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to the memory of Jean Martinet



Preface

This book comes from a course I gave in Strasbourg in 1988-89. In the audience were
in particular Julien Duval, Santiago Lopez de Medrano and Marcus Slupinski who
helped me by their questions to understand many of the points I was supposed to be
explaining. There were genuine students as well who, refusing to understand what
I was badly explaining, suggested many improvements. I am thinking in particular
of J. Fougeront, P. Gaucher, Li Jie and J.-M. Rinkel.

I learned a lot in discussions with Michel Brion, mainly about “Duistermaat-
Heckman with singularities” and Jean-Yves Mérindol, who taught me in particular
the Inoue surfaces. The reader will probably think that I said almost nothing about
Lie groups and algebras, she or he must know that without Nicole Bopp and Hubert
Rubenthaler I would have said even less. I thank them all.

The original version of this book was published in French by the Institut de
Recherche Mathématique Avancée. The English version the reader has in hand is
not very different: I corrected some of the misprints in the mathematics, I updated
the bibliographical references, I made the presence of the exercises more evident by
numbering them (thanks to the automatic system of cross references in IATEX), I
tried to suppress those of the bad jokes which were untranslatable, and I replaced
a short discussion about “Duistermaat-Heckman with singularities” with a whole
section in chapter V. I thank all the people who pointed out mistakes in the French
version.

I thank also the Editors, who kindly accepted the book in this series and gave
me good advice on the language problem, then I must thank again Marcus Slupinski
who had the very difficult job of making my English readable. If there are still some
gallicisms, I am the only responsible (sic)... and after all there are anglicisms in
almost any French mathematical text!

In addition to the fact that I had to understand all the proofs and to write them
down, I also typed both the French and English versions myself. I obviously cannot
thank me, but I want to thank J.-M. Bony and C. Sabbah who made my work easier
by their help in the use of IATEX.

M. A.
December 7, 1990
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Introduction

At least since the Felix Klein! Erlangen program, everybody knows that it is useful
to make groups act on sets, thusproviding information both on the group acting and
on the set acted on.

In this book, we shall be interested in “differentiable” (i.e. locally linear) ob-
jects: the set will be a smooth manifold and the group a Lie group, acting by
diffeomorphisms.

The group action allows one then to decompose the manifold into pieces (strata)
corresponding to the various orbit types. When the manifold is not too complicated,
it is possible to recover “everything” from this stratification: it is the case for ex-
ample when the group is the circle S* and the manifold a surface ... but there are
rather few examples of such a simple situation.

The two principal motivations to investigate group actions on symplectic mani-

folds might be:

1. It is a natural (?) framework for Hamilton mechanics: ever since Lagrange, we
are able to consider the phase space of any mechanical system as a symplectic
manifold, the group then represents the more or less hidden symmetries of the
system?,

2. From the point of view of the group itself, what is called the “orbits method”
(invented by B. Kostant, etc...) and which is a tool to construct represen-
tations of the group, uses symplectic geometry in an essential way. The fun-
damental objects in the theory are the coadjoint orbits, which are naturally
symplectic manifolds.

There is another good reason to investigate symplectic actions: it is easier! Ac-
tually the so-called hamiltonian actions are, by the very definition, those for which
there is one (or many) functions on the manifold, the critical points of which cor-
respond to the fixed points of the group action. It is thus possible to use the well-
understood methods (invented by Morse, Thom, and many others) called Morse
theory to study the group action.

For example, the central theorem in the first part of this book is the following

statement (that any neophyte is allowed to find abstruse) due to Frankel [36] and
Atiyah [18]:

*Always begin by citing a great mathematician.
%A good reference for this point of view is the book by J.-M. Souriau [12].

7



8 Introduction

Theorem II1-3.2.1 Let X be an almost periodic vector field on a connected sym-
plectic manifold (W,w). Suppose H is a function W — R such that ixw = dH,
then all the levels H(t) are (emply or) connected.

For those who felt the statement actually was abstruse, here are two applications
which should be clear.

In the former we enumerate the solutions of a particular system of algebraic
equations. Consider a finite subset § C Z" of multi-exponents, and the system of n
equations and n unknowns:

) S et =0
a€S
where 1 < j < n, the parameters ¢, being complex and the unknown z an element
of the complex torus (C*)".
For example,

o If $ = {e;,...,¢e,} is the set of the vectors in the canonical basis of Z", then
(1) is a homogeneous linear system and has in general no solution (in (C*)").

o If we add 0 (then S = {ey,...,e,,0}), it is a linear system and has in general
one solution.

Figure 1

The following theorem, due to A. G. Kushnirenko [51], generalises the two pre-
vious examples:

Theorem 11I-4.4.1 The number of solutions of (1) for general enough coefficients
c is
N(S) = nlVol(S)

where § is the convez hull of S in R™.

The latter application? of I1I-3.2.1 looks rather different:

31 learned this theorem in V. A. Ginsburg’s paper [37] where it is attributed to Hausdorff.
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Theorem I11-4.1.1  Let A = ()y,...,),) € R" and let Hy be the set of all order

n complez hermitian matrices whose spectrum is A. Then the image of

Ja: Hx — C
X +— tr(AX)

(where A is any order n matriz) is a convez subset of C.

For instance,
o If A itself is hermitian, tr (AX) is real and the image is an interval in R C C.

00

oIfn=2,)\=:(1,0)a.ndA=(1 0

), the image is a disc in C.
Although I did my best to present two rather different applications of 111-3.2.1,
I cannot hide that they have two important common points:

o in their hypotheses: the manifolds (C*)" and H, are both endowed with an
action of the torus T™.

e in their conclusions: both contain the word “convex”: actually, theorem IIi-
3.2.1 is the essential step in the proof of the so-called Atiyah, Guillemin and
Sternberg convexity theorem.

Our abstruse statement, in addition to giving unified proofs of previously differ-
ent theorems, allows us to classify certain group actions on symplectic manifolds. A
rather important part of this book will be devoted to show that we know essentially
all the compact symplectic 4-manifolds on which a Lie group is acting, preserving
the symplectic form.

As its title says, the object of this book is the study of some of the topological
methods we use in symplectic geometry, but it is not a course in symplectic geometry,
the market in this domain being full (see the references at the end).

As the reader may have understood, the theorems in chapter III are Morse the-
oretical results. Morse theory will also be used in an essential and rather nice way
(following an idea of Dusa McDuff} in chapter IV together with the classical tech-
niques of 3 and 4 dimensional topology (Seifert manifolds, investigated in chapter I,
plumbing).

Up to this point, algebraic topology is used only occasionally. In chapter V, it
will take up more room: it happens that the language of equivariant cohomology
fits very well with the study of hamiltonian actions. Actually the existence of a
moment map for the G-action on the manifold W is equivalent to the existence of
an extension of the symplectic form to the Borel construction Wg. This remark
allowed N. Berline and M. Vergne [22] to give a lucid proof of a rather spectacular
theorem of Duistermaat and Heckman [34].

I shall not resist presenting this perfect example of a theorem which becomes
practically tautological once the right language to state it in is found.



10 Introduction

Chapter VI1is a kind of appendix: I shall present a rather topological construction
of the complex toric varieties which we shall see is what we were flirting with in the
previous chapters. I understood this construction while reading the book [46] by F.
Kirwan and the thesis of T. Delzant {31] and comparing with what I was able to
understand in the reference paper by Danilov [30].

Before this, chapters I and II will have been devoted to laying the foundations
and to introducing the necessary tools: generalities and examples about smooth
actions with mainly the slice theorem and the classification of Seifert manifolds in
the former, and (even!) some symplectic geometry in the latter.

A few remarks on prerequisites and on the material organisation of the book:
1. Prerequisites:

e Smooth manifolds, definition, first examples, tangent spaces, bundles and
maps, vector fields. 1 recommend Spivak’s book [1] and, as a good general
reference for all these notes, paragraph 5 in the (less heavy) book by
Kirillov {10].

o Classification of surfaces: there are a lot of good books, among which

"~ [5] and [4]; to stay in the spirit of the present book, I recommend that

of Gramain [3], as it might also be used as an introduction to Morse
theoretical methods.

o Very little about Lie groups and algebras, essentially the paragraph 6 in
[10}.

o As to algebraic topology: the reader is supposed to learn a few elementary
notions as she or he goes along, being assumed to know nothing at the
beginning (for instance in the proof of 2.2.4 in the first chapter I did not
even use the words “exact homotopy sequence of the fibration” when I
used that exact sequence) and a little more at the end. There will always
be a reference or a hint of proof for what I shall use, but not always a
complete proof. ‘

2. Material organisation:

e Exercises: some of the most interesting examples are presented in exer-
cises, as are some easy, very classical or straightforward results. These
results are then used in the text and it therefore goes without saying that
the reader is supposed to solve them (or to make sure that she or he can
solve them!).

o Cross-references: references of type [?] refer (!) to the bibliography.
Those of type (??) to an equation with a number in the same chapter.
Figures, paragraphs and statements are numbered in each chapter with
arabic digits and (sometimes) latin capitals. On the contrary, chapters
are numbered with roman digits, any reference of the same type as above
but beginning with a roman digit thus refering to the chapter in question.
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Examples.

— In chapter ], reference 2.2.4 denotes the proposition with this number
in this chapter.

— In the very same chapter I, reference IV-A would refer to appendix

A of chapter IV, which appendix, mentioned in chapter IV, will only
be called A.



Chapter I

Smooth Lie group actions on
manifolds

1 Generalities

There is no question of our rewriting here in great detail things that can be found in
many excellent books (I am thinking in particular of [7] and [6]), but we shall make
a list of the basic results we want to use in the text, with bibliographical hints.

1.1 Notation

Let G denote a Lie group the unit element of which is 1 and Lie algebra g, W
a smooth (i.e. C*) manifold on which G acts by diffeomorphisms. The action is
written

GxW — W
(9,2) — g-=

(it is a left action).

We shall sometimes say that W is a G-manifold. Similarly, we shall call G-vector
bundle over a G-manifold W any vector bundle £ — W endowed with a G-action
which is linear in the fibres and such that the projection is an equivariant map...
where: if G acts in W and V, and if ¢ is a smooth map

p: W —V
we say that ¢ is an equivariant map if
Vz € W,Vg € G,p(g - z) = g - p().
If z is a point in W, its orbit will be denoted G-z, and its stabilizer G,. Stabilizers
of points in the same orbit are conjugate (and all possible conjugates appear). With
each orbit is associated a conjugation class of subgroups of G, called the type of the

orbit. The conjugation class of H is denoted by (H). Thus the type of G -z is (G.).

13



14 Smooth actions

1.2 Orbits and fundamental vector fields

For each z € W,
G — W

g V5 gz

is a smooth map, the orbit map. Its differential at 1 is a map:
Tife: TIG=g—- T, W.

With each X € g, is associated a vector T, f;(X) = X, € T,W tangent to W at z.
When z varies in W, we get a vector field, the fundamental field associated with X,
denoted by W X, X, or X when there is no risk of confusion. By definition, the flow
of X is exp(tX) - z. Notice that the Lie bracket is related to the bracket of vector
fields by the simple formula

(1) X,Y] = (X, Y.

The image of f, is the orbit of z, the stabilizer of z is a closed subgroup of G,
the quotient is thus a smooth manifold and one shows

Theorem 1.2.1 The orbit map
f2:G[G: — W
is an injective immersion.
To prove this, evaluate the kernel of
Tofe : TG — T W,

By invariance, it is sufficient to study the case where g = 1. Thus look at the kernel
of T, f., that is {X € g | X, = 0}. It is easily checked that this set is the Lie algebra
g of G,. O

Thus orbits are images of manifolds by injective immersions. It does not follow
that they are submanifolds.

Exercise 1.2.2 Fix a real number a and let R act on the torus 72 = R?/Z? by
£ (2,9) = (& + 1,y + at).

Find the orbits and show that these are submanifolds of T? if (and only if) « is
rational (hint: if « is irrational, orbits are dense).

Recall that a proper injective immersion is an embedding, in particular the above
problems do not occur when the group is compact.

Corollary 1.2.3 If G is a compact Lie group, its orbits are submanifolds of W. O
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1.3 Examples
Example 0. GL(n,R) acts on R".

In general the groups under consideration in the present text will be compact
(from time to time, we shall nevertheless need to use C*). Very often, the group
will even be commutative.

Example 1. The circle S* acts on C" by complex multiplication
t. (21,...,2") = (tzl,...,tz,.).
The point 0 is fixed; other orbits are circles. The spheres

5t = (a1, 02) | D lail = 1}

are stabilised by this action. This apparently trivial example is the fundamental one
in the book!

Example 2. 5! also acts on 53 C C? (for instance) in a more sophisticated way
t. (21,22) = (tml zl,t""zg)

for all my,m, € Z.
Exercise 1.3.1 Find the orbits (they depend on m; and m,).
Exercise 1.3.2 Imagine “analogous”(?) actions of the torus 7” in C".

Example 3. The unitary group U(n) acts on hermitian n x n-matrices by conjuga-
tion

A-M=AMA,

Exercise 1.3.3 The orbits of this action are the manifolds {5 mentioned in the
introduction. Given a vector A € R™ what is the stabilizer of H, 7 (hint: if
A1,..., A, are all distinct, the stabilizer of the diagonal matrix is the torus 7™ of all
diagonal unitary matrices.)

1.4 More definitions

Definition 1.4.1 The G-action is said to be effective if each element g # 1 moves
at least one x in W, that is to say:

n Gav:{l}

zeEW



16 Smooth actions
Any action may be replaced by an effective one:

Proposition 1.4.2 NG, is a closed normal subgroup in G, and the G-action in W
induces an effective action of G/ NG, in W,

The proof is left as an exercise. O

Example 1. Let S! act in C by ¢ - w = #?w. This is not an effective action, the
subgroup {1} fixing all points. The quotient S/ {£1} acts effectively.

Example 2. The S!'-action on $3 by
t- (Zl, Zg) = (tm’ 21, t""zg)

is effective if and only if m, and m, are relatively prime (exercise).

Example 3. If G is simple, the action is either effective or trivial. This is the case
for instance for G = SO(3).

Here are some more definitions:

Definition 1.4.3 The action is transitive if it has only one orbit, free if all orbits
have {1} as stabilizer, semifree if they have G or {1} as stabilizer (in other words
if it is free outside fized points).

Exercise 1.4.4 The $'-action on C? is semifree. When is the S'-action on S° by
(tm’ 21, thZZ) free?
1.5 Equivariant maps and orbit spaces

Let us begin with some properties of equivariant maps:

Exercises 1.5.1

1. If ¢ is a diffeomorphism and an equivariant map, then ¢! is a diffeomofphism
and is equivariant.

2. G, C G¢(,).

3. If H et K are closed subgroups of G, in order that there exists an equivariant

map
p:G/H — G/K

it is necessary and sufficient that H is conjugate to a subgroup of K.
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The last notion in this paragraph is that of orbit space: it is the quotient space
W/G endowed with the quotient topology. In general, it is not even Hausdorff (cf
the example of the irrational flow on the torus T'?). Anyway:

Proposition 1.5.2 If G is compact, W/G is a Hausdor[f space and the projection
W — W/G is proper and closed.

The proof is left as an exercise. D

2 Equivariant tubular neighborhoods and orbit types decomposition

2.1 The slice theorem (equivariant tubular neighborhood)

Although it is not the most general possible hypothesis, assume that G is com-
pact. In this case, its orbits are submanifolds of W. We now describe W in the
neighborhood of an orbit.
Let = € W. Denote V; the vector space T,W/T.(G-z). If g € G, the tangent
map:
Teg: TW—T, W=TW

is an isomorphism, sending the tangent space of the orbit into itself (by the identity
map), and in particular it induces a linear isomorphism from V, to itself. Thus,
with each point £ in W, is associated a linear representation of its stabilizer, i.e. a
group homomorphism:

G, — GL(V.).

Theorem 2.1.1 (the “slice theorem”[50]) There exists an equivariant diffeom-
orphism from an equivariant open neighborhood of the zero section in G xg, V; to
an open neighborhood of G-z in W, which sends the zero section G/G, on the orbit
G - z by the natural map f,.

Figure 1



18 Smooth actions

Explanation of notations. G x V, is acted on by G, (by multiplication on G and
by the linear representation just described on V). More generally, if H is a closed
subgroup of G, and if V is a vector space endowed with an H-linear action, there is
a free action of H on G x V by:

k- (g,v) = (gh™',h - v).

The quotient is denoted G Xy V, and [g, v] represents the equivalence class of (g,v).
This is a vector bundle on G/H with fiber V.

GxV — G
! 1
GxyV — GJ/H
and it is endowed with a G-action by
g'-lg,v] = lg'g, ).

We may consider G/ H as a submanifold in G x5V, the zero section of the vector

bundle, {[g,0] | g € G}. _
Theorem 2.1.1 says that there exists an extension f, of the orbit map :

G/Gz c G XG, Vi
|5 |
G-z C W

at least to a neighborhood of the zero section.

Sketch of a proof of theorem 2.1.1. In the non equivariant case, to prove the ex-
istence of a tubular neighborhood of a compact submanifold Y C W, one uses the
exponential map of a riemannian metric' on W which induces a diffeomorphism
from a suitable neighborhood of the zero section in the normal bundle of Y onto a
neighborhood of Y in W (see [1] for instance).

To adapt this proof in the equivariant case, it suffices to choose the riemannian
metric in such a way that it is G-invariant (i.e. G acts on W by isometries), thus
making it possible to identify V. to the orthogonal complement of T.(G - z).

To be convinced of the existence of an invariant metric:

1. G has a Haar measure (i.e. one invariant by left translations). As it is a
Lie group, the proof of this fact is very easy: choose an n-linear alternating
form? w € A™(g)* on g = T1G. Define an invariant differential form on G by
wy = ¢ -w. In particular it is a measure, it is moreover possible to normalise
it, thanks to the compacity of G, multiplying w by an ad hoc scalar such that

wag = 1.

!The reader is invited to have a look at her or his favourite differential geometry textbook to
find a proof of the existence of such a metric; it goes without saying that here all manifolds are
implicitely assumed to be paracompact (and Hausdorff)!

2n is the dimension of G.
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2. Given a G-vector bundie E — W, we have a G-action on the sections of £
by:
(9-8)(z) = gs(g7"2).

Given a section 3, associate to it an equivariant section 3 by:

3(2) = [ ga(g™ ey

If E is the bundle of symmetric bilinear forms on the tangent bundle TW and
if s is a riemannian metric, it is easily checked that the invariant section 3 is
still a riemannian metric.

2.2 Applications
Proposition 2.2.1 The union of all orbils of a given type is a submanifold of W.

Proof. Fix a type, i.e. a conjugation class (H) of subgroups of G. Let z € Wiy =
{r e W |G, € (H)}. Let us prove that Wiy, is a submanifold (local property!)
in the neighborhood of the orbit of z. For this, look at the orbits of type (H) in
G x H V.

If ¢ € Gy, we have:

’ I g9 = gh™?
y-[y,v]—lgy,vléflhEH{ v = hev

thus Gy = gH,g™" is in the conjugation class of H, and all conjugates do appear
when g varies (and v is fixed).

The orbit of [g,v] is of type (H), if and only if H, = H, that is if and only if v
is a fixed point of the H-action in V.

Let F = {veV |h-v=uv,Vh € H} be the set of these fixed points. It is a
vector subspace of V and

(G xu V)W ={lg,v] € G xu V | Gy € (H)} = G xp F

is a subbundle of G xy V' and in particular a submanifold. O

The simplest example is that of type (G) orbits:
Corollary 2.2.2 The set of fized points of G is a submanifold of W. O

Of course these submanifolds are not connected in general, and their components
do not all have the same dimension.

Anyway the orbit types give a decomposition of W in submanifolds. This de-
composition is locally finite:

Proposition 2.2.3 If W is compact, there is only a finite number of orbit types.
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Proof. Let n = dimW. If n = 0, the proposition is obviously true: W itself is a
finite number of points. Suppose that the proposition is proved for G-manifolds of
dimension < n —1. Thanks to the compacity of W, it is sufficient to show that each
tube N = G xpy V contains only a finite number of orbit types.

Choose an H-invariant metric on the H-vector space V, call SV the unit sphere
for that metric and write SN = G xy SV (it is the sphere bundle of N). It is a
G-manifold of dimension n —1, we can apply the induction hypothesis: in SN, there
is only a finite number of orbit types.

Compare now the types in SN and in N: I claim that, as the H-action on V
is linear, VA # 0, the orbit type of [9, v] € N is the same as that of [g,v] € SN
(exercise). Thus the types in N are: those in SN on the one hand, and that of the
central orbit in G/H on the other hand. O

It is not only true that there are few orbit types, but that there is one which
takes almost all the place:

Proposition 2.2.4 If W/G is connected, there is an orbit type (H) in W for which
Wy is a dense open subset of W. Moreover, W) /G is a connected manifold.

Definition 2.2.5 Such orbits are called principal orbits.

Proof. Assume G is connected and prove the result by induction on n = dimW. If
n = 0 and W/G is connected, there is only one orbit and the proposition is obvious.
As previously, assume the result proved for G-manifolds of dimension < n —1 and
consider N =G xz V.

In order to apply the induction hypothesis to SN we would have to know that
SN/G is connected. Nearly always, SN itself is connected (and thus a fortiori its
quotient SN/G is): call = the projection of the vector bundle N — G/H; to
connect two points a and b of SN by a path, choose a path from n(a) to x(b) in the
connected orbit G/H and lift it to a path beginning at a in the boundary SN of
the tube. The end ¥’ of the lift is in the same fiber as b and to be able to connect it
to ' (thus to a), it is sufficient that this fiber, which is a sphere in V, is connected.

The only possible problem appears in the case where the unit sphere in V has
dimension 0. In this case dimV = 1 and SN — G/H is a twofold covering. If
it not trivial, it is connected and we are done; if it is trivial, it means that H acts
trivially on the “slice” V = R ... in which case all orbits contained in N are the
same and we do not need the induction hypothesis to conclude that the proposition
is true in N. In the other cases, the induction hypothesis applies to SN and there
exists an orbit type (H) such that (SN)y is open and dense in SN. As in the
proof of 2.2.3, it is easily seen that the same happens in V.

Thus the proposition is proved in each equivariant tube. Choose a locally fi-
nite covering of W by such tubes and conclude, with the help of the orbit space
connectivity, that the type (H) is the same in all tubes. O
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Example. If G is commutative, let (H) = {H} be the type of the principal orbits.
The subgroup H fixes all the points of an open dense subset of W, and thus fixes
all the points of W. If the action is effective, principal orbits have type (1).

Definition 2.2.8 If all orbits are principal, the action is called principal.

Remarks.

¢ An orbit is principal if and only if the representation in V of its stabilizer is
trivial.

o In this case, the quotient is a manifold.

Exercise 2.2.7 Which closed surfaces can be endowed with a principal S*-action?
Hints:

1. The quotient is also a circle S!.
2. The equivariant tubular neighborhoods have the form S* x R.
3. It is possible to glue all these tubes, writing $! = [0,1]/(0 ~ 1), and W is

obtained from S! x [0,1] identifying S* x 0 and S* x 1 by an equivariant
diffeomorphism ¢.

Figure 2

4. @ is a rotation z — az.
5. W is diffeomorphic, by an equivariant diffeomorphism, to S x S,
Remark. Principal orbits have maximal dimension among all orbits.

Definition 2.2.8 An orbit is called exceptional if it is not principal but has the
same dimension as principal orbits, singular if its dimension is strictly less.
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3 Examples: 2 and 3-dimensional S!-manifolds

In this part, we shall give examples of classification theorems. The most inter-
esting one is that of fixed point free S'-actions on orientable 3-manifolds (Seifert
manifolds), which will be used in the sequel to understand periodic hamiltonians
on 4-manifolds. Both as an introduction and a preliminary exercise, consider first
Sl-actions on surfaces.

3.1 Sl-actions on surfaces

Begin with a list of examples.

1. We have already seen S! acting on the torus T? = S* x S* by multiplication on
one summand: it is the unique principal S'-action on a surface, as we already
know.

2. S! also acts on the unit sphere S? of R? as the group of rotations around a
fixed axis. All orbits are principal, except for the two fixed points where the
axis meets the sphere. The orbit space is a closed interval.

Figure 3

3. It also acts on the projective plane PZ(R). Here are three possible (but nev-
ertheless equivalent) descriptions of that action:

e If P(R) is the quotient of the sphere S? by the antipodic map (z + —=z),
the action previously defined on the sphere descends to the quotient.

o If P?(R) is the “projective completion” of R? (to which a line at infinity
is added), then the linear S* = SO(2)-action on R? may be extended to
P%(R).

o If P?(R) is the set of lines in R® and is described by homogeneous coor-
dinates [z,y, 2], then S* = SO(2) acts by A - [z,y,2] = [A - (z,¥),2].
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Figure 4

Exercise 3.1.1 Check that these three actions are the same.

In each of the given three descriptions® it is clear that all orbits are principal
except for two of them. One is a fixed point and the other has a Z/2 as
stabilizer (it corresponds to the equatorial circle of $2 for example). The orbit
space is a closed interval, each of its ends corresponding to a non principal
orbit.

4, S! also acts on the Klein bottle K. Write K as the quotient of R? by the
group of affine transformations generated by

(z,y) » (z+1,y)
(J,‘,y) ':" (—:t,y+l)

and make R act on R? by (z,y) — (z,y+a). It induces an action of R/Z = S!
on K. The quotient map is identified with

K — R/z~z+1l,z~—1)
[z,9) +— [=]

and this identifies the orbit space with [0,1/2].

All orbits are principal, except those corresponding to 0 and 1/2 which have
a Z/2 as stabilizer.

Here is now a complete study, whose aim is of course to show that this list
exhausts all possible examples. Assume W is a closed (i.e. compact and without
boundary) connected surface.

The closed subgroups (and thus the possible orbit types) of S are: {1},Z/m,
and S'.

3The reader wanting to know more about the projective plane is kindly requested to have a
look at the nice book {2] by F. Apéry.
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0 1 a b
o 1/2
Figure 5

As 8! is commutative and the action is assumed to be effective, the principal
orbits must have type {1}. In the neighborhood of a principal orbit, according to
the slice theorem 2.1.1, the action is the product over S x R of the multiplication
and the trivial action. A neighborhood of such an orbit in the quotient space is thus
homeomorphic to R.

The type Z/m (m > 2) orbits are exceptional. That group must have an effective
action on the normal space to the orbit, the dimension of which is 1. This can happen
only if m = 2 the action being z ++ —z. In the neighborhood of such an orbit, a
tube looks like:

S xzps R=(S" x R)/(2,u) ~ (—z, —u).

It is a Mobius strip, thus the existence of an exceptional orbit forces W to be
nonorientable. In the neighborhood of the orbit, the quotient map is [z,t] | ¢ |
and the quotient space is a half line.

Singular orbits have type S': they are fixed points. Near such a point, the action
linearises as the standard S* = SO(2)-action on RZ.

We thus proved that the orbit space is a dimension 1 manifold with boundary,
of course compact and connected as W is. It suffices now to investigate all possible
cases.

1. If W/5! is a circle, the action is principal, and we saw that W is a torus, with
the usual action.

2. If not, W/S" is a closed interval; over the open interval, we see S* x R and
each of the ends is the image, either of a fixed point, or of an exceptional orbit,
with Z/2 as stabilizer (see figure 6).

o If there are two fixed points, W is obtained by adding two points to
S! x R, and is a sphere.
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Figure 6

e If there is only one fixed point, and one exceptional orbit, we must glue
a disc to a Mobius strip along the boundary (which is a principal orbit).
We thus get a projective plane.

o If both ends correspond to exceptional orbits, we must giue two Mdbius
strips along their common boundary, thus getting a Klein bottle.

Exercise 3.1.2 Which surfaces may be endowed with (non trival!) SO(3)-actions?
Hint: any subgroup of SO(3) is conjugate either to SO(2) or to O(2) or is finite.

3.2 3-manifolds; the principal case

The study of 3-manifolds with fixed point free S'-action was initiated by Seifert
during the thirties [63]. The classification of these $*-actions is due to F. Raymond
[60]). He actually classified topological actions. Of course we shall restrict ourselves
to the differentiable classification... but both are the same!

Le us start with principal actions. The quotient space is then a closed surface B
and 7 : W — B is a “principal S'-bundle” over B, the local triviality of which is
asserted by the slice theorem.

In addition to the diffeomorphism type of B, we shall exhibit another invariant,
a number called the “Euler class”. It is an Integer when B is orientable (and an
integer modulo 2 otherwise).

Assume the surface is orientable. Here is a description of the Euler class e.
Choose a point in B and a disc Dy around this point. The complement of the point
has a wedge of 2g circles as deformation retract (see [5]).

Exercise 3.2.1 Show that, if the orbit space of a principal S!-action is either
a wedge of circles, or the complement of a point in a surface or a disc, then the
fibration is trivialisable.
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Figure 7

This allows to choose a section o : B — Dy — W —~V,. When restricted to D,
the bundle is trivialisable as well, thus Vy = #~1(D),) is a solid torus

Vo = Dy x §*

and W = (W ZDg) Us V.
%
S

~.

E N
Figure 8

On the boundary 3V, we see two natural curves:

1. The meridian a. By definition, it is a closed simple curve which bounds a disc
in Vo. Its homotopy class is (up to sign) well defined by this property: a is a
generator of the kernel of

Wl(avc) — 1l'1(vO)
VA — Z

we can choose for a the boundary of a section of m)p,.

2. Any orbit b of the S*-action. It is also a simple closed curve; with a chosen as
above, the two curves meet at exactly one point.
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As the surface B was supposed orientable and the action principal, the manifold
W is orientable as well (exercise). Choose an orientation of W, the induced orien-
tation on V,, the boundary orientation® on 8V,. Orient b by the orientation of S!
and choose the orientation of @ in such a way that a - b = +1.

If Jo is oriented oppositely to the boundary orientation, it meets b in one point
and positively and we may write

O ~a—eb

for some e € Z. This integer is the Euler class of the principal $'-action on W (or
of the principal $'-bundle W —s B).

Proposition 3.2.2 The so defined integer e is independant of all choices. Together
with the diffeomorphism lype of B, it determines the equivariant diffeomorphism
type of W. For any orientable surface B and any inleger e, there ezists a manifold
W endowed with a principal S'-action whose orbit space is B and whose Euler class
is e.

Proof. One constructs, given B and e, a manifold W with an S'-action whose
invariants are B and W:

Choose a disc Dg in B. Write Wy = (B — Dy) x S?, endow it with the product
action, thus o(z) = (z,1) is a section. Consider also a solid torus D? x S with the
product action, and define an equivariant diffeomorphism

¢ : 0Wy — 8(D? x %)

reversing orientations. Make the choice of ¢ precise by prescribing which curve in
OW, is sent to a meridian (i.e. is homotopic to a constant in the solid torus). Take
8O0 + eb, where b denotes the homotopy class of any orbit.

The constructed manifold has the right invariants. Conversely, if W is endowed
with a principal S'-action with these invariants, it is easy to write down a diffeo-
morphism of W with the above model. O

Remark. The Euler class e vanishes if and only if the fibration W —— B has a
section, in other words is trivialisable.

Example. The S'-action on S by t-(z;,2;) = (£21,12,) is principal and the quotient
is a sphere S? which we may consider here as the complex projective line P1(C),
the quotient mapping being the Hopf fibration:

5  — PYC)
(Zl,zz) — [21,22]

which associates with each unit vector the complex line it generates. The sphere de-
composes into two solid tori (see figure 8) above which the fibration is trivialisable.

“The convention we use to orient boundaries is the one in which the outward normal followed
by the orientation of the boundary gives the orientation of the whole manifold.
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Figure 9

Exercise 3.2.3 Prove that the Euler class of the action giving the Hopf fibration
is —1.

3.3 Seifert manifolds

We want now to generalise the previous study to the case of closed 3-manifolds
endowed with an S*-action, still without fixed points but with possibly exceptional
orbits. I shall make restrictions on orientation later on. The proof we shall give of
the classification theorem can be found in [59], another useful reference is [23].

There are principal orbits, of type {1}, and exceptional orbits, of type Z/m (for
m > 2). As in the case of surfaces, we try to understand the local structure of the
orbit space near an exceptional orbit with the help of the slice theorem 2.1.1.

3.3.1 Type Z/m orbits. The slice has dimension 2 and S! acts on V = R?
as a subgroup of 0O(2). If m > 3, Z/m sits in SO(2) as the subgroup of order
m rotations, but if m = 2, there are two different ways to embed Z/2: it can be
generated by a reflection or by a rotation. Written with the help of a well-chosen
complex coordinate in R?, with ¢ = e%*/m .

-v=tv

and possibly, if m=2;
E o=7

In that last case, the equivariant tube is
S!' x C/(z,v) ~ (~2,0)

if one writes v = z + iy, one sees it is the product of a Mébius strip and an R. This
can only happen if W is non orientable.

From now on, assume W is an oriented manifold. Thus all orbits have tubular
neighborhoods of the form S xz;,, C where Z/m acts on C by order m rotations.
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Remarks.

1. Exceptional orbits are isolated in W: in S! xz;, C all orbits are principal,
except for the central (v = 0) one. In particular, as W is compact, there are
only finitely many.

2. Near a type Z/m orbit, the orbit map is identified with

st xz/m C — C[/(Z[/m)

[z0]  — v

Figure 10

In particular, the quotient space is a closed topological surface B, with an addi-
tional structure inherited from the differentiable structure of W: the structure
of a differentiable manifold except at a finite number of points, where B has
a conical “singularity”. One says that B is an orbifold® (see 11-3.6.6). The
additional structure is included in the S*-action on W, in this chapter we shall
therefore concentrate on the topological surface B.

We shall only need to consider the case where B is an orientable surface: when
it will appear again in chapter 1V, it will be symplectic.

In the sequel of this chapter, W is thus an oriented manifold and the quotient
surface B is assumed to be orientable as well. The projection

W —B

is a Seifert fibration and the manifold W a Seifert manifold.

3.3.2 Seifert invariants of an exceptional orbit. Thanks to the slice theorem,
a tubular neighborhood of an exceptional orbit looks like:

(2) V=5 %z, D?

Spreviously called a V-manifold.



30 Smooth actions

where Z/m acts as a subgroup on S* and acts in a linear fashion on the disc D? C
R? = C. This action is by order m rotations, thus the quotient in (2) is given by

(z,v) ~ (e—‘lt'tﬁ/m .z, e2;";r/m . v)

B being an integer prime to m (and defined only modulo m).

Definition 3.3.3 The two relatively prime integers (m,B) with 0 < f < m are
called the Seifert invariants of the ezceptional orbit.

Exercise 3.3.4 Let v be an integer such that S = —1 mod m. Check that

S'xD?* — S'xD?
(z,v) s (z™,27%)

induces a diffeomorphism from V onto S* x D?, which is equivariant with respect
to the S'-actions given by

o on the left hand side by t - [z, v} = [tz,v]
e on the right hand side by t - (Z,V) = (t™Z,t~*V)

In particular the tube V is indeed a solid torus.

==

o5
D

i

Figure 11

We thus see that any principal orbit turns m times around the exceptional orbit
and thus meets any “meridian” at m points (see figure 11 in whichm = 5 and v = 2,
where the principal orbit is b;, composed of m segments in the figure, and where a;
is a meridian).

3.3.5 Before giving the classification, let us investigate some examples.
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Examples.
1. If m, and m, are relatively prime, we saw that the $'-action on $° by
(3) t- (Zl, 22) = (tm1 Zl,thZg)

is effective. The orbits (21,0) and (0, 27) are exceptional (if m; and m; are at
least 2), with respective types Z/m, and Z/m,.

A tubular neighborhood of the orbit (z;,0) is a solid torus §* x D? on which
St acts by (3).

If & are f are chosen both by Bezout and by equation
1) Bmy —amy =1

with 0 < 8 < m;, 0 < a < m;, then the orbit invariants are (m;, ) and
(mgq,mq — a).

2. Let Z/p act on S® by
€ (21,22) = (21,87 22)
where ¢ = €*"/? and q is prime to p.

It is a free action of a finite group on a compact manifold. The quotient is a
3-manifold, denoted L(p,q) and called type (p,q) lens space®. Then the circle
acts on L(p,q) by projecting any action on the sphere. For instance, from the
principal action we get an action with one exceptional type Z /g orbit if ¢ > 2.

Exercise 3.3.6 Find the quotient and Seifert invariants of the exceptional orbit
in the previous example. Give a description of L{p, g) by gluing of two solid tori.

3.3.7 Coming back to the classification problem: we have a finite number r of
exceptional orbits in W, having Z/m,,...,Z/m, as stabilizers and respective Seifert
invariants (my, £),...,(m., 8.). On the other hand, we have an orientable quotient
surface B.

Remove r discs Dy, ..., D, from B around r points corresponding to exceptional
orbits and also a disc Dy (around a point corresponding to any principal orbit). This
removes r + 1 solid tori Wy, V,...,V, from W,

Thus when restricted to W — (Vo U... U V,) the action is principal and has a
section (even if r = 0). Choose one

0:B—(DoU...UD,) — W ~-(VU...UV,).

Its boundary 3¢ has a component over each 8D;, call it d;0. Consider the curve
0;0. We know it meets b; at exactly one point: thus (d;0,b;) is a basis of 7,(9V;).
Choose a meridian ¢; as above and a “parallel” [; in such a way that (a;, ;) is a basis
of 71(3V;) oriented as (ia, b;) (see figure 11).

$This is an example of a manifold whose fundamental group is Z/p.
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We have q; - b; = m; et [; - b; = v;, and thus
3.-0
b;

(850, i) = (ai, 1) ( v )

y my

za; + vyl
—-va; + m.~l,-

that is

where zm; + v;y = 1. Invert the matrix to get

(ai, 1)) = (Bio, by) ( Tl:l ‘;' )

Hence
a; = m;Bioc — yb;
with yv; = 1 — am; that is —y = #; mod m;.
The meridian a; is thus written:

(5) a; = m;0;0 + n:b;

where m; is actually the order of the central orbit stabilizer in V; and n; is congruent
to B; mod m;.

We can now modify the section o in such a way that n; is exactly §;: any map
¢ : (B —UD;) = 8! can be used to modify o just by multiplication

04(z) = ¢(2) - o(a).
If the degree of ¢jsp; is d;, then Jio, ~ 0;0 + d;b; and
a; = m.-&;aw + (n.- - d.-m.-)b.-.

To replace n; by f; in (5) it is thus sufficient to find a map ¢ : B —UD; — S', such
that degpjap; = di and 0 < n; — dim; < m;. Now use the lemma:

Lemma 3.3.8 Let V be a connected surface whose boundary has r+1 (circle) com-
ponents OV = Ui C;. Let ¥ : 8V — S* be a continuous map and let d; = deg(yc,)-
There exists an extension of 1 to V, if and only if }_d; = 0.

Proof. Stokes formula for instance shows the necessity of the condition: assume ¢
is differentiable and there exists a smooth extension 1 : V — S!. If df denotes the
volume form on S%,

- — * — Tox _
gd, ../Wz/) do_/vd@p d6) = 0.

Prove the reciprocal by induction on r. If r = 0 (the case where the boundary is
connected) and dp = 0, then 9 is homotopic to the constant map. Use the homotopy
to construct the extension 9: take it to be constant outside a collar (see figure 12).

Proceed from r to r + 1 in the same way, using the other part of the figure,
details being left as an exercise. O
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Figure 12

Using the lemma, one can find a map ¢ which can be used to modify the n;’s
over all the dD;’s for 1 < i < r. This forces degpjop, = —(dy + - - - + d,) and at the
same time forces an invariant 3 such that dgo + Bbg is the meridian in Vp to appear
and explains why we needed the “extra” tube V.

We thus determined a list of (normalised) invariants:

(g | ﬂ) (mlyﬂl), ey (mf’ :BT))

Just as in 3.2.2:

Theorem 3.3.9 If W is q fized point free oriented S'-manifold whose base space is
a genus g oriented surface, then its diffeomorphism type is determined by the list:

(918, (my,B1),...,(ms, 5:))

where v is the number of ezceptional orbits, §; is prime to m; and is chosen such
that 0 < B; < m; and (m;, ;) are the Seifert invariant of the orbit numbered 1.
Reciprocally, given such a list one can find an S'-manifold with these invariants. O

Up to order, the list is unique once we require the Seifert invariants to be nor-
malised. Previous remarks (how to get normalised invariants) show moreover that
the gluing data

(g |ﬂa (mlvﬁl)v'--,(mr,ﬂr))
(y | 0,(1,—ﬂ),(m1, ﬂl)" .. )(mnﬂr))

(g | 07 (1’ _ﬁ - (dl + -t dr))a(ml,ﬂl + dlml),- sey (mr’ ﬂr + drmr))

define the same Seifert manifold.
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3.4 Associated principal actions and Euler class

If W is a Seifert manifold, then for any integer n, one can make Z/n act on W as a
subgroup of S*.

Proposition 3.4.1 Ifn is @ common multiple of the orders of the exceptional orbits,
then the manifold W' quotient of W by the Z/n-action is endowed with an effective
and principal action of S'/(Z/n) = S*.

Proof. Look at the neighborhood of an orbit (principal or exceptional), the method
will proove at the same time that W' is a manifold.

Consider a tube V, neighborhood of an orbit whose stabilizer is Z/m (m might
be 1), and write n = mk. On V = §* x D?, S! acts by

t(z,u) = (t"2z,t7"u).
Take the quotient of the tube by Z/n C S

S'xD? — S§!'x D?
(zvu) — (zkaumk)

The quotient V' is a solid torus as well and the quotient map an n-fold branched
covering ramified along the central orbit when it is exceptional, that is when m > 2.

Looking at each tube, we see that the quotient W' of W by Z/n is a manifold.
Look now at the S*-action. The diagram

y — V'
(z,u) = (z*,umk) = (2,0)
i i
14 — Vv
(tmz, t—uu) — (tmkzk’ t—vmkumk) = (t"Z, t-unU)

shows that the S'-action on V (resp. W) induces an action of S*/(Z/n) on V'
(resp. W') which obviously is effective and principal: after identification of S! and
S'/(Z/n) by t v+ t" it can be written on tubes (tZ,t""U). O

The quotient of W’ by this principal action is the same surface B that was the
quotient of W: each orbit of the action on W gives one and only one orbit in W’.

3.4.2 To define an Euler class for the S'-action on W, one can try to divide by
n the Euler class of the principal action just defined on W’'. We need then to verify
that the rational number obtained in this way does not depend on the choice of n. It
is of course sufficient to understand what happens when a multiple n of n is chosen:

Proposition 3.4.3 Let (t,z) ++ t - = be a principal S'-action on a 3-manifold W,
and let W' be the quotient by the subgroup Z/k of S*. Make S' = S'/(Z[k) act on
W'. The Euler class €' of the new action is ¢’ = ke.
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Figure 13

Proof. Use the same notations as in 3.2. Let p be the projection of W on W'. If &
is a section of W — Vy — B — Dy, then po o is a section of W' — V) — B — D.

In figure 13, @ and b represent meridian and orbit in 3V, and o’ and ' represent
analogous objects in 3V}. Now, p, : mdV, — 7,8V} sends a on @' and b on k¥ and
of course it sends the class of do onto that of d(p o ¢). Thus:

o' — 't = [80'] = [B(p o a)] = p.(a — eb) = a’ — kel

0

Thus we get a well defined Euler class e € Q for all (oriented, with oriented base
space) Seifert fibrations.

Exercise 3.4.4 The Euler class of the Seifert manifold wose invariants are (g |

ﬂ! (mlyﬂl)y ey (mr, ﬂr)) is

Hint: both sides are the same in the case of a principal action.

Exercise 3.4.5 Show that the S'-action on S° by
t- (Z], 22) = (tm‘ 21, t""zg)

(where m; and m, are relatively prime) has invariants: (0 | 1,(m,, 8)(mz, m; — a))
with fmy —am; = 1. Hint: the orbit invariants having been calculated in 3.3.5, it is
easy to compute the Euler class, then everything follows from the previous exercise.

There exist other definitions of the Euler class of Seifert fibrations. We shall
have the opportunity to meet one more. The interested reader may consult 23] for
a rather complete list of definitions... and references.



Chapter II

Symplectic geometry

Before defining symplectic manifolds, recall a family of examples we shall use as a
guide in this chapter. I am speaking of the H,’s we have already met: H, is the
set of all n x n hermitian matrices with given spectrum A = (1,,...,),) € R*. We
already know that H, is indeed a manifold, as an orbit of the compact group U(n)
(see 1-1.3) acting by conjugation on the vector space H of all hermitian matrices.
Moreover the H,’s are symplectic manifolds.

1 Symplectic manifolds

1.1 Symplectic vector spaces

These are real vector spaces endowed with nondegenerate alternating bilinear forms.

Example. Consider C" as a real 2n-dimensional vector space, and the form
w(X,Y)=Im(X,Y)

where the brackets denote the standard hermitian form.

This example is in fact the only example: recall the

Proposition 1.1.1 If w is a nondegenerate alternating bilinear form on a finite
dimensional vector space E, there ezists a symplectic basis (ey,...,en, f1,.. ., fn),
i.e. such that w(e;, f;) = 6;;, and w(e;, e;) = w(f;, f;) = 0.

The proof is left as an exercise. D
In particular the dimension of FE is even and is the only invariant of the isomor-
phism type of (E,w).

Example of a symplectic basis. If (ej,...,€,) is a unitary basis in C*, and if we
write f; = —ie;, then

Im(e;j, fi) = —Im(e;,ier) = —Im(—i(e;, &) = (ej, ex) = b;
and, analogously, w(ej,ex) = w(fj, fx) = 0, thus (e1,...,eq, —i€1,...,—i€,) is a

symplectic basis.

37
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1.2 Symplectic manifolds, definition

We try now to understand what could be the definition of symplectic manifolds.
One would first ask that each tangent space is endowed with the linear structure
defined above: the manifold W would thus have a differential 2-form w, in other
words for each = an alternating bilinear form w, on T_W. One asks moreover that
w, is nondegenerate, which can be expressed by writing, if the dimension (obviously
even) is denoted 2n

n n

Nw: #0e AT:W
for all z, that is to say that the 2n-form w”" is a volume form on W. Note that, in
particular, W must have a volume form and thus be orientable.

In fact this will not be sufficient: we ask moreover that the calculus w allows on

W is locally the same as that on C™ using the “constant” form. Let us write that
form as a differential form: if each complex number is denoted by z; = ¢; + ip;,
vectors in C" are written X =q +1p, ¥ = ¢’ + ip’ (¢,p € R"), then

(X,Y) (g +ip, ¢ +ip')

w(X,Y) = —{(g,p)+ (p.q).

In other words " n
w =Y dp; Adg; = d(})_ pidg;)
i=1 i=1
in particular, w is an exact form.
One possible property to ask of a symplectic form is that it be exact... un-
fortunately, this will prevent the manifold W from being compact, which is a little
embarrassing if one wants the H,’s to be symplectic manifolds, because of:

Propaosition 1.2.1 [f W is compact, there ezists no 2-form which is both nonde-
generate and exact on W. '

Proof. We saw that w is nondegenerate if and only if w™* is a volume form. As
W is compact, we know that volume forms cannot be exact!. But, if w was exact,
w = da, then w™ = d(a AwWN™1). O

In fact, it was not a very good idea, in order to be able to calculate locally as in
C", to use a... global property such as of exactness of a differential form. The right
“local exactness” condition is that of closedness... and now we are at the definitive

Definition 1.2.2 A symplectic manifold is a pair (W,w) where W is a manifold
and w a closed nondegenerate 2-form.

Of course we shall very often call W a symplectic manifold (where no ambiguity
is possible).

1t is now time for the beginners to learn a little de Rham cohomology in chapter VIII of [1].
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Examples.
1. Of course, C™ with the constant form Y dp; A dg;, is a symplectic manifold.

2. If W is a manifold, consider the total space of its cotangent bundle, with the
projection:

r: T'W — W.

On T*W, there is a canonical differential 1-form, the Liouville form, o, defined
by:

o(z,0)(X) = @(T.7(X))

where z € W, p € TiW and X € T(,,)(T*W). It is easy to check that w = da
is nondegenerate (and it is even easier to show it is closed)! If (q1,...,qs) are
local coordinates on W, and if (py,...,p,) are the “dual” coordinates, then
(P1y---sPns@Q1y---+qs) is a system of local coordinates in which a = ¥ p;dg;
et w = Y dp; A dg;. We shall often refer to w as the symplectic form on
the cotangent bundle?. The example of C" above may be considered as the
special case where W = R", the imaginary coordinates playing the role of the
cotangent ones.

3. If W is a surface, then the notion of symplectic form coincides with that of
volume form: all orientable surfaces may thus be potentially considered as
symplectic manifolds.

1.3 The Darboux theorem

Let us check that it is indeed possible to calculate locally in symplectic manifolds
as in C™. First of all, a theorem which asserts that, locally, all symplectic forms are
isomorphic.

Theorem 1.3.1 ([57][13]) Let wo ef wy be two symplectic forms on W whick co-
incide at the point x. Then there exists a neighborhood Uy of  in W and a map

¥ : (Uo,z) — (W)

with zb*wl = Wp.

Remark. The map ¢ necessarily is a local diffeomorphism because wf™ = ¢*wi"
and because these two 2n-forms are volume forms.

Corollary 1.3.2 (the Darboux theorem) Let z be a point in a symplectic mani-
fold (W,w). There exists a system of local coordinates (p1,...,Pn,q1,---,4s) centerd
at = in which w = ¥ dp; A dg;.

20ne more example of an exact symplectic form, on a noncompact manifold.
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Proof of corollary. Compare w with the (constant) form on T,W. The theorem
does not allow this, the two forms not being defined on the same space. We must
first use a local diffeomorphism T,W — W and for instance the exponential of any
riemannian metric will do.

Thus let ¢ = exp, : Vo — Uy, where Vp C T,W and V C W are open subsets,
so small that ¢ is a diffeomorphism. Define wp = (p~)*w;. Now wy and w are two
symplectic forms on Uy, which coincide at x by definition. We can now apply the
theorem: if necessary by restricting Uy, there exists a diffeornorphism 1 such that
P'w = wy. ¥ (p1y...yPnsq13-+,¢n) are coordinates with respect to a symplectic
basis of the vector space T, W, the local chart ¥ o ¢ transforms them into a system
of local coordinates in which w = ¥ dp; Adg;. O

Proof of theorem. Apply the path method due to J. Moser (see [57]). This means
that we consider the form w; = wp + t(wr — wp). It is closed, and, as wyp and wy
coincide at z, it is symplectic (nondegenerate) at = and thus on a neighborhood of
z.

As wp and w; are closed, so is wy — w; and it is thus possible to find, on a
neighborhood of z, a 1-form ¢ such that dp = wp — wy. One may assume that
¢=:=0

The 2-form w; being symplectic, it defines a pairing between fangent and cotan-
gent spaces, we thus get, for all ¢, a vector field X, dual to ¢. Consider now X; as
a vector field depending on time, vanishing at z for all £. Its flow f; keeps z fixed,
thus one can find a neighborhood U of = where f, is defined and which f; embeds
in itself.

We thus get:

d d
E[f:w¢]=ff[‘d‘%"+£x.w¢] = filwr —wotwo—wy]=0

because Lx,w; = dix,w, + ix,dw, = dp by Cartan and from the definition of ¢. The
form f}w; does not depend on ¢, it equals wp for ¢t = 0, we deduce the result with

Y=f. 0

1.3.3 In case we need them later, notice both proofs become easily “equivariant
proofs” if there is a Lie group G acting on W with we and w, invariant and =z fixed;
this is the reason why we used ¢ = exp,_ in the above proof instead of any local chart:
it suffices now to choose an invariant metric to get equivariant local coordinates.

Remark. A statement analogous to 1.3.1 for riemannian metrics would be defi-
nitely false: in the riemannian case, there is a local invariant which distinguishes
between the neighborhood of a point and the tangent space at that point, namely
the curvature. We have just proved that there exist no local invariants in symplectic
geometry.
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1.3.4 A more general result can be obtained by essentially the same method
{13]. It describes tubular neighborhoods of isotropic submanifolds (these on which
w vanishes) of W. It asserts in particular that if L is an isotropic submanifold of
maximal dimension (then dim L = 1 dim W and L is said to be lagrangian), a tubular
neighborhood of L in W is (in a symplectic fashion) isomorphic to a neighborhood
of the zero section in T*L (with the canonical symplectic form).

1.4 Examples: U(n)-orbits in hermitian matrices

Consider once again the group U(n) acting by conjugation on the vector space H of
hermitian matrices. We shall now check what was announced at the very beginning
of this chapter: the H,’s are symplectic manifolds. Begin by a little (bi)linear
algebra in the space of all hermitian matrices.

Exercise 1.4.1 Show that
1. On H, (X,Y) =+ tr(XY) is a nondegenerate symmetric bilinear form.

2. For h € H define an alternating bilinear form wy, on u(n) = T,U(n) = iH
(space of skew-hermitian matrices) by

wi(X,Y) = tr([X, Y]h).
Also wp(X,Y) = tre(X(Yh — RY)) and YR — RY € H.
3. The kernel of wy, is Kj, = {Y € u(n) | [Y, h] = 0}.

4. K}, is the Lie algebra of the stabilizer of k (hint: differentiate the relation
ghg™! = k).

5. the wy’s induce nondegenerate 2-forms on the orbits H,.
6. These 2-forms are closed.

Thus all the orbits H) under consideration are compact symplectic manifolds.

Examples.

o If all the eigenvalues Ay, ..., ), are distinct, put them in increasing (for exam-
ple) order. Any element in H, defines a family of pairwise orthogonal lines in
C": its eigenspaces. One thus defines a bijection from ) onto the manifold
of complete flags in C™:

D(C*)={0=PCcP C...CP,=C"}

associating to h the subspaces P; = l; & ... @ l; where [; is the eigenspace
corresponding to A;.

o On the other hand, if all eigenvalues are equal, there is only one point in the
orbit. There is not much to say here.
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o Suppose now that Ay # A2 = ... = ),. Then the eigenspace associated
with ), is a line and the one associated with A is the orthogonal hyperplane.
The map: ¥, : H, — P""}(C) which associates the ),-eigenspace with h is a
diffeomorphism. We have thus exhibited a lot of symplectic forms on P*-1(C),
one for each pair of distinct real numbers.

1.5 Calibrated almost complex structures

Recall we decided to call C" the unique example of a symplectic (real) vector space,
and recall that all the manifolds we just studied are in fact complex manifolds. This
is not accidental: on any symplectic manifold, there are almost complex structures.

Recall that a complex structure on a real vector space F is an endomorphism

J of E such that J? = —1, and analogously, that an almost complex structure on
a manifold W is a section J of the associated bundle End (TW) such that, at each
point J? = —1.

An almost complex structure J on a symplectic manifold (W, w) will be said
calibrated® if J is an “isometry” of w and if the symmetric bilinear form w(JX,Y)
is positive-definite at each point.

Let us now show that calibrated complex structures exist on any symplectic
vector space (E,w). First choose a euclidean scalar product (X,Y). As(,) and w are
nondegenerate, the relation (X, AY) = w(X,Y) defines an isomorphism A: E — E.

Write the polar decomposition of A : A = BJ, were B is symmetric positive
definite, A and B commute and J is isometric.

Lemma 1.5.1 A is skew-symmetric, J is an isometry for w, J* = —1 and JB =
BJ.

Proof.
(X, AY) = w(X,¥) = ~(¥, X) = ~(AX,Y)
thus A is skew-symmetric. If one writes J = B~1A,
'J='A'"B'= ~AB' = -B7'A= —J

as J is an isometry one gets 'JJ = 1, and thus J is indeed a complex structure.
Moreover
YBJ)='J'B=*'JB=~BJ

hence B and J commute thus A and J as well, and we are done:
w(JX,JY)=(JX,AJY) = (JX,JAY) = (X, AY) = w(X,Y)

o

Consider now the scalar product defined by B: ((X,Y)) = (BX,Y) which is also
w(JX,Y)... this shows the existence, on every symplectic vector spece, of calibrated
complex structures.

3implicitely: “by the symplectic form”.
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Remark. The form ((,)) + iw(,) is hermitian.

Exercise 1.5.2 The very same proof, starting with a symplectic manifold (W, w)
endowed with a riemannian metric, produces a calibrated almost complex structure
J on W. Hint: use the fact that the map A ++ B of the polar decomposition is
smooth (use B = vV A*A).

As usual, there is an equivariant version of all this.

Remark. The symplectic form w induces a symplectic form on any submanifold of

W which is preserved by a calibrated almost complex structure. Indeed, if Z tw
is such a submanifold, j*w is nondegenerate:

VX eT,Z-{0},3Y €T,Z suchthat w(X,Y)#0

because Y = JX works.

1.5.3  Assume now that W is a complex manifold. That is to say that we have
found an integrable complex structure J (changes of coordinates are J-holomorphic).
Suppose that {, ) is a hermitian metric on W. Its imaginary part is a (type (1,1))
nondegenerate 2-form w. If it is symplectic, that is to say, if it is closed, one says
that the metric is Kihler. The manifold W endowed with this metric and with
the form w is also called Kihler. By its very definition, the complex structure is
calibrated by the Kahler form.

2 Hamiltonian vector fields and Poisson manifolds

2.1 Hamiltonian vector fields

Being nondegenerate, the symplectic form w defines a pairing between the tangent
and cotangent spaces of W (already used in the proof of 1.3.1). In particular, for
any function f : W — R, there is a symplectic analogue of the gradient, namely a
vector field Xy defined by

(1) ix,w = df.
We shall call X; the symplectic gradient of f or the hamiltonian vector field asso-
ciated with f.

If X is the hamiltonian vector field associated with f, we shall also say that f is
a hamiltonian for X.

Remark. As w is nondegenerate, the zeros of the vector field X, are precisely the
critical points of the function f.
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Exercise 2.1.1 The function f = 1 |z, from C" into R has
LI i}
X; =Y (g5 ~ Pia—
! j=1(qJ apj pj aqj)

as symplectic gradient.

Remark. If J is a calibrated almost complex structure, and if grad denotes the
gradient for the riemannian metric w(JX,Y), then X; = Jgrad f.

Definition 2.1.2 A vector field X on W is hamiltonian if ixw is ezxact, locally
hamiltonian if it is closed. One writes H(W) and Hi.o(W) respectively for the
spaces of hamiltonian and locally hamiltonian vector fields on W,

Exercise 2.1.3 With the help of the map X + ixw, define an exact sequence of
real vector spaces:

0 — H(W) — Hioo( W) — H(W;R) — 0.

Exercise 2.1.4 If a is a differential form and X,Y are two vector fields on W,
show that

2) Lxiya —iyLxa = ixyja.

One can check the formula when « is a 1-form?, then by induction for decomposed
k-formes oy A a; where a; is a 1-form.

Suppose now w is a symplectic form and X and Y two locally hamiltonian vector
fields. Then

(3) i[x,y]w = Lxiyw —tyLxw = (dix + ixd)iyw - iy(dix + ixd)w = d;xiyw
as w, txw and 7yw are closed forms. Thus the function:

ixiyw=fx,y: W — R
z — —w(X;,Y2)

is a hamiltonian for [X,Y}: the bracket of two locally hamiltonian vector fields is
{(globally) hamiltonian.

Exercise 2.1.5 Show, for X any skew-hermitian matrix, that the fundamental
vector field associated with X € u(n) on H (for the U(n)-action by conjugation) is
X, = [X, R)°. Deduce that the function

fx: Hy — R
h +— tr(iXh)

is a hamiltonian for X.

41t is always possible, in desperation, to prove this kind of formmlae using local coordinates.
Ssee more generally 3.3.1.
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2.2 The Poisson bracket on a symplectic manifold

We have just defined a map

2 e = AW

On the space X (W) of vector fields on W, there is a Lie algebra structure given
by the bracket of vector fields. On a symplectic manifold, one can also define a Lie
algebra structure on C°(W).

Definition 2.2.1 If (W,w) is a symplectic manifold, the Poisson bracket® of two
functions f and g is defined by

{f$g} = UJ(X,, Xg)
Thus {f,g} = ix,w(X,) = df(X,;) = X, - f and {f,} is a derivation.
Exercise 2.2.2 Using (3), show that

X1y = —[ X5, X}

Proposition 2.2.3 The Poisson bracket defines a Lie algebra sructure on C*(W).

Proof. The only thing to do is to check the Jacobi identity. Writing that w is
closed:

0 = dw(Xl,Xz,X;;) = Xl'w(Xz,X3)—X2'w(Xj,X3)+X3'w(X1,X2)

(5) —w([le XZ]: X3) + w([Xla X3]v XZ) - w([XZaX3]1 Xl)

Suppose X; is the symplectic gradient of the function f; (i = 1,2,3) then:

X1 -{f2, f3}
{{f2s £3}, 1}
w(X{fzJa}’Xl)
w(Xl, [X2) X3])

X1 . w(Xz, Xa)

o

from which it is easy to deduce that the relation (5) may also be written:

2({fl,{f2sf3}} + {fﬁ,{f& fl}} + {f3’ {f17f2}}) =0

which is precisely the Jacobi identity. O
In particular the map (4) is (up to sign) a morphism of Lie algebras.

S Translator’s Note: In French, Poisson=fish and the word for brackets means hook, which is
the source of a lot of (unavoidable but) untranslatable jokes.
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Exercise 2.2.4 For any nondegenerate (but not necessarly closed) 2-form w on a
manifold W one can define in the same way hamiltonian vector fields and a bracket
{+} on functions. Show that w is closed if and only if {,} satisfies the Jacobi
identity’.

2.2.5 Poisson manifolds. More generally, we will call Poisson manifold any man-
ifold whose space of smooth functions has a Lie algebra structure {, } such that {f,}
is a derivation (i.e. satisfies the Leibniz rule) is defined.

This notion was investigated by A. Lichnerowicz ([52]) and then by A. Weinstein
(i65]).

It is strictly larger than the notion of symplectic manifold. Here is a family of
examples of Poisson manifolds which are not symplectic.

2.2.6 The dual vector space to a Lie algebra. Let g be a Lie algebra and let
g* be the dual vector space. It is only a vector space: the Lie algebra structure of g
defines no canonical Lie algebra structure on g*; what it does define is a canonical
Poisson structure, investigated mainly by A. A. Kirillov [10], B. Kostant [48] and
J.-M. Souriau [12]:

For f,g € C™(g*) and £ € g* one writes:

{£:9} (&) = (£, [dfe. dge])

where dfe : Teg* = g* — R is identified to an element of g by the joys of biduality.
The Jacobi identity for {, } is easily deduced from that of {,] in g.

There is no reason why g* should be a symplectic manifold: nothing prevents its
dimension from being odd for example.

The perspicaceous reader will already have realised that there is a relationship
between this general construction and that of the symplectic form on H, in 1.4. We
considered there G = U(n), g = u(n), the dual being identified to H = iu(n) by
the scalar product tr(XY). Modulo these identifications, the formal analogy with
the definition of {,} is only a particular case of a forthcoming result (3.3.5): when
restricted to any orbit, the Poisson bracket is the one defined by the symplectic form
of the orbit.

3 Symplectic and hamiltonian actions

3.1 Symplectic actions

One says that a G-action on the symplectic manifold (W,w) is symplectic if any
element g of G defines a diffeomorphism which preserves w:

(6) gw=w

Let us write the infinitesimal version of (6): let X € g and let X be the associated
fundamental vector field. Let g; be the flow of X. If one differentiates (with respect

"This is one more good reason to insist that only closed 2-forms are symplectic.
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to time) the equation gjw = w, one gets:
d 8
Llw = E—t'g‘ Wh=0 = 0.

Thus the infinitesimal version® of (6) is: VX € g, Lxw = 0. Use now both the
Cartan formula

Lx =dix +ixd
and the fact that w is closed, to get:

diyw =0,

Proposition 3.1.1 If the G-action preserves the symplectic form w then all the
fundamental vector fields of the action are locally hamillonian. O

3.2 Hamiltonian actions
Consider now the following diagram

s
HW) — HpW) — H(W;R) — 0

Definition 3.2.1 One says that the symplectic G-action on W is hamiltonian if
there exists a morphism fi of Lie algebras g — C*°(W) making the diagram commute.

In particular, it follows that fundamental vector fields are hamiltonian.

Remarks.
1. If the group is connected, each of its elements is a product of exponentials
g=expXiexpX;...exp X,

and thus the existence of u, which always implies the infinitesimal “symplectic-
ity” of the action, implies that here the action is actually symplectic. It is thus
unuseful to require that the action is symplectic: this will be a consequence of
the existence of the map fi.

2. Some authors, among them some of the best ones (for instance J.-M. Souriau,
who was one of the inventors of hamiltonian actions [12], see also [11}), call
hamiltonian an action for which there exists a map ji making the diagram
commute, without requiring that it is a Lie algebra morphism. Suppose that
X +» jix is only a map from g to C®°(W). Then fix is a function whose
symplectic gradient field is X, in particular {jix,jiy} is a hamiltonian for
[X,Y]. Thus it is always true that {jix, iy} — fiix,v) is (locally) constant on
W. We are just assuming here that the constant vanishes.

8For all the calculus used in this chapter, it may be convenient to read J. J. Duistermaat’s book

9.
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3. To finish with remarks, note that if G is commutative and W compact (the
case we are mainly interested in), any lift i is automatically a Lie algebra
morphism: the Lie bracket in g is trivial thus {jix,fiy} is locally constant.
The function fix must have a critical point on W, which we assumed to be
compact, thus there exists a point at which {fix,fiy} vanishes, and so it is
zero everywhere,

3.2.2 The moment map. Associated to i is its moment map:
pu: W —+ g¢g*=Hom(g,R)
z (X fix(z))
Then the fundamental vector field X is the hamiltonian vector field of the function
z v {p(z), X), and it is easily seen that /i is a Lie algebra morphism if and only if
p is a morphism of Poisson manifolds. Definition 3.2.1 can be reformulated in terms
of p instead of f.

Example. If H:W — R is any function and if the hamiltonian vector field Xy is
complete, its flow defines a hamiltonian R-action whose moment map is H.

Exercise 3.2.3 If G is a Lie group acting on a manifold W, one defines a G-action
on the cotangent bundle T*W by

§(z,0) = (9(z),p 0 Tg(z)g_l)
where = € W, ¢ € T*W is a linear form T,W — R. Check it is indeed a (left)
action. Show that the Liouville form a is invariant® (§*a = @) and conclude that
the action is hamiltonian, with iy = —ixa.

3.2.4 Commutative groups. Suppose W is compact and the group is a torus T
Choose a basis X1,..., X of t. The existence of the moment map is equivalent to
that of a primitive jix, of ix,w for any i. It is thus sufficient, in order to define f,
to write fix = b, Nifix, if X = YE, MiX.

A special case: if H'(W;R) = 0 (for example if W is simply connected), any
symplectic T-action is hamiltonian. The moment y is then well-defined up to the
addition of a constant vector of t*.

Example. T" = {(t1,..-,ts) € C"||ti| = 1} acts on C" by
(tl,.. .,t,.) . (21,... ,z,,) = (tl%'l,'- -’t"Zﬂ)-
This is a hamiltonian action with moment
1 n o (g0
w(z1y. . 2) = -2-(|z1|2 yeers|zn)?) + cste € R™ 22 (7).

One should notice that the image of  is the “first quadrant” (z; 2 0,...,2, 2 0) of
R", which is not unrelated to the convex polyhedra we shall encounter in the next

chapter.

91 found this example in V. I. Arnold’s book [8], which I take this opportunity to recommend.



Symplectic and hamiltonian actions 49

Exercise 3.2.5 Which surfaces admit symplectic (resp. hamiltonian) S'-actions?
{(Use the results of 1-3.1.)

3.2.6 Semisimple groups. If g = [g, g}, symplectic G-actions are hamiltonian'®,

Actually we saw in 2.2 that if X and Y are locally hamiltonian, then [X,Y] is

globally hamiltonian. But, if g = [g, g}, any element of g may be writen as a sum of

brackets, and thus defines a fundamental vector field which is globally hamiltonian.
This is the case, for example, for G = SO(3) or SU(2).

3.2.7 The moment yu was defined by a map ft : ¢ — C®(W) such that jiyx is
a primitive of iyw. Thus it is not a priori unique. One can add locally constant
functions cx such that

Byl +oxy1 = {iix +ex, by + or} = {jix, fiv} = fx,y)

(that is ¢ vanishes on [g, ¢]) to fix.

Thus p is defined up to the addition of a constant linear form in the annihilator
[g, g]° of [g, g] and in particular of any constant if G is commutative; however if G
is semisimple it is unique.

Before giving a list of examples, notice there is a simple procedure to construct
examples:

Proposition 3.2.8 If y is the moment map for a hamiltonian action of a Lie group
G on a symplectic manifold W, then for any Lie subgroup H of G, the composition
of p and the canonical projection:

L= N
is @ moment map for the induced action. O
3.3 A machine producing examples: the coadjoint representation of a
Lie group

3.3.1 Adjoint and coadjoint actions. Any Lie group G acts on itself by conju-
gation. The derivative at the identity of

G — G
h ghg"l

is a map Ad, : g — ¢. Letting g vary, one checks this defines a (left) action of G on
its Lie algebra g, which is called the adjoint representation or action of G. It is the
action which makes it possible to define the Lie bracket:

d
[X’ Y] = a't'Adexp(tX)}i!=0-

1%Compact Lie groups whose Lie algebra satisfy g = [g, §] are semisimple .
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Exercise 3.3.2 The fundamental vector field X associated with X € g by the
adjoint representation is
g&)’ = [X ) Y]

To define the coadjoint action we merely have to transpose the adjoint G-action
on g* :
(Ady¢, X) = (£,Ady-1 X)
where greek letters denote elements in g*, latin ones those in g and brackets duality.
Thus Ad* is a (left) G-action on g*.

Exercise 3.3.3 The fundamental vector field on g* associated with X € g by the
coadjoint action is defined by

) (FX,,Y) = (& [V, X]).

A result which will be of great interest for us is the following proposition:

Proposition 3.3.4 If G is a compact connected Lie group, the principal orbits of
the coadjoint representation have a mazimal torus of G as stabilizer.

Sketch of the proof. If G is compact, it is easy to define an invariant scalar product
on its Lie algebra g, and this allows us to identify g with its dual. The proposition
is then equivalent to:

The stabilizer of any X € ¢ for the adjoint representation contains a mazimal
torus. 4

The infinitesimal analogue of this assertion, that is—the centralizer of any ele-
ment in g contains the Lie algebra of a maximal torus—is an easy consequence of
the fact that all adjoint orbits meet the Lie algebra of any maximal torus (see [24]) :
if X € t, its centralizer contains t. O

Remark. M. Duflo and M. Vergne ({33]) have shown that the principal stabilizer
for the coadjoint representation is always a commutative subgroup (even if G is not
compact).

3.3.5 The symplectic form on the orbits. Just rewriting what we did for H,
in 1.4, one defines for any £ € g* an alternating bilinear form on g¢:

wg(X, Y) = (6’ [Xa Y])

Lemma 3.3.8 The kernel of wg is the Lie algebra g¢ of the stabilizer of € € g* for
the coadjoint representation.
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Proof. Let X,Y € ¢g. By the very definition of Ad*, we have:

(Ad:xp(—tX)£$ Y) = (6’ Adexp(tX)Y)-

Differentiating at 0 with respect to ¢:

(FAL =0 Y) = (£, FAdepex)Y)
(& 1X,Y))
we(X,Y)

thus the Kernel of we is g¢. O

In particular, we defines a nondegenerate alternating bilinear form on g/ge which
we know from I-1.2 is identified with T,(G -£) C g*. We only need now to solve the
following exercise to show that there exists a canonical symplectic structure on each
coadjoint orbit, induced by the canonical Poisson structure of g*.

Exercise 3.3.7 Show that we defines a closed 2-form on the orbit of £ in ¢g*. Hint:
the tangent space to the orbit being generated by fundamental vector fields, it is a
straightforward consequence of the Jacobi identity in g.

3.3.8 Canonical moment map. Let G- £ be an orbit in g*. We thus have a
Lie group G acting on a symplectic manifold G - £ and (obviously!) preserving the
symplectic form and everything is so canonical that the following exercise is almost
tautological:

Exercise 3.3.9 The inclusion G -¢ C ¢* is a moment map for the G-action on its
orbit.

This construction generates a lot of examples, using 3.2.8. For instance we saw
(3.3.4) that the principal coadjoint orbits have as type the conjugation class of any
maximal torus. It is thus especially interesting to study the action of a fixed maximal
torus T C G on these orbits’. We deduce a lot of examples of torus actions on
symplectic manifolds. .. thus even if one is only interested in commutative groups,
this excursion into noncommutativity was not unuseful.

3.3.10 The U(n) case. Let us make the torus of diagonal unitary matrices act
on the orbits .

Exercise 3.3.11 The map Hy — R", which associates with any hermitian matrix
its diagonal entries, is a moment map for the T-action.

11For instance, fixed points will be the points in the orbit whose stabilizer is precisely T and not
one of its conjugates.
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Example. Put A = (A, Ag,..., 7). Wesaw in 1.4 that 7, was a complex projective
space P"~1(C). We thus exhibited a hamiltonian T™-action on P*~!(C).

Exercise 3.3.12 Show that the composite map

-1
P*(C) 15 3, 45 t* = R”

(that is the moment map for the T-action on P*~}(C) endowed with the canonical
symplectic form of H,) is

(21, oy 2n) — (A = X2) (215 o |2al®) + (R2y - e ey A2)

where (21,...,2,) is of unit length. Describe its image in R".

3.3.13 The SO(3) case. The Lie algebra s0(3) is that of 3 x 3 skew-symmetric
matrices. Identify it with R3 in such a way that the Lie bracket becomes the vector
cross product and with its dual s$0(3)* with help of the euclidean scalar product of
R3.

Exercise 3.3.14 The adjoint and coadjoint actions are then identified to the usual
SO(3)-action on R? (by rotations).

The coadjoint orbits are thus the point 0 and the concentric S%’s (with SO(2)
stabilizer).

3.4 Some properties of moment maps

With g we have a map from W into a vector space which will allow us to inves-
tigate the group action.

Example. In the case of an $'-action with fundamental vector field X (for X a
basis of the Lie algebra ' = R), the map ¢ : W — R is a primitive of iyw.
Thus the fixed points of the S'-action are the critical points of a function... which
makes life easier: we already know for example that if W is compact (and the
action is nontrivial) there will be at least two components in the fixed point set!?
(corresponding to eztrema of u).

3.4.1 The tangent map
Tsl‘

T.W 5 g*
is by definition the transpose of

g % Tw

X — (ixw)s

12This is not necessarly the case for a general S'-action as the reader may check by making S!
act on S* as an ad hoc subgroup of SO(5).
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In particular, Im T.p is the annihilator in g* of Ker!T u that is the annihilator
of

{Xegl(ixw).=0}={Xeg|X.=0}=0.

Thus the rank of T,u is the dimension of the orbit of # and in particular
Proposition 3.4.2 u is a submersion at z if and only if G, is discrete.
This property is indeed equivalent to the nullity of g,. O

Corollary 3.4.3 If G is a commutative group acting in an effective way on the
symplectic manifold W with moment map g : W — g* then u is a submersion on
the open dense subset of principal orbits in W.

Proof. We already know that the principal orbits’ stabilizer is the discrete subgroup
{1}cG. O

If G is not commutative, it may happen that g is nowhere submersive, even if
the action is effective:

Example. SO(3) acts on S? x W by the usual (effective) action on S? and by the
trivial action on W. It preserves the “product” symplectic form w; @ w;, and the
moment map

p:S*xW — s0(3)* =R?
has a sphere 5% as image (and in particular contains no open dense subset of s0(3)*)

and g is nowhere submersive.

Exercise 3.4.4 Show that Ker T,p is the orthogonal (for w,) of the tangent space
to the orbit.

3.4.5 Equivariant moment map. The moment map p sends a G-manifold W
into another G-manifold g*, it is thus natural to ask whether it is equivariant.
Let us consider any X € g and let us show:

(8) Tu(VX,) =¥ X0

Thanks to relation (7), on the one hand:

(g*.&u(z:),y) (u(:v), [Y7 X])

—ix.y)(z)
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and on the other hand:
(T-n("X,),Y)

("X, ' Top(Y))

= (W)_(.m (iwl’_w)z)

= wz(w.)_r’w_fY_)
= —{ix,pr}(z)

= -bxyy O
We have thus proved the infinitesimal version of:

Proposition 3.4.6 Let p be the moment map for the hamiltonian action of the
connected group G on the symplectic manifold W. Then p is an equivariant map.
a

This will endow hamiltonian actions with very specific properties, for example
because 3.4.6 forces G, C G(z). Here is an example:

Proposition 3.4.7 Let W be a symplectic manifold endowed with a nontrivial sym-
plectic action of G = SO(3) or SU(2). Then the stabilizer of the principal orbits is
a commutative subgroup of G.

Proof. We saw in 3.2.6 that because G is semisimple, the action is hamiltonian.
Let 1 : W — g* be the (unique) moment map for this action.

Let z be a point in W. Then G, C G () and the orbit stabilizers in g* are G or
the circle SO(2) € SO(3) or SU(2) (see 3.3.13).

If G. is not contained in SO(2), we have G ) = G, or p(z) = 0. If this was the
case for all points of principal orbits, u would vanish on an open dense subset of W,
thus everywhere. But the operation would then be trivial. O

In the same way, one can show more generally (using 3.3.4) that, if g is a submer-
sion at at least one point, then “the” stabilizer of the principal orbits is commutative
and discrete.

Exercise 3.4.8 Let z € W, then u sends the orbit G - z into G - p(z) C g¢g*. Let
w be the symplectic form of the orbit G - u(z). What can be said of the 2-form g*w
on G- z?

3.5 Noether type theorems

Consider now the “levels” of the moment map!® u : W — ¢* of a hamiltonian G-
action on the symplectic manifold (W,w). The most classical form of E. Noether’s
theorem seems to be stated nowadays as:

131 shall call level ¢ the inverse image u~'(£) even if £ is not a number.
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Theorem 3.5.1 Let H be a function on W which is invariant by the G-action.
Then p is constant on the trajectories of the hamiltonian vector field Xy.

Proof. Indeed, if 4(t) is a trajectory of Xy, one can write, for any X € g :
< Tyu(Xu(r(t)), X >

= < Xu(1(1)), ' Tyou(X) >

& <wox(t),X >

= < XH('Y(t))’ (ixw)‘Y(‘) >

= w(_X_y XH)'y(t)

—dH.y(X)

But H is invariant and X a fundamental vector field of the action, and thus:

H(exp(sX) - (1)) = H(¥(t))

which, when differentiated at s = 0, is:

dH(X(~(8))) = 0.

[m]
The field Xy is thus tangent to the levels u~1(¢).

3.5.2 Periodic hamiltonians. Begin by noticing that even the most trivial ex-
amples are already interesting:

Example. G = 5! and H = p: then the fundamental vector field is tangent to the
hypersurfaces of constant “energy” H.

Such a function is called a periodic hamiltonian. We see that all regular levels
of a periodic hamiltonian are oriented submanifols endowed with a fixed points free
S'-action. For example in dimension 4, the regular levels are Seifert manifolds.
We shall see later how it is possible to use the constructions of chapter I to study
periodic hamiltonians,

3.5.3 Let us return to the general case. For £ € g* a regular value of g, call
Ve = p7'(€). As p is equivariant, the subgroup G¢ C G keeps the set V; invariant:
ifzeViand g € G, then p(g-z)=g-pu(z)=g-£ =¢.

Look now at what is happening to the symplectic form when we restrict it by
the inclusion map jg : Ve > W

Lemma 3.5.4 jiw is a form whose kernel at x is T,(Ge - ), its rank is constant
(i.e. does not depend on z) and equals 2dim V; + dim(G - ¢) — dim W.
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Proof. By definition, Ker (jiw). = T.V; N (T:V;)° on the other hand, T,V; =
Ker T,y and we saw in 3.4.1 that Ker T,u = (T,(G - z))°, thus

Ker (jgw): = Ker To.p N T.(G - x).

The tangent space T.(G - z) to the orbit is generated by the fundamental vector
fields % X. According to (8)

YXeKeaTpe X,y =06 X € gy

thus Ker (jjw). is generated by the fundamental vector fields coming from g¢. Hence
Ker (j{w): = T:(G¢ - z) and its dimension is:

dimG¢ — dim G, = dim G;
{because £ is a regular value so that G, is discrete) and its rank:

= dimV; — (dim G, — dimG,)
= dimV; —dimG¢ + dim G — dimW + dim V;
dimG-£

rg (jgw)e

2dimV; —dimW 4 dimG - ¢

il

is constant on V¢, O

Exercise 3.5.5 Show that this equality remains true if one merely assumes that
V; is a submanifold whose tangent space is Ker T, u instead of £ being a regular
value. Hint: show that in this case dimG; = dimG — dimW + dim V,.

These results allow to characterise the hamiltonian actions of abelian groups:

Proposition 3.5.6 If G is connected and the action is effective, the three following
properties are equivalent:

1. G-orbits are isotropic

2. u is constant on any orbit

3. G is commutative.

In this case, dimW > 2dim G

Proof. G -z is isotropic if and only if To(G -z) C T:(G - z)° = Ker Tou. In this
case, for any X,Y € g, the map = — —~w,(X,,Y,) is identically zero. But we saw
(relation (3)) that its differential is iy yjw. Thus iy yjw = 0, from which it follows
that [X, Y] = 0 and, thanks to I-(1), that [X,Y] =0 for any X,Y € G, and s0o G is
commutative. ’

Reciprocally, if G is commutative, G¢ = G for all £ in g* and thus Ker jw is the
whole tangent space to the orbit which is thus isotropic. O
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The inequality in 3.5.6 is easily generalised:

Proposition 3.5.7 Let W be a symplectic manifold endowed with a hemiltonian

action of a compact connected Lie group G, with moment map p: W — ¢*, Let T

be a mazimal torus in G. If p is submersive in at least one point in W, then

9 dmG+dimT < dimW.

Proof. 1t is sufficient to observe that the rank of (jjw), is a nonnegative integer,
and to compute:

I

2dimV; —dimW + dimG - ¢
2(dimW —dimG) —dimW + dimG - ¢
dimW - 2dimG + dimG — dim G,

g jiw

thus dimW > dimG + dimG¢ > dim G + dim T, thanks to 3.3.4. O

For example a manifold endowed with a symplectic SO(3)-action whose moment
map is submersive at one point has dimension at least 4. The hypothesis “submer-
sion at one point” is necessary: for example the SO(3)-action on the unit sphere $?
by isometries preserves the volume form and is thus symplectic.

3.6 Symplectic reduction, examples

3.6.1 The essence of what is called symplectic reduction is contained in a rather
obvious algebraic lemma. Recall that we call coisotropic any vector subspace (resp.
submanifold) of a symplectic vector space (resp. manifold) whose symplectic or-
thogonal is isotropic: F' C E is coisotroic if and only if F° C F.

Lemma 3.6.2 (Symplectic reduction) Let E be a vector space endowed with a
(constant) symplectic form w. Let F be a coisotropic subspace. Then:

1. the form w induces a symplectic form on F[/F°.

2. if G is any isotropic subspace transverse to F, then the composite map GNF C
F — F[F° is the inclusion of an isotropic subspace.

The proof is easy enough to be left as an exercise. O

3.6.3 Straightaway, we have an application. Consider a torus T acting effectively
on a compact symplectic manifold (W,w) with moment map p : W — t*. We know
that in this case there must exist regular values. Let £ such a value. For z € V;, we
have:

T.Ve =Ker Top = (To(T - 2))°.

Moreover, the tangent space to the orbit, being generated by fundamental vector
fields, is isotropic since T is commutative (3.5.6). Thus T,V; is coisotropic and its
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orthogonal is the tangent space to the orbit. Hence w, induces a nondegenerate
alternating bilinear form on T,V;/T,(T - z).

The T-action on W defines by restriction a T-action on the level V¢, of which we
know that all its stabilizers are finite: T,u is surjective thus t* is the annihilator of
t..

If moreover all these stabilizers are trivial, in other words if the T-action on the
regular level V; is free, then the quotient V;/T is a manifold B, (with dimension
dimW —-2dim T) and T,V;/T,(T - z) may be identified to its tangent space at point
[z] =T -z. Thus:

Proposition 3.6.4 If the torus T acts freely on the regular level V; of the moment
map pt: W — t*, then the orbit space V¢ /T is a manifold naturally endowed with a
symplectic form o¢ called the reduced symplectic form.

Proof. The form defined by w, sur T, V¢/T,(T - z) does not depend on the point z
we chose in the orbit T - z, thanks to the invariance of w. In the diagram

i & w

I

Be

o is defined by
(10) Pgoe = jew
from which it follows that pfdo¢ = 0 and that o is closed. D

Exercise 3.6.5 Consider the $'-action on C" by multiplication
te(21y-00y20) = (t21,. .., 82,).

Show that it is hamiltonian with moment map

13 2
l‘(zlv-“vzn) = 'Z'le"

i=1

Check that all non-zero real numbers are regular values of . What are the reduced
symplectic manifolds obtained by symplectic reduction of the regular levels?

3.6.6 Symplectic orbifolds. In general, the torus action may well have excep-
tional (i.e. with finite stabilizer) orbits in regular levels. It is then no longer ab-
solutely correct that the orbit space B is a symplectic manifold. We have already
met this kind of problem in 1-3.3.1 where the topological structure of the quotient
B¢ happened to be enough for what we needed. Now we have to look carefully at
what is preserved of the differentiable structure near singular points in order to be
able to speak of a symplectic form on the quotient.
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The right notion here is that of orbifold, invented by Satake [61) under the name
of V-manifold. The idea of a symplectic form on an orbifold was made precise by
A. Weinstein in [64].

Locally, orbifolds are the open subsets of the quotient spaces R™ /', where I' is
a finite group equipped with a representation p in GL(n,R) whose fixed point set
has codimension at least two. The local isomorphisms U; — U; are the pairs (y,7),
where v : T'y — T'; is a group homomorphism and ¢ : Uy — U is a diffeomorphism
of the saturated open subsets of R", over U, et Uj, and all the diagrams:

U, =% U,
Im ) Ipz(y)
UI _¢+ U2

are commutative.

Definition 3.8.7 An orbifold is a topological space modeled on the local structure
just described.

A differential form on an orbifold is of course given by the prescription, on each
open local chart U, of a differential form (that is a I'-invariant differential form on
). .

A symplectic form is a 2-form, which, in each local chart, is closed (local notion!)
and nondegenerate.

Example. T = Z/m acts by rotations on R?.. Then R?/T is an orbifold. The
surfaces B, quotients of Seifert manifolds we discussed in 1-3.3.1 are orbifolds.

Proposition 3.6.8 If V; is a regular level of the map p : W — *, then the orbit
space By = V¢ /T is an orbifold, naturally endowed with a reduced symplectic form
O¢.

Proof. We saw that for any point z, w, induces a nondegenerate alternating bilinear
form on T, V;/T(T - ) = E. which is a slice at z for the T-action on V;. A
neighborhood of T - z in V; has the form T x1, E,, and thus a neighborhood of z
in B¢ has the form E,/T,. Now T, is a finite group of isomorphisms of E,, and we
may assume that it preserves a complex structure (calibrated by the form induced

from w;). The dimension of its fixed point set is both even and positive, thus is > 2.
w}

Example. If H is a periodic hamiltonian on a compact 4-dimensional symplectic
manifold, its regular levels are Seifert manifolds, with oriented topological surfaces as
base spaces (one should check that symplectic orbifolds are oriented). We shall see in
chapter IV that all the Seifert manifolds we met in I-3.3 appear in this framework.



Chapter III

Morse theory for hamiltonians

The most famous and spectacular theorem we shall prove in this chapter is the
convexity theorem of Atiyah [18] and Guillemin-Sternberg [38] which asserts that
the image of a compact symplectic manifold under the moment map of a hamiltonian
torus action is a convex polyhedron (see 4.2.1).

In the case of the hamiltonian action of a torus, the fixed points are the critical
points of a function. This is why the study of hamiltonian actions is in some sense
easy: one can use Morse theory. We shall not avoid it here, so we shall begin by
proving that the functions under consideration have very convenient properties from
that point of view (Frankel’s theorem [36}, here 2.2.1, from which we shall derive, like
Atiyah, the basic theorem 3.2.1 announced in the introduction, then the convexity
theorem itself and some applications).

Morse theory will also be used, in a rather nice way, in chapter IV. It also plays
a role in more difficult problems, for instance in the results analogous to 4.2.1 for
noncommutative groups, which for a rather long period were not completely solved.
Then F. Kirwan succeeded in [47] with the help of the function [|u||?, which is rather
degenerate, but has nevertheless enough of the properties of Morse functions to be
handled and give results [46].

In this chapter, we thus consider a symplectic manifold endowed with the hamil-
tonian action of a torus T, with moment map p: W — ¢~

1 Critical points of almost periodic hamiltonians

1.1 Almost periodic hamiltonians

We know that the fixed points of T correspond to certain critical points of p. It

would be more convenient to have a single function (with values in R) allowing to

study the whole T-action. It is not very difficult to find: choose any X € t which

generates T in the sense that the one parameter subgroup exp(tX) is dense in T.
The associated hamiltonian

W - ¢ — (RX)*

It seems that there is an alternative way to prove this theorem [29].

61
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has the fixed points of T' as critical points.
This leads us to the

Definition 1.1.1 A function H : W — R is an almost periodic hamiltonian if the
flow of its symplectic gradient Xy generates a subgroup of the group of all diffeo-
morphisms of W the closure of which is a torus.

Remark. The closure of the subgroup generated by any vector is a commutative
subgroup; it is thus equivalent to require that the subgroup generated by Xy is
compact.

1.2 Critical points

Let us now investigate the fixed points of an almost periodic hamiltonian H. Call
T the torus “generated by H”. The critical points of H are the zeros of Xy, or the
fixed points of T. We saw (I-2.2.2) that this set Z is a submanifold in W.

The symplectic form w is preserved by T and by definition®?. With the help of
an invariant riemannian metric, one derives a calibrated almost complex structure
J and a hermitian metric (see II-1.5).

Let z € Z. Then the torus T acts on the complex vector space T,W preserving
J and the hermitian form, that is to say, as a subgroup of U(n). Notice first that all
these transformations are diagonalisable: the exponential map ¢ — T is onto and
the elements of ¢, sitting in u(n) (the skew-hermitian matrices) cannot avoid being
diagonalisable. As T' moreover is commutative, there is a basis of T,W in which all
the elements of T are diagonal. We can thus write:

(1) TW=V,oVi®...0W

where V} is the subspace of fixed points of 7', in other words T,Z ¢ T,W, and each
V; is T-invariant.

Let us look at how exp Xy acts on this decomposition: on each V}, it acts as
multiplication by some scalar exp(i ;) where J; is real (Xy € t C u(n)), and nonzero
if j # 0 as Xy generates the whole torus T. Remark by the way:

Proposition 1.2.1 Each component of the set Z of zeros of the almost periodic
vector field Xy is a symplectic submanifold.

Actually we just saw that it is almost complex for a structure calibrated by w.
®]
At each fixed point z, the above gives the second derivative of H:

Proposition 1.2.2 The second derivative of H at the critical point z, is, in the
above notations, the hermitian form

1 & 2
§Ef\jlvjl~

J=1

2This is one more zeugma.
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If v},...,05,01,...,V are local coordinates corresponding to the decomposition
(1) and if v; = g; + ip;, it follows from above that:

k 0 d
o= 2 (o )

=
or A
dH =Y Aj(pjdp; + ¢jdg;)
=

and in these coordinates

k
H=33 20+ @) + o(Jv]*).

DN | -

n]

Also remark that the second derivative is nondegenerate in the direction trans-
verse to the fixed submanifold. This leads us to the next notion.

2 Morse functions (in the sense of Bott)

2.1 Definitions

A function f on a manifold W is called a Morse function if its critical set is a
submanifold of W, and if its second derivative is a nondegenerate quadratic form in
the transverse directions.

Example. If the critical points are isolated, it means that the second derivative is
nondegenerate and f is a Morse function (in the sense of Morse!)

One uses a Morse lemma “with parameter”:

Proposition 2.1.1 There ezist local coordinates (z,y) in the neighborhood of the
point z of the critical submanifold Z in which

1. The submanifold Z is described by y = 0.
2. The function f may be written
f(z,y) = f(2) + ¢-(y)
where q, is ¢ quadratic form, nondegenerate in the y variables (transverse to

Z).

Proof. All the constructions in the classical proofs of Morse lemma (see [14] for
example) can be parametrised without any difficulty. O
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The index of the second derivative (number of “negative squares”) is locally
constant along the critical submanifold. Its value on a connected component Z; will
be called the index of the critical submanifold Z; and denoted by A(Z;).

Thanks to the Morse lemma, one can construct subbundles (all isomorphic) of
rank A(Z;) of the normal bundle to Z; on which the second derivative is negative.
Such a subbundle is called “the” negative normal bundle.

2.2 Frankel’s theorem

The previous section may be resumed in

Theorem 2.2.1 ([36]) Let H be an almost periodic hamiltonian on a symplectic
mantfold (W,w). Then H is a Morse function, all critical submanifolds of which
have an even indez. O

2.3 Perestroika

In the case of isolated critical points, one can reconstruct® the manifold with the
help of the critical points and their indices (see [14]). When he introduced these
more general Morse functions, Bott proved that that was also the case for them.
Let, for a € R, W, = {z € W|f(z) < a} and V, = {z € W|f(z) = a} the level a.
The two main results of the theory are

Theorem 2.3.1 If W is compact and if the interval [a,b] C R contains no critical
value of f, then W, is diffeomorphic to W,.

;—J
aﬁ' ot t

Figure 1

Hence the topology does not change if we are not going through a critical level;
here is what happens when we cross one:
Theorem 2.3.2 If c € [a,}] is the unique critical value of f in this interval, the
homotopy type of W is described by the addition to W, of the negative normal bundle
of the critical submanifold at level c.

In figure 1, the critical submanifold is a point, and its negative normal bundle
an interval.

3This reconstruction has always been called mepecTpoika by Russian geometers.
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Sketch of a proof of theorem 2.3.1 (see [14]). Choose a riemannian metric on W,
thus getting a gradient vector field grad f, which does not vanish on f~{a, §]. Modify
it with the help of a differentiable function p on W which takes the value

AL
and which vanishes outside a neighborhood, as follows:
X = pgrad f.

Calling ¢, the flow of X, it is easily checked that ;_, sends W; onto W, O

Proof of theorem 2.3.2. Let Z be the critical submanifold corresponding to ¢ and
U, be a small enough tubular neighborhood of Z in W. Let us now describe the
homotopy type of the pair

(W., W) nU,
Let furthermore N be the normal bundle to Z in W and E the negative normal
bundle along Z. Identify I, to a part of N, thus getting a projection p : U, — Z,
and call A, the image of F :
Ae = {'U € u;'v € Ep(v)}
and A7 the complement of Z in A, (see figure 2).

e

A \//E

Figure 2

Choosing a supplementary bundle D of E in N, it is now very easy to write
down a retraction N —~ D — FE, and it is not more difficult to prove the

Lemma 2.3.3 For ¢ small enough, there exists a retraction (by deformation)

(Wo, W) Uy — (Ae, AT).
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3 Connectivity of the fibers of the moment map

Let us begin by stating and proving the key result of [19).

3.1 Connectivity of levels

Theorem 3.1.1 If f is a nondegenerate function (in the sense of Bott) which has
no indez 1 or n — 1 eritical submanifold, then it has a unique local minimum and a
unique local mazimum. Moreover, all of its non empty levels are connected,

Proof. Use theorem 2.3.2: the homotopy type of W, can change only by crossing a
critical level, in which case it changes by adding to W, the negative normal bundle of
the critical submanifold. H it has index zero, that is if it is a local minimum, we add
a connected component. To connect all pieces later on, as W is connected, we must
go through a new critical level, for which the sphere bundle of the negative bundle
must be connected... but this is impossible except if the index of the submanifold
is 1. Thus it is seen that there can be only one local minimum, and, applying the
result to —f, only one local maximum

Moreover W,, and for the same reasons W — W, = {z|f(z) > a} are connected.
Assume V, = f~!(c) is a nonconnected level. Any component of V, thus defines a
nontrivial element in H,_,(W,) (any coefficients). But this group is zero: indeed,
if ¢ is strictly contained between the minimum and the maximum of f, the criti-
cal sublmanifolds of critical levels lower than ¢ all have negative normal bundle of
dimension < n — 2 which cannot create H,.,. D

3.2 Case of almost periodic hamiltonians
From theorems 2.2.1 et 3.1.1, one easily deduces:

Corollary 3.2.1 Let (W,w) be a compact connected symplectic manifold and let
H : W — R be an almost periodic hamiltonian. All levels H™(t) of H are empty
or connected. O

4 Application to convexity theorems

4.1 Proof of the Hausdorff-Ginsburg theorem

Recall its statement from the introduction:
Theorem 4.1.1 Let A be any n x n complex matriz, and let A\ € R"®. The image of

fa: Ha — C
X — ir(AX)

is a convez set in C.

Begin by proving a direct application of 3.2.1:
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Lemma 4.1.2 If (W,w) is a symplectic manifold and if f, and f, are two func-
tions, whose hamiltonian vector fields generate a relatively compact subgroup in the
diffeomorphism group of W, then the image of fi x f, is convez in R,

Proof of the lemma. Let H:W — R be any projection of f; x f;. Its hamiltonian
vector field generates a relatively compact subgroup, thus H is almost periodic. Its
fibers are connected... but all these fibers, when H varies, are all the intersections
of the image of f; x f, with the straight lines in R?. Hence this image meets any
straight line in an interval, thus it is convex. O

Proof of the theorem. Apply the lemma to
W=H,, fi=Refs, fo=Imfa.

The only thing we need to check is that the hamiltonian fields of f; and f, generate
a relatively compact subgroup in the whole diffeomorphism group of H,... it is
true because they are fundamental vector fields for the action of U(n) on H), the
generated subgroup then being a subgroup of the compact group U(n): indeed if one
writes A = U + iV with U and V hermitian, then fi(k) = tr(Uh), fa(h) = tr(Vh),
and f, is a hamiltonian for the vector field iU/, f, a hamiltonian for the vector field
iV, as we saw in 11-2.1.5. O

4.2 Convexity of the image of the moment map

Imitating the proof of lemma 4.1.2, we get Atiyah’s proof of the Atiyah {19} and
Guillemin-Sternberg [38] convexity theorem.

Theorem 4.2.1 Let (W,w) be a compact connected symplectic manifold, and con-
sider n functions fy,...,f. on W. Assume the flows of their hamiltonian vector
fields generate a subgroup in the whole diffeomorphism group of W whose closure
is a torus. Then the image of W by f = (f1,...,[n) is a convez subset of R".
Moreover if Zy,...,Zn are the connected components of the set of common critical
points of the f;’s, then f(Z;) is a point c; and f(W) is the convex hull of the points

Cj.

Remark. In particular, if g is the moment map for a hamiltonian action of the
torus T" on W, the choice of a basis of 7™ identifies t* to R™ and the components
of p to n functions fi,..., f, satisfying the hypothesis of the theorem. The image
of p cannot avoid satisfying its conclusion as well: it is a convex polyhedron in t*,
the convex hull of the images of the fixed points of T™.

Proof of the theorem. Following Atiyah, call respectively A, et B, the statements:
o f7Y(t) is empty or connected for all t € R™
o f(W) is convez
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in which n is the number of components functions of f.
First consider the diagram:

W jz(fi..,,)fn-l-l) Rn+l

L4

Rﬂ

where 7 is any linear projection. The hypothesis applies to g = 7o f: any connected
closed subgroup of a torus is a torus. As in the proof of 4.1.2, all f(W)Nnx~(t) =
f(g7*(t)) describe, when 7 and £ vary, the intersections of f(W) with all straight
lines in R™*!. By A,, g~!(t) is empty or connected, likewise its image by f, thus
f(W) is convex.

Let us now show by induction on n that A, holds. Theorem 3.2.1 is exactly A;.
Thus assume A, to be true. Let fy,..., fay1 : W — R be n + 1 functions satisfying
the hypothesis and let £ = (&,...,&.41) € R™. We want to show that

FHO =€) 0. N (Ean)

is empty or connected. By continuity, we may assume £ is a regular value of f: if f
has no regular value, one of the df; is a linear combination of the others*, we may
forget it and apply A,.

Then N = f{1{(&)N...N f71(&,) is a submanifold of W. By A,, we know it is
connected.

Let us now check that fa,uyn satisfies the hypothesis of theorem 3.1.1. Thus
consider its critical points on N, in other words the points of W where (on W) dfp41
is a linear combination of the df;’s: '

dfpgr = Z Aidf;.
=1

Let € N be such a critical point. The A;’s are constants near z. Put F =
fa+r = Z Aifi and let Z be the component of critical points of F' (on W) which
contains . The function F is an almost periodic hamiltonian on W as well, to
which we cannot refrain from applying Frankel’s theorem (2.2.1).

Lemma 4.2.2 Z aend N are transversal at .

Assuming the lemma to hold, then F|y has ZN N as a critical submanifold with
even index; but, restricted to N, F = f,41 — ¥ M\ié;, (and thus f,1) has the same
property. We may then apply 3.1.1 to f,41|n, from which it follows that

(fas1lW) Enpr) = N0 (Enn) = F7E)

is connected, hence A, ;4 holds.

4Any linear relation 3~ A;df; = 0 is the translation of a relation 3~ A; X; = 0 in the Lie algebra
of the torus generated by the f;’s: the A;'s are constants.
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Proof of the lemma. We must show that dfi(z),...,df.(z) are still independant
when restricted to Z. Let X,,..., X, be the hamiltonian vector fields associated
to fi,...,fn. They are tangent to Z because the Poisson brackets {f;, F} van-
ish, but Z is symplectic, thus for all (ay,...,a,), there exists Y € T.Z such that
w(Y 0;X;,Y) # 0, which may be equally well written 3~ o;dfi(Y) #0. O

To finish with the proof of the convexity theorem, we have only to prove the last
assertion. Let Z; be a connected component of the fixed points of the torus T gen-
erated by the hamiltonian vector fields Xy,..., X,. On Z;, all the X;’s vanish, thus
all f’s are constant, this explaining why f(Z;) is a point ¢; in R™. Consider real
numbers Ay, ..., A, generic enough in order that the one parameter subgroup gener-
ated by X =3 A\ X; is dense in T" and let ¢ = ¥ )A; f; be an associated hamiltonian.
Then Z is the critical set of ¢, in particular the maximum of ¢ occurs on Z: hence
the restriction of the linear form ¥ A\;§; on R” to f(W) reaches its maximum at one
of the ¢;’s... and this true for almost any JA;, thus the image of W is contained in
the convex hull of points ¢;. We already know that it is convex and it contains ¢;
by definition, so we are done. O

Remark. Hence the vector fields X;,..., X, have common zeros (in other words
the torus action does have fixed points): it follows from the theorem that Z is not
empty, moreover, there may be a lot of those fixed points, as the following corollary
shows.

Corollary 4.2.3 Let T be an n-dimensional torus acting in an effective and hamil-
tonian way on a compact symplectic manifold (W,w). The action has at least n + 1
fized points.

Actually, we noticed in II-3.4.3, as the action is effective, that there exists at
least one point at which the moment map p is submersive, and thus open. Hence
the image p(W) is a convex polyhedron with non empty interior in R™, thus has at
least n 4 1 vertices, which cannot avoid being the images of at least as many fixed
points. O

This corollary generalises the remark we made for n = 1 at the beginning of
I1-3.4.

4.2.4 Orbits, stabilizers and the image of the moment map. The polyhedra
we get as images of moment maps are rather special ones. Applying the equivariant
version of Darboux’s theorem, we shall now investigate them and especially look at
the “equations” of their faces.

Let z be a fixed point of the hamiltonian action of torus 7™ on the symplectic
manifold W. The group T™ acts in a linear way on T,W asin (1) :

T.W=Vo...0V,
where each V; is a complex line on which T™ acts by multiplication:

t.v; =%y
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with t'= (41,...,5,) € T" = S'x ... x5' CC", & = (a},...,a}) € Z" is a
multi-exponent.

Call moreover a; the element of t* defined by

(i, €5) = @}

where (e1,...,€,) is the basis of t defined by the above decomposition.

More intrinsically, the T-action on V; is defined by its character o; : T — S%;
differentiate, transpose, thus getting a map R — t*, and o is the image of 1, the
weight of the representation.

Proposition 4.2.5 Let p = p(z) € t*. There ezists a neighborhood U of z in W
and a neighborhood V of p tn t* such that

l‘(u) =¥Vn Cp(ala LS an)

where Cp(ay, ..., 0,) denotes the convez cone with vertez p generated by (ay, ..., a,)
in t*.

Proof. Apply first Darboux theorem in its equivariant form (1I-1.3.3) near the fixed
point z: the exponential of any invariant riemannian metric

exp: T,W — W

conjugates the T-action on W and the linear action on T,W described above. More-
over it sends a neighborhood U of 0 in T,W on a neighborhood ¢ of zin W. If Uy
is small enough, one finds a T'-equivariant map

¥ : (Up, 0) — (T.W,0)

such that ¥* exp*w = wy.
We now have two moment maps:

piTWol BDu L e

on the one hand, and po : T,W — t* associated to the linear action on the other
hand. They differ only by a constant vector, we may thus fix go(0) = p'(0) = u(z) =
p in order that they agree everywhere.

Of course we have:

1.2 . LI
Po(vla- .. 1vn) =p+ '2'(2“'1 ‘vl"z 3o ,Zd:‘ |vi|2)
=1 f=1
and hence the image of U by ¢ (as that of Up by p) is the cone p+ 3%, wia; (u; > 0).
0
Assume the action to be effective, thus the interior of the polyhedron P under
consideration is non-empty (u being a submersion at some point).
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Corollary 4.2.6 The hyperplanes which delimit the polyhedron P in £ have integral
equations. D

This statement may be understood, either in coordinates, or, in a more intrinsic
way, as follows: any hyperplane equation in t* may be writen as (X, £} = a for some
X € tand a € R; and in our case we can assume that X generates a circle Sx in T
(expX =1).

Choose one of these hyperplanes, say H, and such an “integral” vector X. The
vector field X is periodic and is the symplectic gradient of the function

z — (X, p(z)) = fix(2).
Let F C H be the face of P which is contained in H. Consider g~!(F). By the
very definition, fiy is constant on p~!(F), that is to say that the circle Sy fixes all
points of p~!(F), which is thus included in the union of the fixed submanifolds of
Sx, and hence is a symplectic submanifold of W,

As the T-action on W is effective, T/Sx is a torus with an effective action on
p~1(F). The open set consisting of principal orbits corresponds to those points z of
g~ 1(F) for which Im T,u = H (it is always included in H). In this case, (Im T, ¢)° =
6y is indeed the Lie algebra of the stabilizer and in particular dim pg~1(F) = dim H—
1. The moment map of the T/Sx-action on u~!(F) is obtained from

e the exact sequence of groups
Sx T — T/Sx

e which may be differentiated, giving the exact sequence of Lie algebras
08y —t— t/s5y —0
¢ and then transposed to
0 (t/sx)* — g* —r 6% — 0

which exhibits (t/sx)* as a hyperplane of g* (parallel to H!). The moment map g,
which takes its values in this hyperplane (up to translation), is the moment map for
the action of the quotient group.

4.3 Application: a theorem of Schur on hermitian matrices

We shall apply the convexity theorem to the action by conjugation of the torus of
diagonal unitary matrices on hermitian matrices. Thanks to 11-3.3.10, we already
know that the moment map of this action is:
H, — R®
B — (hig,.eeyhnn)
and the convexity theorem says:

Corollary 4.3.1 ([62], and also [49,18,38]) Let h be a hermitian matriz with
spectrum A = (Ay,...,A,) € R* and let § = {(/\,(1),...,/\,(,.))|a€ G"}. Then

the diagonal of h is in the convez hull § of S. Reciprocally, any point of S is the
diagonal of a hermitian matriz with spectrum A.
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Proof. The only thing we have to check is that the points in S are the fixed points
of T on H,. It is thus enough to prove that an element % of H) is fixed by T if and
only if it is diagonal, but this is clear. O

g

Figure 3

Remark. We have hyy + -+ + hyp = trh = Ay 4+ -+ + A, constant on My, in
particular, its image is included in a hyperplane and the action is not effective.

In the case n = 3, figure 3 shows some examples.

In the first picture, the three eigenvalues are distinct, ), is the manifold of
complete flags in C® and the image is a hexagon. In the second one, there are only
two distinct eigenvalues, H) is a complex projective plane and the image a triangle.

4.4 Application: a theorem of Kushnirenko on monomial equations

We now want to discuss the Kushnirenko theorem, stated in the introduction. Con-
sider a finite set S C Z™ of multiexponents and the system of n equations and n
unknowns:
@) Y e =0

a€S
where 1 < j < n, the parameters c’s are complex and the unknown z sits in the
complex torus (C*)".

Theorem 4.4.1 The number of solutions of (2) for a general enough choice of the
coefficients ¢, is

N(S) = nlVol(S)
where S denotes the convez hull of S in R™.

I shall only give a sketch of a proof due to Khovanski and Arnold, and explained
by Atiyah in [19].
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Let N = card S, and let ay,...,ay be the elements of S. The complex torus
(C*)™ acts by
3) t-(z1,.0.,28) = (12, ..., 1"V 2N)
on C" and by the same formulas on PV-1(C).

Consider the orbit X5 of the point [1,...,1] of PN~-1(C). It is parametrised by
21 =1",...,zy =1V t € (C)".

Its closure Xg is a complex algebraic (in particular symplectic) submanifold of
PN-1(C).

The (real) torus 7™ C (C*)* acts on X with moment map
p: Xs cPN1(C) &5 RN E Re
where

1
po(lz1,- .-, 28]) = W(lzl RPN
is the moment map for the linear (diagonal) TV -action and proj the (integral) projec-
tion RN — R™ defined by the transposition of the inclusion 7" C TV (see poposition
11-3.2.8): the matrix of proj is the matrix of the N column vectors (ay,...,an) of
S. In particular the points ey,...,qa, of Z* C R" are the images of the points
[1,0,...,0],...,[0,...,0,1] of P¥-}(C) by proj o .

In the case of PN~1(C) and more generally on any Kihler manifold, Atiyah’s’
paper [18] contains a theorem more precise than 4.2.1, which says here that the
N points under consideration are in Xs and are exactly the fixed points of the
T"-action on Xs. It is not very hard to check it directly in our case (exercise).

Thus p(Xs) = 3, the convex hull of these points.

Consider in the same framework the system (2). Its solutions are the intersection
points of Xg¢ and of the projective subspace V with equations

N
Yodzu=0 (1<j<n).
i=1
If the ¢’s are generic, the subspace V has codimension n, is transverse to X,
and does not meet Xs — X5 (which has dimension < n). Thus (2) has a finite
number of solutions, and this number is the intersection number of V and X (at
least if the (o — B)agses generate the lattice Z™), which is also the degree of the
algebraic submanifold Xs.
If w is the standard symplectic form of PN~1(C), it is both classical and easily
checked that

An

w —
= nlVol (Xs)

N(S)=deg)—(s=/xsw"" ="!/xs
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(see the calculation of the cohomology ring of PN-}(C) in chapter V).

But the moment map p : X5 — § is a fibration, with fiber T having volume 1,
thus Vol (Xs) = Vol (S) and we get the desired result.

In order to make this proof correct without using Atiyah’s theorem which we did
not prove, we must be able to reduce to the case where

1. Xg is smooth,
2. the o — B generate Z",

both conditions which we implicitely assumed. Note first that if the a — 3’s generate
a lattice of dimension < n, the two sides of the equality we want to prove vanish, On
the other hand, if they generate a finite index lattice in Z", we may reduce to the
case where they actually generate Z" by using a finite branched covering of X...
the same branched covering making Xs smooth®.

SActually Xg is the toric variety associated with the polyhedron 5 (see chapter VI).



Chapter IV

About manifolds of this
dimension

My aim in this chapter is to present some of the many recently proven results about
4-dimensional manifolds.

The first classification theorem is due to P. Iglesias [43], who made a list of all the
compact symplectic manifolds of dimension 4 which have an SO(3)-action which is
symplectic'. The SU(2) case is handled in almost the same way (and is even easier,
see appendix A). Then, T. Delzant [31] worked out the case of hamiltonian T2
actions, as a special case of a rather general result which we shall come back to in
chapter VL. In both cases, the inequality in II-(9) is an equality: the dimension of
the manifold is as small as possible.

The case of S'-actions is somewhat different. All $*-actions on 4-manifolds were
classified by Fintushel [35] a long time ago. Of course the symplectic (and even more:
hamiltonian) character of the actions under consideration here changes the lanscape,
mainly because, as we have already said, one can use Morse theory to study the fixed
points. Free (principal) actions were investigated in detail by A. Bouyakoub [25]. It
is reasonable to think that fixed point free actions may be handled in grosso modo
the same pattern. Of course these actions do not have the ghost of a chance to
be hamiltonian (all manifolds under consideration are compact). Actually, a very
beautiful application of the fiber connectivity theorem (I11-3.2.1) and of other tricks
was given recently by D. McDuff [55): in dimension 4, an S'-action is hamiltonian
if and only if it has fixed points. These methods allowed the author to easily give a
classification of those 4-manifolds which may be given a symplectic form invariant
by an S'-action with at least one fixed point [21]2.

I shall begin by explaining the proof of the theorem of D. McDuff [55], then I
shall explain some of the results just mentionned.

All the S'-manifolds under consideration are endowed with invariant metrics and
calibrated almost complex structures.

11t is necessarily hamiltonian according to 11-3.2.6.

2A longer and less geometrical proof of some of the results in [21] has since written down in a
preprint [17].

75
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1 Characterisation of those circle actions which are hamiltonian

1.1 Statement of the theorem

In the paper [36] which we already met in chapter III, Frankel also showed, using
Hodge theory, that, on a Kéihler manifold®, a circle action preserving the Kahler
form is hamiltonian if and only if it has a fixed point. Here is the very beautiful
theorem of D. McDuff proven in [55):

Theorem 1.1.1 Let (W,w) be a compact symplectic manifold of dimension 4, en-
dowed with an S'-action which preserves the symplectic form. Then, either the
action has no fized points and W is the total space of a bundle over S*, or it has at
least one and it is hamiltonian.

Remark. A. Bouyakoub had shown, in the case where the action is free and in {25,
that the manifold is a bundle over the circle.

1.2 Proof
Sketch of the proof.

1. It suffices to investigate the case where the cohomology class of the form [w]
is integral.

2. In this case, there exists a map h, taking values in S, which generalises the
moment map and has all the properties of a periodic hamiltonian (from the
Morse theoretical viewpoint).

3. Assuming the action not to be hamiltonian, one deduces, by an argument
similar to III-3.2.1, that A has no local extrema.

4. By a nice argument using Euler classes of Seifert manifolds (I-3.4), one shows
that there are no critical points at all.

Proof.

Proof of 1. The set of all invariant symplectic forms 7 such that ixn is exact is
a closed subset in the set of all invariant symplectic forms. On the other hand, as
close to w as one wants, there is an invariant symplectic form whose cohomology
class is rational. Hence we get the existence of an invariant rational symplectic form
w', such that, if ixw is not exact, then ixw' is not either. As o' is rational, multiply
it by a large enough integer N making it integral (it stays symplectic). Of course
ix(Nw') is as exact as ixw' is. Hence there exists a hamiltonian for w if and only if
there exists one for Nw'. Rename Nw', giving it the sweet name of w. O

3s¢ee the definition in 11-1.5.3.



Hamiltonian circle actions 77

Proof of 2. As w is integral, the closed 1-form ixw is integral as well: if C is any
1-cycle, then ¢C, got by pushing C with the S'-action is a 2-cycle, and

/ixu):/ w.
C »C

For any z, (fixed) in W, the function h(z) = [ ixw is thus well defined modulo Z
and defines a map h : W — S with h*df = ixw.

The map h has the very same properties as a periodic hamiltonian: restricted
to any W — h~1(9), it is a periodic hamiltonian. In particular, Frankel’s theorem
(I11-2.2.1) applies in this (slightly more general) situation. O

Proof of 3. Suppose that the action is not hamiltonian, in particular that & is
surjective. From Frankel’s theorem, one derives, similarly to the proof of 111-3.2.1,
that the number of connected components of the fibers of % is constant: it may only
change by critical submanifolds of index 1 or n — 1... which do not appear here,
because all have even indices. If & is surjective, there is no local extremum. O

Proof of 4. Let us now use the dimension hypothesis, enumerating possibilities for
the critical submanifolds, their dimensions and indices. They are either surfaces or
isolated points. The index of any critical surface, being even, may only be 0 or 2, so
the critical surfaces are extrema, but we just exclued that case. We still have only
isolated critical points, the indices of which cannot be 0 nor 4... in short: the map
b has, at most, isolated index 2 critical points.

Near such a point, the action may be linearised as usual:

(1) t-(z,y) = (Pz,t7 %)

where t € S!, (z,y) € C? and p and ¢ are nonnegative integers which we shall
assume to be relatively prime (reducing to the case of an effective action).

Consider two regular values a and b of & between which there is only one critical
value c. The fibers V, and Vj are 3-dimensional submanifolds of W, to which the
vector field X is tangent without vanishing, so they are Seifert manifolds, exactly
as in the case of a genuine hamiltonian.

The trick to end the proof is the following: one shows that the Euler class of V;
is strictly larger than that of V;, hence, if some critical points actually appear, we
get a nondecreasing function. .. defined on the circle, which is absurd: after a while,
one has to come back to V,. O

It suffices thus to prove the

Lemma 1.2.1 With notations as in (1), we have:

e(Va) — e(Va) = —piq
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Proof of the lemma. We study the surgery which allows us to go from V, to V;.
Consider D} x D2 c C2.

Van(D2 x D}) ~ D2 x S}

using notations I hope to be clear, where one can see a type Z/q fiber (which I shall
consider as exceptional even if ¢ = 1). Also

Vin (D2 x D}) ~ S. x D}

where now y = 0 is the exceptional (at least if p > 2) type Z/p fiber.

Hence, for any critical point at the level ¢, described by (1), surgery replaces an
exceptional type Z/q orbit by a type Z/p orbit.

Let u and v be the smallest positive integers such that

(2) pv—qu=1.

Then by definition, (see 1-3.3.1), the Seifert invariants of the orbit = = 0 in V, are
(g,v), those of y = 0 in Vj are (p,u). The other possibly exceptional orbits are the
same in V; and V,, and, calculating as in 1-3.4.4;

V) —e)=- Lo -2l
)

u]

2 Symplectic reduction of the regular levels for a periodic hamiltonian

Let H be a periodic hamiltonian on a 4-manifold. We know that the regular levels of
H are Seifert manifolds V;, and that enough is kept over from the smooth structure of
V, after forming the quotient to enable us to say that the quotient B, is a symplectic
orbifold (see II-3.6.6).

The previous section gave us a hint of what was happening to V, when going
through a critical value of H and we shall now concentrate on the adventures of B,
during the same operation.

2.1 What happens near an extremum

2.1.1 Near an extremum reached on a surface B. Call L the normal bundle
of B in W, considered as a complex line bundle over B. Near each point z of B,
both the action and the symplectic form are conjugate to the linear ones

W =T1TB e L
t-(u,v) = (v , ™)

where m equals +1 because of effectiveness (the sign depending on the kind of
extremum we are dealing with). The V,’s (for a close to the critical value) are the
circle bundles of L, the action is principal, and the quotient is identified with B.
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2.1.2 Near an extremum reached at an isolated point. With the very same
method, we find ourselves in C2, with

t-(u,v) = (t"u,t"v)

where m and n have the same sign and are relatively prime. The hamiltonian
may be written H = 1(m [« + n|v)*). The levels close to the critical one are
ellipsoids (topologically $%). If m or n > 2, there are one or two exceptional orbits.
Considering

V. — PI(C)

(v,v) = [u™,v™]

one sees that the quotient surface of these regular levels is a sphere S2.

2.2 What happens when going through a critical value

As we are able to say that we are going through it, it follows that the critical level
corresponds to some index 2 critical point.

One more very beautiful remark due to Dusa McDuff is that the topology of the
quotient surface does not change:

Lemma 2.2.1 ([55]) Let a and b be two regular values of H. There exists a smooth
map
x: HY([a,b]) — By

such that

1. my, : Vi — B, is the quotient map.
2. For any regular value t of H, there ezists a homeomorphism p, making the
following diagram
Vo ¢ H7'(a,b)
i ir
B B,

commaule,

Proof. The lemma is obviously true when there is no critical value between a and
b, because we merely need to push using the gradient flow of H to get

H™'([0,8) 23 v; 22 B,

with the desired properties.

Then, it is enough to prove the lemma in the case where there is only one critical
value between a and b. For this, we shall try to show, as above, that the topology
of V;, does not change (!) and to understand where we are wrong.

Let us thus try to prove that it is possible to retract H=1([a, b]) on V; by pushing
along the gradient flow.

If we push by the gradient up to the level b, any point of H~!([a,?]) has an
image @(m) which is well defined in V;... except those which fell into the hole,
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Figure 1

more precisely those of the stable manifold of a critical point at the level under
consideration.

If the action is written (tPz,t"%y) in the neighborhood of a critical point we
identified with C?, the points of the y-axis are those which are forced to stay on
the critical level. Associate with them the “points of the x-axis which are on V}”.
Of course, this does not define a map into V;... but notice that all these points lie
in the same S'-orbit in V4, so that we have a perfectly well defined map into the
quotient By, which is easily checked to have the required properties. O

Exercise 2.2.2 Let H be a periodic hamiltonian on a compact symplectic manifold
W. Consider a neighborhood of a critical submanifold Z with signature (2, 2n), that
is, such that, in the directions transverse to Z, the action may be linearised as

te (241,00 00n) = (P2, 17Uy, .. 17y,

where p and the g;’s are > 0. Show that there exists, for small enough ¢ and for all
t such that 0 < |t] < &, a commutative diagram of maps

Vi c H—l(['ev 5])
! 1
Bt 'i“’ Be

2.3 First applications

If the maximum of H is reached on a surface B,,,,, nothing prevents us, in the
previous proof, from following the gradient until the end.

2.3.1 If the minimum and the maximum of H are both reached on a surface, we
get in the very same way a smooth map

7: W — Bhax

and homeomorphisms
Pt : Bt - Bmar
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(as long as t is not the image of an index 2 critical point) making the diagram

Vi ¢ W
l i=

P
B, = B

commute. In particular, B, and B,,,. are two copies of the same surface.

2.3.2 If one of the extrema is reached at an isolated fixed point, then the other
one is reached either on a sphere, or at an isolated critical point.

2.3.3 A consequence of a previous lemma. If the action is semifree (i.e.
without any exceptional orbit) it has at least four fixed points.

This result is actually obvious if the minimum is reached on a surface. Suppose it
is reached at an isolated point. As the action is semifree, it may be written near this
point: t-(z,y) = (tz,ty). In particular, the Euler class is —1 (it is the Hopf fibration
see 1-3.2.3). There must be an index 2 critical point, otherwise, with an isolated
maximum, W would be a sphere $*, which would prevent it from being symplectic.
At the first index 2 critical point, and again because the action is semifree, the
integers p and ¢ both equal 1. According to lemma 1.2.1, the Euler class is zero, but
it is then impossible that the maximum is the only critical point left, as there is no
action of S* on S with a zero Euler class. We have shown more precisely that if

both extrema are isolated, the action has exactly 4 fixed points (see more generally
V-3.2.3).

2.4 What happens when there are only two critical values

2.4.1  One possibility is that one is reached at an isolated point, and then the
other one is reached on a sphere (and not at a point, as $* is still not symplectic).
Then all the regular levels are $3’s, with, when looked at from the isolated critical
point, an action as (t™z,#"y)... but on the other side they are principal bundles
over S%, thus m = n = 41, and each bundle over $2 is the Hopf one.

In this case the manifold W is P#(C) and the action that of S* by ¢ - (z,y) =
[tz,y,2]. This is a special case of a result due to T. Delzant [31].

2.4.2 The other possibility is that the two critical values are reached on two copies
of the same surface B. Each regular level is the circle bundle of the normal bundle
L of B, in W.

The manifold W is obtained by compactifying the vector bundle L, that is by
adding a section at infinity, Bmaz.

Look more carefully at this example to be convinced that there actually exists
a symplectic manifold with a hamiltonian $'-action, and which looks like what we
have just described.

In order to add a hyperplane at infinity to a vector space E, the easiest thing
we can do is to projectify E @ C. Here we do this in each fiber, which means that
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Figure 2

we consider

P(L@1)={(z,])|z€B,ic L, ®C}

where 1 denotes the trivial complex line bundle over B, and, for any z € B, L, is
the fiber of L at 2.

The map (z,1) + z defines a projection onto B, which fiber is P!(C), moreover
there are two inclusions (sections) of B in P(L @ 1):

o the “zero section” z — (2,0 ® C),
o and the “section at infinity” z — (2, L, @ 0).

There is also a natural $-action on P(L @ 1):

t-(z,v, u]) = (z’ [tv, u])

(in “homogeneous coordinates”) which admits both sections v = 0 and u = 0 as
fixed points submanifolds. We must still construct a symplectic form. There are a
lot of different possible ways to do this but the one I shall give was suggested to me
by P. Iglesias (and is analogous to a classical construction we shall meet again in
V-3.1.1).

If L is trivialisable, P(L&1) & B x P!(C) and one can take a product symplectic
form. Suppose then that L is not trivialisable. Endow it with a hermitian metric,
which will allow us to consider its unit circle bundle 7 : S(L) — B with the circle
acting by rotations in the fibers as an S*-principal bundle. Let e € Z be its Euler
class. Fix a volume form 75 on the oriented surface B. One can find a unique real
number A such that e = A fp 7, in such a way that X is zero exactly when the bundles
L and S(L) are trivialisable: we thus assume that A # 0.

We shall see in chapter V (exercise 2.4.3) that it is then possible to find an
invariant 1-form a on S(L) such that

e if X is the fundamental vector field of the S'-action, ixa = 1.

o da = 7*(An).
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Consider now P!(C) with the S-action t-[e, b] = [a, b] and the usual symplectic
form we. Choose a moment map H for this action and put:

@ = d(Ha) + wo.

This is a closed 2-form on S(L) x P!(C).

Look at the kernel of &. Consider a point (u,v) € S(L) xP*(C), and two tangent
vectors

U, V),(U', V') € T.S(L) x T,P(C).
Then (U, V) is in the kernel if and only if
v(U', V'), (d(He)+wo)((U,V), (U'v V) =0.
But

(d(Ha) + wo)((U, V), (U, V"))

I

dH(V)a(U") — dH(V")a(U)
+H(v)da(U,U") + wo(V, V')

(—c(U)dH + ivawo) (V)
+(dH(V)a + Hw)ipda)(U').

Hence (U, V) is in Ker & if and only if

0

3) { —a(U)dH + iywy 0

dH(V)a + H(v)iyda

That is: fywo = taw)xwo calling X the fundamental vector field on PYC) as
well, for the first equation, which is equivalent to V = o(U)X; while the second
equation in (3) gives, as dH(X) =0, H(v)iyda = 0.

If we were careful enough to have chosen a function H which does not vanish on
P1(C), the second equation gives iyda = 0.

From the definition of o (where 7 is a volume form, in particular nondegenerate),
we know that the kernel of da is generated by the vector field X hence U = pX and
V = a(U)X = pX for some real number p.

We are thus led to consider the diagonal S'-action on S(L) x P}(C), the funda-
mental vector field of which is X = (X, X).

Exercise 2.4.3 Show that ix&@ = 0 and that Lx& = 0 (a formally identical
assertion will be proved in V-3.1.1).

One deduces that & descends to the quotient as a symplectic form w on S(L) xg
PY(C) (as long as H does not vanish).
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Exercise 2.4.4 Show that

1. The ma
P S(L)xPYC) — P(L@1)
((z,0),[a,B]) +— (2,]av, b))

induces a diffeomorphism
S(L) xs1 P}(C) — P(L®1)

2. The symplectic form w so defined on P(L @ 1) is invariant by the action we
considered above (¢ - (z, [v,u]) = (z, [tv, u})).
3 Blowing up fixed points; creation of index 2 critical points

3.1 Blowing up 0 in C?

Consider the space one gets by replacing, in C?, the point 0 by the set of all straight
lines through it.

it — e

Figure 3

In other words consider
C? = {(v,))}jv € I} C C? x P}(C).

This is the tautological line bundle over P!(C), but we are looking at it from
the viewpoint of its projection onto C2.

c 5L
(v,l) — v

If v # 0, #~'(v) contains only one point: v defines one line; but if v = 0, there
is a whole P(C) above. It is called the exceptional divisor.
The space C? is a complex manifold: it may be described by the algebraic
equation _
C? = {((z,y), [a, b)) lay — bz = 0}

it is also easy to find local coordinates for it
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e if b# 0, put u = §, then
c: — C?
,w) — ((up,9),w1])
is a diffeomorphism onto its image.
e one would write just as easily local coordinates where a # 0.

1t has symplectic forms, induced by those of C? x P!(C). It is moreover possible
to construct symplectic forms inducing the standard form of C? outside any given
disc centered at 0 (more generally see [54]).

This allows, via Darboux, to blow up any point in any 4-dimensional symplectic
manifold and to obtain new symplectic manifolds.

The following exercise gives a way to construct such a symplectic form.

Exercise 3.1.1 Let w, be the standard form on C?2, w; that on P}(C). Consider
Ct 4, ¢? x PY(0)

and define, for any r > 0, 3, = j*(w1 + rwy). Check that it is a symplectic form on
C?, which gives volume r to the exceptional divisor.
Let D, be the radius r ball in C? (Jz|* + Jy|* < r) and let
fi + C?2-D, — C2-0
v (e

be the radial diffeomorphism. Identify C2 —0 with C? — 7~1(0) (via 7). Show that

f:Q,- = wy|C2-D,-

Here is now, in the spirit of 2.2, an other way to describe the blow-up. Let us
come back to the situation of exercise 2.2.2 and suppose W = C3, Z = 0, n = 2,
and p = ¢; = ¢; = 1; in other words, we want to study the S'-action on C? by

t-(z,y,2) = (tz, 1y, 12).
Choose the hamiltonian H such that H(0) = 0.

Exercise 3.1.2

1. Show that the regular levels
Vo= H7Y(=€?), Vi=H'()

are respectively diffeomorphic to $% x C and to S x C2.
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2. Write down the S™-action in these models and check that the quotients are
B_=C?et B, = C2
Using the gradient of H as in 2.2 and exercise 2.2.2 we get a map
C®— B,
which

¢ may be restricted to V. — B, and descends to quotient as a map B_ — B,
which is precisely the blow up C? — C2.

® may be restricted in V. — B, which is the S'-quotient.

Exercise 3.1.3
1. Show that the quotient By of the critical level V; is smooth and symplectic.

2. Consider the reduced symplectic form on B, = H™(t)/S* (with t < 0 in such
a way that B; = C2?). What is the volume of the exceptional divisor?

When t varies staying < 0, we thus get a one parameter family of copies of c?
with an exceptional divisor having smaller and smaller volume. .. until it disappears
for t > 0 where C2 becomes a C2. This remark together with the results of exercises
2.2.2, 3.1.2 and 3.1.3 are particular cases of results to be discussed in V-4.

3.2 Extension of an S'-action
Consider the circle action near a fixed point, as linearised by Frankel, that is:
t-(z,y) = (tP=,t7%)

for some relatively prime integers p, ¢ to be made precise. Blow up the fixed point
(0,0) € C2. 1t is clear that the S'-action can be extended to C? by

t-((z,y),[a,8]) = ((tP=,t7%), [t7a,t778)).

Remarks:
o OQutside the exceptional divisor (z = y = 0), nothing new happens.

o In the case where the blown up fixed point lay on a fixed surface, assuming
that p = 1 et ¢ = 0 (5o the hamiltonian action is effective), the strict trans-
form of the fixed points surface z = 0 is a fixed points surface as well (the

((0,),[0,1])).
We added the new fixed point ((0,0),[1,0]), near which, in local coordinates
(z,v) (where v = bfa and y = vz), the action is written

t-(z,v) = (tz,iv)

where we see that it is an index 2 fixed point.
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=

Figure 4

e If p > 0 and ¢ > 0, the blown up fixed point is an isolated index 2 critical
point for H, which we shall call critical point or type (p,q) fixed point. The
blow-up replaces it with two fixed points: ((0,0),[0,1]) of type (p + ¢,9) and
((0,0),[1,0]) of type (p,p + q) (as is easily seen writing the action in standard
local coordinates) connected by a gradient manifold* (the exceptional divisor).

o If p and ¢ have opposite signs, then the blown up fixed point was an isolated
extremum of the hamiltonian. Changing signs if necessary, the action may be
written:

t- (:!:, y) = (tmz’ tny)

where m and n are > 0 and relatively prime (the fixed point is a minimum
with these signs). The action on C? is:

t ((z1 y)’ [a$ b]) = ((t’"m,t"y), [tma,t"b]).

— When m = n = 1, the whole exceptional divisor consists of fixed points;
we replaced an isolated fixed point with a fixed P!,

~ Otherwise, one may assume that m > n > 0. Then the point ((0,0),[0,1])
is a minimum, near which the hamiltonian action is written (#™~"u, t"y),
and the point ((0,0),[1,0]) is an isolated index 2 critical point of type
(n,m —n).

3.3 Gradient manifolds and exceptional divisors

The blowing up of an index 2 critical point gives us the following situation:

¢ Before blowing up (figure 5) the gradient manifolds are the y-axis, stable
manifold of the fixed point, the points of which have stabilizer Z/q, and the
z-axis, unstable manifold of the fixed point, the points of which have stabilizer

Z/p.

4That is: the closure of the stable or unstable manifold of some critical point.
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z/ Z/p

Figure 5

Figure 6

o After having blown up (figure 6) we have two critical points, the u-axis (on
the x side) and the v-axis (on the y side) are the two discs which form the
exceptional divisor. The latter is actually the gradient manifold connecting
the two fixed points.

This is of course a general fact:

Proposition 3.3.1 The gradient manifolds of H joining an index 2 critical point
to another indez 2 critical point or to a point of a critical surface are all symplectic
(actuelly almost complez with tangent space generated by X and JX ) smooth spheres
$2. 0

4 4-manifolds with periodic hamiltonians
We now have introduced all we need in order to understand the topology of the

manifolds under consideration: they will be organised (reconstructed) around the
S? spheres which are the gradient manifolds.

4.1 Description
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4.1.1 In 2.4, we constructed examples of compact symplectic manifolds endowed
with periodic hamiltonians: all the P(L & 1) (with two surfaces as the set of fixed
points), and P?(C) with an isolated fixed point and a fixed sphere.

On P2%(C), there are plenty of other periodic hamiltonians, for example the most
famous Morse function in the world (because it is investigated at the beginning of
[14]) is one of them. This is the function

mla|’ +nlyf’

e = o e e

it is a hamiltonian for the S*-action
t-[z,y,2] = [t"z, 1"y, 2]
which is effective as soon as m and n are relatively prime, and which has three fixed

points when m and n are distinct and nonzero.

Similarly, when the base space B of the bundle L is a sphere, we may combine
an $*-action on B and the action in the fibers to get more complicated actions on
P(L @ 1). Consider the “Hirzebruch surfaces”

W = {(la, 8], lz,y,2]) € P(C) x P(C)|a*y = t*z}
with the induced symplectic form and the $'-action
t-(la, 8, [z,9, 2) = ([t"a, Y™z, y,1"2])
Exercise 4.1.2

1. The projection P*(C) x P?(C) — P(C) actually makes W a P!(C)-bundle
on P}(C) (from chapter V (appendix B), it will be clear that W may be called
P(O(k) @ 1)).

2. Show that in general the action just described has four isolated fixed points;
the case where m = 0 and n = 11 is a special case of 2.4.2.

Now that we have got all these examples, which we shall call the basic examples,
we are able to state the results we want to prove.

Theorem 4.1.3 Let W be a closed 4-manifold, endowed with an St-action whose
fundamental vector field is denoted X and on which there ezists a symplectic form
w and a function H satisfying ixw = dH (in other words such that the action is
hamiltonian for some symplectic form). Then there ezists a finite sequence

Wo Wy e— oo & W = W

where each W; is @ manifold having the same properties, each m; is the blow-up of a
fized point of the S-action on W;_,, and Wy is one of the basic ezamples.
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From the method of the proof, one can also derive the two following amusing
results:

Theorem 4.1.4 Any (oriented) Seifert manifold (with oriented basis) is a level of
some periodic hamiltonian on a compact 4-dimensional symplectic manifold.

Theorem 4.1.5 Let W be a compact symplectic manifold of dimension 4 endowed
with a hamiltonian S'-action. Then there exists @ hamiltonian T2-action extending
the given action (for some way of embedding S* as a subgroup in T?) if and only if
both following conditions hold:

1. one of the regular levels has a sphere 5% as symplectic reduction

2. no level of H meets more than two gradient manifolds.

The T?-action is then unique.

Remark. Both conditions are necessary as soon as the image of W under the mo-
ment map of the T?-action is a convex polyhedron (see 111-4.2.1).

In the sequel of this chapter, I shall prove theorems 4.1.3 and 4.1.5 in the special
case where the S'-action has two surfaces of fixed points, and theorem 4.1.4, With
a little care, the very same method makes possible to prove the results in complete
generality, as the reader may convince herself or himself by looking at [21].

The fundamental construction is that of plumbing.

5 Plumbing

The submanifolds on which the extrema are reached, and the gradient manifolds
as well, are (almost complex) surfaces with normal bundles which describe their
neighborhoods in W. Plumbing was created precisely to handle this kind of situation
(see for example [59,42]).

5.1 Plumbing of disc bundles

Let E; — By and E; — B, be the disc bundles of two complex line bundles on
surfaces. Choose two discs Dy and D, resp. in By and B,. We know that the
bundles E; and E, are trivialisable, over D, (resp. D;) as well as over By — D
(resp. B; — D). Choose trivialisations

By, = DixB® = B’xB?
Eﬂln, =3 D2X32 =3

using which it is possible to glue... inverting factors.
There is a small problem in defining the structure of a smooth manifold on the
space we get this way: one has to smooth corners, but this is not very difficult (see

[42]).
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We thus get an almost complex 4-manifold with boundary, which contains the
two surfaces B; and B;, with normal bundles E; and Ej, the diffeomorphism type
of which is well defined by that of By, B; and by the bundles.

Nothing prevents us from iterating, even reiterating the processus. For example,
any graph defines a manifold said to be plumbed along the graph: the vertices
correspond to the bundles to be plumbed and one has to plumb two such bundles
when there is an edge connecting the two corresponding vertices.

5.2 Equivariant plumbing along star-shaped graphs

When the graph has the shape of a star, it is possible to endow the manifold plumbed
along it with an $*-action.

5.2.1 S'-action on pieces. If the basis B of the disc bundle F is not a sphere,
endow it with the trivial S'-action, then the circle acts by rotation in each fiber of
E.

Otherwise, if B is an §2, write

$?=85tus?
where
$1={zeCll <1},
S?2 ={z€eCUo||z| 21} {z € C||z| L1}
and
E = (5% x B*) U, (52 x B?)
with

p: S'xB?* — S'xB?
(z,u)  +— (2,0.(n)
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where S* = S3 NS? and ¢, € SO(2) for all 2. The isomorphism class of the bundle
is well defined by the homotopy class of

z — Pz

S' o S0(2)

which we may assume to have the form ¢,(u) = z*u for some integer k. The bundle
obtained this way will be denoted E(k).

Exercise 5.2.2 Define in an analogous way a bundle E(k) on any surface B. The
boundary is endowed with a principal $*-action (rotation in the fibers) the quotient
space of which is B. Show that the Euler class of this action (in the sense® of chapter
I) is k.

Let S act on each piece by
t-(z,u) = (™ zt™u)

on S2 x B? and by
t-(z,u) = (t™2z,t™u)

on S? x B2
Both actions must agree via the gluing map ¢, that is: mz = —m; and n; =
—km, + ny.

In conclusion:

1. The bundle E(k) is defined by the gluing map ¢ : §* x ! — S! x S, the
matrix of which (on my) is:
[ -1 0
Ll G

2. If the S'-action is given, on the S? side by the integers (m,,n,), it will be
given, on the 52 side by (m;,n;) with

mo _ -1 0 my
N - —k 1 m
5.2.3 Weighted star-shaped graphs. We shall actually describe stars as if they

were comets; this might be silly from the astronomical viewpoint, but it will never-
theless be very convenient (figure 8).

1. The head of the comet represents a bundle E(—b) over a genus g surface B.

2. The other vertices represent bundles E(—b; ;) over spheres.

5We shall meet other versions of Euler classes in the next chapter.
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Figure 8

3. If two vertices are connected by an edge, we plumb the corresponding bundles.

The weighted graph T' = (g|b,(b1,1,.-.,b1,5,)5- -5 (br1s -+ - Dra,)) thus describes
an almost complex manifold with boundary W(T'). It is endowed with an S'-action
which is perfectly well defined once we prescribe it to be trivial on the surface
associated to the head, and to be the complex multiplication in the fibers of the
corresponding bundle: it is determined on all pieces by the above method.

The boundary 8W (T') is thus endowed with a fixed point free S'-action, in other
words it is a Seifert manifold, and we shall begin with its identification:

Theorem 5.2.4 If ' = (g|b,(b1,1,--.,b1,8)s-++5(br1s-- -3 brs.)) and if all the re-
duced fractions of the continued fractions

1 aj
bj1— E::—I = [bj15- -5 bjs] = o — B

have a non-zero rational value, then
aw(r) = (glﬂ) (al) ﬂl)) caey ((1.-, ﬂr))'

Remarks.

1. The invariants so obtained are not necessarily normalised.
2. The determination of B in terms of b and b;; is left as an exercise.

3. A good general reference on continued fractions is the book by Hardy and
Wright [40]. The fact that we have signs does not make things very different.
If we require that all b;’s are > 2, any rational number 2 > 1 can be written
{61,...,b,] as one can easily show using a slight modification of the usual
Euclidean algorithm. The reduced fractions we get here are nonincreasing,
and with self-evident notations (I hope), we have

NoDpyy — Noy1Dp =1

for any n, which one is allowed to find more convenient than the analogous
relation for continued fractions with “plus” signs.



94 4-manifolds

The proof of the theorem will use the following lemmas:

Lemma 5.2.5 IfT = (b,...,b,), then the manifold 3W(T') is the lens space L(p,q)
where p/q = [by,...,b,}.

Remark. This is an assertion about the manifold W (I') and not about any S'-
action.

Proof. We must glue the bundles E(-b;),..., E(—b,). One checks by an easy
induction on ’s that this is the same as gluing the two solid tori Sy, x S! (where
S14 is the first hemisphere in the first sphere S;) and S, x S! by the map

3514 x §' — 85, x St

with matrix

Figure 9

Using reduced fractions, we can write

(28)a=(a)( 4 0)=( o)

where

as checked by an easy induction.

Then
A — 01 Na Da _— —dV¥s-1 _Da-—l
¢ 10 "'Na—l "Dl-l - Nl Da
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To use less cumbersome notation (there is a limit even to the joy of IATEX), put:
N, = p, D, = q (the same as in the statement), N,y = u, D,.; = v (hence
qu — pv = 1), in such a way that we have

a= (7 7)

88, x8 — 88, xSt

(ayz) +— (a™¥27%,aP29).

and that the gluing map is:

We recognise the lens space L(p, q) (see 1-3.3.5). O

Proof of the theorem. Apply the lemma in each branch of the graph:

b11 b1s1

[ ]

Figure 10

We know, as the action is trivial at the “head”, that we have to glue the lens
space L(p,q) with the trivial action in the fibers over Sy,: the action on Sy; x B?
is

t-(a,z) = (ta,z).

At the end of this branch, we know that the S'-action is

t-(a,2) = (t™a,t™z)

m!, _Al_—u—v 1Y _(—uw)_{ —-N,,

n, ] P\0 )T\ p ¢ 0/) "\ » /) \ N,
The exceptional orbit is the central (a = 0) one, the order of its stabilizer is n/, =
N, = p. To get the Seifert invariants (p,8) it is enough, up to normalisation, to

find some B such that m}# = +1 mod n),. But m, = —N,_; = —u, we thus have
to solve —uf =1 mod p. As we have pu —qv =1, 8 =p — q works. O

with



96 4-manifolds

5.3 Periodic hamiltonians and plumbing

Proposition 5.3.1 If the minimum of H is attained on a surface and if a is a
regular level, then W, is obtained by plumbing along a star-shaped graph.

The “head” of the comet represents the minimum surface, it is weighted by
the Euler class of its normal bundle; the other surfaces plumbed are the gradient
manifolds (spheres S?), the edges thus corresponding to the index 2 critical points.
(m]

5.3.2 Relations between the weights of the fixed points and those of the
plumbing. Consider a branch of the graph, with vertices weighted by (b4, ...,b,).
The edge connecting the two vertices weighted b; and b;yy corresponds to a type
(p, q) fixed point. Thus, from the proof of lemma 1.2.1 and from theorem 5.2.4, we

know that
By oy bs] = =
[bh-'wbﬂ-l] ;_P_J
where pv—qu = 1, (g,v) are the Seifert invariants of the levels just before the critical
point and (p, u) those just after.

To simplify put v/ = ¢ — v, ' = p — u, hence qu’ — pv’ = 1. If we subtract this
relation from

Niyw' —gDiy =1

PNy w4Dio
we see that bi+l = E—q——‘- (— —u,—l)

5.3.3 Specific properties of the weights in these graphs.

¢ a priori, branches have weights in Z. As here all the regular levels are Seifert
manifolds, all the reduced fractions of the continued fraction associated with
any branch are in Q — 0.
It follows for instance that we never have two consecutive 1’s nor a sequence
2,1,2, etc...

o The weights on the branches are nonnegative: this is easily seen by induction
looking at the construction of b;y; above.

5.4 Description of W up to the maximum: finishing graphs

Consider now a regular level a very close to the maximum (in the sense that there
is no critical value of H between a and the maximum). If we assume that the
maximum is reached on the surface, say B, we know that V; is a principal bundle
over B (2.1). In other words, there is no exceptional orbit in V, and W, is obtained
by plumbing along a weighted graph

I'=(g]b...,(bixy. .-y bi;)s... 1< <)
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where .
[bt',l’ R )bi,a.'] = -
is the inverse of some integer for all 1.
We say that such a weighted graph T is finishing. One derives, from the associ-
ated plumbed manifold, a closed 4-manifold by simply gluing the disc bundle of a

complex line bundle over B (the one with Euler class b — 3 ; as one may check).

Example. I T = (g|b), W, is a disc bundle of the line bundle with Euler class —b
on the genus g surface B. Glue a disc bundle of the line bundle with Euler class b
to get the manifold P(L & 1) (with e(L) = +b).

Proof of theorem 4.1.3. Let us begin with the investigation of the relationship

between plumbing and blowing up. We saw that to blow up a type (tPz,t %) fixed

point was to replace it with two fixed points, of types (##+9z,t~%) and (tPz, t~(P+9)y).
The effect on the continued fraction is

[.. -bn,bn+1,bn+2---] = [ . -bn, b,-.+1 + l,l,b".’.z + 1,. ..]

or
1 1

b— 1=b-{-1-—

1
-t
Contract in the graph all the vertices which are weighted by 1. By the remarks

in 5.3.3, after a finite number of such operations, all branches will be weighted by
integers > 2... or will have disappeared. Now the following exercise is easy

Exercise 5.4.1 by,...,0, >2 & [by,...,b,] > 1.

Thus, the branches which are weighted by integers > 2 can only give inverses of
integers, and so all branches disappear... that is to say that the graph obtained by
contraction represents a manifold (g|b) and that the manifold W is obtained from
it by blowing up points. O

This proof is in some sense algorithmic. The algorithm is especially obvious in
the semifree case, in which there are no levels containing exceptional orbits. Thus:

.. 1
Vi, j [bi,la (ERE bl',j] =
Vi
It is easy to solve the equation “[by,...,b;] inverse of an integer for all j”: one finds
of course first that b, = 1, then

and by induction

1
bl=1,b2=---=bj=2’ [bl,...,bj]=;
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thus any branch can be contracted to give a branch having the same weights, but
being shorter, in other words, all blow-ups are done at points of the minimum:

Theorem 5.4.2 In the case of a semifree action, each w; is the blow-up at some
points of the surface on which the minimum is reached in W=,

m}
Using these methods, it is not harder to deduce a proof of theorem 4.1.4:

Proof. We write the Seifert invariants as a continued fraction as theorem 5.2.4 al-
lows us to do and we express all these manifolds as boundaries of manifolds plumbed
along graphs which are weighted by integers which we may even assume to be > 2.
The only thing we must check is that such a graph may be extended as a finishing
graph. This verification is done in each branch. From the arithmetical viewpoint,
we have to show:

1

vbl, ey bﬂ’ ab,..n, reey bﬂ+m|[bl, ey bn+m] = 'E

for some integer a.
Thus fix an integer @ > 1 and write:

{u = aNpy — Dun

v aN, ~ D,
Hence
uNn "‘v-Nn—l = Nn—an - NnDn—-l =1
uD, —vD,_1=a>1
and
EN, — Nua 1
':,LD“ - Dn—l - a

Developping u/v as a continued fraction [byt1,...,bs4m) is then sufficient to give a
solution. O

We still have to prove theorem 4.1.5, but we shall only do it here in the case
where the extrema are reached along surfaces, for then it can be written:

Proposition 5.4.3 Let

I'= (y I b, (bl,ly-"’bl,:l)v oo 1(br,1" . "bl,s,))

a finishing graph. The compact symplectic manifold W(T') may be given a hamilto-
nian T?-action extending the S'-action if and only if g =0 and r < 2.
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Proof. Let us first prove that the condition is sufficient. If the number r of branches
of T'is 0, W is some P(L@®1) — P(C) and it is easy to extend the given hamiltonian
action. Otherwise we saw that W is the result of a sequence of blow-ups beginning
with some P(L @ 1) (4.1.3). As the star has at most two branches, we began by
blowing up (at most) two points in B,,;,... but the latter is a P(C) with the
standard action: there are actually two fixed points (for 7?) which we may blow up
in such a way that the action may be extended. We can then proceed. Note that
the $'-action determines the T%-action. O

As regular levels for a hamiltonian in this situation, we thus find all oriented
Seifert manifolds with basis $2 and at most two exceptional orbits. It is well known
(see {59]) that these are exactly the lens spaces.

Corollary 5.4.4 A 3-manifold is a regular level of a periodic hamiltonian induced
by a hamiltonian T?-action on a compact symplectic 4-manifold if and only if it is
a lens space. D

Remark. The $'-manifolds which are plumbed along the finishing graphs we con-
sider do have invariant symplectic forms, as they are obtained by blowing up sym-
plectic manifolds. Thus, theorem 4.1.3 is actually a classification theorem for the
S'-equivariant diffeomorphism type of compact 4-manifolds having invariant sym-
plectic forms (with hamiltonian)... but it is not a classification theorem for compact
symplectic manifolds etc... as we did not take care of the invariant symplectic forms
on these manifolds.

A Appendix: compact symplectic SU(2)-manifolds of dimension 4

In this appendix, we shall give a classification of the compact symplectic 4-manifolds
with an action of SU(2). It is, in essence, due to P. Iglesias [43] who actually
considerd SO(3) but the SU(2) case is a little easier and a little less technical, that
is why we chose it (and decided to present it with a lot of exercises). As in the §!
case, we shall not worry about of the symplectic forms, but we shall concentrate
instead on the manifolds with action.

We consider SU(2) as the group of matrices

=1(* ¥ L
soe={(7 7 )1er+ur=1]
from which description it is easy to recognise that SU(2) is S3.

A.1 A list of examples

A.1.1 SU(2)-actions on complex line bundles over P(C). Consider E(m) =
S$3 x51 C where $! acts on 52 x C by

t-((z,9),u) = ((tz,ty),t"u).
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This is a complex line bundle over P!(C) by the projection

(z,¥), 4] — [.’D, vl

Exercise A.1.2 Show that the bundle E(m) is actually the same we defined in
5.2.1 (in particular, its Euler class is m, see V-B).

The group SU(2) acts in a natural way on S x C with the help of its linear
action on C? by

9-((z,9),u) = (9 (2,9),u).
Exercise A.1.3 Show that
1. this action descends to quotient, thus defining an SU(2)-action on E(m),
2. the type of the points in the zero section is S, that of the other points is Z/m,

3. the action is effective if and only if m is odd. If m is even, it defines an effective

SO(3)-action.

A.1.4 Compactification. We compactify the fibers of E(m) and get P(E(m)®1)
(see 2.4.2).

Exercise A.1.5 Make S! act on $3 x P!(C) by
t-((z,y), [u,v]) = ((tz, ty), [t"u, v]).
1. Show that the quotient may be identified with P(E(m) @ 1).

2. Endow P(E(m)@®1) with an SU(2)-action extending the one defined on E(m)
above. Describe its orbit types.

3. Imitating the construction in 2.4.2, construct an SU(2)-invariant symplectic
form on P(E(m) @ 1).

For any odd m, we thus have an effective action on P(E(m)@®1) and an invariant
symplectic form. Actually the diffeomorphism type of P(E{m) & 1) depends only
on m being odd or even (the action really depends on |m| as those who solved the
exercises know: it is the order of the principal stablizer). The diffeomorphism type
is rather simple:
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Exercise A.1.8

1. Show that the algebraic submanifold (Hirzebruch surface, see 4.1.1)
X = {(la:8),[2,,2)) € P(C) x P*(C) | a"y — "z = 0}

may be identified with P(E(m) @ 1). Deduce, for example, that P(E(1) ® 1)
is P?(C) blown up at one point.

2. In the local chart b # 0 in P}(C), put u = a/b (€ C) and f(t) = 131==- Show
that
* p: CxPY{C) — X
(u,[v,w]) +— ([, 1], [F(lu])a™v, f(ju])v, w])

defines a trivialisation of X,, — P(C) in this local chart. Similarly write a
trivialisation ¥ in “the other” local chart (a # 0), in such a way that

¥~ o p(u, [, w]) = (u, [_ﬁm__v,w]) .

Juf™™
Thus X,, is obtained by gluing two copies of D? x P!(C) by
g: S'xP}{C) — S!'xPC)

(2 [vv w]) — (z [Emv1w])'

3. Show that z = ([v, w] s [2™v,w]) defines a loop in SO(3), homotopic to the
constant loop when m is odd.

4. Applying the result to m — n, show that X,, is diffeomorphic to X,, if m =
n mod 2. Deduce that the manifold P(E(m) & 1) is diffeomorphic to S? x §?
when m is even and to P?(C) blown up at one point when m is odd.

In addition to this list, we are able to make SU(2) act linearly on P?(C), as
a subgroup of U(3). We shall now prove that (up to a small hypothesis), the list
exhausts all symplectic SU(2)-actions on compact symplectic 4-manifolds.

A.2 Classification

Suppose thus that W is compact, symplectic, 4-dimensional, and endowed with
a symplectic and effective SU(2)-action. The latter is hamiltonian, SU(2) being
semisimple (see I1-3.2.6), hence we have a moment map

p: W — su(2)*

which we assume to be submersive at at least one point in W.
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A.2.1 Orbit types. From II-3.4.7, we know that the principal stabilizer is both
discrete and a subgroup of the maximal torus

sl={(; g)lzes'}.

Hence it is a cyclic group Z/m. Principal orbits have dimension 3.

Exercise A.2.2

1. Show that g is submersive at any point of an exceptional orbit and that the
image of any dimension 3 orbit both has dimension 2 and is contained in a
coadjoint orbit in su(2)*.

2. Deduce that the stabilizer of any dimension 3 orbit is a Z/q. Using the slice
theorem, deduce that ¢ = m and that there is no exceptional orbit.

Let us now investigate the singular orbits.

Exercise A.2.3 Considering a subgroup S of SU(2), show that, as W is compact,
there always exist singular orbits.

As there is no dimension 2 closed subgroup in SU(2), singular orbits must have
dimension 0 or 2, and stabilizer SU(2), S! or O(2).

Exercise A.2.4 If the stabilizer of a point z contains a circle as a proper subgroup,
then p(z) =0.

Now, we show that O(2) cannot appear as a stabilizer, and more generally that
there is no dimension 2 orbit sent to 0 by u.

Consider a dimension 2 orbit. Its stabilizer is a subgroup of SU(2), has dimension
1 and contains a circle. According to the slice theorem, a neighborhood of such an
orbit has the form:

SU(Z) X s50(2) R2

where SO(2) acts linearly on R2. As we noticed above when looking at examples,
for the action to be effective on W, it is necessary that SO(2) acts on R? by v = t™v
with m odd.

Suppose now that the orbit under consideration is sent to 0. In particular, Tp
vanishes on the tangent space to the orbit and

T(SU(2) - z) C Ker Top = {T.(SU(2) - 2))°

for this reason the orbit is isotropic (in fact lagrangian: its dimension is half that
of W). In particular, according to 1I-1.3.4, it has a tubular neighborhood of the
form T*S? (up to a covering map). The next exercise might be easier after reading
chapter V:
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Exercise A.2.5 The bundle T*$? — S? cannot be written S® xs R? with $?
acting on R? with an odd weight m (m is actually the Euler class of the bundle over
S? and that of T*5? is £2).

Thus, there is no lagrangian orbit.

Remark. On the contrary, this situation does occur in the SO(3) case. For example
if SO(3) acts as a subgroup (the real part) of SU(3) C U(3) on P?*(C), the real
part P?(R) is a lagrangian orbit [43]. It is this small difference which makes the
investigation of SU(2)-actions a little easier than that of SO(3)-actions.

In short:

Proposition A.2.68 Let W be a compact symplectic 4-manifold endowed with an
effective symplectic action of SU(2). Let p : W — su(2)* be the moment map of
this action. Suppose that p is submersive at least at one point. Then:
1. the principal stabilizer is a Z/m and there are no exceptional orbits,
2. if p(xz) =0 then z is an isolated fized point,
3. there must be singular orbits, which are either isolated points, or symplectic
spheres S? (with stabilizer S*).

The only thing left to check is that the dimension 2 orbits are actually symplectic.
The image by p of such an orbit is the sphere containing p(z) (its coadjoint orbit),
and T.p is injective when restricted to the orbit. Thus g is a diffeomorphism,
and we know that it must be symplectic (see 11-3.4). O

A 2.7 Classification. Remark now:

Lemma A.2.8 f=1|u|®: W = [0,400[ is a quotient map for the SU(2)-action
on W.

Proof. 'We know, thanks to the slice theorem and to the study of stabilizers above
that the quotient will be a dimension 1 manifold with boundary, the ends corre-
sponding to the singular orbits. It is thus a compact interval if we assume W to be
connected and there are exactly two singular orbits.
The function f descends to the quotient as

g:W/SU(2) — [0, +oo]
a smooth function from one interval to another. Computing its derivative:

T f(Y) = p(z) - Topu(Y).
If z is a fixed point with pu(z) # 0, then

Y eKerT.f & T.u(Y) € p(z)t = TynS?

where S? is the coadjoint orbit of #(z). Hence T, f vanishes exactly when z is on
a singular orbit, and g is strictly monotone, which shows that f may be identified
with the quotient map. O
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Let [a,b] = f(W) and let ¢ €]a,bl. Then f~'(b) is a symplectic sphere S?,
FY([c, b)) is a tubular neighborhood of this sphere, given by the slice theorem and
so it is an E(m) (|m|, odd, being the order of the principal stabilizer). There are
only two possibilities

o Either a > 0, then f~*([a,c]) is an E(n) as well, necessarily jm} = |n| and
actually m = —n in order to be able to glue, so that W is a P(E(m) @ 1).

e Or a = 0, then f~'(a) is an isolated fixed point near which the SU(2)-action
i the usual one on C2. In particular, jm| = 1 and W is obtained by gluing a
disc to E(+1) so that W is a copy of P?(C).

B Appendix: 4-dimensional $'-manifolds with no invariant symplectic
form (examples)

There are a lot of 4-manifolds with S*-action which do not fit into the framework
considered in the present chapter; to be convinced of this, the reader just need have
a look at the “list” of S'-manifolds of dimension 4 given by Fintushel [35).

In this appendix, I shall use the very same methods as in the rest of the chapter
(in particular plumbing) to construct some of these examples. The manifolds con-
structed will be compact, oriented, and endowed with S*-actions with as manifold
of fixed points: some isolated points, possibly a sphere S? on the one hand and a
connected oriented genus > 1 surface on the other hand. It is certain that no S'-
manifold with these properties can have an invariant symplectic form: having fixed
points, the action would be hamiltonian (because of 1.1.1), the hamiltonian would
have as extrema an isolated point or a sphere S? and a genus > 1 surface, but this
is forbidden by 2.3.2.

B.1 Equivariant plumbing on non-simply connected graphs, examples

Nothing obliges us to use only star-shaped graphs to construct 4-manifolds with
boundary. Actually, it is obvious that the existence of cycles in the graph will make
it more difficult to construct S'-actions.

B.1.1 Examples with polygonal graphs. We shall only consider here the case
where all plumbed surfaces are spheres (the reader will easily generalise these ex-
amples following her or his taste). Assume that, over the hemisphere Si4, and with
the notations of 5.2.1, the action is given by

t (z,a) = (t™2,t"Ma)
and that over S, it is given by
t-(z,a) = ({™a,1"2)

(w)=2(m):

where
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Figure 11

For the actions to agree when we plumb S,_ and S, it is necessary and sufficient

that
n, \ _[m
m', - ny

that is to say ( r:' ) is a non-zero vector fixed by the matrix
1

01 _f b 1 h 1
B,_(l O)A,_(_l 0)...(_1 0).
In particular, B, must have 1 as eigenvalue (in other words, this element of

SL(2,7) is parabolic).

Reciprocally, let B = @ b be a parabolic matrix (a,b,¢,d € Z, ad—bc =1,
P c d

and ¢ +d = 2). We can always find integers s,by,...,b, such that [b,...,b,;] =
(—¢)/(—d) and [by, ..., b,] = a/b: look first for a development as a continued fraction
of (—c)/(—d) and extend it by b, = 5+—IZ‘—‘3 = ¥Be=2 (no hypothesis is made on the
integers b;). We then have

a b)) _ N, D, _f b 1 by 1
cd}) "\ =-N,.y =D, )\ -1 0/)"""\ -10)"

Let 1: ) be a non-zero vector, fixed by B, and suppose m and n are relatively

prime. The manifold which we get by plumbing along the graph in figure 11 may
be endowed with an (effective) S'-action, determined by m and n on the sphere
number 1.

Remark. If B, = 41d, there are enough fixed vectors to define a T2-action.

Examples.
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oo ©

Figure 12

° Thel:J case where s = 1. The method works for s = 1 as soon as the matrix
_11 (1) is parabolic, that is if b = 2. The central sphere in the strip has

a double point in the plumbed manifold (in figure 12, is shown a real picture
of the plumbing and the central sphere with its double point as well).

¢ The case where s = 2. The trace of B, is # b, — 2 and we then have to solve
bib; = 4. Up to a change in the numbering, we find b, = b, = 42 and also
b1 = 44 and bz = +1.

e More generally, remark that (by,...,5,) = (2,...,2) always give a solution.
By induction, we actually have
=il
J

2,...,2
N i
7 times

B, = ( _N:_l _g:_l ) = ( 8:1 —(88— 1) )

which is parabolic, the fixed vector being ( jl ) . In the same way, one checks

and thus

(paying attention to signs) that

(=1)(j +1)
B2 -2 =y

j times

and that the unimodular matrix under consideration is thus
_ of s+1 —8
= (*T )

which is parabolic if and only if s is even, the fixed vector being then ( i )
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o The case where s = 3. In addition to the solution we just gave, we see
for example that all triangles which have two vertices weighted by —1 are
solutions, as

(o) (@)= 8)-Gm)

is parabolic, with fixed vector 1 ) We see that for m = 1 the plumbed

0
manifold even has a T?-action, but this is not very surprising, as the plumbed
manifold may then be identified to a neighborhood of the union of the three
coordinate lines £ = 0, y = 0, and z = 0 in P?(C): the tubular neighborhood
of any projective line in P?(C) is an E(1) (exercise).

e The case where s = 4. We find analogously that all quadrilaterals weighted
by (0, a,0,b) are solutions as the matrix

() (Ba)(aa)(5)-(6757)

is parabolic, with fixed vector ( (1] ) If b = —a, there is again a T?-action

and notice that the plumbed manifold can be identified with a neighborhood
of the union of two fibers and of the two sections in P(E(a) & 1) — P!(C),
thus the T2-action. These two remarks about torus actions will be made more
precise in chapter VI.

Figure 13

o We may of course blow up points, for example the triangle (—m, —1, —1) gives
a quadrilateral (—m,0,1,0) once we blow up the point corresponding to the
edge connecting the two —1 vertices (see figure 13).

B.1.2 Fixed surfaces. Consider a polygonal weighted graph (b, ...,b,) defining
a parabolic matrix, and the effective S'-action on the plumbed manifold associated
with the choice of a primitive fixed vector.
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Fixed surfaces may only appear as cores of certain plumbed strips. Suppose that
such a fixed sphere actually exists. Up to a shift (mod s) in the numbering of the
b;’s, we may assume that it is the sphere number 1.

There the action is written (*'z,y); in particular, in this notation, the vector

1 ) is fixed by B,, which must be of the form for some a € Z (this is

1l a
0 01
the case for all triangles and quadrilaterals studied above).

B.1.3 The boundary. The boundaries of the $!-manifolds of dimension 4 we
obtained are endowed with a fixed point free S'-action. In contrast to what could
happen at a free end of the graph in 5.2, there cannot exist any exceptional orbit.
The boundary is thus a 3-manifold with a principal S*-action. Let us now determine
this manifold.

First, the quotient is a torus T2,

Exercise B.1.4 If m and n are relatively prime, the map

D*x S — D?

(a,2) +— a"z™

is the quotient map for the S*-action: { - (a,z) = (t™a,y"z).

Begin now to plumb along the linear graph (by,...,b,) as in 5.2.5. We saw there
that we were gluing S;4 x S* and S,_ x S! using the map ¢ defined by the matrix
A,. If the circle acts on Sy x S! by t - (a,u) = (t™a,t™u) and on S, x S! by
t - (b,v) = (t™+b, t"+v) we know that

(%)=~(%)

thus, forming the quotient as the preceding exercise allows, we see that the manifold
we obtain (lens space) is fibered over D? Uy D? where precisely (z) = z. The
quotient is indeed a sphere S2.

We still must plumb the bundles numbered 1 and s using small discs in Sy, and
S,- (figure 14). Passing to the quotient, we shall have to glue the boundaries of the
small discs which are the images in the sphere: the quotient is a torus.

We still have to compute the Euler class of the bundle under consideration.

Proposition B.1.5 Let (e;,e;) be an integral basis of Z* such that e, = ( r:
is the integral vector fized by B, which defines the S'-action we are dealing with.

In this basts, the matriz B, is written (1) ; ) and the integer e so defined is the

Euler class of the bundle.
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= 2
Figure 14

Remark. The absolute value |e| depends only on B,: the form (1) ; is the

Jordan form of B,. The sign of ¢, on the other hand, is determined by the choice of
the eigenvector e;, that is the way the S!-action makes the fiber turn. It is the case
for the sign of the Euler class as well.

quotient

; quotient
514 .
S
s-—

\'l’\l

Figure 15

Proof. Consider the tube or annulus A on figure 15. Over the annulus, the bundle
is trivialised exactly as on the complement of a small disc of S;, in other words by

(D = {0}) x S' — (D?—{0}) x

(a,u) —  {a"z™™,au"?)

where we have identified 4 with D? — {0}, p and ¢ are two integers such that
mp — nq = 1 (in particular, ¢, = 7::' and e; = 1‘; form a basis as in the

statement of the proposition) and where on the right hand side, the S'-action is
t-(b,v) = (b,tv).

To obtain the whole bundle we still have to glue, using ¥, or in other words using
the matrix B,... which in these coordinates (b, v) is in Jordan form.
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"The bundle is hence isomorphic to

1 1 1 ~ e .
[0, ]AxS xS51/(0,b,v) ~ (1,b,b6°v)

We must now be convinced that this way of constructing the bundle by gluing
actually gives the Euler class. This is the content of the following lemma, the proof
of which we shall postpone until the next chapter (V-B). O

Lemma B.1.8 Let V — T? be a principal S*-bundle. Then V is isomorphic to the
bundle defined by the gluing data

[0,1] x §* x §'/(0,b,v) ~ (0,b,b°v)

where the integer e denotes the Euler class.

B.1.7 Compactification. The boundary of the manifolds we are considering be-
ing principal S'-bundles over the torus T?, it is easy to complete them to get closed
maiiifolds: glue the total space of the disc bundle E{—e) — T?, thus getting an
oriented compact manifold of dimension 4, endowed with an $'-action with fixed
points. These are the points of the torus T we have just added, isolated fixed points
and possibly fixed spheres S? coming from the cores of the strips we plumbed: the
Sl-manifolds we get have no invariant symplectic form.

Call U the result of plumbing, V the disc bundle which we glued to it, 8V the
principal $-bundle which is their common boundary and W the resulting closed
manifold.

Exercise B.1.8

1. Show that m (i) & Z, that m(8V) % my(V) is onto and that the generator
of Ker% vanishes in m{(/). Using van Kampen's theorem, deduce that the
natural map »;(U) — m (W) is an isomorphism and in particular that the
first Betti number b; (W) equals 1.

2. Show that dim H*({{) = s (the number of bundles we used for plumbing).
Using the Mayer-Vietoris exact sequence, deduce that by(W) = s.

Remark. In the case where 8V — T? is the trivial bundle (i.e. e = 0 and the
plumbed manifold actually has a T?-action) there may be other ways to glue the
bundle T? x D?. For example, for a plumbing along the triangle (-1, —1, 1) it is
possible to glue T? x D? in such a way that we get P2(C) with an S'-action without
fixed point on the piece we added. The results of the previous exercise show just how
much the manifold we get here is different (for P?(C) we have b; = 0 and b, = 1).
A systematic construction of this kind of examples will be discussed in chapter VI
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B.1.9 Parabolic Inoue surfaces. We investigate here the case where the polygon
is weighted by 2 (all the bundles have Euler class —2). The matrix B, is, as we have

already seen
s+1 3 - 1 s
—s —(s—1) 01

and so the bundle we glue has Euler class —s. The S'-action has s isolated fixed
points and a fixed surface (the torus 7).

There exists an analytic complex surface, endowed with a C*-action with these
properties. The spheres we used to plumb constitute a cycle of rational curves, and
the torus T? is an elliptic curve. This surface (parabolic Inoue surface) has remark-
able properties, but has no nonconstant meromorphic functions (see for example [53]
and [58]). For instance, it has no symplectic form defining the orientation we con-
sider (a fortiori calibrating the complex structure). In fact the intersection pairing
is negative definite (the proof of this fact is easy and thus left as an exercise).

B.2 Generalisations

Consider now a weighted connected graph, and let g be the dimension of its Hjy.

Assume the weights are such that one can define an S'-action on the plumbed
manifold: for example, any vertex which is the end of three or more edges must
correspond to a fixed sphere, and it determines the operation (if any) on the cycles
containing this vertex. The matrix associated with each of the cycles as above must
1 %

0 1)

If the graph has no free (i.e. which is the origin of a unique edge) vertex, the
action is principal on the boundary, and the quotient is a genus g surface, which
allows us to compactify as above to obtain a lot of $!-manifolds of dimension 4 with
no invariant symplectic form.

have the form



Chapter V

Equivariant cohomology and the
Duistermaat-Heckman theorems

Another group of famous and spectacular theorems in the theory of hamiltonian
torus actions is due to Duistermaat and Heckman'[34]. The two theorems in their
paper assert once again the importance of linear phenomena in the theory.

In the first theorem (here 3.2.2), the authors consider the reduced symplectic
forms we and w, on the quotients of two regular levels p~1(¢) and g~1(n) which
correspond to values ¢ and 7 located in the same component of the set of regular
values of the moment map p. One may then identify the quotients Be and B, and
consider the difference [we] — [wy] € H2(B;). The theorem asserts that it is a linear
function of £ — .

The other statement (here 6.1.1) is usually shortened to: a periodic hamiltonian
satisfies the exact stationary phase formula.

It was N. Berline and M. Vergne [22] who first explained that this statement is a
special case of a “localisation theorem” in equivariant cohomology. This was a very
good idea: actually the language of equivariant cohomology fits very well with the
investigation of hamiltonian actions, as one might be readily convinced by looking
at 3.1.1.

Later came two “survey” papers on the subject, one by Atiyah and Bott [20] in
1984 and one by Ginsburg [37] in 1987. From these come the methods and results
I shall discuss in the present chapter.

As I have already said, the language of equivariant cohomology fits so well here
that we shall see that the first of the Duistermaat-Heckman theorems becomes prac-
tically tautological (this will not detract from its beauty)... Of course we will have
to pay for this, namely we will have to define equivariant cohomology, the Borel

'[ just learn (december 1990) from A. Weinstein that similar results were proved by Karasev
[45] in 1981.
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construction and classifying spaces... Thus we shall begin by recalling the classical
results and constructions of Milnor and Dold, recommending the reader to consult
these authors and Husemoller’s book [15] for details.

1 Principal and universal bundles

1.1 Principal bundles

A principal G-bundle is a space E endowed with a free G-action such that the orbit
map E — B is a locally trivial fibration.

When the slice theorem is true, the last condition is automatically satisfied. We
shall only consider compact groups here, but we cannot restrict to the case where E
and B are manifolds, mainly because we shall need some infinite dimensional spaces.

Examples.
1. In chapter I, we investigated principal S*-bundles over $! and over surfaces.
2. Of course $?"*! — P™(C) is a principal $'-bundle as well.

3. Consider now slightly more complicated groups and to this end look at the
complex Stiefel manifold V4(C"t*) of unitary k-frames in C***. The unitary
group U(k) acts naturally on V;(C™*), it is a free action and the quotient is
the complex Grassmann manifold G,(C"**) of all k-dimensional vector sub-
spaces in C"t*, The projection

Vk(cn-i-k) —_— Gk(Can)
is a principal U(k)-bundle (for k£ = 1, it is $***! — P"*(C)).
4. If the group G is discrete, a principal G-bundle is a Galois covering.

The notion of isomorphism of principal G-bundles is clear.

1 shall very often take the liberty of denoting with the same letter the bundle
and its total space.

1.2 Universal bundles

1.2.1  We shall consider numerable coverings, that is locally finite coverings (U)ier
such that there exists a partition of unity (u;)ie; with:

u(J0,1) cU;, Viel
Example. If B is paracompact, it has a numerable covering.

A principal bundle over B is said to be numerable if there exists a numerable
covering of B which makes it locally trivial.
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1.2.2 Induced bundles. If p: E — B is a principal G-bundle, and f : B' -+ B
a continuous map,

fE = {(e,¥)Ip(e) = f(¥)}

is a principal G-bundle as well, and one shows® without too much difficulty:

Theorem 1.2.3 If f;: B' — B is a homotopy, then f§E and f}E are isomorphic.

]

1.2.4 The universal bundle problem. We try to construct a principal G-bundle
which is universal, in other words a bundle £ — B such that any principal G-bundle
is induced by a map B — B, and more precisely:

Definition 1.2.5 A numerable principal G-bundle € — B is universal if

1. For any numerable principal G-bundle E — B, one can findamap f: B — B
such that E is isomorphic to f*€.

2. Two maps f,qg : B — B induce isomorphic bundles if and only if they are
homotopic.

Milnor [56] gave a very beautiful, and furthermore explicit construction of uni-
versal bundles.

1.2.8 The Milnor join. Let
EG=G*xG*---%xG*---
be the “infinite join”, or more explicitely:
EG = lim EG(n)
where EG(n) is the quotient of

G x A" = {(zo,to; Tt e ta) |z € Gt €[0,1,) i = 1}

by
t: = t Vi
(oot cimte) ~ ooty = {2 8
We shall write (2o, o;...; Zn, s} for the equivalence class of the element under con-
sideration.

2see for example the book by Husemoller [15].
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Examples.
1. G =1Z/2 = {£1}. Then EG(n) is identified with S" by:
EG(n) — i

(Toyto;+ - 5 Tnytn) +— (VE0Toy---svEnTn)
2. G = S'. The very same formulas identify EG(n) with §?"+1,
The limit EG is defined by the inclusion maps

EG(n) C EG(n+1)

{zoyt0;...;Tnytn) = (To,l0}. .. Tnylnj Tny1,0)
Any element in EG will thus be written
(o, to; ... Tnstn;...)

or for brevity (z,t).

Endow this space with the least expensive topology such that all the maps
EG — [0,1]
(zo,to;...;zn,t") — t;

and
t7'(10,1]) — G

(1'01 tO; veey zn,tn) — I

are continuous.

The group G acts on EG(n) and EG by
g- {z,t) = {gz,1).

It is clear that these actions are free and the quotients will be denoted respectively
BG(n) and BG.

Example.

1. We saw, for G = Z/2 that EG(n) = S™ (and EG = 5%). The group acts by
the antipodal map, BG(n) = P*(R) and BG = P=(R).

2. In the same way, for G = S', BG(n) = P*(C), and BG = P>(C).

We shall now explain (without too much proof) that these spaces are actually
made to be universal:

One begins by showing that all numerable bundles have a numerable partition
of unity which makes them locally trivial.

Granted this, consider the ¢;’s on EG as a universal partition of unity (3°t; = 1),
to show:

Proposition 1.2.7 For any numerable principal G-bundle, Eover B, there ezists a
map f: B — BG such that f*EG = E.
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Proof. Construct two maps f et g making the diagram

E 2 EG
i i
B -4, BG

commute. That for, consider a partition of unity (us)n>0 on B such that Ej,-149 1)
is trivial. Let U, = u;1(]0,1]) and let

U.xG 2 Ey,

o

G

be a local trivialisation. Simply define g by:

9(2) = (goh5" (2), uo(p(2)); - - - 5 gnh7 (2), ua (p(2)); - . )

This is better defined than one might think: A;!(z) is defined only if z € p~Y(U,),
but, otherwise, u,(p(z)) = 0.
The map g is necessarily an isomorphism and more generally:

Lemma 1.2.8 Let E; — B; (i = 1,2) both be principal G-bundles. Any morphism:

E, s E,
! |»
B, . B,

’
induces an isomorphism E; s, f*E,.

Proof of the lemma.

F By = {(e1,52) £ (b2) = p(er)}

and ¢' : E; — f*E,, defined by ¢'(e;) = (g(e2),p(ez)) is a morphism of principal
G-bundles over B,. It is easy to check that ¢’ is injective: g'(e) = ¢'(e') = p(e) =
p(€') => ¢ = z - e for some z € G, applying ¢' again, one sees that = = 1. Moreover
g' is surjective as well: let e € f*E;, and let ¢ be a point in the same fiber as the
image of e in E,. One can find an z € G such that g'(ze') =e. O D

It is a little more technical, but not much more difficult, to prove that the Milnor
join is indeed universal. From this universality, some kind of unicity follows: if
Ey — B, and E; — B, are two universal principal G-bundles, writing explicitely
this property for the former gives a morphism:

E, — E

l i
B, -1 B
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and similarly, writing that E; — B, is universal gives a morphism g : By — B;. As
fog: By = By induces an isomorphism, it is homotopic to the identity, and the
same is true for g o f: thus the homotopy type of the universal space BG is well
defined. As we shall use these spaces only in algebraic topology calculations, the
unicity of their homotopy type will be sufficient for our purposes.

One proves (see {32]) that

Proposition 1.2.9 If E — B is any principal G-bundle the total space E of which
is contractible, then it is a universal principal G-bundle. O

In [56], Milnor proved that his spaces are weakly contractible (this means that
their homotopy groups are zero), but in the mentioned paper, Dold showed that
Milnor joins are actually contractible (as it is a little technical, we shall admit this
result here).

Examples of applications.
1. If H is a subgroup of G, it acts on EG, and EG/H is a model for BH.

2. If G and H are two groups, the product G x H acts on EG x EH in the way
you imagine and the quotient is BG x BH which is a model for B(G x H).

3. If f: G — H is a group morphism, it induces a continuous map BG — BH:
it is easy to construct on the “Milnor join” models.

Examples.

1. From Z/m C §', we deduce that the quotient of S***! by the equivalence
relation:

(™ =1=>(20,---,21) ~{C20,...,{2n)

is a finite approximation to BZ/m, the latter then being 5°°/Z/m, the “infinite
lens space”.

2. In the same way T™ = S! x --. x §! acts diagonally on $?"*! x ... x §¥nH
which is thus found to be an approximation to ET™ and BS! x --. x BS!
becomes therefore a model for BT™.

3. Consider the join EU(k)(n) = {{Ao,t0;...; An,ta}|Ai € U(k)} and the map
into the Stiefel manifold Vi(C*"*+1)) which, with any (A,t) associates the k
column vectors in the k(n + 1) rows matrix

ViaAo
VinA,
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Taking limits and passing to quotients, this induces a morphism
EU(k) — VWi(C™)
Bé@)-@ Gdéw)

In order to conclude that the infinite Grassmann manifold G¢(C*) is a model
for BU(k) it is thus enough to be convinced that Vi(C™) is contractible.

2 The Borel construction and equivariant cohomology

2.1 The Borel construction

If W is a space acted on by the group G, we know very well that the orbit space
W/G may be rather complicated. The idea in the Borel construction is to try to get
a reasonable substitute for this quotient.

Make G act on EG x W by

g-(e,z)=(g-69- 7).

This is a free action, as it is free on the first factor.

Definition 2.1.1 The quotient Wg = EG xgW is called the Borel construction on
w.

Remark. In this way we have only defined the homotopy type of this space.

Consider the two projection maps from the product EG x W :

EGxW — EQG
We — BG

induces a fibration with fiber W.

o The second projection induces a map ¢ : Wg — W/G... which is not a
fibration in general, but for which we have:

Proposition 2.1.2 If G is a compact Lie group acting smoothly and freely on a
manifold W, then

o:Wg — W/G

is a fibration with contractible fibers, and in particular is a homotopy equivalence.
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Proof. Let us investigate first the fibers of o in the general case. Let x € W and
let [z] € W/G be its orbit.

o7!([z]) = {le,y] € EG xg Wlprojle,y] = [2]}
Let us find the classes [e, z] for e € EG:
¢z ~[e,2] ® FgeCGle=g-e,z=g 2

that is: ¢ € G, and ¢~([z]) = EG/G, ~ BG,.

When the G-action is free, all the fibers are thus spaces EG, in particular they are
contractible. The local triviality is left as an exercise (of course!)-it is a consequence
of that of W — W/G (with the hypothesis made, it is the slice theorem). O

It is in this sense that one may say that Wg is the homotopy quotient of W:
when the genuine quotient is “good”, it has the same homotopy type, and W is a
“good” quotient in general.

On the contrary, if the G-action on W is frivial, then Wg = BG x W this is the
case when W is a point, in which case Wg = BG.

2.2 Equivariant cohomology

Definition 2.2.1 If W is a topological space acted on by a group G, the equivariant
cohomology of W, written HEW), is the cohomology of Wg.

There will be therefore as many possible theories as there are cohomology theo-
ries. Here we shall mainly use de Rham cohomology. That is to say that we shall
agsume W to be a smooth manifold, with a G-action which is smooth as well. Un-
fortunately, neither EG nor a fortiori Wg are manifolds, which causes some trouble:
what could be a differentiable form on Wg? All the groups we shall be interested in
are subgroups of some U(n), and this allows us to use the “infinite Stiefel manifold”
Va(C*®) = UV, (C™**) or any other union of manifolds that would fit as a model
for EG, a differentiable form then being a family of differentiable forms, that agree

via the inclusions®.

Remark. The reader may ask why we are doing such complicated things: a simpler
way to define an “equivariant cohomology” would seem to be to consider the coho-
mology of G-invariant forms on W. Actually, when G is compact, this is nothing
else than the usual de Rham cohomology of W, as the next (easy) exercise shows.

Exercise 2.2.2 Show that, if « is an invariant k-form (a € Q%(W)®), da is an
invariant (k 4 1)-form, in other words that there is a commutative diagram:
QM W) -, QF(W)G
i i

Qw) W)

3In general, we shall content ourselves with a finite approximation of EG or Wg.
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If G is compact, show that the inclusion j of invariant forms in the space of all forms
is a “quasi-isomorphism” (i.e. induces an isomorphism at the cohomology level).

This fake “equivariant cohomology” has nothing more to say than the cohomology
of W. On the contrary, we have very good reasons to think that the cohomology of
W says more: for example, if W is a point, then W = BG and Hg(pt) = H*(BG),
which is never zero.

On the other hand, HE (W), being the cohomology of a space Wy, is, in particular,
aring. It is even more: using the projection map Wg-——+BG, it receives the structure
of an H¥(pt)-module. We shall mainly concentrate on this structure, which has a
lot to say about the action: for instance if it is free, HL(W) = H*(W/G) is a torsion
H{(pt)-module.

The first thing to do is to understand what kind of a ring H%(pt) is. We limit
ourselves to the case where G is a torus, and we begin of course by the G = $? case.

Theorem 2.2.3 H*(BS") is a polynomial ring, on a degree 2 generator u.

Remark. This is true over Z and therefore over any ring of coefficients, as will be
the case for all statements in this chapter which are not given with more precision.

We have to calculate the cohomology of P*°(C). We have more precisely:

Proposition 2.2.4
HH(P™(C); Z) 2 Z{ul ju™
and the inclusion j : P*(C) «s P"t1(C) induces

Zlu)/ut? s gl furt
u — u

from which the theorem is easily deduced, and of which the proof will be given in
appendix A. Merely recall here that u is the Euler class of the complex line bundle
O(1), the canonical bundle over P*®(C), for more details we refer the reader to the
mentioned appendix.

Write

to derive:

Corollary 2.2.5 Let T be a dimension n torus, then H*(BT) is a polynomial ring
on n degree 2 variables.

2.3 Generators for de Rham cohomology

2.3.1 Cohomology of BS!'. Using the previous results, we shall now exhibit

“the” generator of H?(BS';R) and take this opportunity to introduce the notion
of a connection.
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Let S C C" be the unit sphere 3" |%|* = 1. Make S act diagonally (¢ -
(z1y...y22) = (t21,...,12,)), with fundamental vector field

X('l r---o‘n) = (iZI, sy izn)y

or, writting z; = g; + ip;,

hl 8
X= E( pJa¢b+anPJ)

j=1

Let a be the 1-form (on C®, or on §2*~1)

—

==Y (~p;idg; + g;dp;) .
i=t

N

By definition, ixa = 1. On the other hand,
da = }(—Xdp; Adg; + T dg; Adp;)

-

where w = Y, dp; A dg; is the canonical symplectic form on C*. Remark once again
that ixw = dH for H = 13 |2;[® and thus, that on §2*~!

1
dixa+ixda=0-dH =10

ixa
Lxa

i

as H is constant on S*"1,

In other words, e is invariant (second condition) and moreover it is a connection
form on the S'-principal bundle 7 : §2*~1 — P*~1(C) (see definition 2.4.4).

Consider now the 2-form do on S*!. It satisfies ixdo = 0 and Lxda =
dixdo = 0. We see that we can thus find a 2-form ¢ on P"~}(C) such that n*¢o = da
(for this reason, da is called a basic form)*. Moreover o is closed because do is.
Actually, it is, up to sign, the reduced symplectic form on projective space, in
particular, for n > 2, it cannot be exact, and thus represents a nonzero element in

H}(P"Y(C);R).

All these definitions are compatible via the inclusion maps C* ¢ C™*! and we
have thus actually defined a nonzero element o in H*(BS!;R). We still have to
compare it with u, which is characterised by the fact that (u,[P}(C)]) = 1.

Exercise 2.83.2 Check that

/ o= -2n.
PY{(C)

40 is the curvature form.
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Thus —o /27 = u.

2.3.3 The cohomology of BT. Once a basis (Xi,...,X:) of t 2 R™ in chosen,

we saw that we get an isomorphism
p: 8" x---x 8§
[ ASA N

m

—T

a homotopy equivalence
®:BS'x---x BS' — BT
and a ring isomorphism
& : H*BT — H*BS'®---® H*BS" = Rlu,,...,uy,]
(using de Rham cohomology).
Make T act on C™ by
Gryeeostm) (Ziy e s Zm) = (21, .oyt Zm)

where Z; € C".
We can thus use $2"! x --- x §?*! as a finite approximation to ET. We have

-~

m forms ay,...,q, with ¢ x,a’?z &; ; and the isomorphism
H*BT) — t*
which sends (uy,...,uy) on the basis dual to (X;,...,X,)-

Exercise 2.3.4 This isomorphism does not depend on the choice of the basis
X1, ., Xm)-

Hence we can identify H?(BT;R) with t* and the polynomial ring Rfuy, ... ,um]
becomes the algebra S(t*) of multilinear symmetric forms® on t.
2.4 Euler classes for fixed point free T-actions

Using equivariant cohomology, we shall define the Euler class for an S'-bundle or a
T-bundle, thus generalising the definition of chapter 1.

Begin by considering a principal S'-action on a manifold W, and the quotient
B. We saw in 2.1.2 that the natural map

o*: H*(B) — Hu (W)
is an isomorphism.

Definition 2.4.1 The unique element in H%(B;Z) whose image by o* is —u is
called the Euler class of the principal S'-bundle W — B.

5The reader may find that it is not very elegant to choose a basis, then use it to define an
isomorphism and then prove the latter does not depend on the basis. There exists of course an
intrinsic method, namely Chern-Weil theory.
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Example. The Euler class of the principal $'-bundle §*"*! — P"(C) is —u (one
can either use this example as an exercise or look for a proof in appendix B).

By universality of the principal S*-bundle §?*+! — P*(C) (n large enough), we
deduce the existence of connections on principal S'-bundles:

Proposition 2.4.2 Let v : V — B be a principal S'-bundle. Then there ezists an
tnvariant 1-form a on V, satisfying furthermore ixa = 1 (and called connection
form}. Moreover, da = n*n where 5 is a 2-form over B, the curvature form, such
that [n] is the Euler class of the bundle on H*(B;R). D

It is even easy to be more precise:

Exercise 2.4.3 Let 7 : V — B be a principal S*-bundle, and let 5 be a 2-form on
B such that [] is the Euler class of the bundle, Show that there exists a connection
form a on V such that da = x*n.

In the case of a torus T of dimension m, we may also consider (ay,...,a,) as a
connection; let us state more generally the following definition:

Definition 2.4.4 Let E — B be a principal G-bundle. A connection on E is a
differentiable 1-form 0 on E taking values in g, and which satisfies the two properties

1. VX € g, we have ixf0 = X
2. 0 is invariant, in the sense Vg € G, g*0 = Ad, - 0.

Example. 1If G is the torus T, consider (¢1,...,an) (on the universal T-bundle) as
a 1-form with values in R™ 2¢ ¢*, Of course, it satisfies the above two properties.

We have the existence of a connection on any principal G-bundle as soon as
we are able to construct one on a universal principal G-bundle. We shall use only
the cases G = S! or T, for which have already actually proved the existence of
connections.

The definition (2.4.1) is extended to all fixed point free S'-actions by the very
same method as in I-3.4: choose a common multiple n of all orders of exceptional
orbit stabilizers, and consider W' with the $*/Z/n = §'-action and the projection
mapp: W — W',

We may apply the previous definition to W’. Look at the diagram

H*(B) 25 Hkjz,(W')
p*
HZ(W)

Let ¢’ be the Euler class of the principal S-bundle W’ — B: it is the unique
element in H?(B) which satisfies 0*¢’ = —u'. But p*u’ = nu. This assertion may be
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checked at the classifying space level, where we must show that the n-fold covering
map
sr-rP,st

induces multiplication by n in H*(BS"). But the induced map from BS? onto itself
is precisely the one which classifies the bundle O(n) as we shall see in appendix B.

If the ring of coefficients we are using allows division by n, we thus have a unique
class e € H*(B) (namely €'/n) such that o*e = —u. We call it the Euler class of
the S'-action on W. We still have to prove (having used the same name) that if
dimW = 3, it is the same Euler class as in chapter I. This will be done in the
mentioned appendix, which will be specially devoted to the study of Euler classes.

In the same way, dealing with a principal (resp. without singular orbits) torus
T-action (dim T = m) on the manifold W with quotient B, one can define an Euler
class e € H*(B)™ (resp. with coefficients in a ring containing the inverses of the
orders of the stabilizers).

If we do not want to be intrinsic, it is the unique element e = (e1,...,€n) €
(H*(B))™ such that
o*e = (~uy,y...,—Uy) € HE(W).

If we do, then using de Rham cohomology, e € H%(B; R) ® t is the unique class
such that, in the diagram

H¥B) < HAW)
H*BT) ==xt*3¢

we have o* (e, £) = £ (where (e, ¢) is the element of H?(B) we get using duality in t
in an obvious way).

For example, any regular level of the moment map g : W — t* of a hamiltonian
T-action on the manifold W (assumed to be symplectic!) defines a Euler class e
in the cohomology of the symplectic reduced orbifold (see 11-3.6.6), at least with
rational coefficients.

3 Equivariant cohomology and hamiltonian actions

3.1 Relationships between hamiltonian actions and equivariant coho-
mology

As we have already had the opportunity to mention, equivariant cohomology is a
very convenient language in which to speak of hamiltonian group actions. This is
clear in the statement of the easily proven:
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Proposition 3.1.1 Let (W,w) be a symplectic manifold endowed with a symplectic
action of the Lie group G. The action is hamiltonian if and only if there ezists a
closed 2-form w' on the Borel construction Wg whose restriction to each fiber of
Wg — BG is w.

Proof. Let 8 be a connection form® on EG. Asume the G-action is hamiltonian,
let 4 : W — g* be its moment map. Then § ® u is a 1-form taking values in g ® g*,
and may be contracted to give a 1-form taking values in R, and denoted (0, u).

Consider now the 2-form @ = w + d{f, ) on EG x W. It is G-invariant by
definition and moreover:

VX eg i_;_(_d') = i_&w+iz_d(0,p)
= iz{_w hand dii(a, [l)
= iyw—d(ix0, p)

= ixw—d(X,p)

iiw - dﬁx =0.
Hence & satisfies Lx& = 0 and ix@ = 0, moreover it is obvious that it is closed, it

thus comes from a closed 2-form w! on Wg. O

Exercise 3.1.2 Prove the converse (you need to use the acyclicity of EG: closed
forms are exact).

Remark. The construction of the symplectic form in IV-2.4.2 is comp]efely analo-
gous.
3.2 Variation of the reduced symplectic forms

Consider now a torus T acting on a symplectic manifold (W,w) with moment map
p: W — t*, Let £ be a regular value of g and j¢ : Ve C W the inclusion of the
corresponding level. As j¢ is T-equivariant, there is a map

ET xz V; "5 ET xz W

and wg = (1 x Tj¢)*w! is the unique closed form on ET xr V; which can be lifted
to ET x Vg as jiw + (d0,£) because we actually have

) @ = w+d(f,p)
w + (d0, pu} — (6, dp)
51 agree that I have only proved the existence of such a form in the case where G is a torus,

but it is the only case where we shall need the present result. The reader may read the statement
and proof assuming G is a torus, but it is true in a more general set up.
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and by the definition of V:
@ (1 x je)'® = jfw + (d0, )

From (2) we deduce immediatly the inverse image of the class [wg] by the morphism
of : H*(Bg) — H}(Vg). As j}w gives the reduced symplectic form and df the Euler
class of the T-bundle V; — B :

(3) (08) 7 [wf] = lwe] + (e, €)-

Let now I be a convex open subset of t*, all points of which are regular values
of . Thus the T-action on p~'(i{) C W has no singular orbit. Consider then for
¢ € U the diagram of quotients and inclusions:

Ve & optu)
b
B & pu)T

and its cohomological analogue:

(m & (u-’(u)) 5 ]

H’(B) G/ H’(u"‘(u)/T)

where all the maps are isomorphisms (j¢ is a homotopy equivalence being the in-
clusion of one fiber over the contractible space ¢/) and where we consider [w!] as an
element of HZ(u~1(U)) by restriction.

There is thus a unique (i.e. independent of { € Y) class

z = (6*)"w'] € H* (W' U)/T)
the image of which by o} is wh]. Hence, from (3) :
£ 3

Proposition 3.2.1 Let U be a convez open subset of t* consisting of regular values
of the moment map p: W — t*. There ezists a class = in H*(u~'(U)/T) such that

VE €U, (Je/ Tz = [wel + (e,€) € H*(B)
where wy is the reduced symplectzc form at the level E and e is the Euler class of any

of the T-bundles V; — Be. O

Fixing an element &, in U, we get an equivariant isomorphism g~ (U) 2 U x V,
and, passing to quotients, a way to identify each H%(B¢) with H%(Bg,), and thus a
way to compare the various classes [w¢]. As a corollary this gives the famous

Theorem 3.2.2 (Duistermaat and Heckman [34])
[we] — [wee] = (—e,€ — §o)
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Remark. The sign in this statement comes from the orientation conventions in
chapter I where we managed to get —1 as Euler class for the Hopf bundle.

3.2.3 Consider for example the case of a circle action on a 4-manifold. The
theorem asserts that the function

t —— Vol B,

is piecewise linear, more precisely that it is linear (affine) over each component of
the set of regular values, the slope being the opposite of the Euler class.

Figure 1

It is perfectly completed by lemma IV-1.2.1 which expresses the variation of the
slope at each critical value. For example the discussion in IV-2.3.3 is shortened in a
very simple way by the graph of the “volume function” (figure 1).

4 Duistermmat-Heckman with singularities

In this section, we describe a construction, independently due to M. Brion and C.
Procesi [27] on the one hand and to V. Guillemin and S. Sternberg [39] on the other,
and which generalises the previous remarks.

For the sake of simplicity, we shall assume throughout that all actions are semifree
(see nevertheless the remark below).

4.1 The “simple” situation

Let us come back to the situation of the exercises 2.2.2, 3.1.2 and 3.1.3 in chapter
IV. We begin with a solution of these exercises. Let H be a periodic hamiltonian on
a symplectic manifold W and consider a critical submanifold Z of H with signature
(2,2p). That is to say that, transversally to Z, W = C x C? with

t-(z,0,--,¥p) = (2, Tyn, ..., Typ)

and H = |z|*~ |y |*—- - - — |y, /*. Transversally to Z we thus have the same situation
as in IV-figure 1. Following the gradient flow, we get a map
CxcCr — Cr

(ziyl"'wyp) — (3»'3/1,---,1‘!/,;)
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which we may restrict to each level of H and quotient. It is easily seen that this
map is the quotient map when restricted to any positive level. When p > 2 it is no
longer true at negative levels: the gradient manifold (yy,...,¥y,) is contracted to a
point. In any case, we get a diagram

V. ¢ CxC? (z,y)

|

B. — Cr Ty

where . )
{@v) el =l = —¢}
C x §%1

Y1 4e009 Y
(’” &7;=r+,)
and the quotient B. is the total space of the tautological line bundle O(—1) over
the quotient PP~}(C) of $%-1, in other words the blow-up C? of C? at 0. The map
B_ — C? contracts [yi,...,¥p] and is precisely the blow up.

We thus remark that the surgery upstairs (from V_ to V, ) corresponds downstairs
to the blow up of a point B. — B, (transversally to Z).

R

Remarks.

1. On reduced symplectic forms: a straightforward computation shows that at the
—¢ level the reduced symplectic form on B_ integrates to £ on the generator
of the second cohomology group of the exceptionnal divisor. We thus see,
using the hamiltonian H, a (real) 1-parameter family of symplectic manifolds
which, for negative values of the parameter ¢ are C?’s such that the volume
of their exceptional divisor decreases to 0 as ¢ — 0. For nonnegative values
of the parameter the exceptional divisor has disappeared and the symplectic
manifolds are CP’s,

2. On weights: once we accept working with orbifolds as quotients, there is no
essential difference with non semifree actions... in particular with actions of
the form (tz,%" y1,...,1 yp) which will appear in the following, even after
having started with semifree actions.

4.2 General case of a fixed submanifold of signature (2p,2q)

Transversally to Z we have now W = CP+9, Z = (), and

t-(Uy e ¥py 21y ey 2g) = (tW1y o 5 BYpy E21,5 - -, T24)

and the trick is to blow up W along Z in order to be in the previous simple situation.
Thus look at

Cr¥e = {([n,¢), , z) with incidence relation}

with the S'-action extended linearly as usually:

t-([n,¢),y,2) = ([tn, &}, ty,12).
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The “point” Z = 0 becomes two fixed submanifolds included in the exceptional
divisor y = z = 0: a P*"}(C) (y = 0) and a P?~}(C) (¢ = 0). Note that all points
of the exceptional divisor now have a Z/2 as stabilizer. Let H be a hamiltonian
for the S'-action (with respect to some invariant symplectic form on the blown up
manifold). Look now at the normal bundles and indices of critical submanifolds:

P*"(C) Cpo(-1) PP**71(C) Co(-1) C7F

the normal bundle thus being pO(—1)®O(~1) — P7-(C) where the first summand
corresponds to the coordinate n and the second one to an incidence coordinate A
(such that z = X(). The S"-action on those is given by t-(n, A) = (t5,7)). Similarly
for PPY(C) ¢ P”*""‘(C) C Cr¥ where we get (I(, tu).

We can conclude as in [39] that we now have two copies of the preceeding simple
situation. But let us continue and look at the following picture (figure 2). Call V'

before blbwing up

v H
v_ v \X:'F after bjlowing up
P l H ‘

dr
<+

1 .
¥ 1

B B
- +

B 1
Figure 2

the regular level H’ ~1(0) and B’ the quotient. Following the gradient or minus the
gradient we get a diagram

B — B,
| |
B. — By

as in [27] where B’ was defined as a fiber product, a definition which could seem
rather artificial from the topological viewpoint (if not from the algebraic one).

Remark. Recall that V; was a critical level, thus By is not smooth in general.

Let us now describe more precisely the topology of V' and B’ (and the map
B’ — By). The regular level V' = H~*(0) meets the exceptional divisor P?+7-}(C)
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along |]> = |¢|*. This submanifold of PP*9~1(C) is the quotient of S%~! x §%~ C
§?r+24-1 by the diagonal S*-action. Being the common boundary of tubular neigh-
borhoods of P?~!(C) and P9~(C) in PP*9-}(C), it is a sphere bundle over P7"1(C)
(S(pO(-1)) — P7-1(C)) as well as over PP"}(C) (S(gO(-1)) — P?~}(C)). Look

Figure 3

now at quotients: to construct B’, we removed the singular point and replaced it
with V' Nexc/S'. This is the same as the quotient of S(pO(1)) — P17!(C) by
[7,¢] ~ [t,%¢] ~ {t?n,¢] and thus is nothing other than the projectivised bundle
P(pO(1)) — P17}(C). Of course the projectivised bundle is trivial and the quotient
is a PP~1(C) x P9-1(C).

Remark. If ¢ (or p) equals 1, we get the blowing up of a point (or a smooth
submanifold) of By which in this case is smooth as we have already remarked. In
general the map B’ — B, is a blow-up in the algebraic sense.

O

B 5 B, Hprl

o \ o
(4) .BJ; —_— .Blo
U
pe-t

4.3 Application: The Duistermaat-Heckman problem at critical values

Why are we looking for a diagram like (4)? In the Duistermaat-Heckman theorem
3.2.2 all the regular quotients of H~?(+e¢) were identified with the same manifold By
and this allowed us to compare the classes [0.] € H*(B;) (resp. [o-.] € H*(B.))
and to prove that in each case, staying in the same component of the set of regular
values, [o.] was an affine function of .
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The diagram (4) will be used to compare {o,] and [o_.].

Recall first the 4-dimensional case (see 1V-2.2) in which B, Bg, B- are the
same surface B and thus it is very easy to compare o, and o... just by looking at

the function
t +—s / T¢.
B

Over each component of the regular set, the graph is a straight line (with integral
slope in the semifree case we are considering). We have already studied the surgery
when crossing the critical level Vy: the slope decreases by 1. In this situation, the
change in the topology of the quotient is by... blowing up a point in C (i.e. no
change at all). This apparently trivial action is nontrivial at the level of reduced
symplectic forms where the —1 corresponds to a blow-up.

In the general case of an S'-action: look at the diagram H?*(diagram (4)) in
which we see

H*(B.) < H*(B') < H*(B,)

which enables us to compare the classes of the reduced symplectic forms in H?(B').
Consider the curve t + [0y] — [0}] defined, for all t > 0, as follows:

e [o] is the class of the reduced symplectic form at level ¢ considered as an
element in H*(B') via the inclusion.

o [0y] for t < 0, being an affine function of ¢, is easy to extend as an affine
function for all ¢, [o!] denotes its value for the positive values of ¢ (once again
the inclusion is omitted).

Theorem 4.3.1 ([27]) The curve t v [oy] — |o}] is a half-line, directed by the class
of the exceptional divisor of the map B' — By.

Proof. The exceptional divisor of the map B’ — B, is the sum of the two excep-
tional divisors of B’ — B,. Since everything is affine it is thus sufficient to prove
the theorem in the “simple” case where it is an obvious consequence of the remark
on reduced symplectic forms in 4.1. O

Another remark in the Guillemin and Sternberg paper is that everything we did,
we could have done in an equivariant way for any group action which commutes
with the S'-action. Consider for instance a hamiltonian torus action with moment
map g : W — * and try to compare the reduced symplectic forms when crossing a
codimension 1 wall between two polytopes of regular values of p. It is sufficient to
be able to cross it orthogonally and thus to consider a ' x T™~! situation which
can be studied as before.
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5 Localisation at fixed points

5.1 The support of a H*BT-module
Once again, H* denotes de Rham cohomology. 1dentify

H*BT 2 S(t*) 2 Rluy, ..., )

(the last isomorphism depending on the choise of a basis in t) in particular, consider
elements of H*BT as functions on t or as polynomials in (u,...,uy).

Let M be a H*BT-module. Its support is

SuppM = [} VicCt
{sly-M=0}

where, for f € H*BT = S(t*), V; = {X € t|f(X) =0}.

Examples.

1. f M is free, then f - M =0= f=0=V; = t = SuppM = t: modules
having a proper support does have torsion.

2. ¥ T = S, the ring H*BT is a principal ideal domain (polynomials in one
variable). If f is a generator of the ideal annihilating M, then Supp M consists
of the zeros of f. In this example, one can imagine why it might be more
convenient to use complex coeflicients; it suffices for that to replace H*BT by
H*BT @ C = H*(BT;C) and t by t ® C thus, when M does have torsion,
there is a (proper) support. We shall see that in the hamiltonian case there
is no problem and we can “stay real”: the supports we shall have to consider
will be unions of vector subspaces.

3. The module {0} has empty support.
Lemma 5.1.1 If M'->sM-25M" is an ezact sequence of H* BT -modules, then

Supp M C Supp M’ JSupp M".

Proof. Put S = SuppM, S’ = Supp M’ and S” = SuppM”. Let z ¢ S' U S".
Then, as x ¢ §', there exists a polynomial f such that f(z) # 0 and f-M' = 0. For

the same reasons, there exists a polynomial g annihilating M” but not x. But
bg- M)=g -b((M)Cg-M"=0
thus g-M C a(M’) and f-(9-M) C a(f-M') =0 hence (fg)-M =0... f(z)g(z) #0

andsoz ¢ S. O
Similarly:
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Exercise 5.1.2 If0 - M' - M — M" — ( is an exact sequence of H*BT-
modules, then
Supp M = Supp M' U Supp M”.

and also:

Lemma 5.1.3 If M et M' are H* BT -algebras” and if a : M’ — M is a morphism
of algebras, then Supp M C Supp M'.

Proof. If z ¢ Supp M’ there is a polynomial f annihilating M’ but not z. The
unit 1pp 18 killed by f, a(f -1mr) = f -1y =030 f kills M and = ¢ Supp M. O

5.2 Supports of H%(U), examples

Let us now begin to investigate the H*BT-module structure of the equivariant
cohomology of T-manifolds.

Lemma 5.2.1 Let H be a closed subgroup of T. Then
Supp H{{(T/H)=h C t.

Proof. Remark first that ET xr T/H ~ ET/H ~ BH, whence we deduce that
H3}(T/H) is simply H* BH with the H* BT-module structure given by the restriction

H*BT — H*BH.

On the other hand, H is a closed subgroup of the torus T', and so, up to the fact
that it might not be connected, it is a torus. More precisely, it is the product of a
torus Hp by some finite group that de Rham cohomology will not even notice and
hence we suppose that H is a torus.

The structure of H* BH as an H* BT-module is rather easy to understand. The
inclusion of the Lie algebra
it
induces the restriction of polynomials

S(ti) : S(t) — S(B*).

The torsion elements of H* BH are thus all the polynomials on t whose restriction
to b vanishes. Thus

Supp H{(T/H)=- () V; =}
fiy=0

o]

Corollary 5.2.2 Let X be a T-manifold. Assume there ezxists an equivariant map
X - T/H. Then Supp H§¥(X) C b.

Twith units, of course.
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Proof.
f*: HY(T/H) — Hi(X)
is a ring morphism. Applying lemma 5.1.3 we find that
Supp Hi(T/H) > Hi(X)

The corollary may be applied in particular when X is an equivariant tubular
neighborhood of any orbit of the smooth T-action on a manifold W (thanks to the
slice theorem) and gives:

Corollary 5.2.3 If X is an equivariant tubular neighborhood of a type (H) orbit in
the T'-manifold W, then Supp Hx(X) C h. O

and in the same way
Corollary 5.2.4 If T acts freely on W, then Supp Hf(W) =0. O

Considering now the union of all orbits in W whose stabilizer is a proper subgroup
of T' i.e. the complement of the fixed point set F, we are going to prove:

Proposition 5.2.5 Let F be the fized point set of a T-action on a compact manifold
W. Then

Supp H(W - F) c b
H
where H describes the (finite) set of all the (proper) stabilizers of points in W,

Remark. In particular, this support is a proper subspace of t, contained in a finite
union of vector subspaces, thus H%(W — F') is a torsion H*BT-module.

Proof. The space W — F has the same (equivariant) homotopy type as the comple-
ment of a small equivariant neighborhood of F. The compiement may be covered
by open subsets U,...,Us which are equivariant tubular neighborhoods of orbits
(with proper subgroups of T as stabilizers).

We may apply corollary 5.2.3 to each If;, and this will allow us to prove by
induction on h :

Supp HF(Lh U...UUr) C Hh1 U... U b4,

Start the induction by applying 5.2.3 to U;. Now suppose the result to hold up to
order h, put V, =U; U...UU, and thus Viyy = Vi Uldpy.

We have Supp H(V:) € UL, b; by the induction hypothesis, and hence we can
use the Mayer-Vietoris exact sequence:

H3(Va OWlUpnyr) — Hi(Vin) — HF(Vi) ® Hi(Unsa)

M’ — M —_— M”

in which
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o Vi NUn41 C Unyr is endowed with an equivariant map onto the central orbit
of Unyy in such a way that Supp M’ C hpys.

e Supp M" = Supp H$(V4) U Supp Hi(Uns1) = UL, i U bpyy by exercise 5.1.2.

This gives the result for Supp V4,1 and for Supp M it follows from lemma 5.1.1 and
the proposition. O

5.3 The localisation theorem

Our goal in this investigation is to prove rather precise versions of the fact that,
forgetting torsion, the H* BT-module H3(W) looks very much like the free H* BT-
module Hy(F).

Theorem 5.3.1 Let i : F — W be the inclusion of fized points. Then both the
kernel and cokernel of
i*: Hy(W) — H}(F)

have support included in Uy yapitiner £7 b-

Proof. Let U be an equivariant tubular neighborhood of the fixed point set F. We
know that
Supp Hf(W —u)c |J b
H#T

and that the same is true of Supp H3(8(W — U)). Using the long (equivariant)
cohomology exact sequence of the pair (W —U,0(W —1Uf)), the same is true for the
support of H3(W — U, (W - U)).

Let V be another equivariant tubular neighborhood, a little larger than ¥/, such
that V —U ~ (W —U) = U. Thus:

HE(W, F) = HXW,V) " & HAW —U,V ~U) = HXW —U, (W ~U))
and in particular, Supp H3(W, F) c Ub.

The exact sequence of the pair (W, F)

#(W, F) — H}W)-5H3(F) — Hp(W, F)

alows us to conclude. O

The rank of the H* BT-module Hf(W) is thus the same as the rank of the free
module H}(F). It is possible to give an even more precise statement, using the
notion of localisation.

i f € H*BT is a nonzero element, consider the localised subring (H*BT); of
the ring of fractions H* BT, consisting of all the fractions which have a power of f
as denominator. In the same way, for any module M, consider

M;=M Q (H*BT),;
H*BT

the localised (H* BT')s-module obtained by extension of scalars.
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Let f be a polynomial which vanishes on all the h’s. Consider the induced
morphism

i (Hp (W) — (H3(F))s

It is an isomorphism because of

Lemma 5.3.2 Let M'-*+M-3M" be an ezact sequence of modules, Then the
sequence

MMM

is exact.

In other words, (H*BT); is flat.

Proof. b oa =0 as boa, hence Ima’ C Ker¥. Reciprocally, let z € Ker¥. By
the definition of My, we can find an integer m such that f™z € M and as we have
b(z) = 0, b(f™z) = f™¥(z) = 0 so that f™z € Kerb = Ima. We can thus write

f™z = a(y) and
z=2}g'2=a’(73};) € Imad’.

According to the lemma, the kernel and cokernel of the (localised) morphism #*
are the localisations of the kernel (V) and cokernel (C). On the other hand, we
know that Supp N C V; and Supp C C V; by the definition of f. Thus N, and Cf
are zero and 7* is actually an isomorphism.

Because of formula (8) (see appendix A) relating ¢* and the Gysin morphism i,:

i*1,1 = er(v),

we suspect that i, is more or less the inverse isomorphism, up to the inversion of
some Euler classes. This is what we shall make precise now.
Let us begin with two properties of i, analogous to 5.3.1 for i*:

Proposition 5.3.3 The kernel and cokernel of
i, : Hy(F) — H3(W)
both have support in the union Ub of the Lie algebras of the stabilizers # T of points
of W.
Proof. Consider the cohomology exact sequence of the pair (W, W — F)

Hi(W—-F) — Hi(W,W-F) — H}W) — H}W-F)
le S ix
H3(F)

and deduce the result from the previous lemmas. O



138 Equivariant cohomology

Let us now invert Euler classes. Any polynomial f vanishing on the support is
suitable to define a localisation. We are going to construct a minimal such f.

Let Z be a component of the fixed point set F' of the T-action on W. Consider
its equivariant Euler class er(vz) € H$(Z) (see A.2.2). As the T-action on Z is
trivial, H}(Z) & H*(Z) ® H*BT and we may decompose

er(vz) =Y ol ® fi_; € H(Z) ® H*BT
W

where the lower index denotes the degree of the cohomology class under considera-
tion, and 2m is the codimension of the submanifold Z in W.
Of course, all degree > 0 elements in H*(Z) are nilpotent, and thus:

Lemma 5.3.4 With these notations, er(vz) is invertible in H3(Z) if and only if
;@ ® fim is invertible. O

Let z € Z be a fixed point. The sum ¥ a) ® f§,, may be interpreted as the
restriction of ex(vz) in H%(z) @ H*™ BT = H3}(z). Let us compute this restriction.
Write
TW=T.Z0L:1®.. 8L,
where T' acts on L; by the morphism ¢; : T — S', and denote also by o; : t = R
the linear form which is the derivative of o; at 1. Then the restriction of er(vz) is
(up to sign) the product of the linear forms a; (considered as a polynomial on t).

Remark. It is clear that the kernel of «; is one of the §’s in the support of H}(W —
F). Indeed, H = Kera; C T fixes vectors in the subspace L;, but the T-action on
L; is nothing other than the derivative at z of that on W.

Let us put fz = [Jo; (it is er(v;) for some z in Z) and f = [Izcr fz. Then all
the classes er(vz) are invertible in (H3(F)); and the map
i

scr er(vz)

Q=

(where each iz is the inclusion of the component Z) defines a homomorphism

Q : (H(W)); — (Hi(F))s
inverse to i, in other words:

Theorem 5.3.5 (localisation at fixed points) If x € H3(W), in a suitable lo-

calisation,
iZiy

ZCF eT(VZ) '

X =

[m]

8This is the definition of equivariant Euler classes see A.2.2.
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5.3.6  Actually, in the hamiltonian case, using a well chosen projection of the
moment map and the ideas of [36], one shows that the H*BT-module H}W is the
free module generated by H*W. The restriction to the fiber HiW — H*W is
surjective and the restriction to the fixed points ¢* : H3W — H}F is injective.

6 The Duistermaat-Heckman formula

6.1 The Duistermaat-Heckman formula

Theorem 6.1.1 ([34]) Let (W,w) be ¢ compact symplectic manifold of dimension
2n and let H be a periodic hamiltonian on W with only isolated fized points. Then

An —uH(Z)

—Hu W e
/ € H“.._—'_ _— —_——
w n! Fcr st (vz)

Remarks.

¢ It is not absolutely necessary to assume that the fixed points are isolated.
There is a more general statement in {34].

¢ Similarly, it is not necessary to consider only circle actions, analogous results
hold with higher dimensional tori.

¢ The formula must be read as an equality of formal series in the variables u
and u~!. We shall come back to this remark later on.

o If the formal variable u is replaced by it where { is a real parameter, this
formula is an exact (i.e. without rest) “stationary phase formula”.

¢ Reading again it instead of u, and up to Fourier transform, the formula ex-
presses the fact that the image measure on R (or on t* if we are dealing with a
higher dimensional torus) of the symplectic volume w”"/n! under the moment
map has a piecewise polynomial density (with respect to Lebesgue measure).

Proof. As H is a periodic hamiltonian, we know that the symplectic form w may
be “extended” to Ws (3.1.1) as a closed 2-form w!. Consider the latter and all
its powers. In order to deal with all of them at the same time, we use formally
a = exp[w!] as if this was an element of H%(W). Apply first the localisation
theorem 5.3.5: -
(5) a= Y 22T

CF st (vz)
Then “integrate in the fibers” (see A.6.1) of the fibration 7 : Wg1 — BS!, in other

words apply .. The right hand side of (5) becomes (as m,i, = 1, see A.6.4 applied
to the section BT = ET x7 Z « ET xt W = Wr):

tha

seresi(vz)
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We therefore calculate i%a = exp ijw!. The “form” w! is the projection of w+d(8H),
so i%w! is the projection of i%(w + d9H — § AdH). As Z is a point, this is simply
the projection of d0H(Z) that is ~uH(Z).

The right hand side of (5) is thus

e—vH(Z)

seresi(vz)

Look now at the left hand side: 7,0 = 7, expw!. We thus have to consider
exp(w + d0H — 0 AdH) on ES! x W, to integrate over W and to project. During
the integration process over W, all the terms in the exponential of degree different
from 2n vanish. There remains only w”"/n! and (dH)?*/(2n)!, the latter form being
exact, it also integrates to zero. The form d still projects onto —u. The left hand
side in (5) is thus

An
/ ~Hu¥
e ————
w n!

as we annouced. O

6.2 Examples of applications

In this paragraph, we make formula 6.1.1 talk. The left hand side is a formal series
in u, but not a priori the right hand side: if S acts near the fixed point Z by

te(zyeneyzn) = (" 21,...,t"2,)

then ta;...a,u™ = esi(vz) appears in the denominator. The Duistermaat-Heck-
man formula implies therefore that certain elements must vanish.

Here are some examples of these cancellations. Assume for simplicity that H is
the hamiltonian of a semifree action (i.e. a; = £1). Let A(Z) be the number of
minus signs (the index of Z as a critical point of H is 2A\(Z)). The formula is then:

-H whn 1 A -uH(Z
/ eHeE_ = Y (1)MDuH (D),
w n! ut Sk

Put “u = 0” in this formula.

1. The case where n = 1.

/ w = [_1_( Y e Y e-uH(Z))]
w ¥ \zeMin ZeMoz =0

in other words
Vol W = H(maz) — H(min)

as we know (1I1-3.2.1) that there are only one local minimum and one local
maximum (see figure 4).
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Figure 4

2. The case where n = 2. Let p; be the number of index 2¢ critical points and let
F; be the set of such points.

W%\i‘—‘ {;12‘ [PO"‘PI"‘PZ‘“(Z H(Z)- Y H(Z)+ ) H(Z))

ZeFh ZeFR ZeF;
2
+5 (Z H(2' - Y HZP+ T H(Z)*)]}
ZeFo ZeR ZeR u=0

The degree 0, 1 and 2 terms in the brackets give respectively

® pg— p1+ p2 = 0 but we know that py = p; = 1 and thus there are exactly
two index 2 points. Call them a and b.

o H(min)—(H(a)+ H(b))+ H(maz) = 0, in other words the two intervals
[min, maz] and [a,b] have the same middle. We already noticed these
two properties in IV-2.3.3 and in the discussion following 3.2.2 (see figure
1).

¢ The third term computes the volume:

Vol W = -12- [H(min)? - (H(a)® + H®)?) + H(maz)]

It is the surface of the trapezium in figure 1! in other words this is the
integral of the volume function ¢ + Vol B,. Actually in this case, using
the methods of chapter IV, it is rather easily seen that W = §% x 52, and
that the S'-action extends to a T?-action... of course the trapezium is
the image of the moment map.

3. The case where n = 3. With the same notations, and the same hypotheses,
the same method gives for example

po—pr1t+p2—p3=0
This, added to the fact that po = p; = 1 gives p1 = p;. More generally,
notice we allways have p; = p,_; in dimension 2n when the fixed points are

isolated: this is Poincaré duality, as H is a “perfect” Morse function and so
Pr = dim sz(W).
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Remark. In dimension 6 (n = 3) and with the hypotheses above, it can be shown
that py = ps = 3... using essentially the same method, a localisation formula near
fixed points analogous to & 5.3.5, but in equivariant K-theory. In some sense it is
even easier: the group Kr(W) is defined (starting with T'-vector bundles over W)
much more simply than H3(W) for which we had to use classifying spaces and the
Borel construction.

The functor Kt has properties analogous to that of Hj, which allows us to prove
a localisation theorem. From this theorem, Hattori remarked in [41] that it was
possible to deduce, among other things, with our hypotheses (periodic hamiltonian,

isolated critical points, semifree action) that p; = ': . For n = 2, we have already

explained this several times; for n = 3 remark that the method, even if analogous,
is nevertheless more powerful, as we are not able to deduce p; = p, = 3 from 5.3.5
ou 6.1.1.

It is also with the help of the localisation formula in equivariant K-theory, for
hamiltonian torus actions on toric varieties (see chapter VI) that M. Brion gave very
elegant proofs of some results about convex polyhedra (see [26]).

Exercise 6.2.1 Let (W,w) be a compact symplectic manifold of dimension 2n
endowed with a hamiltonian action of a torus T" (of half the dimension). Let P be
the polyhedron which is the image of W under the moment map .

1. Let AB be an edge in P. Show that it is the image of a symplectic sphere
Scw.

2. Write AB= A& where @ € Z" is indivisible and A € R. What can be said
about the stabilizer of the points in S7 What is the volume fgw of the sphere
S?

A Appendix: some algebraic topology

We shall give here some hints of proofs and references for the main notions of
algebraic topology used in this chapter. There are a lot of good books. We already
mentioned the one by Husemoller [15] when we used it at the beginning of the
chapter. I like very much and used a lot the one by Milnor [16] especially for this
appendix.

A.1 The Thom class of an oriented vector bundle

Let E — B be an oriented (for example, complex) vector bundle of (real) rank n.
Denote Ej the complement of the zero section in E, F a fiber and Fp the intersection
F n Ey. F is the vector space R" and we have

H"(F,Fy;Z) = H*(R",R" — {0};Z) @ H*'(R" — {0}; Z) * H"" (S~ 1, Z) % Z

so that the chosen orientation (which specifies the last isomorphism) gives, for each
fiber F an element Ur which generates the infinite cyclic group H"(F, Fo;Z). The
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Thom isomorphim theorem asserts the existence of a class on E the restriction of
which to each fiber is Ur :

Theorem A.1.1 (Thom isomorphism) There erists a unique cohomology class
U € H*(E, Fo; Z) whose restriction to H"(F, Fy; Z) is Up (for any fiber F). More-
over the map:
H*(E) —— H*(E,Ey;2Z)
y +—  y~U
is an isomorphism.

For the proof, first look at the case of the trivial bundle, which is rather easy,
then cover the base space by open subsets which trivialise the bundle, and (at least if
the base space B is compact) deduce the result by induction on the number of open
subsets, with the help of Mayer-Vietoris and the five lemma (see [16] for details). O

The class U is called the Thom class of the oriented bundle E, it is clear that a
change in orientation will change the sign of U. It is also clear that U is natural: if
f : B’ — B is a continuous map, U(f*E) = f*U(E).

The isomorphism y ++ y — U is the Thom isomorphism.

A.2 The Euler class of an oriented bundle, equivariant Euler class

Definition A.2.1 The unique class e € H"(B;Z) such that 7*e = j*U where U s
the Thom class and the maps are the natural ones

H™(E, Ey; T)-+H"(E; Z) "~ H"(B;Z)
is called the Euler class of the oriented bundle n : E — B.

Remark. Changing the orientation of E changes the sign of e. On the other hand,
e is natural as is the Thom class we used to define it.

A.2.2 The equivariant Euler class. Recall that E — B is a G-vector bundle
if it is a vector bundle, endowed with a G-action which is linear in the fibers and
compatible with some G-action on the base space. This is what we need to form
the vector bundle EG xg F — EG xg B.

As such, it has an Euler class (if E is oriented) which we shall denote

ec(E) € Hg(B)

as we intend to call it the equivariant Euler class of the bundle £ — B,
A G-vector bundle may be trivial as a vector bundle without being trivial as a
G-vector bundle, as the following example shows.

Example. If B is a point, a G-vector bundle over B is nothing other than a linear
representation of the group G. Such a representation has an Euler class in H*BG.
For instance if G = S! and if E = C with the action ¢ - v = #"v then ES! xs1 E is
the bundle O(-m) over BS* (see appendix B).
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A.3 The Gysin exact sequence

Proposition A.3.1 (Gysin exact sequence) There ezists an ezact sequence
— H{(B)=SH™"(B)=5, H+(Ey) — H*(B) —

Proof. Use the long cohomology exact sequence of the pair (£, Eg) and the previous
isomorphisms.

— HYE,E) 4 HME) — HME) -5 H*YE,E) —

U = ~U
H""”(E) H"(B) Hk-n-H (E)
T,r* /‘ —e Iﬂ.*
H"_"(B) Hk-n+1(B)

(m]

A.4 The cohomology of projective space

To prove proposition 2.2.4, we use the Gysin exact sequence for the “tautological”
line bundle: :

E = 0(-1) = {(l,0)ll c C**,v €I} c P*(C) x C"*!

Ey is the set of all pairs (I,v) where v # 0, it is easily identified with C"*! — {0} and
its homotopy type is that of the sphere S?"*!, Let v be the Euler class of the bundle
E (u in the statement 2.2.4 is just —v). We may write the Gysin exact sequence:

—_ Hk+l(szn+l) —_— Hk(Pn(C)):_!;Hk+2(Pn(C))__f_?_)Hk+2(S2n+l) —_
from which we immediately deduce that all the H?*+'(P"(C)) vanish, and that
— v : H*(P"(C)) — H¥***}(P*(C))

is an isomorphism for 0 < 2k <2n —2. O

A.5 The Gysin homomorphism (case of an embedding)

Let Z <+ W be a codimension m submanifold, with normal bundle v (assumed to
be oriented). We define a Gysin homomorphism

i, : H¥(Z) — H*™(W)

(which goes the wrong way and which does not preserve the graduation) by the
composition:

excision

HYZ) 2B (0,00) TR BT (W, W = Z)™ S g ()

where of course, ® denotes the Thom isomorphism for the bundle v.
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By the very definition of the Euler class, we have the fundamental property
(6) 2,1 = e(v)
and similarly
(M t*i,x =z — e(v).

Actually, there is a commutative diagram:

1 — U
H(Z) — H™v,v) — H™W)
i* i
H™(v) & H™2Z) 3ev)
which allows us to prove (6). Similarly for (7), since #* and j* preserve multiplicative
structures and since the Thom isomorphismis z —» 2z~ U. O

A.5.1 The equivariant case. Suppose G acts on W and Z, the embedding i
being equivariant. Up to finite approximations, we may assume that

EG x¢ Z < EG xg W

is the embedding of a submanifold. Therefore we have a Gysin homomorphism
iy + HE(Z) — HE(W). Computing i*i,1 gives the Euler class of the normal bundle
of EG x¢g Z that is, the equivariant Euler class of v:

(8) i,z = & — eg(v).

A.8 The Gysin homomorphism: integration in the fibers

A.6.1 Let w:E — B be a locally trivial bundle with compact fibre F. Assume
that B, E and F are manifolds and moreover that F is oriented and has dimension
m.

Let w be a k-form on E. We can associate to it a (k — m)-form on B, denoted
mew and defined thus: if k¥ < m, mw = 0, otherwise

(W*w)b (X1, 1Xk-m) = [r"(b) a

where o is the m-form on 7~1(8) & F such that
a (Viseeo Vi) = wp (Ka(2), o, Kim(2), Viy -, Vi)

. in which formula X;(z) is any vector in T,E such that T,x(X(z)) = X; € T,E
(it is clear that the result of this process is well defined).

We thus get a map
T, : QF(E) — QF™(B)
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Exercise A.6.2 The diagram
QYE) = QFm(B)
d d
QHYE) 2 QF-m+Y(B)

commutes.

We thus get a morphism, still denoted =, : H¥(E) — H* ™(B), of which it is
not hard to make a relative version which will appear in the following example (of
course, in this paragraph, we are dealing with de Rham cohomology).

Example. 7 : S™ — pt may be considered as a fibration with fiber S™. The
homomorphism
m: H™S™) — Hpt)
w —  fomw
sends the generator to 1. From the definition of the Thom class U, we deduce that if
E is an oriented rank n vector bundle over B, then =, : H"(E, Eo) — H°(B) sends
Utol.

A.8.3 The reader may be frightened by the present terminology and ask (with
some reason) what relationship exists between the , considered here (case of fibra-
tions) and the , of A.4 (case of embeddings). She or he may keep quiet #, and
i, are two aspects of a single Gysin homomorphism f, defined for any proper map
f : V — W from one manifold into another. One possible way to define f, is pre-
cisely to decompose f as an embedding i : V — W x S" (n large) and a fibration
7: W x S* = W and to put f, = m, oi, (it is not very hard to prove that it does
not depend on the choices).

A.6.4 Consider for instance the case of the inclusion of a section i : B <+ E of the
bundle. We then have, for any y € H*(B), m.d.y = y. In fact, i, is the composition
of the horizontal maps in
y — y~U
H™(B) — H™(v,n5)) — H™™(E)
N
H"(B)

but we saw in the previous example that the Thom class is sent to 1.

B Appendix: various notions of Euler classes

We have already met two notions of Euler classes for fixed point free S-actions:
in chapter I for 3-manifolds, where we got a number, and in 2.4 where a degree 2
cohomology class was constructed. On the other hand, we have also used the Euler
class of a (real) oriented vector bundle. In this appendix, we shall investigate the
relations between these various notions.
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B.1 The case of S'-bundles

Because all relevant definitions can be ultimately expressed in terms of principal
bundles or actions, it is enough to study this latter case. We shall thus prove:

Theorem B.1.1 Let V be an oriented compact 3-manifold endowed with an S'-
action. Let B be the oriented surface which is the quotient. If e € H?(B) is the
Euler class of the S'-bundle V — B (in the sense of chapter V), then {e,[B]) € Z
is the Euler number in the sense of chapter 1.

Proof.

1. It suffices to prove this in the case where B is a sphere: indeed, write B =
B =D, U Dy and the bundle is trivialised over each piece. Define a map

f : B — S? by collapsing the complement of a collar B — D, onto a point
(figure 5).

) —

Figure 5

The map f* : H%(S?) — H?(B) is an isomorphism. Moreover, by the definition
of f, the bundle V — B is exactly the pull-back by f of the bundle over the
sphere which is trivial over each hemisphere and described by the same gluing
data as V — B along the equatorial circle.

We thus assume that B is a sphere S2.

2. It suffices to consider the case where V — S2 is the Hopf bundle: in fact, if
g :S? = S%is a degree m map, it multiplies Euler classes (in the sense V)
by m, but in the sense I as well: we may assume it induces z — 2™ on the
equatorial circle 8D,

Vi — V

i !

52 AN §?
With obvious notations a’ — ma and similarly o' — mdo, but ¥’ - b as it
is an orbit. We deduce that e = me’ (in the sense of chapter I).

3. For the Hopf bundle §* — P*(C), the statement is clear, as we have e = —1
in the sense of I and in the sense of V as well by definition of u.
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(m]

Remark. We have just checked by explicit computation, and used the fact that the
Hopf bundle $* — P!(C) is universal among the principal S!-bundles over surfaces.

B.2 Complex line bundles

To any principal S*-bundle V — B we associate® a rank 1 complex vector bundle
E — B using the usual linear S'-action over C :

E=VxaC

where S? acts on V x C by t - (v, 2) = (tv,1z).

Examples.
o Take V = §2*+! with the action defining the Hopf fibration. The map

S xC —  PHC)

(20,---22n32) — [20,...,2n]
becomes, taking quotients, the vector bundle
S+ x5 C —s P*(C)
Using the injection

Sl x5 C s P*(C) x C!

[z0s. . -r2n52] = ([z0s-++)2n)s 202, .0y 202)
we may identify the vector bundle obtained with the tautological bundle
o(-1).
o For any m € Z we also know how to define a bundle called O(m) over P*(C):
O(m) = 8™ x C/(2,...,2n;2) ~ (t20,...,tza;t™2).

Thus the bundle E(m) we considered over P!(C) in IV-A is O(m). Consider ¢
a primitive m-th root of 1, and the lens space L**+!(m) which is the quotient
of §?"*1 by v ~ (v. Making S*(= $'/Z/m) act on L?"*1(m), we still get a
principal bundle over P*(C).

Exercise B.2.1 Show that in the last example the associated complex line bundle
is O(—m).

9This is actually what is called an associated bundle.
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Conversely, given a complex line bundle E over a manifold B, the choice of a
hermitian metric on E allows us to consider its circle bundle S(E), which is then
a principal S'-bundle over B (thanks to the linear S'-action by rotations in the
fibers). Of course we may recover E from S(E) as above.

We now have to compare the Euler class of E as an oriented vector bundle and
the Euler class of S(E) as a principal S'-bundle. But we actually defined the class
u € H}(P"(C); Z) in such a way that e(O(—1)) = —u (see A.4). By universality,
we deduce that they coincide.

Exercise B.2.2 Comparing O(1) and O(—1), check that u = e(O(1)).

B.2.3  As a conclusion to this appendix, let us now check the assertion about
multiplication by n which we used to define the Euler class in the nonprincipal case
and in 2.4:

The map z > z" induces multiplication by n on H*(BS').

Coming back to the previous examples, we see that we have to prove that the
Euler class of O(n) is nu. On the other hand, as this only concerns H?, the assertion
needs only be checked on P!(C). Consider thus the map

p: PY{(C) — PYO)
[z,9] +— [z™,¥"]
It has degree n, which means that it induces multiplication by n in the group H?2.

Moreover it is (almost) obvious that it satisfies ¢*O(1) 2 O(n). By naturality we
thus have

¢(O(n)) = ¢*e(O(1)) = ne(O(1)) = nu.
o



Chapter VI

Toric manifolds

This chapter is a kind of appendix to the rest of these notes: its goal is to present
a very beautiful family of symplectic manifolds endowed with hamiltonian torus
actions.

These are the toric varieties' introduced by Demazure and investigated since
then by numerous authors®. These are algebraic varieties which can be defined over
any field (of course we shall restrict to the field of complex numbers). The prototype
is the closure of any orbit of a (complex) torus acting in a linear way on a projective
space which we already met in III-4.4.1, but we shall present here an alternative
description.

The manifolds under consideration have properties which coincide a priori with
those which we are interested in:

e They are endowed with the action of a “big” torus (of maximal dimension:
half that of the manifold) and with symplectic structures for which this action
is hamiltonian.

e They are counstructed from something very close to a convex polyhedron,
namely a fan (this is something allowing us to recover the combinatorics of the
faces of a convex polyhedron, but not the size of the faces, see 2.1). Moreover,
given an invariant line bundle, one can actually associate with these manifolds
a convex polyhedron with integral vertices.

¢ In the dimension 4 (complex 2) case they are described by graphs which look
very much like some of the ones which appeared in chapter IV... which is
not surprising since we exhibited there all the 4-manifolds endowed with a
hamiltonian action of the circle, a fortiori these endowed with hamiltonian
T?-actions.

After the publication of the convexity theorem (11I-4.2.1), various authors hurried
to remark that, in the case where the cohomology class of the symplectic form is

1t is to insist on the fact that we are mainly interested in the complex and smooth case that
we used the word “manifold” in the title of the chapter.

*There is a rather complete, but already a little out of date bibliography in [30] and a more
recent one in {58].
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the Euler class of a complex line bundle, the polyhedron image by the moment
map was actually the one that was classically associated with the line bundle under
consideration (see [44] and the proof by Khovanski and Arnold of I1I-4.4.1 in [19]
we already used).

Here, we shall describe a complex toric variety® as the “quotient” of some CV by
a complex subtorus of (C*)V. It is not necessary here to make precise the sense of
the word “quotient”, it will be the honest topological quotient of a big open subset
of CN. According to a rather general idea of F. Kirwan, this quotient is identified
to the symplectic reduction of some regular level of 2 moment map on C¥. We thus
meet a description due to T. Delzant, from which we deduce, as in [31] that with
each (integral or not) convex polyhedron satisfying the necessary conditions implied
by 111-4.2.5, we are able to associate a compact symplectic manifold of dimension
double that of the polyhedron, the latter being the image of the moment map.

This construction gives, in a very natural way, many of the classical results on the
topology of these manifolds (simple connectivity, cohomology, invariant line bundles
and symplectic forms).

To stay in the spirit of chapter IV of these notes, we shall investigate more
precisely the case of dimension 4, where it is almost obvious, using the results of
the submentioned chapter, that given the image of the moment map, we are able to
recover the whole diffeomorphism type of the manifold: in other words, a compact
symplectic manifold of dimension 4 is endowed with a hamiltonian 7%-action if and
only if it is diffeomorphic to a complex toric surface. This is a special case of a result
in [31] where the analogous statement for hamiltonian T"-actions in dimension 2n
is proven.

It goes thus without saying that I claim no originality in this chapter®: there
are ideas from [46] and [31}, which I have chosen to describe here mainly because
I wanted to relate the topological aspects of the theory I enjoyed learning in the
very beautiful paper by Danilov [30]. I enjoyed reading [28] as well, so I used it,
especially in the description of fibrations and of surfaces.

1 The action of TY and its subgroups on CV

Call TV the real torus and T¥ the complex torus:
TN = {(t,...,tn) € CV|Jt:| =1}
T {t,....tn) e CVE £ 0} = (C¥
and make these two groups act on CN:
(t1y---otn) - (215 oy 28) = (t121,. . . ENZN)

noticing® that, restricted to (C*)" the action is free and transitive!

i

3Not in the generality needed by algebraic geometers.
4Nor in the others, after all.
5Silly as it may seem, this remark is the basis of this chapter.
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1.1 Nontrivial stabilizers

Call (ey,...,en) the canonical basis in any of the spaces Z¥V c Q¥ c R¥ c CV
and, for I C {1,...,N}, ef the “coordinate” subspace generated by (e;);¢;*

er={z]j ¢ I = 2; =0}
Ty the corresponding complex torus®:

Ti={lj¢I=>t;=1}
¢} the open cone

e',={z|j¢1¢>z,-=0}
and T the complement of I.

Of course, z € ey if and only if its stabilizer contains T} and z € €} if and only if
its stabilizer is T7.

1.2 Subtori

Consider a linear map

r:ZV — Z"
and use the same letter (when no confusion is to be feared) = for the maps = @ Q,
T@R and r®@C.

Assume that v ® Q is surjective and call K C Z% the kernel of 7. Similarly
K c TV will be the kernel of

RV /ZN LR /2"

the definition of K¢ being left to the reader... all these groups are now acting on
CV as subgroups of T§. Call k = N — n the dimension of K.

Proposition 1.2.1 The points in the singular orbits of Kg in CVN are the points
in the ey such that K@ CnNeg #0.

Proof. We know that z lies in a nonprincipal orbit of K¢ if and only if there exists
a (proper) subset I of indices in {1,..., N} such that 2 € ¢; and K¢ N T} 3 1.
Linearising the latter condition, we find that K @ C Ner # 0... but this gives no
information for exceptional orbits (case where K¢ N T3 is a finite group). O

Example. Put N =n =2 (and k = 0), and let 7 : Z2 — Z? be the map with matrix
(1) ; > in the canonical basis, in such a way that x itself is injective (K = 0) but its
avatar T? — T? has nevertheless a nontrivial kernel K & {(e,e)le = +£1} Cc T% In
this case, K¢ acts on C? without singular orbit, but the point (0, 0) is an exceptional
one.

STrying to economise on notation which is already very heavy we shall denote in the same way
both the complex and real torus. No confusion is to be feared.
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Given the (integral) map 7, we thus deduce:

Proposition 1.2.2 Let

Knegp#0

This is the biggest open subset in CN on which Kg acts without singular orbits.

Remark. dimK = N —n =k, and if #] > n, K® CnNer # 0. In U, there is
therefore no coordinate subspace e; such that #I < k.

Example. Let n : Z*!' — Z" be the map which sends the n first vectors e;,...,€,
of the canonical basis on the vectors having the same names, representing the canon-
ical basis of Z" and sending e,y; on —(ey + -+« + ¢,). K is the line generated by
e1+...+ ey + eny1 and K the diagonal torus (¢,...,t). Here U, is C"+1 — 0.

1.3 Real and imaginary parts

If Tc is a complex torus and T the real torus which is its compact component, then
tc = t @ it, and we shall simply write the element g of T¢ as ¢ = kexp X where
k €T and X € t. For example, if Tg = C*, then T = §?, t = iR and any element
z € C* may be written z = ue® where z € R and u € S*.

2 Fans and toric varieties

2.1 Fans

The idea one must have in mind is that a fan is what is left from a convex polyhedron
when the “sizes” of its faces are forgotten.

A\

=

Figure 1

Consider a convex polyhedron P in a vector space which we shall call E* because
we actually want to work in the dual’ E.

7All the convex polyhedra we already met were indeed living in “dual spaces”.
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With any face I' we may associate its tangent cone: fix a point m in the (relative)
interior of I' (notation: m € f‘) and define

or=Jr-(P-m).

r>0

(see the picture in the middle of figure 1). The associated fan is the family X(P) =
{6t} of the convex dual cones:

7 ={X € E|lp(X) >0 Vp € 0}

Definition 2.1.1 A fan in R" is a family ¥ of convex polyhedral cones in R having
vertez 0, generated by integral vectors and such that

1. any face of a cone in ¥ is a cone in X

2. the intersection of two cones in ¥ is a face in each of them.

Remark. One may replace R* by Q" in this definition: the important things are
the vector space structure, allowing us to define cones, and (last but not least) the
lattice Z".

Exercise 2.1.2 The family of the convex dual cones associated with a convex
polyhedron is indeed a fan.

Example. Figure 1 shows (on the right) the fan associated with the simplex on
the left (in the middle are the tangent convex cones). The dimension 1 cones are
generated by the vectors zy = ey, T3 = €;, and 3 = —(e1 + e2). The fan contains
the dimension 2 convex cones generated by (z;, z2), (z2,z3) and (z3,71) as well.

The union ) of all dimension k cones is the k-skeleton. The 1-skeleton T()
may (and actually will) be considered as the set of the N (primitive) vectors in Z"
which generate the half-lines which are the cones in (),

In the example in figure 1, notice that the family of the dual convex cones, that
is the fan defined by the polyhedron, covers the whole space. Remark also that this
was not the case for the family of the tangent convex cones. We shall prove that
this property is related with the compacity of the polyhedron, which will thus be
read on the fan in a very convenient way. It is one of the reasons why people usually
prefer to work with the fan instead using the family of tangent convex cones.

Call support of the fan L the union |X] of all the cones. We say that a fan is
complete if its support is the whole space R".

Proposition 2.1.3 The convez polyhedron P is compact if and only if the fan 5(P)
is complete.
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Proof. The convex polyhedron P is compact if and only if its projection on any
line is compact, and in particular if and only if for any X € E the map

E* — R
¢ — p(X)

sends P onto a compact interval.
Considering —X as well, we thus see that P is compact if and only if

VX € E, 3a € R such that Vip € P, p(X) > a.

As P is a convex polyedron, a may be considered as the value at X of a linear form
m on the (relative) interior of some face of P. Thus P is compact if and only if

VX € E, T face of P and m € I such that Vo € P, p(X)—m(X)>0.

The last condition is equivalent to the existence for any X of a face I' such that X
is in the dual convex cone: the fan covers the whole space. O

2.2 Closing a fan, open subsets in CV, toric varieties
Given the fan ¥, choose a numbering of the primitive vectors generating ")
M = (z4,...,2x)
and consider the unique linear map
n:ZV — 2"

which sends the vectors (e;,...,en) of the canonical basis respectively onto the
vectors (z1,...,2N) and assume that 7 @ Q is surjective (this will be the case for
instance if X contains a dimension n cone).

Denote (z; the cone generated by the vectors z; (¢ € I):

(El = {almil + "°+Ct,-$.'r|aj 20,1= {ila""ir}}°

To the projection 7, we know how to associate an open subset U, in CN. Just
as 7, the latter depends only on the 1-skeleton of £. We now want to construct a
sub-open subset Ux of U, which will really depend on ¥. To this end, we make a
restriction on the fans ¥ we shall use:

(1) (zreL=>eNK®C={0}

(there might perfectly well be cones (zy on some vectors in the 1-skeleton which are
not in ¥ but satisfy the condition in (1)).

We can now define
u:: = CN —_ U er.
{1lerez)
Condition (1) implies that Us C U, in particular that the complex subtorus K¢
asociated with 7 acts on Uy without singular orbits.



Fans and toric varieties 157

Exercise 2.2.1 Show that the Kc-orbits in Uy are closed and deduce that Xy is
Hausdorf.

The quotient is then a space (actually a complex analytic space) Xy whose
singularities are not too complicated: at worst it is an orbifold and it has a finite
branched covering which is smooth. Of course, without condition (1) singularities
are more complicated.

Definition 2.2.2 The space X5 is the toric variety associated with .

Remarks on condition (1).

1. By definition, #I <1 = {(x; € ¥ and thus (7 ¢ ¥ = dime; < N—2: in order
to obtain g, we removed from CVN only some codimension > 2 subspaces.

2. If ¥’ ¢ ¥ and if ¥ satisfies (1), then X' satifies it as well.
3. As we assumed that 7 ® Q was surjective, then
e NKQRC={0}=>#I<n

and therefore condition (1) implies that all the dimension n cones in £ are
simplicial, that is generated by n vectors.

4. Condition (1) is implied by the condition
?) Each cone in I is generated by a part of some Z-basis.

In fact let (zy be a dimension k cone. Up to renumbering in £(), we may
assume that 7 = {1,...,k}. Then

etNKQ®C = {TL, aiei|m(T ave;) = 0}
E?:l a;e.-l E T = 0}
0.

Hence (z; € £ = ¢, N K ® C = 0. Condition (2) is actually equivalent to the
smoothness of X5 as the following proposition shows.

Proposition 2.2.3 X5 is smooth if and only if all dimension n cones in ¥ are
generated by a Z-basis of Z".

Such a fan will be said smooth: hence a fan is smooth if and only if it satifies
condition (2).
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Proof. Xy is smooth if and only if K¢ has no finite stabilizer in U, in other words
if and only if
(zreX=>KnT;= {1}

but, as we assumed 7 ® Q to be surjective, this is equivalent to
(x;GEet#I:n:KﬂT;: {1}

as well. But the torus K is the kernel of x : RN/ZN¥ — R"/Z". In other words, if
K contains a nontrivial element, this means that there exists a nonintegral vector in
QY the image of which lies in Z". Renumbering the z;'s if necessary, assume that
I ={1,...,n}. Then K NT; is a nontrivial finite group if and only if there exist
relatively prime integers ay,...,a, and m > 2 such that -

LAY -
L3 g—n;e,' € .

This says that we have found a vector ¥ ¢;z; de Z™ the “coordinates” of which
are relatively prime and which is divisible: thus it is not written in a Z-basis. O

Exercise 2.2.4 Using II1-4.2.5, show that, in order that a dimension n convex
polyhedron be the image under the moment map (of an effective T™-action) of a
2n-manifold, it is necessary that the associated fan is smooth.

A convenient way to present Ug from the point of view of the K ¢-bundle Ug —
Xy might be the following:

Lemma 2.2.5 LetlU; = jz eCV|z;=0=j¢ I}. It is the product of #1 copies
of C* and of #I copies of C and we have

Uy = U Uy
(r1€T

Proof. We may writeU; = e; x e}. For any z € CV, call I(z) C {1,..., N} the set
of the indices of those coordinates which are zero (thus z € Uy(;)). We have

zee & 1CI(2)

and
z€Uy & (z€e=>(zr€ L)

& (ICIE)= (zreD)
& (Tt €X
50z €Uy & (T1() €L & Upz) ClUg. O
In the case of a smooth fan, and thus of a principal Kc-bundle Uy — X5, the
open subsets Uy of Uy, give local trivialisations of the bundle.

Proposition 2.2.6 With each cone {z; of the smooth fan X is associated an open
subset X; of the toric variety Xz, over which the principal Kc-bundle Uy — X5 is
trivialised.
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Proof. Choose a basis of K. Let A be the matrix (with k columns and N rows)
giving this basis in the canonical basis of CV. The torus K¢ acts on CN by

. = {(u™ n
9
(u1y. osur) - (21,000 y2n) = (W™ 2y, ..., u™"2y)

where u™ is the monomial in the u;’s given by the multiexponent m; € Z* which is
the i-th line of A.

Consider this action on one of the open subsets U{; we are interested in. Re-
mark first that the #I = n case is actually sufficient; as the fan is complete,
any cone {z; € X with #J < n is a face of a cone (z; € ¥ with #I = n and
then U; C U;. Furthermore, we merely have to change the numbering of the
vectors in the 1-skeleton of X to be able to assume that I = {1,...,n}. Then
Ur= {{z1,..-,2n) | Zn1 # 0,..., 25 # 0}. The fact that K¢ then acts freely on U
corresponds to the fact that the k last rows® of the matrix A give an invertible (over
the integers) matrix. In other words, we can change the parmetrisation of K¢ in
such a way that the action is written:

(v, y2) (21,0 oy 2n) = (VP 21, 0 oo, VP 20, V1 Zng1,y - -+, URZN ).
Denote (c¢f. homogeneous coordinates in the projective space) [z,...,2y] the
element in Xy which represents the class of (2y,...,2y) € Us modulo K¢. We can

define a section o7 : X1 — Uj to the projection Uy — X; by

2! Zn
0‘1[21,...,le= (;;,...,;,:,1,...,1)

where 2P denotes the monomial in 2,41, ..., 2.4 associated with p; € Z*. A trivi-
alisation of the principal K¢-bundle over X/ is easily deduced: '

KexXy — U

([z]) +— v-oilf]

The TH-action descends to quotients as a T¥ and even a T¥/Kc-action on
Xsx: the toric variety Xy is endowed with the action of a complex torus we shall

denote Qc, the real torus it contains being denoted Q. A quick calculation gives
dimg Xg = dimg Q¢ = n.

Each cone (z; in ¥ thus defines an open subset X in Xg. For example, the cone
{0} = (z¢ defines Uy = (C*)V = TY and Xy = T¥/Kc = Qc, which thus appears
as an open dense subset in X3.

Examples.

1. Take for (zy,...,z,) the canonical basis of Z" and let £ be the set of all
the cones (of the first octant). Then N = n, r = Id, K =0, K = 1 and
U, = Us = Ug/K = C™: the toric variety associated with the first octant fan
is C™.

®Recall that N =n + k.
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L

Figure 2

2. With the same 1-skeleton as in the previous example, define now ¥ as the set
of all the cones in the first octant except the n-dimensional one. Nothing has
changed except Us from which we must take off eg = 0. Hence Xy = U =

gy

Figure 3

3. Consider the fan on figure 3, that is the vectors z; = ¢ (1 < ¢ < n) and
ZTpp1 = —(zy + -+ + z,) and the fan in R" consisting of all dimension < n
cones on these vectors (at least if n = 2 we already saw that it is the fan
associated with the standard simplex). Here Uy = C™*! — 0 and K is the
diagonal Z i.c. the set (m,...,m) € Z™*! and therefore K is the diagonal C*
and Xy, is the complex projective space P"*(C) (once again).

4. Asin figure 4, consider the fan in R? the 1-skeleton of which is (eq, €3, —e;, —é€3)
and the 2-skeleton of which consists of all cones (=;;4; (considering the num-
bering mod 4). Looking for the I’s such that (z; ¢ X we find that

UE=C4-— ({21 =23=0}U{22=24=0})

and thus we actually get that Uz = (C? —0) x (C? —0). The group K is
C* x C* acting diagonally. The toric variety is the product P!(C) x P}(C).
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A

7N\
N 1 | /e1

Figure 4

5. Us depends only on the combinatorics of the fan. For instance, all the fans in
R? the 1-skeleton of which consists of four vectors z;, z2, 3, 4 and whose 2-
skeleton contains all the cones (z;;41 give the same Uy = (C? —0) x (C* —-0).
In fact the torus K¢ changes. Consider the case where z; = e;, 3 = €3,
z3 = —ey, T4 = —e; — aey for some integer a (figure 4). The torus K¢ acts
this time by

(u,v) - (21, 22, 23, 24) = (u®v2y, U2, V23, uzy).
The toric variety Xy we get this way is again a Hirzebruch surface (already
met in chapter IV) as we shall prove in paragraph 5.

6. Here is an example of a nonsmooth fan (figure 5). Working in ZZ%, the 1-
skeleton is z; = €;, T, = €y + 2e;. As the determinant of (x4, ;) equals 2, this
is not a Z-basis.

X2

Figure 5

Add now the cone generated by z; and x;. Then Uy = U, = C?, and K = 0.
The group K is the kernel of

7r=((1) ;):Tz—-—-)Tz,

which we already considered in 1.2, where we saw that K is generated by
(=1, ~1) € T?. The variety Xy is the quotient C?/(z,y) ~ (—=z, —y), it has a
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singularity at 0. Here is another description of this complex surface: the map
c: — c?
(z,9) — (9% 2y)
descends to quotient as an injection

Xg——»C3

the image of which is the surface satisfying the equation Z2 = XY.

_ The open set Us itself is a toric variety of dimension N, associated with the fan
% obtained when “closing” X: £ = (ey,...,en) and {e; € £ & (27 € E. In figure
3, the reader can imagine the fan pictured on the right as being (in relief) in R3.

By definition, ¥ contains only cones of the first octant, moreover, as soon as
N > n (which will allways be the case if ¥ is complete), it contains no dimension
N cone. In other words we then have Uz c CN —0.

3 Fans, symplectic reduction, convex polyhedra

In the penultimate example we considered above, we saw a new avatar of P*(C)
written as the quotient of C"+! — 0 by the action of C* with the help of a fan. For
this particular toric variety, we make the following observations:

1. C™*! can be replaced by §2**! noticing that S?"+!x]0, + o[z C*! — 0.

2. The previous decomposition is compatible with that of C* as the product
S1x]0,+oo[, and thus P*(C) is the quotient of S?**! by S*.

3. Moreover, all this can be done in the hamiltonian framework: the sphere is
a level manifold of a moment map and the projective space is its symplectic
reduction.

4. Of the action of the torus T"*! on C"*!, there remains a (hamiltonian) T"-
action on the projective space, for which the image of the moment map is the
standard simplex in R"... polyhedron the associated fan of which is precisely
the one we used to construct® P*(C) as a toric variety!

Of course, the aim of this section is to generalise the above remarks to all toric
varieties.

3.1 The moment map for the K-action

The action of the real torus TV on CV is hamiltonian with moment map

1
p(z1y -2 y28) = 5(]21[2,...,|2N|2)

9s¢ee the above examples and figures 1 and 3.
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taking values in t* = (RN)*. In the same way as t denotes the Lie algebra of the
torus 7', & denotes that!® of the subtorus K. Dual to the inclusion K C T', we shall
use the projection p: t* — &,

The composed map

p iUy cU, cCV L g

is the moment map for the K-action on Us.

The image of p is the first octant in t*, all the interior points are regular values.
As p is linear and surjective, all the points in the image of the interior are regular
values for g/ (and are actually values of u': to obtain Uy, we only removed some
coordinates subspaces, hence all points in the interior of the first octant are in
p(Uz)).

Actually, as the K-action on Uz has no singular orbit, u'(2{z) consists of regular
values of g/, it is an open subset in ¥*: the one which plays the analogous role to
10, + ool in the projective space example.

The following proposition is a special case of a result of F. Kirwan ([46, theorem
7.4]). The present proof is not very different from her proof of the general case.

Proposition 3.1.1 Let y € p'(Us). Then the inclusion p'~*(n) C Uz induces a
homeomorphism p'~1(n)[/K — Ug/Kc = Xs.

Thus, with each n in the open convex cone p'(Us) C ¥, we associate, by sym-
plectic reduction of C¥, a symplectic form w, on the manifold Xy.

Proof of the proposition. Choose a metric on ¥ and consider the function f :
CV - R which to z associates the real number |[#/(z) — #||*. It is nonnegative and
minimal on p/~!(n). Its derivative is given by T,f(X) = 2(u'(z) ~ 1) - Top'(X).

In particular, as  was chosen among the regular values of p/, the only critical
points of f are those in u'~'(n). Hence for any z € Uy, the gradient trajectory
descending from z will reach a point in p'~'().

Let us calculate this gradient:

(grad, f, X)

2((#'(2) — ), T4 (X))
= 2('T.4'(p'(2) —n), X)
= 2(i_,i(_,)_:ﬂxw,X)

= 2w,(g(z) =1, X)

= -2(p'(z) —n,,X)

101t is actually a gothic k.
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hence grad, f = —2iy/(z) — n_, where of course we have used the metric to identify
#'(z) — n with an element of ¢ and underlinuing denotes as usual the fundamental
associated vector field. Thus the gradient flow consists of exponentials of elements
of i¥: this is the “imaginary part” of the torus K¢ (the analogue of ]0, 400 in C*).

In particular, any gradient trajectory is included in a K¢-orbit. From what
we said before, we derive that each Kc-orbit meets p"~!(n). Let us now show
that they meet along a unique K-orbit, that is to say that if z € u'~!(p), then
Kc-znyg'(n)=K -z

Assuming that y'(g - z) = 5 for some g € K¢ we shall show that we then have
g-z = k-zfor some k € K. As p'"!(y) is K-invariant, we may assume that
g = exptX for some X € t. We thus want to check that g-z = 2.

Consider the function b : R — R defined by A(t) = p'((expitX) - 2) - X. We
have A(0) = k(1) = n - X and therefore k' must vanish between 0 and 1: 3t, € [0,1]
such that k() = 0. But

20

Ty (1X,) - X
0 (iX,, X,) = =X, [

putting y = expitX to save notations. For yy = expitoX, we thus have X, = 0
and therefore exp it X fixes yo and 2. O

3.2 What is left from the T¥-action

Fix any 7 as above in such a way that Xg is endowed with the symplectic form w,.
The action of the real torus @ is hamiltonian and the image of the moment map

v:Xg —q*

is the intersection P, of u(Uy) with the subspace parallel to q* whose image'! by
p:tt— isy.

Using the fan T of R, we constructed a manifold X5. Choosing an 7 gave us a
convex polyhedron in (R")* = g*. Of course, we shall now prove:

Proposition 3.2.1 I is the fan associated to any of the polyhedra F,.

Proof. Consider the exact sequences

0 — KR — R¥ — R* — 0

0 — t — t — q — 0

and, dually

O-——-—+q*—>£*-—-p—-)t*———-)0

1 The reader has probably noticed that ¢* = Kerp.
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with 7 € ¥. Choose & € t* such that p(£) = %, in order to consider p~!(n) as the
subspace parallel to ¢* through &.
As
Imp = {p:t — Rlp(e;) > 0Vi}

we find that

Py=p () NImp = {f € tlp(e;) > 0Vi, ppp = 60,:}-

To say that the restriction of ¢ — £ to E vanishes is equivalent to saying that the
(¢ — &o,€;) depend only on the z; = m(¢;). In other words:

Py = {¥ € ¢"l¥(z:) > bo(=:)}

and in particular the z; € q are the directions of the dimension n — 1 faces of P, as
they were the generators of the 1-skeleton of X.. The cones of P, are the intersections
of p~!(n) with the coordinates cones (e in p(Us), in other words with the e; such
that (zy€ X. O

3.2.2 Complex curves and fixed points. If {z;is a dimension n —1 cone, that
is to say, if #1 = n — 1, then ey is a subspace of CV of dimension k + 1, ey NUx
is an open subset (as {zy € ¥) on which the complex torus K¢ still acts. We thus
have the inclusion

efﬂuz;/Kc Cuz/KC

of a complex curve in X5. The image of this curve under v is the edge p~ ()N {ef C
t* of P,, the compacity of the curve will follow as we shall see in 4.1, As it is endowed
with an action of the torus Qg, it is a P(C). This is the sphere which is sent onto
the edge of P, under consideration as in exercise V-6.2.1. Its stabilizer in Q¢
corresponds to the orthogonal (in q) of the edge we are dealing with in ¢*.

Similarly, the dimension n cones of ¥ correspond to the fixed points of the Q¢-
action on Xg.

4 Properties of the toric manifolds Xy

We shall describe in terms of X some of the properties of the manifolds we have
constructed.

4.1 Compacity of X5

We expressed Xy = p'~!(n)/K where K was a compact group. For Xg to be
compact, it is thus necessary (and sufficient) that u'~1(y) is.

On the other hand, ¢'~*(y) = p~'(p~!(n)) and it is clear that u is proper.
We need thus only know when p~!(n) N Im (g) is compact, but it is precisely the
polyhedron under consideration. We have therefore proved:

Proposition 4.1.1 Xy is compact if and only if one of the polyhedra P, is compact.
a
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Taking 2.1.3 into account, we thus also have:

Proposition 4.1.2 Xy is compact if and only if the fan ¥ is complete. O

4.2 Topology of Xy and classes of invariant symplectic forms

If ¥ is smooth and complete, we have thus constructed a (smooth and) compact
manifold Xz, of (real) dimension 2n, endowed with an action of a torus @ of dimen-
sion n and a family of invariant symplectic forms giving moment maps and convex
polyhedra.

Conversely, notice that any dimension n convex polyhedron P the fan of which
is smooth and complete (that is to say that P is compact and that its dimension
n cones are generated by Z-bases), allows us to construct such a manifold with,
moreover, an invariant symplectic form: write P as the intersection of the > 0 cone
in RN (V is the number of codimension 1 faces in P) with a suitable affine subspace,
giving a value of 5 using which we can make the symplectic reduction as above.

We shall now prove that all the de Rham cohomology classes containing invariant
symplectic forms may be obtained this way. Once again it is very easy. We first
have

Proposition 4.2.1 The toric variety Xy, is simply connected and the principal K-
bundle Uy — Xz defines a map

H*(BK;Z) — H*(Xy;Z)
which is an isomorphism.

In other words, the Euler class of this principal K¢-bundle {which lives in
H*Xg;Z)* where k = dim K, see V-2.4) is a Z-basis of H*(Xy; Z).

Proof. In order to construct Us, we removed from C" some vector subspaces, but
no hyperplane. Thus, Uy is 2-connected, and Uy — X5 may be used as a principal
K-bundle, universal up to dimension 2 (see [15]). O

Corollary 4.2.2 ([31]) The map from the convez open cone p'(Us) of ¥ to the
vector space H*(Xx; R), which associates with  the cohomology class of w,, may be
extended as an affine isomorphism

¥ — HYXg;R)

Proof. Thé convex open cone p'(Us) generates & by definition. Moreover, the map
7 + [w,] is affine according to the Duistermaat-Heckman theorem (see V-3.2.2), thus
there is no difficulty to extend it as an affine map

e Hz(Xg;R).

It suffices now to apply the previous proposition together with V-3.2.2 to see that
the “slope” of this map is given by a Z-basis of H?(Xyx;Z). It therefore cannot avoid
being a diffeomorphism. O
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4.3 Integral polyhedra and invariant line bundles

Classically, algebraic geometers are able to associate a convex polyhedron with the
toric variety Xy, endowed with an invariant (complex) line bundle!? The polyhedron
is integral, namely its vertices lie in the integral lattice of ¢*.

We did just something similar, associating a convex (but not necessarily integral)
polyhedron with each invariant symplectic form, in particular with any element of
a convex open cone in H2(Xz; R).

Let us now investigate the relationship between these two constructions, showing
that the “real” one is an interpolation of the integral one. To this end, we begin by
understanding the invariant complex line bundles.

Let ¢ : R* — R be a map satisfying the two properties:
1. It is the restriction of a linear map on each of the cones in X.
2. Tt takes integral values on || N Z".
Remark. This is equivalent to requiring that g is the projection of a linear map,

still denoted g : Z¥ — Z. We shall consider g sometimes as one and sometimes as
the other.

With such a map, we associate a fan I, in R**? = R™ x R which is more or less
the graph of g on L:

1. Put 2} = (zi,9(z:)) for 1 <i < N and zly,, = (0,1), this defining E{!) from
o,

2. More generally, we accept a cone {z} as a member of ¥; when (and only when)

N+i¢gl and (z;€eX
I=JU{N+1} and (z;€X

Proposition 4.83.1 The toric variety X5, is smooth if and only if X5 is. It is
endowed with a natural map

X}:, — Xz;

which makes it a complez line bundle over Xy.

Proof. The former assertion is obvious, taking into account the characterisation of
smooth toric varieties by their fans in 2.2.3.
To prove the latter, consider carefully the open subset Uz, of CV+1:

ngy = CN""1 et U er
(’-"7¢Ea

12A11 the notions of invariance we use for toric varieties are relative to the action of the big torus

Qc-
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to notice that
uz:, = u;; x C

as actually

oy =¥ f
(=7¢2,

where we called f = (e4,...,en, fn4+1) the canonical basis. Now

' IC{l,...,N} et (:t]EE & f7=e-IxC
(xlezgﬁ{I=JU{N+l} et (:I:JEE & 7=e7x0

and therefore

Us, CN¥*! — Uizrex (e7 x 0Uer x C)
CN+l - U(z,EE e X C

uz:XC.

Let us now construct the complex torus K’ associated with the situation of L,:

0 —K 2" x2"52"x 2

where 7'(a,b) = (x(a), g(a) + b), that is K' = {(a,d) | x(a) = 0et b= —g(a)} and
the map
K — K/

a (av’—g(a))

is an isomorphism. The complex torus K¢ C TICV 1 = T¥ x C* is the isomorphic
image of K¢ by the restriction of

Tg — Tng*
t — (43

where § is the multiplicative avatar of the linear map g. In other words, the K-
action on Uy, may be identified with that of K¢ on Uz x C by

t-(z,y) = (t-z.9(t)"y).
Taking quotients of both sides gives the announced line bundle.
U, =Ug xC — Us
lxé lKC
Xg, —} Xg

u]

Example. In the case where ¥ is the fan describing P"*(C), if we define g : Z*+! —
Z by g(e;}) = 0for 1 <i < n and g(en41) = m, we get the bundle O(—m) (see V-B).

For n = 1, figure 6 shows the bundle O(—1) over P}(C).
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xl
2 \ £,
12 x1
Figure 6

Remark. If g is already a linear map onZ", the bundle obtained is trivial. Indeed,
notice first that the bundle associated with g = 0 is (the torus K¢ does not act on
the factor C in this case). Then, for g € (Z™)*, define §: Z" x Z — Z" x Z by
(a,b) — (a,b+ g(a)) and remark that the map § defines an isomorphism from ¥,
onto X, and thus an isomorphism from Xz, onto Xg, over Xs.

We may thus consider that we have defined a map g — Xg, from the set of all
linear maps ZV — Z (modulo those Z" — Z) into the set of isomorphism classes of
Q-invariant complex line bundles over Xx.

The former is (ZV)*/(Z™)*... in other words K*. As to the latter, and although
we did not require any analyticity, we might call it Picg(Xx).

The map in question is a morphism of groups; if g1, g, € (ZV)*, the group K¢
acts on Yy x C

L USing a0 by t (x,y) = (t . $3gl(t)-ly)’
o using g, by t -3 (:t, y) = (t . Iag2(t)_1y)1
e and using g; + ¢, by t - (z,¥) = (f - 7, (g1 ()g2(2))'y), which corespond to the

tensor product of line bundles (this is where the group structure on Picg(Xx)
comes from).

Composing with the Euler class, we get a group morphism
K* — H*(X5;Z).

Proposition 4.3.2 The morphism K* — H?(Xg;Z) is an isomorphism and may
be extended as the isomorphism ¥ - HY(Xg;R) of 4.2.2 (given by symplectic re-
duction).

Remark. Because Xy is simply connected, we have H%(Xx;Z) C H*(Xg;Z)®R &
H?*(Xg;R), and we consider of course K* as the integral lattice in & (this gives the
meaning of the word “extend” in the statement).
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Proof. We already have a Z-basis of H?(Xx;Z) (see 4.2.1). Once a basis of K is
chosen, we may write the torus K¢ as a product of k factors C* and it is easily
shown that K* — H?(Xy; Z) is an isomorphism, making the nice

Exercise 4.3.3 Let (fi,..., fi) be a basis of K and (gy,..., ) be the dual basis
in K*. For any ¢ € [1, k], define a fan I; in R™*! by decomposing the projection

x:ZV S grtt L, Zn

in such a way that Kerm; = K/(Z - f;) and that I; has the same combinatorics as
¥ and £, thus Ug, = Us C CV.

Show that the projection Z™*! — Z" induces a principal C*-bundle Xz, — Xgx.
Comparing Ug, and u;;", C CN*1 ghow that Xz, ‘is the complement of the zero
section in Xg,‘, .

Thus the element g; in the basis of K* we consider is sent to the Euler class of
the i-th principal C*-bundle forming the principal K¢-bundle Us — Xy and the
homomorphism in question is actually an isomorphism over Z.

Let us come now to our main subject of interest, namely the interpolation
statement. The most important tool in the proof is our old friend, the 1-form
a = %}:(p;dq,- — g¢idp;) on CV. In addition to being a primitive of the symplectic
form of CV, it satisfies:

Ifg € t and X € t, then, on p~(g), we have ixa = g(X)

from which we immediately deduce that if 7 € & and Y € ¢, then, on u""(3),
tya =75(Y).

Let g be an integral element in t* and 7 = gp € ¥ be its projection, such
that 5 € p/(Ug). Call o (= dz/z) the volume form on $*. Consider the principal
S'-bundle which is the circle bundle of X5, — X5:

pHn) x St — pH(m)
l !
X};' — Xg
(the vertical arrows are the quotients by the dimension k compact tori K’, K).
On y'~(n) x S, a ® o is a connection 1-form for the trivial bundle represented
by the upper horizontal arrow. The torus K’ acts on p'~(7) x S? with fundamental
vector fields (¥, —n(Y')); in particular,

VY e b iy(ado)=iya—5(Y)=10

and therefore a@o descends to the quotient and gives a 1-form of connection on X £,
Its curvature form, the cohomology class of which is the Euler class of Xy, — Xz,
is the reduced symplectic form w,. O
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Corollary 4.3.4 Assume ¥ is smooth and complete. Let u; be the Euler class of
the complez line bundle over Xy which is associated with e} € (ZVN)*. The group
H?*(Xg; Z) is the commutative group generated by (uy,...,un), with the relations

(S oteius = O)ge(zn,;

Proof. We explicitely describe K* and the above isomorphism:
00— (Z") — (ZN)* — H*(X5;Z) — 0.
a

4.4 The cohomology of Xy

Let us begin with an exercise:

Exercise 4.4.1 Using a well chosen Morse function on Xg, show that the ring
H*(Xx; Z) is generated by its degree 2 elements (see [30]). i Xy is simplicial, but
not smooth, this is still true with rational cohomology.

The ring Z[u,,...,uy] (with the same notations as in corollary 4.3.4) may be
interpreted as the ring H*(BT;Z). The linear forms TN, g(e:)u; (for g € (Z*)*)
in question in this statement thus describe a system of generators for the ideal I,
kernel of the restriction H*BT — H*BK.

From this exercise and the previous statements we deduce:
Corollary 4.4.2 If T is smooth and complete, the composition
H*(BT;Z) — H*(BK;Z) — H*(X%;2)

18 a surjective ring homomorphism. O

Thus when the variety Xy is smooth and compact, H*(Xx; Z) is a ring of poly-
nomials. More precisely:

Theorem 4.4.3 H*(X5;Z) = Zuy,...,un)/(I +J), where I is the ideal generated
by the linear relations (3 g(e;)u; = O)ge(z,.)* and J that generated by the monomials
u! such that (z; ¢ 5.

There is a proof of this theorem in [30]. In 5.2, we shall give a complete proof
in the case of surfaces (n = 2). In the next exercise, we give some hints for a proof
having the two following advantages:

1. It shows the respective roles of the two ideals I and J.

2. Tt uses the construction Us — Xy and computes the equivariant cohomology
of X5 with respect to the action of its big torus.

Assuming ¥ smooth and complete, the cohomology is with integral coefficients.
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Exercise 4.4.4

1. Show that ET xqg Xy and ET xr Uy have the same homotopy type. Derive a
ring isomorphism Hildz & Hj Xy, the structure of a H* BT-module on Hg Xy
and a commutative diagram

H*BT — HjXg

{ !
H*BK — H*Xg

2. Applying carefully the ideas of V-5.2, show that H*Uy is a torsion H*BT-
module and that
SuppHjUs = |J e
(z1€X
where (ey, . .., ey) is considered as the canonical basis of RN = t. In particular,
this support is a union of dimension n vector subspaces.

3. Let J be the ideal of H*BT generated by all the monomials u” such that
{zrs ¢ . Check that the torsion H* BT-module H* BT/ J has the same support

as Hily.

4. We said in V-5.3.6 that Hj Xy is the free H*B(Q-module generated by H*Xy.
On the other hand, it is easy to check, using the spectral sequence of the fibra-
tion ET xr Uy — BT, that H*BT — Hj}ls is a surjective homomorphism.
Using these two results, show that H*BT — H} Xy is actually the quotient
H*BT — H*BT/J and deduce the theorem.

5 Complex toric surfaces

5.1 Graphs associated with dimension 2 fans

In dimension 2, a fan is well defined once we know its 1-skeleton, and thus is given
by a family of N primitive vectors (z1,...,zn) of Z? (indices are considered as if
in Z/N) such that all the (z;_1,z;) are Z-bases with the same orientation. The
dimension 2 cones are then the {z;_,,.

Writing the direct basis (i41,2;) in terms of the direct basis (z;,z;-;), notice
that

Tiyy = —Ti1 + Mz

for some integer m;. To give afan is thus equivalent to give the integers (my,...,my).
The graph consisting of the polygon with N vertices weighted by m,,...,my in the
same order gives the fan back. In order that such a graph defines a fan, the integers
in question must satisfy two conditions

e On the one hand, the equality

(M) (ma)(me)-(s9)

in order that the fan closes up, that is that (zy, ) is a direct Z-basis.
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o On the other hand, during this operation, we are not allowed to turn around
twice (or more).

In the graph, any vertex now represents some P*(C) and any edge corresponds
to a fixed point of the action of the big torus Qg¢, intersection of two such P(C).

A A

\ o
NV T

y7
\ // Figure 7 0 -

Figure 7 shows the weighted graphs associated respectively to P?(C), P*(C) x
P!(C) and to a surface which is nothing other than the blow-up of P?(C) at one
point as the reader will see when solving the next exercise.

Exercise 5.1.1 Let ¥ be a dimension 2 fan such that

2(1) = (271, S ,:L'N), 2(2) = ((17;','.}_1)'. mod N

. Show that z Uz C CV if and only if z has two nonconsecutive (mod N) zero

coordinates. Let X' be a complete fan the 1-skeleton of which is (z4,...,zn,ZN41 =
z1 + zn). Show that the map
cva Z, cV

(21, ce ,ZN+1) — (212N+1,221 cee3ZN-1y ZNZN+1)
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sends Uz onto Us. If Kg acts on CN by
t-(21,...,2N) = (t"‘zl,.. .,t"”zN)
show that K& = K¢ x C* acts on CN#! by
the

(t,u) - (z1,...,2N41) = (tb“ﬁ'zl, 22,000, N T2y, UZN4y)

and deduce that & induces a map

o: Xy — Xz
which is the blow-up of the fixed point of Q¢ associated with the cone (zy; in Z.
Remark. It is possible to show (see [58]) that all the smooth compact complex

toric surfaces are obtained by a finite sequence of blow-ups, starting with P%(C) or
with a Hirzebruch surface.

5.2 Interpretation of the m;

Let X; be the fan consisting of all the cones in ¥ generated by z;-1,z; and ziyy.
According to the study of the line bundles in 4.3, we know that the manifold Xg, is
the total space of a complex line bundle over P(C), the one which has Euler class
-—m;.

Figure 8

The inclusion e¢; NUg;/Kc C Us;/Kc C Xz thus presents X, as a tubular
neighborhood of the curve in X5 which is associated with the cone (z;. This complex
curve carries a homology class dual to u; (notation of 4.3.4).

For example, the fan on figure 4 represents the toric surface obtained by gluing
the total spaces of the line bundles O(a) and O(—a) over P!(C). It is the Hirzebruch
surface P(O(e) ®1).
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So the formal analogy between the plumbing diagrams in IV-B and the graph
associated with a fan here is not accidental:

Proposition 5.2.1 The manifold plumbed along the weighted graph T’ is an open
subset of the toric surface associated with the same graph. O

We noticed in IV-B that the polygonal graphs we consider here also represent
plumbed manifolds which can be endowed with actions of dimension 2 tori. It
is nevertheless recommended to be careful with identifying the closed manifolds
obtained: they are all obtained by gluing a T? x R? to the same manifold with
boundary in both cases, but not with the same gluing map. The manifold in chapter
IV allways has a nontrivial fundamental group, its second Betti number is N and
it has no invariant symplectic form, on the contrary the toric manifold we consider
here is simply connected, its second Betti number is N — 2 and it has plenty of
invariant symplectic forms.

Investigating the multiplicative structure of H*(X§g;Z), taking corollary 4.3.4
and the above remarks into account, we easily obtain a proof of 4.4.3 in the case of
surfaces, namely:

Proposition 5.2.2 H*(Xg; Z) = Zu,,...,un]/(I + J), where I is the ideal gen-
erated by the linear relations (X g(ei)ui = 0),¢(z2)« and J the one generated by the
monomials u! such that (z; ¢ .

Remark. J is generated here by the degree > 4 monomials and the u;u; where 1
and j are not consecutive mod N.

Proof. Taking into account the structure of H%(Xy;Z) and the obvious incidence
relations between the curves dual to the u;, we have a surjective morphism

Ziu,,...,uny]/(I+ J) — H*(Xg; Z).

In order to be sure that this is an isomorphism, it suffices to calculate the degree
4 parts of both rings. On the right, we know that H*(Xg;Z) & Z and that any
of the products uju;y1 may be chosen as a generator (the curves associated with u;
and uiy; meet at +1 point). Let us thus show that, in the ring on the left, we have
1% = uugy for any 4. Fix ¢ € [1, N], then (z;_;,z;) is a basis of Z? and the
projection Z¥ — Z? has matrix

a ... @i 9o 10 -1 Giy2 ... AN
bl e b,‘_.g 01 m; b,'+g e bN

(where z; = a;z;_1 + b;z;) and therefore

{ h
f2

ayef +...+aig€i, + el —efyy +aiaef ..+ aney
*
bier + ...+ biqel y + ef + myelyy + bigael, + ...+ byek

]
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form a basis of (2%)* C (ZV)*. The ideal I is thus generated by the two elements

U1 = auy .+ Gicgtiog + Uiy — Uiy + Gigottiga + ...+ anuy
va = byup ...+ bioguisa 4w + maugyg + bigattiga + ..+ byun

in particular u;v; = 0 that is u;_yu; — u;u;4; = 0, and this is what we wanted to
prove. Moreover u;v; = 0 gives us u? = —m;u;u;y,, this means that —m; is actually
the self-intersection number of the curve corresponding to the cone (x:, as we must
find, as it is the Euler class'® of the normal bundle of this curve. O

5.3 4-manifolds with hamiltonian 72-actions

Proposition 5.3.1 ([31]) A compact symplectic 4-manifold W may be endowed
with a hamiltonian T?-action if and only if its T*-equivariant diffeomorphism type
is that of a complez toric surface.

More generally in [31] dimension 2n symplectic manifolds endowed with hamil-
tonian T"-actions are considered. The proof of this special case is very easy and in
the “low dimensions” spirit of chapter IV.

Proof. As always call 4 the moment map and consider the image polyhedron u(W).
Choose a rational direction of projection which is orthogonal to some edge (to make
things simpler). In other words, choose a circle $* C T? with a fixed sphere. The
associated hamiltonian H is the function (g, X), where X generates the Lie algebra
of the circle under consideration. Replacing X be —X if need be, we may assume
that the fixed sphere is the minimum of H,

The complement of an equivariant tubular neighborhood of the maximum of H
is then the manifold plumbed along a star-shaped graph with two branches. We may
easily reconstruct a T?-action on this plumbing: the circle S* we are dealing with
is a direct summand in 7? and we require that some supplement fixes the sphere
B,in, this being enough to define the action everywhere. We still must compactify,
which is done by addition of either a vertex if the maximum is reached on a sphere
or an edge otherwise. The graph thus obtained is actually the one associated with a
fan as it comes from the convex polyhedron which is the image of the moment map

p. O

13 Another definition of the Euler class!
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