphe (proposition 2.3.8).

Démonstration de (2.3.5), cf. [Bot]. — Observons tout d’abord que (2.3.5)
équivaut au fait que le générateur ¢ de H*(P(E), Z) satisfait la relation

(2.3.6) (CH+ (L) (¢ +ar(L7) =,

Si m note la projection de P(E) sur M, le fibré induit 7*E contient (tautologique-
ment) le fibré H et on a la suite de fibrés vectoriels complexes

(2.3.7) 0—-H—->7FE—->Q—0,
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ou @ note le fibré quotient 7*E/H. Par produit tensoriel avec H*, on déduit de
{2.3.7) la suite exacte

0-1-7mTEQH" - Q® H — 0,

ou 1 note le fibré produit M x C. En particulier, le fibré m*E ® H* posséde une
section £ sans zéro, dont la projection sur chaque sommant 7* L3 ® H* est notée &
Soit U; I'ouvert de P(E) — éventuellement vide — sur lequel &; ne s’annule pas.

I résulte de la définition donnée en §2.1 de la classe de Chern d’un fibré en droites
que la restriction de ¢;(7* L7 ® H*) & I'ouvert U; est nulle, i.e. que ¢;(m* L7 @ H*) =
¢ +ci1(L7) (en identifiant ¢;(L7) & son image 7*(c,(L7))) appartient & 'image dans
H*(P(E),Z) de la cohomologie relative H*(P(E), U;; Z).

Comme ¢ ne s’annule pas, la réunion des ouverts U; est la variété P(FE) entiere.
Il en résulte que le produit (¢ + ¢;(L'))--- (¢ + e1(L7)), qui appartient & Pimage
de H*(P(E),UU; ; Z) dans H*(P(E), Z), est nul. Nous obtenons ainsi la relation
(2.3.6), donc (2.3.5). O

Sauf si la base M est de dimension 2 (ou 1), il n’est pas vrai que tout fibré vec-
toriel complexe E puisse se décomposer suivant (2.3.4) mais nous avons la situation
suivante, connue sous le nom de lemme de décomposition, ou splitting principle, qui
s’énonce ainsi

PROPOSITION 2.3.8. — A {out fibré vectoriel compleze E est associée une
variété de décomposition M et une application ¢ de MF dans M vérifiant les deus
propriétés :

1. Le fibré induit ¢*E sur ME se décompose totalement en somme de Whitney
de fibrés en droites,

2. La cohomologie entiére H*(M, Z) se plonge, via ¢*, dans la cohomologie entiére

H*(M®,Z) de MF.

Un candidat pour M¥, vérifiant tautologiquement la premiére condition, est le
fibré en drapeaux F(E) associé & F, dont la fibre en z est la variété des drapeaux
F(FE.) de E, dont les éléments sont les drapeaux, i.e. les r-uples de droites vectorielles
{¢;} de E;,1 < j <, telles que les ¢; engendrent E,. On montre que F(E) vérifie
également la deuxiéme propriété, ou g est la projection naturelle de F(E) sur M,
cf. [Bo-HiJ, [Hir].

I1 résulte de I'existence d’un espace de décomposition pour E et de ’expression
(2.3.5) de la classe de Chern totale d’un fibré décomposé que ’anneau de cohomologie
entiere H*(M, Z) peut-étre plongé dans le sur-anneau A = H*(MF,Z) de telle sorte
que, dans A, la classe de Chern totale ¢(E) s’écrive sous la forme

(2.3.9) o(B) = (1+8) -+ (1+8,),
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olt les 9; sont des éléments de A, i.e. la classe de Chern ¢;(E) est égale &

Cj(E) = F)]'(/Bla o a/Br)a

ou P; est le polynéme symétrique élémentaire d’ordre j. Les 3; sont les classes de
Chern virtuelles de E. On a, en particulier,

(2.3.10) (E)=pi++B,
et CT‘(E) = /31 e ﬁr-

La classe d’Euler e(E) d’un fibré vectoriel réel orienté est elle-méme multiplica-
tive, i.e. satisfait, cf. par ex. [Mi-St] :

e(E' @ E?) = e(E")e(E?),

ol E! et E? notent deux fibrés vectoriels orientés sur M et E! @ E? leur somme de
Whitney muni de l'orientation induite. Il résulte alors de 2.3.8 et (2.3.10) que l'on
a l'identité

(2.3.11) e(E) = cr(E),

pour tout fibré vectoriel complexe E de rang r, vu, a gauche, comme un fibré réel
de rang 2r, orienté par la structure complexe des fibres.

L’écriture de la classe de Chern totale ¢(E) en fonction des classes virtuelles
B; donnée par (2.3.9) fournit un procédé automatique pour calculer, & partir des
classes de Chern de E, les classes de Chern de tout fibré vectoriel (complexe) E, tel
que E*, End E, AP(F), construit de fagon fonctorielle & partir de E, cf. §1.2.4. En
effet, toute décomposition (2.3.4) de E induit une semblable décomposition de E en
somme directe de fibrés en droites qui se déduisent fonctoriellement des sommants
L7 de E. Nous en déduisons immédiatement, via (2.1.1), Pexpression des classes de
Chern virtuelles, donc aussi des classes de Chern, de E.

'2.3.12. Exemple. — E = E*. Les composants de E* sont les fibrés duaux
(L7)*. Les classes de Chern virtuelles de E* sont donc
(2.3.13) Bi(E”) = —B;(E),
et donc
(2.3.14) ¢;(E*) = (1) ¢;(E).
2.3.15. Exemple. — E = E'® E2. Si L' et L** sont les sommants de E!

et E? respectivement, les sommants de E sont les fibrés en droites LW @ L2 et les
classes de Chern virtuelles de £ = E' ® E? sont donc :

(2.3.16) Bikx=Bi(E")+ Bu(E?), 1<j<r, 1<k<nr,.



138 P. Gauduchon

2.3.17. Exemple. — E = APE. Les sommants de APE sont les fibrés en droites
e - ollrl<j< < Jp < 7. Les classes de Chern virtuelles de £ = APE
sont donc

/le,.n,jp(ApE):/gjl+'.‘+ﬁjp7 ]-S.]l <"'<jp<r'
En particulier, on a I'identité, pour tout fibré vectoriel (complexe) de rang r,
(2.3.18) c1(E) = (AE).

A cause de (2.3.2), la classe de Chern totale ¢ = 1 +c¢; + --- + ¢, peut étre vue
comme un morphisme de cofoncteurs de Vect, dans H*(.,Z), I'un et 'autre définis
sur la catégorie des variétés différentiables (en fait, sur une catégorie beaucoup plus
large d’espaces topologiques, cf. [Hir]). Ce morphisme est multiplicatif, i.e. satisfait
(2.3.3). 11 est normalisé par le fait suivant : si H* est le fibré de Hopf dual de P™,
on a

(2.3.19) c(H*) =1+ le générateur positif de H*(P™,Z) .

Il résulte des propositions 2.1.5 et 2.3.8 que la classe de Chern totale est ca-
ractérisée par ces propriétés et peut étre définie & partir d’elles, considérées comme
axiomes. cf. [Hir] Ch. I §3.

Remarque. — La construction précédente des classes de Chern d’un fibré vecto-
riel complexe s’applique en particulier 4 Pespace tangent TM d’une variété presque
complexe (M, J), de dimension (réelle) n = 2m, ol le fibré tangent TM est con-
sidéré, via la structure presque complexe J, comme un fibré vectoriel complexe de
rang m. Les classes de Chern ¢;(T'M) sont alors, par définition, les classes de Chern
de (M, J), notées ¢;(M, J), ou simplement ¢;(M).

De (2.3.11), nous déduisons que la classe de Chern c¢,,(M) est égale & la classe
d’Euler e(TM), TM étant muni de l'orientation induite par J, i.e. la classe d’Euler
de la variété M munie de l'orientation induite par J. En particulier, ¢,,(M) ne
dépend de J que par lorientation induite par J sur M.

2.4. Le théoréme de Chern-Weil.

La théorie de Chern-Weil (relative aux classes de Chern) consiste & représenter
la classe de Chern (totale) ¢(E) de E, ou plutdt 'image c®(E) = j(c(E)) de ¢(E)
dans H}p(M,R), par une expression universelle en la courbure RV d’une connexion
C-linéaire V sur E. Rappelons que la courbure RV est une 2-forme sur M & valeurs
dans le fibré vectoriel (complexe) End E. Il en va de méme de la courbure normalisée
RY définie par

A

27t



Chap. IV Connexions, Riemann-Roch 139

Considérons la forme de Chern inhomogéne vV, & valeurs complexes, définie sur
M par Vexpression suivante, o I note I'identité de £,

(24.1) AV = det (I +RY).

Cette expression s’entend de la fagon suivante : en tout point z, I 4 RY peut
étre représentée par une matrice d’ordre r, & coefficients dans 'anneau (commutatif)
AP M et dét(I + RY) est égal, en z, au déterminant de cette matrice, qui est un
élément de AP M indépendant de la représentation matricielle choisie de I + RY.

On observe que, si la connexion V préserve une structure hermitienne h sur E,
la courbure normalisée RV prend ses valeurs dans le sous-fibré (réel) des éléments
h-hermitiens de End E et la forme de Chern correspondante vV est alors une forme
(inhomogene) & valeurs réelles. Le théoreme de Chern-Weil (relatif aux classes de
Chern) peut alors s’énoncer ainsi :

THEOREME 2.4.2. — Pour toute connexion linéaire V sur E, la forme de
Chern inhomogéne YV est fermée. La classe de de Rham [yV] est réelle et est
égale, dans Hip(M,R), ¢ Uimage j(c(E)) de la classe de Chern totale de E dans
Hip(M,R).

Observons tout d’abord que 2.4.2 a été démontré au §2.1 dans lecasou £ =L
est un fibré en droites. L’argument utilisé au §2.1 pour montrer que Y est fermée,
de classe [vY] réelle et indépendante de V, s’étend aisément au cas général ot E est
de rang quelconque 7, & ’aide du formalisme développé au §1.2.8. Pour cela, il est
commode de décomposer vV en ses parties homogénes :

=14 e+
ol 7} est une forme de degré 2j, et d’écrire chaque v} sous la forme
(2.4.3) v =QF(RYA--- ARY),

avec les conventions suivantes : RY A --- A RY est le produit extérieur formel (j
fois) de RY par lui-méme, vu comme une 2j-forme sur M & valeurs dans le produit
tensoriel End(E) ® - - - ® End(F) (j fois); Q; est la composante homogéne d’ordre j
de la fonction a — dét(I+a), vue comme une fonction polynomiale, Adg-invariante,
définie sur V'algébre de Lie g = gf(r, C) du groupe linéaire G = GL(r, C), ou- Adg
note P'action adjointe de G sur g; de facon précise, @); est vue comme une forme
j-multilinéaire symétrique sur g, soit encore une forme linéaire définie sur le produit
tensoriel g® - - ® g (j fois); QF est 'élément du dual (End(E) ® - -- ® End(E))* (j
fois) déterminé par Q) ; Qf(ﬁv A---ARY) est le composé de RV A--- ARV et de
QF.
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Nous sommes alors en situation d’appliquer le lemme général suivant. Soit P
une fonction polynomiale homogene de degré p, Adg-invariante, définie sur g, P?
élément induit de (End(E) ® - -- ® End(E))” (p fois), ¥1,...,%;, p formes sur M
& valeurs dans End E de degrés respectifs di,...,d,, d¥ la différentielle extérieure
induite par V sur les End E-formes sur M, cf. §1.2.8.

LEMME 2.4.4. — La relation
APy A Ap)) = PP Y1 Ao App) - £ PP(y Ao A dV )
est satisfaite.

Dans cet énoncé, les signes, qui dépendent des degrés dy,...,d,, sont ceux qui
figurent dans le cas scalaire (démonstration facile). On observe que le membre de
gauche, donc aussi celui de droite, est indépendant de la connexion linéaire V. La
relation cherchée

d(v/)=0, 1<j<r,

est alors, via (2.4.3) et 2.4.4, une conséquence directe de l'identité de Bianchi
(1.2.13).

Soient V° et V! deux connexions linéaires (distinctes) sur E, et
Vi=tVi+(1-t)V°=V+1ty, VteR,

la droite joignant V° et V! dans Pespace affine A(E), cf. (1.4.10). Soient +* la forme
de Chern, R! la courbure normalisée de V¢,
De (2.4.3), nous déduisons la suite d’égalités suivante :

%(’Y;) = jQJE (%ﬁt ARERWA R") car @); est symétrique,
= —jQP(d nA--- AR par (1.4.9),

= —jd(@QF(nA---ARY)  par (1.2.13) et 2.4.4.

On a donc, pour 1 < j <,

1 - ~
b=t = —jd ([ QPnAR A nRYG),
qui implique 1égalité cherchée
(2.4.5) Ml=hyl, 1<i<n

i.e. la classe de de Rham de vV ne dépend pas de la connexion (C)-linéaire V.
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Comme [yVY] ne dépend pas de V, nous pouvons choisir pour V une conne-
xion h-hermitienne, pour laquelle vV est réelle. Il en résulte que [yV] appartient &
H3a(M,R). Si E est complétement décomposé, i.e. de la forme (2.3.4), nous pouvons
choisir, pour représenter [yV], une connexion décomposée, pour laquelle la courbure
normalisée RY est diagonale, i.e. de la forme :

71Vl 0 --- 0

2
oo
0 --- 0 71'

ou vy 7.1 < j < r, est la forme de Chern du fibré en droites L7 relative & une
connexion linéaire VJ sur L. On a donc

(V] = (L4 (L) - (1 + (L)),

qui montre, par (2.3.5), que, lorsque E est totalement décomposé, [vV] est égale &
limage de ¢(F) dans Hj(M,R).

Le cas général s’en déduit immédiatement grace au lemme de décomposition
2.3.8 et & la fonctorialité évidente de la forme de Chern :

PV = (V)

pour toute application v de N dans M, cf. §1.2.1. O

Remarque. — Lorsque M est une variété complexe, de dimension réelle n = 2m,
et E = (E,0) un fibré vectoriel holomorphe sur M, nous pouvons choisir pour
représenter [vV] dans H’z(M, R) la connexion de Chern V déterminée par la struc-
ture holomorphe 0 et une structure hermitienne h, cf. §1.5. La forme de Chern cor-
respondante 'ij est alors une 2j-forme (réelle) de type (4, j), i.e. la classe de Chern
(réelle) cF(E) = [y)] de E appartient au sous-espace HJ}(M,R) de Hyh(M,R)
constitué des classes de de Rham représentables par des 2j-formes (réelles) de type
(4,7), 1 < 5 < r. En général, le sous-espace Hg}%(M, R) ne coincide pas avec
Hf}%(M ,R) et Pobservation ci-dessus donne une condition nécessaire pour qu’un
fibré vectoriel complexe £ au-dessus d’une variété complexe M admette une struc-
ture holomorphe.

Ce point peut étre précisé dans le cas oi E = L est un fibré en droites (complexes)
sur une variété complexe M. Dans ce cas, a la suite exacte exponentielle différentiable

(2.1.3), s’ajoute la suite exacte exponentielle holomorphe
exp(2mi)
(2.4.6) 0—— MxZ 0 o 0,

ol O note le faisceau des fermes de fonctions holomorphes sur M (c’est le faisceau
structural de la variété complexe M), O* le faisceau (multiplicatif) des germes de
fonctions sur M a valeurs dans C*, exp(27i) le morphisme de faisceaux obtenu par
restriction & partir de (2.1.3), M x Z le faisceau constant relatif au groupe Z.
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Comme dans la catégorie différentiable, le groupe H'(M, 0*) s’interpréte na-
turellement comme le groupe des classes d’isomorphisme des fibrés en droites holo-
morphes sur M. La suite exacte “longue” associée a {2.4.6) s’écrit

0— Z —T(0) - T(0") - H'(M,Z)
(2.4.7)
— HY(M,0) — H'(M,0") % H(M,Z) — H*(M,0) — - -

ot l'application cobord H(M,O*) s H?(M,Z) associe & toute classe d’isomor-
phisme de fibrés en droites holomorphes sur M la classe de Chern du fibré en
droites (complexes) “sous-jacent”. En général, cet homomorphisme n’est ni injec-
tif ni surjectif, car le faisceau O, contrairement & C, n’est pas acyclique (il n’existe
pas de partitions de 'unité holomorphe!). En termes de cohomologie de Dolbeault,
H%(M, ) s'identifie & I'espace de Dolbeault Hp% (M, C) déterminé par le complexe
différentiel de Dolbeault (HA®IM, 5).

L’application H*(M,Z) — H*(M, Q) figurant dans (2.4.7) se factorise, via
I’homomorphisme naturel j de H%(M, Z) dans H2,(M,R), par P’homomorphisme de
H2,(M,R) dans H*(M,0) = HY%(M, C) défini par [1]gz — [#0%%|pal, 0l 1 est une
2-forme (réelle) fermée sur M et 1%2 sa partie de type (0, 2), qui est d-fermée puisque
¥ est fermée. On vérifie aisément que le noyau de cet homomorphisme coincide avec

Pespace Hyp(M,R) défini précédemment. Nous obtenons ainsi le résultat suivant,
cf. [Che] :

PROPOSITION 2.4.8. — Un fibré en droites (complezes) L défini sur une va-
riété complexe M admet une structure holomorphe si et seulement si sa classe de
Chern réelle c®(L) appartient au sous-espace Hyn (M, R) de Hiz(M,R).

Lorsque M est une surface de Riemann, la condition ci-dessus est vide car toute 2-
forme sur M est alors de type (1,1). Dans ce cas, tout fibré vectoriel complexe E (de
rang quelconque) admet une structure holomorphe. De fagon précise, une structure
hermitienne h (quelconque) étant fixée sur E, application V — V%! constitue un
isomorphisme d’espaces affines de l'espace des connexions linéaires h-hermitiennes
sur l’espace des structures holomorphes sur E, cf. §1.5.

Si M est une variété complexe compacte, de dimension n = 2m, la suite exacte
(2.4.7) se simplifie en son début de la fagon suivante :

0— HY(M,Z) - HY(M,0) — H'(M,O*)
S H*(M,Z) — H*(M,0) — -
et le noyau de ¢; dans H'(M,0*) = Pic(M), le groupe de Picard de la variété
complexe M, s'identifie alors avec le quotient Pic’(M) = HY(M,0)/HY(M,Z), qui
est la composante connexe de l'identité de Pic(M), identifiée & ’ensemble des classes
d’isomorphismes de structures holomorphes sur le fibré produit M x C.
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Lorsque, en outre, M est kihlérienne — mais non en général — le groupe Pic’(M)
est compact, isomorphes & un tore complexe de dimension (complexe) égale & la
moitié du premier nombre de Betti b (M) de M.

Soit E un fibré vectoriel réel de rang (réel) r au-dessus de M. Considérons le
fibré vectoriel complexe E = E ® C, de rang {complexe) r, obtenu en complexifiant
E.

Les fibrés vectoriels complexes obtenu de cette maniére, i.e. qui admettent une
structure réelle (un opérateur de conjugaison C-antilinéaire de carré 1, dont le fibré
des éléments réels coincide avec E), sont de nature particuliere. En particulier, E
est (non canoniquement) isomorphe au dual E*| via n’importe quelle structure eu-
clidienne (fibrée) sur E, étendue C-linéairement & E. De Pexemple 2.3.12, nous
déduisons alors que 2¢9;11(E) = 0, i.e. que les classes de Chern (entiéres) d’ordre
impair de FE sont les éléments de torsion d’ordre 2 de H*(M,Z). En particulier, les
classes de Chern réelles d’ordre impair de F sont nulles.

La classe de Pontryagin pj(E), d’ordre j, du fibré vectoriel réel E est I'élément
de H*(M,Z) défini par

(2.4.9) pi(E) = (~1Yey(E), 1<j<[3).

N

La classe de Pontryagin totale p(E) de E est I'élément de H*(M,Z) défini par
p(E') =1 +p1(E) 4 +p[%](E’).

Malgré le signe (—1)7 figurant en (2.4.9), que nous justifions plus loin, la classe de
Pontryagin totale p est multiplicative en ce sens que :

p(E' @ E*) = p(E") - p(E?),
modulo les éléments de 2-torsion, pour tous fibrés vectoriels réels E* et E2 sur M.

11 existe une théorie de Chern-Weil pour la classe de Pontryagin totale p, formelle-
ment similaire & celle que nous avons développée pour la classe de Chern ¢, en sub-
stituant au groupe linéaire complexe GL(r, C) le groupe linéaire réel GL(r,R) et
a l'algebre de Lie g¢(r, C) l'algebre de Lie ¢g¢(r, R). Nous montrons ainsi, de fagon
formellement identique au cas précédent, que la forme inhomogene ¢V définie par

v
(2.4.10) @V = dét (I + E—) ,
2

ou RY est la courbure d’une connexion R-linéaire sur E est fermée et que sa classe
[¢V] dans H*(M,R) est indépendante de V. En particulier, nous pouvons choisir
pour V une connexion préservant une structure euclidienne sur E de telle sorte que
RY prenne ses valeurs dans le fibré des endomorphismes antisymétriques de E. Pour
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une telle connexion, les éléments homogenes d’ordre impair de ¢V sont nuls. On a
donc

[‘P2Vj+1} =0.

Apreés complexification de E en E , la connexion R-linéaire V induit une conne-
xion (C-)linéaire sur F dont la courbure, encore notée RV, est Uextension C-linéaire
de RY. Comme le déterminant de 'extension C-linéaire d’un endomorphisme R-
linéaire est égal au déterminant de I’endomorphisme initial, nous constatons que
les membres de droite de (2.4.1) et (2.4.10) seraient identiques n’était ’absence du
facteur ¢ dans (2.4.10). Il résulte alors de 2.4.2 que

PROPOSITION 2.4.11. —  L’mage dans H}p(M,R) de la classe de Pontryagin

totale p~(£~'7) est égale ¢ la classe de de Rham [pV], pour toute connezion R-linéaire
V sur E. O

Cet énoncé justifie 'introduction du facteur (—1)7 dans (2.4.9).

Si le fibré vectoriel réel E est lui-méme muni d’une structure de fibré vectoriel
complexe, de rang 7 on a la décomposition suivante en somme de Whitney de fibrés
vectoriels complexes :

E=EoE,
ot  est le conjugué de E, identique & E en tant que fibré vectoriel réel et muni de
laction conjuguée de C sur chaque fibre. On a donc la relation

o(E) = o(E)-c(B)

= (1+c(E)+eclE)+ -+ crja(E))

(1 e(B) + ol B) - - £ erpa(E)),
& partir de laquelle on détermine aisément les classes de Pontryagin de E & partir
des classes de Chern de E, vu comme un fibré vectoriel complexe. En particulier, on
a

(2.4.12) p(E) = E(E) — 2c3(E).

La signature 7(M) d’une variété compacte orientée, de dimension n = 4k mul-
tiple de 4, est la signature, au sens des formes quadratiques réelles, de la forme
d’intersection définie sur I'espace vectoriel H?*(M, R), via le cup-produit

H?*(M,R) x H*(M,R) — H*(M,Z)

et lidentification H* (M, R) = R déterminée par I'orientation de M. La signature
7(M) peut s’exprimer au moyen d’une expression universelle en les classes de Pon-
tryagin p;(M) = p;(TM) de M, cf. [Hir] Ch. II, [Mi-St] §19. En particulier, si M
est une variété orientée de dimension 4, on a

(2.4.13) (M) = 2(pr (M), [M)).
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Supposons, en outre, que M soit munie d’une structure presque-complexe J in-
duisant la méme orientation. Via I'identification H*(M, Z) = Z déterminée par cette
orientation, nous identifions les classes c2(M) et co(M) avec les entiers (nombres de

Chern) (A(M), [M]) et (cs(M),[M]). Par (2.3.11), on a
(2.4.14) (M) = x(M),

et, par (2.4.12) et (2.4.13),

(2.4.15) (M) = 2x(M) + 3r(M).

Ainsi, les deux nombres de Chern c2(M) et co(M) ne dépendent, via (2.4.14) et
(2.4.15), que de la structure topologique et I'orientation induite par J.

2.5. Caractére de Chern et classe de Todd

La classe de Chern totale ¢ a été définie en §2.3 comme un morphisme de Vect,
dans H*(-,Z), vus 'un et 'autre comme des cofoncteurs définis sur la catégorie
des variétés différentiables (réelles). Plus généralement, une classe caractéristique
(complexe) F est un morphisme de Vect, dans un cofoncteur quelconque défini sur
cette catégorie (ou toute autre catégorie d’espaces topologiques). Nous nous limitons
ici au cas oti le cofoncteur considéré est H*(-, Z) ou H*(-,Q), cohomologie singuliére
(ou de Cech) & coefficients rationnels, et au cas ou la catégorie concernée est celle
des variétés différentiables réelles (une variété complexe est considérée, comme nous
l’avons fait jusqu’a présent implicitement, comme une variété différentiable réelle
munie d'une structure supplémentaire).

Une classe caractéristique F est multiplicative, resp. additive, si elle satisfait la
relation

F(E'@ E*) = F(E")F(E?),
resp.
F(E'® E?) = F(EY) + F(E?),

olt E' et E? sont deux éléments quelconques de Vect M. Par exemple, la classe de
Chern totale ¢ est multiplicative, ainsi que la derniére classe de Chern ¢, {ou r est le
rang du fibré vectoriel concerné), mais la premiére classe de Chern c; est une classe
caractéristique additive.

Parmi les classes caractéristiques (complexes) multiplicatives, la classe de Chern
totale ¢ est entiérement déterminée par 'axiome de normalisation (2.3.19), et la
derniére classe de Chern ¢, par I'axiome de normalisation

(2.5.1) c-(H*) = le générateur positif de H*(P™, Z),
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tandis que, parmi les classes caractéristiques (complexes) additives, la premiere
classe de Chern ¢; est déterminée par le méme axiome de normalisation

c1(H*) = le générateur positif de H*(P™, Z)

(les autres classes de Chern ¢; ne sont ni additives, ni multiplicatives).

Grace aux propositions 2.1.5 et 2.3.8, nous pouvons fabriquer de nombreuses
autres classes caractéristiques (complexes), multiplicatives ou additives, normalisées
de facon arbitraire sur le fibré de Hopf dual H* de P™. En particulier, soit ¢ une
série entiere a coeflicients rationnels :

O(t) = o+t + -+t 4.

A partir de ¢, nous fabriquons une classe caractéristique multiplicative ¢ et une
classe caractéristique additive ¢*, normalisées I'une et 1'autre par

O (H*) = o*(H*) = ¢(0),

ou ¢ est le générateur positif de H*(P™, Z), étant entendu que (P = 0 pour p > m.
Les classes caractéristiques p* et ¢ sont alors explicitées par

(2.5.2) 9™ (E) = p(B1) - - - (),

et pour tout [E] dans Vect, M,

(25.3) PT(E) = @(B) + -+ @(Br),

ou les B; sont les classes de Chern virtuelles de E, soit donc encore
¢*(E) = Pler(E), .-, er(B)),

et
ot (E) = P(ci(E),...,c(E)),

oll P et P sont des polynémes a coefficients rationnels des classes de Chern ¢;(E)
de E, déterminés par les expressions symétriques (2.5.2) et (2.5.3) (étant entendu
que les formes figurant dans les membres de droites de (2.5.2) et (2.5.3) sont nulles
des que leur degré dépasse la dimension de la variété M considérée).

La série entiére @ est appelée la série génératrice de la classe caractéristique mul-
tiplicative ¢ et de la classe caractéristique additive ¢*. Ainsi, la série génératrice
de cest 1 + ¢, celle de ¢; et de ¢, est .
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Le caractére de Chern ch est la classe caractéristique (complexe) additive, &
valeurs dans H*(-,Q), dont la série génératrice est

2 tp
et:1+t+_+...+4+...
2 p!
On a donc
(2.5.4) ch(E) =’ + .- + e,
soit done

(255) cho(E) =1, chi(E) = c1(E), cha(E) = %c’;’(E)—CQ(E), ete...

Le caractere de Chern ch est additif, par définition, relativement & la somme de
Whitney, et multiplicatif relativement au produit tensoriel :

ch(E' ® E?) = ch(E") - ch(E?), V[E",[E?] € Vect M,

comme on le vérifie aisément & partir de (2.5.4) et de 'exemple 2.3.15.

Une autre classe caractéristique (complexe) fondamentale est la classe de Todd
qui apparait dans la formulation générale du théoréme de Riemann-Roch-Hirzebruch
3.1.2. La classe de Todd, notée td, est la classe caractéristique (complexe) multiplica-
tive, a valeurs dans H*(-, Q), dont la série génératrice est

t
1—et
On peut en déduire 'expression de td en fonction des classes de Chern dont les
premiers éléments sont donnés, cf. [Hir] p. 14, par

tdi(E) = 3c(E)
(2.5.6) tdy(E) 5(c(E) + co( E))
tds(E) = La(E)eo(E)...

24

td(t) =

f

A toute classe caractéristique (complexe) F, & valeurs dans H(:,Z), est associé
le genre F, défini, pour toute variété presque-complexe M, par

E(M) = (F(TM),[M))

ol [M] note la classe fondamentale, dans H,(M,Z) de M muni de lorientation
induite par la structure presque-complexe J.
Si M = M! x M? est un produit de deux variétés presque-complexes, on a

T™ = piTM' @ p;TM?,
oll p1, p, notent les projections de M sur M', M? respectivement. On a donc
(2.5.7) E(M)=EM") E(M?),
ou

F(M) = E(M") + E(M?),

suivant que F' est multiplicative ou additive.
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Comme, pour m = n/2, ¢, (T M) est égale & la classe d’Euler de TM, cf. (2.3.11),
on a c(M) = x(M), out x(M) est la caractéristique d’Euler-Poincaré de M (dont il
est bien connu qu’elle satisfait (2.5.7) pour toute variété compacte, presque-complexe
ou non).

Le genre associé a la classe de Todd td est appelé le genre de Todd. Pour toute
variété presque-complexe M, le genre de Todd de M sera noté Td(M). Puisque td
est une classe multiplicative, on a

Td(M, x My) = Td(M,)Td(Ms,).

2.6. Le genre de Todd des espaces projectifs complexes

Pour calculer les classes de Chern de I’espace projectif complexe P™, nous con-
sidérons la suite exacte de fibrés vectoriels complexes au-dessus de P™ :

0—-H—-1"" 5 Q—0,

ot H est le fibré en droites tautologique (le fibré de Hopf), ot 1™ note le fibré
produit P™ x C™! et Q le fibré quotient (P™ x C™*+!)/H. Par tensorisation avec
le fibré de Hopf dual H*, nous obtenons la suite exacte :

(2.6.1) 0-1-H®1™ - H®Q —0.

Pour chaque = dans P™ I'espace tangent T,P™ s’identifie naturellement & l’espace
Hom(z, C™!/z) des homomorphismes de la droite vectorielle (complexe) x dans
le quotient C™*!/z. Nous avons donc I'identification naturelle de fibrés vectoriels
(complexes)

TP™ = Hom(H,Q) = H* ® Q,
et la suite exacte (2.6.1) s’écrit encore
(2.6.2) 0—-1—- H®1™! - TP™ - 0.

Dans la catégorie des fibrés vectoriels complexes (différentiables) toute suite exacte
se scinde. Il résulte donc de la suite exacte (2.6.2) qu’on a un isomorphisme (non-
canonique)

(2.6.3) 10TP"=H*®---® H* (m+1) fois.

De la multiplicativité (2.3.3) de la classe de Chern totale ¢ nous déduisons alors
que ¢(M) = ¢(TP™) vaut

m+1

(2.6.4) (1+<)m+1=1+(m+1)c+---+< j )(J’+~--+(m+1)<m,
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ol { = c;(H*) est le générateur positif de H?(P™,Z), étant entendu que dans le
membre de droite, le terme (™! est nul. En particulier, nous retrouvons le fait que
x(P™) est égale a (m+1). Il résulte de (2.6.3) que, pour toute classe caractéristique
multiplicative ® déterminée par une série entiere ¢ dont le terme constant ¢, est
égal & 1, le genre (multiplicatif) associé, noté M — &(M), satisfait la propriété :

(2.6.5)  ®(P™) = le coefficient de t™ dans la série entiere(p(¢))™ .

Comme la série ¢ est clairement déterminée par les nombres définis par le second
membre de (2.6.5), lorsque m décrit 'ensemble des entiers positifs, il résulte de
(2.6.5) que

PROPOSITION 2.6.6. — Le genre (multiplicatif) associé & ¢ est entiérement
déterminé par les valeurs ®(P™),m > 0.

Si la série ¢ est telle que ¢ — ©(t)/t est une fonction méromorphe sur un voisi-
nage de 0 dans C nous déduisons immédiatement de (2.6.5) 'expression suivante de
o(P™) .

1

(26.7) o(®™) = o [ (e(t)/t)" ",

ol T est toute courbe de degré 1 dans C — {0}, contenue dans le voisinage ot ¢(t)/t

est définie.

Dans le cas ol ¢ = td est la série de Todd, td(t)/t est une fonction méromorphe
définie sur C et on déduit de (2.6.7)

1 dt
Td(P™) = 2_7m/r (1= e-tymtt’

Par changement de variable t v u =1 — et

zéro, on a

, qui est biholomorphe au voisinage de

Td(P™) — l/F( du

omi Jr (1= wyuml

1 1 1 1
= et e
= L
Ainsi, le genre de Todd est le genre multiplicatif (complexe) tel que

Td(P™) =1 VYm > 0.
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2.7. La formule d’adjonction

Nous considérons la situation de deux variétés presque-complexes compactes
(connexes) M et M’, de dimensions respectives n = 2m et n’ = n+42, et d’un plonge-
ment (pseudo-holomorphe i de M dans M’, de sorte que M sera considérée comme
une sous-variété presque-complexe, de codimension réelle 2, de M’. Nous notons N,
pour NM'(M), le fibré normal de M dans M’ i.e. le fibré quotient de TMy =7TM
par le sous-fibré T M. Ainsi défini, le fibré normal N posséde une structure naturelle
de fibré en droites {complexes) sur M. La variété M est naturellement plongée dans
N, viala section nulle 0, et la paire (0(M), N) est difféomorphe 4 la paire (M, V(M)),
ou V(M) est un voisinage tubulaire ouvert de M dans M’. Nous notons [M] la
classe fondamentale de M dans H,{M, Z), déterminée par l'orientation induite par
la structure presque-holomorphe de M, i,[M] son image dans H,,(M’',Z), o™ le dual
de Poincaré de i,[M] dans HX(M', Z).

Nous déduisons de la remarque de la fin du §2.2 que la classe de Chern ¢;(N)
de N, qui est aussi la classe d’Euler (), est égale 4 la restriction de o™ & M :

(2.7.1) ci(N) = af‘;{,, =i*aM.

En termes géométriques, o™ est la classe de Chern (entiére) d’un fibré en droites
LM sur M’ qui est ainsi déterminé, & isomorphisme pres, par le plongement i de M
dans M’, et on a l'isomorphisme (non-canonique)

N =LY =L,

Par définition de N, on a I'isomorphisme (non-canonique) de fibrés vectoriels com-
plexes sur M :

TM}y =TM ® N,
d’oli nous déduisons, par (2.3.3), la relation suivante
(M"Y = c(M)e(N),
soit donc, par (2.7.1), la formule d’adjonction
(2.7.2) (M) = c(M)(1+ offy),

o, rappelons-le, ¢(M’) = ¢(TM') et ¢(M) = ¢(T'M) notent les classes de Chern
totales de M et M’ respectivement, et o™ est le dual de Poincaré de M dans M'.

La relation (2.7.2) détermine entiérement les classes de Chern de M en fonction
de celles de M’ et de o™, restreintes & M. En particulier, la premiére classe de Chern
(entiére) de M est donnée par

(2.7.3) a(M) = (a(M') - o™)y.
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2.7.4. Exemple : hypersurfaces complexes dans P™*!. —  Dans cet exemple,
M' = P™t! est le projectif complexe de dimension (complexe) m + 1, et M est
une hypersurface complexe (lisse) de degré d, i.e. le lieu des zéros d'une section
holomorphe générique du fibré en droites (H*)¢, puissance tensorielle d-ieme du
fibré de Hopf dual H*. Dans ce cas, o™ est égale & d - {, ol est le générateur positif
de H*(P™*!, Z), et, compte-tenu de (2.6.4), les relations (2.7.2) et (2.7.3) s’écrivent
respectivement

(L4 Qa)™? = c(M)(1 + a‘%)
et
(2.7.5) aM)=(m+2-d) (u.

Rappelons que, pour toute variété presque-complexe M de dimension réelle 2m, le
fibré canonique KM de M est égal, par définition, & A™{T*M), ol le fibré cotangent
est considéré comme un fibré vectoriel complexe de rang m (et la puissance extérieure
est relative & C). Il résulte alors de (2.7.5) et (2.3.18) que le fibré canonique K de
toute hypersurface complexe lisse de degré (m + 2) de P™*! est (topologiquement)
trivial. C'est le cas en particulier, des cubiques (lisses) de P2, qui sont des tores

complexes, et des quartiques lisses de P3, qui appartiennent & la famille des surfaces
complexes dites surfaces K3.

2.7.6. Exemple : la formule du genre. — Dans cet exemple, M = ¥ est une
surface de Riemann (compacte), plongée (pseudo-) holomorphiquement dans une
variété presque-complexe M’ de dimension 4. Comme ¢;(X) = ¢1(TY) est égale a la
classe d’Euler de ¥ on a
(2.1.7) (e(2),[5]) = x(Z) = 2— 29,

ot {-,-) note la dualité naturelle entre H%(%; Z) et Hy(%;Z), et olt g est le genre de
la surface de Riemann, cf. §3.2.

Comme o™ est le dual de Poincaré de ¥ dans M’ on a

(278) <a|%y [ED = <a2 : a)]7 [MlDa
ol - note le cup-produit, i.e. le produit dans Panneau H*(M'; Z), et
079 ()5 (S = (@ a(M), (M)

= (¥ a(KM),[M]).

Nous obtenons ainsi, & partir de (2.7.3), la formule suivante, dite formule du
genre

(2.7.10) 29 —2=(a" c)(KM) + ¥ - o M),
souvent écrite sous la forme suivante, en posant K’ = KM’
(2.7.11) 2g-2=K -L+%.3%,

ou K'- ¥ est Uintersection de K’ et X, et ¥ - ¥ Pauto-intersection de X, définis
respectivement par (2.7.9) et (2.7.8).



152 P. Gauduchon

Remarque. — Lorsque X est une courbe (au sens complexe) lisse, de degré d,
dans le plan projectif P2, la formule du genre (2.7.10)-(2.7.11) équivaut & la formule
suivante donnant le genre de ¥ en fonction de degré (dans le cas lisse) :

(d—-1)(d-2)

9= 5

On a, en effet, dans ce cas, K'-X = (=3¢ -d(,[P%) = —3d et ©-% = (d(-d(, [P?)) =
d2.

3. Le théoréme de Riemann-Roch

3.1. La formule de Riemann-Roch-Hirzebruch

Nous considérons la situation du début de ce chapitre dans le cas particulier
ou M est une variété complexe de dimension réelle n = 2m et ou E est un fibré
vectoriel holomorphe de rang . Nous notons £ le faisceau des germes de sections
holomorphes de E, HY(M, £) les groupes de cohomologie (de Cech) de E, cf. §2.1.
Comme M est compacte, les groupes H4(M, £) sont des espaces vectoriels complexes
de dimension (complexe) finie, notées h?(M, ). La caractéristique d’Euler-Poincaré
x(M, ), relative au faiscean &, est la somme alternée des h9(M, £) :

(3.1.1) (M, €) = fj (M, €)

9=0

La formule de Riemann-Roch-Hirzebruch, établie sous la forme générale suivante
par F.Hirzebruch, cf. [Hir] Ch.IV, s’écrit :

ProproSITION 3.1.2.
X(M, &) = (ch(E) - td(M), [M]).

Dans cet énoncé, ch(FE) est le caractére de Chern de E et td(M) la classe de
Todd de M, cf. §2.5.

Il résulte, en particulier, de 3.1.2 que x(M,&) ne dépend pas de la structure
holomorphe de E et ne dépend de la structure complexe de M que via les classes
de Chern c¢;(M) qui sont invariantes par déformation, et I'orientation induite. La
formule 3.1.2 a été démontrée par F. Hirzebruch dans le cas ot M est une variété pro-
jective, i.e. plongeable holomorphiquement dans un espace projectif complexe PV,
de dimension quelconque. Dans le cas général, la formule 3.1.2 se déduit du théoreme
de I'indice d’Atiyah-Singer, en interprétant x(M, £) comme l'indice d’un opérateur
différentiel elliptique d’ordre 1. Cette interprétation repose sur l'identification déja
considérée en §2.4 :

(3.1.3) HY(M,€) = HY4(M,E) 0<q<m,
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ol le groupe de Dolbeault H*(M, E) est le g-itme groupe de cohomologie du com-
plexe différentiel de Dolbeault (Q%*(M, E),8), ot Q%4(M, E) = I'(A*M ® E) est
I'espace des formes différentielles de type (0,q) et 9 l'extension & Q%*(M, E) de
Popérateur de Cauchy-Riemann déterminant la structure holomorphe de E.

Remarque. — De fagon générale, pour tous 0 < p, g < m, on a un isomorphisme
canonique
(3.1.4) HY{(M,ANPT*®&)= HEY(M,E)

ou APT* note le faisceau des germes de sections holomorphes du fibré vectoriel
(holomorphe) AP M et ot le groupe de Dolbeault HRY (M, E) est le g-iéme espace de
cohomologie du complexe différentiel (27*(M, E), 9), ou Q?9(M, E) = (AP M QE)
est I'espace des formes de type (p,q) sur M et & = OF est I'extension naturelle
de l'opérateur de Cauchy-Riemann déterminant la structure holomorphe de E &
QP4 M, E). L'isomorphisme (3.1.4) se déduit aisément de exactitude du complexe
de Dolbeault

0o NPT QELCPUE) S S orap) S... 5, ormE) g,

ot CP9(E) est le faisceau des germes de formes de type (p, q) & valeurs dans E, et
de lacyclicité de ces faisceaux, cf. [Hir] Th. 15.4.1.

Fixons une structure hermitienne g sur M et une structure hermitienne h sur E.
Nous pouvons alors compléter 'opérateur 9 en un opérateur différentiel elliptique
D d’ordre 1, en posant D = 3 + §*, ot1 0* est I’adjoint de 0, relatif & ¢ et h, défini
par la relation d’adjonction

(3.1.5) @ v vy = [ @1,002) v,

pour toutes les formes ¢ € Q%(M,E), ¢ € Q" (M, E), et ol (-,-) note le
produit scalaire induit par g et h, et v, la forme-volume induite par g.

Soit x I’opérateur de Hodge hermitien, défini sur A*M ® E, obtenu en composant
'opérateur de Hodge riemannien induit par g sur A*M et le C-anti-isomorphisme o
induit par A de E sur le dual E* de E, de sorte que x est un C-anti-isomorphisme de
A M ® E sur A*M ® E*, et, pour tous p, g, un C-anti-isomorphisme de A" M ® F
sur A™P™TIM ® E*. On note de méme % Popérateur de Hodge hermitien défini
AMM®E* sur M ® E. On a alors 0* = —xof0ox et donc D =9 — xo0d o
L’opérateur D est auto-adjoint par construction. En particulier, son indice est nul.
Nous lui substituons Popérateur D défini par

(3.1.6) D = Digopsir(as, )
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qui est encore un opérateur différentiel elliptique d’ordre 1, dont 'adjoint D* est
égal a
D* = DlQO,impair(M)E).
L’indice ind (D) de D est donc égal &
ind (D) := dim Ker (D) — dim Ker (D*) =) (~1)¢ dim B*(E),
q=0

ot B%(E) note le noyau de D restreint & Q%(M, E).

De facon générale, 'opérateur de Dolbeault D = 0 + 9* est défini sur chaque
espace QP9 M, E) et les éléments du noyau correspondant BP4(E) sont les formes

de QP9(E) qui sont d-fermées ainsi que leurs images par *.
En particulier, I'action de x induit un C-anti-isomorphisme

*
(3.1.7) BPS(E) —— B™Pm(E*), 0<pq<m.

Par le théoréme de Hodge-Kodaira, cf. par ex. [Ko-Mo] Ch. 3, chaque classe de
Dolbeault dans HE%(M, E) est représentée par un unique élément de BP9(E), i.e.
on a un isomorphisme

(3.1.8) Hjq(M,E) = B*(E), 0<p,g<m.
De (3.1.4) et (3.1.7), appliqués au cas p = 0, nous déduisons :

ProrosITION 3.1.9.
x(M,€E) = ind (D).

Nous avons ainsi identifié, & ’aide de la théorie de Hodge élémentaire, la caracté-
ristique d’Euler-Poincaré x (M, E) 4 I'indice de opérateur elliptique D. La formule
3.1.2 résulte alors directement de 1’égalité

ind (D) = (ch (E) - td(M), [M]),

déduite de la formule générale donnée par le théoréme de l'indice d’Atiyah-Singer,
cf. par exemple [Sch] §25.4.

3.1.10. Remarque. — L’opérateur de Hodge hermitien x est défini par I'iden-
tité

Y1 A *thy = (1, %2) - vy, Vi1, 92 € QPY(M, E),

ol 91 A iy est le produit extérieur contracté, i.e. le produit extérieur formel, a
valeurs dans le produit tensoriel E ® E*, suivi de la contraction naturelle de £ Q E*
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dans C. TI résulte alors de (3.1.7) et (3.1.8) que ’homomorphisme de HP(M, E) ®
H™Pm=4(M, E*) dans C défini par

(3.1.11) (1] ® [¢ha] — /Mdu A g,

constitue une dualité entre HP4(M, E) et H™ ™ 9(M, E*), i.e. induit un isomor-
phisme d’espaces vectoriels complexes de HP?(M, E) sur le dual de H™ P 4(M  E),
donc aussi, via (3.1.4), un isomorphisme

(3.1.12) HYM,APT* ® £) S(H™ UM, A™PT* ® £))*, 0<p,q<m,

pour tout fibré vectoriel holomorphe E sur M.

Cet isomorphisme, que nous avons établi a partir du théoreme de Hodge-Kodaira,
mais qui est défini, via (3.1.11), indépendamment de toute métrique sur M ou E,
est connu sous le nom de dualité de Serre.

Pour p = 0, Visomorphisme (3.1.12) s’écrit
(3.1.13) HY(M, ) S(H™ (M, K®E)), 0<qg<m,

ou K = A™T™ est le faisceau des germes de sections holomorphes du fibré canonique
K = KM de la variété complexe M.

3.1.14. Remarque.— Lorsque E = 1 est le fibré produit, muni de sa structure
holomorphe naturelle, le faisceau € est le faisceau structural O de la variété complexe
M et la formule 3.1.2 s’écrit

(3.1.15) X(M,0) = Td(M),

ot Td(M) est le genre de Todd de la variété complexe. En particulier, le genre de
Todd d’une variété complexe (compacte) est un entier. Ce fait reste vrai lorsque
M = (M, J) est une variété presque-complexe. En effet, bien que le fibré tangent
TM ne puisse étre considéré comme un fibré “holomorphe”, I'opérateur 0 est encore
défini, par

0Y = composante de type (0,4 1) de dy, Vi € QM

ainsi que son adjoint 0*, relatif 4 une métrique hermitienne quelconque g sur M,
et I'opérateur D = & + §*, dont le symbole principal est le méme que dans le cas
intégrable. Si D est 1'opérateur défini & partir de D par (3.1.6), on a donc, comme
dans le cas intégrable, ind (D) = Td(M). En particulier

PROPOSITION 3.1.16. — Le genre de Todd Td(M) de toute variété presque-
complexe compacte M est un entier. O
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Lorsque M est de dimension (réelle) 4, le genre de Todd T'd(M) est égal, par
(2.5.6), (2.4.14) et (2.4.15), &

(3.1.17) Td(M) = M
On en déduit le fait suivant :
COROLLAIRE 3.1.18. —  Une variété compacte, orientée, de dimension 4 n'ad-

met aucune structure presque-compleze si la somme x(M) +7(M) de sa caractéris-
tiqgue d’Euler-Poincaré et de sa signature n’est pas divisible par 4.

Une telle situation est illustrée par la spheére S*, pour laquelle on a x(S*) = 2
et 7(S*) = 0, et pour le plan projectif complexe, muni de I'orientation inverse, P2,
pour lequel on a x(P?) = 3 et 7(P?) = —1.

On observe que la somme x(M) + 7(M) est toujours un nombre pair. De fagcon
précise, on a

(3.1.19) x(M) +7(M) =201 —b(M) + b.(M)),

ou bj(M) = dim HY(M;R) est le premier nombre de Betti de M et b, (M) la
dimension d’un sous-espace maximal de H*(M; R) sur lequel la forme d’intersection
est définie positive. On a donc Péquivalence

X(M) + 7(M) est divisible par 4 & b (M) — b(M) est impair.
Lorsque M est une surface complexe, i.e. une variété complexe de dimension
complexe 2, compacte, la formule (3.1.15) est la formule de Noether. Compte-tenu

de (3.1.17) et (3.1.19), elle s’écrit encore, en posant h?(M,0) = h®4(M) = h®? (et
en omettant la référence a M) :

1
(3.1.20) 1— A% 4 p%? = 5(1 — b +by).

On déduit aisément de (3.1.20) Dalternative suivante, cf. [Kod] :

(3.1.21) by impair : b = 2%t —1, b, = 2h%2,
ou bien
(3.1.22) by pair : by =2R"1 —1, by = 2102 4 1.

Une surface complexe compacte M admet une structure kdhlérienne si et seulement
si elle est du type (3.1.22), cf. [B-P-V] et références incluses.
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3.2. La formule de Riemann-Roch sur une surface de Riemann

Dans ce paragraphe, nous supposons que M = ¥ est une surface de Riemann
compacte, i.e. une surface réelle compacte munie d’une structure presque complexe
J (qui est toujours intégrable). Comme ¥ est de dimension (réelle) 2, la donnée
de J équivaut a la donnée conjointe d'une orientation et d’une structure conforme
(définie-positive) c. Le fibré canonique K de ¥ est considéré indifféremment comme
le fibré cotangent (réel) (T*%, J) ou comme le fibré AXY des formes de type (1,0),
en identifiant un covecteur (réel) « & sa partie de type (1,0), a!®. Nous avons le fait
suivant.

PROPOSITION 3.2.1. — Une 1-forme a est harmonique, relativement & toute
métrique de la classe conforme c, si et seulement si elle est holomorphe en tant que
section du fibré canonique K.

L’argument est le suivant. Pour toute métrique riemannienne de ¢, I'opérateur
de Hodge riemannien x coincide avec Uopérateur J :

*a=Ja, Va €T, Vxel,

en particulier, est indépendante de la métrique choisie (dans ¢). Pour toute métrique
dans ¢, on a donc les équivalences

a est harmonique < da = d(Ja) = 0 & da'® = 0.
De 3.2.1 nous déduisons l'identification (d’espaces R-vectoriels)
Hig(S,R) = H(S,K),
et donc 1’égalité
(3.2.2) b = 2g,
ol by est le premier nombre de Betti de ¥ et ou le genre g de ¥ est défini par
g = dimg H°(Z,K),

i.e. le genre g est, par définition, la dimension (complexe) de 1'espace H°(X,K) des
1-formes holomorphes sur . De (3.2.2), nous déduisons directement ’égalité (2.7.7).
Pour tout fibré vectoriel holomorphe E sur (de rang r), la dualité de Serre (3.1.13)
implique 1’égalité

RN, E) = (T, K ® &%),
qui se réduit a
(3.2.3) RY(Z,0) =g,

lorsque £ est le faisceau structural O.
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Par ailleurs, les groupes de cohomologie h?(X, £) sont nuls dés que q est supérieur
a 1, comme il résulte clairement de I'isomorphisme de Dolbeault (3.1.3). On a donc

x(Z,E) = (T, E) - hl(X, ).

Comme X est de dimension complexe égale & 1, on a par (2.5.5) et (2.5.6) :
ch(E) =1+ c(E), td(¥) =1+ %cl(E).
La formule de Riemann-Roch-Hirzebruch 3.1.2 se réduit donc, lorsque la base est
une surface de Riemann de genre g, & la formule de Riemann-Roch
(3.2.4) R, E) - W (S, E) =r(1 — g) + d(E),
ol d(E) est le degré de E, défini par
d(E) = {a(E), [Z]).

Lorsque E = L est de rang 1, la formule (3.2.4) s’écrit
(3.2.5) RYUE, L) — K}, L) =1 — g +d(L),
qui, pour L = 1, se réduit & (3.2.3).

Le reste du paragraphe est consacré a une démonstration directe des formules
(3.2.4) et (3.2.5), extraite de {Gunl] et [Gun2]. Puisque (3.2.3) a été établi, il suffit,
pour démontrer (3.2.5), d'établir le fait suivant. Pour tout fibré vectoriel holomorphe
E, définissons §(E) par

8(E) = h°(%,8) — K%, &) — d(E).
PROPOSITION 3.2.6. — (L) est indépendant de L.

Un diviseur sur ¥ est une somme formelle
v= E;'Vzlp]' * L

ol les z; sont des points distincts de X, ol les multiplicités p; sont des nombres
entiers et N un entier positif indéterminé. A un tel diviseur v est associé un fibré
en droites holomorphe L), défini, & isomorphisme pres, de la facon suivante. Choi-
sissons, pour chaque indice j, un ouvert I; de 3 contenant le point z; et une carte
locale z; : U; — C. Nous supposons que les ouverts I{; sont disjoints deux & deux
et nous complétons le recouvrement ouvert de ¥ avec Uouvert Uy = & — U{l;}. Le
fibré L) est alors déterminé (& isomorphisme prés) par les fonctions de transitions
relatives & ce recouvrement, définies, cf. §1.1, par

D0 = (2), sur U; — {z;}.
En outre, £®) est muni d’une section méromorphe non-triviale £, dont l'expression
locale, cf. (1.1.3), est
€0 = (o, surh
€9 = 1, surly

et dont v est le diviseur (z; est un zéro d’ordre p; si p; est positif, un péle d’ordre
—p; si p; est négatif).

(3.2.7)
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Inversement, si un fibré en droites holomorphes L admet une section méromorphe
non-triviale £, de diviseur v, on a clairement 'isomorphisme :

(3.2.8) L=LW.

Il résulte de (1.5.8), cf. aussi §2.7, que l'on a

(3.2.9) d(LW) = d(v),

ou d(v) est le degré du diviseur v, défini par

(3.2.10) d(v) =S¥, p;.

Nous nous proposons d’établir les deux propositions suivantes.

PROPOSITION 3.2.11. — Pour tout fibré vectoriel holomorphe E et tout di-
viseur v, on a

S§(E® L) = §(E).

PROPOSITION 3.2.12. —  Tout fibré vectoriel holomorphe E sur une surface de
Riemann compacte ¥ admet une section méromorphe non-triviale. En particulier,
tout fibré en droites holomorphe sur 3 est de la forme (3.2.8).

Il est clair que 3.2.11 et 3.2.12 mis ensemble impliquent 3.2.6, donc (3.2.5). Par
ailleurs, 3.2.11 implique 3.2.12. En effet, 3.2.11 peut s’écrire sous la forme

(32.13) AT, £ LM) =hY(Z,ER LYY + (B, ) — BT, E) + d(v),

puisque d(E ® L™) est égal & d(E) + d(v) par (3.2.9). Il résulte évidemment de
(3.2.13) que h°(Z, £ ® LM) est positif, i.e. E® L* admet des sections holomorphes
non-triviales, dés que d(v) est assez grand. Comme E est isomorphe 4 (E ® L)) ®
L") et comme L{™) posséde une section méromorphe non-triviale par construction,
E possede lui-méme une section méromorphe non-triviale. 0

Pour démontrer 3.2.11, nous considérons le fibré L), ie. le fibré en droites
holomorphe déterminé par le diviseur réduit au seul point z, affecté de la multiplicité
1, et la section holomorphe £® de L®) déterminée par (3.2.7), ayant le point z
comme unique zéro (simple). La section holomorphe £®) détermine un morphisme
de faisceaux de £® L) dans le faisceau &, qui, & tout germe de section holomorphe
¢ de E® L%, associe le germe de la section holomorphe ¢ ® £®), vue comme un
germe de section holomorphe de E via l'isomorphisme canonique de L% @ L®)
avec le fibré holomorphe trivial 1. Ce morphisme de faisceaux est injectif et est un
isomorphisme de faisceaux en dehors du point . En z, 'image de ce morphisme est
constitué des germes de sections holomorphes de E qui s’annulent en z.
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On a donc la suite exacte de faisceaux suivante
g(z)
(3.2.14) 0 ——ER LY £ & 0,

ol &, note le “faisceau gratte-ciel” sur ¥ dont la fibre est E, en z, {0} sur & — {z},
et ou la derniére fleche associe a tout germe de section holomorphe de F sa valeur
en z. On vérifie aisément que ’on a :

HY(%,E,) = E,, H(,E,) = {0}, Vg > 1.
La suite exacte longue associée & (3.2.14) s’écrit donc

0— HYZ,EQ L) - HY R, &) - &, —
(3.2.15)
HY(Z, £ @ L) - HY(Z,E) — 0.

Puisque (3.2.16) est une suite exacte, la somme alternée des dimensions des
espaces qui y figurent est nulle. Par ailleurs, pour tout fibré vectoriel (complexe) E
de rang 7 et tout fibré en droites (complexes) L, on a A(EQ L) = A"E® L", et
done, par (2.3.18),

(3.2.16) dE® L) = d(E) + rd(L).

Puisque le degré de L) est égal & —1, cf. (3.2.9) et (3.2.10), il résulte de (3.2.16)
que d(E ® L)) est égal a d(E) — r. Nous obtenons ainsi I’égalité

(3.2.17) S(E® LU®) = §(E), VE € Vect,X, Vz € .

Il est clair que (3.2.17) implique 3.2.11. O

La démonstration de (3.2.4) se fait par récurrence sur le rang du fibré E, & partir
de 3.2.5, qui vient d’étre établie, et du fait suivant.

PROPOSITION 3.2.18. — Tout fibré vectoriel holomorphe E sur ¥ admet un
sous-fibré holomorphe de rang 1.

La proposition 3.2.18 est une conséquence facile de 3.2.12. En effet, comme X est
de dimension complexe 1, toute section méromorphe non-triviale £ de £ détermine
une section holomorphe £ de la fibration (holomorphe) P(E) — X, obtenue de la
facon suivante. Si z n’est ni un zéro, ni un péle de &, é (x) est la droite complexe de
E, engendrée par £(z); si z est un zéro d’ordre p de &, £(x) est la droite complexe de
E, engendrée par 27P£(z), ol z est une carte holomorphe quelconque au voisinage

de z; si z est un pdle d’ordre p,£(x) est la droite complexe de E, engendrée par

2P¢(z).

Par ailleurs, la donnée d’un sous-fibré holomorphe de rang 1 de E équivaut & la
donnée d’une section holomorphe de la fibration P(E) — X. O
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L’argument de récurrence repose sur la suite exacte de faisceaux
0-L—-&—-Q—0,

ol Q est le faisceau des germes de sections holomorphes du fibré vectoriel (holomor-
phe) quotient @ = E/L, dont la suite exacte “longue” s’écrit

0— HYX,L) - HY%,E) —» HYZ, Q) —» HY(Z, L) —
(3.2.19)
HYZ,&) — HY(%,9) — 0.

De (3.2.19), nous déduisons 1'égalité :

RUE,E)— h(Z,E) = AUZ, L) - hY(E, L)+ h0(Z, Q) — RY(E, Q)
1—g+d(L) par(3.2.5)

+(r —1)(1 — g) + d(Q) par hypothése de récurrence
= (1 —g)+d(E) car d(E) = d(Q) + d(L)

puisque, topologiquement (mais non holomorphiquement) E est isomorphe & la
somme de Whitney ¢ @ L. Ceci achéve la démonstration de la formule (3.2.4).
O

Remarque. — 1l résulte du théoreme de Koszul-Malgrange, cf. §5, que toute
connexion C-linéaire V opérant sur les sections d’un fibré vectoriel complexe ¥ (de
rang quelconque) au-dessus de la surface de Riemann ¥ détermine une structure
holomorphe sur E, dont Vopérateur de Cauchy-Riemann 9V est égal & VO!.

Par ailleurs, 'opérateur de Cauchy-Riemann 0V est lui-méme, dans ce cas, un
opérateur différentiel elliptique (d’ordre 1), dont l'indice coincide avec ’indice de
l'opérateur de Dolbeault D, défini au §3.1 (pour toute métrique hermitienne g sur
¥ et toute structure hermitienne A sur E).

Le théoréme de Riemann-Roch (3.2.4) peut alors s’énoncer sous la forme suivante.

THEOREME 3.2.20. — Soit E un fibré vectoriel compleze de rang r et de degré
d(E) au-dessus d’'une surface de Riemann compacte ¥ de genre g. Pour toute con-
nezion C-linéaire V sur E, on a

ind (8Y) = r(1 — g) + d(E).

En particulier, ind (8Y) est indépendant de la connezion V.
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Part 3

Pseudo-holomorphic curves and
applications



Chapter V

Some properties of holomorphic curves
in almost complex manifolds

Jean-Claude Sikorav

The study of holomorphic curves in almost complex manifolds can be viewed as
the confluence of two fields.

Firstly, there is the theory of pseudoanalytic (or generalised analytic) functions
from C to C, initiated by T. Carleman in the thirties and developed in the fifties
by L. Bers [2] and I. N. Vekua [11]. This was later extended by many authors to a
study of more and more general systems of partial differential equations for maps
from R? to R" which are of order one and of elliptic type [so that n is necessarily
even| (see [12]). It is also closely related with the Beltrami equation which occurs
in the uniformisation of complex structures in dimension one (see [1]).

Secondly, there is the theory of holomorphic curves in complex manifolds, es-
pecially Kahler or algebraic. In this setting one can consider holomorphic curves
as analytic subsets of dimension one. The use of these objects to study algebraic
manifolds is well known, and the literature is enormous. From our point of view
one of the most important properties, in the complex framework, is the compactness
theorem of E. Bishop [3] for analytic sets with bounded volume.

In this chapter we shall first (in §1) quote the basic properties of the classical
Cauchy-Riemann operator in one dimension. As is usual in elliptic theory, they
involve the Sobolev spaces L*? and the Hélder spaces C**. This will be used in
§2 to give a proof of the elliptic regularity properties for holomorphic curves. Since
one obtains a priori bounds, the proof shows that all natural topologies on spaces of
holomorphic curves are identical. In §3 we prove the existence of local holomorphic
curves and some “analyticity” properties (finiteness of the intersection between two
curves and of the critical points of one curve). In §4 we give the main properties of
the area of holomorphic curves, and in § 5 we sketch a proof of Gromov’s compactness
theorem.

Most of the results of the last three sections are proved with more details by D.
McDuff, M.-P. Muller and P. Pansu in chapters VI, VII and VIII, but our approach
is different and we hope complementary to theirs. Also, we pay a special attention
to curves with boundary for which we try to give the results with more “realistic”
hypotheses (i.e. without requiring the analyticity of the totally real submanifold or
the integrability of the almost complex structure in the neighbourhood).
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1. The equation f =g in C
1.1. Notations

For a differentiable map from a domain U C C to C, we define the maps

2\ 0z
~. _ 1(of oOf

These definitions obviously extend componentwise for a map from U to C".

Let D C C be the closed unit disc. For ¥ € N and 1 < p < o0, denote by
L*?(D, C) the space of measurable maps from D to C having k derivatives in L? as
distributions. It can be obtained by completing the space of C* maps with respect
to the norm .

gllzes = 3 1D gllzs-
i=0

Let r > 0 not an integer. We write r = k+ o with k € N and 0 < o < 1.
Denote by C"(D,C) = C¥*(D, C) the space of k times differentiable maps from D
to C whose k-th derivative is of Holder class C*. We define in this manner a Banach
space for the norm

k k k
; D¥g(z) — D*g(y
lgller = llgllese = 3 [ Digllee + sup 124D = D29l
i=0 z#y |$_Z/|

We denote by LEP(D, C), resp. C5(D,C) the closure in L*P(D,C), resp. in
C"(D,C), of the space of C* maps with compact support in Int D. Notice that
L¥(D,C) = L?(D,C). Similarly, we define the spaces L*?(D,C"), C"*}(D,C")...

We define L*?(D,0D;C,R) and C"}(D,0D;C,R) as being the closures in
L*?(D) and C"7}(D) of the space of all smooth functions f : D — C such that
f(6D) C R.

1.2. A priori estimates

We can now summarise the results that we shall need in the study of holomorphic
curves.

PROPOSITION 1.2.1. — There exists continuous linear operators T' : L*(D) —
L*(D) and P : L*(D) — LY*(D) and positive constants Ayp, Cp, k € N, 1<p<+o00
and B,, r € RT \ N, with the following properties:

()doP=Id, 8oP=T,

(i) Pod | Lg*(D)=1d, Tod|Ly*(D) =29,

(iii) [|Tgllzrr < Arg llgllzes,  I1Pgllzerrr < (14 Axp) 9]k,

(iv) ITgller < By ligller,  [[Pgllerr < (L4 Br) llgller,

(v) 2<p <400 = ||Pygllci-2» < Cp ||gl| -
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For the proof, we refer to the book [11] of N. Vekua (Chapter I, §§6, 8, 9). Let
us just indicate the definitions of P for g € C°(D) and of T for g € C§(D):

Pg(z):%m//DC’l_%dg/\dZ:— // dg/\d

g(C = 9(¢) _
Ty(z) = <2m // chdC) _llﬂﬂ//{cuc azeici<ny (¢ — 2)? den i

Here p.v. means the Cauchy principal value. Properties (i) and (ii) are easy to
show for functions of class C° and C! respectively. The proof that T is continuous
on L*(D) is based on a “symplectic” argument. Assuming that g is of class C' on
C with support in D, set f = Pg. Setting f(oc) = 0 extends f to a C! map from
CU {00} = CP! to C. Thus we have

I, Gort - 1P dc nat = [, 7 (dendg) =0

since d¢ A d( is closed. Thus

Jf, 1wt = [ vore < [[ 105 = [[ @r7 =[], 1aP

The inequalities (iii) and (iv), which are due respectively to G. Giraud (1934)
and to A. Calderon-A. Zygmund (1952), can be found in [11], p.56 and 64ff.

For the inequality (v), see [11] p.38: in fact we have then the very important
consequence: L7 € C'=2/P_ This last estimate will play a crucial role in the proof
of the regularity theorem (step (a) in the proof of 2.3.6 (i)).

Remarks.

(i) If r is not an integer or if p = +oo then the a priori bounds (iii) and (iv) are
no longer valid. For instance, if f(z) = zloglog |z|? then f € C° (as a distribution)
but f is not even Lipschitz. Indeed one has

af = loglog |22
f =loglog || g |7

and
z

af =

(i) If g is real analytic in D, then we can find Pg and Tg (see [11] p.27) using

zlog |z|*

1
P(z"z™) = — (2™t — D forn >m 4 1

1
= 1(z"?’”“) forn <m+1.

(iii) Everything in this section remains obviously valid for maps from C to C™.



168 J.-C. Sikorav

1.3. Boundary conditions

PROPOSITION 1.3.1. — There exists unique continuous linear operators Ty :
IL*(D) — L*(D) and Py : L*(D) — L“*(D,8D;C,R) such that

(i) f = RBf) + ao(f) Of = To(0f) for every f € L*(D,dD;C,R), where
ao(f) = £ 3 f(e®)dB is the constant Fourier coefficient of 118D. Moreover we
have the following properties:

(ii) o Py =Ty and 8o Py = Id, and Ty, P, satisfy inequalities analogous to those
of proposition 1.2.1.

The proof of these results can be found in {11], Chapter 1V, §7. The operators
Py and Tj are defined by

P():P—ZP*, T():T—ZT,

where

Pg(z) T omi // dC Adg,

Tglz 27r1// 1— CAd{

In the definition of P and Ty, we have a minus sign instead of the plus sign of Vekua
because our boundary condition is f(dD) C R instead of Re fiop = 0.

Remark. — Everything in this section remains valid if we replace (C,R) by
(C", R™).

2. Regularity of holomorphic curves

2.1. Definitions

Let V be a differentiable manifold of class C!. An almost complex structure on V
is a complex structure on the tangent bundle, i.e. a continuous section J of End TV
such that J? = —1Id (see chapter II).

A totally real submanifold of (V,J) is a submanifold W of class C! and of half
dimension such that T,,W never contains a J-complex line. Equivalently: Ty V =
TW & JTW.

Let S be a Riemann surface. A map f : S — (V,J) is J-holomorphic if it is
differentiable and its differential df : TS — TV is a complex homomorphism at each
point.

Remark on the differentiability assumption. — One usually finds the require-
ment that f should be of class C!. We will see that this is automatic if J is of class
C" for some r > 0.
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2.2. Statement of the results

The linearisation of the equation for holomorphic maps is an elliptic operator
of order 1. This implies the regularity of solutions for Hélder and Sobolev norms.
The proof gives a priori bounds which imply that all natural topologies on spaces
on J-holomorphic maps coincide.

THEOREM 2.2.1. — Let (V,J) be an almost complex manifold without bound-
ary of class C" with v € RT \ N and W be a totally real submanifold of class C™+!
(maybe empty). Let S be a Riemann surface and f : (S,08) — (V,W) be a J-
holomorphic map. Then

(i) f is of class C"*1,

(ii) the topologies C® and C™*1 of uniform convergence over compact subsets co-
incide on the space Hol;(S,0S;V,W) of J-holomorphic maps (S,05) — (V,W). In
particular, this space is closed for the C° topology.

The proof will be given in the next paragraphs.

Remark. — The proof will show that if f is continuous everywhere, differ-
entiable and J-holomorphic except on a discrete subset, then it is differentiable
everywhere (and thus J-holomorphic) if J is of class C" for some r > 0. This will
be useful for the theorem on removable singularity (see 4.5).

2.3. Local version of the equation of J-holomorphic maps

Let f: S — (V,J) be a map such that f(zp) = v.

Interior points. — Choose coordinate charts ¢ : (D,0) — (S,2) and & :
(B,0) — (V,v) where B is the closed unit ball in R?* = C", such that f(p(D)) C
®(B). From now on we identify ¢(D) = D and ®(B) = B so that we get a map
/:(D,0) — (B,0).

The almost complex structure on B is given by a map J : B — Endgr (C") such
that J2 = —Id. We can assume that J(0) = iId, the standard complex structure
on C". We shall write also ¢ Id = 7 if there is no danger of confusion. We shall also
assume that B was chosen small enough so that J(v) + ¢ is always invertible.

The equation expressing in these charts that f is J-holomorphic is

(2.3.1) g—?’; = J(f)%.
Using the identities .
5, =3 (01 -1
and of 1
50 = 5 (0F +35),
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the equation becomes (i+J(f))8f = (i—J(f)) 8f. Sincei+J(v) is always invertible,
this can be written

(2.3.2) Of +q(f)of =0.
Here g : B — Endr(C™) is defined by
(2.3.3) gy =G+ J() " (i — J(w)).

It has the same regularity as J and satisfies ¢(0) = 0.

Comment. -— Equation (2.3.2) is a quasilinear partial differential equation of
order 1 (or rather a system in the usual terminology). The associated linear equation
Jh + q1(2)0h = 0, where q; = qo f and f is a fixed solution, is elliptic precisely if
q1(z) has no eigenvalues of modulus 1, in particular if ||¢;|/z~ < 1.

Remark. — It is easy to see that ¢ is anti-complex (gi 4+ i¢ = 0, and similarly
gJ + Jg = 0), and that the map J — ¢ = (i +J) ™" (i — J) gives a chart near i of
the manifold 7, of almost complex structures on C*.

If J is of class C”, then so is ¢q. Moreover, we can assume by “renormalisation”
that ||g||¢c- is as small as we wish. Indeed, fix £ > 0 and replace f by fop(z) =
B~ 1f(az) and q by gz(v) = q(Bv). We choose e, 8 such that

(2.3.4) lasllc- < € and f(D(a)) C B(B).

Then f, 5 and gg satisfy (2.3.2), and it is equivalent to prove the regularity at 0 of
f or of f,p. Notice also that o and 8 can be found once we know a modulus of
continuity of f at zp.

Boundary points. — We choose a chart near z of the form ¢ : (DT,0D%,1) —
(S,8S, z) where D* = {2 € D | Rez > 0}, and a chart near vy of the form
®: (B,BNR" 0) — (V,W, ), and such that f(p(D")) C ®(B). As W is totally
real, we can assume J(0) = 1.

Here again we may assume by “renormalisation” that ||g||c- is as small as we
wish. For this, we use instead of the homothety ez for small o the homography
0al(z) = (z + @)/(1 + az) for a €]0,1] tending to 1. Then we replace f and g by
fap =011 0pq and gg(v) = q(Bv) where o, 3 are chosen so that

(2.3.5) lgsller < e and f o s (D7) C B().

Again, & and 3 can be chosen once we know a modulus of continuity of f at z.
Theorem 2.2.1 will then follow from the
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PROPOSITION 2.3.6. — Fizr € R\ N, and 0 < n < 1. Then there erists
e > 0 with the following property. Let g: B — Endr(C") be of class C" and satisfy

llaller <.
() If f : D — B is a differentiable map such that 0f + q(f)0f = 0, then f is of

class C"™' on D(1 — 7). Moreover we have the a priori bound

I fipa=mller+r < Crym) || fllpee.

(i) If f: (D*,0D%) — (B,BNR") s a differentiable map such that 3f +
q(f)0f =0, then f is of class C"*! on DT (n) = {z € DY | Rez > n}. Moreover we
have the a priori bound

I fipramller+r < C'(ryn) || f]l oo

The proof of the proposition rests upon the properties of the operator d in C
which we recalled in §1.
2.4. Proof of 2.3.6 (i)

Set fi = p1f where p; : D — [0,1] is C*, supported in Int D and such that
p11D(1 —n/4) = 1. This is possible with ||p1]icr < C(r,n). Then we obtain

(24.1) Ofi +@dfi=g
where ¢ = go f and g; = — (5/)1 + 9 ql) f. Observe that g; € L*(D) with a
norm bounded by 2C(r,n)||f]l =, and also that ||q||r=~ < e.

We first show that f; € L12. This will follow from the

LEMMA 2.4.2. — Let f : (D,80D) — (C",R"™) be continuous, differentiable
except on a finite subset. Assume that there exists £,C > 0 such that at all points
of differentiability we have

0f(2)] < (1= ¢)|of(2)| + C.
Then f € L2
Proof. — We have to show that //D (|8f|2 -+ |5f|2) dzdy < 4o00. The hy-
pothesis implies
(24.3) 0f" +10f” < A(|0f - [0f17) + B

for suitable A, B. The 2-form 3 = (|0f|?— |0f|?) dz Ady is equal to f*w, where wy =
d)Xg is the standard symplectic structure on C*. We have 8 = da where o = f*)\gis a
1-form vanishing on 9D. Moreover we have the inequality do > —B/A > —cc. Then
Stokes’” theorem for forms with differentiable coefficients applies (see the appendix),



172 J.-C. Sikorav

and gives that do is integrable with / / da = 0. The inequality (2.4.3) gives then
the desired result. P

Using (ii) of proposition 1.2.1, this implies that 8f; = T (gfl) and f = P (gfl)
so that the equation (2.4.1) can be written

(2.4.4) (d+¢:T) (3f1) = g1.

Here 3f, and g; are considered as elements of L?(D,C") and q; as an element of
L*(D,Endg(C™)). We will show that this equation (or a slight modification) holds
in various spaces L? and C*® and that the operator Id +¢,T is invertible in these
spaces, thus improving at each step the regularity of 8f;, f; = P (5 fl), g and g;
(“bootstrap”).

(a) Let us now prove 2.3.6 (i) when [r] =0, i.e. 0 <r < L.

Step 1: f|D(1 —n/4) € CY3. — By (iii) of proposition 1.2.1, T' is continuous
on L3(D) with a norm < Ags. Thus if ¢ < (2403)"", Id+¢:T is invertible on
L3(D) with an inverse < 2 in norm. Equation (2.4.3) implies that df; € L3. Since
hH=P (gfl) € CY/3, 1.2.1(v) implies that f; € C'/3 and

1 filles < Csll0filles < 2Csllgallze < Cilr,m)If lie-

Step 2: f|D(1 —n/2) € C'*"/3. — Consider f; = pof = pofi where py is
supported in D(1 —n/4) and ps|D(1 — n/2) = 1. Then f, satisfies

(Id +¢:1)(8f2) = g2

where g2 = g o f) and g» = —(Bp2 + Op2¢2) f = —(Bp2 + Op2q2) f1- Step 1 implies
that g, and go are in C'/3, with norms bounded respectively by by Cy(r,n)e and
Cs(r,n). By 1.2.1 (iv), T is continuous on C"/3(D) and bounded by B, /3. Let € be
small enough so that
1

BT/BCQ(T7 77) € S 5
Then Id +¢,T is invertible on C"/3(D) with an inverse < 2 in norm. This implies
that 8fs, is in C/3(D), so 1.2.1 (iv) gives f, € C**7/3(D), with

| follevrss < Calr,m)|| fllLoo-

Step 3: f|D(1 —n/2) € C"*'. — Consider f3 = p3f = psfo where p3 is
supported in D(1 —n/2) and p3|D(1 — 1) = 1. Then f; satisfies

(d+ q3T) (gf:a) = g3
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where g3 = go fy and g3 = ~ (5,03 + 0ps (Z3> f=- (5P3 + Op3 QS) f2. Then Step 2
implies that g3 and g3 are in C" with norms bounded respectively by Cs(r,n)e and
Ce(r,n). Thus if

1
BTC5(T’ 77)5 < 57

Id +¢5T is invertible in C™ with an inverse < 2, so that df; € C" and fs3 € C"™! with

15l isrya < Colr )| f 1l oo -
This finishes the proof for [r] = 0.

(b) Assume by induction that [r] = k& > 1 and that the proposition is true for
[r] = & — 1. This implies that f is already of class C" on D(1 — 7/2) and the same
is true for g; = q o f1 (we keep the notations of (a)). Also {|gl|c- and ||ga|lc- are
bounded by Ce. Then we may assume that ||ga2{|cr is small enough for Id +g27" to be”
invertible on C"(D): this implies that f3 is in C""'(D) so that f is C"*! on D(1—7).

Remarks.

1. A more geometrical way to bound the higher derivatives is to observe that the
differential of f is J-holomorphic for some suitable structure J on TV of class
C"! (see the appendix by Gauduchon in chapter II).

2. If ¢ is only L™, Step 1 can be refined to prove that f € L' for all p < oo and
consequently f € C" for all r < 1.

3. In fact, a solution of (2.3.2) is of class C™*' on Int D or D respectively as
soon as ¢ is of class C" and ¢(f(z)) never has eigenvalues of modulus 1, in
particular if ||g||L~ < 1). The a priori bounds are valid with the constants
depending also on min, dist (Spec q(z), S'). It suffices to prove that if ¢(0) has
no eigenvalues of modulus one then f is of class C"™! near 0 (in case (i)). For
this, the crucial remark is that the operator Id +¢(0)T (see §1 and 2.4) is an
isomorphism in suitable spaces, and every small enough perturbation will also
be an isomorphism. Then the “bootstrap” method can be applied exactly as
in §2.4.

2.5. Proof of 2.3.6 (ii)

Since it is completely analogous with the proof of 2.3.6 (i) we shall merely indicate
how to modify it.

Set fi = pf where p has support in {Rez > n/4} and equals 1 in D¥(n/2).
Then f; is a differentiable map (D,0D) — (C", R") which satisfies an equation of
the type 8f1 + 10f1 = ¢1. Lemma 2.4.2 implies that f; is in L12. Thus 1.2.1 (i)
implies that f1 = Py(9f1) + ao(f1) and 8f, = Ty(0f1) so that the equation becomes

(Id+qT0)(0f1) = fi.
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The proof then goes on exactly as above, with Ty and P, replacing T' and P, and
using the properties of §1.3 instead of §1.2.

2.6. On the equation J0,f =g

If f is a differentiable map S — V', we define

Bsf = 3 + ().

We consider it as a section over graph (f) of the vector bundle E = Hom(T'S,TV)
over S XV (the fiber E, , is the space of anti-complex morphisms from 7,5 to T, V).
This gives a meaning to the equation 8;f = g if ¢ is a global section of E.

An essential observation is that this equation is equivalent to the fact that the
map Id x f : S — 5 x V' is Jy-holomorphic for the structure J, on S x V defined by

Jg(&, X) = (i€, JX + g¢) .

3. Other local properties

3.1. Existence of local holomorphic maps. Perturbations, normal
coordinates

Notations. — We denote by J"(V) the set of all almost complex structures
on V of class C7. It is naturally a smooth Fréchet manifold, and a smooth Banach
manifold if V' is compact. A chart near J, is given by the formula J — (Jo+J) "1 (Jo—
J) which takes values in the space of all C" sections of End;,(TV). This last is the
bundle over V whose fiber at v is the space of Jy-anticomplex endomorphisms of
V.

THEOREM 3.1.1. — Let (V, Jy) be an almost complex manifold of class C” for
somer > 1. Fiz a pointv e V. Then

(i) For every X € T,V small enough there exists a Jy-holomorphic map f :
(D,0) — (V,v) such that df(0) -1 = X.

(ii) Let fo : D — V be a Jy-holomorphic map. Then there exists o > 0, a
neighbourhood U of Jy in J"(V) and a map of class C"

F:UXDa) -V

such that F(Jy,.) = fo and F(J,.) is J-holomorphic.

Proof. — We follow [7] (see also chapter VI) and use the results of §1.2.
The key observation is that the equation df + ¢(f)8f = 0 is equivalent to the
holomorphicity (in the standard sense!) of h = (Id +Pq(f)9) f. This will imply that
locally pseudo-holomorphic and holomorphic maps are in a 1-1 correspondence.
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We work in charts D and B as in §2. Define
U={Je T (B)|Jv)—iis invertible}.
To each J € U is associated q; = (i + J) ™' (i — J). Consider the map
& :Ux[0,1] xCY(D,B) —— CTY(D,C")
(J.e, f) —— (Id+Pgq;(ef)d) f.

Then ® is of class C" and ®(J,0,.) is the canonical embedding C™+(D, B)
C™Y(D,C"). Thus the implicit function theorem implies that we can find ¢ > 0
such that, for ¢ < g, ®(Jo,¢,.) is a C"-embedding C"*'(D, B) — C"*1(D,C")
whose image contains a neighbourhood V of the origin.

Let v € C" be small enough so that h, € V, where h,, is the linear map h,(z) =
zv. Define f., = (®(Jo,¢€,.)) " (h,). Then g., = € 1f., is a Jy-holomorphic map.
Moreover fy, = h, so that dfy,(0) = v. Thus for € < ¢, the map v — dg. ,(0) is a
diffeomorphism of B(%) onto its image, which is a neighbourhood of 0. This clearly
implies (i).

To prove (ii), recall the definition f, 5(z) = 87! f(az). Choose 3 = g and & small
enough so that h = ®(Jy, €0, .)(fa,e,) is in V. Then we have f, ., = ®(Jo,&0,.) 7 (h)
so that f(z) = eo®(Jo, €0,.) ' (h)(a™1z). It then suffices to define

F(J)(2) = €®(J,&0,.) }(h) (a™'2). O

Question. — If J is less regular, does there still exist local J-holomorphic
maps? For n = 1 this is true if J is C" with r > 0, and even if J is in L™ provided we
generalise the notion of J-holomorphicity to almost everywhere differentiable maps.
This follows from the Ahlfors-Bers study of the Beltrami equation df = pu(2)df [1].

An immediate corollary of the existence of local homolorphic curves depending

differentiably on a tangent vector of V is the existence of normal coordinates.

CoROLLARY 3.1.2. — Let (V,J) be an almost complex manifold where J is
of class C" with v > 1 not an integer. Then near each point vy there exists C"!
coordinates (wy,w') € C x C"1 such that J is of the form

N 7 B(wlvwl)
J(wy,w') = (o D(wl,w/)>'

For n =2 one has also the following normal form:

J(wth) _ (A(’IUE), w?) D(w?’ w2)> .
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Remark. — This could be useful in dimension 4 because the local equation of
a J-holomorphic map (f1, f2) : C — C x C becomes
oh _ Oh 0fr _ 3f2

By A(f1, fz) : By (f17f2)

so that each coordinate function satisfies a Beltrami equation with an L™ coeflicient
(cf. [11] p.211). Notice also that in the normal coordinates, the standard symplectic
form wy = %(dw;L A dwy + dwy A dW,) is calibrating for J, ie. wo(X,JY) is a
Riemannian metric. This could make possible the application of ideas of the theory
of minimal surfaces.

3.2. Isolation of critical points and of intersections

ProposiTION 3.2.1. — Let (V. J) be an almost complex manifold of class C”
with r > 0 and let S be a Riemann surface.

(i) Let f,g: S — V be two J-holomorphic maps. Then the points where f(z) =
g(z) are isolated.

(ii) Assume that J is of of class C! and let f : S — V be J-holomorphic. Then
its critical points are isolated.

Proof. — We follow [4], who generalises to higher dimensions a classical method
of Carleman (cf. also [11] p. 211). Obviously, the problem is local, so we can consider
maps (D,0) — (B,0) asin § 2.

(i) The maps f and g satisfy

8f 89

—and nd o J(g)22

5;.
The difference h = f — g satisfies

oh Oh Og

oy (g, + ) = Ja)) 5 -

This can be written in the form

oh oh

g A
(3.2.2) a0 J<f)8$ + A(2)h

where A is a continuous map from D to Endg(C").

Assuming J — ¢ small enough we can find ® : B — GLr(C") C Endg(C") such
that J(v) = ®(v)i ®(v)~! and having the same regularity as J. Setting J; = J(f),
@, = ®(f) and h = &b, and using J; P, = ¢4, we have

Oh Oh 0P, 0P, Ohy Ohy
5:1;“(]1%_<8y ‘]16 >h1+¢1<8y 3x>
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thus the equation becomes
ghl + B(Z)hl =0

where B is a continuous map from D to Endr{C"). We can assume by renormali-
sation that its norm is as small as we wish. In particular we have the inequality

(3.23) Ok | < el

with ¢ as small as we wish.

LEMMA 3.2.4. — Fore small enough there exists a continuous map ®5 : D —
GLR(C") such that hy = ®oH where H is a standard holomorphic map.

Proof. — The inequation (3.2.3) implies
ohy + C(2)h, = 0,

where now C is a L® map from D to Endc(C") = M,(C). Indeed, one can for
instance define C(z) as the linear map such that C(z)-hy(2) = —0hy(z) and C(z) = 0
on the orthogonal of hy(z).

Consider the map u — v~ '0u from

E ={ue L'*D,0D;GL, C,GL, R) | ao(u) = Id}

to L3(D, M,(C)). It is a C*® map, and proposition 1.3.1 implies that the derivative
at Id is an isomorphism. Using the implicit function theorem, we find for ¢ small
enough a map ®, € L3(D,GL,, C) such that 8%, ®;' = —C, that is 9, = —C®,.
If we write hy = ®,H, the equation becomes H = 0 which proves the lemma. O

Thus the difference h = f — ¢ can be written A = VH, where ¥ = 9, is a
continuous map from D to GLgr(C") and H is holomorphic. If k is not identically
zero, it has an isolated zero at the origin, which finishes the proof of (i). O

(i) Let w = 9f/0z. Then differentiating the equation 8 /8y = J(f)df/0x gives

ou du 5718
gy = gt (0J0f +8J0f) u,

which can be written in the form

du Ju

S =I5+ A,

where A is a continuous map from D to Endg(C"). This is exactly the same type
of equation as (3.2.2). So we may apply the same arguments as to h in part (i), and
obtain that either u is identically zero, in which case f is locally constant, or « has
an isolated zero at the origin: thus f has isolated critical points if it is not locally
constant. O
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Remark. — 1If J is C*™ one can use Aronszajn’s lemma to prove these results
(see [5], [6] and chapter VI).

4. Properties of the area of holomorphic curves

To investigate geometric properties of holomorphic curves, Gromov uses a Hermi-
tian metric on (V, J) (if V' is non compact, it should have “bounded geometry” prop-
erties: bounded curvature, injectivity radius bounded below). For this approach, see
chapter VII. Here we shall proceed differently, working on a “reasonable” category
of almost complex manifolds which includes all the closed manifolds. Our approach
has the advantage that it requires less regularity on J.

4.1. Tame almost complex manifolds

DEFINITION 4.1.1. —  Let (V, J, u) be an almost complexr manifold with a Rie-
mannian metric. It is tame if p is complete and there exists positive constants ro,
Cy, Cy with the following properties:

(T1) For all x € V, the map exp, : B(0,ry) — B(x,10) is a diffeomorphism.

(T2) Every loop v in V contained in a ball B = B(z,r) with v < 1o bounds a
disc in B of area less than C; length(y)2.

(T3) On every ball B = B(x,ry), there exists a symplectic form w, such that
lwzl <1 and |X|? < Cowy(X, JX) (taming property).

Comments.

1. Properties (T1) and (T2) obviously hold if V is closed and the metric is of
class C2. In fact, it suffices that p be complete, that its sectional curvature
be bounded above by some (positive) constant K and the injectivity radius
be bounded below by some positive py. One can then take C; = 1/7 and
po = min (rg,w/ VK ) Property (T3) holds if in addition J is uniformly
continuous with respect to u. Notice also that (T2) implies that any closed
curve (not necessarily connected) bounds a surface (union of discs) with the
same property.

2. Another way to define tameness would be to require some J-holomorphic con-
vexity property at infinity insuring that a compact holomorphic curve with
boundary in a compact set K is contained in a compact set K’ depending only
on K (see 4.4). For instance, if J is integrable one could require V' to be Stein
outside a compact set.

4.2. Tame symplectic manifolds

If (V,w) is a symplectic manifold, we say that it is tame if there exists a tame
adapted almost-complex structure.
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Examples of tame symplectic manifolds.

1. Every closed symplectic manifold. Indeed, there exists J of class C* calibrated
par w (see chapter 11) : it suffices then to define (X,Y) = w(JX,Y).

2. Every manifold covering symplectically a compact manifold.
3. Every cotangent (T*M,wy), even if M is non compact.

4. Every manifold which is isomorphic at infinity to the symplectisation of a
compact contact manifold.

4.3. Isoperimetric inequalities and monotonicity

In this section we consider a tame almost complex manifold (V, J, i), a compact
Riemann surface with boundary S, and a J-holomorphic map f : S — V. We
assume that J is of class C" for some r > 0 so that f is of class C"*!. We denote
A =area(f) and L = length (fiss)-

PROPOSITION 4.3.1. — There exists positive constants C3, Cy, C5 and ay de-
pending only on C1, Cy and 1o, with the following properties.

(i) If £(S) is contained in a ball B(x, 7o) then A < C3L.

(ii) Monotonicity: assume that f(S) C B = B(z,r), with r < 1o, and f(85) C
0B. Assume also that f(S) contains x. Then A > Cyr?.

(iii) If A < ag then A < C5L%. In particular, ag is a lower bound for the area of
a closed holomorphic curve in V.

One can take C3 = C,Cy, Cy = 1/(4C3), ag = min(Cs,Cy)ri/4 and Cs =
max(Cg, C4)

Proof.

(i) By (T2), f(0S) bounds a surface ¥ C B of area < C;L%. Using the inequality
|lwz]] <1 and the contractibility of B, we have

//Sf*wz://EwZSC&LQ.

On the other hand, the taming property and the fact that f is J-holomorphic give
A<G [ fron
s
This implies (i).

(ii) Let S; = fY(B(z,t)) and a(t) = area(f|S;). Since f is of class C™*! for
some r > 0, Sard’s theorem implies that for almost all ¢, S; is a subsurface (not
necessarily connected) with C'-smooth boundary 8S; = f~1(8B(z,t)). Denote by
£(t) the total length of f(0S;). Then

e a(t) is an absolutely continuous function
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Inequality (i) gives a(t) < Csf(t)? for every t < r. Since f is not constant and
Im (f) contains zg, a(t) is > 0 for ¢ > 0. Thus for t > 0 we have

(Wy: = 22\/162'

2,/a(t)

This implies \/a(r) > /(2v/C3), L.e. a(r) > r2/(4C5). O

(iii) If L > ro/2 then clearly A < CsL?. If C = f(S) is contained in a ball
B{z,rq) then we can apply (i) which gives A < C3L? < C5L2.

Now assume that L < r4/2 and that C is not contained in any ball B(zx, 7).
This implies that there exists € C' which is not in the ry/2-neighbourhood of 9C.
We can apply (ii) to B = B(z,70/2) and get

2
A > area(CNB) > CZ;%O > ag,

which contradicts the hypothesis. O

4.4. Bound on the diameter in terms of the area

A crucial corollary of the monotonicity is the following result.

ProprosiTioN 4.4.1. —  Let (V, J, u) be tame. Let Cg = 1/Cyry. Then for any
compact subset K of V we have the following property. Any compact and connected
J-curve C = f(S) such that CN K # @ and 8C = f(8S) C K is contained in the
neighbourhood of K of size Cg area(C):

C Cc U(K, Cg area(C)).

Proof. — Let vi,vs,...,v54 € C in maximal number such that v; € K,
d(vi, v;) > 2rg if ¢ # j and d(v;, 0C) > rp for all i (we allow N = 400 a pri-
ori). Then C is contained in the Nrg-neighbourhood of K since it is connected.
Moreover one can apply the monotonicity to each C; = C N B(v;, rg): this gives
area(C;) > Cyr3. Since the C; are disjoined, one deduces N < area(C)/(Cyr3),
which implies the desired result. O

4.5. Removable singularity

THEOREM 4.5.1. — Assume that (V, J, u) is tame and that J is of class C" for
somer > 0. Let f: D\ {0} = V be a J-holomorphic map with finite area. Then it
can be extended to a J-holomorphic map on D.
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Proof. — Using the remark at the end of § 2.2, it suffices to prove that f has
a continuous extension, i.e. (since the metric is complete) that for every £ > 0 there
exists > 0 such that diam f(D(n)) < e. Set

A(r) = area (f|D(r)\ {0}), L(r) = length f(8D(r)).

Using the J-holomorphicity and property (T3), we have

2

/ mof Of 1 / of
= _— PR > N
Ar) /0 ol A J80 402Gy aD(r) | 06
L L(r)? . .
> (5 . by the Schwarz inequality.
r

There exists 0 < rg < 1 such that A(ry) < ag. Then for every 0 < 1 < 1y we have

T 2 L 2
aongl/OMdrzcgl min (r) logiq.
n 27T Ui

n<r<ro 21

Thus if
—81Chay
1= oo (2£202%)

we can find r € [,7] such that L(r) < /2. Then proposition 3.2.1 (ii) gives
A(r) < Cse*/4, and proposition 4.4.1 gives diam f(D(r)) < diamf(0D(r)) +CsA(r).

Thus

diam (D) < diam (D) < & + oG, 5

If € is small enough this is < ¢, which concludes the proof. O

4.6. Schwarz’s lemma

THEOREM 4.6.1. — Let (V, J, u) be tame, J being of class C™ for some r > 0.
Assume that ag satisfies 3.2.1 (iil). Then there exists a positive constant C with the
following property: every J-holomorphic map f : D — V such that area(f) < ag
satisfies ||df (0)f] < C.

Proof. — Using (ii) of theorem 2.2.1 it suffices to prove that f has a uniform
modulus of continuity at 0, i.e. that for every € > 0 we can find 5 > 0 independent
of f such that diamf(D(n)) < e. But this clearly follows from the proof of the result
on the removable singularity. Indeed, we can take 7o = 1 so that 5 is explicitly given
by

7 = exp (w) .0
€
Remark. — The constant depends on ||J||¢- if u is fixed. Also, if V is closed it

suffices that ag should be less than the area of any holomorphic sphere.
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4.7. Curves with boundary

DEFINITION 4.7.1. — Let (V,J) be an almost complex manifold, u a Rieman-
nian metric and W be a totally real submanifold (properly embedded). We say that
(V, J, W, u) is tame if it satisfies the properties (T1), (T2) of 4.1.1 and if in addition
there exists positive constants ry and Cy such that

(T°1) If z,y are two points on W with distance in V less than ry, then their
distance in W (with respect to the induced metric) is less than Cy .dy{(z,y).

(T°2) For allz in W, W N B(z,rw) is contractible and w,-Lagrangian.

We shall assume ry < rg which is no real restriction. Also, we say that (V, J, W)
is tame if there exists a metric p for which (V, J, W, u) is tame.

Then we easily get versions with boundary of the inequalities of 3.2 (isoperimetric
inequalities and monotonicity).

PROPOSITION 4.7.2. — Let (V,J,W, u) be tame. Then there ezists positive
constants C3(W), C4(W), Cs(W), Cs(W) and aog(W) with the following properties.
Let C C 'V be a compact J-curve. Denote A = area(C) and Ly = length(60C \ W).
Then

(i) If C C B(z,rw), then A < C3(W)L%,.

(i) If (C, f(8C)) C (B(z,r),0B(z,r) UW) withr < ry and if x € C, then
A > Cy(W)rk.

(iil) If A < ag(W) then A < Ce(W)L3,.

(iv) FCNK #0 and 9C C K UW, then C C N(K, Cs(W) - A).

Actually, one can take Cg(W) = C] (Cg +1+ Cw), C4 = 1/(403(W)), C5(W) =
ma.x(Cg(W), C4(W)) and GQ(W) = mln(C;;(W), C4(W))T2W/4

Proof. — It is enough to explain the proof of (i). Now dC \ W is the union of
a closed curve <y and a union (possibly infinite) a of arcs a; from W to W in B. We
already know that « bounds £; C B of area < C length(v)?.

Complete «; into a loop oy U o C B using a path o in W N B, of length
< CwL(a;). Then a U« bounds a union of discs Xy C B of area < Ci(1 +
Cw)length(a)?. Putting ¥ = C' U X; U Xy we get a surface with boundary and a
map (X,8%) C (B,W N B). The fact that W N B is Lagrangian and contractible

enables us to finish the proof as before. O

Removable singularity: the case with boundary. — Exactly as in the case
without boundary, one proves (see also [9]):

THEOREM 4.7.3. — Assume that (V,J,u, W) is tame, that J is of class C"
and W of class C"t' for some r > 0, and that f : (D™ \ {1},0D%) — (V,W) is
J-holomorphic with finite area. Then [ extends to a J-holomorphic map defined on
D+,
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5. Gromov’s compactness theorem for holomorphic curves

In this § we consider an almost complex manifold (V,J) with a Riemannian
metric 4 and a totally real submanifold W (maybe empty). Assume that (V, J, W, pn)
is tame, that J is of class C” for some r > 0 not integer, and that W is of class C"+1.
In §§1,2 and 3 we consider a fixed compact Riemann surface S (with or without
boundary) which we equip with a conformal metric.

5.1. Fixed Riemann surface: apparition of bubbles

Let S be a compact Riemann surface. We recall (see theorem 2.2.1 above) that
on the space Hol;(S,85;V,W) the topologies of uniform convergence C® or C"*!
coincide.

DErINITION 5.1.1. — Let (f,) be a sequence of J-holomorphic maps from
(S,08) to (V,W).

(i) Let g : CP! — V be a non constant J-holomorphic sphere. We say that it
occurs as a bubble in the sequence (f,) if there exists a sequence of holomorphic
charts @, : D(R,) — S, with R, — 400, converging on C to a point p € S, and
such that

fnown— g9C,

where C is identified to CP!\ {oo}.

(ii) Let g : (D,0D) — (V,W) be a non constant J-holomorphic disc. We say that
it occurs as a bubble in the sequence (f,) if there exists a sequence of holomorphic
charts gy, : (D\ B(—1,6,),0D) — (S,95) with 6, — 0, converging on D\ {1} to a
point p € S, and such that

Jn o0 — gD\{-1}-

Notice that in both cases we have area(g) < liminf area(f,).
The following result shows that noncompactness can only occur if there is some

bubbling.

PROPOSITION 5.1.2. — Let (f,,) be a sequence of J-holomorphic maps from
(S, 0S) into (V,W) whose areas are bounded by a fized constant A, and whose images
meet o fized compact set. Then, after passing to a subsequence (which we still name
(fa)), one of the following conditions is satisfied:

(i) (fn) converges to a J-holomorphic map foo : S — V.

(ii) There is a bubbling of some J-holomorphic sphere.

(ili) There is a bubbling of some J-holomorphic disc.

Proof. — We equip S with a conformal metric. Assume that (i) is not satis-
fied, i.e. (f,) has no converging subsequence. Since f,(S) meets a fixed compact
set, Ascoli’s theorem implies that the f, are not equicontinuous, so that M, =
max.cs ||dfn(2)|| tends to +o0c. Let p, € S be a point such that ||df,(p,)|| = M,. By
passing to a subsequence, we may assume that p, converges to a point p € S. By
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proposition 4.5.1, f,,(S) is contained in the fixed compact set N(K,CyA), so that
we can also assume that fn(2,) converges to a point v € V.

(a) Assume first that p € Int S. Let ¢ be a holomorphic chart (D,0) — (S, p).
Then u, = ¢ 1(p,) is defined and |u,| < % for n large enough. Set R, = %Mn and
wn(u) = w(MLn + up) so that ¢, is defined over D(R,). Then R, — +o0 and ¢,
converges to p on C.

Consider the J-holomorphic map g, = f,op, : D(R,) — V. It satisfies ||dg,|| <
Mn.C.Min = C < +o0 and g,(0) — v, thus by passing to a subsequence we may
assume that g, converges on C to a J-holomorphic map g : § — V. Moreover
ldf (0)]] = lim ||dg.(0}]| = ||¢’(0)|| > O, so g is not constant. Finally Fatou’s lemma
implies area (¢) < liminf area (g,) < liminfarea (f,) < A. Thus the theorem 4.5.1
of removable singularities implies the extension of g to CP?, so that we have proved
that g is a J-holomorphic sphere satisfying (ii).

(b) Assume now that p € 9S. Let 8, = dist (p,,05). Assume first that M, 6, =
R, is unbounded. By passing to a subsequence we may assume that R, — +oo.
We can find a holomorphic chart v, : (D, 6,) — (S, z,) with the property |¢]| ~ 1,
Le. C716, < |41,| < C8, for some positive constant C. Set ¢n(u) = ¢n(5-). Then
we can prove that (ii) holds exactly as in case (a).

(c) Finally, assume that p € 0S5 and that M,6, is bounded. Let ¢ be a holo-
morphic chart (D*,0D,1) — (S,85,p). Then u, = ¢~ (p,) is defined for 7 large
enough and converges to 1, with 1 — |u,| ~ 6,. Set

= (1- ML) o and (1) = (T ) = olhu(w)

Let K be a compact subset of D\ {—1}. Then the domain of definition of ¢,
contains K for n large enough and since v, — 1 we have ¢, — z on D \ {—1}.
Moreover,

/ o 1—|vaf?
e ()| = ¢ (hn(w))]- TFT=rl

For u € K this is equivalent to 1 — |v,| = M, . Thus for u € K we have
Ci(K) - M" < Jlgn ()l < Co(K) - M,

Now set g, = f. 0, as before, so that g, is a J-holomorphic map defined eventually
on any compact subset of D\{—1} and sending the boundary to W. Then on each K
we have ||dg,| < M,.C(K).M, ! = C3(K). Moreover, set u;, = (tn — vp)/(1 — Upttr)
so that u, = (u}, +v,)/(1 + Upu;,) whence @y (u;,) = p,. Then

! uTL un

" My — (M — Dun]? L+ 2Mes,

u

thus we can assume that u/, converges to a point u,, € D*.
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On the other hand, g, (u},) converges to v, so by passing to a subsequence we can
assume that g, converges on D\ {—1} to a J-holomorphic map g : (D \ {—1},0D\
{-1}) — (V,W). Furthermore

ldg(DIl = lim ||dgn(uie)l| = liminf My - (1], (un) |
> liminf M, - C;(DT) - M, ' = C1(K) > 0,

thus g is not constant. Finally, Fatou’s lemma and the theorem 4.7.3 on removable
singularity in the case with boundary allow us to prove that g extends to a J-
holomorphic disc satisfying (iii). This finishes the proof of the proposition. O

5.2. The compactness theorem for closed curves

DEFINITION 5.2.1. — Let(V, J) be an almost complex manifold. A cusp-curve
is a (j, J)-holomorphic map f : (X,7) — (V, J) defined on a closed Riemann surface,
not necessarily connected, with 2k distinct points identified by pairs. That is to say,
we are given pi, ..., Pk, q1, - - -, Qx on L satisfying f(p;) = flg;)-

Thus f induces f : & — V where & = T/ (p; ~ ¢;).

DEFINITION 5.2.2. — Let (J,) be a sequence of almost complex structures on
V, and fr, : (S,5.) — (V,J,) be a sequence of (jn, Jn)-holomorphic maps. Assume
that J,, converges to J and that f : (Z,5) — (V,J) is a cusp-curve. We say that
fn converges to f if there exists a continuous map o, : S — 5 with the following
properties:

o 0, (p;) = Y is an embedded loop for j =1,....k

e the topological type of (S, ) is constant, where 7, = U?:l’)’n,j

e 0, induces a diffeomorphism of S\ Y on T = L\ {p1, ..., ax}, and 0p.(jn)
converges to j on X'

1

e fooo,! converges to f uniformly on ¥'.

Remarks.

1. The uniform convergence implies that the the homotopy class [f,] € [S, V] is
eventually constant and satisfies [f,,] = [fo © 04, and also that

lim area( f,) = area(f).

2. If the complex structure j, is fixed (or more generally if it converges to some
Joo), the proof will show that ¥ is equal to S plus a finite number of spheres
corresponding to bubbles as described in §5.1.
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3. In the case of curves with boundary, the compactness theorem becomes un-
wieldy to state (although there are essentially no new ideas in the proof). If
the complex structure 7, is fixed, it implies that the homotopy class of f,, is for
n large enough equal to [f.o] +3;[gi] + X-;[h;] where f is a map from (S, S)
to (V,W), the g; are J-holomorphic spheres and the h; are J-holomorphic
discs with boundary in W.

THEOREM 5.2.3. — Let (V, J,, un) be uniformly tame and such that J, con-
verge to Jy,. Let S be a closed real surface (not necessarily connected) and (j,) a
sequence of complex structures on S. Let f, : (S,jn) — (V,Jn) be a sequence of
Ju-holomorphic maps. Assume that area(f,) is bounded by some constant A and
that the image f,(S,) meet a fived compact set. Then there is a subsequence which
converges to a cusp curve.

Sketch of proof. — We define v, to be a conformal metric on (S, j,) of constant
curvature 41 on each component of genus # 1, of constant curvature 0 and total
area 1 on each component of genus 1. Note that v, is unique on each component of
genus > 1.

We shall prove a slightly more general result than the one asserted’in the theorem.
Instead of assuming that f, is defined on all of S, we make the following hypotheses:

(H1) f, is defined on a closed subset S\ U,, where U, = U:_; B(gns, €ny) is &
union of a fixed number of p,-balls with radii tending to zero and the centers g;,
converge to q1, ..., ¢s (not necessarily distinct)

(H2) The total length of f,.(8U,) tends to zero.

The conclusion will be almost the same, with the following precisions:
® 7, ; is contained in S\ Uy,
e 0, is defined on S\ U,, and sends each compoment of U, to a point,

o the convergence of (f,) to fo is uniform on each compact subset of S\
{pl?’ A 7pk7q1, i '7qs} and also nea'r {ql’ A "qs} \ {pl’ et 7pk}'

Case 1. — Assume first that, after passing to a subsequence, j, converges
modulo Diff S. There is no loss of generality in assuming that j,, converges to j. The
proof will be by induction on [a%], where ag is the smallest area of a J-holomorphic
sphere.

If N = 0 then 5.1.2 implies that we have compactness. So we assume that N > 1

and that the result is already known when [a‘%] =N-1

Define M,(z) = d(z,Up)||dfn(2)|- If My(2) is uniformly bounded then f, con-
verges on S\ {ay,...,a,;} to some J-holomorphic map f.. Because of the theorem
on the removal of singularities, f, can be extended to all of S, and the proof of that
result also shows that the convergence is uniform also near {qi,...,¢s}
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On the other hand, if Mn(z) is not uniformly bounded, let p, be a point where
Mn(z) is maximal. By passing to a subsequence, we can assume that M,(p,) = M,
tends to +o0.

Set M, = ||dfn(p,)| and consider g,(u) = f,o¢ (Mln), where 7 is a chart near

pn. This is defined for |u| < CM,. Then, as in proposition 5.1.2, by passing to a
subsequence we can assume that it converges to a holomorphic sphere g.

Using the metric |du|/(1 + |u|?) on CP!, we see that ||dg,(u)|| < C/|ul* for
some constant C. Thus, after taking a subsequence we have ||dg,(u)|| < 2C/n? for
lu| < n. We can also assume area (g,(D(n))) — area(g) and €, = n/M, — 0.

Thus the length of g,(0D(n)) = fo(0B(pn,€x)) is 2mn - 2C/n? which tends to 0.
Moreover the area of f,(U, U B(p,,€,)) has diminished at least by aj. Therefore,
we can apply the induction hypothesis to

fn = fn | S\aB(men)'

Case 2. — Now assume that (j,) goes to infinity in the space J(5)/Diff S
(moduli space). We shall use induction on the maximal genus of a component of S.
The hypothesis on j, implies that we can find, in a fixed nonzero homotopy class,
a jp-conformal annulus A, of large module and whose generator curves have small
in-length (Mahler’s compactness theorem, see [8] and chapter VIII). Since U, is a
union of s small balls, the annulus A, can be found in S\ U,.

By the length-area argument we can find a meridian v, of A, such that the
length of f,(v,) tends to 0 and separating A in two annuli of large modulus. Then
we can apply the induction hypothesis to S\ (U, U ~v,).

Appendix: Stokes’ theorem for forms with differentiable coeflicients

A.l1. Statement

THEOREM A.1.1. — Let o be a differential form of degree n — 1 defined on a
compact domain B C R"™ with a piecewise C! boundary and differentiable except at
a finite number of points. Assume that one of the two following properties hold:

(1) do is Lebesgue integrable on B

(i) da > —C > —o0, where da is identified with o function (this implies that
the Lebesgue integral of da is well defined as an element of R U {+o00}).

Then we have | do =/ «.
B 8B

For C' a positive constant, we say that a domain U C R™ is C-fat if areal -
diam U < C volU. The proof will use the following lemma.

LEMMA A.1.2. — For every x € B there exists §(C) > 0 such that for every
C-fat domain U C B(z,6) one has

/hS/ a.
U U
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A.2. Proofs

The proof of A.1.1 generalises the one of [10] p.180 who proves the result in case
(i) for n = 1. I am indebted for this proof to Bruno Sévennec.

It is easy to see that it is enough to prove it in the case where the coeflicients
are everywhere differentiable. Fix ¢ > 0. There exists an upper semicontinuous
function h which satisfies h < da and

1
(A2.1) /h>/da—6(or >—if/ do = +00).
B B e JB
For a suitable C we can find arbitrarily fine triangulations of B with C-fat n-
simplices. In particular we can find one triangulation such that all n-simplices
satisfy the conclusion of the lemma. By summing the inequalities [, A < [5 «

over all the n-simplices we have a cancellation of all the integrals on an interior
n — 1-simplex on the right, so we get

/Bhg/aBa.

Comparing this with (A.2.1) and since ¢ is arbitrary, we obtain

/BdaS/aBa

(notice that this inequality is all that we need for the regularity of holomorphic
curves). Similarly, using a function g which is lower semicontinuous and > do we
can prove the reverse inequality [pda > [« This finishes the proof of Stokes
theorem. O

Proof of the lemma. —  Since h is upper semicontinuous and h(z) < da(z), one
has h(y) < da(z) — n for some 1 > 0 and |y — x| < 6 small enough. Thus

(A2.2) / h < (da(z) — ) vol(U).
U
On the other hand,
a(y) = a(z) + Dafz).(y — z) + o(ly — ).
Using the classical Stokes theorem and the fact that U is C-fat, we deduce
/3[] a = da(z) vol{(U) + o{vol(U)).

Comparing this and (A.2.2) we obtain the lemma. O
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Chapter VI

Singularities and positivity of
intersections of J-holomorphic curves

Dusa McDuff

with an appendix by Gang Liu

This chapter is devoted to proving some of the main technical results about
J-holomorphic curves which make them such a powerful tool when studying the
geometry of symplectic 4-manifolds. We begin by establishing some elementary local
properties of these curves. Next, we develop enough of the theory of deformations
of J-holomorphic curves to prove the following result in Gromov [2, 2.2.C5} on the
positivity of intersections of two curves in an almost complex 4-manifold.

THEOREM 2.1.1. — Two closed distinct J-holomorphic curves C and C' in an
almost complex 4-manifold (M, J) have only a finite number of intersection points.
Each such point x contributes a number k, > 1 to the algebraic intersection number
C - C'. Moreover, k, = 1 iff the curves C' and C' intersect transversally at x.

Finally, we simplify and sharpen some of the work in [4] in order to prove that
immersed curves are C2-dense in the “big” moduli space M,(A,w) of all curves
which are J-holomorphic for some tame J.

COROLLARY 4.2.1. — Immersed curves are dense in the “big” moduli space
M (A, w) C X x T with respect to the topology induced by the C2-topology on X and
the C-topology on J.

Although, as we shall see, the weaker density result proved in [4] is enough to
establish the adjunction formula, the sharper form is needed in [6] in order to prove
that evaluation maps for spaces of rational curves preserve orientation. Applications
of these results to symplectic 4-manifolds are described, for example, in [5, 6].

The proofs given are adaptations of the arguments in Nijenhuis and Woolf’s
fundamental paper [9], which to my knowledge is the first paper to discuss J-
holomorphic curves for non-integrable J. They are quite elementary and are com-
plete, except that some estimates are quoted from [9] without proof.

191
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I wish to thank Dietmar Salamon for his many useful comments on the first
section, and Gang Liu for a very careful reading of the text.

1. Elementary properties

1.1. J-holomorphic curves

Let (M, J) be an almost complex manifold and (X, ) be a Riemann surface. A
smooth map u : ¥ — M is called J-holomorphic if the differential du is a complex
linear map with respect to j and J:

Jodu=duoj.

There are many ways of writing this equation. It will be most convenient for us to
use the form derived by Nijenhuis and Woolf in [9], which writes it in terms of the
usual delbar operator on C.

By using appropriate charts on ¥ and on M, we may suppose that the domain of
u is a closed disc D = D(R) centered at 0 and of radius R in C, and that the range
M is C™ equipped with a C*™ almost complex structure J which equals the standard
structure Jy at the origin {0} = (0,...,0). We will write u;,%;,7 = 1,...,n, for
the component functions of u together with their conjugates, and 0 and 8 for the

usual del and delbar operators on C". We will consider maps u : D — C™ such that
u(0) =0.

LEMMA 1.1.1. — u is J-holomorphic if and only if
(1.1.2) Ou; + Aim (u(2)) 0ty = 0,

where, for each w € C", Ay, (w) is a certain n X n complez-valued matriz, which
is made from the entries of J(w) and which vanishes when J{w) = Jy. Thus
A (u(0)) = A (0) =0 for all i, m.

Proof. — Consider the complexified cotangent bundle V = T*C™ ® C, where
C" has its usual complex structure Jo. Each fiber V,,,w € C” of this bundle has
two commuting almost complex structures, one which we will call ¢ induced by
multiplication by +/—1 in C, and the other which we will call Jy induced by the
action of Jy on T(C™). We think of the former as the basic complex structure, and
consider the latter to be a complex linear automorphism of the complex vector space
(Vip,4). Then each V,, decomposes as V,,"* @ V,,%!, where V,,'* is the +i eigenspace
of Jo and V%! is the —i eigenspace. Correspondingly, V decomposes into a sum
V0@ V0! where V10, respectively V%!, is the space of complex valued forms with
Jo-type (1,0), respectively (0, 1).

Here is an explicit formula for this decomposition. If w; = z; +4y;,j=1,...,n
are the coordinates of C", then J, acts by:

0 o 0 0
T (a—xj) TG (5&;) =
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so that the transpose action on the cotangent space is
Jg(dl‘j) = —dyj, Jo(dy]) = dl‘j.

Thus

Jg(dﬂ)j) = Jo(d.’l?j + Zdy]) = “dy]‘ + Zdl‘] = ide,
which implies that dw; € V'°. Thus the summands V'® and V*' have bases
dwy, ..., dw,, and diy, . .., dw,. For short, we will denote the element 3 axdwy +
budiy, of V as adw + bdip where a,b € C", and correspondingly will describe auto-
morphisms X of V by means of 2 x 2 block matrices of the form:

[ X X
x=(3 ¥ ).
V has a similar decomposition V = V;*@ V" with respect to the almost complex
structure J. It is easy to check that P = 1(Id —iJ) and P = (Id + iJ) are the
corresponding projections onto the +i eigenspaces of J. Note that P(Id — P) =

0 = PP. Thus the space of complex valued 1-forms on (C",J) of J-type (1,0) is
spanned by the forms represented by the columns of P, namely:

Q1dw + Qsdw, Qadw + Qudw,

where Qy, denotes the transpose (P;)! of Py. It is well-known that amap v : D — C"
is J-holomorphic if and only if it pulls the 1-forms of J-type (1,0) back to 1-forms
of type (1,0) on D. Hence we require that the 1-forms

u*(Qrdw + Q3dw) = Qi(u)du+ Q3(u)du
w(Qedw + Qudw) = Qo(u)du + Q4(u)di

have type (1,0) on D. Since the type (0,1) part of the 1-form du on D is Ou this is
equivalent to the equations

Qléu + Qgé'lj = O, Qgéu + Q4517, = 0.

We claim that the second og these equations follows from the first. To see this,
observe that the equation PP = 0 implies:

By the definition of P, P, = 1d at w = 0. Thus P, is invertible near {0}, and if
B=-Py(P)7",
P, = P,B, P, = PB3B.
Thus
Q2:P§:Btha Q4:Btp?fv
showing that the second equation is B! times the first. Moreover, by multiplying

the first equation by (Q;)™!, one gets an equation of the required form. Note that
A(0) = 0 because Q2(0) = 0. O
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Remark. — Nijenhuis and Woolf show by a simple calculation that all the
components P of P can be written in terms of A (they use the fact that J is real,
which implies J; = Jy, Jo = J3). Conversely, given any matrix A of complex valued
functions such that (1 — AA) is invertible, they construct a corresponding P and
hence J. Thus, for such A, every solution of equation (1.1.2) is J-holomorphic for
an appropriate J.

COROLLARY 1.1.3. — Any map u which satisfies equation (1.1.2) is a solution
of a system of equations of the form:

O0u; = (U, Ojtim, Oum) i=1,...n,

where v; = 0 when all its arguments equal zero (here 0; denotes the partial derivative

0/0z;, etc).

Proof. — In shorthand notation we may write equation (1.1.2) as:
Ou+ Adu = 0.

Thus 89u + A0 is a function of u and its first derivatives. By taking conjugates,
we see that 94+ Ad0u is too. Therefore, substituting for 9% in the first equation,
we find (1 — AA)08u also has this property. The result now follows by multiplying
by (1 - AA)~L. O

Here is a useful consequence of this result.

LemMa 1.1.4. — If two J-holomorphic curves u,v’ : ¥ — (M, J) have the
same oo-jet at a point z of a connected Riemann surface 3, then u = u'.

Proof. — Since X is connected, it is enough to prove this locally. Hence, by the
above corollary, we may assume that u and ' are solutions of the following system
of equations on D:

5fz = "/}i(fmvajfmygjfm) 1=1,...m,

and that g = u — 4 vanishes to infinite order at {0} € D. Because g and its deriva-
tives are bounded on D, it is easy to check that g satisfies differential inequalities
of the form:

100g:(2)> < K> (|gm|” + [0gm[* + |0gml),

fori=1,...,nand all 2 € D. The desired conclusion now follows from Aronszajn’s
strong unique continuation theorem which we now quote:

THEOREM 1.1.5 (Aronszajn). — Suppose that g € W22(D,R™) satisfies the
pointwise estimate

agtost < ¢l + 52060] + | 6.0
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(almost everywhere) where A is the Laplace operator. Suppose further that g vanishes
to infinite order at the point z = 0 in the sense that

[ 1) =06

zl<r
for every k > 0. Then g = 0.

Here W2%(D,R™) is the Sobolev space of maps from D to R™ whose second
derivative is L? on all precompact open subsets of D. Since all the maps which
we consider here are smooth, a reader who is unfamiliar with Sobolev spaces can
suppose that g is C*°. This theorem can be viewed as a generalisation of the unique
continuation theorem for analytic functions. It is proved by Aronszajn in [1] and by

Hartman and Wintner in {3].

1.2. Critical points

A critical point of a J-holomorphic curve u : ¥ — M is a point z € ¥ such
that du(z) = 0. If we think of the image C = u(¥) C M as an unparametrised
J-holomorphic curve, then a point z € C is said to be critical if it is the image of
a critical point of u. Points on C which are not critical are called regular or non-
singular. In the integrable case critical points of nonconstant holomorphic curves are
obviously isolated. The next proposition asserts this for arbitrary almost complex
structures.

LEMMA 1.2.1. — Letu: X — M be a nonconstant J-holomorphic curve, for
some compact connected Riemann surface . Then the set

X ={ze¥|du(z) =0}

of critical points is finite.

Proof. — It suffices to prove that critical points are isolated, and so we may
work locally. Thus we may suppose that §2 is an open neighbourhood of the origin
{0} in C, and that the map u from (€, {0}) to (C",{0}) is J-holomorphic for some
J : C* —» GL(2n,R). Moreover, we may assume that J is standard, that is equal
to Jo, at the point {0}. Thus

w(0)=0, du(0)=0, wz0, J(O)=Jo.

Write z = s + 4¢. Since u is non-constant it follows from lemma 1.1.4 that the
oo-jet of u(z) at z = 0 must be non-zero. Hence there exists an integer k > 2 such
that u(z) = O(|z|F) and u(z) # O(]z|¥*!). This implies Ay, (u(z)) = O(|z|F). Now
examine the Taylor expansion of the equation

Ou; + App (u(2)) 01y, = 0,
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up to order k — 1 to obtain
5Tk(u) = 0,

where T} (u) denotes the Taylor expansion of u of order up to and including k. It
follows that T;(u) : C — C™ is a holomorphic function and there exists a nonzero
vector ¢ € C" such that

Ou

u(z) = az* + O(|z|k+1), &(z) =kaz*1 4 O(|z|").

Hence
O<izl<e = w(2)#0, du(z)#0

with € > 0 sufficiently small. This proves the lemma. O

We now show how to choose nice coordinates near a regular point of a J-
holomorphic curve.

LEMMA 1.2.2. — Let§) C C be an open neighbourhood of {0} andv : Q@ — M
be a local J-holomorphic curve such that du(0) £ 0. Then there exists a chart
o : U — C" defined on a neighbourhood of w(0) such that

aou(z) = (z0,...,0), da(u(2))J (u(z)) = Joda(u(z))

for z € QNuY(U).

Proof. — Write z = s +it € Q and w = (wy,wy,...,w,) € C" where w; =
x; +4y;. Shrink € if necessary and choose a complex frame of the bundle w*T'M

such that

ou
Z1(2), ..., Zn(2) € Ty M, Z, = 5

Define ¢ :  x C* ! — M by

(Wi, ..., W) = eXPyyy) (Enj x;Z;(wr) + iij(u(wl))Zj(wl))

where exp denotes the exponential map with respect to some metric on M. Then ¢
is a diffeomorphism of a neighbourhood V of zero in C™ onto a neighbourhood U of
u(0) in M. It satisfies ¢(21,0,...,0) = u(z;) and

9y
a_x,-+‘](‘p

% _

0
0yj

at all points z = (2;,0,...,0) and j = 1,...,n. Hence the inversea = ! : U — V
is as required. O
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1.3. Intersections

We next start investigating intersections of two distinct J-holomorphic curves.
The most significant results in this connection occur in dimension 4, and will be
discussed in the next section. For now, we prove a useful result which is valid in
all dimensions asserting that intersection points of distinct J-holomorphic curves
w: X — Mand ¢ : ¥ — M can only accumulate at points which are critical
on both curves C = u(%) and ¢" = /(¥'). For local J-holomorphic curves this
statement can be reformulated as follows.

LEMMA 1.3.1. — Let u,v : @ — M be local non-constant J-holomorphic
curves defined on an open neighbourhood £ of 0 such that

u(0) = v(0), du(0) 0.
Moreover, assume that there exist sequences z,, (, € 2 such that
u(2,) = v((), Vh_{{.lo 2y = }HEO ¢ =0, G #0+# 2z,

Then there exists a holomorphic function ¢ : ¥ — Q defined in some neighbourhood
of zero such that ¢(0) =0 and v =uoc .

Proof. — By lemma 1.2.2 we may assume without loss of generality that M =
C" and
U(Z)’: (Z,O)a J(wl,()) =1

where w = (wy, w) with @ € C"1. Write v(z) = (v,(2),5(2)).

We show first that the oco-jet of ¥ at z = 0 must vanish. Otherwise there would
exist an integer £ > 0 such that #(z) = O(|2[¥) and #(z) # O(|z|**!). The assumption
of the lemma implies £ > 1 and hence J(v(z)) = Jo + O(|z|*). As in the proof of
lemma 1.2.1, consider the Taylor expansion up to order £ — 1 on the left hand side
of the equation Ov + A(v)dv = 0 to obtain that Ty(v) is holomorphic. Hence

vi(2) =p(2) + 021", 9(2) = @2’ + O(l=*)

where p(z) is a polynomial of order £ and @ € C*! is nonzero. This implies that
#(z) # 0 in some neighbourhood of 0 and hence u(z) # v(z) in this neighbourhood,
in contradiction to the assumption of the lemma. Thus we have proved that the
oo-jet of ¥ at z = 0 vanishes.

We prove that 9(z) = 0. To see this note that, because J = J, along the axis
{@w =0}, A(w) = 0 there, and so

8;4(11)17 0) . aA(wl, O)

Oz, oy =0
for all w; (here A is as in lemma 1.1.1). Hence
0A(w)| |0A(w) .
<
‘ 81'1 + ‘ 6y1 - CI’LU| ’
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and hence 3
0cAw)] < e (ja] +¢])-

By arguing as in corollary 1.1.3, one easily sees that
|000] < c (|| + |058]) .

Hence it follows from Aronszajn’s theorem that & = 0. The required function ¢ is
now given by ¢(z) = v1(2). O

2. Positivity of intersections

2.1. The main theorem

Here is the statement of the main theorem.

THEOREM 2.1.1. — Two closed distinct J-holomorphic curves C and C' in an
almost complex 4-manifold (M, J) have only a finite number of intersection points.
Each such point x contributes a number k, > 1 to the algebraic intersection number
C - C'. Moreover, k, = 1 iff the curves C and C' intersect transversally at x.

The proof of this theorem has two ingredients: some topology and a deforma-
tion result (proposition 2.1.2). The necessary topology is only sketched: interested
readers can refer to [4] for more detail. The deformation result is proved in detail
in §3 because the proof given in [4] can be simplified by using the approach of [7].
We also take the opportunity to correct some minor mistakes in [4, 7).

Step 1: Definition of k, and ky. — When z is an isolated point of intersection,
the number &, may be calculated as follows:

(i) choose closed neighbourhoods U € C and U’ C C' of z which intersect only at
T3

(ii) perturb U keeping OU disjoint from U’ and dU’ disjoint from U to make U
intersect U’ in transverse double points; and

(iil) count the number of these points with sign according to the orientation.

It is not hard to check that this number k, is well-defined, i.e. independent of all
choices. Indeed, it is a basic topological fact that the algebraic intersection number
of U and U’ does not change under deformations which satisfy condition (ii) above.

When z is not isolated, one cannot define k, in this way since it is impossible
to satisfy condition (i). However, by the results in the previous section, we know
that the only accumulation points of C N C" are critical on both C and €’ and that
critical points are isolated. Therefore, there is a closed neighbourhood U of z in
C whose boundary OU does not meet C’. We may also suppose that « is the only
critical point on U and that U does not meet C’ in any critical point other than z.
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Choose a closed neighbourhood U’ of z in €’ such that UNC" = U NIntU’'. Then,
if we perturb U in such a way that condition (ii) continues to hold, the intersection
number of U with U’ does not change, and so, given a perturbation which intersects
U’ in transverse double points, we may define kg, as before, by counting these points
according to orientation. Note that this number may depend on the choice of U but
not on the choice of U’. Moreover, if z is regular on one of the curves, « is an isolated
point of intersection and so ky = k, for sufficiently small neighbourhoods U.

Step 2: Proof of the theorem when z is a regular point of C. — By lemma 1.3.1
we may identify a neighbourhood of z in M with a neighbourhood V' of {0} in C?
in such a way that J = Jy at {0}, C is given by z = (2,0) and C’ is parametrised
by a function of the form z — (f(z),az* + O(k + 1)). Suppose further that {0}
is the only intersection point of C' and C’" in V. Then their boundary curves are
disjoint, and so remain disjoint under small perturbations. It follows that if V and
e > 0 are both sufficiently small, we may perturb C’ first to the image of the map
z — (f(z),az") and then to the image of the map z — (f'(2),e + a2z¥) without
changing the algebraic number of intersection points of this curve with C. An easy
calculation now shows that this intersection number is k.

This proves the theorem when z is regular on one of the curves. We now have
to make sure that if z is critical on both curves it is not possible to perturb C' and
C' near z so as to create lots of points which contribute negatively to C' - C’. This
bad behavior is ruled out in the next step.

Step 3: Proof that ky > 0. — Observe first that it suffices to prove this for any
sufficiently small neighbourhood of z in C, where z is critical on both curves. For,
by step 2, ky increases when U is enlarged to include more points of intersection
which are non-singular on at least one of the curves. Therefore we may suppose that
z is the only singular point on C' and C’. The argument is based on the following
proposition.

PROPOSITION 2.1.2. — Ifu is a J-holomorphic map (D(R),0) — (C2,(0,0))
and if v(t) is any arc beginning at v(0) = (0,0), there is, for some R' < R and some
to > 0 a smooth family u, : (D(R'),0) — (C%,~(¢)), [t| < to, of local J-holomorphic
curves in C? with up = u. If u is critical at z = 0, we may assume that each u; is
also critical at z = 0. Further, given u = ug, we may choose v(t) so that the disc
u(D(R')) does not go through v(0) for t # 0.

Note that here we have written D(R) for the closed disc of radius R centered at
0 in C. This result is a deformation result: it says that local J-holomorphic curves
through the point x persist as the point  moves, even if z is a singular point.

This proposition is proved in the next section. To apply it here, let us suppose
that our two curves C' = Imu and ¢’ = Im ' meet at (0,0) € C2. Choose the arc
4(t) so that there is a deformation u, : D(R') — C? of u which does not go through
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(0,0), when ¢ > 0. Further, choose U = u(D(R,)), for some R, < R', so that
its boundary is disjoint from C’, and choose a suitable U”’. Then, for small ¢, the
deformation U; = u;(D(R;)) satisfies condition (ii) above, and ky is the intersection
number of u;(D(R')) with C” for small ¢ # 0. Since we have arranged that all of the
points in this intersection are non-singular on C’, this intersection number is > 0 by
step 2. Note that it may be 0 since u;(D(R’)) might be disjoint from U".

Step 4: Proof of the theorem. — We first show that C N C’ is finite. For
suppose not, let N be the intersection number C - C' and let {z;,...,z;} be the
finite set of points in C' N C” which are singular on both curves. (Observe that N is
finite because it is the intersection number of the homology classes represented by
C and C'.) Then there are infinitely many points in C N C” which are regular on at
least one of the curves, and so there is a neighbourhood U of {x1,...,zx} in C such
that (C'—U)NC’ contains more than N points. Since k, > 1 forallz € (C-U)NC’,
we must have (C —U)-C' > N. But then

N=C-C=ky+(C-U)nC"=(C-U)NnC" >N,

which is absurd.

Since C N is finite, all points of intersection are isolated, and k, is defined
for all points z € C N C’. Suppose that x € C N ¢’ is singular on both curves.
We must show that k, > 1. Choose R > 0 so that u(D(R)) meets C’ only at
z = u(0), choose an arc v C C’ through z, and deform C = Imwu along v as in
proposition 2.1.2. We may assume that, for small ¢, v, is critical at z = 0. Then
k, may be calculated by counting up the intersection points of Imu¢|p(ry with C'.
By step 2, the contribution from y = u,(0) € €' is > 1. Since all other points
of intersection contribute a number which is > 0 by step 3, the total intersection
number is > 1 as required. O

It remains to prove proposition 2.1.2. This will follow (in §3.3) by using the
methods which Nijenhuis and Woolf developed in [9] to prove local existence for
J-holomorphic curves and the integrability theorem for almost complex structures
J. Our presentation will follow [7], and is simpler than that in [4] in that we do not
use branched covers.

2.2. The adjunction formula

The other main result about singularities which is needed for applications to
4-dimensional symplectic geometry is the adjunction formula, which gives a useful
numerical criterion for a curve to be embedded. Recall that if C is the image of a
J-holomorphic map from a Riemann surface of genus ¢ to V, then the virtual genus
of C is defined to be the number

o(0) =1+ 5(C-C~a(C))
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where ¢; is the first Chern class of the complex vector bundle (T'V, J).

THEOREM 2.2.1 (the adjunction formula). — If C is the image of a some-
where injective J-holomorphic map u : ¥ — M, the virtual genus g{(C) is an integer.
Moreover,

g9(C) > g = genus X,

with equality if and only if C is embedded.

A proof is sketched at the end of §4. Roughly speaking, this theorem says that
each singular point z of a J-holomorphic curve contributes a positive number k&, to
the self-intersection number. It is harder to prove than positivity of intersections
because it involves only one curve. Indeed, it is even quite hard to measure k,
(this is, of course, the intersection number of a neighbourhood U of x with some
perturbation of U, but one has to be careful about prescribing how the boundary
of U is allowed to move since this affects the number of intersections). If U is a
topologically embedded neighbourhood of z in C, we may define &, to be the self-
intersection number of a perturbation U’ of U which is immersed and is equal to U
near its boundary. However, this definition is not suitable in our context since the
perturbations U’ which we use are J-holomorphic and so never equal U near the
boundary. A full discussion may be found in [4, §4].

In [7] the methods developed in the next section are pushed further to give a
complete description of the topological type of a J-holomorphic singularity. It is
shown that no new singularities occur in the non-integrable case. In particular, in
dimension 4 a neighbourhood of a singular point is homeomorphic to a cone over
an algebraic knot in S3. (Another proof of this, one which is valid under weaker
smoothness assumptions on .J, may be found in [8].) It is easy to see that this result
also implies the adjunction formula. However, it does not imply corollary 4.2.1 on
the density of immersed curves, since the methods in [7] are purely local: they allow
us to deform C' to a curve C” which is non-singular at the given point z, but they
give no control over the size of the neighbourhood on which €’ is non-singular.

3. Local deformations

3.1. An integral equation

Nijenhuis and Woolf establish local existence of J-holomorphic curves by trans-
forming equation (1.1.2) into an integral equation which involves the usual Cauchy
kernel S and the usual Green’s operator T for & on D = D(R). Thus, given a
complex valued function f, we define

Su(h) = 5 [ T ¢

2mi Jop ( — z
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and
/ 1 f(©) =
Trf(2) = 211 //D (—z e dc.

In order that our maps all preserve 0, it will be convenient also to define

Sr(f) = Sg(f) —Srf(0), and
Tr(f) = Ta(f) —Trf(0).

LEMMA 3.1.1.
(i) If f : (D(R),0) — (C,0) is C'-smooth then:
(8) BSu(f) = 0 and OTa(f) = f:
(b) f=Srf+Trof;
(c) SrSr(f) = Sr(f) and SgTr(f) =0.

(ii) If f is C™, then for each k > 0 there is a constant c, which depends on k, Ry
and f, such that

||SRf||k:R S c||f||k+l:R7 fOT dll R S R07

where || - ||x.r denotes the C¥-norm on D(R).

Proof. — 1t is well-known that the properties in (i) hold for S% and Tj: see,
for example, [9]. Therefore, they also hold for Sg and Tk. (ii) is also elementary,
and may be proved by applying the usual integral formula to evaluate the k-th
derivative of Sg(f), where f is expressed as a polynomial of degree k plus (k + 1)st
order remainder. 0

Remark. — We will denote the co-jet of f at 2 = 0 by j°(f), and will consider
it to be a power series (with complex coefficients) in z and z. Its “holomorphic part”
consists of all terms which involve powers of z alone and will be called j7°(f). When
f is real analytic in D, the formal power series j*°(f) is convergent in D with sum
f(2). In this case, it is easy to describe Sg. Namely!, if

f= Z Ampz" 2P,

m,p>0

then
Spf= > ampR?2™7.

m>p>0
Thus Sy depends on R. Further, as R — 0, the coefficient of each term in j°(Sg(f))
tends to the coefficient of the corresponding term in j3°(f). In the general case, we
may think of Si(f) as the function on D(R) given by the non-negative part of the
Fourier series of flap(r)-

IThe following sentences correct Note 1.2 in [7]. I am grateful to Gang Liu for pointing out this
error.
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Following [9], we consider the norm || - ||, which is defined as follows. For f in
the space C3™*(D(R)) of functions (D(R),0) — (C,0) which are C'**-smooth, set

11z = max {[|0fl, |0fllr}, [Ifllr = |fIr+ (2R)*Half].

Here H,[f] is the usual Holder norm of exponent 0,0 < o < 1, and [f|lg =
sup{|f(z)| : z € D(R)}. Since f(0) = 0, the value of || f||; does bound |f|r.
In fact, it is not hard to see that

fle < Ifllrd < 6R|| [
(See [9] 7.1c.)

Remark. — 1If u = (uj,uy) maps (D,0) to (C?(0,0)), we extend all these
definitions componentwise. Further, to be consistent with (9], we define ||ul/, =
sup |[u;|’, ete. O

Given u : (D(R),0) — (C?(0,0)) set

~Tr (; Aim(u(z))gam> , and

O;(v) = Oi(u)—2 (%9;@)(0)) , for i=1,2,

=
==

2
=

[

and set
0(u) = (61(w), ba(w)).
Lemma 3.1.2. — d8(u)(0) =0 when u(0) = (0,0).

Proof. — Because OTx(f) = f for all f and because A;,((0,0)) = 0, one easily
checks that 97 (A(u)0u) vanishes at z = 0. Thus the linear terms of Tr(A(u)0a)
are holomorphic. O

We took the linear terms out of 8 in order to gain control over the first derivatives

of the J-holomorphic curve which we will construct. Thus, here we are following
[9, 4] rather than [7].

Consider the following equation on D = D(R):
(3.1.3) u(z) = ¢(2) +0(u)(z), w(0) = (0,0),
where ¢ : (D,0) — (C2,(0,0)) is any Jo-holomorphic map, i.e. dp = 0. The next

lemma shows that this integral equation is equivalent to the generalised Cauchy-
Riemann equation (1.1.2).

LEMMA 3.1.4. — Assume that J is an almost complex structure on C? such
that J((0,0)) = Jy and that ¢ is Jo-holomorphic. If u solves equation (3.1.3) on
D(R) for a given @ then u is J-holomorphic. Conversely, every J-holomorphic map
u : (D(R),0) — (C%(0,0)) is a solution of equation (3.1.3) for ¢ = @r(u) =
Sr(u) + 2 (26 (u)(0)).
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Proof. — The first statement follows by applying d to equation (3.1.3) and
using lemma 3.1.1(a), equation (1.1.2) and the definition of . The converse is
proved by substituting —Ad% for Ju in lemma 3.1.1(b). O

3.2. Local existence results

We aim to show that for every J-holomorphic map u there is a constant R; such
that u is uniquely determined by ¢(u) for all R < R;. We begin with the following
proposition.

PROPOSITION 3.2.1. — Suppose that ¢ : (D(Ry),0) — (C?,(0,0)) is a holo-
morphic map with |||z, < K. Then, if the functions Ay, are C*, there is Ry < Ry
such that, for each R < Ry, equation (3.1.3) has a unique solution ug for which
ur(0) = (0,0) and ||ug|s < 2K. Moreover, this solution is C* and depends
smoothly on ¢ and on the component functions An,.

Proof. — Here is a sketch of the proof. Let B = Bgr be the Banach space
consisting of all functions A : (D(R),0)— (C2,(0,0)) such that ||h|z < oo, with
norm | - ||, and let

A ={heB:|h|r <2K}.

By {9, (6.1.2,4)] there is a constant ¢; which is independent of R such that
ITr(u)||r < cllullg forall u e CyT*(D(R)).
Using this, we find for A € B that

(3.2.2) 1M = | Tr(Ain(h)0hm) Iz < c1ll Aim ()]l
ney || Aim (B | 21 Al -

IA

If ||h||%; < 2K, then Oh and h are uniformly bounded by 2K and so h is uniformly
bounded by 2K R on D(R). Thus

(3.2.3) ||Ain(R)||r = |Aim(R)|r + 2R*Ho[Aim (R)] < co|h|r + csR* < ¢4 R%,
for some constant ¢, which is independent of R < Ry. Therefore
10/(R)||r < csR*||h|y  where c5 = neica,
which implies that
(3:24) 10(A)II% < 2c5R*||Ap-

It is also shown in [9] that when A, € C'** there is a constant cg which is inde-
pendent of R such that

(3.2.5) | Aim(h) = Aim(B)l| = < coRII = hllr
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It is now not hard to show that
[6(h) = 6(h)|'k < crR¥|IR = hllg,

where ¢; is independent of R < Ry. (These last two steps are discussed further
in the next section.) Therefore, if R, is chosen so that both 2¢s R and c;R$ are
< %, the map h +» ¢ + 6(h) is a contraction mapping of A. The first statement in
the the proposition now follows easily. The claim that ug is C* holds by standard
elliptic regularity (and is proved in [9]). The proof of the statement about the
smoothness of the dependence on parameters may be found in [9, (5.4)]. See also
the appendix, which treats the question of C2-dependence on parameters in the
slightly more general situation considered in §4. O

Given ¢, we will write Hg(p) for the solution ug of equation (3.1.3) which is
constructed above. Note that this solution will depend on R in general and exists
only when R < Ry = Ri(K, Aim).

COROLLARY 3.2.6. — Ifu is a J-holomorphic map (D(Ry),0) — (C?,(0,0)),
then there is Ry < Ry such that Hr(pr(u)) ezists for all R < R; and equals u.

Proof. — This is almost obvious. We just have to check that given u, there is
Ry > 0 and K > 0 such that ||or(u)|s < K for all R < Ry. For if this is so, we may
increase K if necessary so that ||ul/; < 2K for all R < Ry and then conclude that
u = Hp(pgr(u)) for all R < Ry by the uniqueness statement in the above proposition.
But pr(u) = Sg(u) + 2 (%9’(11)(0)), and both parts of this are uniformly bounded
(for fixed u) as R — 0: this holds for Sg by part (ii) of lemma 3.1.1, and for ' by
inequality (3.2.4). O

3.3. Local perturbations

The following result is the key to the proof of proposition 2.1.2.

THEOREM 3.3.1. — Suppose that Jy, A € A, is any family of C®-smooth al-
most complex structures on M which depends C*-smoothly on the parameter A € A.
If, for some Ag € A, uy, : D — M is a Jy,-holomorphic curve through x, then one
can find a neighbourhood N of Ao in A and an R > 0 such that uy, ertends to a
family

uy @ (D(R),0) — (M, z)

of Jx-holomorphic curves through x which depend C*-smoothly on A € N. If uy, is
singular at =, we may assume that the uy are also singular at x.
Moreover, there is a constant ¢ > 0 which is independent of R such that

lus = uxollr < cllIx = Ixoller
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Proof. — Clearly, we can choose coordinates near z so that w(0) = (0,0)
and J((0,0)) = Jo. Further, by replacing Jy by (gx)«(Jx), for a suitable family
of local diffeomorphisms g,, we may suppose that Jy(0) = J;. By corollary 3.2.6,
ux, = Hr(pr(uy,)) for sufficiently small R. Thus, by proposition 3.2.1, we can get
a smooth family of solutions u, by taking ¢ = pg(uy,) and perturbing J = J,,.
Lemma 3.1.2 implies that, when w is J-holomorphic, du(0) = dpg(u)(0). Therefore,
if uy, is singular at z, so is wr(uy,) and the uy.

'To prove the last statement, let 6y be the operator 6 with coefficients A3, coming
from Jy and let K be the corresponding contraction mapping h + @ +68,(h). Then,

un —wrolle < [[Ka(trg) = ol
= [|8x(un,) — O (uro)l|

= ”TR ((A;\m(u/\o) - Az‘)‘r%(u)\o)) é(ﬂko)m) ”IR

< eysup || 4G, (ung) — Ad(wa) [ rllur, 17
m
< csupllA}, — Adle:
m
as required. O
Proof of proposition 2.1.2. — 'To prove the first two statements we apply

theorem 3.3.1 with J; = (g;).(J), where g, is a family of local diffeomorphisms of M
such that g,(y(t)) = u(0) to get a family of J,-holomorphic maps u}, and then put
w = (g:)"" o}

To prove the last statement we need to choose 7(t) so that, for small ¢, the
images u;(D(R)) of the Ji-holomorphic maps w} do not go through g;(z). (Note
that R must be independent of ¢ here.) It is easy to see that we may choose ~(t)
and g; so that (i) J; = J at u(0) for all ¢;

(ii) dist(ge(z), ug(D(R))) > kit for all small ¢ and some k; > 0; and
(iii) ||Je — Joller < kot for some kq.
Applying the inequality

hlr = sup{|h(2)| : = € D(R)} < 6R|hll5

to h = u; — u, we find that

[uy(z) — u(z)| < 6Rckot < %t, for small ¢, andall ze€ D(R)

provided that R < 21— Hence g,(z) ¢ uj(D(R)), as required. O

Tock;
4. Perturbing away singularities

4.1. Approximation by immersions

In this section we show that singular local J-holomorphic curves may be per-
turbed to be immersed. We will prove a slightly sharper result than in [4].



Chap. VI Positivity of intersections 207

THEOREM 4.1.1. — Suppose that uy : (D(R),0) — (C2,(0,0)) is a J-holo-
morphic curve which is singular at z = 0. Then, for some Ry < R, €9 > 0 there
is a family of J-holomorphic maps u. : (D(R;),0) — (C2,(0,0)), |e| < &, whose
second derivatives are continuous functions of €. Moreover, the u. are immersions

fore #0.

Proof. — The idea of the proof is to lift ug over a suitable branched cover
to get an immersion @g. If J is the corresponding lift of J, then one can perturb
fip to a family of J-holomorphic immersed curves i, which project downstairs to
immersions. Thus, the outline of the proof is the same as in [4, §3]. However,
we begin with a different choice of coordinates near (0,0) € C?, and so consider a
slightly different branched cover?. This makes the lift J of J smoother than before,
and so enables us to simplify the argument.

We first claim that we may choose Jy-holomorphic coordinates (wq,ws) near
(0,0) in C? so that u has the form

u(?) = (28, @™ + O(|2[?),

where k > 2 and a € C. To see this, observe that the argument of lemma 1.2.1
shows in fact that u is holomorphic through order 2k — 1, that is

5T2kfl (u) = 0.

Since k > 2, this means in particular that the terms in u of order £ and k + 1 are
holomorphic. Thus u has the form

w(z) = (a,b)2* + (¢, d) ¥ + O(|2**?),

where a,b,¢,d € C and a # 0. We may make b = 0 by the coordinate change
(w1, wg) — (w1, wa—bw;/a) and then make (a, ¢) = (1, 0) by replacing the coordinate
wy by wy(a+ cw;)*. This puts u into the stated form.

We now choose C*-smooth coordinates (w],w})) near (0,0) so that in addition
the axis {w}, = 0} and all the vertical curves w] = const. are J-holomorphic. (To
arrange this, use proposition 2.1.2 to find a J-holomorphic disc tangent to {ws = 0}
to serve as the new axis {w) = 0}, and then find a family of J-holomorphic discs
perpendicular to {w}, = 0} which will serve as the verticals w} = const.) Clearly,
by reparametrising these discs (using the fact that every almost complex structure
on a 2-manifold is integrable), we may further assume that J = Jy on the tangent
bundles to these verticals.

2In fact, Micallef pointed out that [4, Lemma 2.5] is not quite correct: one cannot always choose
coordinates so that an arbitrary almost complex structure J on C? equals Jy at all points on the
axes {w; = 0} and {wy = 0}, though one can make them equal along one axis as we saw in
lemma 1.2.2. Thus something has to be done to this proof, and it is fortunate that we can simplify
it at the same time.
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From now on, we will call our coordinates w;,wy and assume that they satisfy
all these conditions. Consider the branched cover:
V:C = C? (wy,wp) = (w]f,wz)-

If we write kw’ ™! = a+ib, then a, b are real homogeneous polynomials of order k—1
in 71,31, where w; = z; + iy;, and it is easy to check that

—b
dq"(wl,wz) =

[en BN en RS =
oo e

o - OO
— O O O

and
a/lewllz’“_2 b/k2lw112’°‘2 00
_ —b/E2 w122 gk w2 0 0
d\I/ 1|‘Ii(w1,w2) — / ‘O l‘ / |01| . 0
0 0 01

Next, consider the lift J=d¥ 1o Jod¥ of J. Our hypotheses imply that
By Bz 00
J=J+B=Js+

oy
w
=
&
[
1)
o oo
o oo

where the functions By, = 0 when wy = 0. Thus their Taylor expansion has order
> 1in z4,1. It follows easily that the lift J = J; + B is well-defined except on
the branching axis {(0,ws) : ws # 0}. Further, the functions Byg(w:,ws) are either
smooth or have the form

xoh(x1, yl)/]wli%’2 + b/ (4, yl)/|w1‘2k“2 + higher order terms

where h, b’ are homogeneous polynomials of order 2k — 2. Thus the first derivatives
of the functions B,, are bounded on the cone

T = {(wy,ws) | |wo| < Jun| < 1}

The reason for considering ¥ is that the J-holomorphic map u lifts over ¥ to an
immersion 4 of the form

i(z) = (W (2), i2(2)) = (2(1 + (2)), 2(2))
where h is at least C1. To see this, recall that we chose coordinates so that
u(z) = (uy,u9) = (2F,02"1) + O(|2[*?).

Because the Taylor expansion of u; involves z as well as z, it is not divisible by
7. But, the worst terms of 2~ *u; have the form 2‘/2” where p < k and £ —p >
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k+2—k =2, and it is easy to check that these are C'. Thus 2z %u; = 1+ f, where
fis C. Since 1+ h is the k-th root of 1 + f, the result follows.
Consider the C? change of coordinates:

B(wy, wy) = (i7" (wn), wy — (i7" (1))
Then ® = Id on the axis {w; = 0} and the map @, given by
i(z) = ®oi(z) = (2,0),

is J-holomorphic, where J = <I>*(j ). Note that J is as smooth as J. In particular,
it is easy to check that its first derivatives are bounded on the deleted cone I — {0},
and that its second derivatives grow no faster than 1/||w| as ||w| — 0. Clearly, the
corresponding functions Ay, also have these growth properties.

We now want to apply proposition 3.2.1 with the almost complex structure J
to the family of maps ¢. = 2(1,¢). Since g is J-holomorphic, the solution H r(we)
corresponding to g is just ¢ = 4. We claim that, for some Ry,&¢ > 0, there is a
family of solutions Hg(p.) for |e| < eg. To see this, note first instead of working in
A, we can set up our contraction map on the space:

L= {h: hz) = 2(01,0) +h, [lly < 33
Note that all the elements of L are embeddings. Further, it is easy to check that, if
h € L, then h(D(R)) C T for R < 1/2.

Next observe that all the estimates in the proof of proposition 3.2.1 except pos-
sibly for (3.2.5) apply with our A;m, which are of class C* rather than of class C*°.
To check that (3.2.5) holds we will need the following lemmas.

LEMMA 4.1.2. — Lety: D(R)— {0} — C be a bounded function whose first
derivative is such that

dp(z)| < =2,
2]

and let v € B. Then, ||l¢-¥|lr < cR||¢|r, where cg depends only on cg and
m = sup|ty|.

Proof. — Note first that

Ha[‘P ’ 1/’] < Sup|z|§|z/| <|<P(Z) |—Zci(‘zz'/)|yd)(z')| + |<p(z)|‘|f(_z)z,—|a¢(z')|)
< m Halp] + suppym 2] nson;zf;jv — |l
< mHylg] + [l |res R

Here we used the fact that |¢(z)| < |2|max{|0¢|r, |0p|r} < |2| |l¢l%, since ¢(0) = 0.
Thus

o ¥lr l¢lr sup|y| + R*Hyp - 4]

Rm gl + R (Ha(p)m + csBloll7)

IN A
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which has the required form because

Ha(p) < R'™*max{|0¢|r, |0¢|r} < R *|l¢|-
]
Here is the needed replacement for equation (3.2.5).

LEMMA 4.1.3. — Let A be one of the functions A, so that its first derivatives
satisfy the assumptions of the previous lemma on the cone T, and let h,h' € L. Then

[A(R) = A(R)|r < ceR [IM = hl[g.

Proof. — Asin [9, 7.1h] we may write
2

AW(2)) = Ah(2)) = X (Ki(z) — iu(Z))/O1 0 A (h(z) +1(K (2) — h(2))) dt

+ ; (Ri(2) — hi(2)) /0 1 A (h(z) + (W (2) — h(2))) dt

Each term in the sums on the right hand side is an integral over ¢ of a product 1,
where ¢ = hi(z) — hi(z) and ¥ = 9;A or §;A evaluated at (h(z) + t(R'(2) — h(z)).
Thus the conditions of the previous lemma are satisfied and the result follows. O
As in proposition 3.2.1, one can now derive the inequality:
10(R") = 0(h)l[R < exR*||I' — h|%,
for h, h' € L. To see this, note

10(K) = 6% < | Ta (Aim(R') = Aim(h)ORL,) Il
+ Tk (A () (OR, — Ohm)) |l
< cr1supy (| Aim(A) = Aim(h) | R]1Al|R

+ [ Aim () [IRIIK = Bl ,

which clearly has the right form for some constant c;.

It follows easily that, when c;R$ < 7, the mapping h — ¢, +6(h) is a contraction
mapping M, on L for small e. Hence, it has a unique fixed point Hg(p,.) on L.

Finally, let @i, = ®~! o Hg(ip.). As remarked above, this map is an embedding.
Moreover, since it intersects the branching axis only at the point (0,0), where it is
tangent to the plane ew; — wy = 0, it projects down to an immersion u, = ¥ o i,.

The statement about smoothness cannot quite be quoted from Nijenhuis and
Woolf [9] (note that in their language, we are claiming that the functions u. are
C%9) that is, they vary continuously in the C2-topology when ¢ varies continuously
in the C%topology). They show that when J is C*°, the solution u, varies as smoothly
as does its holomorphic part S(u.). Thus one cannot work with . since the almost
complex structure .J is not sufficiently smooth. It is also not immediate that the
variation of S(u.) is C?-smooth. However, Gang Liu realised that Nijenhuis and
Woolf’s methods do suffice to prove what we need. The details are in the appendix.
0
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4.2. J-spheres in symplectic manifolds

Here is a corollary which is important for some applications. We assume that
(M,w) is a symplectic manifold, and write J for the space of all C** w-tame almost
complex structures on M and X for the space of all C*-maps S? — M. Further,
given A € Ho(M,Z), we denote by M,(A,w) the “big” moduli space of A-curves.
This consists of all pairs (u, J) € X x J such that w is J-holomorphic and represents
the class A.

COROLLARY 4.2.1. — Immersed curves are dense in the “big” moduli space
M, (A, w) C X x T with respect to the topology induced by the C*-topology on X and
the C*-topology on J.

Proof. — Given a J-holomorphic curve C = Imu, the above theorem im-
plies that there is a neighbourhood U C C of its singular points which has a J-
holomorphic perturbation U,. Then, one can patch U, to C — U by an annulus A
which is a subset of U, at one end and a subset of C' — U at the other to get an
immersed curve C' C U, U AU (C — U). Observe that C' is J-holomorphic except
over the patch A. Because U, is C?-close to U, the tangent spaces of A are C!
close to those of C, and hence are invariant under some almost complex structure
J' which is C'-close to J. Thus we may extend J’, setting it equal to J except near
A, so that it is C'-close to J, and so that C’ is J'-holomorphic. The pair (C”, J') is
the desired immersed curve near (C, J) (for more details of the patching procedure,
see [4, Lemma 4.3]). O

Remark. — This is exactly what is needed in [6, Proposition 3.4] in order
to show that the evaluation map from a suitably defined 4-dimensional space of
immersed spheres in a symplectic 4-manifold M to M is locally orientation preserv-
ing. In this argument we have to work in a topology on the moduli space which
is sufficiently fine for the set of regular points of the Fredholm projection operator
Py : My(A,w) — J to be open, and yet sufficiently coarse for the immersed curves
to be dense. One could pursue the methods of the appendix to prove density of the
immersed curves in the C*°-topology on X x 7, but at present there is no application
of this result.

4.3. Sketch proof of the adjunction formula

It is easy to see that if the curve C is immersed with k& double points, then each
double point contributes 2 to the self-intersection number and

o(C) =1+ %(c .C = er(C)) = 2.

Thus the result holds in this case. Further, since, by corollary 4.2.1, every curve has
a perturbation which is immersed, and since g(C) is invariant under perturbation,
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g(C) must be an integer which is at least as large as the genus. Thus the only
difficulty is to show that a singular closed curve cannot perturb to an embedded
curve.

It is shown in [4] that it is enough to show this locally. In fact, one can show
that the contribution k, of a singular point to the self-intersection number C' - C is
twice the number of double points of any immersed J-holomorphic perturbation U’
of a neighbourhood U of z in C. Therefore, the essential step is to see that k, is
always positive.

This follows, of course, from the analysis of singularities in [7] or [8]. But such a
powerful result is not necessary. To calculate k,, first suppose that C' has the local
parametrisation:

u(z) = (2%, 2™) + O(m + 1),

where k < m and (k,m) = 1. It is not hard to see that k, does not change when
u is perturbed first to the topological embedding v’ : z ~ (2*,2™) and then to
u’ iz (2%,ez+ 2™). It is now easy to calculate that k, = (k — 1)(m — 1) which
is > 0 as required.

However, when k and m have a common factor, the map u’ above is not a
topological embedding, and so this argument breaks down. In this case, one makes
a preliminary perturbation of v = Hpg{pg) by making a quadratic perturbation
or + 2%(,0) of ¢r. By lemma 3.1.2 this gives us a map u’ with a singularity of
order 2 at 0, i.e. in suitable local coordinates v’ has the form

u'(2) = (2%, 2™) + O(m + 1).

In addition, we can arrange that m is odd: see [4, Proposition 2.6]. Therefore, by
the previous case, this singularity contributes the even number m — 1 > 2 to k.
Because the contribution of the other singular points is non-negative, we must have
k., >0.0

Appendix: The smoothness of the dependence on ¢, by Gang Liu

A.1. Statements

In this appendix, we show how to adapt Nijenhuis and Woolf’s argument to
our situation. We give all details, modulo quoting some estimates, and thus this
appendix can serve as an introduction to the process of “elliptic bootstrapping”.

Given any k > 0, we will say that the family of functions u, is C*° if u. varies
continuously in the C*-topology as ¢ varies continuously in the C°-topology. Observe
that k need not be an integer here. We will mostly be concerned with the case when
1<k<2 Whenl<k=1+p <2, we will take the CHB_norm to be defined in
the same way as the norm ||.|; in §3, so that all the estimates of §§3,4 apply. In
particular, the C***-norm for functions on D(R) is exactly |||/

We aim to prove that, for any R, < Ry, the family u, : D(R;) — C? constructed
in theorem 4.1.1 is C?° when restricted to D(Ry). Recall that ¢.(z) = (1,€)z. We
know from the definition of L that:
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(i) there is M > 0 such that |H(p.)|' < M for all £; and
(ii) H(y.) is the unique solution in L of the equation

u(z) = pe(2) + 0 (u)(2)-

Here, for simplicity, we have written H instead of Hg. Recall also that the norm
|| - ||r incorporates a Hélder norm of some arbitrary but fixed exponent a, where
0<a<l

LEMMA A.1.1. — For0< 3 <a, H(yp.) is C1T50.

Proof. — We must show that, for any sequence 6; — 4,

||H(806j) - H(‘P&) ||Cl+ﬁ — 0.

But, by (i) above, the sequence {H(ys,} is uniformly bounded and equicontinuous
in the C'*@-norm. Therefore it has a subsequence which converges in the C'*#-norm
to some limit, say H'(ps). Now, by construction,

H(ps,) = @s; + 6 (H(ps,))-

We showed in §4 above that @ is continuous with respect to the C'*5-norm, for any
8 < 1. (The only limitation on # here is that we need the functions A;, to be of
class CP.) Therefore, we may let j go to oo in the above equation. This gives

H'(ps) = s + 0 (H'(ps)).

By the uniqueness statement (i), H'(ps) = H(ps). This shows that every subse-
quence of {H (s, } converges in C'# to H(yps). O

Now i, = @ 1o H(¢p,), where ® is C2. This implies that the functions u, = Woii,
still satisfy:
(i)’ for some constant M’, ||ucll’s, < M’; and
(ii)’ u. € C1H5.

Recall further that J and hence the functions A;,, are C*.

LemMMma A.1.2. — {u.}eC?®
Proof. — Suppose we can prove that for any Ry < R,
(A.1.3) Z l|8i5ju6||Rz < F(H“E“lRl)v
i+j<2

for some continuous function F. Then, this will imply that v, is uniformly bounded
and equi-continuous under the C**#-norm for any 8 < a. Therefore, if §; — §, the
sequence {us; } has a subsequence which converges in C**# with limit u}, say. But,
by (i)', we know that {us, } converges C'*# to us. Thus uj = us. This proves that
{uc} € C*Y, as required. O
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A.2. Proof of estimation A.1.3

Estimate (A.1.3) is of a standard elliptic type. Given a solution u of a first order
elliptic equation, it estimates the C**®-norm of u in terms of its C!™*-norm. (In
general, if the equation has order £, one can estimate a C**¥*®- norm in terms of a
Ck¥re-norm.) Its proof is based on the following fundamental elliptic estimate.

(iil) If f,w € C*(D(Ry)), and f = Sg,f + Tr,w, then for any Ry < Ry, f €
CH*(D(R,)) and
£z, < c(B1, Ra) (I f |, + Rullwl|g,)-

See [9] 4.3d. We will also use the following formulae.
(iv) [9, (6.3b)] If f, g € C***(D), then T(fdg) € C'**(D) and
OT(fdg) = T(3fdg — Bfdg) + fOg — S(fBg) — S(fdg);
(v) 19, (6.2¢)] If f € CY(D) then 8S(f) = S(Of) + S(0f).

Here S is defined by:

g _ 1 f(¢)dC
Sz = 2riJop ¢ — 2z~
Proof of (A.1.3). — For simplicity, we write u instead of u.. By construction,

we know that .
Ou + A(u)ou = 0,

or equivalently
(vi) u = S(u) — T(A(u)0%).

Therefore, using (iv) and (v), we find:
Ou = 08(u) — OT(A(u)0u)
S(0u) + S(0u) — T(OA(u).0u — OA(u).0%)
—A(u)da + S(A(u)da) + S(A(u)0n)
= S(0u) — T(0A(u).0T — 0A(u).00) — A(u)du + S(A(u)d%).

Thus, because 84 = — A(u)du, we have
[1— A(w)A(u)).0u = S([1 — A(u)A(u)].0u) — T(0A(v).00 — OA(u).0%).
Applying (iii), we find that, when Ry < Ry,
11 — Aw) A(w)]-0ullR, o(Ry, Ro)(lI[1 — A(w) A(w)] Oullr,
+R,||0A(w).0u — 0A(u).0t||Rr,)
c1(Ry, Ro) [lullk, + ca(Ri, Re) ([[ulip,)*

IN

IA
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Here we use the fact that

|2
w=u’ 9z’
and the inequality ||a.b|| < ||a].|b]| from [9, (7.1b)]. Thus

Il = A A(w)] {1 — A(w) A(w)uls,
c3(Ry, Ba) [lullp, + ca (Ba, Re)(llullf, )*.

DA(u) = DA(w)|,_, 'a_: + 8A(w)

H

10ull,

IN

This is an estimate for ||Oul|’, of the required form. To get a similar estimate for
[|0ul|,, we note

10ulls, = lAw).0ullg, = |A(u).0ulls,

cs [|ullg, + co [|0ull,

er ull, + cs (lullx,)*

IA N

This completes the proof.
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Chapter VII

Gromov’s Schwarz lemma as an estimate
of the gradient for holomorphic curves

Marie-Paule Muller

1. Introduction

In a symplectic manifold (M?",w) with a tamed almost complex structure J, the
2-form w induces an area form on (immersed) J-curves f : (£,1) — (M, J), where
(X,4) is a"Riemann surface which will be closed, open or compact with boundary,
according to the context. The image f(X) will be denoted by S. Throughout this
chapter, we shall assume that S is contained in a fixed compact subset of M.

Roughly speaking, the final goal is to ensure the existence of “enough” J-curves
verifying a given homological condition. This will be a consequence of an Ascoli
type “compactness theorem”, explained in the next chapter.

Our immediate task, in this chapter, is to present an essential ingredient in the
proof of the compactness theorem: a Schwarz lemma which is “ad hoc” for J-curves,
that is an estimate for the derivative of J-holomorphic maps.

In order to simplify the presentation, we assume that the various data are of
class C*. Nevertheless, the minimal regularity class for each statement can easily
be made clear by the context.

2. A review of some classical Schwarz lemmas

2.1. Holomorphic functions

Let us begin with the well-known standard Schwarz lemma, which is a conse-
quence of the maximum principle: denoting by D; the (Euclidean) unit disc |z| < 1
in G, for every holomorphic function f : Dy — D with f(0) = 0, we have | f/(0)| < 1.

The following equivalent formulation, where the assumption f(0) = 0 is dropped,
can easily be obtained using two homographies of the disc:

2.1.1.  Exercise. —  Show that, for every holomorphic function f : Dy — Dy,

el 1
T-UfGIE = 1- 2P

217
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Now, in terms of the Poincaré metric m_; (with constant curvature —1) on the
disc Dy, the inequality in 2.1.1 says that f is a contraction when D; (as source and
as target) is endowed with m_; (instead of the Euclidean metric my):

ffm_y <m_

{note that f*m_; is conformal).

2.2. Negatively curved ranges

The preceeding Schwarz lemma (which is now a lemma in hyperbolic geometry)
was generalized to the case of non-constant negative curvature by L. Ahlfors (1938),
then by H. Grauert and H. Reckziegel (1965) (see [1], [7]).

LEMMA 2.2.1. — Let M be a Hermitian manifold whose metric p is such
that the holomorphic sectional curvature is less than —1. Then f*u < m_; for every
holomorphic curve f : Dy — M.

Let us mention the existence of many other references concerning Schwarz lem-
mas, see for example chapter 2 of [12]. In all of them, the assumption that the
relevant sectional curvature in the target manifold M has a (strictly) negative up-
per bound is made. The next exercise will explain where exactly the curvature is
involved, and why it is assumed to be negative.

2.2.2. Exercise. — Consider two Hermitian metrics m = e9dzdz and p =
e" dzdz on D (the first one is supposed to be the reference metric to which we want
to compare the second one). Assume that the respective Gaussian curvatures verify
k, < k,,, that there is a point 2y in Dy where the ratio ;1/m achieves its maximum
and that at this point, k., (2p) < 0. Prove that u < m everywhere on D; (Hint: see
for example chapter 2 in volume 2 of [6}).

Now, there are many interesting cases where the condition that u/m achieves
its maximum at some point in the disc is fulfilled. For example, prove it when m
is the Poincaré metric, or even more generally, a metric with infinite area which is
invariant under rotations around 0 (using if necessary a slightly smaller disc D, in
order to have the function h (corresponding to p) bounded on that disc, then let r
tend to 1).

3. Isoperimetric inequalities for J-curves

Let us choose a Hermitian metric 4 on the manifold (M, J). For each J-curve f :
(Dy,4) — (M, J), we consider the induced metric on Dy, which will also be denoted
by p from now on. The goal is to construct on D; a “reference metric” m which
will be suitable for all these J-curves. Clearly, we must make the assumption that
M is compact (or, at least, that we consider only J-curves whose images S = f(Dy)
remain in a compact set).
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The first step is to obtain an upper bound K for the Gaussian curvature k of J-
curves. The trouble is that this constant K can be positive. Therefore, it will not be
convenient to use a spherical metric mg, whose area is at most 47/K, as a reference
metric on the disc. Moreover, as the parametrisation is involved, it is evident that
this local property k < K for J-curves cannot be sufficient for an estimate of | f'(0)|.
This explains why we shall need further (global) information about the geometry of
J-curves. An isoperimetric inequality, valid for large values of the area, will complete
the analysis, allowing us to draw a “profile” which corresponds to the sought after
“reference metric”.

3.1. A bound on the mean curvature

Let V’ be the ambient (ie. on (M, u)) Levi-Civita connection. The connection V
for the metric induced on S is the tangential part of V', and the second fundamental
form II is its normal part:

VY =VxY +II(X,Y).

Now we estimate the trace of IT and thus the mean curvature 1/2trace (I). As is
appearent from the following calculations, we assume here that J is at least of class
C!. Let (X,JX) be a (local) orthonormal frame for the tangent bundle T'S. We
have

ixIX = (Vix )X +JTVixX
(Vix DX +J(VJX +[JX, X])
(Vix )X + J(VxJ)X — V%X + tangential component.
Finally, trace (IT), which is the normal part of V', JX 4+ V'x X, is such that

(3.1.1) trace D) < [V JX + Vi X]|
< 2|V

which is bounded on compact subsets of M.

3.2. An upper bound for the Gaussian curvature
The Gauss equation relates the curvature R on S to the ambient curvature R':

With an orthonormal frame (X, JX) as before, we obtain the sectional curvature
on T'S:

R(X,JX,X,JX) =k + |II(X, JX)|? — (II(J X, JX),I(X, X)).

Let Csc be an upper bound for the (J-holomorphic) sectional curvature on the
compact manifold M. The preceeding relation yields

k < Cuoe + 1/2||trace (ID)]|
which is bounded by a constant K, by (3.1.1).
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3.3. Two isoperimetric inequalities

Let D, be the closed unit disc in C. For a J-curve with boundary f : D; —
(M, J, 1), let a (resp. I) be the area (resp. the length of the boundary) of the
J-curve, for the induced metric. The upper bound on Gaussian curvature k < K
implies an isoperimetric inequality.

LEMMA 3.3.1. — The inequality I* > 4wa — Ka? holds.

This isoperimetric inequality, which is well-known when the curvature k is con-
stant, is established by G. Bol in [4] (see a proof and references in the appendix to
chapter III).

From now on, we shall make use of a symplectic form w which tames J (see
chapter II). The compactness of M allows one to assume that w(X,JX) < || X|?
for every tangent vector X (by a convenient normalization of the metric).

LEMMA 3.3.2. — Let f: ¥ — (M, J, 1) be a compact J-curve with boundary
whose image S is contained in a region of M where w is exact: w = d\. Then

a < const - |

where the constant depends only on .
Proof. — Wehavea < f5;, ff'w < [ A<Ml ©

Remarks.

o Notice that the boundary 0% must be non empty when the symplectic struc-
ture is exact.

e Think of the Darboux theorem. By compactness of M, there is a radius
e such that w is exact on a neighbourhood of all the closed balls B(x,¢)
in M: w = d)\,. Moreover, we can assume that w(X,JX) > || X|* and
[A(X)} < || X || on each of these balls. We then obtain [ > a for the J-curves
corresponding to the intersections S N B(z,¢).

4. The Schwarz and monotonicity lemmas

4.1. Gromov’s Schwarz lemma

Given a J-curve f: Dy — (M, J, ), let a(r) (resp. I(r)) denote the area (resp.
the length of the boundary) of the Euclidean disc D, with respect to the metric f*pu.

PROPOSITION 4.1.1 (Schwarz lemma). — Assume that for some constants K
and C, the functions a(r) and I(r) corresponding to a J-curve f : Dy — (M, J, u)
fulfil the isoperimetric conditions I > 4ra — K a® and | > Ca.



Chap. VII Gromov’s Schwarz lemma 221

Then there ezists a constant ¢(K,C) (depending only on K and C) such that

S 1(0) < (K, C).

mo(0)
Equivalently,
£/ (0) i, < y/e(K,C).
Proof. — The idea is to proceed as if we had on D; a “reference metric”

m, conformal and invariant under rotation. In fact, we shall never use its metric
tensor, but only its corresponding functions I,,(r) and a,,(r). More precisely, we
shall exploit its profile, i.e., the function which expresses [2, as a function of a,,.

Let P be the function defined on [0, +0o0[ by the formula P(a) = max{4ma —
K a?,C%a?}.

Our first task is to obtain two functions l,,(r) and a,(r), defined for 0 < r < 1,
linked together by the relation 2, = P(a,,), behaving near 0 as the length and area
functions of a true metric: a,,(r) ~ Const.7?, and with enough area to cover all
possibilities: a,,(r) — +o0o as r — 1. Moreover, we require that [,,(r) and a,,(r)
correspond to a metric which is conformal and invariant by rotation.

Let us first write down these two last conditions. Let m = h%(dz? + dy?) be a
conformal metric on the disc. By the Schwarz inequality, the corresponding functions

[(r) and a(r) verify:
(L) ()
(U, ™)

= I(r)?

I

d(r)2nr

v

with equality if and only if h is constant on the circles dD,, ie. m is invariant
by rotation. This yields the condition 2nral,(r) = l,(r)?. Adding the “profile
condition” [2, = P(a,,), we obtain the differential equation
al (r) 1

4.1.2 e =
( ) Plan(r) 2nr

Let Q(a) be a primitive of the function 1/P(a) defined when a > 0. According
to (4.1.2),

1
(4.1.3) Qan(r)) = % log r + constant

Integrability conditions.

1. We still have the choice of the additive constant in 4.1.3: as the function 1/P(a)
is integrable near +o00, taking Q(+00) = 0 enables us to have a,,(1) = +o0,
as we want.
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2. Let us examine the behaviour near 0 of the resulting a,,(r) = Q‘l(% log 7).

the

As
1 1

P(a) d4ma

is integrable near 0, Q(a) = £ loga+ g(a) for a function g(a) which is contin-
uous at 0. With (4.1.3), this gives us a constant C; such that a,(r) ~ Cyr2.

We shall now exploit the preceding result in order to deduce the majoration of

metric p at 0 from the inequality concerning its profile. As p is conformal and

satisfies the isoperimetric inequalities in the statement of 4.1.1, its area function
a(r) is such that 27 a/(r) > I(r)? > P(a(r)).

For 0 <r <1, let s(r) be the radius such that a(r) = a,,(s(r)). We have

thus

2rra,(s)s(r) = 2mrd(r)
> P(a(r))
= Plam(s))
2rsa,(s)
2x1

As 5(1) < 1, we obtain s(r) < r for all 7. Thus a,(r) > a(r). In particular for small
7, C17% ~ ap(r) > a(r) ~ |f/(0)|° 72, which completes the proof. O

Remarks.

1. Since the only properties of P(a) used above were the two integrability prop-

erties, the proof works for other functions verifying these conditions, as for
example P(a) = 4ma + a2, which corresponds to the classical case, where
K = —1 and m = m_,, the Poincaré metric.

2. As in lemma 2.2.1, we can drop the specialisation to the point 0 using m_,

instead of my for the estimation of f: we obtain the equivalent conclusion
q

' (2)lm_, < Ve(K,C)

for every z in the disc, whenever the profile condition is verified (e.g. in the
framework of §3.3).

3. Here is another way to drop the point 0: keeping mg on D;, consider for each

point z the restriction of f to the disc with centre z and radius 1 — |z|. We
have immediately
(K, C)

If' (), < T
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It is an easy exercise to generalise this last remark in order to obtain the

COROLLARY 4.1.4. — Let © be a compact Riemann surface with boundary,
with a metric px. For every J-curve f : & — (M, J, u) whose image is contained
in a fized compact set where J is tamed by an exact symplectic form w = d), the

following estimate holds
Const

|f’(z)| < W

where the constant depends on everything but f.

4.2. A monotonicity lemma for J-curves

For a complex analytic manifold S defined by an equation f(z1,...,%) = 0,
where f is a holomorphic function on a domain of C?, metric properties were estab-
lished by P. Lelong [8] as a consequence of general results concerning plurisubhar-
monic functions. In particular, Lelong proved that the mean value of the function
log|f| on a sphere with variable radius R and fixed centre is a convex function of
log R. An immediate “monotonicity” corollary can be stated as follows: a point M
of S being fixed, let Sg be the intersection of § with the ball of radius R and centre
M; the monotonicity property asserts that the ratio between the volume of Sk and
the corresponding volume of the tangent space at M (i.e. of the ball of radius R in
CP~! when M is regular), is an increasing function of R whose value at R = 0 is the
order of multiplicity of the point M. A monotonicity lemma for minimal surfaces is
presented in chapter III.

M. Gromov establishes an analogous lemma for J-curves in a compact M, which
subsequently gives an upper bound for the number of components which can be cut
out of a J-curve by little balls of a given radius £, when the global area is bounded
by a given constant. Throughout this paragraph, the compacity assumption for M
means that all the constants which are mentionned do not depend on the considered
points z, y... For a J-curve S and a point « on S, let us consider the intersection
of S with the ball B(z,¢) in M.

LEMMA 4.2.1 (Monotonicity lemma). — There are constants €o and cq such
that for every € < ¢ and for every J-curve S, if x € S 1s such that SN B(z,¢) is
compact with its boundary contained in the boundary OB(x,¢€), then

Area (SN B(z,e)) > T +NCO€52.

This result will be an easy consequence of the
LEMMA 4.2.2. — There are constants €, and ¢, such that for every compact
J-curve S (with boundary) contained in a ball B{x,&) with ¢ < &1, the area a and
the length | of the boundary verify
2> 4m
1+ C1€

a.
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4.2.3. Exercise. — In the following detailed proofs, we give a short summary
of what is done at each stage; as an exercise, the reader can anticipate the text, and
complete the proofs starting from these indications.

Proof of lemma 4.2.2. — Starting with J(z) and u(z) on the tangent space
T:M, let J, and p, be the (constant) complex structure and Hermitian metric ob-
tained on T, M by translation. We consider also the standard calibrated symplectic
structure w, associated with Jy, p,. Choosing €] small enough, the exponential map
allows to carry all these structures onto B(x,e}). We shall indicate by means of a
lower index « the use of the Riemannian metric p,.

As p and J are of class C!, we have at every point y € B(z,¢}):

L p(y) — p(y)|| < cudist(z, y),
2. J(y) = L)l < csdist(x,y)

for some constants ¢, and ¢; (independent of = and y).
With the first inequality, we easily compare the lengths and areas corresponding
to u, with those corresponding to u. In particular, there is a constant ¢ such that

for every curve contained in a ball B{z, ) with e < £/, the respective lengths I, and
[ verify:

(4.2.4) (1+ce)l > 1,

The next step yields a relation between the area @ of S and the integral of w,
on S. Consider an orthonormal (for ) frame (U, JU) of T,S. When we use p,, the
complex structure J,, is calibrated by w, and we have

wy (U, LU = |U|]2

and
lwe (U, JU — LU < ||J = Tl |1U12.

Applying the first inequality repeatedly and the second one, we obtain a constant ¢
as before, verifying moreover:

wy (U, JU) 21— ¢ dist(z,y)

which implies that for a J-curve S as in the lemma, contained in some B(z,¢) with
€ < el

(4.2.5) /Swz > (1 —ce)a
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Finally, a homological argument and Wirtinger’s inequality allow us to relate the
preceeding integral to the length [, as follows. Let us go back to T, M and consider
there the image of S (still denoted by S). The Riemannian metric we shall use is
iz Choose a surface S’ (connected or not) which has the same boundary as S and
whose area a, verifies the isoperimetric inequality 2 > 4wa),.

Any surface with non positive curvature would do (e.g. a minimal or ruled
surface), thanks to a result of A. Weil [11], see also [2]. As a hand-made solution,
we can also consider, for each connected component ;5 of the boundary, a cone
S? whose vertex is a convenient point on the loop 8,5 itself; its planar development
verifies the required isoperimetric inequality, even if there are lines of singular points,
and even if the total angular variation is more than 27; and for the union S’ of these

cones we obtain )
2= (Z l,»,z) > Zlh > 4mal, = 4wa,

as required.
Applying Wirtinger’s inequality to 5" and using (4.2.5) we obtain
12 > 4ral, 247r/ Wy :47r/wz > 47 (1 — cg)a.
s s

The relation (4.2.4) between ! and [, completes the proof, for a radius ¢; < &}
taking also into account the value of the constant ¢: for example 2ce; < 1.0

Notice that the image of the p-ball B(x,¢) may be non-convex in T, M, thus S’
is not necessarily contained in it; nevertheless, u, and w, are everywhere available
in T, M. This is the reason for going back to T, M (an alternative technique would
be to observe that the image of B(z,¢) contains a p,-ball with radius (1 — cons.€) e,
by the first inequality above, and to work with S contained in this smaller ball).

Remark. — If we assume J and p only of class C* (0 < a < 1), it is easy to
obtain the corresponding formulation of lemma 4.2.2, with € instead of ¢ (in the
inequalities, dist(z,y) is replaced by dist(z, y)*).

Proof of the monotonicity lemma 4.2.1. — Let A(¢) be the area of the inter-
section S N B(x,e). Its derivative with respect to € is related to the length L(g) of
the boundary 9 (SN B(z,¢)) by A'(e) > . The lemma yields for every € < ¢,

A/ [
\/7 1 + ClE

Integration from 0 to € together with Taylor’s formula gives immediately

Ale) > me? (1 - %5)

and hence the result (with, for example, ¢y = ¢; and ¢160 < 1, g9 < £1).0
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Remarks.

1. In the following, we shall assume that g < &;.

2. Notice that in lemma 4.2.2, the point z needs not belong to the J-curve.

5. Continuous Lipschitz extension across a puncture

5.1. Continuous extension

In the next chapter VIII, J-curves “with missing points” will occur (as limits).
The monotonicity lemma allows to eliminate these singularities in the case where
the area is finite.

THEOREM 5.1.1. — Let f: Dy —0— (M, J,n) be a J-curve with finite area.
Then f extends to a continuous map defined on Dy.

Proof. — Assume that the image S = f(D;—0) has two different accumulation
points p, q. Consider two closed disjoint balls B(p, ) and B(g, ¢), with & < g¢ (cf.
lemma 4.2.1). We can assume that f(0D;) does not intersect these balls.

In f~Y(B(p,¢)), consider only the connected components which are compact
and whose images in B(p,c) meet the smaller ball B(p,e/2). For each of them,
the monotonicity lemma 4.2.1 ensures that its u-area is at least cst(e/2)%. As the
total area of S is finite, the number of these components is finite too. Thus, there
exists a connected component in f~!(B(p,¢)) which has the point 0 in its closure;
consequently, this component meets all the circles 8D, for r small enough. As the
situation is the same near ¢, we conclude that for every r small enough, the loop
f(8D,) meets both B(p,<) and B(g, ). Thus its length satisfies I(r) > d > 0, where
d = dist (B(p, <), B(g,€)). Now, as p is conformal (see §4.1)

for r > 0 small enough. The last function being non integrable near 0, this contra-
dicts a(r) < oo.

5.2. Isoperimetric inequality for holomorphic curves with punctures

The preceeding proof shows that there is, at least, a sequence (r,) decreasing to
0 such that the corresponding lengths I(r,,) tend to O (of course, a(r,) decreases also
to 0, as the total area is finite). This is enough for the following extension of lemma
4.2.2. Here, £* is a punctured compact Riemann surface with boundary (finitely
many interior points can be removed).

LEMMA 5.2.1. — Lemma 4.2.2 holds for every J-curve f : ¥* — B(x, €) with
finite area. O
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In fact we have much more than the remark above:

LEMMA 5.22. — Let f: Dy —0— (M, J,u) be a J-curve with finite area.
Then lim, o I(r) = 0.

Proof. — By theorem 5.1.1, the J-curve f has a continuous extension at 0. Let
To be such that f(D,,) is contained in some B(x,£q). We can assume that ry = 1.
For the moment, let us consider on D; — 0 the usual complete hyperbolic conformal
metric m* with finite area at the end 0; in polar coordinates
_ dr® 4 r2dg?
o2 (logr)*

*

For every point z in Dy — 0, we have a covering p : (Dy,m_;) — (D — 0,m*)
by the Poincaré disc, which is a local isometry and sends 0 onto z. Applying §4.1
(Schwarz lemma and the remark) to f o p, we obtain |f(2)],,. <cst, for every z.
Now, the length of the circle 0D, is easy to compute for m*; it tends to 0 as r — 0.
We conclude that the length of the image f (8D,) also tends to 0. O

LEMMA 5.2.3. — There is a constant ¢y such that for every J-curve f : Dy —
0 — B(z,&0) with finite area, the diameter A of S = f(D; — 0) and the length | of
the boundary f(0D,)verify
l 2 CQA.

Proof. — Let us assume that ! < A/4. Then, we certainly have a point z on
S such that the ball B(x, A/8) neither meets f(0D;), nor contains the point f(0)
given by theorem 5.1.1 (take two points z/, " with dist(z’,z") = A; if neither 2’
nor z” is convenient, for example if f(0) is near 2’ and &S near 2", notice that
dist(B(z',A/4), B(z",A/2)) = A/4). Applying first lemma 5.2.1 to S, then the
monotonicity lemma 4.2.1 to SN B(z,¢) with e = A/8

2
2> 4dra 4 e

> .
T 14 c¢eg T l4cieq 1+ g

thus {2 > const - A. O

Notice that lemma 5.2.3 is also valid for every J-curve f : ©* — B(z,&) as
in lemma 5.2.2 (with a constant ¢; depending on the number of punctures and
components in the boundary).

As a consequence of lemma 5.2.3, we can rewrite lemma 5.2.1 for ©* = D; — 0,
replacing £ by [ (given S, relate the smallest possible value for ¢ to the diameter):

LEMMA 5.2.4. — There is a constant c3 such that for every J-curve f : Dy —
0 — B(x,¢0) with finite area a, the length | of the boundary verifies
2> dra

.0
- 1+Cgl
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5.3. Lipschitz extension

Lemma 5.2.4, together with lemma 3.3.2 (which remains valid, see the remark
before lemma 5.2.1), gives the following complement to theorem 5.1.1:

PROPOSITION 5.3.1. — Let f : D1 — 0 — B(z,&) be a J-curve with finite
area. Then cons
If'(2)] < :
1— |

for every z in Dy — 0.

Proof. — Fixing a point z # 0, let us consider the J-curve obtained by restric-
tion of f to the disc with centre z and radius 1 — |z|, punctured at 0. We try to
apply the Schwarz lemma. By lemma 5.2.4, for every smaller disc, the area a and
boundary length { verify {* > P(a) for a profile function P(a) = max{h~'(a), C?a®}
which is defined for @ > 0 by

1 + csui/?
L

h(w) = 4

and the constant C' is given on the ball by lemma 3.3.2. It is easy to see that
the integrability conditions in the proof of Schwarz lemma are satisfied, and this is
enough (see the first remark in §4.1). O

In conclusion, a J-curve f : Dy —0 — (M, J, 1) with finite area has a continuous
extension at 0 and its derivative f’ is bounded in a neighbourhood of 0, so f is
Lipschitz.

Remark. — 1In the next §, it will be shown that the extension is smooth and
holomorphic at 0.

6. Higher derivatives

6.1. A Schwarz lemma for higher derivatives

Following a classical procedure [9], one can view the derivative D f of a holomor-
phic map as a holomorphic map itself, apply the Schwarz lemma and get bounds on
higher derivatives.

PROPOSITION 6.1.1. — Let (V, ) be a compact Riemannian manifold. Let
J be an almost complex structure of class C*t® on V. There exist constants &
(depending only on the C° norm of i and on the C* norm of J) and C (depending
only on the C° norm of p and on the C¥** norm of J) such that every J-holomorphic
map [ of the unit disc to an eg-ball of V has its derivatives up to order k+ 1+ «
near the origin bounded by C'.
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Proof. — Let G be the bundle over D) x M whose fibre at (z,m) consists of
all C-linear maps T,D, — T,, M. The first jet of a holomorphic map f: Dy — M is
a lift to G of the graph of f, viewed as a section D; — Dy x M. There is a unique
complex structure 7 on G such that first jets of J-holomorphic maps Dy — (M, J)
are J-holomorphic maps D; — (G, J). An elegant construction of J is given in
the appendix to chapter II. A more down to earth description of it is suggested in
exercise 6.1.2 below. The structure J depends on first derivatives of J only so J is
of class C provided J is of class C1*2.

Let f : Dy — M be J-holomorphic. Assume that the image f(D;) lies in an
gg-ball B of M. We check that its first jet D[ satisfies the assumptions of corollary
4.1.4. Proposition 4.1.1 implies that Df takes its values in a compact subset KX of
G. This subset is a Euclidean ball bundle over B, thus the restriction of J to K is
close to the product structure on B x C™, which is tamed by the product symplectic
form w. On K, w still tames J (shrink the ball B if necessary), and w = dA with
X bounded. Thus Corollary 4.1.4 applies and an estimate on the derivative of Df
follows. Repeating the argument leads to a C¥*!-estimate when J is of class C**°.

It remains to climb from C¥! to C¥*1+<, Let g be the k-th derivative of f. Since
g is Lipschitz, the nonlinear holomorphic curve equation

09 —q(g9)99=10

can be treated as a linear equation with Holder continuous coefficients. Elliptic
regularity (see [5]) implies a '™ bound on g. O

We conclude this § by an exercise in which the reader is asked to calculate the
complex structure J in coordinates.

6.1.2. Exercise. —  Choosing local coordinates, we assume that M = R?"
with coordinates y!, ..., y%" and that © = C with z = 2! +iz?. Defining an element
pin 77 (x,y) by the first column of its matrix in the frames (8/9z') , (8/0y"), gives
a local coordinate system (z%,y",p") in G; check that the 1-jet Df of a J-curve
y = f(x) is given by p" = &y /dz".

Consider the isomorphism of the tangent space T(;y ;G whose matrix in the
frame (8/0x%,8/8y",0/p") is the following
0 -1
1 0 0 0

0 J(y) 0
0 - J@)

j:

and prove that
,.9(0n) _a(Dy)
Ox! O0x?
(Hint: let J = (J?) denote the matrix of the almost complex structure on M. Write
the equations expressing the fact that f is J-holomorphic and differentiate with

respect to ).
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For the germ of a J-curve y = f(z) show that

aJ 8 N 0
(Gr) o7 (5 ) = ) =0

Now every element (z¢, 10, po) of G is a D f(z,) for a suitable germ f [9]. Deduce
that J? = —Id and that, for any J-curve f, the 1-jet Df is J-holomorphic.

6.2. Holomorphic extension across a puncture

PROPOSITION 6.2.1. — Let (M, ) be a compact Riemannian manifold. Let
J be an almost complex structure of class C*** on M. Every J-holomorphic map
f:D* = M of finite area extends as a J-holomorphic map of the disc to M.

Proof. — Let f: Dy — 0 — M be a holomorphic map with finite area. Ac-
cording to theorem 5.1.1, f extends continously at 0, thus one can assume that the
image of f lies in an e¢-ball of M. Then proposition 5.3.1 says that the first jet
Df takes its values in a compact set K of the bundle of 1-jets G. As in the proof
of 6.1.1, J is tamed by an exact form on K, and corollary 4.1.4 applies : Df is a
Lipschitz map D; —0 — M. In particular, it extends continuously at 0, f is of class
C! and thus holomorphic at 0. O

Remark. — Extra work is needed for boundary punctures, see [10].
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Chapter VIII

Compactness

Pierre Pansu

In this chapter, we will be concerned with the space of J-holomorphic maps of
compact Riemann surfaces (5, Jg) into a fixed compact almost complex manifold
(V,J). Even if an upper bound on area is imposed, this space is not compact in
general.

Example. —  The conics z — (z,e/z), CP* — CP? all have the same area.
As ¢ tends to 0, they converge smoothly, except at x = 0.

The graph of a dilation x — (z,ex), CP! — CP! x CP! converges smoothly,
as € tends to 0, except at z = oo.

In both cases, the images f.(S) converge, as subsets in the range V', to a union
of two holomorphic curves

In his paper [3], M. Gromov states a compactness property for sets of holomorphic
curves, which lies between the convergence of images (as subsets in the range) and
the convergence of maps (parameter included): given a sequence f; : (S, Js) —
(V,J) of holomorphic maps with bounded areas, there exists a subsequence that
converges smoothly away from a finite set of points, at which “bubbles” develop.

This kind of result, which is classical in analytic geometry (E. Bishop’s com-
pactness theorem for analytic submanifolds in Kahler manifolds [1]), appeared more
recently in analysis on manifolds. In this context, the bubbling off phenomenon was
first discovered by J. Sacks and K. Uhlenbeck in their work on harmonic maps of a
Riemann surface to a Riemannian manifold [6]. Since then, it has shown up in other
variational problems where a noncompact symmetry group arises (see the report by
J.P. Bourguignon [2]).

In these notes, which follow [3] closely, a proof of Gromov’s compactness theorem
for closed holomorphic curves is given. Holomorphic curves with boundary are
covered only in an easy special case.

The first step in the proof is the compactness of “cusp-curves”, i.e., convergence
up to a change of parameter. In the second step, convergence of parametrised curves
is obtained as a consequence of the convergence of graphs in S x V.

There are other approaches to compactness theorems, due to T. Parker and J.
Wolfson [5] and Rugang Ye [7].
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I express hearty thanks to Dusa McDuff and Frangois Labourie for their help in
completing these notes.

1. Riemann surfaces with nodes

Let us view a holomorphic curve in a fixed almost complex manifold V as the
following set of data:

e an oriented differentiable 2-manifold S;
e a conformal or complex structure Jg on S,
e a holomorphic map f: 8§ — V.

In a degenerating family of holomorphic curves, it may happen that the complex
structures Jg themselves degenerate. Thus a first step in understanding holomorphic
curves is to understand noncompactness in the moduli space of complex structures
on surfaces. This is a classical subject, for which a good reference is [4].

As we have seen in the above examples, topology can change in a degenerating
family of holomorphic curves. It turns out a similar phenomenon is already present
in the moduli space of complex structures on a surface. It is easy to visualise in
terms of metrics of constant negative curvature.

1.1. Compact surfaces with constant curvature

Let S be a compact, orientable surface of genus greater than 1. In 2 dimen-
sions, Riemannian metrics and complex structures are interrelated objects. Given a
Riemannian metric and an orientation, rotation by 90° in each tangent space is well-
defined and defines an almost-complex structure, which is automatically integrable
(see chapter II for references). Two Riemannian metrics define the same complex
structure if and only if they are conformal. Conversely, in a conformal class of Rie-
mannian metrics, the curvature —1 condition singles out a unique metric. This is
the content of the uniformisation theorem.

As a consequence, there is a 1-1 correspondence between complex structures on S
and Riemannian metrics on S with curvature —1 (this correspondence breaks down
for spheres and tori).

Noncompactness in the space of metrics with curvature —1 is easy to understand.
The key notion is that of injectivity radius (see chapter III). Locally, any metric of
curvature —1 is isometric to the hyperbolic plane (i.e., the disc with its hyperbolic
metric). The injectivity radius at a point p is the largest r such that the geodesic disc
centreed at p is isometric to a geodesic disc of the hyperbolic plane. The injectivity

radius of the Riemannian surface is the infimum of the injectivity radii of points of
S.

PROPOSITION 1.1.1. —  For every € > 0, the space of Riemannian metrics on
S with injectivity radius greater than € is compact.
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Indeed, the Gauss-Bonnet formula implies that all metrics with curvature —1 on
S have the same area. This means that S can be covered by a number of hyperbolic
discs of radius ¢ that depends only on €. The gluing data then vary in a compact
set. O

Here, S; converges to S means that there exist diffeomorphisms ¢; : S; — S
which pull back the metric of S; to metrics on S which converge uniformly in C*-
topology.

1.2. The modulus of an annulus

It is useful to translate the compactness criterion of proposition 1.1.1 into purely
conformal terms. A small injectivity radius means that there exists a short closed
geodesic 7, which is not null homotopic. Then + has a large embedded tubular
neighbourhood. In an orientable surface, such a neighbourhood is an incompressible
annulus with large modulus.

DEFINITION 1.2.1. — Let A be an annulus equipped with a smooth complex
structure. Then A is either conformal to the punctured Euclidean plane, the punc-
tured disc or a unique cylinder S* x [0, L] where the S* factor has unit length. The
number L 1s called the modulus of A. Here is an alternative definition.

1 2
(1.2.2) 7= 1nf! \dul

over smooth functions u on A which take the value 0 on one boundary component
and 1 on the other.

Conversely, if a compact Riemann surface S contains an incompressible annulus
A with large modulus, then the conformal metric with curvature —1 has a small
injectivity radius. A compactness criterion for sets of compact Riemann surfaces
follows, where the following topology is used: the sequence (Sj;, Js;) converges to
(8, Js) if there exist diffeomorphisms ¢; : S — S; such that the pushed forward
complex structures (¢;).(Js;) on S converge uniformly and smoothly to Js.

PROPOSITION 1.2.3. — Fiz a number L. Consider all compact Riemann sur-
faces S of fired genus greater than 1, with the following property: the modulus of
every incompresstble annulus in S is less than L. This space is compact.

1.3. Degeneration

Given a complete Riemannian surface S with curvature —1, and £ > 0, the &-
thick part of S is the set of points where the injectivity radius is greater than e.
Note that the number of connected components of the e-thick part of S is bounded
in terms of the genus and ¢.
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DEFINITION 1.3.1. — A sequence of complete surfaces S; with curvature —1
converges to S if for every € > 0, the e-thick part of S; converges to the e-thick part
of S.

An obvious extension of Proposition 1.1.1 says that every sequence of complete
surfaces with curvature —1 and uniformly bounded area has a convergent subse-
quence (in the C*-topology). The next point is to describe how area and topology
can change in the limit.

The part of a compact surface with curvature —1 where the injectivity radius is
small is also easy to describe. The model is the quotient of the hyperbolic plane by
an isometry which translates a geodesic v by a distance £ < m/4. In this surface,
the injectivity radius is an increasing function of the distance from . Let us denote
by A(€) the 7/8-thin part of this surface, i.e., the set of points where the injectivity
radius is less than 7/8. When £ tends to 0, the annulus A(¢) splits into two isometric
parts called standard cusps, and denoted by C. The standard cusp C is a complete
Riemannian surface with boundary, conformal to a punctured disc. It can be viewed
as the quotient of a horodisc, an open subset in the hyperbolic plane, by the parabolic
rotation which translates boundary points by a distance 7/8. Observe that the area
of the e-thin part of A(¢) tends to 0 as € tends to 0 uniformly in £. As a consequence,
in the convergence A(¢) — C'UC, the areas converge. Furthermore, as £ varies from
0 to m/8, the area of A({) varies between two positive constants.

. closed
geodesic . .
loop of geodesic geodesic
length 7r/4 of length £ loop of
length /4
the annulus A(¢) the cusp C

Figure 10

The next proposition describes the decomposition of the compact oriented con-
stant curvature surface S into thick and thin parts.

PROPOSITION 1.3.2 (Thick and thin decomposition). — The set of points in
S where the injectivity radius is less than 7 /8 is o disjoint union of annuli, each of
them being isometric to one of the A(¢).

Thus, if a sequence S; of surfaces with curvature —1 degenerates but converges
to S in the sense of definition 1.3.1, a finite (bounded) number of disjoint closed
geodesics have lengths that tend to zero, and S is diffeomorphic to the complement
of the union of these curves. Furthermore, S contains two isometrically embedded
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copies of the standard cusp C for each removed curve. As a consequence, S is
conformal to a disjoint union ¥ of compact Riemann surfaces with points removed
(exactly 2 for each removed curve). The total genus of these surfaces is no more
than the genus of the S;. For j large enough, S; is obtained from 3 by performing
a series of connected sums, thus to reconstruct the manifold S;, its is sufficient to
remember which pairs of punctures have to be glued together.

It should be clear by now that a description of degeneration in families of Rie-
mannian surfaces with curvature —1 should include disconnected or non compact
surfaces with finite area as well.

1.4. Noncompact surfaces with constant curvature

In general, a complete Riemannian surface with curvature —1 and finite area
contains finitely many disjoint isometric copies of the standard cusp, whose union
has a compact complement. As a consequence, it is conformal to the complement
of a finite subset in a compact surface equipped with a smooth complex structure.
Conversely, given a compact Riemann surface ¥ and a finite subset F C X, the
uniformisation theorem applies provided the Euler characteristic of ¥\ F is negative:
there exists a unique complete conformal metric on X \ F with curvature —1 and
finite area.

As a consequence, given a compact oriented surface X, there is a 1-1 correspon-
dence between the data of a complex structure on X together with a finite subset
F C ¥ and complete Riemannian metrics on ¥ \ F with curvature —1 (this corre-
spondence now includes spheres with at least three punctures and tori with at least
one puncture).

Let us call a Riemann surface with nodes the data of a disjoint union of compact
surfaces equipped with complex structures, a finite set of marked points called nodes,
and an equivalence relation identifying certain marked points in pairs. Its genus is
defined to be the sum of the genus of all components.

There is a natural topology on the set of Riemann surfaces with nodes. One says
that 3; converges to ¥ if ¥, is almost obtained from ¥ by a connected sum at pairs of
identified marked points. This means that there is a disjoint collection A; of annuli
in 3J; of large modulus, a map ¢; from ¥; to £ which is a diffeomorphism away from
Aj; and collapses each annulus in A; to a node of 2, such that the pushed forward
complex structures (;),Jx; converge on compact subsets of X\ {marked points} to
Jx.

By construction, uniformisation yields a homeomorphism between the space of
Riemann surfaces with nodes and the space of Riemannian surfaces with nodes with
curvature —1 and finite area.

PROPOSITION 1.4.1. — The space of Riemann surfaces with nodes of genus
less than g is compact.
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2. Cusp-curves

2.1. Definitions

DEFINITION 2.1.1. — A cusp-curve in an almost complex manifold (V,J) is
a J-holomorphic map from a Riemann surface with nodes to V, i.e., the data of
a disjoint union of compact surfaces %y equipped with complex structures, a finite
set of nodes, and an equivalence relation identifying certain nodes in pairs, together
with a J-holomorphic map f : U¥y — V' compatible with the identifications.

DEFINITION 2.1.2 (C*-topology on cusp-curves). — Let f : UsXy — V be a
cusp-curve. Given € > 0, a Hermitian metric v on ¥, and a neighbourhood U of
the nodes, a neighbourhood of the cusp-curve f is defined as follows. It is the set of
cusp-curves f : Ugky — V such that there ezists a continuous map

o Ugig — UgZe

with the following properties: o is a diffeomorphism except above the nodes; the
pull-back of a node is an annulus of modulus > 1/ or a node;

|7 = Foo <2

away from U, where the metric v on X, and a fived metric u on V are used when
Measuring norms;

|5 = g < 2
away from U, and
‘area (f) — area (f)‘ <e.

By construction, the examples in the introduction illustrate the convergence of
a sequence of holomorphic spheres to the join of two holomorphic spheres.

Figure 11

Since constant maps are holomorphic, the number of distinct curves in the image
f(E,) € V can decrease in the limit. The above topology is non Hausdorff, but this

should not be taken too seriously. It is the space of non parametrised curves which
is Hausdorff.
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Cusp-curves with boundary. — Let T be a compact complex manifold with
boundary of dimension 1 (i.e., it has an atlas of holomorphic charts onto open subsets
of C or of a closed half plane). Its double is a compact Riemann surface S with a
natural antiholomorphic involution 7 which exchanges T and S\ T while fixing the
boundary 9T. If f: T — V is a continuous map, holomorphic in the interior of T,
it is convenient to extend f to S by

f=for

DEFINITION 2.1.3. — A cusp-curve with boundary in (V,J), is the data of
finitely many compact Riemann surfaces Sy obtained by doubling surfaces with bound-
ary T, and a continuous map f : UpS, — V, holomorphic in the interior of each Ty,
and such that for = f. A finite set of “nodes” is given, together with identifications
in pairs compatible with T and f.

The topology is the same as for closed surfaces. As in the case of closed surfaces,
in a convergent sequence of cusp-curves, a finite number of simple closed curves, but
also, of simple arcs with endpoints on 9T,, may collapse to a node.

2.2, Compactness theorems

THEOREM 2.2.1 (Compactness for closed cusp-curves). — Let V be a closed
Riemannian manifold. Let J; be a convergent (in C¥+*) sequence of almost complex
structures on V', and f; : S — V a sequence of J;-holomorphic curves with bounded
areas. There exists a subsequence which converges (in C*17%) to a cusp-curve f :
Uee — V, where, topologically, UgY, is obtained from S by collapsing a finite
number of disjoint simple closed curves. In particular, the genus cannot increase in
the limit

D a(Z) < g(S).
7

THEOREM 2.2.2 (Compactness for cusp-curves with boundary). — Let V be
a closed Riemannian manifold, W a real analytic submanifold of V. Let J; be a
convergent (in C¥*%) sequence of almost complex structures on V which are inte-
grable in a neighbourhood of W, and for which W is totally real. For every sequence
[+ (T,0T) — (V,W) of J;-holomorphic curves with boundary in W, and bounded
areas, has a C*H17% convergent subsequence.

3. Proof of the compactness theorem 2.2.1

3.1. Scheme of the proof

Constant curvature —1 metrics p; on S will be chosen so that the maps f; become
uniformly Lipschitz. Gromov’s Schwarz Lemma provides us with a Lipschitz bound
for maps of large hyperbolic discs immersed in S into small balls of V. By removing
a controlled number of points on S and choosing for y; the conformal metric with
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cusps at these points, one can ensure that each (non removed) point of § is the
centre of such an immersed disc. One can then choose convergent subsequences of
metrics and maps. In the limit, a holomorphic map of finite area of a punctured
surface is obtained. It needs be extended across the punctures.

The main tools, Gromov’s Schwarz lemma and the removable singularity theo-
rem, are needed in the following form (see chapter VII).

ProprosITION 3.1.1. — Let (V,p) be a compact Riemannian manifold. Let
J be an almost complez structure of class C*t® on V. There exist constants €,
(depending only on the C° norm of i and on the C* norm of J) and C (depending
only on the C° norm of . and on the C¥** norm of J) such that every J-holomorphic
map of the unit disc to an go-ball of V' has its derivatives up to order k+1+ o near
the origin bounded by C.

PROPOSITION 3.1.2. — Let (V,p) be a compact Riemannian manifold. Let
J be an almost complex structure of class C'** on V. Ewvery J-holomorphic map
f:D* =V of finite area extends to a J-holomorphic map of the disc to V.

A coarse form of monotonicity will also be needed. The constant gy in this
statement is the one in proposition 3.1.1.

PropPoOSITION 3.1.3. —  Let (V, ) be a compact Riemannian manifold. Let J
be an almost comples structure of classC* on' V. Letz € V. If S is a J-holomorphic
curve in V with boundary contained in the sphere 0B(x, &), then

area (S) > ¢;.

3.2. Choice of metric on the domain

Let f : § — V be a holomorphic map. In this paragraph, a metric with curvature
—1 will be constructed on S (perhaps with finitely many points removed) in such a
way that the image by f of every unit geodesic disc in this metric has diameter less
than &g, the constant that enters the Schwarz lemma 3.1.1.

Removal of a net. — In V|, let us choose a maximal system of disjoint gy-balls
with centres on f(5). Let F be the set of centres. According to the monotonicity
property 3.1.3, f(5) leaves a definite quantum of area inside each of these balls, thus
the number of points in F is bounded by a constant N that depends only on the
area and &q.

Since F' is maximal, every point of f(S) lies at a distance at most 2, from a
point of F. Next we want to bound the diameter of discs contained in f(S)\ F.
The trick is to construct annuli with large modulus.
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Annuli. — Let A be an annulus contained in f(S) \ F, whose boundary com-
ponents have length at most ¢5. Then the diameter of A is less than 12¢,. Indeed,
every point of A lies at a distance at most 2gq of the boundary (by construction of
F), and, for the same reason, the boundary components lie at most 4¢, apart.

If a Riemannian annulus has a large modulus, then a slightly smaller isotopic
annulus has a short boundary. Indeed, let ® : S x [0,L] — A be a conformal
mapping. Denote by

SH= (St x {t}).

Then
L
area (A) > / / &) | dt
0 Ix{t}
. 2
> [| [ w1 a
0 \stx{z}
L
> / length (S1)2 dt.

Thus there exists a ¢ such that
length (S}) < (area (A)/L)"2.

Splitting A into three adjacent annuli (i.e., they share boundary components like
plumbing fixtures), one finds short curves in the extreme annuli. We sum up the
discussion in a

LEMMA 3.2.1. — Let Aoy, A, A1 be adjacent annuli in S\ f~1(F). If the
moduli of Ay et A; are larger than L, a constant which depends only on the area of
F(S) and on ey, then

diameter f(A) < 12¢.

Bound on the diameter of discs in the p*-metric. — We choose to give S\
fY(F) the unique complete conformal metric 4* with curvature —1.

LEMMA 3.2.2. — There exists a constant p depending only on gy and on the
area of f(S), such that every geodesic disc of radius p in the metric u* is contained
in an annulus A admitting adjacent annuli with moduli greater than L as in lemma
3.2.1.

Proof. — Fix r = min{n/8,exp(—2L)} and set p = r2. The thick and thin
decomposition of surfaces with constant curvature, (proposition 1.1.1 and §1.4) tells
us what a geodesic disc of radius 7 looks like. Either it is isometric to a hyperbolic
geodesic disc (when the injectivity radius is larger than r, the thick case), or it is
contained in a tube around a closed geodesic A(¢) or in a standard cusp C' (when
the injectivity radius is less than r, the thin case).



242 P. Pansu

o The thick case: Let z be a point of S\ f~1(F) where the injectivity radius is
larger than /8. Choose a point y € dB(z,2r). The shells

= B(y,r*)—

(
= By, 3r ) B(y,r*)
= B(y,r) — B(y,3r?)
)

are topological annuli. Also B(z, p) C A, modulus (4y) = +o00 and
1 1
modulus (4;) ~ 2 log~>L
T

as required.

Figure 12

e The thin case: Then z is either close to a closed geodesic or in a cusp.

Figure 13

In both cases, the function
u = d(-, geodesic) — d(z, geodesic)

or
u = d(-,cusp) — d(z, cusp)
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is smooth on B(z,n/8), and |du| = 1. The sets

Ao u[-m/8, —r?
A = w'[-r* +r% D B(z,p)
Ay = uM+r%w/8).

are topological annuli. Using formula (1.2.2) one gets

(r/8)°
modulus (4;) > rsh (m/8)

of the order of 1/r, which is much larger than L. O

Conclusion. — For all z € S\ f~1(F), one has
7 < const (V.1 [T , area).

Indeed, if ® denotes the conformal immersion of the unit Euclidean disc onto the
p* geodesic ball B(x, p), then
| £l (z) < comst - [(f o @) (0)]fr,
where the constant only depends on the radius p. Since the image of f o ® has a
small diameter, the Schwarz lemma 3.1.1 applies and a bound on the derivatives of
f o ® follows.
Notice that this bound does not depend on the injectivity radius of the metric

*

ur.

3.3. End of proof

Convergence of metrics. — Again, we are given a sequence fi 8 —= (Vip)
of holomorphic curves with bounded area and genus. On each of them, a finite set
F; is removed and a metric w; is chosen in order that the maps f; are uniformly
Lipschitz.

Since the genus of S; and the number of points in F}; are bounded, the area of
w5 stays bounded, and the compactness criterion 1.3.1 for surfaces with curvature
—1 applies. Up to taking a subsequence, the metrics 5 can be viewed as smoothly
convergent metrics on larger and larger subsets of a fixed surface ¥ which is dif-
feomorphic to the complement of finitely many “nodes” in a compact surface 3.
The maps f; are then uniformly Lipschitz maps on these subsets. A subsequence
converges uniformly to a holomorphic map f defined on ¥. On compact subsets of
2, the convergence is as smooth as the almost complex structure on V, thanks to
the estimate on higher derivatives included in the Schwarz lemma and to elliptic
regularity.
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Convergence of areas. —  According to 1.3.1, the metrics } converge smoothly
away from sets of smaller and smaller area. Since the f; are uniformly Lipschitz,
their Jacobians are bounded and so

area (f(X)) = lim area(f;(S;)).

j—oo

Bubbles intersect. —  According to the removable singularity theorem 3.1.2, the
map f extends across the nodes. It remains to prove that f is compatible with the
identifications, i.e., it takes equal values at nodes that arise from the degeneration
of the same annulus A(¢). As in the proof of the removable singularity theorem, one
shows that if A, is the e-thin part of A(¢), then the diameter of f(A.) tends to 0
with £. If not, the holomorphic annulus f(A.) which has a short boundary and small
area (Lipschitz estimate) would intersect a large ball, contradicting monotonicity.
This ends the proof of theorem 2.2.1.

Remark. — The convergence of areas and monotonicity imply that the images
fi(8;) converge as subsets of V.

’

3.4. Compactness for cusp-curves with boundary

Under our strong assumption (the totally real data W is real analytic), only
minor changes are needed to adapt the proof. The idea is that in the proof of the
estimate for the first derivative of a conformal map

F28u) = (Vo)

only intrinsic properties of the metric y5(s) are used, like isoperimetric inequalities.
In this respect, maps which are a mixture of holomorphic and anti-holomorphic are
just as good as holomorphic maps.

LEMMA 3.4.1. — Let W be a real analytic totally real submanifold in (V,J).
Assume that J is integrable in a neighbourhood of W. Then there exists a unique
anti-holomorphic involution v defined in a neighbourhood of W whose fized point
set is W.

It is sufficient to produce local holomorphic charts of V' that take W to R™ C C™.
We can assume that V = C™. Write C™ = R™ @ iR™. Locally, W is the graph of
a real analytic map ¢ of R™ to R™, ie,

W = {z +ip(z) e C™; z € R™}.
The map ¢ extends holomorphically to a neighbourhood of R™ in C™. The map
z = z+1ip(z)

is a local diffeomorphism, as follows from the assumption T, W NI, W = 0. O
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LEMMA 3.4.2. — Assume the triple (V, J, W) satisfies the hypotheses of the
previous lemma. Choose on V' a Hermitian metric p which is invariant under the
involution Tv. Let f : S — V be a cusp-curve with boundary (remember this means
that for = f) such that f(OT) C W. Then the pull-back metric f*u sur S is
smooth and satisfies the isoperimetric inequalities and monotonicity holds.

Remark. — These isoperimetric inequalities are the standard ones involved in
the statement of the Schwarz lemma in chapter VII.
The proof follows from the Schwarz reflection principle.

THEOREM 3.4.3 (Reflection principle). — Let T be a Riemann surface with

boundary, let T be the natural antiholomorphic involution on the doubled surface S.
Let f:(T,0T) — (V,W) be holomorphic. The formula

f(x)=1wo for(x)
defines a holomorphic extension of f to a neighbourhood of T in S.
The identity f*u = f*u proves lemma 3.4.2. O
Choice of a metric on the domain. — Keep the construction 7-invariant. Ar-

range things so that F' does not intersect W. Since the metric p* is 7-invariant, the
boundary 8T is totally geodesic.

Convergence of metrics on the domain. — Observe that in the limit, the
geodesics which collapse are of three types:

e simple closed curves;

e simple arcs joining two boundary points

e boundary components.
The presence of nodes on 97" causes no extra difficulty.

Non compact ranges. — All of these results persist when, while W is compact,
V has a coercivity property that prevents holomorphic curves with boundary on W

from escaping to infinity. In the case when W = C™, monotonicity, which holds
globally, implies coercivity.

4. Convergence of parametrised curves

Finally, we are concerned with maps f; : S — V where the complex structure
on S is fixed. In this case, the “bubbles”, i.e., the extra components in a limiting
cusp-curve, are always spheres. This remains true if the complex structure is allowed
to vary in a compact subset of the moduli space of S.
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4.1. Graphs

The trick is to apply cusp-curve compactness to the graphs gr(f;) : S — S xV
or more generally to sections of bundles X — S.

THEOREM 4.1.1. — Let X be a compact manifold and 7 : X — S a fibration
over a Riemann surface S. Let J; be a C¥**-convergent sequence of almost complez
structures on X, such that for each j the fibration 7 : (X, J;) — S is holomorphic.
Let f; : § — X be a sequence of sections with bounded area. Then there erist a
finite subset ' C S and a Jy-holomorphic section fy, S — X such that

(i) a subsequence of the f; converges in ¥ to fo, away from T;

(i) if v €T and f;(7y) do not converge to foo(7y), then the fiber X, contains a non
trivial rational curve

Oyt 5% - X,
which passes through fo(7);
(i) for large j, the homotopy class of f; in [S, X] is the same as

foo+z‘p'y

(care has to be taken if S is not a sphere, but if S is a sphere, the formula
holds in mo(X)).

Proof. — Let F : UpZ, — X be a limiting cusp-cuve for some subsequence of
f;. Let F =mo F. Since F is holomorphic, the domain splits as

Ul =3, U%,

where F' is constant on each component of &y, and F is a ramified covering on each
component of ¥,. This implies that

genus (X5) > genus (S).
According to theorem 2.2.1,
genus (X1 U 8p) < genus (5).

Thus the surface X1, whose genus is 0, is a union of spheres.

Let z be a point of S which is neither in ' = F(X;) nor a branch point of F. One
can assume that the f;(z) converge. As the f;(S) N X, converge in the Hausdorft
sense to F(UyX%) N X,, one concludes that F(U,¢) intersects X, in a single point.
As a consequence, the ramified covering F : ¥, — § is an isomorphism, and F(Z,)
is the image of a section fo. As the f;(S) Hausdorff converge to the image of a
section, the maps f; converge uniformly to f in a neighbourhood of z. Since all of
the f; send this neighbourhood into a small ball of X, the Schwarz lemma applies,
and the convergence is in fact C¥1+*. 00
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4.2. The corresponding statement for curves with boundary

THEOREM 4.2.1. — Let w : X — T be a fibration over a Riemann surface
with boundary T. Let W be a submanifold of n=1(0T). Let J; be a C*+*-convergent
sequence of almost compler structures on X. Assume that for each j, 7 : (X,J;) = 8
is holomophic, that W is totally real with respect to J;, and that J; is integrable in
a neighbourhood of W. Let f; : (T,0T) — (X, W) be a sequence of J;-holomorphic
sections of w, with bounded areas. Then there exists a finite subset I' in T and a
Joo-holomorphic section fo, : T — X such that

(i) a subsequence of the f; C**1**-converges to fa, away from I';

(ii) if vy € T and f;(7y) does not converge to fu (), then the fiber X, contains a
non trivial rational curve ¢, : S* — X, (resp. a holomorphic disc ¢, : (D,8D) —
(X, W,) if v € 9T ) which passes through f..(7v);

(iii) for large j, the homotopy class of f; in [(T,0T, (X, W))] is the same as

foo+Z‘P'y

(care has to be taken if T is not a disc, but if T is a disc, the formula holds in
7T2(X, W))

4.3. Simple homotopy classes

Under certain extra assumptions which forbid bubbles, a compactness theorem
for parametrised curves will follow. Here are two typical assumptions.

e There are no nontrivial rational curves in the fibres. This appears in the proof
that a compact embedded Lagrangian submanifold in C™ cannot be exact
(one argues by contradiction).

e The homotopy class of f; in [S, X]| is simple and, in the case when S = S?%
normalise the parametrisation in three points.

DEFINITION 4.3.1. — Let J be an almost complex structure on V. A homo-
topy class

ﬂ S WQ(V)

is J-simple if in any decomposition § = 3_; f; where f; : S* — V is J-holomorphic,
at most one of the f; is nonconstant.

Example. — Let V = $? x V;, equipped with an almost complex structure J
tamed by w = w; ® ws. Let § be the homotopy class of the first factor. Assume
that, for every J-holomorphic curve ¢ in V;

/ wy 18 an integral multiple of / w1,
c 8

then the class § is J-simple.
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COROLLARY 4.3.2. — Let 8 € my(V) be a J-simple class. Fizx three distinct
points s1, Sa, 83 in S2. For all A, all & > 0, there ezists an £ > 0 such that the set
of J-holomorphic maps f : S? — V which satisfy

area(f) < A,
dist(f(s;), f(sx)) > 6,
[o7],. < <

is compact.

The operator df is explained in chapter V. It takes its values in the space of
sections of a certain bundle X. Every such section g determines an almost complex
structure J, on X = $% x V, and the equation f = g means that the graph of f
is Jy-holomorphic. Furthermore, as g tends to 0, the almost complex structure J;
tends to the product structure on X.

Proof. — We prove the corollary by contradiction. Let f; be a noncompact
sequence of J,,-holomorphic curves with bounded areas, which satisfy the normali-
sation condition in the statement, and where the g; tends to 0. Let F : U,Zf — X
be a limiting cusp-curve of the graphs of the f; (it is holomorphic with respect to
the product almost complex structure on X). Since 3 is J-simple, at most one of
the maps

ot L X —v
is nonconstant. If the limiting section f., is non constant in V', then there are
no bubbles and compactness holds. Otherwise f., is constant and there is exactly
one bubble over some point v € S%. Away from =, the f; converge uniformly to a
constant map but this contradicts the assumption dist(f(s;), f(sx)) = 6. O

Example. — Fix three disjoint submanifolds X3, £3, ¥3 in $? x V and require
that f(s;) € ¥;. In this case the conclusion is that compactness holds for Jg -
holomorphic curves with g small enough (this is theorem 2.3.C of {3]).
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Chapitre IX

Exemples de courbes
pseudo-holomorphes en géométrie
riemannienne

Frangois Labourie

Rappelons qu’une structure presque complexe sur une variété est la donnée d'un
champ d’endomorphismes de carré —1 du fibré tangent. Une application pseudo-
holomorphe entre deux variétés presque complexes est une application dont la diffé-
rentielle commute avec les structures complexes. Enfin une courbe pseudo-holomor-
phe dans une variété presque complexe est une surface réelle dont le plan tangent
est stable par rapport & la structure complexe (voir les chapitres précédents et no-
tamment II et III).

Notre but dans ce chapitre est, dans un premier temps, de traduire dans le
langage des courbes pseudo-holomorphes un certain nombre de problémes classiques
de géométrie riemannienne sur les surfaces. Nous utiliserons en particulier cette
interprétation pour étudier les dégénérescences possibles des solutions de ces pro-
blémes. Nous étudierons ainsi

1. les immersions isométriques elliptiques (probléme de Weyl), d’une surface S
dans une variété M de dimension 3,

2. les surfaces a courbure de Gauss prescrite (probléme de Minkowski, Monge-
Ampere elliptique) dans une variété M de dimension 3,

3. les surfaces & courbure moyenne prescrite, et en particulier les surfaces mini-
males, dans une variété M,

4. les applications harmoniques dont la source est une surface,

5. les équations elliptiques du deuxiéme ordre sur les surfaces.

Pour chacun de ces cas, nous expliciterons la construction permettant de trans-
crire ces exemples dans le langage pseudo-holomorphe. En général, I'interprétation
est la suivante : les solutions des problémes considérés sont a priori des surfaces dans
une variété, S x M dans le premier exemple (en considérant le graphe de I'immersion)
et M dans les exemples 2 et 3. Ces surfaces se relévent alors comme des surfaces

251
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tangentes & un sous-fibré d’holonomie — au sens de [5] — dans un certain espace
de jets E se fibrant sur notre espace de base. Dans le cas des exemples 2 et 3,
le fibré que nous considérerons est le fibré unitaire tangent et le relevé se fait par
l'application de Gauss. Chacune des fibres du sous-fibré d’holonomie sera alors munie
d’une structure presque complexe qui stabilise ’espace tangent du relevé de notre
surface. Réciproquement, si une courbe pseudo-holomorphe tangente & ce sous-fibré
se projette sur une surface dans notre espace de base, cette surface est solution du
probleme.

Ces données suffisent alors pour appliquer la théorie des courbes pseudo-holomor-
phes. En particulier, nous nous sommes intéressés dans les deux premiers exemples
au probleme d’existence. Les résultats obtenus l'ont été en utilisant (comme dans
le cas des courbes pseudo-holomorphes) la méthode de continuité. Cette méthode
consiste schématiquement & partir d’une solution pour un probléme proche, & la
déformer et obtenir notre solution comme limite de cette déformation. L'un des
points cruciaux est alors bien entendu d’obtenir un résultat de compacité pour une
suite de solutions, et c’est & ce moment que les résultats de Gromov et en par-
ticulier le lemme de Schwarz s’avérent particulierement efficaces pour contréler la
convergence et décrire les dégénérescences.

Essayons de dérire les dégénérescences de solutions, 4 nouveau schématiquement,
dans notre cas. Si on étudie une suite de solutions, deux types de divergences peuvent
apparaitre. Dune part, celles liées & I’apparition de bulles dans la suite de courbes
pseudo-holomorphes qui se traduisent elles mémes par des bulles pour les solutions
(I'exemple des surfaces minimales est bien connu). D’autre part, et c’est le nouveau
phénomene, ceux provenant de l'existence de courbes pseudo-holomorphes para-
sites non associées & des solutions de notre probléme. En effet, une courbe pseudo-
holomorphe dans notre espace de jets ne se projette pas nécessairement sur une sur-
face dans 'espace de base. Si la projection est de rang 0, elle est incluse dans la fibre,
ce qui dans le cas des surfaces minimales correspond a 'apparition de singularités
différentiables. Si la projection est de rang 1, on obtient une dégénérescence filiforme
comme dans le cas des immmersions isométriques elliptiques (voir le théoréme 1.1.2).
Ce dernier type de dégénéresecence apparait lorsque I’on ne borne plus I’aire, comme
nous allons I'expliquer maintenant.

Imaginons pour simplifier que notre espace F soit un fibré au dessus du disque
D et que les courbes pseudo-holomorphes soient des graphes au dessus de D. A
aire bornée, la théorie de Gromov — qu’il faut adapter trés soigneusement dans le
cas des variétés & bord — montre que toute suite de courbes pseudo-holomorphes
converge vers une limite elle-méme pseudo-holomorphe, modulo le détachement de
bulles. Pour des raisons trées simples, dans le cas d’une suite de courbes graphes,
les bulles apparaissent dans la fibre. Dans le cas des immersions isométriques ellip-
tiques par exemple, la fibre ne peut contenir de courbes pseudo-holomorphes pour
la raison tres forte que son espace tangent ne contient pas de sous-espaces com-
plexes. Si maintenant ’on ne borne plus 'aire et que les bulles sont exclues, la
suite des courbes pseudo-holomorphes va converger vers une lamination (imaginons
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une spirale s’enlacant sur un cercle). Les points récurrents de cette lamination ne
peuvent étre tracés sur des courbes graphes dans un de leurs voisinages. Dans le
cas des immersions isométriques, ces points récurrents se trouvent sur ces courbes
pseudo-holomorphes parasites qui se projettent sur le disque en des géodésiques.
Une description précise de ’apparition de ces points récurrents permet d’obtenir de
nouveaux résultats.

En ce qui concerne les deux premiers exemples, nous présenterons également les
résultats géométriques que cette interprétation nous a permis d’obtenir.

Dans une deuxiéme partie, nous rappellerons et énoncerons quelques lemmes
concernant les courbes pseudo-holomorphes. Les deux premiers, et en particulier le
lemme de Schwarz, permettent de faire converger une suite d’applications pseudo-
holomorphes. Les deux suivants permettent de décrire la limite, en particulier de
contrdler 'apparition de singularités et le comportement du bord d’une suite de
courbes pseudo-holomorphes.

A la fin du paragraphe sur les immersions isométriques elliptiques, nous esquis-
serons une démonstration utilisant ces lemmes.

Une partie de ce qui est rédigé ici est déja paru ailleurs de maniere dispersée, nous
avons choisi de réunir les passages utilisant les courbes pseudo-holomorphes (§§1
et 2), de présenter de nouveaux exemples (§§3.1, 3.2 et 3.3) d’isoler des résultats
pseudo-holomorphes (§ 3.3) et de donner dans I'introduction un guide de lecture, afin
d’essayer de montrer I'utilité de I'application de la théorie de Gromov & I’analyse
globale.

Signalons encore que le codage pseudo-holomorphe permet également d’obtenir,
en utilisant la positivité des intersections (chapitre VI), des résultats d’unicité de
solutions, en particulier pour les immersions elliptiques. Nous ne développons pas
ce point de vue ici et renvoyons & [6].

Je tiens & remercier ici Pierre Pansu, qui m’a patiemment expliqué le lemme de
Schwarz, et Misha Gromov qui m’a suggéré ces problemes.

1. Immersions isométriques elliptiques

Ce paragraphe est un résumé de la premiére partie de [6].

1.1. Définitions et résultats

Une immersion isométrique elliptique (ou localement convexe) (resp. e-elliptique)
d’une surface S dans une variété M de dimension 3, est une immersion isométrique
dont le discriminant de la deuxiéme forme fondamentale (par rapport & la prmiere
forme fondamentale) est positif en tout point (resp. supérieur & un € positif). Ceci est
automatiquement le cas si, par exemple, la courbure sectionnelle de M est inférieure
a un Ky, et la courbure de S est en tout point strictement supérieure a K.

Nous nous sommes intéressés a la divergence d’une suite de telles immersions.
On se donne donc une suite (f,) d’immersions e-elliptiques d’une surface S dans
une variété riemannienne (M, g) de dimension 3, telle que les métriques induites
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convergent de fagon C*° vers une métrique go. On suppose également que (f,) con-
verge de fagon C° vers une application fo; il suffit pour cela par exemple que M
soit compacte. Notre premier résultat exhibe un critére permettant d’affirmer sous
une hypothése assez faible que notre suite converge de fagon C*. Remarquons que
les théoremes de ce type exigent habituellement une borne uniforme sur la courbure
moyenne.

THEOREME 1.1.1. —  Si Uintégrale de la courbure moyenne des f,(S) est ma-

jorée, la suite (f,) converge C* sur tout compact vers une immersion isométrique
fo de (S, g0) dans (M, g).

Notre deuxiéme résultat nous permet de décrire la facon dont dégénére notre
suite d’immersions. Un point z de S est dit singulier si la suite f, ne converge pas
{pour la topologie C*°) au voisinage de .

THEOREME 1.1.2. — Soit (f,) une suite d’immersions e-elliptiques de (S, 90)
dans (M, g) convergeant de maniére C° vers une application fy. Si la suite ( fn) ne
converge pas de maniére C*° qu voisinage d’un point z de S, dont nous dirons alors
que ce point est singulier. Il existe alors une unique géodésique v de S, passant par
x, telle que fo soit une isométrie de v dans une géodésique de M. De plus, tous les
points de vy sont singuliers.

Donnons un exemple du phénomene décrit par ce théoréme. On peut construire
(voir [11]) une famille (f,) d’immersions isométriques de la sphére moins deux points
antipodaux dans R3. Chaque immersion f, s’enroule alors n fois autour de ’axe des
poles, la limite étant un segment (figure 14).

N

N

: infinité
1 tour ntours S S | de tours

Figure 14

Nous nous proposons maintenant de décrire le 1-jet d'une immersion isométri-
que d’une surface S dans une variété M de dimension 3. Ce jet est & valeur dans
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I'ensemble E = Isom(T'S,TM) des isométries linéaires de T'S dans T'M. Notre but
est de munir un ouvert O de £ d’une structure presque complexe telle que le 1-jet
d’une immersion isométrique elliptique (ou localement convexe) définisse une courbe
pseudo-holomorphe de O. L’aire induite sur ces courbes pseudo-holomorphes sera
alors I'intégrale de la courbure moyenne.

Ceci est la premiere étape de la démonstration du théoreme 1.1.1.

Nous verrons aussi que d’autres courbes pseudo-holomorphes “parasites”, les sur-
faces de pli, s’introduisent naturellement (proposition 1.6.2). Démontrer le théoréme
1.1.2 revient alors & démontrer que le graphe du 1l-jet d’une suite d’immersions
isométriques elliptiques converge soit vers un graphe, soit vers une telle surface de

pli.

1.2. Espace des jets d’immersions isométriques

Notre premiére étape va étre de décrire E et plus particulierement son espace
tangent. L’espace E est naturellement un fibré sur S x M. On notera 7g et myy, les
projections sur S et M respectivement et pour simplifier on notera leur différentielle
de la méme maniere.

La fibre au point (s,m) est Isom(7,S,T,, M), I'ensemble des isométries de TS
dans T, M. L’espace tangent & la fibre en un point (s, m, g) s’identifie & ’ensemble
des applications linéaires f de TS dans T,,M qui vérifient

(f(u) [ 9(w)) =0

ol u appartient & T,S et ( | ) désigne le produit scalaire de T;,M. Une telle f
s'écrit nécessairement f = g A v, ol v appartient a T,,M, et A désigne le produit
vectoriel dans T;, M (nous supposerons M orientée). Cet espace tangent s’identifie
donc canoniquement a 7, M.
On munit ce fibré de la connexion induite par les connexions de Levi-Civita sur
S et M, on note alors nr la projection sur ’espace tangent a la fibre qui s’en déduit.
Nous avons donc décomposé ’espace tangent & F en

T(s,m,g)E =T.5SeT,MoT, M

a ’aide des projections ng, mps et 7p.

1.3. 1-jets d’immersions isométriques

Soit maintenant f une immersion isométrique de S dans M. Nous noterons f, la
différentielle de f, 7 f son 1-jet, V la connexion de M, n le vecteur normal extérieur
a la surface f(S) et Jy la structure complexe naturelle sur f,(7'S) induite par la
métrique et 'orientation, donnée par Jo(u) =nAwu .

Nous allons maintenant décrire 'espace des vecteurs tangents a la surface 5! f(S)
dans F.
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PROPOSITION 1.3.1. — A Uaide de la décomposition précédente, l'espace tan-
gent ¢ 7' f(S) est U'ensemble des vecteurs de la forme

v= (U, f*(u)v _Jovf*(u)n))

ot u désigne un vecteur de T'S.

Démonstration. — Seul le dernier terme est & identifier. Considérons d’abord
I'espace tangent a la fibre comme un espace d’applications linéaires. Le dernier terme
est alors I'application 77(v) qui & w associe mp(v)(w) olt

TrF(U)(w) = Vf*(u)f*(w) - f*(vuw) = H(U, U))TL
ot TI(, ) désigne la deuxiéme forme fondamentale de la surface immergée. Or

M{u,win = —(Vywn | fulw))n
(n AV gwn) A fu(w)
= flw) A =JoVj,@n.0

1.4. Cas elliptique

Dans le cas elliptique, la deuxiéme forme fondamentale est une métrique. On a
alors

Vf*(u)n = kJoJ

ou k? est le produit des courbures principales de la surface (autrement dit la courbure
gaussienne extrinséque) et J désigne la structure complexe associée & la deuxiéme
forme fondamentale qui respecte P'orientation, c’est-a-dire la rotation d’angle § pour
cette métrique. En particulier, nous avons :

PROPOSITION 1.4.1. — L’espace tangent ¢ j'f(S) dans E est constitué des
vecteurs de la forme

v = (u, fu(u), kfu(Ju)),
ot u désigne un vecteur de T'S.
L’équation de Gauss s’écrit
k= K(TS) - K(f(T5))
(la courbure gaussienne extrinséque est la différence entre la courbure gaussienne et

la courbure sectionnelle du plan tangent pour la métrique ambiante). Il en résulte
que la courbure extrinséque est une fonction parfaitement définie sur E.
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1.5. Structure presque complexe

Soit O 'ouvert de F constitué des points ou la courbure extrinseque k est stricte-
ment positive. Nous allons munir O d’une structure presque complexe telle que
j* f(S) soit une courbe pseudo-holomorphe lorsque f est une immersion isométrique
elliptique.

Décomposons TE d’une nouvelle maniére

TemgE =V &W,

ou V = {G(u,v) = (u,g(u), kg(v));Yu,v € TS} et W = {(u, —g({u) 4+ an, fn)}, et
munissons T E de la structure presque complexe J telle que

J lv: Glu,v) — G(v, —u)
et
J lw: (u, —g(u) + an, fn) — (Jou, —g(Jou) + Bn, —an)

(en fait, la structure complexe sur W n’a aucune incidence sur la suite). Munissons
V de la métrique hermitienne y :

(G ur,v1), Glug, va)) = k(uy | ug) + k{vy | va),

oti { | ) désigne la métrique de S. On munit ensuite W de n’importe quelle métrique.

1.6. Courbes pseudo-holomorphes

Nous allons maintenant exhiber des courbes pseudo-holomorphes.

PROPOSITION 1.6.1. — Si f est une immersion isométrique elliptique de S
dans M, j'f(S) est une courbe pseudo-holomorphe de O. De plus la structure
presque compleze induite sur S est celle donnée par la deuziéme forme fondamentale.
L’élément d’aire w induit est Hwy ou H désigne la courbure moyenne de l'immersion
et wy Uelément d’aire de la métrigue initiale.

C’est une conséquence de la proposition 1.4.1. O

Il existe d’autres courbes pseudo-holomorphes. Celles que nous allons introduire
sont celles qui produisent les dégénérescences du théoréme 1.1.2.

PROPOSITION 1.6.2. —  Soient y(t) une géodésique de S et I'(t) une géodésique
de M, toutes deux paramétrées par Uarc. La surface F = F(v,T) de E constituée
des isométries de TyyyS dans TruyM qui envoient dy/dt sur dT'/dt, est une courbe
pseudo-holomorphe.

Nous V'appellerons surface de pli. A nouveau la preuve est immédiate. O
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1.7. Idée de la démonstration du théoréme 1.1.1

Nous avons vu que les immersions isométriques elliptiques se relévent en courbes
pseudo-holomorphes dans un espace de jets E se fibrant sur S x M, la structure
conforme induite étant celle de la deuxiéme forme fondamentale.

Une premiere étape de la démonstration consiste & démontrer que chaque fibre de
cette fibration admet un voisinage calibré (A.1.1). Si (f,,) est une suite d’immersions
isométriques de S dans M, convergeant de fagon C°, nous pouvons alors supposer
en prenant un voisinage U d'un point zy de S — homéomorphe au disque — que
71 fa(U) est inclus dans ce voisinage.

On considére maintenant g, la représentation conforme de D dans j!f,(U) en-
voyant l'origine dans le relevé de zy. D’aprés le lemme de Schwarz, nous pouvons
extraire de (g,) une sous-suite convergeant sur tout compact vers une application
go- Il nous reste donc & comprendre ce qu’est I'image de go, et en particulier de mon-
trer que c’est une surface immergée. Supposons donc que l'intégrale de la courbure
moyenne soit uniformément bornée sur U, ce qui est 'hypothése du théoréme 1.1.1.
Ceci entraine que I'aire de g,(D) est bornée. Par ailleurs, le bord de g, (D) est inclus
dans 75! (8U). Le lemme A 4.1 nous assure alors que le bord de go(D) est également
inclus dans 75" (8U). Comme 75go(0) est zq, go(D) n'est pas réduit & un point.

Ensuite, on considere CP!(W), le fibré sur E dont la fibre en tout point est
Pespace des droites complexes du plan complexe W. Notre application g, se reléve
alors par 'application de Gauss en une application g, & valeurs dans CP*(W). De
plus en chaque point de E, CP*(W) est séparé en deux hémisphéres par le cercle
des droites complexes dont la projection sur T'S est singuliére. Or g, ne rencontre
jamais ce cercle. Le lemme A.1.2 nous assure alors que (g,) converge également. Le
lemme A.3.1 nous assure ensuite que gq est bien une immersion.

La suite de la démonstration consiste alors & montrer que go(D) est soit un
graphe d’immersion isométrique, soit inclus dans une surface de pli. O

2. Courbure de Gauss prescrite

2.1. Le probleme

Nous allons montrer que de nombreux probleémes a courbure de Gauss prescrite
sur les surfaces, en particulier le probleme de Minkowski, mais aussi le probléeme
de Monge-Ampere et celui des plongements radiaux (cf [9], [3]) s’interprétent en
terme de courbes pseudo-holomorphes. On s’interessera ici au probléme suivant qui
contient les cas cités :

PROBLEME A. — Soit M une variété riemannienne orientée de dimension 3, et
g une fonction définie sur U(M), le fibré unitaire de M, et strictement supérievre
la fonction courbure sectionnelle k. On cherche alors une surface orientée, dont la
courbure en tout point x vaille g(n), n étant la normale orientée en ce point.
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On remarquera que de telles surfaces sont nécessairement localement convexes,
grace a nos hypothéses sur k.

La traduction pseudo-holomorphe nous a été utile dans {7], oll nous I’avons ap-
pliquée au probleme de Minkowski dans les variétés hyperboliques.

Le probléme de Minkowski dans ’espace euclidien s’énonce ainsi : Quelles fonc-
tions sur la sphére sont obtenues en poussant la fonction courbure d’une surface
immergée par 1’application de Gauss? Lorsque nous nous intéressons aux fonctions
positives, ¢’est-a-dire aux surfaces convexes, ce probleme une solution dont 1’énoncé
est simple et élégant ([8] et dans un autre cadre [10}) :

THEOREME (Nirenberg, Alexandrov, Pogorelov). — Pour qu’il existe une surface
conveze solution du probleme de Minkowski pour une fonction k positive définie sur
la sphére S?, il fout et il suffit que

u
/SZEdSZO,

ot u est le vecteur position sur la sphére et ds l’élément d’aire. Une telle surface est
alors unique a translation prés.

Nous nous sommes intéressés a un probléme analogue dans le cadre des variétés
hyperboliques. La solution de ce probléme nous a permis d’étudier les surfaces a
courbure de Gauss constante de ces variétés. Enongons ce probléme :

Soit M une variété hyperbolique géométriquement finie et sans cusp, c’est-a-
dire & cceur de Nielsen N compact. La variété M \ N est alors la réunion finie de
variétés (voir [12]) B; homéomorphes & S; x R, ot les S; sont les surfaces de Riemann
compactes qui sont les composantes connexes du bord M, de M a I'infini. Dans une
telle variété ou plus généralement dans un bout géométriquement fini B (voir [7])
associé a une lamination géodésique mesurée, dont le bord a 'infini est B, se pose
naturellement un probléme de Minkowski.

Soit en effet S, une surface convexe lisse incompressible dans B, on définit
I'application de Gauss ¢ de S dans By, en associant & tout point de S la géodésique
normale en ce point (figure 15).

On associe donc a toute telle surface convexe S une fonction F(S) sur By, donnée
par

(2.1.1) F(S)=kop!

ol k est la fonction courbure de S. Le probléme que nous considérons est, étant
donnée une fonction k sur By, de résoudre (2.1.1). Notre résultat est le suivant

THEOREME 2.1.2. — Soit k une fonction C* définie de By, dans | —1,0[. Il

existe alors une unique surface convexe S incompressible dans B, telle que k = F(S).

Ce résultat est, pour le probléme de Minkowski, I’analogue du résultat de M.S.
Berger (]2]) pour le probléme de Nirenberg :
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le bord
a l'infini de B
le bord de B
Figure 15
THEOREME (M.S. Berger). — Toute fonction négative sur une surface de Rie-

mann de genre au moins 2 est la courbure d’une unique métrique conforme a une
mélrigue donnée.

En appliquant notre résultat au cas ol k est une fonction constante, on en déduit
I'existence et 1'unicité d'une surface Sy & courbure constante k. Un exemple bien
connu de cette situation est le cas ot M est le quotient de ’espace hyperbolique par
un groupe fuchsien : les surfaces équidistantes de ’hyperplan de symétrie sont alors
a courbure constante et de plus forment un feuilletage.

2.2. Traduction pseudo-holomorphe

Revenons au probléme sous sa forme génerale, et montrons

LEMME 2.2.1. — [l existe une structure presque complexe sur un sous-fibré W
du fibré tangent ¢ U(M), telle que les champs de vecteurs normauz unitaires N(S),
aux surfaces S solutions du probléme A soient des courbes pseudo-holomorphes tan-
gentes a W.

La structure conforme induite est alors celle donnée par la deuziéme forme fon-
damentale. Enfin, il existe une métrique hermitienne sur W telle que l'aire d’une
courbe pseudo-holomorphe est l'intégrale de la courbure moyenne de la surface sous-
jacente.

Démonstration. — U(M) est un fibré sur M muni d’une connexion qui se déduit
de la connexion de Levi-Civita sur M. Grace a cette connexion le fibré tangent a
U(M) en un point n se décompose en

T,U(M)=P&TM,
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ou P est le plan orthogonal a n. Remarquons que P étant orienté, il est muni
naturellement d’une structure complexe Jy. Le sous fibré W est alors en tout point
n de U(M) donné a laide de cette décomposition par

W(n)=PaP.

Il est facile de vérifier qu'une surface tangente & W dont la projection sur M
est réguliere est un champ de vecteurs normaux N(S) & une surface S de M. Dans
cette décomposition, I'espace tangent & une telle surface N(S) est constitué des
vecteurs de la forme (u, A(u)), ol A est Popérateur deuxiéme forme fondamentale.
Soit maintenant ¢ la fonction telle que

A =g—k.
On munit alors W de la structure complexe J, telle que
J(u,v) = (¢ ov, cJou).

On vérifie maintenant aisément que dire que N(S) est une courbe pseudo-
holomorphe entraine

dét(4) = ¢,

c’est a dire que S est solution du probléme A. Enfin, si gg est la métrique de M, si
I’on munit W de la métrique donnée par

9((ur,01), (g, 1)) = ¢ golur, ug) + ¢ ' go(v1,v2),
la métrique induite sur .S, solution du probléme A, est alors la métrique
g1(u,v) = dét(A) 2 tr(A)go(A(u), v).
Ceci finit de démontrer notre lemme. O
A nouveau comme dans ’exemple précédent, des courbes parasites tubulaires
apparaissent.

PROPOSITION 2.2.2. — Soit v une géodésique de M, la surface S(vy) de U(M)
constituée des vecteurs normauz & 7y est une courbe pseudo-holomorphe.

Elles apparaissent comme dégénérescences dans I’exemple déja cité en 1.1.2.

3. Autres exemples et constructions

3.1. Courbure moyenne prescrite

Soit M une variété riemannienne, G = G5(M) la grassmannienne des 2-plans
orientés de M et F' — G le fibré sur G dont la fibre en un point P est I'orthogonal
P du plan P. Si S est une surface orientée immergée dans M on notera également
Z(S) son relevé par Papplication de Gauss dans G. On se pose alors le probleme
suivant
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PROBLEME B. — Soit H une section du fibré F, existe-t-il une surface S orientée
et smmergée dans M dont le vecteur courbure moyenne en un point ¢ est H(T,S) ?

Les surfaces minimales sont des solutions du cas particulier de ce probléme cor-
respondant a la section nulle. En dimension 3, le fibré F' a une section n canonique
correspondant au vecteur normal et les surfaces a courbure moyenne constante A
sont les solutions du probléme pour la section An. Notre but est de démontrer le
lemme suivant, analogue a celui sur la courbure de Gauss :

LEMME 3.1.1. — Il existe une structure presque complexe sur un sous-fibré
W du fibré tangent 4 G, telle que les relevés £(S) par Uapplication de Gauss d’une
surface S solution du probléme B soient des courbes pseudo-holomorphes tangentes
¢ W. La structure conforme induite est alors celle de la métrique induite S.

Démonstration. — G est un fibré sur M muni d’une connexion qui se déduit
de la connexion de Levi-Civita sur M. Grace & cette connexion le fibré tangent & G
en un point P se décompose en

TpG = Hom(P, P°) & TM,

ou P° est 'orthogonal de P. Remarquons que, P étant orienté, il est muni naturelle-
ment d’une structure complexe Jy. Le sous-fibré W est alors en tout point P de G
donné & ’aide de cette décomposition par

W(P) = Hom(P,P°) & P.

11 est facile de vérifier qu'une surface tangente & W, dont la projection sur M
est réguliére, est un relevé 3(S) d‘une surface S de M. Dans cette décomposition,
I’espace tangent & une telle surface ¥(S5), est constitué des vecteurs de la forme
(u, A(u)), ol A est I'opérateur deuxieme forme fondamentale.

Nous allons construire & P'aide de H (la section de F associée & notre probléme)
une structure presque complexe sur W. Pour cela soit u un vecteur de P, nous
pouvons lui associer 1'élément B(u) de Hom(P, P°) défini par

B(u) : v — g(Jou,v)H(P).
Ceci nous permet de définir 'endomorphisme J de W dans lui-méme donné par
J(A,u) = (Ao Jy + B(u), Jou),

dont on vérifie aisément qu’il a les propriétés requises. O

Les courbes pseudo-holomorphes parasites sont maintenant incluses dans la fibre,
et correspondent & Papparition de singularités sur notre surface.
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3.2. Applications harmoniques dont la source est une surface

Rappelons que si f est une application différentiable d’une variété riemannienne
(S, g) dans une variété riemannienne (M, k), on peut définir 'énergie de f comme

B(f) =5 [ 1Dl v,

Les points critiques de I’énergie sont, par définition, les applications harmoniques.
Ces points critiques sont ceux qui vérifient I’équation :

tr(VDf) = 0.
On considére ici VD f comme une 2-forme sur T'S a valeurs dans TM, définie
par
Vfo(Y) = V%If(x)Df(Y) - Df(Vf{Y),

ot X et Y sont deux champs de vecteurs de S, et V¥ (resp. V¥) désigne la connexion
de Levi-Civita de M (resp. S). La trace est prise relativement a g.

Dans le cas ou S est une surface, 'énergie est en fait un invariant conforme.
Notons maintenant £ = J(S, M) P'espace des 1-jets d’applications de S dans M.
On peut donc maintenant associer a toute application f de S dans M une surface
Y(f) dans E. On montre alors aisément le résultat suivant :

LEMME 3.2.1. — Il existe une structure presque compleze sur un sous fibré
W du fibré tangent o E, tel que le relevé (f) d'une application harmonique f,
soit une courbe pseudo-holomorphe tangente ¢ W. La structure conforme induite est
alors celle de la métrique de S.

Démonstration. — F est un fibré sur M x S muni d’une connexion qui se déduit
des connexions de Levi-Civita sur M x S. Un point g de E est la donnée d’un point
s de S, d'un point m de M et d’une application linéaire L de T,S dans T,,M. Grace
a la connexion le fibré tangent & F en un point g se décompose en

T,E =TS TM & Hom(TS, TM).
L’espace tangent & £( f) est constitué des vecteurs de la forme (u, D f(u), V,Df).
On considére donc le sous-fibré W dont la fibre en g = (s,m, L) est I’ensemble des

vecteurs de la forme (u, L{u), H). Si Jy est la structure complexe de S, la structure
complexe & construire sur W est celle donnée par

J(u, L(u), H) = (Jou, L(J()u), H o J()),

dont on vérifie aisément qu’elle a toutes les propriétés requises. O
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3.3. Equations non linéaires elliptiques du deuxiéme ordre

Soit donc S une surface et considérons £ = T*S x R D'espace des 1-jets de
fonctions de S dans R. Soit maintenant F' une fonction de E dans R. Nous allons
montrer

LEMME 3.3.1. — [l existe une structure complezxe Jr sur le sous fibré d’holo-
nomie W, telle que 3(f), le graphe du 1-jet d’une fonction f, soit pseudo-holomorphe
si et seulement si, la fonction f est solution de U'équation A(f) = F(G'(f)).

Démonstration. — L’espace tangent a F se décompose, a I’aide de la connexion,
en

TE=TS&T*'S®R,

Considérons alors le sous-fibré d’holonomie W consitué des vecteurs de la forme

(u,w, g(u)) au point g de F ol u est un vecteur tangent & .S et w un vecteur cotangent
et munissons le de la structure complexe

Jr(u,w, g(w)) = (Jou,w o Jo + F < Jou,. >, g(Jou)),

ou Jy désigne la structure complexe de S. A nouveau, cette structure presque com-
plexe remplit bien son office. O

Appendice : Convergence d’applications pseudo-holomorphes

Dans cet appendice, nous allons, d'une part rappeler le lemme de Schwarz (A.1.1)
qui exhibe un critére permettant de faire converger une suite d’applications pseu-
do-holomorphes, et d’autre part, démontrer deux lemmes (A.3.1 et A.4.1) qui nous
permettent de décrire la limite.

Nous avons vu en 1.7 comment ces lemmes s’empilent pour démontrer le théoréme
1.1.1.

A.1. Lemme de Schwarz

Nous allons extraire de la démonstration du théoréme de compacité des courbes
cusps de Gromov (voir [4] et les chapitres VII et VIII) le lemme fondamental qui
nous sera utile par la suite. Nous considérons une variété E munie d'une structure
presque complexe J et d’une métrique hermitienne y. Le lemme est le suivant :

LEMME A.1.1 (Lemme de Schwarz). — Soit g une application pseudo-holo-
morphe de D, le disque unité de C, dans E. Si g(D) est incluse dans un compact
de E calibré, c’est-a-dire sur lequel il existe une I-forme 3 telle que, pour tout x
vecteur non nul

(%) dB(z,Jz) > 0,

alors toutes les dérivées d tous les ordres de g a lorigine sont majorées a priori.
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Ce lemme est le résumé de la premiére partie du théoréme de compacité des
courbes cusps de Gromov tel qu’il est exposé dans le chapitre VIII. Dans le cas,
qui nous intéresse ici, des courbes pseudo-holomorphes tangentes a un sous-fibré, il
suffit de supposer () vérifiée pour les vecteurs tangents au sous-fibré considéré.

On peut trouver des compacts calibrés de la maniére suivante : soit ¥ — F
un fibré, muni d’une connexion, sur une variété presque complexe F et dont la fibre
est kéhlérienne. L’espace total est alors également une variété presque complexe. Si
maintenant K est un compact de la fibre, qui possede un voisinage, dans la fibre,
dont le deuxieme groupe de cohomologie réelle est nul, K est alors calibré. Cette
remarque et le lemme de Schwarz permettent de montrer le lemme (voir le chapitre

VII) :

LEMME A.1.2. — Sovit 7 : F' — E un fibré, muni d’une connexion, sur une
variété presque complere E et dont la fibre est kdhlérienne. On munit ['espace total
de la structure presque complexe induite. Soit ensuite (f,,) une suite d’applications
pseudo-holomorphes de D dans F telle que

1. {(wo f,) converye,
2. fu(D) est inclus dans un compact K,

3. K posséde un voisinage U, tel que HX(U Nw~Y(x)) soit nul, pour tout z de E.
Alors les dérivées des f, sont uniformément majorées.

En fait, dans le chapitre VII, on montre le lemme de Schwarz pour la premiére
dérivée et I'on applique le lemme que nous venons d’énoncer (sur la premiére dérivée)
a 'espace des jets. Ceci permet d’amorcer la récurrence démontrant le lemme de
Schwarz a tous les ordres.

A.2. Hypotheses

A T'aide du théoréme d’Ascoli et du lemme de Schwarz, nous pourrons extraire
des suites convergentes d’applications pseudo-holomorphes pour la topologie C* sur
tout compact. Il nous reste a décrire un peu mieux la limite et en particulier de nous
intéresser a 'apparition de singularités et au comportement du bord. Nous nous
intéresserons donc dans la suite de cette section a la situation suivante :

1. une variété F munie d’une suite (J,) de structures presque complexes con-
vergeant de fagon C* vers Jg,

2. une suite (f,) d’applications pseudo-holomorphes de D dans (E,J,) con-
vergeant de fagon C* sur tout compact vers fy, application pseudo-holomorphe
de D dans (E, Jy),

3. nous supposerons également que E est muni d’une suite (u,) de métriques
hermitiennes convergeant vers py.
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A.3. Singularités

Considérons Go(E), la grassmannienne des 2-plans tangents & E. Si maintenant
f est une immersion d’une surface S dans E, on peut lui associer une application
f de S dans G4(E) qui, & un point, associe le plan tangent & I'image. Nous allons
montrer le

LEMME A.3.1. — §i les hypothéses suivantes sont vérifiées :

1. les f, sont des tmmersions,
2. la suite (f,) converge,

3. fo n'est pas constante,

alors fy est une immersion.

Démonstration. — Remarquons, tout d’abord, que f, étant pseudo-holomorphe
et non constante, ses singularités sont isolées. Nous pouvons donc supposer, pour
simplifier, que fy est une immersion sur D moins lorigine. Nous voulons montrer
que fy est une immersion sur D. Considérons les métriques g, = fru, induites par
les f, sur D. Nous savons que g, = A\,g ol g est la métrique canonique. De méme,
go = fi 1o est de la forme Xgg. Nous allons voir que Ay est partout non nulle.

Nous allons tout d’abord montrer que ’hypothese 2 entraine que, si k, est la
courbure de la métrique g,, il existe une constante C' telle que sur un voisinage de
Porigine c

al < 5

Notre deuxiéme hypothése peut se traduire de la maniere suivante : soient F}, =
fo'(TE) — D les fibrés induits par les f,, du fibré tangent a E, alors les fibrés
D, = f,*(T D) vus comme sous-fibrés de F,,, convergent. En particulier :

e d’une part la courbure des plans tangents aux images est uniformément bornée,

e d’autre part, les deuxiémes formes fondamentales S, de D,, dans F}, sont uni-
formément bornées : si u est un vecteur de D, et v un vecteur tangent a D
alors

|Sn(frx (0), w)[* < C g(v,v) pn (i, w).

Ceci entraine que si w et u sont des vecteurs tangents a 'image,

C
2
|Sn(w, u)|” < /\_ﬂn(waw)ﬂn(ua u).
n
En combinant ces deux remarques et 1'équation de Gauss pour la surface f,(D),
nous en déduisons I'inégalité recherchée. Maintenant nous savons que
A(log(An))

kn:T7
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et donc A(log(A,)) < C. Nous en déduisons que sur D moins I'origine
A(log(Xo)) < C.

11 est alors facile de montrer & I’aide de la formule de Green que Ay est non nulle
partout. O

A.4. Bord

On note dans ce paragraphe f(0D), I'ensemble des points d’adhérence des suites
(f(z,)) lorsque (z,) tend vers le bord du disque unité. Notre but est de montrer le

LEMME A.4.1. — Si lUaire de f,(D) est uniformément bornée, alors fo(OD)
est inclus dans la limite de Haussdorff des f,(0D).

Montrons tout d’abord la proposition suivante :

PROPOSITION A.4.2. — Fizons une métrique riemannienne auzillicire d, on
suppose que notre suite (f,) d’applications pseudo-holomorphes vérifie de plus

1. d(f.(8D), f.(0)) est minorée par un nombre strictement positif indépendant
de n,

2. Uaire de f,(D) est uniformément magjorée.

Alors fo n'est pas constante.

Démonstration. — Raisonnons par I’absurde : si (f,,) tend vers une fonction
constante alors, pour tout disque D(r) de rayon r et tout € strictement positif,
fn(D(r)) est inclus dans B(fo(0),€), pour tout n assez grand.

Considérons I'anneau A(r) = D\ D(r) et notons Ag et A; les deux composantes
de son bord, A; = 8D et Ag = 0D(r). D’aprés nos hypothéses, nous avons alors
pour tout n assez grand

et
(A'4'4) dn(fn(0)7 fn(Al)) > ﬂ

Rappelons maintenant la notion de module d'un anneau. Tout anneau métrique
A est conforme & S x [0, L(A)], le réel L(A) est alors appelé module de 'anneau A.
On peut également le calculer par la formule

(A4.5) ﬁ = inf [ jauf’

u€EB

ol B désigne 'ensemble des fonctions u telles que ujs, < 0 et uls, > 1, Ap et A
désignant les deux composantes connexes du bord.
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Revenons & notre anneau A(r), si nous faisons tendre r vers 1 son module tend
vers 0. Par ailleurs A(r) est conforme & son image par f,, et nous pouvons minorer
son module & 'aide de (A.4.5) : nous injectons dans la formule la fonction u(y) =
dn(y, f2(0)). Son gradient ayant une norme inférieure & 1, nous obtenons pour n
grand grace a I'hypothese 2, (A.4.3) et (A.4.4),

L(fa(A(r)) 2 C(e, 8, K).

Ceci nous fournit la contradiction recherchée. O
Nous pouvons maintenant démontrer notre lemme.

Démonstration. — Soit y un point de fo(0D). Par définition il existe une suite
de points (y,) tel que y = lim(fo(yn)). Puisque f, converge sur tout compact vers
fo, nous pouvons supposer que pour toute suite p, telle que p, > n,

(A.4.6) y = lim (£, (ya))-

n—oo

Munissons D de la métrique hyperbolique et supposons que les boules B, de
rayon 1 autour des y, soient disjointes. Puisque l'aire de f,(D) est uniformément
majorée, 'aire de fo(D) est bornée et donc

lim (Aire(fo(B,))) = 0.

I1 existe donc une suite p,, telle que p, > n et

(AA4T7) 1im (Aire(fy,(B))) = 0.»

Considérons maintenant la famille g, de transformations conformes de D telle que
9.(0) = y,, et la famille d’applications pseudo-holomorphes f, = f,. © gn. D’aprés
(AAT), g, tend sur tout compact vers une application constante. Par ailleurs,
gn(D) = fp,(D) a une aire uniformément majorée. Notre proposition précédente
nous permet d’affirmer que

Jim (d(ga(0D), ga(0))) = 0,

et donc que
lim (d(fy, (yn), £, (0D))) = 0.

Ceci et (A.4.6) nous permettent de conclure que y appartient a lim(f,(0D)). O
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Chapter X

Symplectic rigidity: Lagrangian
submanifolds

Micheéle Audin Francois Lalonde Leonid Polterovich

Introduction

This chapter is supposed to be a summary of what is known today about La-
grangian embeddings. We emphasise the difference between flexibility results, such
as the h-principle of Gromov applied here to Lagrangian immersions (and also to the
construction of examples of Lagrangian embeddings) and rigidity theorems, based
on existence theorems for pseudo-holomorphic curves.

The most famous result in the family of rigidity theorems is the Arnold con-
jecture (corollary 2.2.5), according to which there exists no exact (see §2.1) closed
Lagrangian submanifold in C” and its application to the existence of exotic struc-
tures on R?". An equivalent statement is that the symplectic area class (see §2.1),
which belongs to the first de Rham cohomology group of a Lagrangian submanifold,
cannot vanish. Very analogous are Maslov class rigidity results: if it is true that
essentially any integral cohomology class can be the Maslov class of a Lagrangian
immersion, the situation is quite different for embeddings.

We have tried to give complete proofs—at least of the results which are either
easy to prove, or which rely on pseudo-holomorphic curves’ methods, as this is the
subject of the book. This chapter is based mainly on the results and techniques of
Gromov but also on work of the authors, of course. We have also tried to present
new results, in the text as well as in exercises, as for instance in §4. The proofs of
the basic results come more or less directly from [24], although very often via the
unobtainable “corollaires symplectiques” {44]. We thank Jean-Claude Sikorav, who
encouraged us to plunder his paper.

Let us now describe in detail the contents of this chapter.

We begin by recalling in §1 the h-principle for Lagrangian immersions and by
giving many examples of Lagrangian submanifolds and of ways to construct them,
mainly as submanifolds of standard symplectic space C".

In the next section, we state the main theorem, the rigidity result 2.2.4 and derive
some symplectic corollaries, as for example the above mentioned Arnold conjecture

271



272 M. Audin, F. Lalonde and L. Polterovich

and the solution of some Lagrangian intersection problems (in §2.3).

In § 3, we concentrate on Lagrangian submanifolds of C™. We show how the pre-
vious rigidity results give obstructions to realising certain manifolds as Lagrangian
submanifolds of C"*. It is customary (see [26]) to call these obstructions “hard”. For
the sake of completeness, we recall also the simplest “soft” obstructions. In this way,
no sphere (except the circle) can be a Lagrangian submanifold. Actually, the hard
techniques are needed only in the case of the 3-sphere, where they are both essential
and very poorly used: as it is simply connected, any Lagrangian embedding has to
be exact. However we give other examples: a 3-manifold with non zero H!, no soft
obstruction, but which cannot be embedded as a Lagrangian submanifold due to
the rigidity results (see theorem 3.3.3).

The next section is devoted to rigidity results in cotangent bundles and appli-
cations to mechanics: we look especially at Lagrangian tori in T*T™, where the
topology is large enough to contain both symplectic and topological invariants, and
interesting relations between them. This example is also very interesting in mechan-
ics, particularly if one is willing to look at perturbations of integrable systems.

In §5, we concentrate on pseudo-holomorphic curves and, finally, we give a proof
of the main theorem 2.2.4.

In a short appendix, for the sake of completeness, we construct exotic symplectic
structures on R*™. Surprisingly enough, we know of no way to prove that these
structures are different from the standard one other than via the rigidity theorems.

1. Lagrangian constructions

In this §, we give some systematic ways of constructing Lagrangian submani-
folds, mainly in standard linear symplectic space. We begin by recalling Gromov’s
h-principle—a flexibility result—for Lagrangian immersions in §1.1, then show how
it may also be used to construct examples of Lagrangian submanifolds. In the follow-
ing §§, we give as many examples of systematic constructions as we know. Perhaps
nothing is really original here (we did not invent either symplectic reduction, La-
grangian cobordisms or wavefronts) but it turns out that folkloric and “well known”
examples are not that well known, hence the list. We stress the fact that most
of these constructions derive, more or less directly, from the symplectic reduction
process of Marsden and Weinstein [34] and the Arnold papers [3] on Lagrangian
cobordisms.

1.1. Lagrangian immersions in C" and the h-principle

Recall from chapter I that A € C" is a Lagrangian subspace if and only if A L A
and dim A = n. Hence an immersion f : L™ — C" is Lagrangian if and only if

Veel, Tf(T,L) LiT,f(T,L).
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In particular, T f defines a complex linear isomorphism

T.L ®g C — cr
v ® f(a+ib) —— aT f(v)+ T f(v)

and, varying z, a complex vector bundle isomorphism

Tf
TL®g C —— L x C".

Such an isomorphism will be called a U-parallelisation of L. We have just proved
that, in order for L to admit Lagrangian immersion in C", it is necessary that it is
U-parallelisable. The h-principle for Lagrangian immersions in C", also called the
Gromov-Lees theorem, asserts that the converse is true (see theorem 1.1.3 below for
a precise statement).

Thus, for instance, any n-dimensional stably parallelisable manifold admits La-
grangian immersions into C": complexifying a stable parallelisation, gives an iso-
morphism

¢ (TL®C)& (L x C*) —— L x C"**,
Recall the

PROPOSITION 1.1.1 (see e.g. [29]). — Let E be a complez n-dimensional vec-
tor bundle on a manifold of (real) dimension n. Then E is trivial if and only of it
is stably trivial. Moreover, any stable trivialisation is homotopic to the suspension
of an instable one.

This says that ¢ is homotopic to the sum of an isomorphism
Y: TL&C —— L xC"

and the identity.

Using the normal vector field of a codimension 1 embedding, we see that all
spheres, all orientable surfaces satisfy TV & trivial line bundle = V x R®*!. Thus
these manifolds are stably parallelisable. Consequently, they can have Lagrangian
immersions, and the hA-principle asserts thet they do have. The next exercise gives
an explicit construction for the sphere.

1.1.2. Exercise. —  Let S" = {(z,y) ER" xR | ||z|]" + 42 = 1} and let
W : 5" — C" be given by W(z,y) = (1 +14y)z. Draw a picture of W for n = 1, and
show, in general, that W is a Lagrangian immersion with one double point?.

1The existence of an immersion of $* with one double point was very important in Whitney’s
study of immersions in twice the dimension. Hence the name W.
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Remark. — One can show that the U-parallelisation of S defined by the
Lagrange immersion W is homotopic to (the destabilisation of) the complexification
of a stable parallelisation of S™ (see chapter 0 of [5]).

Two Lagrangian immersions fo, f; : L — C™ are said to be regularly homotopic
(implicitly “among Lagrangian immersions”) if there exists a map

f:Lx[01]——C"

such that f; is a Lagrangian immersion for any ¢. Now we can state the Gromov-Lees
theorem in C™.

THEOREM 1.1.3 (Gromov [23], Lees [32]). — The set of Lagrangian regular
homotopy classes of Lagrangian immersions L™ ~» C" is in one-to-one correspon-
dence with the set of homotopy classes of U-parallelisations of L.

In other words, giving a Lagrangian immersion of L into C" is equivalent to
giving a U-parallelisation of L.

1.14. Exercise. — Show that if a Lagrangian immersion f : L™ — C™ exists,
then the set of regular homotopy classes of all Lagrangian immersions L — C™ is

in one-to-one correspondence with the set [L,U(n)] of homotopy classes of maps
L — Un).

1.1.5. Exercise. — Let V be any closed surface.

1. Show that the set [V,U(2)] is in one-to-one correspondence with H(V;Z)
(Hint: recall that V' can be represented by a polygon, whose edges are identified
in pairs, see [35] for instance).

2. Show that TV & C is a trivialisable complex vector bundle if and only if the
Euler characteristic x(V)) is even. If this is the case, show that the regular
homotopy class of a Lagrangian immersion is well defined by its Maslov class
(see the appendix to chapter I).

Let us mention that the “Gromov-Lees theorem” is a very special case of the
general h-principle of Gromov. We recall here this principle, for the general case of
Lagrangian immersions in symplectic manifolds.

Let f: L™ — W?" be a Lagrangian immersion into a symplectlc manifold. From
f, we can extract two topological data: the homotopy class of the map f : L —
W (which is such that the cohomology class of f*w vanishes) and the Lagrangian
subbundle T'L of the symplectic bundle f*TW — L.

THEOREM 1.1.6 ([23]). — Let L be a closed manifold and (W,w) be a sym-
plectic manifold. Then there is a weak homotopy equivalence between the two spaces:
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e The space of Lagrangian immersions L — W.

o The space of all bundle maps o : TL — TW such that the induced map on the
bases ¥ : L — W pulls back the cohomology class of w to 0 and the induced
map on the fibres sends any fibre of TL to a Lagrangian subspace. O

Recall that a weak homotopy equivalence is a map that induces an isomorphism
of homotopy groups. We shall use this statement only at the 7 level.

When W is C*, f: L — C" is homotopic to a constant map, so that the first
datum is redundant. The statement 1.1.3 is then 1.1.6 at the g level. The condition
¥*[w] = 0is also automatically satisfied when w is exact, e.g. when it is the canonical
structure on a cotangent bundle.

1.1.7. Exercise. — Let W = T*X be a cotangent bundle. Prove that the
regular homotopy classes of Lagrangian immersions L — W are in one-to-one cor-
respondence with the disjoint union

u(f)

FelL,X]
where U(f) is the set of homotopy classes of complex isomorphisms
0: TL®C —— f*TX®C.

What happens when L = X = T??

1.2. First examples of Lagrangian embeddings

The study of Lagrangian embeddings is far more difficult (the present chapter is
devoted to this problem). Let us begin with a list of examples in C™.

Of course any embedding of S! in C is Lagrangian. Taking products gives La-
grangian embeddings of any torus 7™ into C" and in particular of 72 into C2. It is
easy to see (cf. 3.2.1 below) that no other orientable surface can have a Lagrangian
embedding into C2. Beautiful examples of Lagrangian embeddings of all non ori-
entable surfaces L with x(L) < 0 and divisible by 4 were constructed by Givental
(see [22], [8] and below exercise 1.5.5). The condition that x(V) = 0 mod 4 is
necessary (see [7] and §3.1) but nobody knows what happens for y = 0: the Klein
bottle is open!

Another example, taken from [5], is the “classifying space”, the Lagrangian grass-
mannian A, (see chapter I).
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1.2.1. Exercise. —  Consider the complex vector space Sym (n, C) of all com-
plex symmetric n x n matrices, endowed with its natural hermitian (and symplectic)

structure. Show that ~
¢:Un) —— Sym{n,C)
A —— A'A

induces a Lagrangian embedding ® : A,, — Sym (r, C).

1.2.2. Exercise. —  Deduce from 1.2.1 that U(n)/SO(n) admits Lagrangian
immersions into C*"*1/2 and that SU(n)/SO(n) is U-parallelisable and thus admits
Lagrangian immersions into C*™*9/2-1 (Hint: show that U(n)/SO(n) is diffeomor-
phic to St x SU(n)/SO(n)).

We have already used the elementary fact that the product of two Lagrangian
embeddings is a Lagrangian embedding. Almost as elementary—but more useful—is
the following generalisation.

ProposITION 1.2.3. —  Assume V and W are compact manifolds, f : V* —
C" is a Lagrangian immersion and g : W™ — C™ a Lagrangian embedding (m > 1).
Then, in the Lagrangian regular homotopy class of the immersion f x g, there is a
Lagrangian embedding of V™ x W™ into C™™,

Proof. — Consider the isotropic immersion obtained as the composition
Vn __L C'n. C Cn+m
and apply the general position lemma:

LEmMA 1.2.4. — Let f: V"™ — C*™™ (m > 1) be an isotropic immersion.
Then, among isotropic immersions, there exists an approzimation of f which is an
embedding. O

We can approximate by an isotropic embedding f, : V* — C™™, A tubular
neighbourhood of f.(V) is symplectomorphic to a neighbourhood of the zero section
inT*V x C™ — V (see chapter I). We can assume that g(W) is contained in a small
enough neighbourhood of 0 in C™ and embed V x W as a Lagrangian submanifold
of this neighbourhood via the zero section and g. O

An easy consequence of 1.2.3, 1.1.1 and of the Gromov-Lees theorem 1.1.3 is the
following corollary:

COROLLARY 1.2.5. — The three following assertions are equivalent:
(i) V has a Lagrangian immersion in C™.
(1)) V. xT™ (m > 1) has a Lagrangion immersion in C™™.
(it)) V. x T™ (m > 1) has a Lagrangian embedding in C**™. O
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Here is an application:

1.2.6. Exercise. — Use 1.2.5 and the existence of a Lagrangian embedding of
A, (see 1.2.1) to improve 1.2.2 and show that U(n)/SO(n) actually has a Lagrangian
embedding into C"+1/2,

1.3. Symplectic reduction

It is a classical fact that one can use symplectic reduction to construct Lagrangian
immersions in the “small” symplectic manifold starting from Lagrangian immersions
in the “big” one (see [3] and [5] for instance). In this §, we use symplectic reduction
to construct examples of Lagrangian embeddings. We use the constructions and the
notations of chapter II, where the following diagram is considered:

J
ol g w g

(1.3.1) pJ i Jp

r o« V2n

Here p is the moment mapping for a G-action on W2, ¢ € g* is a regular value
such that the induced Ge-action on p~(€) is free and p : p~'(§) — V" is the
corresponding principal Ge-bundle. The manifold V' is endowed with the reduced
symplectic structure o induced from the symplectic structure w of W.

Assume that i is a Lagrangian embedding and that A/ — L" is the principal G;
bundle induced by .

Then jof is an isotropic embedding: it is obviously the embedding of a dimension
n + dim G, submanifold, and

(jofYw= fjw= fpo=pic=0.

In particular, if G; = G, for instance when G is abelian, or, more generally, if §
is a fixed point of the coadjoint action, then dim M = N and j o f is the inclusion
of a Lagrangian submanifold.

At first sight, this does not seem very useful: you begin with a Lagrangian sub-
manifold of something complicated like V' and you get a Lagrangian submanifold of
something simple. In fact, as the reader has probably already understood, it is very
hard to construct Lagrangian submanifolds of the standard symplectic vector space
C¥. On the other hand, there are a lot of complex algebraic manifolds which are ob-
tained as symplectic reductions. .. and they have obvious Lagrangian submanifolds:
their real parts, from which one can construct lots of examples.

Circle bundles over real projective spaces. —  This example appears in [50]
but is a consequence of the remark above in the simplest case where the reduced
manifold is the complex projective space: G = S, W = C*! | V = P*(C) and
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= P*(R). We then get a Lagrangian submanifold M of C™*! which is the circle
bundle of the complexified canonical bundle over P*(R).

1.3.2. Exercise.

1. Show that M is diffeomorphic to S x S*/(z,z) ~ (—z,—x), the Lagrangian
embedding into C™"*! being given by (z,z) — zz.

2. Write M as a bundle onto S! with fibre S”. Such a bundle can be understood
as ([0,1] x §™) /(0,z) ~ (1, p(x)) where ¢ is a diffeomorphism of the fibre.
Show that our M is given by ¢ = antipodal map, and deduce that for n odd,
M is diffeomorphic to S! x S™.

3. With the notations of the appendix to chapter I, show that ||| =n + 1.

Torus bundles over real Hirzebruch surfaces. —  The symplectic reduction
process described above can be applied in the case of torus bundles over real toric
manifolds. Once complex toric manifolds are described by symplectic reduction, as
for instance in [9], one gets a lot of examples. For Hirzebruch surfaces, this was done
in chapter II.

Here the diagram (1.3.1) is
4 f -1 J . P 2
MY s p ) s Cf—— R

IE

LQ‘—>Wk

The real part of the Hirzebruch manifold W), is (topologically) the torus S! x S*
(the real part of P}(C) x P!(C)) if k is even and the Klein bottle P*(R)#P*(R)
(= P2(R), the real part of P2(C)) if k is odd (recall from chapter II that P2(C) is
P2(C) blown up at one point). Thus we get Lagrangian embeddings of T%-bundles
over T? or over the Klein bottle into C*.

Principal bundles over real Grassmannians. — Let us look now at an example
with a non-abelian group. Apply the construction above to the complex Grassmann
manifolds obtained as symplectic reductions as in chapter II. The diagram (1.3.1)
is now: )

f 4 J I .
M —— ) Muik (C) —— u(k)
| B
1
leN (Rn+k) c leR (Cn+k)

and M is the U(k)-principal bundle over the real Grassmannian associated with the
complexified canonical bundle.
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1.4. Surgeries

It is very easy to remove the double points of a Lagrangian immersion. . . provided
that you are allowed to change the source manifold! The surgery operation we use
is a variant of a classical topological process which removes an S* x D! in a (k + )-
manifold and pastes in a D**! x S=1 along the boundary S* x $*=! (this is an index
k surgery). In the context of Lagrangian immersions, the construction is directly
connected with Lagrangian cobordisms and thus comes from (3], see also [31] and
[42]. Consider, following Arnold, the function

a3
Sy (g,a) = 5 aQ(q) + ay

where ¢ € R", @) is a nondegenerate quadratic form, ¢ € Rand y € {-1,1} is a
parameter.
Let L, be the submanifold (a quadric) of R® x R defined by

a5,

Ly:{(q,a)eR"xR|%

=a2—Q(q)+y=0}

and let f, : L, — C" be defined by

_ 05, aQ
fy(q,a)—qﬂaq =q-iag

This is a Lagrangian immersion by construction. As the index of the quadratic
form varies, we get examples of surgeries of all indices.

3
1.4.1. Exercise. — Consider the function S(g,a,y) = % —aQ(qg) + ay and

the n + 1-manifold with boundary (elementary cobordism)
L= {(q,a,y) ER"xR x[{-1,1]| %9— :0}.
a

(08 0S
Check that f : (¢,a,y) — (q,y) + i (0_q’ 8—y> defines a Lagrangian immersion of
L into C™*! and that the restriction of f to y = +1 projects to fy (thus f is a
Lagrangian cobordism between f_; and fi).

Assume now that @ is positive definite. Then f ; is a Lagrangian immersion
of the disjoint union of two n-balls, with one double point and f; is a Lagrangian
embedding of a cylinder $"~! x R (see figure 16). It is not hard to embed these
local models in order to replace a Lagrangian immersion of a manifold V' by another
Lagrangian immersion of a manifold V' having one double point less and thus to get
an embedding after a finite number of steps. The manifold V' is obtained from V
by adding a handle of index 1.
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a

\
7

y=1 Figure 16 y=-1

In the next application, we construct, following [30}, a Lagrangian immersion of
the Klein bottle in C? which will be shown later to be, in some sense, as close as
possible to an embedding (see 2.2.9).

1.4.2. Exercise.

1. Show that there exist two copies S; and S; of the Whitney sphere (see exercise
1.1.2) which intersect at two points p; and ps, which can be chosen arbitrarly
close to each other. Check that these two points have different signs, and that
after an index 1 surgery on each of these two points, one gets a Lagrangian
immersion j of the Klein bottle into C? with two double points.

2. Assume p; and p; were chosen very close to each other. Consider a small
loop v = 7 U 42 where 7 joins p; to ps in Sy and 72 joins pe to py in Ss.
The loop v has two corners at p; and py. The index 1 surgery on p; and p,
transforms + into a smooth loop . Show that one can assume that -y and '
lie in C x 0 C C2. Compute the Maslov index of 7' by looking at the normal
field of lines X, along ' defined by X,/ (p) = orthogonal complement of T,(7')
in T,(j(K?)). The Maslov index is the sum of the rotation indices along ' of
T(y') and X.,. Deduce that p(j) = a*, where a* generates H' (K?,Z).

1.5. Wavefronts and Lagrangian surfaces

In this §, we give some examples based on Givental’s beautiful paper [22]. The
idea is to construct Lagrangian immersions or submanifolds in R* by drawing them
in some R3. Here it must be understood that 4 = 2n and 3 = n + 1. Consider
canonical coordinates (¢,p) € R?", add a coordinate z and endow R*" x R with the
(contact) 1-form o = dz — pdg.

An immersion f : L — R® which is Lagrangian is exact (see below §2.1) if
(and only if) there exists a lift f:L — R x R such that F*(a) = 0 (a Legendre
immersion): choose a primitive h of f*(pdq) and set f(z) = (f(z), h(z)).
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Note that, as dz = pdq on L, the projection 7o f : L — R™ x R, which forgets
the p coordinates, suffices to determine f (and f). This is the wavefront of f.
For instance the “eye” in figure 17 is the wavefront of the Whitney immersion in R?
while the “flying saucer”, obtained by rotating the eye about the z-axis is that of the
Whitney immersion in R*. Double points of the Lagrangian immersion correspond
to points in the front which project to the same ¢ € R™ and have parallel tangent
spaces.

L

“flying saucer”

q
/ 113 13

eye

Figure 17

1.5.1. Exercise. — Show that, for a hypersurface in R" xR to be a wavefront,
it is necessary that its tangent space never contains the “vertical” direction (z axis).
Interpret the singularities in figure 17 in terms of the Lagrangian immersion. Deduce
that the cohomology class dual to the singularities of the wavefront is the Maslov
class of the Lagrangian immersion.

If f is a Lagrangian immersion which is not exact, the construction gives a Legen-
dre immersion and a wavefront of the smallest cover of L on which f*(pdq) becomes
exact. For instance, the zigzag in figure 18 is the wavefront of a Lagrangian immer-
sion of R into R2... which is just the standard embedding of S. It is still possible
to “draw” the Lagrangian submanifold by drawing a significative part (image of a
fundamental domain for the deck transformations) of the wavefront (as the bold
part in the zigzag).

Rotating the zigzag about the z-axis (figure 18) gives the wavefront of a la-
grangian immersion of R x S in R*... which defines an embedded Lagrangian
torus, so that the “flying saucer with a hole” in figure 18 represents a genuine La-
grangian subtorus of R*. The following exercises rely on this technique and show
how to construct the Givental surfaces according to [8].

1.5.2. Exercise. — Show that figure 19 represents a Lagrangian immersion
of an orientable genus g surface with g — 1 double points, all with the same sign.
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> . torus

Figure 18

_————— /O\

-— o ——

torus with g holes
Figure 19

Now consider the Lagrangian submanifold L, used in §1.4.

1.5.3. Exercise (see [3]). — Give formulas for the wavefronts of the immer-
sions f, : L, — R*". For n =1 and Q definite positive, draw the wavefront of the
elementary cobordism.

To solve the next exercises, one must be rather careful with signs. We concentrate
on surfaces, and use the orientation of C? defined by the symplectic form.

1.5.4. Exercise. — Show that the double point in the Whitney 2-sphere is
positive, and that the double points in figure 19 are all negative.

At this point, it should be obvious that the embedded torus in figure 17 is what
one obtains by suppressing the double point of the Whitney immersion.

1.5.5. [Exercise. — Suppress the ¢ — 1 doublé points of the Lagrangian im-
mersion in figure 19 and show that the result is a Lagrangian embedded non ori-
entable surface V;. Compute the Euler charcteristic x(V;). Show that one obtains
Lagrangian embeddings of all non orientable surfaces with Euler characteristic di-
visible by 4, except the Klein bottle.
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KL

Figure 20

We shall see in 3.2 that the condition that x is divisible by 4 is necessary. For
the Klein bottle, we already did the best we could (up to now) in 1.4.2. Of course,
it is easy, from the construction given there and 1.5.3, to get the wavefront of
the immersion constructed. A nice definition of Lagrangian non oriented handles,
coming from [22], allows to give an alternative construction.

1.5.6. Exercise.

1. Show that the map R? — R* given by

¢ 2uv

2_ .2

o) — | & =%
Y4l u

P2 v

is an exact Lagrangian embedding. Draw its wavefront.

2. Show that the left part of figure 20 represents an embedded non oriented
handle. Use it to construct alternative pictures of nonoriented Lagrangian
surfaces.

3. Show that the right part of figure 20 is a Lagrangian Klein bottle with two
double points. Use exercise 1.5.1 to show that its Maslov class is a generator
of HY(K;Z), thus, according to exercise 1.1.5 the Klein bottle is regularly
homotopic to that of exercise 1.4.2. '

Remark. — Each half of the Klein bottle in figure 20 is a M6bius strip, obtained
by adding a handle to a disc (half of the Whitney sphere). The wavefront of an
alternative (exact) Lagrangian M&bius strip is drawn in [3] and is probably the
ancestor of all these constructions.
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2. Symplectic area and Maslov classes—rigidity in split manifolds

2.1. Symplectic area class, exactness and monotonicity

Let (V,w) be a symplectic manifold. It is exactif the 2-form w is exact. This is the
case for cotangent bundles, for instance, where the symplectic form is the differential
of the Liouville form. Suppose that f : L — V is a Lagrangian immersion in an
exact symplectic manifold. Let A be a primitive of the symplectic form. Of course
the 1-form f*X is closed on L. Indeed,

d(fN) = fdr = ffrw=0.

The class [f*A] € HY(L;R) is called the symplectic area class of the immersion f.

2.1.1. Exercise. — Show that the symplectic area class does not depend on
the choice of A.

2.1.2. Exercise (the Lagrangian suspension). — Let L and X be two n-
dimensional manifolds and let

Lx[0,1] 1, rx

(@,t)  —— fi(z)

be a regular homotopy of Lagrangian immersions. Show that there exists a La-
grangian immersion of the form

L x {0,1] L X xC
(@,t)  —— (filx),t +ig,(2))

if and only if the symplectic area class [f; Ax] does not depend on ¢ (Hint: set hy(z) =
i9/0t (f*Ax) (5 1) — 9¢(x) and show that F is Lagrangian if and only if 2 (f;A) = dhy).

Remark. — This well known result will be very useful in §2.3. It was essential
in the theory of Lagrangian cobordisms and thus comes from? [3].

A Lagrangian immersion into an exact symplectic manifold will be called exact
if its symplectic area class vanishes.

2.1.3. Exercise. — Let a be a 1-form on a closed manifold X. We consider
« as a section of the cotangent bundle 7* X, and thus its graph as a submanifold in
T*X. When is it a Lagrangian submanifold?, an exact Lagrangian submanifold?

2Actually it is only implicit in [3]; it was written explicitly, in [5] for instance where one can
find the solution of the exercise.
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2.1.4. Exercise. — Show that the Whitney immersion W : §' — C is an
exact Lagrangian immersion (see figure 17). Use the Jordan theorem to show that
there exists no exact Lagrangian embedding of S* into C (see 2.2.5 for the Gromov
theorem which generalises that remark to higher dimensions).

2.1.5. Exercise. — Let X,Y and Z be three n-dimensional manifolds. Sup-
pose f: X - T*Y and g : Y — T*Z are two exact Lagrangian immersions. Show
that their composition (in the sense of the appendix to chapter I) is exact.

In an exact symplectic manifold (V,w), the integration map
/ w:mV — R
is zero. If (V,w) satisfies this weaker condition, it will be called weakly exact.
There is a notion of weakly exact Lagrangian submanifold L in any symplectic
manifold: one requires that the integration morphism
/w im(V,L) — R

is zero. The following exercises are straightforward but unavoidable.

2.1.6. Exercise. — Check that an exact Lagrangian submanifold in an exact
symplectic manifold is weakly exact.

2.1.7. Exercise. — If a connected symplectic manifold contains a weakly
exact Lagrangian submanifold, then it is weakly exact.

The next notion relates the two 1-cohomology classes we have. A Lagrangian
immersion f : L — C” is called monotone if its Maslov class is proportional to the
symplectic area class: p = ¢ - A for some real number ¢ > 0.

2.1.8. Exercise. — Show that the standard Lagrangian torus L = {p? 4+ ¢ =
1,7=1,...,n} C C" is monotone.
2.1.9. Exercise (see [39]). —  Show that the Lagrangian immersion M —

C™! of exercise 1.3.2 is monotone (Hint: evaluate the Maslov class).

2.2. Rigidity in split manifolds

In this §, we state two main general results of rigidity for both the area and
the Maslov classes. Both theorems were originally proved by infinite dimensional
techniques: the first one using the pseudo-holomorphic curves approach (this proof is
given in §5) and the second one using calculus of variations for the action functional.
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DEFINITION 2.2.1. — Let (V,w) be a symplectic manifold without boundary.
(V,w) is geometrically bounded if there exist on V an almost complez structure J
and a complete Riemannian metric u such that the following properties are satisfied:

1. J is uniformly tamed by w, that is: there exist strictly positive constants a and
B such that:

w(X,JX) > a1|X||i

and
WX,V <BIXN, 1Y,

forall X, Y € TV . This obviously implies that w tames J (that is: w(X,JX) >
0 for all non zero tangent vector X ).

2. There exist an upper bound for the sectional curvature of (V, ) and a strictly
positive lower bound for the injectivity radius of (V, u).

Remark. — If V is compact, condition 1 is equivalent to the fact that w tames
J. Condition 2 is also obviously true in this case, thus any compact symplectic
manifold is geometrically bounded.

2.2.2.  Other examples.

1. The cotangent bundle (T*M,wys) of a closed manifold M, endowed with the
standard symplectic structure, is geometrically bounded; in fact, one may
choose a wy-tame almost complex structure J, homogeneous with respect to
uniform dilatations in the fibres, and a metric g on T*M induced by any
Riemannian metric on M. This is also true if M is an open subset of a closed
manifold, or if M is of finite topological type.

2. Any product of a geometrically bounded manifold (V,w) with the standard
(C™, wy, Jo, o) is geometrically bounded.

DEFINITION 2.2.3. — Let L be a Lagrangian submanifold of a symplectic man-
ifold (V,w). The pair (V, L) is geometrically bounded if:

1. there ezist structures J and p on V such that (V,w,J,u) is geometrically
bounded;

2. L is properly embedded in V (that is: L has no boundary and is closed as a
subset of V );

3. the second fundamental form of L C (V,p) is bounded above, and there exist
constants § > 0 and K > 0 such that any pair of points £1,0y € L with distance
(in' V) d,(€1,62) smaller or equal to & can be joined by a path in L of p-length
smaller or equal to K§.
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We shall sometimes abbreviate “geometrically bounded” to “g. bounded”. Of
course, any compact Lagrangian submanifold without boundary in a g. bounded
manifold gives rise to a g. bounded pair. We can now state the main theorem of this
chapter. We recall that a Lagrangian distribution on a symplectic manifold (V,w)
is simply a smooth field that associates to each point € V' a Lagrangian vector
subspace of T, V.

THEOREM 2.2.4. — Let (V,w) be a product (V' x C,’ @ wy) where (V',u') is
a geometrically bounded weakly exact symplectic manifold. Let L be a geometrically
bounded Lagrangian submanifold of V. If the projection of L on the C-factor is
bounded, then there exists a loop in L which bounds a holomorphic disc (thus L is
not weakly exact).

Moreover, if L' is any Lagrangian distribution on V', and if L is as above and
monotone, then there exists a loop v which bounds a holomorphic disc and which is
such that

1< us()] € dimL+1

(with respect to the Lagrangian distribution £ = L' x R of V). Thus 1 < |||l <
dim L + 1.

The proof of this theorem using pseudoholomorphic techniques is postponed to
§5. This theorem shows that the requirement of being embedded impose severe
constraints on both the symplectic area and the Maslov classes of a Lagrangian
submanifold. This is in sharp contrast with an immersed Lagrangian submanifold,
whose behaviour is entirely characterised by the h-principle and thus much more
flexible. The formulation of theorem 2.2.4 is quite general and has many useful
corollaries. The following was conjectured by Arnold in the 60’s and proved by
Gromov in 1985 and in [24]:

COROLLARY 2.2.5. — There exists no closed exact Lagrangian submanifold in
(C",wo). O
Remark. — As a consequence, there is no closed simply connected Lagrangian

submanifold in C". For instance, for n > 2, the n-sphere has no Lagrangian em-
bedding into C*. If n # 3, this is more or less® easy to prove using standard
algebraic topology methods, but for n = 3, corollary 2.2.5 is needed (see §3.2 for
these questions).

Consider now the constraints imposed on the Maslov class of a Lagrangian em-
bedding in C". The Maslov class p; of any Lagrangian immersion f : L — C»
is clearly an invariant of Lagrangian regular homotopy. It turns out, as theorem
2.2.4 shows, that the invariant ||z¢f|| can distinguish those Lagrangian regular homo-
topy classes that may contain embeddings. For n = 1, we have already seen in the

3Depending on the actual value of n.
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appendix to chapter I that any even integer is the Maslov class of a Lagrangian im-
mersion f : S' — C but that Lagrangian embeddings have || psll = 2. Forn > 2, the
following two results are known, the first one being an obvious corollary of theorem
2.2.4:

COROLLARY 2.2.6 ([39]). — Let L be a closed monotone Lagrangian subman-
tfold of C*. Then 1 <|url| <n+1. 0O

The second result was proved by Viterbo using “soft” techniques... in this case
infinite dimensional Hamiltonian systems (once again, soft may be very hard!)

THEOREM 2.2.7 (Maslov class rigidity [49]). — Let L be any closed manifold
admitting a Riemannian metric of non negative sectional curvature (a torus for
instance). Then for every Lagrangian embedding f : L — C™, 1 < ||us|| < n +1.

Remarks. — There is no known example of a closed Lagrangian submanifold
L C C™ that does not satisfy the inequality 1 < ||u.| <n+ 1.

Corollary 2.2.6 is almost optimal in the following sense: for every pair of integers
2 < k < n, there exists a monotone Lagrangian embedding f of a closed manifold
into C™ with ||us|| = k (see [39]).

Surprisingly enough, there exist no rigidity theorems for higher* Lagrangian
characteristic classes. Using the h-principle, one can say a lot about the realisability
of such or such a class by Lagrangian immersions (see [6]), but nothing is known (at
least to us) in the case of embeddings.

2.2.8. Example. — Note that theorem 2.2.4 implies that a simply connected
closed manifold L admits no Lagrangian embedding in (V' x C,w’ @ wy) if V' is
weakly exact. For such an embedding, there would exist a disc D with boundary in
L, of strictly positive area. Let D’ be a disc in L bounded by dD. It would have
a non zero symplectic area because V is weakly exact, which is absurd. Does there
exist a non weakly exact V' such that V' x C contains a closed simply connected
Lagrangian submanifold? Here is an example: let w be an area form on S2 such that
the pull-back of w by the Hopf fibration f : $3(C C?) — S? is equal to the restriction
of the standard form wy on C2. Then the graph of f : S% — 52 is a Lagrangian
submanifold of (C? x §2,wy @ —w) since (gr(f))*(wo & —w) = wp — wp = 0.

Now let us generalise the preceeding example: let m, k be two non zero inte-
gers, X?™*+2% and Z% be any geometrically bounded symplectic manifolds, with X
weakly exact and split, Y™*?* C X any geometrically bounded simply connected
submanifold whose projection on the C-factor is bounded.

If Z is weakly exact, there is no symplectic map f : Y — Z (that is such that
[*(wo) = w}y ). In particular, one may replace the condition “weakly exact” on Z by

4Actually, pseudo-holomorphic curves methods are typically 1 and/or 2-dimensional, and they
are the only tool we have up to now for proving rigidity results.
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the stronger condition “m3(Z) = 0” and obtains: there is no symplectic map from
Y to Z if m(Y) =0 and m9(Z) = 0!

Here is a consequence: let Y be a closed coisotropic submanifold of a geometri-
cally bounded split weakly exact manifold X (R?" for instance). Suppose that the
characteristic foliation of Y is globally integrable (that is: Y admits a reduction).
Then 7 (Y) = 0 implies 71 (K) # 0, where K is a leaf of the foliation.

As a final application, the next exercise will show that any (if any!) Lagrangian
embedding of the Klein bottle must be regularly homotopic to the Lagrangian im-
mersions of K? constructed above (1.4.2 and 1.5.6).

2.2.9. Exercise (see [30]).

1. Suppose that i : K? — C? is a Lagrangian embedding, and let u(i) = za*
(where a* generates H'(K?; Z)), x € Z. Use the Weinstein tubular neighbour-
hood theorem and the summation formula (appendix to chapter I) to show
that ¢ induces a Lagrangian embedding of T? in C? of Maslov class 2zaj.
Deduce, using Viterbo’s theorem 2.2.7, that & = %1, that is : (i) = +a*.

2. Consider the Lagrangian immersion j constructed in 1.4.2. Let f : T2 — K% be
the orientation twofold covering of K2, and let {a;, b} be a basis of H,(T?; Z)
with f.(a1) = 2a and f,(b) = b where b is torsion and a is a torsion-free
primitive class. Let {a*,b%} be the dual basis and 8 € Hp(T?) the 1-form
corresponding to b} by the de Rham isomorphism. Note that the graph gr(#)
of § : T? — T*T? is Lagrangian submanifold and that the composition

gr(6) T f

h:T? T 71* T K*

is a Lagrangian embedding which is a lifting of f. Show that f*(H(K?% Z)) C
2HY(T? Z) and that u(h) = 0.

3. Using the result of exercise 1.1.5, prove that the Lagrangian Klein bottles j
constructed in 1.4.2 and 1.5.6 are regularly homotopic to i.

2.3. Lagrangian intersections

In the sixties, Arnold stated a set of conjectures in global symplectic geometry,
based on Poincaré’s last geometric theorem (the Poincaré-Birkhoff theorem), a the-
orem about fixed points of certain diffeomorphisms of the annulus which preserve
the area: that is, about fixed points of some symplectic diffeomorphisms. Using the
classical “diagonal trick” explained in chapter I, one easily converts a question about
fixed points of symplectic diffeomorphisms into a problem about the intersection of
two Lagrangian submanifolds (a very good reference on these conjectures and their
mutual relations is the survey by Chaperon [19]). The general conjectures are now
theorems of Gromov (here theorem 2.3.6 and corollaries 2.3.9 and 2.3.7). Following
Gromov, we give proofs of these results, based on theorem 2.2.4.
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The main result in this § asserts that you cannot disconnect certain Lagrangian
submanifolds from themselves by deformation. We first need to explain which de-
formations are allowed.

Exact Lagrangian isotopies. — Let L C (V,w) be a Lagrangian submanifold,
and let f; : L — V be an isotopy (among Lagrangian embeddings): f; is a Lagrangian
embedding for all ¢t and fy = Id. We shall also consider all the f;'s together as a
map

f:Lx[0,] — V.
We say that f is an exact Lagrangian isotopy if the 1-form

iasatf w

on L x [0,1] is exact.

2.3.1. Exercise. — Show that f is an exact Lagrangian isotopy if and only
if, for any loop « in L and any ¢, the area of f (a x [0,1]) is zero.

2.32. Exercise. — In the neighbourhood of a Lagrangian submanifold, we
know that the symplectic form is exact, being isomorphic to that of a cotangent
bundle. Show that f is an exact Lagrangian isotopy if and only if the symplectic
area class of f; does not depend on t.

2.3.3. Exercise. — Assume L is compact. Show that a Lagrangian isotopy
is exact if and only if; for any given ¢, the f,(L) (s close to t) are graphs of exact
1-forms dh; in any symplectic tubular neighbourhood of fi(L) (isomorphic to 7*L).

Hamiltonian isotopies. — Recall that a diffeomorphism ¢ of (V,w) is Hamilto-
nian if it is of the form ¢ = ¢, ¢; being a Hamiltonian isotopy, i.e. the flow of a
(time-dependent) Hamiltonian vector field.

If (V,w) is any symplectic manifold, we endow V x V' with the symplectic form
w ® —w so that the diagonal Ay is a Lagrangian submanifold.

2.3.4. Exercise. — Show that an isotopy ¢y of V is a Hamiltonian isotopy if
and only if f; : x — (x,¢:(x)) is an exact Lagrangian isotopy of V into V x V.

2.3.5. Exercise (ambient isotopies, see e.g. [19]). — Let L be a compact
submanifold of the symplectic manifold (V,w). Let f; be an isotopy of L in V.
Show that the following two properties are equivalent:

e f; is an exact Lagrangian isotopy of L,

e L is a Lagrangian submanifold (i.e. fo is a Lagrangian embedding) and there
exists a compactly supported Hamiltonian isotopy ¢ of (V,w) such that f; =
@0 fo for any ¢t € [0,1].
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Now the main results of this § are the following:

THEOREM 2.3.6 ([24]). — Let (V,w) be a g. bounded weakly eract symplectic
manifold. Let L be a closed weakly ezact Lagrangian submanifold and let f; : L —
(V,w) be a Hamiltonian isotopy. Then fi(L) meets L.

COROLLARY 2.3.7. — Let (V,w) be a weakly exact compact symplectic mani-
fold. Then any Hamiltonian diffeomorphism of V' has a fized point.

Following Gromov, we prove theorem 2.3.6 by using the isotopy f to construct a
Lagrangian immersion of Lx S into (V x C,w @ wp), and relate the double points of
the later with the points of LN f;(L); we then apply theorem 2.2.4 to conclude. The
construction is based on an elegant trick known as the “figure eight trick”. Notice
first that, according to the Lagrangian suspension process described in exercise 2.1.2,
we have a Lagrangian immersion

L x[0,1] L VxC
(z,t)  —— (fila),t +ig(z,1)).
Now, we use the Whitney immersion (the “figure eight”). Consider a symplectic
immersion ¢ : S' x [a,b] — C giving a tubular neighbourhood (figure 21) of the
Whitney sphere: we use an interval [a,b] = g(L x [0, 1]) where we can assume that
a < 0 < band consider S x [a,b] as a part of the (trivial) cotangent bundle T*S*.

Co
I I Co x [a, b] Cy X [a,b]

(&1

Figure 21

We decompose S! as a union of four closed intervals Iy UCoUI; UC as in figure
21: |(COU01)x[a,b) is an embedding. Now, we describe the desired map

G
Lx8 —-VxC

on each of the four intervals. To keep notation simple, we rescale and assume that
I; =Cy =1[0,1}. Then

e On L x Iy, G(z,t) = (fo(z), ¢ (¢, go(x))): L does not move.

e On L x Cy, G(z,t) = (fi(z), p(t, g(z,t))). Here, v has no double point, so we
allow L to move.
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e On L x I, the situation is the same as it was on L x I, and G(z,t) =

(fl(l'),(p(t,g(l', 1)))
e On LxC}, we just have to come back: G(x,t) = (fi-+(z), (1 —t,g(z,1~-1))).

The smoothing of these maps is left as an exercise to the reader:

2.3.8. Exercise. — Construct a smooth map p: St — [0, 1] such that

Glz,2) = (2, p(2)), ¢ (2, by (@)

is a smooth map L x S' — C with the above properties (the formula comes from
124)).

Now, by its very definition, G is a Lagrangian immersion and its double points
in V' x C are the points in

LNnfilL)yx0CcVx0cV xC.

If LN fi(L) = @ we thus have a Lagrangian embedding, which is weakly exact
because L was (and because the Whitney map is exact). This concludes the proof.
[

Remark. — The same proof gives a more general result: we may assume that L
is non compact provided the isotopy has compact support; of course, the conclusion
is that L and f1(L) meet inside the support.

We apply the previous result to the Lagrangian intersection problem in a cotan-
gent bundle: any exact Lagrangian submanifold must meet the zero section:

COROLLARY 2.3.9. — Let L be a Lagrangian submanifold in the cotangent
bundle T*X of a closed manifold. If L is exact, it intersects the zero section.

Proof. — Consider the isotopy F; given by scalar multiplication in the fibres
(q,p) — (g,e'p). If L misses the zero section, F;(L) N L = { for t large enough. Now
Frwy = ewx thus F; induces an isotopy of L, which is Lagrangian exact if L is
exact. Now the symplectic form wy itself is exact thus L is weakly exact (see 2.1.6),
and we get a contradiction to theorem 2.2.4. O

Proof of corollary 2.3.7. — We use the “diagonal trick” (see chapter I) which
converts results on Lagrangian submanifolds into results on fixed points of symplectic
diffeomorphisms. Let ¢, be the Hamiltonian isotopy, ¢ = ¢ the diffeomorphism.
Consider

Fi=Idxy:V— VXV,
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and endow V' x V with the symplectic form w @ (—w) so that the diagonal, which is
also Fy(V), is a Lagrangian submanifold. The symplectic manifold (V,w) is weakly
exact if and only if its Lagrangian submanifold Ay is. We may apply 2.3.6 thus
getting points in Ay N F1 (V). Of course, they correspond to fixed points of ¢. O

Remark. — One can relax the compactness condition, replacing it by compact-
ness of the support of the isotopy.

3. Soft and hard Lagrangian obstructions to Lagrangian embeddings
in C?

3.1. Lagrangian and totally real embeddings

We begin with a straightforward observation.

PROPOSITION 3.1.1. — In order for there to exist a Lagrangian embedding of
V"™ into C", it is necessary that there exists, in the same reqular homotopy class of
(ordinary) immersions, both a Lagrangian immersion and an (ordinary) embedding.

The example of S* (see below and § 2.2) shows that the converse is false. However,
it becomes true if one relaxes somewhat the constraint of being Lagrangian. The
“soft” version of a Lagrangian embedding is a totally real’ embedding: instead of
requiring that

Tf(T.L) LiTLf(TL)

you just insist that those two subspaces be transversal. This is equivalent to re-
quiring that T, f (T,L) contain no non trivial complex subspace, or equivalently no
complex line, hence the name. This really is a softer notion: there exists an analogue
of the Whitney lemma (elimination of double points) which gives the converse to
3.1.1.

THEOREM 3.1.2 ([23]). — Any Lagrangian or totally real immersion which is
regularly homotopic to an embedding is reqularly homotopic to a totally real embed-
ding, among totally real immersions. O

Note that there is no homotopic distinction between an (exact) Lagrangian im-
mersion and a totally real immersion (this is an obvious consequence of the Gromov-
Lees theorem 1.1.3).

STotally real embeddings are interesting in their own right, especially in complex analysis (see
e.g. [46]).
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3.2. Soft obstructions

Now, if f : V* — C" is any immersion, there is a simple and classical (due
to Whitney) obstruction to the existence of an embedding in the same regular ho-
motopy class: you just count appropriately (if V is oriented and n is even, any
transversal double point carries a natural sign) the number of double points (as-
sumed to be transversal). You get a number

d(f) € Z i nis even and V orientable
Z/2 otherwise.

It is classical (and very easy to prove in the orientable case) that

PROPOSITION 3.2.1. — Let n = 2k be even, and let f : V" — C™ be a La-
grangian immersion with normal crossings. Then
x(V)

d(f) = (—1)k+lT

(equality mod 2 if V is non orientable).

As usual, y is the Euler characteristic®. The general result is due to Whitney, at
least in the oriented case, and relates d(f) to the Euler characteristic of the normal
bundle of f. As f is Lagrangian, this is isomorphic to the tangent bundle (the sign
comes from the consideration of orientations). Hence 3.2.1 (for the non-orientable
case, see [7] for a complete proof). O

3.2.2. Exercise. — Carefully taking orientations into account, check that the
formula in 3.2.1 is compatible with the suppression of double points allowed by the
surgery operation of §1.4.
3.2.3. Exercise. — Let V be an oriented surface of genus g. What is the
minimal number of double points of a Lagrangian immersion of V7 Compare with

1.5.2.

The situation in odd dimensions (n = 2k + 1) is more complicated. Very often,
the Kervaire semi-characteristic

k
Xz/2 (V) =Y _dim H* (V;Z/2) mod 2
i=0

plays the same role as x, but this is not so easy to prove: “soft” obstructions may
come from. .. hard algebraic topology. We shall not give details here—after all, this

6Note that x(V) is automatically even when a Lagrangian immersion exists: it is plus or minus
the Euler characteristic of the normal bundle, and normal bundles of manifolds are known to have
rather few Stiefel-Whitney classes, due to Wu formulas.
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is a book on pseudo-holomorphic curves’ methods. The reader is invited to consult
[7] for precise statements and proofs. The easy-to-state consequences are grouped
in the following theorem.

THEOREM 3.2.4. — 1. A closed connected n-manifold V' admits totally real
embeddings if and only if it is U-parallelisable and

(a) if n is even, x(V) = 0 (equality mod 4 if V is nonorientable)
(b) fn=1 mod 4 and V is orientable, Xz/2 (V) =0.

2. IfV is a non parallelisable stably parallelisable manifold, it has no totally real
embedding. O

The applications of this theorem to the non existence of Lagrangian embeddings
are obvious.

As a conclusion to this §, let us discuss in some detail the case of the sphere S". If
n is even, 3.2.1 shows that there is no totally real, hence no Lagrangian embedding.
If n > 1is odd, it is a classical and basic result in differential topology (Smale-
Hirsch theory of immersions) that there are exactly two regular homotopy classes of
immersions S™ — R?", that of the standard embedding S ¢ R*! C R?" and that
of W. Assume now that there exists a Lagrangian embedding. Then the standard
embedding must be regularly homotopic to a Lagrangian immersion, in particular
its normal bundle (which obviously is trivial) must be isomorphic to 7S™... Due to
the non parallelisability of almost all the spheres, we conclude that n = 1 (we know
S! has Lagrangian embeddings into C), 3 or 7.

If n = 3 or 7, one looks carefully at the forgetful map from the space of La-
grangian immersions to the set of ordinary immersions, which turns out, homotopi-
cally, to be a map m, (U(n)) — m, (0O/O(n)), that is Z — Z/2, induced by the
natural inclusions and projection’ U(n) C O(2n) C O = O(o0) — O/O(n). This
map is onto for n = 3, but not for n = 7. In other words, any immersion is homotopic
to a Lagrangian immersion for n = 3, but not for n = 7. Due to the existence of
the Lagrangian Whitney immersion W (see 1.1.2), S7 has no Lagrangian (or totally
real) embedding in C7.

We can conclude that S® has a totally real embedding®. But we need all the
Gromov machinery (see §2.2) to conclude that S* has no Lagrangian embedding in
standard® C3!

Remark. — The same arguments show that all orientable closed 3-dimensional
manifolds have totally real embeddings into C3.

7According to the Smale-Hirsch theory, the h-principle for immersions, 7, (0/0(n)) is in one-
to-one correspondence with the set of regular homotopy classes of immersions S* — R2".

8 An explicit one, i.e. formulas, is given in [1].

9But there are symplectic structures on C? in which you can find a Lagrangian 53, see (37].
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3.3. Hard obstructions to Lagrangian embeddings

We just saw that there is no soft obstruction to the existence of Lagrangian
embeddings of closed orientable 3-manifolds into C3. Indeed, each such manifold
admits a totally real embedding into C® while the algebraic topology cannot distin-
guish between the totally real and Lagrangian cases. However the rigidity results of
§2 allow us to produce further obstructions which work in dimension 3 as well.

Lagrangian obstructions via the symplectic area class. —  According to 2.2.5
every closed Lagrangian submanifold of C™ has a non-vanishing symplectic area
class, and hence a non-trivial first cohomology group. Therefore we have the follow-
ing propositon:

PROPOSITION 3.3.1. — Let L™ be a closed manifold with H*(L,Z) = 0. Then
L does not admit a Lagrangian embedding into C™. [

For instance, as already discussed, the 3-dimensional sphere S* does not admit
a Lagrangian embedding into C3. This is also the case for the homogeneous space

SU(n)/SO(n) (see 1.2.2).

Lagrangian obstructions via the Maslov class. — In the present section we
describe a sequence of flat manifolds K™ (n > 3) which do not admit a Lagrangian
embedding into C" (see [41]). These manifolds can be considered as “multidimen-
sional Klein bottles”. Our approach is based on the Maslov class rigidity for flat
manifolds (see 2.2.7).

Let T™ be the torus with coordinates xy,...,z, (mod 1). Consider the map
1
a: (1., Tpn) — (21 + m,l‘g,.‘.,xn,_iﬂg).
3.3.2. Exercise. — Show that « generates a group, say G, of transformations

of the torus which is isomorphic to Z/{2n — 2) and acts freely. Denote by K" the
quotient T"/G and by 6 : T® — K™ the natural projection. Show that H'(K"; Z) =
Z. Show that K3 is orientable.

Our main result in this § is the following theorem:

THEOREM 3.3.3. — The manifold K™ does not admit a Lagrangian embedding
into C™.

Before proving theorem 3.3.3, let us notice that at least the case of K* cannot be
treated with the methods described above. Indeed, K® is orientable and hence there
are no obstructions of an algebraic topological nature. Moreover, non-vanishing of
the symplectic area class cannot be applied because H!(K?) # 0 as shown in 3.3.2.

Suppose that a Lagrangian embedding, say f, does exist. Let 6:T*1T" - T*K"
be the covering induced by 6, and let 7« : T*K™ — K™ be the natural projection.
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3.3.4. Exercise. — Show that there exists pg € R™ such that the restriction
of 6 to atorus L = {p =po} C T*T" is an embedding .

Denote this restriction by g. Note that g is a Lagrangian embedding since L is
a Lagrangian submanifold. Let

A:HY(K™Z) — H'(L;Z)
be the homomorphism induced by 7g.

3.3.5. Exercise. —  Show that A expands in the sense that: ||Aal| = (2n —
2) |la|| for all a € HY(K™, Z).

3.3.6. Exercise. — Show that the Maslov class of g vanishes (Hint: use the
fact that L is transversal to the fibres of the bundle T*T™).

We are now in a position to finish the proof. Let A : L — C™ be a composition
(in the sense of the appendix to chapter I) of f and g. Then the summation formula
implies that pp, = Ap;. Since K™ and L are flat, it follows from 2.2.7 that ||us| <
n+1, and [|pg]] > 1. On the other hand 3.3.5 implies that {u{ = (2n — 2) ||y ).
Therefore we obtain that n + 1 > 2n — 2 which is impossible for n > 3. In order to
treat the case n = 3 recall that the manifold K3 is orientable and therefore in this
case ||pf|l > 2 (we saw in the appendix to chapter I that ||u/| is even). Previous
arguments give us that

n+1>(2n-2)-2,

and we get a contradiction withn =3. O

4. Rigidity in cotangent bundles and applications to mechanics

In the present section we establish constraints on various invariants of Lagrangian
submanifolds of cotangent bundles. A specific feature of this problem is that non-
linear methods, which allow us to attack the rigidity phenomenon in linear spaces
and split manifolds, do not generally work for cotangent bundles. Fortunately, in
many important cases one can get around this difficulty with the help of quite
elementary (but clever!) constructions which reduce rigidity questions in cotangent
bundles to rigidity questions in split manifolds.

We start our discussion with embedded Lagrangian tori in T*T™ (see §4.1).
There are at least two reasons for this. Firstly, in this case one can clearly see
non-trivial interrelations between symplectic and topologic invariants of Lagrangian
embeddings. Secondly, Lagrangian tori arise in various qualitative problems of me-
chanics (see §4.3 below). In order to treat the problem we need certain techniques
which are described below in a more general context. In §4.2 we give an account
of Maslov class rigidity in cotangent bundles. We use a simple algebraic formalism
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in which a crucial role is played by the summation formula for the composition of
Lagrangian embeddings.

We then give applications to mechanics: Hamiltonian mechanics provides us with
a wide variety of different types of dynamic behaviour. However one can distinguish
a class of systems with the simplest dynamics, the so called integrable systems, whose
phase spaces (up to measure zero) are foliated by invariant Lagrangian tori carrying
quasi periodic motion. An important problem is to understand what happens to
these tori when perturbed. In §§4.3 and 4.4 we discuss several recent results in this
direction in the context of classical mechanical systems on T*T™.

4.1. Lagrangian tori in 7T*T"

In the following theorem we sum up our knowledge on embedded Lagrangian
tori in T*T™.

THEOREM 4.1.1. — Let L C T*T™ be an embedded Lagrangian torus, and let
A HY(T™R) — HY(L;R) be the homomorphism induced by the restriction of the
natural projection to L. Then

1. L is either homologous to the zero section with suitable orientation or homol-
ogous to zero;

2. in the first case the Maslov class of L vanishes;

3. in the second case the symplectic area class A of L does not vanish and the
Maslov class p satisfies 2 < ||u|l < n+ 1. Moreover, neither A nor u lies in
the image of A.

Comments and proof. —  The first statement is due to Arnold (see [4]) who
realised that it is closely related to the Lagrangian intersections problem (see the
discussion in § 2.3). We present his argument below. Certain generalisations to exact
Lagrangian submanifolds of cotangent bundles can be found in [31]. Statement
2 was proved in [49] (see also [39], [31] and [41] for alternative approaches and
generalisations). Below we use a method invented by Lalonde and Sikorav in [31].
To our knowledge, the last statement never appeared in the literature before (except
the Maslov class computations in the case n = 2, see [39]).

Proof of statement 1. — We use an indirect argument. Assume that L is
homologous to a non-trivial multiple of the zero section.

4.1.2. Exercise. —  Show that this assumption implies that there exists a
non-trivial covering T*T™ — T*T™ such that all lifts of L are disjoint Lagrangian
tori homologous to the zero section.
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Let L' and L” be two such lifts. Then they differ by a deck transformation, say
@, which in canonical coordinates (p,q) can be written Q(p, ¢) = (p,q + k mod 1),
for some constant vector k.

4.1.3. Exercise. —  Show that Q) is a time-one map of a Hamiltonian flow on
T*T™ (Hint: choose the Hamiltonian function to be linear in p).

We now have two disjoint Lagrangian tori L' and L” in T*T" homologous to the
zero section, and a time-one map @ of a Hamiltonian flow such that Q(L')NL" = §.
But this is impossible due to the theorem on Lagrangian intersections (see §2.3
above). This contradiction proves the desired statement. O

Proof of statement 2. — Note that if L is homologous to the zero section then
A is an isomorphism. Hence the statement will follow from the first assertion in
4.2.9 below. O

Proof of statement 3. — Note that if L is homologous to zero then A has
a non-trivial kernel. All assertions about the Maslov class now follow from 4.2.9
below.

It remains to show that A does not lie in the image of A (of course this will imply
that A # 0). Obviously it is sufficient to find a loop, say vy, on L which bounds a
disc with positive symplectic area.

4.14. Exercise. —  Use our assumption on L in order to show that there
exists a covering 7 : V = T*(T™ 1 xR!) — T*T™ such that every lift of L is compact.

Denote such a lift by L'. Note that V is symplectomorphic to T*T™ x C and
hence is a split manifold. Therefore 2.2.4 gives us a loop, say ' on I/ which bounds a
disc of positive symplectic area. Obviously the loop 7(7') has the desired properties.
This completes the proof. O

4.2. The Maslov class rigidity in cotangent bundles

As we have already mentioned, a basic tool for understanding Maslov class rigid-
ity in cotangent bundles is the summation formula for the composition of Lagrangian
embeddings (see the appendix to chapter I). We will use (essentially) ideas developed
in [31]): an iteration method based on the summation formula for Maslov classes.
Let us fix some notation. All manifolds considered below are connected and without
boundary. We write 7mx for the natural projection of the cotangent bundle T*X.
Given two manifolds X and Y and a homomorphism A : H(X;Z) — HY(Y;Z) ,
we denote by F(Y, X; A) the set of all Lagrangian embeddings f : Y — 7*X with
(mxf)* = A. The main objects of interest are the sets I(Y, X; A) consisting of all
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elements of H(Y, Z) which can be represented by the Maslov class of an embedding
from F(Y, X; A). An important algebraic invariant of such a set is the value

171 = sup o] € 0;-+os].
We set |@]] = —1.

Reparametrisations. — Let us describe the behaviour of the sets I(Y, X; A)
under diffeomorphisms of manifolds ¥ and X. We denote by Dx the group of all
automorphisms of H!(X,Z) generated by diffeomorphisms of X.

PROPOSITION 4.2.1. — For all C € Dy, C(I(Y,X;A)) = (Y, X;C(A)).

Proof. — Note that every diffeomorphism ¢ of Y defines a bijective map
F(Y,X; A) - F(Y, X; 0" A)

which takes a Lagrangian embedding f into its composition with ¢. Moreover,
tfo = @* . The proposition follows. O

PROPOSITION 4.2.2. — For all C € Dx, I(Y, X; AC) = I(Y, X; A).

Proof. — Note that every diffeomorphism v of X admits a unique lift to a
(fibrewise linear) symplectic diffeomorphism, say %’ of T*X. Therefore 1 defines a
bijective map

F(Y, X;4) — F(Y, X; AY™)

which takes each Lagrangian embedding f to its composition with ¢'. The desired
assertion follows from the fact that pyr = py. O

4.2.3. Exercise. —  Show that I(Y,Y;Id) and I(Y, X;0) are Dy-invariant
sets.

The cocycle property. — Recall that the sum of two subsets of a lattice is a
set consisting of all pairwise sums of their elements. By definition, I + @ = @.

Our main technical tool is given by the following “cocycle property” which is
just a reformulation of the summation formula of chapter I.

PROPOSITION 4.2.4. — If Z is compact, then [(Z,Y;B) + BI(Y,X;A) C
1(Z,X; BA).

Proof. — 1If h is a composition of Lagrangian embeddings f € F(Z,Y; B) and
g€ F(Y,X; A) then h € F(Z,X; BA) and moreover yy, = s + Bu,. O
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Geometric properties. — Recall that each I(Y, X; A) is a subset of an integral
lattice H(Y'; Z).

PROPOSITION 4.2.5. — The set (Y, X; A) is central symmetric.

Proof — Let o be the standard anti-symplectic involution of 7*X, that is
o(€) = —¢ for every co-vector £. One can easily check that for each f € F (Y, X; A)
the composition o f belongs to F(Y, X; A) and i,y = —piy. The proposition follows.
O

4.2.6. Exercise. — Prove that if X is compact then I(X, X;Id) is star-
shaped, that is Zv C I(X, X;1d) provided v € I(X, X;Id). In particular, either
I(X, X;1d) = {0} or |[I(X, X;1d)|| = +oo (Hint: use the cocycle property 4.2.4).

Rigidity in cotangent bundles via rigidity in C*. — From now on we assume
that X is a compact n-dimensional manifold satisfying the following conditions:

1. the group Dy acts transitively on the set of primitive elements of H WX, Z);
2. X admits a Lagrangian embedding into C* = T*R"™;
3. moreover, I(X,R";0) does not contain 0 and ||/(X,R";0)|| < +oo.

A basic example of such a manifold is the torus 7™ (see theorem 4.1.1).
Our first observation is that in this situation the structure of the set I(X,R";0)
is quite simple.

4.2.7. Exercise. —  There exists a finite set M of positive integers such that
I(X,R™;0) consists of all v € H!(X;Z) with |v|]| € M (Hint: use that I(X,R";0)
is Dx-invariant (see 4.2.3) and the fact that the primitive elements are exactly the
elements of norm 1).

Now we are in position to formulate the main result.

THEOREM 4.2.8. — For every homomorphism A of HY{(X;Z) the following
holds:

1. I(X, X; A) C I(X,R™0) provided A has a non-trivial kernel;
2. If A is a monomorphism, 1(X, X; A) is equal to {0} or empty;
3. I(X,X;A)N Q- Image(A) is {0} or empty.
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Proof. — The cocycle property 4.2.4 implies that
I(X, X;A)+ AI(X,R™;0) C I(X,R™%0).

If A has a non-trivial kernel then 4.2.7 implies that the set AI(X,R";0) contains 0
because Ker A contains at least one primitive element and therefore some multiple
of that element must belong to 7(X,R™;0), and assertion 1 follows. Note that if A
is a monomorphism then Q - Image(A) covers the whole of H'(X;Z). Therefore
assertion 2 is an immediate consequence of assertion 3.

We prove assertion 3 by using an indirect argument. Assume that there exist
primitive elements e, eq of H'(X;Z) and positive integers p, q such that Ae; = pe,
and ge; € I(X, X;A). Set m = max M, and note that me, € I(X,R";0) due to
4.2.7. We obtain

gez € I(X, X; A),

A(mey) = mpey € AI(X,R™0),

and hence the cocycle property gives us that (g + mp)es € I(X,R"™;0). This is a
contradiction to the assumption ||[(X,R™0)|| <m +1. O

Let us apply the previous theorem to the case X = T™.
COROLLARY 4.2.9.

1. If A is an isomorphism then I{T™,T™; A) = {0}.
2. If A has a non-trivial kernel then 2 < ||ju|| < n+1 for all p € I(T™,T™; A).
3. Moreover, in the last case, I(T", T™; A)N Q- Image(A) = .

Proof. — Statement 1 follows from 4.2.8 (second condition) and the fact that
I(T™,T™; A) is not empty (it contains a suitable parametrisation of the zero section).
Statement 2 follows from 4.2.8 (first condition) and the Maslov class rigidity theorem
2.2.7. Statement 3 follows from 4.2.8 (third condition) and the fact that I(T™,T™; A)
does not contain 0 due to statement 2. O

Exactness and monotonicity. — Propositions 4.2.1, 4.2.2, 4.2.3, 4.2.4, 4.2.5,
4.2.6 and their proofs remain true with no change if one considers exact Lagrangian
embeddings instead of general ones (that is the sets I, (Y, X; A) consisting of all
elements from H!(X,Z) representing the Maslov classes of exact Lagrangian em-
beddings from F(Y, X; A)). The reason is that that the class of exact Lagrangian
embeddings is closed under the composition operation as we already mentioned in
§2.1. The situation with regard to 4.2.7, 4.2.8 and 4.2.9 is quite different since there
are no exact Lagrangian embeddings of a compact manifold into C™! Nevertheless
one can overcome this difficulty using monotone Lagrangian embeddings into C"
(see [41]). As an illustration we present the following exercise:
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4.2.10. Exercise. — Let X =T" x 2. Show that I,(X, X;Id) = {0}. Due
to the “exact” version of 4.2.6 it is sufficient to show that ||, (X, X;1d)]| < +oc.
Suppose that this is not true, then there is an exact Lagrangian embedding, say f
from F(X, X;1d) with ||us]| > n. Recall now that X admits a monotone Lagrangian
embedding, say g into C™*2 (see 2.1.8). Moreover, using the action of Dx one can
choose g in such a way that the vectors u, and iy are proportional with a positive
coefficient. Consider now the composition h of f and g. One can check that h is
monotone and that ||| > n + 1, in contradiction with 2.2.6.

4.2.11. Exercise. — Let X be as in the previous exercise. Show that
I(X, X;1d) = {0} (Hint: show that each embedding from F(X, X;1d) is Lagrangian
isotopic to an exact one, and apply 4.2.10).

4.3. Applications to mechanics: from order to chaos

In the following we use canonical coordinates (p,q) on T*T". We say that a
Hamiltonian function H on T*T™ satisfies the Legendre condition if it is strictly
convex with respect to momenta: H,, > 0. Note that the Legendre condition
appears in most physically important examples. Consider for instance the motion
of a free particle. The corresponding Hamiltonian function is just the kinetic energy
H(p,q) = (A(q)p, p)/2, where each matrix A(q) is symmetric and positive definite.

4.3.1. Exercise. —  Set (a¥) = A~!. Show that trajectories of the Hamilto-
nian flow generated by H project to geodesics of the Riemannian metric a”dg;dg;
onT".

It turns out that the Legendre condition has a nice geometric meaning which is
crucial for our considerations. Roughly speaking, if a Hamiltonian function satis-
fies this condition, then the corresponding Hamiltonian flow twists every Lagrangian
subspace into the positive direction with respect to the vertical Lagrangian distribu-
tion F = {dg = 0}. Let us express this twisting property in a more precise way. In
what follows we identify every tangent space T,T*T™ with the standard symplectic
vector space R?*, and we write A = A, for the Lagrangian Grassmann manifold. We
denote by « the subspace {dg = 0}, and by A* the set off all Lagrangian subspaces
from A which are not transversal to .

PROPOSITION 4.3.2 (Twisting property). — Let g* be the Hamiltonian flow
generated by a Hamiltonian function H which satisfies the Legendre condition. Then
for all z € T*T™, A € A® the vector

& (@n)|_ e T

18 a-positive.
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Proof. — Given the definition of an a-positive vector (see the appendix to
chapter I), we have to check that for every non-zero vector £ € AN « the following
inequality holds:

w (5(—% (s2(2)¢) Lzo) > 0.

In (p, g)-coordinates such a vector £ can be written as (a,0). Linearising the Hamil-
tonian equations we obtain

% <gi£) it:o = (=Hga, Hypa),

and the desired inequality can be reformulated as (Hpya,a) > 0. But this follows
from the Legendre condition'. 0

The simplest integrable system on T*T™ is given by a Hamiltonian function
H(p,q) = (p,p)/2 associated with the Euclidean metric on the torus (cf. 4.3.1).
The corresponding Hamiltonian flow can be written as

(p,q) — (p,q + pt),

and hence each torus {p = const} is invariant under the dynamics.

A striking fact which follows from the celebrated Kolmogorov-Arnold-Moser the-
ory (see e.g. [2], appendix 8) is that most of these tori survive under a small pertur-
bation, namely a set of large measure in the phase space is still foliated by invariant

tori of the perturbed system. Let us emphasise two properties of those invariant tori
which are exhibited by the KAM-theory:

e cach such torus is homologous to the zero section;

e in some angular coordinates ¢ mod 1 on such a torus the dynamics is given
by a linear shift ¢ — ¢ + ot, where the components (o1,...,0,) of o are
independent over Z.

A smooth embedded n-dimensional torus which is invariant under a Hamiltonian
flow on T*T™ and satisfies these two conditions is an essential invariant torus. One
might expect that the geometry of invariant tori becomes very complicated when
the perturbation becomes very large. An obstruction to such a behaviour is given
by the following theorem, the proof of which will be given in §4.4.

THEOREM 4.3.3. — If a Hamiltonian function satisfies the Legendre condi-
tion, every essential invariant torus of its Hamiltonian flow is the graph of a smooth
section of the cotangent bundle.

10This twisting property makes sense in any symplectic manifold endowed with a Lagrangian
distribution. Functions with this property are investigated in [16], [17].
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Let us make some comments. The first result of this kind was obtained by
Birkhoff for invariant curves of area preserving maps of the annulus (see {13], and
also [27], [21]) and is usually known as Birkhoff’s second theorem. Our formulation
for the multidimensional case comes from [40] (see also [15], {12] for the case n = 2,
and [28] for some other interesting extensions of the Birkhoft’s theory). We refer
the reader to [16] for a detailed discussion and far reaching generalisations.

As we shall show in §4.4, theorem 4.3.3 gives us a tool to understand the in-
variant tori breaking mechanism. In order to formulate the result, we specify our
deformation of the Euclidean metric on the torus. For simplicity, we restrict our
attention to the case n = 2 (the multidimensional case can be treated in exactly the
same manner). Let 4 be an embedded closed curve on T? which bounds a disc, say
B, and fix a point K inside the disc. Let G, (¢ > &) be a Riemannian metric on
the torus such that

distance(K, ) > ¢ - length(y).

In other words, increasing the parameter € corresponds to a bump growing up inside
the disc B and whose top point is K. The proof of the next theorem will be given
in §4.4.

THEOREM 4.3.4 ([14], see also [10] and [40]). — There exists a critical value
of the parameter, say €., such that for all € > €c the Hamiltonian flow associated
with the metric G, has no essential invariant tor:.

Remark. — Thus tori disappear. The question of the dynamical properties of
the system is far from being understood. Nevertheless, there are some very inter-
esting results in dimension 2: more complicated invariant sets appear, the Aubry-
Mather Cantor sets (see [14], [10] and [20] in which Donnay constructed a metric on

T? whose geodesic flow is ergodic—a classical property of negatively curved mani-
folds).

4.4. Symplectic geometry and variational properties of invariant tori

The following simple observation is crucial for proving the results of the previous
section.

PROPOSITION 4.4.1 ([28]). — Every essential invariant torus of a Hamilto-
nian flow on T*T™ is Lagrangian.

Proof. — Let ¢ mod 1 be angular coordinates on an essential invariant torus L
such that in these coordinates the restriction of the Hamiltonian flow to L is given
by an irrational shift. Denote by  the restriction of the symplectic form to L. Since
Q is preserved by the dynamics, and since every trajectory is dense on L we conclude
that Q is a translation invariant form with respect to (-coordinates. Moreover, 2 is
exact since the symplectic form is. Hence ) vanishes, and L is a Lagrangian torus.
0
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Now we are in position to prove 4.3.3. The proof given below incorporates a nice
argument which we learned from G. Paternain (see [38]). We use the notations of
§4.3.

Proof of 4.3.3. — Let L be an essential invariant torus of a Hamiltonian flow g*,
which is generated by a Hamiltonian function H satisfying the Legendre condition.
Note first of all that it is sufficient to check that L is transversal to the Lagrangian
distribution F = {dg = 0}. Assume for contradiction that there exists a point = € L
such that the tangent subspace A = T, L belongs to AZ.

Figure 22

Our plan is to construct a loop, say 7y, on L with positive value of the Maslov
class. By 4.3.2, the vector

d
d_t (g*(:c)/\) ’t:O

is a-positive and hence transversal to A%. Therefore there exists some positive a
such that the for every t € [—a, a] the subspace

g (@) = Ty L

is transversal to « (see figure 22). Set A, = ¢%(z), A_ = g7%*(z). Let Uy, U_ be
small neighbourhoods in L of the points A, and A_ respectively such that for each
point, say y, of these neighbourhoods the tangent subspace T, L is still transversal
to a. Note that every trajectory on L is dense, and hence there exists a segment of
trajectory, say I', whose end points By and B_ belong to U, and U_ respectively.
Now join B_ with A_ by a smooth path inside U., A_ with A, by a piece of the
trajectory of the point z for ¢ € [—a,a], and A, with B, by a smooth path inside
U,. Adding the segment I' we obtain a loop v on L. Note that the corresponding
loop z — T,L (2 € 4) in A, has a non-empty intersection with A%. Moreover, our
construction together with 4.3.2 imply that its tangent vector in each intersection
point is a-positive. Therefore the value of the Maslov class of L on v is positive
as noticed in the appendix to chapter I. On the other hand L is an embedded
Lagrangian torus homologous to the zero section and hence its Maslov class vanishes
by theorem 4.1.1. This contradiction proves the theorem. O
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Before we give the proof of 4.3.4, let us recall that a fundamental property of
a geodesic is that locally it minimises the length. A geodesic is called (globally)
minimal if any segment minimises length in the homotopy class of paths with the
same endpoints (see chapter III).

4.4.2. Exercise. —  Show that for ¢ sufficiently large there is no complete
globally minimal geodesic of the metric G, which passes through the top of the
bump K (Hint: if ¢ is sufficiently large then a globally minimal geodesic will prefer
to go round the bump!).

We now give the proof of 4.3.4 in two exercises. A basic observation is the
following;:

4.4.3. Exercise. —  Let L be a smooth Lagrangian section of T*T™ which is
invariant under a Hamiltonian flow associated to a Riemannian metric on 7™ and
which is contained in a regular level {h = cont}. Show that each trajectory which
lies on L projects to a globally minimal geodesic (Hint: use a classical Weierstrass
theorem of the variational calculus (see [33] for details)).

4.44. Exercise (proof of 4.3.4). —  Show that 4.3.4 is a consequence of the
two previous exercises together with 4.3.3 and 4.4.1.

4.4.5. Exercise. —  Find an estimate for the critical value €., of the param-
eter.

5. Pseudo-holomorphic curves: proof of the main rigidity theorem

5.1. The Riemann-Hilbert problem

In order to prove theorem 2.2.4, we will first establish a theorem on the exis-
tence and unicity of solutions of the equation 8,f = g on geometrically bounded
almost complex manifolds containing a given totally real submanifold. This is a
generalisation of the so-called Riemann-Hilbert problem.

The simplest form of the Riemann-Hilbert problem consists, given a map g :
D? — C™ on the closed unit disc D? C C, in finding a solution f : D? — C™ of the
equation 8f = g which sends the boundary 8D? into the totally real subspace R* =
(®1,...,%n) CC" ={Z1,Y1,--+,%n,Yn)- This problem always admits a solution in
appropriate Holder spaces (and therefore in C* spaces by elliptic regularity). More
precisely, for any fixed real non integral number r > 0, the map

d:CctY(D? 8D 1;C", R",0) — C"(D? C")

is onto, where the domain is the space of maps of Holder class r + 1 from D? to
C™ which send 8D? in R™ and 1 on 0, and where the target space is the space of
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maps from D? to C" of Hélder class 7 (see the classical reference [47], pp. 56 and
355-356).

This problem can be generalised in the following way (see [24], [43], we follow
here [44]). Let (V,J) be an almost complex manifold. Denote by i the complex
structure on C (multiplication by 7). For a C! map f: D? — V, define

~ . 1(0f  of
1 =5 (5 75)

1 0
== dfi) | =

s+ ()
which is a section of the vector bundle f*(T'V) on D?. It will be more convenient
to consider this section as a section of the bundle pr3TV — D? x V defined over
the graph of f (here pry : D? x V — V is the projection on the second factor). The
generalisation of the Riemann-Hilbert problem is then:

GENERAL PROBLEM. — Gliven a totally real submanifold L of an almost com-
plex manifold (V,J) and a global section g of pr3TV, find f : (D? 8D?) — (V, L)
homotopic to a point in wy(V, L) and such that 3 f = glgrapn(y) (which we will simply
denote by 3,f = g).

Note that this problem does not always admit a solution; for instance, if L is a
closed, totally real submanifold embedded in C* endowed with the standard complex
structure, and if g : D? x C® — C" is equal to a constant go, there is no solution
when | gol| is sufficiently large (see the harmonicity argument in the proof of theorem
2.2.4).

The following theorem (which provides a solution to the Riemann-Hilbert prob-
lem under certain hypotheses) is proved by Sikorav in [44].

THEOREM 5.1.1. — Let V be endowed with any complete Riemannian metric
w. The general problem above has a solution for all C* bounded (with respect to p)
sections g of Holder class C* (for o > 0) if the following conditions hold:

1. if g = 0, the only solutions of 8;f = g which belong to C**1(D? 0D%V, L)
are the constants;

2. for any B > 0, the family {f € C>*Y(D?,6D?V, L)| H&;f”ca < B} is equicon-
tinuous.

Moreover, one may impose f(1) = £y for any given point €, € L.

It may be embarassing to try to apply this theorem directly, because the second
condition is not easily verifiable in practice. Sikorav shows that this condition holds
true under some hypotheses on the geometry of V and L. His proof does not make
use of the compactness theorem for J-holomorphic discs and, for this reason, the



Chap. X Lagrangian submanifolds 309

hypotheses on V' and L needed to establish the surjectivity of 8;f = g are stronger
than those needed by Gromov in [24] theorem 2.3.B. We will now prove the stronger
version of the theorem due to Gromov, using a compactness theorem.

THEOREM 5.1.2. — Let (V,w) be a symplectic manifold and L C V be a La-
grangian submanifold such that (VL) is 9. bounded (with respect to structures J
and p on V). If there is no non-constant J-holomorphic 2-sphere in V "and no non-
constant J-holomorphic disc with boundary in L, then for any C* bounded section
g of pr}TV — Dy x V and any point ¢y € L, there exists a solution to the equation
0;f = g which sends 8D? in L and the point 1 to the point £y, and such that f is
homotopic to a point in mo(V, L, &y).

Remarks.

1. Since w tames J, any non-constant J-holomorphic disc f : (D?,8D?) — (V, L)
satisfies [;;» f*w > 0. Therefore, the hypotheses of the theorem concerning J-
holomorphic discs and spheres are satisfied if L is a weakly exact Lagrangian
submanifold (recall that this means that the integration map { w from 7o(V, L)
to R is zero). Thus, if (V,L) is g. bounded and L is weakly exact, there
always exists a solution to the Riemann-Hilbert problem. This is the case, for
example, when (V,w, J, u) = (C",wo, Jo, tto) and L is the image of R® C C®
by any bounded symplectic diffeomorphism.

2. The conclusion of theorem 5.1.2 is a Fredholm alternative (see the proof below):
suppose (V,L) is g. bounded and V contains no non-trivial J-holomorphic
sphere, then either the map 8; is “surjective” or there exists a non-trivial
J-holomorphic disc in 75(V, L). Of course, this alternative may be useful in
both directions: when we know that there is no non-trivial J-holomorphic
disc in m2(V, L), we conclude that 8, is surjective as in the example above;
when we know that 0; cannot be surjective, we conclude that there exists a
non-trivial J-holomorphic disc in m3(V, L) and hence that L is not (weakly)
exact (this applies to any closed (compact and without boundary) Lagrangian
submanifold of C", see below).

Proof of theorem 5.1.2. — We first bring the problem into a Fredholm frame-
work with a given operator 8;: we do not yet have a well defined operator since the
section 8 f of f*TV is defined only on a subset of D? x V which depends on f. For
{y € L and a non integral r > 0 fixed, let us define:

e The set F™*! of Holder class C™*! maps f : (D?,8D% 1) — (V, L, £,) which are
homotopic to fo = & in 7 (V, L, &),

e the set G™ of C" sections of pr3TV — D? x V which are C" bounded,
o the set H™t! = {(f,g) € F™1 x G" such that 9, f = g},

e the projection map A" : H™*! — G" defined by A”(f,g) = g.
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The following four properties hold for any totally real submanifold L of an almost
complex manifold (V,J) (see chapter V).

1. G" is a complex Banach vector space, F™*! is an almost complex Banach
manifold with tangent space

TyF™! = {C™*" sections of (f*(TV),(f |opz)*TL) which vanish at 1},

and the charts of F™*! are given by the exponential map of a Riemannian
metric on V for which L is totally geodesic (that is such that any geodesic
tangent to L at any point of L lies entirely in L). Finally, H™! is a C®
submanifold of F"™*! x G'. Indeed, let fo € F™*! and U(fy) be a C-small
neighbourhood of fy. For any f € U(fy), denote by A™(f) the space of C"-
sections of pr3(TV') over the graph of f. Let V be endowed with any C*
connection compatible with J; then the parallel transport induced by this
connection gives a complex isomorphism:

PT(f,fo) : N (f) — N (fo)
for any f € U(fy). On U(fo) x G7, define ® : U(fo) X GT — A"(fy) by

(f,9) = PT(f, fo) (1f — glesapnr)) -

It is clear that ®~1(0) = H™' N (U(fs) x G"), that ® is a smooth map, and
that 0 is a regular value of ® because ®(f,.) : G" — A"(/f) is affine and onto.
Finally, the kernel of the associated linear map, K(f) = {g | glgrapnh(s) = 0}
admits a closed supplement in G”. Since these are the sufficient conditions for
the inverse image of a point by a smooth map between Banach manifolds to
be a smooth submanifold, we conclude that H™*! is a C* submanifold.

2. A" is a Fredholm map of index 0. In fact, A" is locally equivalent to a quasi-
linear differential operator of order 1 whose linearisation is of the form

(Id+K) 0 : C"t'(D? 8D? 1;C", R*,0) — C"(D% C™)

where K is a compact operator. Since 9 is an isomorphism, (Id+K) o 9 is
Fredholm of index 0 (see chapter V).

3. A" is regular at (£, 0)(see chapter V).
4. Elliptic regularity: if f is of class C' and if 8;f = g with g of class C", then f
is of class C™*! (see chapter V or [36]).

5.2. Proof of theorem 5.1.2

Let us now prove theorem 5.1.2: given elliptic regularity, it is sufficient to prove
that A" is surjective for any non integral r > 0. The non-existence of non-constant
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J-holomorphic disc in m3(V, L) means that A=1(0) = (y,0), and together with the
third property above, this implies that 0 is a regular value of A™. In order to prove the
theorem, it is therefore enough to show that A" is proper. By Smale’s generalisation
(see [45]) of Sard’s theorem to Fredholm maps between Banach manifolds, one can
deduce (see figure 23):

y

Figure 23

THEOREM 5.2.1. — Let ® : M — V be a C*® proper Fredholm map between
Banach manifolds of nonnegative index. Then, for any reqular value y € V, ®~1(y)
is @ smooth submanifold (either empty, or of dimension ind ®), and the non oriented
cobordism class of ®71(y) does not depend on the choice of the reqular value y of V.
Denoting by v(®) this invariant in the ring of non oriented cobordism, we have: ®
15 onto when y(®) #£0. O

Let us apply this theorem to A", assuming that it is proper. Since 0 is a regular
value whose inverse image is a single point, v(A") # 0, and hence A" is onto.
Let us describe this more explicitely: let g € G” be a regular value of A™ and let
v :[0,1] — G" be a path from 0 to g, everywhere transversal to A”. Since A" is a
proper Fredholm map of index 0, (A")~!(v) is a non empty compact submanifold of
real dimension ind A" +1 = 1, whose boundary is included in (A™)~1(0)U (A7) 1(g).
In fact, 3(A™)"1(g) equals (A7)"1(0) U (A")"I(g) because if there were a point p
belonging say to (A™)~1(g) but not to 3(A™)~1(y), the differential of A™ would send
the vector tangent to (A")~!() at p on the zero vector at (1), hence the dimension
of ker A" at p would be strictly positive. Since ind A" = 0, this would contradict
the regularity of g. Thus (A™)™! is a non oriented cobordism between (A7)~!(0)
and (A")71(g), therefore their mod 2 cardinalities are equal. We conclude that
(AT)~1{g)is not empty. This shows that all regular values of A" are in the image of
A", and since this is true by definition for non regular values as well, A" is onto. O]

It remains to prove:

PROPOSITION 5.2.2. — A" s proper.
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Proof. — Suppose that AT is not proper: then there exists a sequence ([, gn)
(n € N) which contains no convergent subsequence in H™"! but whose projection
(gn)neN has a convergent subsequence. Denoting by the same symbols (g,)nen this
subsequence, we thus have a sequence (f,) € (F"™,]| ||c-+1) with no convergent
subsequence, and a sequence (g,) which C"-converge to a value g € G” such that
91fn = gn-

We now show that each section g of pr3TV induces an almost complex structure
Jy on D? x V with the properties described in the following lemma, due to Gromov
(we do not specify the differentiability class, since the lemma clearly holds true for
any class of maps).

LEMMA 5.2.3. — There exists a unigque structure J, on D* x V' such that the
germs of Jy-holomorphic sections Id x f of pry : D% xV — D? correspond exactly to
the solutions of 0;f = g on'V and such that the restriction of J, to any fibre s x V
of D? x V — D? coincides with the original structure J on V =5 x V.

Proof. — In the exact sequence of bundles over D? x V:
incl
0 — Homg(TD?, TV) —2s Homg (TD?, TV) ——
Homg(T'D?, TV)/Homc(T D, TV) —— 0

the projection 7 has a right inverse whose image is the set Homgy 1;_(TD?,TV) of
real homomorphisms C such that C oi= —J o C. Hence,

Homp = Homc ® Homyp4i s

since

A:%(A—Jvoi)@%(A+Jvoi)

(of course @ is simply the projection on the second factor of this decomposition,
that is the projection on the anti-complex part). Since D? is of complex dimension 1,
an anti-complex homomorphism is determined by its value on 9/dxz and this defines
an identification of Homg i (TD?, TV) with pry(TV).

Let g be a section of pr3(TV), which we consider as a section of the bundle
Homgptio(T'D?, TV). We define the endomorphism J, of T(D? x V) at (s,v) €
D% xV by

JylT,V = J and Jg|TsD2 =1+ 2gs, 01
The fact that g is anti-complex obviously implies that ng = —1Id. Finally, the germ
of a section Id X f of pry : D? x V — D? defined near s € D? is J,-holomorphic at
s if and only if Jy(d(Id x f)(s)) = d(Id x f)(s) o i. But

Jo(d(Id x f)(s)(X)) = Jy(X @ df(s)(X))
iX ® (296 X) + Jdf (X))

is equal to d(Id x f)(s)(iX) = iX @ df (1.X) for all X € TsDi exactly when g(Z) =
%(df + Jdfi)(Z) for all Z € T,D?, that is exactly when g =0;f. O
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It is clear that the properties stated in the lemma determine an almost complex
structure on D? x V in a unique way. Hence, the two sequences () and (g,) induce
a sequence of J,, -holomorphic sections (Id x f,,) of D* x V' — D?. The sequence
(J,,.) C" converges to an almost complex structure J, but the sequence (Id x f,,) of
maps from D? to D? x V C™*! diverges. We will deduce from this the existence
of a non constant rational J-holomorphic curve in V' (that is: a non constant J-
holomorphic map S?, in other words a J-holomorphic sphere) or the existence of
a non-constant J-holomorphic disc in V' whose boundary lies in L. In both cases,
this will contradict the hypotheses of the main theorem. We need the following
theorem of Gromov on the compactness of holomorphic discs (see chapter VIII for
these compactness properties):

THEOREM 5.2.4. — Let (M,wyy) be a symplectic manifold, g. bounded for Jy
and pp . Assume Jyy is of class C7. Let W C M be a Lagrangian submanifold such
that the pair (M, W) is g. bounded. Let

¢n 1 (D?,8D?, 1) —— (M, W,wp)

be a sequence of (i, Jy)-holomorphic discs of class C™! whose areas are bounded
above. Then there ezists a subsequence which either C™t1 converges to a (i,Jy)-
holomorphic disc or weakly converges to a Jy-holomorphic cusp-disc whose image
in M is the union of k1 non-constant Jys-rational curves and ko non-constant Jy-
holomorphic discs with boundary in W, where ky > 0,ky > 1, and ky + ko > 2.
0

This theorem is still true for a sequence (Jp), — Jpr of almost complex struc-
tures C"-converging to an almost complex structure Jy; and a sequence ¢, of holo-
morphic discs (for ¢ and (Jp),), provided that all the ((Jas)n, wns, tias) for n suffi-
ciently large and (Ju,wpr, iar) are geometrically bounded with respect to the same
constant ays. Then the limit disc or cusp-disc is Jy-holomorphic.

To apply this theorem to the sequence (Id X f,,) of J,,-holomorphic discs in D? x
V, we verify the hypotheses of the theorem. Here M = D? x V, W = 8D? x L,
and pp = o @ p1 where yy is the standard metric on D? and pq = p is the metric
given on V. Since (D? 8D?) is obviously geometrically bounded with respect to
(%, pto, wo), the conditions in the definition of “geometrically bounded” which depend
only on the metric structure are satisfied for the pair (D? x V,0D? x L). Therefore,
it is enough to find a symplectic form wy on M = D? x V and a positive constant
ays such that

ww (X, X) > cn | X2,

for all tangent vectors of D? x V and all sufficiently large n.

We set wy = (Cwy) ® w, where wp is the standard form on D?, w is the given
form on V, and C'is a constant depending on ||gn||;o Which we will now compute!®.

UThe reader may consider the following estimations as a (rather technical) exercise and compute
the constant C by her or himself.
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Let G be an upper bound for all ||g,|zc. Then:

wp (X, Jg, X) = Cuwy® w(Xo® X1,iXo0 ® (29,(1X0) + JX1))
C [ Xol)? +w(X1, JX1) + 20(X1, gn (i X0))

C N1 Xoll* + a1 X1 ]* + 20(X1, gu(iXo))

C | Xol* + o | Xu]|* = 28G | Xo|| | X1

(AVARNY

because |w(X1, gn(iX,))
ously,

< BlIXHga(@Xo)ll < BIX1ll gnllo | Xoll. Thus, obvi-

[0
wy (X, Jg, X) 2 5 XI5,

if C is sufficiently large. Actually, if

1X.0 _ 48G
[Xoll = o’
then:
oulx,0,%) > (¢ =256l g +aap?
832G?
> (0= ZE b +alx?
!
> —||IX
> SIXE,
with
:8B2G2+g.
o 2
When
1%, 486
[Xoll = «
one gets

[ Xl
1]

[0 (07
2IGIE +C Xl 2 S X,

(X, 1y X) > (a—wc )||X1n?+cnxou2

%

Therefore, M = D? x V is geometrically bounded with uy = po @ p1, wy =
Cwy ® w where
86%G? «a

! 2’

and with any of the given almost complex structures Jg, or Jj.

C:
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Since every f,, : D* — V is contractible in mo(V, L), all discs Id x f,, belong to the
same homotopy class in my(D? x V,0D? x L). Their wy-area is [p, Cw,+ [pe frw =
Cr for all n, and their py-area is uniformly bounded above. Writing p = Id x f,,

e~ L8208,
2
(ll L)
1 dp ap Op dp
< Dz( (ax Jg"aX)Jr (ay"]gnay
2
< =z *
< oL Pem

because p is Jg,-holomorphic. Hence:

pa-area(ld x f,) < 2?’%

The compactness theorem thus applies to the C"™*! divergent sequence Id x f, and
therefore there exists a Jy-cusp-disc whose components contain at least one non-
constant Jg-holomorphic sphere S or two non constant Jg-holomorphic discs I with
boundary in 8D?x L. But since this cusp-disc is a weak limit of sections of D*xV —
D?, S cannot be transverse to the fibres of the projection D? x V - D? and the
same is true for D; that is to say, S (or D) lies entirely in a fibre of the projection.
There exists therefore either a non-constant J-rational curve in V or a non-constant
J-holomorphic disc in V' whose boundary lies in L. This concludes the proof of
theorem 5.1.2. O

5.3. Proof of theorem 2.2.4

Let (V,w) be a product (V' x C,w'®wy) where (V',w’) is a weakly exact geometri-
cally bounded symplectic manifold. Let L be a g. bounded Lagrangian submanifold
of V. If L is bounded with respect to the second factor (that is if the image of L by
pra : V! x C — C is bounded), we show that there exists a loop in L that bounds a
holomorphic disc {with respect to an w-tamed almost complex structure).

First, (V' x C,w’ ® wy) is also geometrically bounded. It is easy to see that,
given any totally real submanifold L in V' x C which is bounded with respect to
C, the equation 0 f = g has no solution when the factor g, of g = g, @ g5 is equal
to a constant ¢ of sufficiently large norm. In fact, any solution f to the equation
8;f = g1 © c satisfies d(pryof) = go = ¢ and therefore f, = pryo f : D* - C is
harmonic. The Poisson formula then gives

1

— 2 )
9,12(0) = ~5= [ e ale)a0;

s0 || = }anz(O ‘ < SUPg<p<an }f2 ’ < diam f»(0D?) < diam(pr(L)).
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Thus, there is no solution to 8; f = g; ®c when |c| > diam(pry(L)). On the other
hand, if the totally real submanifold L is Lagrangian and g. bounded, the Fredholm
alternative of 5.1.2 shows that if 8;f = g has no solution for some g, there must
exist either a holomorphic sphere or a holomorphic disc with boundary on L. Since
V is weakly exact, only the second case can occur.

To prove the second part of theorem 2.2.4, let us quickly review the proof above
from a slightly more general point of view. For each class a € m,(V, L), define
Fr+1 Hrtl and A7 as follows:

o F7*!is the set of C*! Holder maps f : (D?,0D%) — (V, L) such that [f] = a,
° H;+1 — {(f7 g) c F;+1 x GT such that gjf = g},

e AL(f,9) =g

Note that since V is weakly exact, the symplectic area of o € my(V, L) depends
only on its image by ma(V, L) 2, (L) 25 Hy(L; Z) where 0 is the boundary
homomorphism and H the Hurewicz map. Observe also that the Maslov index of
L along Hd(a) relative to the Lagrangian distribution £ in V is independent of
the choice of £ because HO(«) is contractible in V' (so we need only know that
such a distribution exists). We will refer to this Maslov index as pr,(Hda) or py ()
indifferently.

Here, F7™, H7*! are again Banach manifolds and A7, : H'*! — G" is a Fredholm
map of index ind(A%) = uy(a) + n.

The Poisson formula argument showed that there exists some value g € G" such
that there is no solution to the equation d;f = g with f € F§™. Let v be a
path in G” from v(0) = 0 to (1) = g transverse to the Fredholm projections A7 :
Hrt! — G for all a. The proof above shows that the restriction of A" to (A™)"1(y)
is not proper. Therefore, there exists a sequence ¢g° € Imy converging to g., € Imy
and a sequence f; with d;f; = g; such that the sequence {f;} has no convergent
subsequence. By the compactness theorem and lemma 5.2.3, this implies (extracting
a subsequence of f; if needed) that the sequence f; weakly converges to a union of
k; non-constant rational curves in V with one disc f,, with boundary in L such that
0 fs = goo, and kg —1 non-constant holomorphic discs with boundary in L. Since V
is weakly exact, we have therefore one disc f, and k = ks — 1 > 0 holomorphic discs
fis -+, fr with boundary in L. Denote by a, e, ..., a € m2(V, L) the homotopy
classes of fo, f1,--., fx

5.3.1. Exercise. — Using the index formula, show that the fact that v is
-1
transversal to A}, and the fact that (Agm) {(9oo) 1s nOt empty together imply
that pr(@e) > —n— 1.
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Since the discs foo, f1,- - -, fx occur as a weak limit of a contractible disc, we have
Oéoo+061+"'+ak:07

s0 that pr () +32% , 1z (e;) = 0. But each disc f; is holomorphic and non-constant,
so their symplectic area A(«;) is strictly positive, and by monotonicity pr{a;) > 0
for all 1 <1 < k. Therefore

k
D opp(es) <n+1

i=1

implies that 1 < pr (o) < n+ 1 for at least one i. This concludes the proof. O

Appendix: Exotic structures on R>"

A.1. Exotic structures

A symplectic form w on R?" is exotic if there exist no symplectic embedding
(R, w) — (R™,uy) in the standard structure. The fact that the proof of the
Arnold conjecture (corollary 2.2.5) implies the existence of exotic structures on R?®
for n > 2 is now considered to be folklore. Nevertheless, it appeared in the written
culture only in 1984 in a paper by Viterbo [48]. It is very surprising that we do not
know any other method of constructing exotic structures. There are some variants
(see e.g. [11]), but basically, you construct a symplectic structure which admits a
closed exact Lagrangian submanifold. We already mentioned such a construction,
due to M.-P. Muller in §3.2. Here we content ourselves'? with a simple proof of:

THEOREM A.1.1. — For any n > 2, there exist on R* exotic symplectic
structures.

A.2. Proof of existence

It is enough to construct an immersion F : R** — R?" that sends a given closed
Lagrangian submanifold L of (R?",w;) onto an immersed exact Lagrangian subman-
ifold W of (R?",wp). Indeed, F*wy is then such that L is a closed exact Lagrangian
submanifold of (R*, F*wy). Hence (R*", F*uy) is exotic because a symplectic em-
bedding

¢ (R™, F*wy) — (R wy)

would send a primitive A of F*wy (a form whose exterior derivative is F*wy) to a
form ¢*(A) on Im ¢ whose derivative is wg. We would then have d(Ag — ¢*(A)) = 0
on Im ¢ and Ag = ¢*(A)+ exact form on Im ¢, so thatAo|,z) would be exact which
contradicts the inexistence of a closed exact Lagrangian submanifold of (R?*,wy).
To construct the immersion F : (R* L) — (R>™ W), we take the simplest
example of a closed Lagrangian submanifold, that is L = T" ¢ R?". Let f,: S! —

2The construction in [37] is actually harder. .. but gives something more precise, as the title of
the paper shows.
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R? be a regular homotopy from the standard inclusion to an exact (Lagrangian)
immersion f; : S? — R? (that is f; has for instance two double points of opposite
signs and the total area enclosed by Im f; is algebraically zero). The product of
n copies of this regular homotopy gives a regular homotopy F; : T — R?*. Now,
given any closed smooth submanifold X of a closed manifold Y and any manifold Z
of dimension larger than dim Y, Smale’s h-principle for immersions (see e.g. [25])
implies that the restriction map

r: Imm(Y, Z) — Imm(X, Z)

between spaces of smooth immersions is a Serre fibration: that is, given any homo-
topy H, : A — Imm(X, Z) defined on a CW-complex A and any r-lift Hy : A —
Imm(Y, Z) of Hy, there exists an 7-lift of the whole homotopy, H, : A — Imm(Y, Z),
which coincides with the given lift at time ¢ = 0. Let us apply this with X = 7™,
Y = 5§21 Z = R (note that n < 2n — 1 because n > 2), A = {pt}, H, = F, :
T — R?, and ’1% the standard inclusion. Hence F; can be extended to a regular
homotopy F; : $2* ! — R?" and so F} extends F| (this is all we need). Let D21
be a disc smoothly embedded in $?"~!, such that 7™ lies in D?*~! (such a disc exists
because n < 2n — 1), and let U be a tubular neighbourhood of D?*~! in R®*. Then
the restriction F : D1 — R2" of F} : §2»~1 — R2" can be extended to an immer-
sion G : U — R*. The composition of G with an immersion ¢ : R*® — U which
is the identity on a smaller disc D¥"~! ¢ D?*'~! containing T™, gives an immersion

Gop: R™ — R?™ sending T™ onto an immersed exact Lagrangian submanifold of
(R2n7 “‘}0)'

Remark. — Note that by theorem 2.2.4, the exotic structure w on C" con-
structed in the above proof is not symplectomorphic to (C*! x C,w' @ w) for any
geometrically bounded factor (C"1, /).
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Chern-Weil, 138ff

coadjoint orbits, 54ff, 59

cobordism, 272, 279, 282, 284, 311

coisotropic, 19, 27, 29

compactness theorems, 9, 12, 104,
165, 183ff, 217, 223ff

composition of Lagrangian immer-
sions, 38ff, 285, 300, 302

connected sum, 46, 49, 63ff

connection, 69, 79, 88, 113ff

contact form, 63
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curvature (of a connection), 90ff

curvature {mean), 98, 104, 254, 257,
261ff

curvature (sectionnal), 96

curvature tensor, 90, 118, 120ff, 138

curvature (Gaussian), 95, 104, 106,
108, 219, 251, 256, 258,

cusp-curve, 233, 238

Darboux (and/or Darboux-Weins-
tein) theorem, 1, 24ff, 38, 66,
90, 220

del, delbar (9, 9), 122, 142, 153,
166, 170ff, 174, 192, 201, 308,
310

diagonal trick, 3, 28, 289, 292

Duistermaat-Heckman formula, 53,
64

elliptic operator, 5, 152, 154, 169

elliptic regularity, 169ff, 205, 212,
229, 243, 310

Euler class (and/or characteristic),
49, 50, 52, 66, 132, 138, 145,
294

exact Lagrangian isotopy, 290, 292

exact Lagrangian submanifold, 3,
271, 292

exactness, 24, 284ff, 291, 302

exotic symplectic structures, 3, 272,
317ff

fixed points (of a symplectic diffeom-
orphism), 3, 28, 289, 292

flexibility, 3, 271

Fredholm alternative, 309
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Gauss-Bonnet theorem, 102, 106,
110, 235

Gauss equation, 100, 105, 256

geodesic, 81ff, 91, 94, 102, 257, 307

geodesic flow (and spray), 87ff

geodesic curvature, 109

geometrically bounded {= g. bounded,
see also tame symplectic mani-
fold), 286, 309

Gromov-Lees theorem, 274, 276, 293

Hamiltonian isotopy, 32, 290

Hamiltonian vector field (and /or flow),
31, 59, 88, 90, 93, 290, 299, 303

harmonic map, 251, 263

Hirzebruch surfaces, 41, 50ff, 604},
278

Hélder norm and spaces, 166, 203,
213, 229, 308, 309

holomorphic functions, 4, 47

Hopf-Rinow theorem, 83

h-principle, 3, 271, 274, 288, 295

hyperbolic space, 86, 92, 96, 101,
103, 218, 227, 234, 236, 260

immersed pseudo-holomorphic curves,
191, 207, 211

index (of an elliptic operator), 7,
152, 154, 316

injectivity radius, 78, 84, 96, 102,
105, 109, 234, 243, 286

integrable complex structure, 4, 46,
69, 101

integrable system, 272, 298, 304

intersection of Lagrangian subman-
ifolds, 3, 272, 289, 292, 298

intersection of pseudo-holomorphic
curves, 176, 191, 197ff

isolation of critical points, 176, 195

isoperimetric inequality, 102ff, 108,
179, 182, 220, 226, 244, 245

isoperimetric profile, 103ff, 219, 221

isotropic, 19, 27, 276

Jacobi fields, 91ff, 94ff

J-curve, J-holomorphic curve (def-
inition only... ), 5

Kahler manifold, 4, 6, 47f, 53, 68,
126, 143, 156

Klein bottle, 280, 282, 283, 289

Klingenberg lemma, 95, 105

Lagrangian Grassmannian, 34, 276

Lagrangian immersion, 3, 35ff, 271,
272ff

Lagrangian subbundle, 22, 36ff

Lagrangian submanifold, 27ff, 67,
21

Lagrangian subspace, 19, 34, 43, 45

Lagrangian suspension, 284, 291

lamination, 253, 259

Legendre immersion, 280ff

Levi-Civita connection, 78ff, 97, 255,
260
Liouville form, 3, 23, 284

Maslov class, 35ff, 271, 274, 280,
281, 283, 287, 288, 296, 298, 306
minimal submanifold, 98f, 100, 252
Minkowski problem, 258ff
modulus of an annulus, 235, 241,
267
moment mapping, 53, 59, 60ff
monotonicity lemmas (for J-curves
and/or minimal surfaces), 10, 99,
179, 182, 223, 240
monotonicity of Maslov class, 285,
302

Nijenhuis torsion (or tensor), 46,

69ff
non-Kahler, 48, 68

packing inequality, 2
Poincaré-Birkhoff theorem, 3, 289
Poisson bracket, 31, 59
Pontrjagyn classes, 143ff



positivity of intersections, 6, 12, 54,
191, 198ff

projective space, 7ff, 33, 48, 49, 53,
58fF, 63, 104, 105, 107, 125, 130,
146, 148, 278

removable singularity, 5, 169, 180,
182, 226, 230, 240

Riemannian manifold, 77(f

Riemann-Hilbert problem, 307ff

Riemann-Roch’s theorem, 9, 12, 152ff,
157ff

rigidity, 2, 3, 10, 271, 285, 288, 296,
301

Schwarz’s lemma, 9, 12, 41, 107,
181, 217ff, 228, 240, 252, 264ff

second fundamental form, 97ff, 105,
256

signature, 49, 144, 156

simple homology class, 9, 106, 247 ff

Sobolev spaces, 166, 195

split manifold, 284, 297

summation formula, 38, 289, 298,
299

surgery (on Lagrangian immersions),
279ff, 294

surgery (on symplectic manifolds),
62ff

symplectic area class, 271, 284ff,
296

symplectic basis, 18, 43

symplectic diffeomorphism, 1, 2, 10,
29fF, 290ff

symplectic fibre sum, 65ff

symplectic form (definition only. ..
), 23

symplectic group, 29, 43

symplectic reduction, 7, 28, 33, 54,
94, 58(ff, 64, 272, 277ff

symplectic topology, 2

symplectic vector bundle, 21, 35

tame almost complex manifold, 178
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tame symplectic manifold (see also
g. bounded), 178, 182

tamed almost complex structure, 4,
5, 42ff, 45, 101, 104, 105, 107,
286

Todd class, 147ff, 152, 155

totally real, 168, 182, 239, 244, 293ff,
296, 308, 310

unique continuation, 194ff
U-parallelisation, 273, 295

variational methods, 3, 288

wavefronts, 109, 272, 281ff

Whitney immersion (or sphere), 273,
980, 281, 282, 285, 291, 295

width, 9

Wirtinger inequality, 6, 100, 225
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