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This chapter is supposed to be a summary of what is known today about La-

grangian embeddings. We emphasise the difference between flexibility results, such

as the h-principle of Gromov applied here to Lagrangian immersions (and also to the

construction of examples of Lagrangian embeddings) and rigidity theorems, based

on existence theorems for pseudo-holomorphic curves.

The most famous result in the family of rigidity theorems is the Arnold con-

jecture (corollary 2.2.5), according to which there exists no exact (see §2.1) closed

Lagrangian submanifold in en and its application to the existence of exotic struc-

tures on R 2
n. An equivalent statement is that the symplectic area class (see §2.1),

which belongs to the first de Rham cohomology group of a Lagrangian submanifold,

cannot vanish. Very analogous are Maslov class rigidity results: if it is true that

essentially any integral cohomology class can be the Maslov class of a Lagrangian

immersion, the situation is quite different for embeddings.

We have tried to give complete least of the results which are either

easy to prove, or which rely on pseudo-holomorphic curves' methods, as this is the

subject of the book. This chapter is based mainly on the results and techniques of

Gromov but also on work of the authors, of course. We have also tried to present

new results, in the text as well as in exercises, as for instance in §4. The proofs of

the basic results come more or less directly from [24], although very often via the

unobtainable "corollaires symplectiques" [44]. We thank Jean-Claude Sikorav, who

encouraged us to plunder his paper.

Let us now describe in detail the contents of this chapter.

We begin by recalling in §1 the h-principle for Lagrangian immersions and by

giving many examples of Lagrangian submanifolds and of ways to construct them,

mainly as submanifolds of standard symplectic space en.
In the next section, we state the main theorem, the rigidity result 2.2.4 and derive

some symplectic corollaries, as for example the above mentioned Arnold conjecture
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and the solution of some Lagrangian intersection problems (in §2.3).

In §3, we concentrate on Lagrangian submanifolds of en. We show how the pre-

vious rigidity results give obstructions to realising certain manifolds as Lagrangian

submanifolds of en. It is customary (see [26]) to call these obstructions "hard". For

the sake of completeness, we recall also the simplest "soft" obstructions. In this way,

no sphere (except the circle) can be a Lagrangian submanifold. Actually, the hard

techniques are needed only in the case of the 3-sphere, where they are both essential

and very poorly used: as it is simply connected, any Lagrangian embedding has to

be exact. However we give other examples: a 3-manifold with non zero HI, no soft

obstruction, but which cannot be embedded as a Lagrangian submanifold due to

the rigidity results (see theorem 3.3.3).

The next section is devoted to rigidity results in cotangent bundles and appli-

cations to mechanics: we look especially at Lagrangian tori in T*Tn, where the

topology is large enough to contain both symplectic and topological invariants, and

interesting relations between them. This example is also very interesting in mechan-

ics, particularly if one is willing to look at perturbations of integrable systems.

In §5, we concentrate on pseudo-holomorphic curves and, finally, we give a proof

of the main theorem 2.2.4.

In a short appendix, for the sake of completeness, we construct exotic symplectic

structures on R 2
n. Surprisingly enough, we know of no way to prove that these

structures are different from the standard one other than via the rigidity theorems.

1. Lagrangian constructions

In this §, we give some systematic ways of constructing Lagrangian submani-

folds, mainly in standard linear symplectic space. We begin by recalling Gromov's

h-principle-a flexibility result-for Lagrangian immersions in §1.1, then show how

it may also be used to construct examples of Lagrangian submanifolds. In the follow-

ing §§, we give as many examples of systematic constructions as we know. Perhaps

nothing is really original here (we did not invent either symplectic reduction, La-

grangian cobordisms or wavefronts) but it turns out that folkloric and "well known"

examples are not that well known, hence the list. We stress the fact that most

of these constructions derive, more or less directly, from the symplectic reduction

process of Marsden and Weinstein [34] and the Arnold papers [3] on Lagrangian

cobordisms.

1.1. Lagrangian immersions in en and the h-principle

Recall from chapter I that ,\ c en is a Lagrangian subspace if and only if ,\ ..L i,\

and dim,\ = n. Hence an immersion f : Ln --+ en is Lagrangian if and only if

\:Ix E L,
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In particular, Txf defines a complex linear isomorphism
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TxL ®R e
v ® (a + ib)

--+ en
f-------> aTxf(v) + ibTxf(v)

and, varying x, a complex vector bundle isomorphism

Tf
TL®R e --+ L x en.

Such an isomorphism will be called a U-parallelisation of L. We have just proved

that, in order for L to admit Lagrangian immersion in en, it is necessary that it is

U-parallelisable. The h-principle for Lagrangian immersions in en, also called the

Gromov-Lees theorem, asserts that the converse is true (see theorem 1.1.3 below for

a precise statement).

Thus, for instance, any n-dimensional stably parallelisable manifold admits La-

grangian immersions into en; complexifying a stable parallelisation, gives an iso-

morphism

Recall the

PROPOSITION 1.1.1 (see e.g. [29]). Let E be a complex n-dimensional vec-

tor bundle on a manifold of (real) dimension n. Then E is trivial if and only if it

is stably trivial. Moreover, any stable trivialisation is homotopic to the suspension

of an instable one.

This says that 'P is homotopic to the sum of an isomorphism

1(; : TL lSi e --+ L x en

and the identity.

Using the normal vector field of a codimension 1 embedding, we see that all

spheres, allorientable surfaces satisfy TV EEl trivial line bundle = V x Rn+!. Thus

these manifolds are stably parallelisable. Consequently, they can have Lagrangian

immersions, and the h-principle asserts thet they do have. The next exercise gives

an explicit construction for the sphere.

1.1.2. Exercise. - Let sn = {(x, y) ERn xR IIIxl12 + y2 = 1} and let

W: sn ---> en be given by W(x, y) = (1 +iy)x. Draw a picture of W for n = 1, and

show, in general, that W is a Lagrangian immersion with one double point!.

!The existence of an immersion of Sn with one double point was very important in Whitney's

study of immersions in twice the dimension. Hence the name W.
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Remark. - One can show that the U-parallelisation of sn defined by the

Lagrange immersion W is homotopic to (the destabilisation of) the complexification

of a stable parallelisation of sn (see chapter 0 of [5]).

Two Lagrangian immersions fo, fl : L -+ en are said to be regularly homotopic

(implicitly "among Lagrangian immersions") if there exists a map

f : L x [0, 1] -------+ en

such that ft is a Lagrangian immersion for any t. Now we can state the Gromov-Lees

theorem in en.

THEOREM 1.1.3 (Gromov [23], Lees [32]). - The set of Lagrangian regular

homotopy classes of Lagrangian immersions Ln -+ en is in one-to-one correspon-

dence with the set of homotopy classes of U -parallelisations of L.

In other words, giving a Lagrangian immersion of L into en is equivalent to

giving a U-parallelisation of L.

1.1.4. Exercise. - Show that if a Lagrangian immersion f : Ln -+ en exists,

then the set of regular homotopy classes of all Lagrangian immersions L -+ en is

in one-to-one correspondence with the set [L, U(n)] of homotopy classes of maps

L -+ U(n).

1.1.5. Exercise. - Let V be any closed surface.

1. Show that the set [V, U(2)] is in one-to-one correspondence with HI(V; Z)

(Hint: recall that V can be represented by a polygon, whose edges are identified

in pairs, see [35] for instance).

2. Show that TV I8i e is a trivialisable complex vector bundle if and only if the

Euler characteristic X(V) is even. If this is the case, show that the regular

homotopy class of a Lagrangian immersion is well defined by its Maslov class

(see the appendix to chapter I).

Let us mention that the "Gromov-Lees theorem" is a very special case of the

general h-principle of Gromov. We recall here this principle, for the general case of

Lagrangian immersions in symplectic manifolds.

Let f : Ln -+ W 2n be a Lagrangian immersion into a symplectic manifold. From

f, we can extract two topological data: the homotopy class of the map f : L -+

W (which is such that the cohomology class of f*w vanishes) and the Lagrangian

subbundle TL of the symplectic bundle f*TW -+ L.

THEOREM 1.1.6 ([23]). - Let L be a closed manifold and (W,w) be a sym-

plectic manifold. Then there is a weak homotopy equivalence between the two spaces:
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• The space of Lagrangianimmersions L -+ W.

• The space of all bundle maps 'P : TL -+ TW such that the induced map on the

bases 'lj; : L -+ W pulls back the cohomologyclass of w to 0 and the induced

map on the fibres sends any fibre of TL to a Lagrangiansubspace. 0

Recall that a weak homotopy equivalence is a map that induces an isomorphism

of homotopy groups. We shall use this statement only at the 7l'0 level.

When W is en, f : L -+ en is homotopic to a constant map, so that the first

datum is redundant. The statement 1.1.3 is then 1.1.6 at the 7l'0 level. The condition

'lj;*[w] = 0 is also automatically satisfied when w is exact, e.g. when it is the canonical

structure on a cotangent bundle.

1.1.7. Exercise. - Let W = T*X be a cotangent bundle. Prove that the

regular homotopy classes of Lagrangian immersions L -+ Ware in one-to-one cor-

respondence with the disjoint union

II U(J)
JEIL,X]

where U(J) is the set of homotopy classes of complex isomorphisms

'P : TL 0 e -----> j*TX 0 e.

What happens when L = X = T 2?

1.2. First examples of Lagrangian embeddings

The study of Lagrangian embed dings is far more difficult (the present chapter is

devoted to this problem). Let us begin with a list of examples in en.

Of course any embedding of 3 1 in e is Lagrangian. Taking products gives La-

grangian embeddings of any torus Tn into en and in particular of T 2 into e 2
• It is

easy to see (d. 3.2.1 below) that no other orient able surface can have a Lagrangian

embedding into e 2
. Beautiful examples of Lagrangian embeddings of all non ori-

entable surfaces L with X(L) < 0 and divisible by 4 were constructed by Givental

(see [22], [8] and below exercise 1.5.5). The condition that X(V) == 0 mod 4 is

necessary (see [7] and §3.1) but nobody knows what happens for X = 0: the Klein

bottle is open!

Another example, taken from [5], is the "classifying space" , the Lagrangian grass-

mannian An (see chapter I).
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1.2.1. Exercise. - Consider the complex vector space Sym (n, C) of all com-

plex symmetric n x n matrices, endowed with its natural hermitian (and symplectic)

structure. Show that
4> : U(n) ------; Sym (n, C)

A f------> AtA

induces a Lagrangian embedding <I> : An ---+ Sym (n, C).

1.2.2. Exercise. - Deduce from 1.2.1 that U(n)j SO(n) admits Lagrangian

immersions into cn(n+I)/2 and that SU(n)j SO(n) is U-parallelisable and thus admits

Lagrangian immersions into cn(n+I)/2-1 (Hint: show that U(n)j SO(n) is diffeomor-

phic to SI x SU(n)jSO(n)).

We have already used the elementary fact that the product of two Lagrangian

embeddings is a Lagrangian embedding. Almost as elementary-but more useful-is

the following generalisation.

PROPOSITION 1.2.3. - Assume V and Ware compact manifolds, f : vn ---+

cn is a Lagrangian immersion and g : wm ---+ cm a Lagrangian embedding (m 2: 1).

Then, in the Lagrangian regular homotopy class of the immersion f x g, there is a

Lagrangian embedding of vn x wm into cn+m.

Proof. - Consider the isotropic immersion obtained as the composition

Vn Ccn+m

and apply the general position lemma:

LEMMA 1.2.4. - Let f : vn ---+ cn+m (m 2: 1) be an isotropic immersion.

Then, among isotropic immersions, there exists an approximation of f which is an

embedding. 0

We can approximate by an isotropic embedding fg : v n
---+ c n+m

. A tubular

neighbourhood of fg(V) is symplectomorphic to a neighbourhood of the zero section

in T*V xC m
---+ V (see chapter I). We can assume that g(W) is contained in a small

enough neighbourhood of 0 in Cm and embed V x W as a Lagrangian submanifold

of this neighbourhood via the zero section and g. 0

An easy consequence of 1.2.3, 1.1.1 and of the Gromov-Lees theorem 1.1.3 is the

following corollary:

COROLLARY 1.2.5. - The three following assertions are equivalent:

(i) V has a Lagrangian immersion in cn
.

(ii) V x Tm (m 2: 1) has a Lagrangian immersion in cn+m
.

(iii) V x rm (m 2: 1) has a Lagrangian embedding in c n+m
. 0
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Here is an application:
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1.2.6. Exercise. - Use 1.2.5 and the existence of a Lagrangian embedding of

An (see 1.2.1) to improve 1.2.2 and show that U(n)j 50(n) actually has a Lagrangian

embedding into cn(n+1)/2.

1.3. Symplectic reduction

It is a classical fact that one can use symplectic reduction to construct Lagrangian

immersions in the "small" symplectic manifold starting from Lagrangian immersions

in the "big" one (see [3] and [5] for instance). In this §, we use symplectic reduction

to construct examples of Lagrangian embeddings. We use the constructions and the

notations of chapter II, where the following diagram is considered:

f j
M <------> <------> W 2N g*

(1.3.1) p1 i 1p

Ln <------> V 2n

Here is the moment mapping for a G-action on W 2N
, E g* is a regular value

such that the induced Gcaction on is free and p : --> V2n is the

corresponding principal Gcbundle. The manifold V is endowed with the reduced

symplectic structure a induced from the symplectic structure w of W.

Assume that i is a Lagrangian embedding and that M --> Ln is the principal

bundle induced by i.

Then jo f is an isotropic embedding: it is obviously the embedding of a dimension

n + submanifold, and

( . f)* f* .* f* ** .* 0JO w= JW= pa=pza= .

In particular, if = G, for instance when G is abelian, or, more generally, if

is a fixed point of the coadjoint action, then dim M = Nand j 0 f is the inclusion

of a Lagrangian submanifold.

At first sight, this does not seem very useful: you begin with a Lagrangian sub-

manifold of something complicated like V and you get a Lagrangian submanifold of

something simple. In fact, as the reader has probably already understood, it is very

hard to construct Lagrangian submanifolds of the standard symplectic vector space

CN
. On the other hand, there are a lot of complex algebraic manifolds which are ob-

tained as symplectic reductions ... and they have obvious Lagrangian submanifolds:

their real parts, from which one can construct lots of examples.

Circle bundles over real projective spaces. - This example appears in [50]

but is a consequence of the remark above in the simplest case where the reduced

manifold is the complex projective space: G = 51, W = Cn+l, V = pn(c) and
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L = pn(R). We then get a Lagrangian submanifold M of cn+1 which is the circle

bundle of the complexified canonical bundle over pn(R).

1.3.2. Exercise.

1. Show that M is diffeomorphic to 8 1
X 8n /(z,x) '" (-z,-x), the Lagrangian

embedding into cn+1 being given by (z,x) f-t zx.

2. Write M as a bundle onto 8 1 with fibre 8 n
. Such a bundle can be understood

as ([0,1] x 8n )/(0,x) '" (l,cp(x)) where cp is a diffeomorphism of the fibre.

Show that our M is given by cp = antipodal map, and deduce that for n odd,

M is diffeomorphic to 8 1
X 8n

.

3. With the notations of the appendix to chapter I, show that IIJ.lMII = n + 1.

Torus bundles over real Hirzebruch surfaces. - The symplectic reduction

process described above can be applied in the case of torus bundles over real toric

manifolds. Once complex toric manifolds are described by symplectic reduction, as

for instance in [9], one gets a lot of examples. For Hirzebruch surfaces, this was done

in chapter II.

Here the diagram (1.3.1) is

M 4

pI i

L 2
'----------+

The real part of the Hirzebruch manifold Wk is (topologically) the torus 8 1 x 8 1

(the real part of P1(C) x P1(C)) if k is even and the Klein bottle p2(R)#P2(R)

:P2(R), the real part of P2(C)) if k is odd (recall from chapter II that :P2(C) is

P2(C) blown up at one point). Thus we get Lagrangian embeddings of T2-bundles

over T 2 or over the Klein bottle into C 4
.

Principal bundles over real Grassmannians. - Let us look now at an example

with a non-abelian group. Apply the construction above to the complex Grassmann

manifolds obtained as symplectic reductions as in chapter II. The diagram (1.3.1)

is now:

i
'----------+

M(n+k)xk (C) u(k)*

and M is the U(k)-principal bundle over the real Grassmannian associated with the

complexified canonical bundle.
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1.4. Surgeries

It is very easy to remove the double points of a Lagrangian immersion ... provided

that you are allowed to change the source manifold! The surgery operation we use

is a variant of a classical topological process which removes an Sk x D1 in a (k + l)-

manifold and pastes in a Dk+1 x SI-I along the boundary Sk x SI-I (this is an index

k surgery). In the context of Lagrangian immersions, the construction is directly

connected with Lagrangian cobordisms and thus comes from [3], see also [31] and

[42]. Consider, following Arnold, the function

a3

Sy (q,a) = 3- aQ(q) + ay

where q ERn, Q is a nondegenerate quadratic form, a E Rand y E {-I, I} is a

parameter.

Let L y be the submanifold (a quadric) of Rn xR defined by

Ly ={ (q, a) ERn xR I a:: = a
2

- Q(q) + y = o}

and let I y : L y ---+ en be defined by

.8Sy . 8Q
Iy(q, a) = q+ = q - za 8q .

This is a Lagrangian immersion by construction. As the index of the quadratic

form varies, we get examples of surgeries of all indices.

a3

1.4.1. Exercise. - Consider the function S(q, a, y) = 3- aQ(q) + ay and

the n + I-manifold with boundary (elementary cobordism)

L = {(q, a, y) ERn xR x [-1,1] I = O}.

Check that I : (q, a, y) f-t (q, y) + i( defines a Lagrangian immersion of

L into en+! and that the restriction of I to y = ±1 projects to I y (thus f is a

Lagrangian cobordism between I-I and iI).

Assume now that Q is positive definite. Then I-I is a Lagrangian immersion

of the disjoint union of two n-balls, with one double point and II is a Lagrangian

embedding of a cylinder sn-I X R (see figure 16). It is not hard to embed these

local models in order to replace a Lagrangian immersion of a manifold V by another

Lagrangian immersion of a manifold V' having one double point less and thus to get

an embedding after a finite number of steps. The manifold Viis obtained from V

by adding a handle of index 1.
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a
a

*'-)-ft,
y=1

Figure 16
y= -1

In the next application, we construct, following [30], a Lagrangian immersion of

the Klein bottle in C2 which will be shown later to be, in some sense, as close as

possible to an embedding (see 2.2.9).

1.4.2. Exercise.

1. Show that there exist two copies 8 1 and 8 2 of the Whitney sphere (see exercise

1.1.2) which intersect at two points PI and P2, which can be chosen arbitrarly

close to each other. Check that these two points have different signs, and that

after an index 1 surgery on each of these two points, one gets a Lagrangian

immersion j of the Klein bottle into C 2 with two double points.

2. Assume PI and P2 were chosen very close to each other. Consider a small

loop, = 'I U,2 where 'I joins PI to P2 in 81 and ,2 joins P2 to PI in 82.

The loop, has two corners at PI and P2. The index 1 surgery on PI and P2

transforms, into a smooth loop ,'. Show that one can assume that , and "

lie in Cx0 C C 2
. Compute the Maslov index of " by looking at the normal

field of lines X,,/' along,' defined by X,,/'(p) = orthogonal complement of Tp(r')

in Tp (j(K 2
)). The Maslov index is the sum of the rotation indices along,' of

T(r') and X"/,. Deduce that J-l(j) = a*, where a* generates HI (K2, Z).

1.5. Wavefronts and Lagrangian surfaces

In this §, we give some examples based on Givental's beautiful paper [22]. The

idea is to construct Lagrangian immersions or submanifolds in R 4 by drawing them

in some R3. Here it must be understood that 4 = 2n and 3 = n + 1. Consider

canonical coordinates (q,p) E R 2
n, add a coordinate z and endow R 2

n X R with the

(contact) I-form 0: = dz - pdq.

An immersion f : L --> R 2
n which is Lagrangian is exact (see below §2.I) if

(and only if) there exists a lift /: L --> R2n X R such that /*(0:) = 0 (a Legendre

immersion): choose a primitive h of f*(pdq) and set /(x) = (J(x), h(x)).
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Note that, as dz = pdq on L, the projection 1r 0 f : L ---. Rn x R, which forgets

the p coordinates, suffices to determine 1 (and f). This is the wavefront of f.
For instance the "eye" in figure 17 is the wavefront of the Whitney immersion in R 2

while the "flying saucer" , obtained by rotating the eye about the z-axis is that of the

Whitney immersion in R 4
• Double points of the Lagrangian immersion correspond

to points in the front which project to the same q E Rn and have parallel tangent

spaces.

p

-4---4--+q

z

"flying saucer"

q

"eye"

Figure 17

1.5.1. Exercise. - Show that, for a hypersurface in Rn xR to be a wavefront,

it is necessary that its tangent space never contains the "vertical" direction (z axis).

Interpret the singularities in figure 17 in terms of the Lagrangian immersion. Deduce

that the cohomology class dual to the singularities of the wavefront is the Maslov

class of the Lagrangian immersion.

If f is a Lagrangian immersion which is not exact, the construction gives a Legen-

dre immersion and a wavefront of the smallest cover of L on which f*(pdq) becomes

exact. For instance, the zigzag in figure 18 is the wavefront of a Lagrangian immer-

sion of R into R 2
... which is just the standard embedding of Sl. It is still possible

to "draw" the Lagrangian submanifold by drawing a significative part (image of a

fundamental domain for the deck transformations) of the wavefront (as the bold

part in the zigzag).

Rotating the zigzag about the z-axis (figure 18) gives the wavefront of a la-

grangian immersion of R x Sl in R 4
... which defines an embedded Lagrangian

torus, so that the "flying saucer with a hole" in figure 18 represents a genuine La-

grangian subtorus of R 4
. The following exercises rely on this technique and show

how to construct the Givental surfaces according to [8].

1.5.2. Exercise. - Show that figure 19 represents a Lagrangian immersion

of an orientable genus 9 surface with 9 - 1 double points, all with the same sign.
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torus

z

p

-t--+---,.y- q

-t----jl--+_ q

....

Figure 18

------
torus with 9 holes

Figure 19

Now consider the Lagrangian submanifold L y used in §1.4.

1.5.3. Exercise (see [3]). - Give formulas for the wavefronts of the immer-

sions fy : Ly -+ R2n. For n = 1 and Q definite positive, draw the wavefront of the

elementary cobordism.

To solve the next exercises, one must be rather careful with signs. We concentrate

on surfaces, and use the orientation of C 2 defined by the symplectic form.

1.5.4. Exercise. - Show that the double point in the Whitney 2-sphere is

positive, and that the double points in figure 19 are all negative.

At this point, it should be obvious that the embedded torus in figure 17 is what

one obtains by suppressing the double point of the Whitney immersion.

1.5.5. Exercise. - Suppress the 9 - 1 double points of the Lagrangian im-

mersion in figure 19 and show that the result is a Lagrangian embedded non ori-

entable Compute the Euler charcteristic X(Vg ). Show that one obtains

Lagrangian embeddings of all non orientable surfaces with Euler characteristic di-

visible by 4, except the Klein bottle.
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Figure 20

We shall see in 3.2 that the condition that X is divisible by 4 is necessary. For

the Klein bottle, we already did the best we could (up to now) in 1.4.2. Of course,

it is easy, from the construction given there and 1.5.3, to get the wavefront of

the immersion constructed. A nice definition of Lagrangian non oriented handles,

coming from [22], allows to give an alternative construction.

1.5.6. Exercise.

1. Show that the map R 2
-+ R 4 given by

(
ql) ( 2uv )

(u,v) u'

is an exact Lagrangian embedding. Draw its wavefront.

2. Show that the left part of figure 20 represents an embedded non oriented

handle. Use it to construct alternative pictures of nonoriented Lagrangian

surfaces.

3. Show that the right part of figure 20 is a Lagrangian Klein bottle with two

double points. Use exercise 1.5.1 to show that its Maslov class is a generator

of H1(K; Z), thus, according to exercise 1.1.5 the Klein bottle is regularly

homotopic to that of exercise 1.4.2. '

Remark. - Each half of the Klein bottle in figure 20 is a Mobius strip, obtained

by adding a handle to a disc (half of the Whitney sphere).' The wavefront of an

alternative (exact) Lagrangian Mobius strip is drawn in [3] and is probably the

ancestor of all these constructions.
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2. Symplectic area and Maslov classes-rigidity in split manifolds

2.1. Symplectic area class, exactness and monotonicity

Let (V, w) be a symplectic manifold. It is exact if the 2-form w is exact. This is the

case for cotangent bundles, for instance, where the symplectic form is the differential

of the Liouville form. Suppose that f : L -> V is a Lagrangian immersion in an

exact symplectic manifold. Let A be a primitive of the symplectic form. Of course

the I-form f* A is closed on L. Indeed,

d(J*A) = f*dA = f*w = o.

The class [1*A] E HI (L; R) is called the symplectic area class of the immersion f.

2.1.1. Exercise.

the choice of A.

Show that the symplectic area class does not depend on

2.1.2. Exercise (the Lagrangian suspension).

dimensional manifolds and let

Let L and X be two n-

Lx [0,1]

(x, t)

f
----> T*X

ft(x)

be a regular homotopy of Lagrangian immersions. Show that there exists a La-

grangian immersion of the form

Lx [0,1]

(x, t)

F
----> T*X x C

1------+ (Jt(x), t + i9t(X))

if and only if the symplectic area class [it Ax] does not depend on t (Hint: set ht(x) =
i8/&t (J*Ax )(x,t)- 9t(X) and show that F is Lagrangian if and only if it (J: A) = dht)·

Remark. This well known result will be very useful in §2.3. It was essential

in the theory of Lagrangian cobordisms and thus comes from2 [3].

A Lagrangian immersion into an exact symplectic manifold will be called exact

if its symplectic area class vanishes.

2.1.3. Exercise. Let a be a I-form on a closed manifold X. We consider

a as a section of the cotangent bundle T*X, and thus its graph as a submanifold in

T*X. When is it a Lagrangian submanifold?, an exact Lagrangian submanifold?

2Actually it is only implicit in [3]; it was written explicitly, in [5] for instance where one can

find the solution of the exercise.



Chap. X Lagrangian submanifolds 285

2.1.4. Exercise. - Show that the Whitney immersion W: 51 -+ e is an

exact Lagrangian immersion (see figure 17). Use the Jordan theorem to show that

there exists no exact Lagrangian embedding of 51 into e (see 2.2.5 for the Gromov

theorem which generalises that remark to higher dimensions).

2.1.5. Exercise. - Let X, Y and Z be three n-dimensional manifolds. Sup-

pose f : X -+ T*Y and g : Y -+ T*Z are two exact Lagrangian immersions. Show

that their composition (in the sense of the appendix to chapter I) is exact.

In an exact symplectic manifold (V,w), the integration map

Jw : 1r2V -----> R

is zero. If (V, w) satisfies this weaker condition, it will be called weakly exact.

There is a notion of weakly exact Lagrangian submanifold L in any symplectic

manifold: one requires that the integration morphism

Jw : 1r2(V,L) -----> R

is zero. The following exercises are straightforward but unavoidable.

2.1.6. Exercise. - Check that an exact Lagrangian submanifold in an exact

symplectic manifold is weakly exact.

2.1.7. Exercise. - If a connected symplectic manifold contains a weakly

exact Lagrangian submanifold, then it is weakly exact.

The next notion relates the two I-cohomology classes we have. A Lagrangian

immersion f : L -+ en is called monotone if its Maslov class is proportional to the

symplectic area class: fl = c. A for some real number c > o.

2.1.8. Exercise. - Show that the standard Lagrangian torus L = {P] + q] =
1, j = 1, ... ,n} C en is monotone.

2.1.9. Exercise (see [39]). - Show that the Lagrangian immersion M -+

en+1 of exercise 1.3.2 is monotone (Hint: evaluate the Maslov class).

2.2. Rigidity in split manifolds

In this §, we state two main general results of rigidity for both the area and

the Maslov classes. Both theorems were originally proved by infinite dimensional

techniques: the first one using the pseudo-holomorphic curves approach (this proof is

given in §5) and the second one using calculus of variations for the action functional.
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DEFINITION 2.2.1. - Let (V,w) be a symplectic manifold without boundary.

(V, w) is geometrically bounded if there exist on V an almost complex structure J

and a complete Riemannian metric /1 such that the following properties are satisfied:

1. J is uniformly tamed by w, that is: there exist strictly positive constants Q and

f3 such that:

w(X, JX) Q

and

Iw(X, Y)I :s; f3IIXII
JL

IIYII
JL

for all X, Y E TV. This obviously implies that w tames J (that is: w(X, J X) >

o for all non zero tangent vector X).

2. There exist an upper bound for the sectional curvature of (V, /1) and a strictly

positive lower bound for the injectivity radius of (V, /1).

Remark. - If V is compact, condition 1 is equivalent to the fact that w tames

J. Condition 2 is also obviously true in this case, thus any compact symplectic

manifold is geometrically bounded.

2.2.2. Other examples.

1. The cotangent bundle (T*M,WM) of a closed manifold M, endowed with the

standard symplectic structure, is geometrically bounded; in fact, one may

choose a wM-tame almost complex structure J, homogeneous with respect to

uniform dilatations in the fibres, and a metric /1 on T* M induced by any

Riemannian metric on M. This is also true if M is an open subset of a closed

manifold, or if M is of finite topological type.

2. Any product of a geometrically bounded manifold (V,w) with the standard

(en, wo, Jo, /10) is geometrically bounded.

DEFINITION 2.2.3. - Let L be a Lagrangian submanifold of a symplectic man-

ifold (V, w). The pair (V, L) is geometrically bounded if:

1. there exist structures J and /1 on V such that (V,w, J,/1) is geometrically

bounded;

2. L is properly embedded in V (that is: L has no boundary and is closed as a

subset of V);

3. the second fundamental form of L C (V, /1) is bounded above, and there exist

constants 8> 0 and K >0 such that any pair of points el , e2 E L with distance

(in V) dJL(el , e2 ) smaller or equal to 8 can be joined by a path in L of /1-length

smaller or equal to K 8.
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We shall sometimes abbreviate "geometrically bounded" to "g. bounded". Of

course, any compact Lagrangian submanifold without boundary in a g. bounded

manifold gives rise to a g. bounded pair. We can now state the main theorem of this

chapter. We recall that a Lagrangian distribution on a symplectic manifold (V,w)

is simply a smooth field that associates to each point x E V a Lagrangian vector

subspace of Tx V.

THEOREM 2.2.4. - Let (V,w) be a product (V' x C,w' EBwo) where (V',w') is

a geometrically bounded weakly exact symplectic manifold. Let L be a geometrically

bounded Lagrangian submanifold of V. If the projection of L on the C-factor is

bounded, then there exists a loop in L which bounds a holomorphic disc (thus L is

not weakly exact).

Moreover, if £' is any Lagrangian distribution on V', and if L is as above and

monotone, then there exists a loop 'Y which bounds a holomorphic disc and which is

such that

1:::; IIML(T)II :::; dimL +1

(with respect to the Lagrangian distribution .c = £' x R of V). Thus 1 :::; IlJiLil :::;
dimL+ 1.

The proof of this theorem using pseudoholomorphic techniques is postponed to

§5. This theorem shows that the requirement of being embedded impose severe

constraints on both the symplectic area and the Maslov classes of a Lagrangian

submanifold. This is in sharp contrast with an immersed Lagrangian submanifold,

whose behaviour is entirely characterised by the h-principle and thus much more

flexible. The formulation of theorem 2.2.4 is quite general and has many useful

corollaries. The following was conjectured by Arnold in the 60's and proved by

Gromov in 1985 and in [24]:

COROLLARY 2.2.5.

(cn,wo). D

There exists no closed exact Lagrangian submanifold in

Remark. - As a consequence, there is no closed simply connected Lagrangian

submanifold in cn. For instance, for n 2: 2, the n-sphere has no Lagrangian em-

bedding into cn. If n 1= 3, this is more or less3 easy to prove using standard

algebraic topology methods, but for n = 3, corollary 2.2.5 is needed (see §3.2 for

these questions).

Consider now the constraints imposed on the Maslov class of a Lagrangian em-

bedding in cn. The Maslov class Jif of any Lagrangian immersion f : L -+ cn
is clearly an invariant of Lagrangian regular homotopy. It turns out, as theorem

2.2.4 shows, that the invariant IIJifl1 can distinguish those Lagrangian regular homo-

topy classes that may contain embeddings. For n = 1, we have already seen in the

3Depending on the actual value of n.
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appendix to chapter I that any even integer is the Maslov class of a Lagrangian im-

mersion f : 51 -> C but that Lagrangian embeddings have 11J1.!11 = 2. For n ::::: 2, the

following two results are known, the first one being an obvious corollary of theorem

2.2.4:

COROLLARY 2.2.6 ([39]). Let L be a closed monotone Lagrangian subman-

ifold of cn. Then 1 IIJ1.LII n + 1. 0

The second result was proved by Viterbo using "soft" techniques ... in this case

infinite dimensional Hamiltonian systems (once again, soft may be very hard!)

THEOREM 2.2.7 (Maslov class rigidity [49]). Let L be any closed manifold

admitting a Riemannian metric of non negative sectional curvature (a torus for

instance). Then for every Lagrangian embedding f : L -> cn, 1 11J1.!11 n + 1.

Remarks. - There is no known example of a closed Lagrangian submanifold

L c cn that does not satisfy the inequality 1 IIJ1.Li1 n + 1.

Corollary 2.2.6 is almost optimal in the following sense: for every pair of integers

2 k n, there exists a monotone Lagrangian embedding f of a closed manifold

into C
n with 11J1.!11 = k (see [39]).

Surprisingly enough, there exist no rigidity theorems for higher 4 Lagrangian

characteristic classes. Using the h-principle, one can say a lot about the realisability

of such or such a class by Lagrangian immersions (see [6]), but nothing is known (at

least to us) in the case of embeddings.

2.2.8. Example. - Note that theorem 2.2.4 implies that a simply connected

closed manifold L admits no Lagrangian embedding in (VI x C,w l EEl wo) if VI is

weakly exact. For such an embedding, there would exist a disc D with boundary in

L, of strictly positive area. Let D I be a disc in L bounded by aD. It would have

a non zero symplectic area because V is weakly exact, which is absurd. Does there

exist a non weakly exact VI such that V' xC contains a closed simply connected

Lagrangian submanifold? Here is an example: let w be an area form on 52 such that

the pull-back of w by the Hopf fibration f : 5 3(C C 2) -> 52 is equal to the restriction

of the standard form Wo on C 2. Then the graph of f : 53 -> 52 is a Lagrangian

submanifold of (C 2 x 52,WO EEl -w) since (gr(J))*(wo EEl -w) = Wo - Wo = O.

Now let us generalise the preceeding example: let m, k be two non zero inte-

gers, X 2m+2k and Z2k be any geometrically bounded symplectic manifolds, with X

weakly exact and split, ym+2k C X any geometrically bounded simply connected

submanifold whose projection on the C-factor is bounded.

If Z is weakly exact, there is no symplectic map f : Y -> Z (that is such that

f*(wo) = wI
Y

)' In particular, one may replace the condition "weakly exact" on Z by

4Actually, pseudo-holomorphic curves methods are typically 1 and/or 2-dimensional, and they

are the only tool we have up to now for proving rigidity results.
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the stronger condition "7l'2(Z) = 0" and obtains: there is no symplectic map from

Y to Z if 11'1(Y) = 0 and 11'2(Z) = O!

Here is a consequence: let Y be a closed coisotropic submanifold of a geometri-

cally bounded split weakly exact manifold X (R2
n for instance). Suppose that the

characteristic foliation of Y is globally integrable (that is: Y admits a reduction).

Then 11'1(Y) = 0 implies 7l'1 (K) =I- 0, where K is a leaf of the foliation.

As a final application, the next exercise will show that any (if any!) Lagrangian

embedding of the Klein bottle must be regularly homotopic to the Lagrangian im-

mersions of K 2 constructed above (1.4.2 and 1.5.6).

2.2.9. Exercise (see [30]).

1. Suppose that i: K 2
-> C 2 is a Lagrangian embedding, and let p,(i) = xa*

(where a* generates H I (K2; Z)), x E Z. Use the Weinstein tubular neighbour-

hood theorem and the summation formula (appendix to chapter I) to show

that i induces a Lagrangian embedding of T 2 in C 2 of Maslov class 2xar.

Deduce, using Viterbo's theorem 2.2.7, that x = ±1, that is : p,(i) = ±a*.

2. Consider the Lagrangian immersion j constructed in 1.4.2. Let f :T 2
-> K 2 be

the orientation twofold covering of K2, and let {aI, bl } be a basis of HI (T2;Z)

with f*(ad = 2a and f*(bl ) = b where b is torsion and a is a torsion-free

primitive class. Let {ar, bn be the dual basis and B E HdR(T2
) the I-form

corresponding to br by the de Rham isomorphism. Note that the graph gr(B)

of B : T 2 -> T*T 2 is Lagrangian submanifold and that the composition

h: T 2 gr(B) , T*T 2 T* K 2

is a Lagrangian embedding which is a lifting of f. Show that f*(H I (K 2
; Z)) C

2H I (T 2
; Z) and that p,(h) = O.

3. Using the result of exercise 1.1.5, prove that the Lagrangian Klein bottles j

constructed in 1.4.2 and 1.5.6 are regularly homotopic to i.

2.3. Lagrangian intersections

In the sixties, Arnold stated a set of conjectures in global symplectic geometry,

based on Poincare's last geometric theorem (the Poincare-Birkhoff theorem), a the-

orem about fixed points of certain diffeomorphisms of the annulus which preserve

the area: that is, about fixed points of some symplectic diffeomorphisms. Using the

classical "diagonal trick" explained in chapter I, one easily converts a question about

fixed points of symplectic diffeomorphisms into a problem about the intersection of

two Lagrangian submanifolds (a very good reference on these conjectures and their

mutual relations is the survey by Chaperon [19]). The general conjectures are now

theorems of Gromov (here theorem 2.3.6 and corollaries 2.3.9 and 2.3.7). Following

Gromov, we give proofs of these results, based on theorem 2.2.4.
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The main result in this §asserts that you cannot disconnect certain Lagrangian

submanifolds from themselves by deformation. We first need to explain which de-

formations are allowed.

Exact Lagrangian isotopies. - Let L c (V, w) be a Lagrangian submanifold,

and let It : L ---. V be an isotopy (among Lagrangian embeddings): It is a Lagrangian

embedding for all t and 10 = Id. We shall also consider all the it's together as a

map

1: L x [0,1] -----> V.

We say that 1 is an exact Lagrangian isotopy if the I-form

i%tf*w

on Lx [0,1] is exact.

2.3.1. Exercise. - Show that 1 is an exact Lagrangian isotopy if and only

if, for any loop 0: in L and any t, the area of 1 (0: x [0, t]) is zero.

2.3.2. Exercise. - In the neighbourhood of a Lagrangian submanifold, we

know that the symplectic form is exact, being isomorphic to that of a cotangent

bundle. Show that 1 is an exact Lagrangian isotopy if and only if the symplectic

area class of It does not depend on t.

2.3.3. Exercise. - Assume L is compact. Show that a Lagrangian isotopy

is exact if and only if, for any given t, the 1.(L) (s close to t) are graphs of exact

I-forms dh. in any symplectic tubular neighbourhood of It(L) (isomorphic to T*L).

Hamiltonian isotopies. - Recall that a diffeomorphism I{J of (V, w) is Hamilto-

nian if it is of the form I{J = I{Jl, I{Jt being a Hamiltonian isotopy, i.e. the flow of a

(time-dependent) Hamiltonian vector field.

If (V, w) is any symplectic manifold, we endow V x V with the symplectic form

w 0 -w so that the diagonal is a Lagrangian submanifold.

2.3.4. Exercise. - Show that an isotopy I{Jt of V is a Hamiltonian isotopy if

and only if It : x f-+ (x, I{Jt(x)) is an exact Lagrangian isotopy of V into V x V.

2.3.5. Exercise (ambient isotopies, see e.g. [19]). - Let L be a compact

submanifold of the symplectic manifold (V,w). Let It be an isotopy of L in V.

Show that the following two properties are equivalent:

• It is an exact Lagrangian isotopy of L,

•L is a Lagrangian submanifold (i.e. 10 is a Lagrangian embedding) and there

exists a compactly supported Hamiltonian isotopy I{Jt of (V, w) such that It =
I{Jt 010 for any t E [0,1].
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Now the main results of this § are the following:
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THEOREM 2.3.6 ([24]). - Let (V,w) be a g. bounded weakly exact symplectic

manifold. Let L be a closed weakly exact Lagrangian submanifold and let ft : L ->

(V,w) be a Hamiltonian isotopy. Then h(L) meets L.

COROLLARY 2.3.7. - Let (V, w) be a weakly exact compact symplectic mani�

fold. Then any Hamiltonian diffeomorphism of V has a fixed point.

Following Gromov, we prove theorem 2.3.6 by using the isotopy f to construct a

Lagrangian immersion of Lx 8 1 into (V x C, wEB wo), and relate the double points of

the later with the points of Lnh(L); we then apply theorem 2.2.4 to conclude. The

construction is based on an elegant trick known as the "figure eight trick". Notice

first that, according to the Lagrangian suspension process described in exercise 2.1.2,

we have a Lagrangian immersion

Lx [0,1]

(x, t)

F
VxC

(ft(x) , t + ig(x, t)).

Now, we use the Whitney immersion (the "figure eight"). Consider a symplectic

immersion <p : 8 1 x [a, b] -> C giving a tubular neighbourhood (figure 21) of the

Whitney sphere: we use an interval [a, b] = g(L x [0,1]) where we can assume that

a < 0 < b and consider 8 1 x [a, b] as a part of the (trivial) cotangent bundle T*8 1
.

Co

hOlD Co x [a,b]

Figure 21

0 1 X [a, b]

We decompose 8 1 as a union of four closed intervals 10 U Co U h U 0 1 as in figure

21: <p I(CouCtlxla,bj is an embedding. Now, we describe the desired map

G
L x 8

1
------+ V X C

on each of the four intervals. To keep notation simple, we rescale and assume that

Ij = Ok = [O,IJ. Then

• On L x 10 , G(x,t) = (fo(x),<p(t,go(x))): L does not move.

• On L x Co, G(x, t) = (ft(x), <p(t, g(x, t))). Here, <p has no double point, so we

allow L to move.
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• On Lx h, the situation is the same as it was on Lx 10, and G(x, t) =
(!J(x),ifJ(t,g(x, 1))).

• On Lx G1, we just have to come back: G(x, t) = (!J-t(x), ifJ(1 - t, g(x, 1- t))).

The smoothing of these maps is left as an exercise to the reader:

2.3.8. Exercise. - Construct a smooth map p : 8 1 -> [0,1] such that

G(x,z) = (J(x,p(z)),ifJ(z,hp(z)(x)))

is a smooth map Lx8 1
-> C with the above properties (the formula comes from

[24]).

Now, by its very definition, G is a Lagrangian immersion and its double points

in V xC are the points in

L n !J(L) x 0 C V x 0 C V x C.

If L n f1(L) = 0 we thus have a Lagrangian embedding, which is weakly exact

because L was (and because the Whitney map is exact). This concludes the proof.

o

Remark. - The same proof gives a more general result: we may assume that L

is non compact provided the isotopy has compact support; of course, the conclusion

is that Land !J(L) meet inside the support.

We apply the previous result to the Lagrangian intersection problem in a cotan-

gent bundle: any exact Lagrangian submanifold must meet the zero section:

COROLLARY 2.3.9. - Let L be a Lagrangian submanifold in the cotangent

bundle T*X of a closed manifold. If L is exact, it intersects the zero section.

Proof - Consider the isotopy Ft given by scalar multiplication in the fibres

(q,p) I-> (q, etp). If L misses the zero section, Ft(L) nL = 0 for t large enough. Now

Ftwx = etwx thus Ft induces an isotopy of L, which is Lagrangian exact if L is

exact. Now the symplectic form Wx itself is exact thus L is weakly exact (see 2.1.6),

and we get a contradiction to theorem 2.2.4. 0

Proof of corollary 2.3.7. - We use the "diagonal trick" (see chapter I) which

converts results on Lagrangian submanifolds into results on fixed points of symplectic

diffeomorphisms. Let ifJt be the Hamiltonian isotopy, ifJ = ifJ1 the diffeomorphism.

Consider

Ft = Id xifJt : V V x V,
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and endow V x V with the symplectic form w EEl (-w) so that the diagonal, which is

also Fo(V), is a Lagrangian submanifold. The symplectic manifold (V,w) is weakly

exact if and only if its Lagrangian submanifold is. We may apply 2.3.6 thus

getting points in n F1(V). Of course, they correspond to fixed points of <po 0

Remark. - One can relax the compactness condition, replacing it by compact-

ness of the support of the isotopy.

3. Soft and· hard Lagrangian obstructions to Lagrangian embeddings

in en

3.1. Lagrangian and totally real embeddings

We begin with a straightforward observation.

PROPOSITION 3.1.1. - In order for there to exist a Lagrangian embedding of

vn into en, it is necessary that there exists, in the same regular homotopy class of

(ordinary) immersions, both a Lagrangian immersion and an (ordinary) embedding.

The example of S3 (see below and §2.2) shows that the converse is false. However,

it becomes true if one relaxes somewhat the constraint of being Lagrangian. The

"soft" version of a Lagrangian embedding is a totally real5 embedding: instead of

requiring that

you just insist that those two subspaces be transversal. This is equivalent to re-

quiring that Txf (TxL) contain no non trivial complex subspace, or equivalently no

complex line, hence the name. This really is a softer notion: there exists an analogue

of the Whitney lemma (elimination of double points) which gives the converse to

3.1.1.

THEOREM 3.1.2 ([23]). - Any Lagrangian or totally real immersion which is

regularly homotopic to an embedding is regularly homotopic to a totally real embed-

ding, among totally real immersions. 0

Note that there is no homotopic distinction between an (exact) Lagrangian im-

mersion and a totally real immersion (this is an obvious consequence of the Gromov-

Lees theorem 1.1.3).

5Totally real embeddings are interesting in their own right, especially in complex analysis (see

e.g. [46]).
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3.2. Soft obstructions

Now, if f : vn ---+ en is any immersion, there is a simple and classical (due

to Whitney) obstruction to the existence of an embedding in the same regular ho-

motopy class: you just count appropriately (if V is oriented and n is even, any

transversal double point carries a natural sign) the number of double points (as-

sumed to be transversal). You get a number

d(J) E{ Z if n is even and orientable

Z/2 otherwise.

It is classical (and very easy to prove in the orientable case) that

PROPOSITION 3.2.1. - Let n = 2k be even, and let f : vn ---+ en be a La-

grangian immersion with normal crossings. Then

d(J) = (-1 )k+1 X(V)
2

(equality mod 2 if V is non orientable).

As usual, X is the Euler characteristic 6
. The general result is due to Whitney, at

least in the oriented case, and relates d(J) to the Euler characteristic of the normal

bundle of f. As f is Lagrangian, this is isomorphic to the tangent bundle (the sign

comes from the consideration of orientations). Hence 3.2.1 (for the non-orientable

case, see [7] for a complete proof). D

3.2.2. Exercise. - Carefully taking orientations into account, check that the

formula in 3.2.1 is compatible with the suppression of double points allowed by the

surgery operation of §1.4.

3.2.3. Exercise. - Let V be an oriented surface of genus g. What is the

minimal number of double points of a Lagrangian immersion of V? Compare with

1.5.2.

The situation in odd dimensions (n = 2k + 1) is more complicated. Very often,

the Kervaire semi-characteristic

k

X-Z/2 (V) = L dim Hi (V; Z/2) mod 2
i=O

plays the same role as X, but this is not so easy to prove: "soft" obstructions may

come from... hard algebraic topology. We shall not give details here-after all, this

6Note that xlV) is automatically even when a Lagrangian immersion exists: it is plus or minus

the Euler characteristic of the normal bundle, and normal bundles of manifolds are known to have

rather few Stiefel-Whitney classes, due to Wu formulas.
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is a book on pseudo-holomorphic curves' methods. The reader is invited to consult

[7] for precise statements and proofs. The easy-to-state consequences are grouped

in the following theorem.

THEOREM 3.2.4. - 1. A closed connected n-manifold V admits totally real

embeddings if and only if it is U-parallelisable and

(a) if n is even, X(V) = 0 (equality mod 4 if V is nonorientable)

(b) if n == 1 mod 4 and V is orientable, X.Z/2 (V) = o.

2. If V is a non parallelisable stably parallelisable manifold, it has no totally real

embedding. 0

The applications of this theorem to the non existence of Lagrangian embeddings

are obvious.

As a conclusion to this §, let us discuss in some detail the case of the sphere 8n
. If

n is even, 3.2.1 shows that there is no totally real, hence no Lagrangian embedding.

If n > 1 is odd, it is a classical and basic result in differential topology (Smale-

Hirsch theory of immersions) that there are exactly two regular homotopy classes of

immersions 8n
-t R 2

n, that of the standard embedding 8n c Rn+I c R 2n and that

of W. Assume now that there exists a Lagrangian embedding. Then the standard

embedding must be regularly homotopic to a Lagrangian immersion, in particular

its normal bundle (which obviously is trivial) must be isomorphic to T8 n
... Due to

the non parallelisability of almost all the spheres, we conclude that n = 1 (we know

8 1 has Lagrangian embeddings into C), 3 or 7.

If n = 3 or 7, one looks carefully at the forgetful map from the space of La-

grangian immersions to the set of ordinary immersions, which turns out, homotopi-

cally, to be a map 7l"n (U(n)) -t 7l"n (O/O(n)), that is Z -t Z/2, induced by the

natural inclusions and projection 7 U(n) C 0(2n) C 0 = 0(00) -t O/O(n). This

map is onto for n = 3, but not for n = 7. In other words, any immersion is homotopic

to a Lagrangian immersion for n = 3, but not for n = 7. Due to the existence of

the Lagrangian Whitney immersion W (see 1.1.2), 8 7 has no Lagrangian (or totally

real) embedding in C 7
.

We can conclude that 8 3 has a totally real embedding 8
. But we need all the

Gromov machinery (see §2.2) to conclude that 8 3 has no Lagrangian embedding in

standard 9 C 3 !

Remark. - The same arguments show that all orient able closed 3-dimensional

manifolds have totally real embeddings into C 3
.

7According to the Smale-Hirsch theory, the h-principle for immersions, '7rn (OjO(n)) is in one-

to-one correspondence with the set of regular homotopy classes of immersions sn -+ R 2n.

8An explicit one, i.e. formulas, is given in [1J.
9But there are symplectic structures on C 3 in which you can find a Lagrangian S3, see [37].
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3.3. Hard obstructions to Lagrangian embed dings

We just saw that there is no soft obstruction to the existence of Lagrangian

embeddings of closed orientable 3-manifolds into e 3
. Indeed, each such manifold

admits a totally real embedding into e 3 while the algebraic topology cannot distin-

guish between the totally real and Lagrangian cases. However the rigidity results of

§2 allow us to produce further obstructions which work in dimension 3 as well.

Lagrangian obstructions via the symplectic area class. - According to 2.2.5

every closed Lagrangian submanifold of en has a non-vanishing symplectic area

class, and hence a non-trivial first cohomology group. Therefore we have the follow-

ing propositon:

PROPOSITION 3.3.1. - Let Ln be a closed manifold with HI(L, Z) = O. Then

L does not admit a Lagrangian embedding into en. 0

For instance, as already discussed, the 3-dimensional sphere S3 does not admit

a Lagrangian embedding into e 3
. This is also the case for the homogeneous space

SU(n)jSO(n) (see 1.2.2).

Lagrangian obstructions via the Maslov class. In the present section we

describe a sequence of flat manifolds Kn (n 3) which do not admit a Lagrangian

embedding into en (see [41]). These manifolds can be considered as "multidimen-

sional Klein bottles". Our approach is based on the Maslov class rigidity for flat

manifolds (see 2.2.7).

Let Tn be the torus with coordinates Xl, ... ,Xn (mod 1). Consider the map

1
a: (Xl,'" ,Xn ) f--+ (Xl + 2n _ 2,X3,'" ,Xn, -X2).

3.3.2. Exercise. - Show that a generates a group, say G, of transformations

of the torus which is isomorphic to Zj(2n - 2) and acts freely. Denote by Kn the

quotient Tn jG and by 0: Tn ---; Kn the natural projection. Show that HI(K n;Z)

Z. Show that K 3 is orientable.

Our main result in this § is the following theorem:

THEOREM 3.3.3. - The manifold Kn does not admit a Lagrangian embedding

into en.

Before proving theorem 3.3.3, let us notice that at least the case of K 3 cannot be

treated with the methods described above. Indeed, K3 is orientable and hence there

are no obstructions of an algebraic topological nature. Moreover, non-vanishing of

the symplectic area class cannot be applied because H I (K3) of- 0 as shown in 3.3.2.

Suppose that a Lagrangian embedding, say f, does exist. Let B:T*Tn ---; T* Kn

be the covering induced by 0, and let 7r : T* Kn ---; Kn be the natural projection.
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3.3.4. Exercise. - Show that there exists Po E Rn such that the restriction

of fj to a torus L = {p = Po} c T*T" is an embedding.

Denote this restriction by g. Note that 9 is a Lagrangian embedding since L is

a Lagrangian submanifold. Let

be the homomorphism induced by n:g.

3.3.5. Exercise. - Show that A expands in the sense that: IIAal1 = (2n-

2) II all for all a E H 1(Kn, Z).

3.3.6. Exercise. - Show that the Maslov class of 9 vanishes (Hint: use the

fact that L is transversal to the fibres of the bundle T*T n).

We are now in a position to finish the proof. Let h : L ---+ en be a composition

(in the sense of the appendix to chapter I) of f and g. Then the summation formula

implies that !-th = A!-tf. Since Kn and L are flat, it follows from 2.2.7 that II!-thll :S

n + 1, and IINII 1. On the other hand 3.3.5 implies that II!-thll = (2n - 2) II!-tfll.
Therefore we obtain that n + 1 2n - 2 which is impossible for n > 3. In order to

treat the case n = 3 recall that the manifold K3 is orient able and therefore in this

case II!-t/ll 2 (we saw in the appendix to chapter I that II!-t/ll is even). Previous

arguments give us that

n + 1 (2n - 2) '2,

and we get a contradiction with n = 3. 0

4. Rigidity in cotangent bundles and applications to mechanics

In the present section we establish constraints on various invariants of Lagrangian

submanifolds of cotangent bundles. A specific feature of this problem is that non-

linear methods, which allow us to attack the rigidity phenomenon in linear spaces

and split manifolds, do not generally work for cotangent bundles. Fortunately, in

many important cases one can get around this difficulty with the help of quite

elementary (but clever!) constructions which reduce rigidity questions in cotangent

bundles to rigidity questions in split manifolds.

We start our discussion with embedded Lagrangian tori in T*Tn (see §4.1).

There are at least two reasons for this. Firstly, in this case one can clearly see

non-trivial interrelations between symplectic and topologic invariants of Lagrangian

embed dings. Secondly, Lagrangian tori arise in various qualitative problems of me-

chanics (see §4.3 below). In order to treat the problem we need certain techniques

which are described below in a more general context. In §4.2 we give an account

of Maslov class rigidity in cotangent bundles. We use a simple algebraic formalism
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in which a crucial role is played by the summation formula for the composition of

Lagrangian embeddings.

We then give applications to mechanics: Hamiltonian mechanics provides us with

a wide variety of different types of dynamic behaviour. However one can distinguish

a class of systems with the simplest dynamics, the so called integrable systems, whose

phase spaces (up to measure zero) are foliated by invariant Lagrangian tori carrying

quasi periodic motion. An important problem is to understand what happens to

these tori when perturbed. In §§ 4.3 and 4.4 we discuss several recent results in this

direction in the context of classical mechanical systems on T*T".

4.1. Lagrangian tori in T*Tn

In the following theorem we sum up our knowledge on embedded Lagrangian

tori in T*Tn.

THEOREM 4.1.1. - Let L c T*Tn be an embedded Lagrangian torus, and let

A: H1(Tn;R) -t H1(L;R) be the homomorphism induced by the restriction of the

natural projection to L. Then

1. L is either homologous to the zero section with suitable orientation or homol�

ogous to zero;

2. in the first case the Maslov class of L vanishes;

3. in the second case the symplectic area class A of L does not vanish and the

Maslov class Jl satisfies 2 IIJlII n + 1. Moreover, neither A nor Jl lies in

the image of A.

Comments and proof. The first statement is due to Arnold (see [4]) who

realised that it is closely related to the Lagrangian intersections problem (see the

discussion in §2.3). We present his argument below. Certain generalisations to exact

Lagrangian submanifolds of cotangent bundles can be found in [31]. Statement

2 was proved in [49] (see also [39], [31] and [41] for alternative approaches and

generalisations). Below we use a method invented by Lalonde and Sikorav in [31].

To our knowledge, the last statement never appeared in the literature before (except

the Maslov class computations in the case n = 2, see [39]).

Proof of statement 1. - We use an indirect argument. Assume that L is

homologous to a non-trivial multiple of the zero section.

4.1.2. Exercise. - Show that this assumption implies that there exists a

non-trivial covering T*Tn -t T*Tn such that all lifts of L are disjoint Lagrangian

tori homologous to the zero section.
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Let L' and L" be two such lifts. Then they differ by a deck transformation, say

Q, which in canonical coordinates (p, q) can be written Q(p, q) = (p, q + k mod 1),

for some constant vector k.

4.1.3. Exercise. - Show that Q is a time-one map of a Hamiltonian flow on

T*Tn (Hint: choose the Hamiltonian function to be linear in p).

We now have two disjoint Lagrangian tori L' and L" in T*Tn homologous to the

zero section, and a time-one map Q of a Hamiltonian flow such that Q(L') nL" = 0.

But this is impossible due to the theorem on Lagrangian intersections (see §2.3

above). This contradiction proves the desired statement. 0

Proof of statement 2. - Note that if L is homologous to the zero section then

A is an isomorphism. Hence the statement will follow from the first assertion in

4.2.9 below. 0

Proof of statement 3. - Note that if L is homologous to zero then A has

a non-trivial kernel. All assertions about the Maslov class now follow from 4.2.9

below.

It remains to show that ,\ does not lie in the image of A (of course this will imply

that ,\ i- 0). Obviously it is sufficient to find a loop, say "(, on L which bounds a

disc with positive symplectic area.

4.1.4. Exercise. - Use our assumption on L in order to show that there

exists a covering r : V = T*(yn-l XRl) --+ T*Tn such that every lift of L is compact.

Denote such a lift by L'. Note that V is symplectomorphic to T*T n xC and

hence is a split manifold. Therefore 2.2.4 gives us a loop, say "(' on L' which bounds a

disc of positive symplectic area. Obviously the loop r("(') has the desired properties.

This completes the proof. 0

4.2. The Maslov class rigidity in cotangent bundles

As we have already mentioned, a basic tool for understanding Maslov class rigid-

ity in cotangent bundles is the summation formula for the composition of Lagrangian

embeddings (see the appendix to chapter I). We will use (essentially) ideas developed

in [31]: an iteration method based on the summation formula for Maslov classes.

Let us fix some notation. All manifolds considered below are connected and without

boundary. We write 7rx for the natural projection of the cotangent bundle T* X.

Given two manifolds X and Y and a homomorphism A : H1(X; Z) --+ H1(y; Z) ,

we denote by F(Y, X; A) the set of all Lagrangian embeddings f : Y --+ T* X with

(7rx 1)* = A. The main objects of interest are the sets I(Y, X; A) consisting of all
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elements of H 1(y, Z) which can be represented by the Maslov class of an embedding

from F(Y, X; A). An important algebraic invariant of such a set is the value

11111 = sup Ilvll E [0; +00].
vEl

We set 11011 = -1.

Reparametrisations. - Let us describe the behaviour of the sets I(Y, X; A)

under diffeomorphisms of manifolds Y and X. We denote by Dx the group of all

automorphisms of H 1(X, Z) generated by diffeomorphisms of X.

PROPOSITION 4.2.1. - For all C E D y, C(I(Y,X;A)) = I(Y,X;C(A)).

Proof. - Note that every diffeomorphism <p of Y defines a bijective map

F(Y,X;A) -+ F(Y, X; <p*A)

which takes a Lagrangian embedding f into its composition with <p. Moreover,

It f<p = <p*It!· The proposition follows. 0

PROPOSITION 4.2.2. - For all C E Dx , I(Y,X;AC) = I(Y,X;A).

Proof. - Note that every diffeomorphism 'l/J of X admits a unique lift to a

(fibrewise linear) symplectic diffeomorphism, say 'l/J' of T* X. Therefore'l/J defines a

bijective map

F(Y, X; A) -+ F(Y, X; A'l/J*)

which takes each Lagrangian embedding f to its composition with 'l/J'. The desired

assertion follows from the fact that 1t1/>'! = It!. 0

4.2.3. Exercise. �

sets.

Show that I(Y, Y;Id) and I(Y,X;O) are Dy-invariant

The cocyc1e property. - Recall that the sum of two subsets of a lattice is a

set consisting of all pairwise sums of their elements. By definition, I + 0= 0.

Our main technical tool is given by the following "cocycle property" which is

just a reformulation of the summation formula of chapter 1.

PROPOSITION 4.2.4. - If Z is compact, then I(Z, Y; B) + BI(Y, X; A) c
I(Z, X; BA).

Proof. - If h is a composition of Lagrangian embeddings f E F( Z, Y; B) and

g E F(Y, X; A) then h E F(Z, X; BA) and moreover Ith = It! + Bltg· 0
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Geometric properties. - Recall that each I(Y, X; A) is a subset of an integral

lattice H1(y; Z).

PROPOSITION 4.2.5. - The set I(Y, X; A) is central symmetric.

Proof. - Let a be the standard anti-symplectic involution of 1'*X, that is

a(O = for every co-vector ( One can easily check that for each f E F(Y, X; A)

the composition a f belongs to F(Y, X; A) and J-taf = -J-tf. The proposition follows.

o

4.2.6. Exercise. - Prove that if X is compact then I(X, X; Id) is star-

shaped, that is Zv C I(X, X; Id) provided v E I(X, X; Id). In particular, either

I(X,X;Id) = {O} or III(X,X;Id)11 = +00 (Hint: use the cocyde property 4.2.4).

Rigidity in cotangent bundles via rigidity in en. - From now on we assume

that X is a compact n-dimensional manifold satisfying the following conditions:

1. the group Dx acts transitively on the set of primitive elements of H1(X; Z);

2. X admits a Lagrangian embedding into en = T*Rn;

3. moreover, I(X, Rn; 0) does not contain 0 and III(X, Rn; 0)11 < +00.

A basic example of such a manifold is the torus Tn (see theorem 4.1.1).

Our first observation is that in this situation the structure of the set I(X, Rn; 0)

is quite simple.

4.2.7. Exercise. - There exists a finite set M of positive integers such that

I(X, Rn; 0) consists of all v E H1(X; Z) with Ilvll EM (Hint: use that I(X, Rn; 0)

is Dx-invariant (see 4.2.3) and the fact that the primitive elements are exactly the

elements of norm 1).

Now we are in position to formulate the main result.

THEOREM 4.2.8. - For every homomorphism A of H1(X; Z) the following

holds:

1. I(X, X; A) c I(X, Rn; 0) provided A has a non-trivial kernel;

2. If A is a monomorphism, I(X, X; A) is equal to {O} or empty;

3. I(X, X; A) n Q. Image(A) is {O} or empty.
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Proof - The cocycle property 4.2.4 implies that

I(X, X; A) + AI(X, R n;0) C I(X, R n;0).

If A has a non-trivial kernel then 4.2.7 implies that the set AI(X, Rn; 0) contains 0

because Ker A contains at least one primitive element and therefore some multiple

of that element must belong to I(X, Rn; 0), and assertion 1 follows. Note that if A

is a monomorphism then Q. Image(A) covers the whole of Hl(X; Z). Therefore

assertion 2 is an immediate consequence of assertion 3.

We prove assertion 3 by using an indirect argument. Assume that there exist

primitive elements el, e2 of Hl(X; Z) and positive integers p, q such that Ael = pe2

and qe2 E I(X, X; A). Set m = max M, and note that mel E I(X, Rn; 0) due to

4.2.7. We obtain

qe2 E I(X,X;A),

A(med = mpe2 E AI(X,Rn;O),

and hence the cocycle property gives us that (q + mp)e2 E I(X, Rn; 0). This is a

contradiction to the assumption III(X,Rn; 0)11 < m + 1. 0

Let us apply the previous theorem to the case X = T" .

COROLLARY 4.2.9.

1. If A is an isomorphism then I(Tn, T"; A) = {O}.

2. If A has a non-trivial kernel then 2 11p,11 n + 1 for all p, E I(T n,Tn; A).

3. Moreover, in the last case, I(T", Tn; A) n Q. Image(A) = 0.

Proof - Statement 1 follows from 4.2.8 (second condition) and the fact that

I(T", T"; A) is not empty (it contains a suitable pararnetrisation of the zero section).

Statement 2 follows from 4.2.8 (first condition) and the Maslov class rigidity theorem

2.2.7. Statement 3 follows from 4.2.8 (third condition) and the fact that I(Tn, T"; A)

does not contain 0 due to statement 2. 0

Exactness and monotonicity. - Propositions 4.2.1, 4.2.2, 4.2.3, 4.2.4, 4.2.5,

4.2.6 and their proofs remain true with no change if one considers exact Lagrangian

embed dings instead of general ones (that is the sets lex(Y, X; A) consisting of all

elements from Hl(X, Z) representing the Maslov classes of exact Lagrangian em-

beddings from F(Y, X; A)). The reason is that that the class of exact Lagrangian

embeddings is closed under the composition operation as we already mentioned in

§2.1. The situation with regard to 4.2.7,4.2.8 and 4.2.9 is quite different since there

are no exact Lagrangian embeddings of a compact manifold into en! Nevertheless

one can overcome this difficulty using monotone Lagrangian embed dings into cn
(see [41]). As an illustration we present the following exercise:
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4.2.10. Exercise. - Let X = Tn X 82
. Show that Iex(X, X; Id) = {O}. Due

to the "exact" version of 4.2.6 it is sufficient to show that IIIex(X,X; Id)11 < +00.
Suppose that this is not true, then there is an exact Lagrangian embedding, say f
from F(X, X; Id) with 1I1l!11 > n. Recall now that X admits a monotone Lagrangian

embedding, say 9 into C n +2 (see 2.1.8). Moreover, using the action of Dx one can

choose 9 in such a way that the vectors Ilg and Il! are proportional with a positive

coefficient. Consider now the composition h of f and g. One can check that h is

monotone and that Illlhll > n + 1, in contradiction with 2.2.6.

4.2.11. Exercise. - Let X be as in the previous exercise. Show that

I(X, X; Id) = {O} (Hint: show that each embedding from F(X, X; Id) is Lagrangian

isotopic to an exact one, and apply 4.2.10).

4.3. Applications to mechanics: from order to chaos

In the following we use canonical coordinates (p, q) on T*P. We say that a

Hamiltonian function H on T*Tn satisfies the Legendre condition if it is strictly

convex with respect to momenta: Hpp > o. Note that the Legendre condition

appears in most physically important examples. Consider for instance the motion

of a free particle. The corresponding Hamiltonian function is just the kinetic energy

H(p,q) = (A(q)p,p)j2, where each matrix A(q) is symmetric and positive definite.

4.3.1. Exercise. - Set (aij ) = A-I. Show that trajectories of the Hamilto-

nian flow generated by H project to geodesics of the Riemannian metric aijdqidQj

on Tn.

It turns out that the Legendre condition has a nice geometric meaning which is

crucial for our considerations. Roughly speaking, if a Hamiltonian function satis-

fies this condition, then the corresponding Hamiltonian flow twists every Lagrangian

subspace into the positive direction with respect to the vertical Lagrangian distribu-

tion F = {dq = O}. Let us express this twisting property in a more precise way. In

what follows we identify every tangent space TxT*Tn with the standard symplectic

vector space R2n, and we write A = An for the Lagrangian Grassmann manifold. We

denote by a the subspace {dq = O}, and by N" the set off all Lagrangian subspaces

from A which are not transversal to a.

PROPOSITION 4.3.2 (Twisting property). - Let gt be the Hamiltonian flow

generated by a Hamiltonian function H which satisfies the Legendre condition. Then

for all x E T*Tn, .\ E Aa the vector

is a-positive.
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Proof Given the definition of an a-positive vector (see the appendix to

chapter I), we have to check that for every non-zero vector E >. n a the following

inequality holds:

In (p, q)-coordinates such a vector can be written as (a,O). Linearising the Hamil-

tonian equations we obtain

and the desired inequality can be reformulated as (Hppa, a) > O. But this follows

from the Legendre condition 10. 0

The simplest integrable system on T*rr' is given by a Hamiltonian function

H(p,q) = (p,p)/2 associated with the Euclidean metric on the torus (cf. 4.3.1).

The corresponding Hamiltonian flow can be written as

(p, q) f---> (p, q + pt),

and hence each torus {p = const} is invariant under the dynamics.

A striking fact which follows from the celebrated Kolmogorov-Arnold-Moser the-

ory (see e.g. [2], appendix 8) is that most of these tori survive under a small pertur-

bation, namely a set of large measure in the phase space is still foliated by invariant

tori of the perturbed system. Let us emphasise two properties of those invariant tori

which are exhibited by the KAM-theory:

• each such torus is homologous to the zero section;

• in some angular coordinates <p mod 1 on such a torus the dynamics is given

by a linear shift <p f---> <p + IJ"t, where the components (1J"1"'" IJ"n) of IJ" are

independent over Z.

A smooth embedded n-dimensional torus which is invariant under a Hamiltonian

flow on T*Tn and satisfies these two conditions is an essential invariant torus. One

might expect that the geometry of invariant tori becomes very complicated when

the perturbation becomes very large. An obstruction to such a behaviour is given

by the following theorem, the proof of which will be given in §4.4.

THEOREM 4.3.3. If a Hamiltonian function satisfies the Legendre condi�

tion, every essential invariant torus of its Hamiltonian flow is the graph of a smooth

section of the cotangent bundle.

lOThis twisting property makes sense in any symplectic manifold endowed with a Lagrangian

distribution. Functions with this property are investigated in [16], [17J.
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Let us make some comments. The first result of this kind was obtained by

BirkhofI for invariant curves of area preserving maps of the annulus (see [13], and

also [27], [21]) and is usually known as Birkhoff's second theorem. Our formulation

for the multidimensional case comes from [40] (see also [15], [12] for the case n = 2,

and [28] for some other interesting extensions of the BirkhofI's theory). We refer

the reader to [16] for a detailed discussion and far reaching generalisations.

As we shall show in §4.4, theorem 4.3.3 gives us a tool to understand the in�

variant tori breaking mechanism. In order to formulate the result, we specify our

deformation of the Euclidean metric on the torus. For simplicity, we restrict our

attention to the case n = 2 (the multidimensional case can be treated in exactly the

same manner). Let, be an embedded closed curve on ']"2 which bounds a disc, say

B, and fix a point K inside the disc. Let Gg , (e eo) be a Riemannian metric on

the torus such that

distance(K, ,) > e ·length(/).

In other words, increasing the parameter c corresponds to a bump growing up inside

the disc B and whose top point is K. The proof of the next theorem will be given

in §4.4.

THEOREM 4.3.4 ([14], see also [10] and [40]). - There exists a critical value

of the parameter, say Cer, such that for all e > eer the Hamiltonian flow associated

with the metric Gg has no essential invariant tori.

Remark. - Thus tori disappear. The question of the dynamical properties of

the system is far from being understood. Nevertheless, there are some very inter-

esting results in dimension 2: more complicated invariant sets appear, the Aubry-

Mather Cantor sets (see [14], [10] and [20] in which Donnay constructed a metric on

']"2 whose geodesic flow is ergodic-a classical property of negatively curved mani�

folds).

4.4. Symplectic geometry and variational properties of invariant tori

The following simple observation is crucial for proving the results of the previous

section.

PROPOSITION 4.4.1 ([28]). - Every essential invariant torus of a Hamilto�

nian flow on T*Tn is Lagrangian.

Proof. - Let cp mod 1 be angular coordinates on an essential invariant torus L

such that in these coordinates the restriction of the Hamiltonian flow to L is given

by an irrational shift. Denote by n the restriction of the symplectic form to L. Since

n is preserved by the dynamics, and since every trajectory is dense on L we conclude

that n is a translation invariant form with respect to cp-coordinates. Moreover, n is

exact since the symplectic form is. Hence n vanishes, and L is a Lagrangian torus.

o
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Now we are in position to prove 4.3.3. The proof given below incorporates a nice

argument which we learned from G. Paternain (see [38]). We use the notations of

§4.3.

Proof of 4.3.3. - Let L be an essential invariant torus of a Hamiltonian flow gt,

which is generated by a Hamiltonian function H satisfying the Legendre condition.

Note first of all that it is sufficient to check that L is transversalto the Lagrangian

distribution F = {dq = O}. Assume for contradiction that there exists a point x E L

such that the tangent subspace A = TxL belongs to

Figure 22

Our plan is to construct a loop, say" on L with positive value of the Maslov

class. By 4.3.2, the vector

(g;(X)A) It=o
is a-positive and hence transversal to Therefore there exists some positive a

such that the for every t E [-a, aJ the subspace

g;(X)A = Tgt(x)L

is transversal to a (see figure 22). Set A+ = ga(x), A_ = g-a(x). Let U+, U_ be

small neighbourhoods in L of the points A+ and A_ respectively such that for each

point, say y, of these neighbourhoods the tangent subspace TyL is still transversal

to a. Note that every trajectory on L is dense, and hence there exists a segment of

trajectory, say r, whose end points B+ and B_ belong to U+ and U_ respectively.

Now join B_ with A_ by a smooth path inside U_, A_ with A+ by a piece of the

trajectory of the point x for t E [-a, a], and A+ with B+ by a smooth path inside

U+. Adding the segment r we obtain a loop, on 1. Note that the corresponding

loop Z f-t TzL (z E ,) in An has a non-empty intersection with Moreover, our

construction together with 4.3.2 imply that its tangent vector in each intersection

point is a-positive. Therefore the value of the Maslov class of L on , is positive

as noticed in the appendix to chapter 1. On the other hand L is an embedded

Lagrangian torus homologous to the zero section and hence its Maslov class vanishes

by theorem 4.1.1. This contradiction proves the theorem. 0
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Before we give the proof of 4.3.4, let us recall that a fundamental property of

a geodesic is that locally it minimises the length. A geodesic is called (globally)

minimal if any segment minimises length in the homotopy class of paths with the

same endpoints (see chapter III).

4.4.2. Exercise. - Show that for E sufficiently large there is no complete

globally minimal geodesic of the metric Go which passes through the top of the

bump K (Hint: if E is sufficiently large then a globally minimal geodesic will prefer

to go round the bump!).

We now give the proof of 4.3.4 in two exercises. A basic observation is the

following:

4.4.3. Exercise. - Let L be a smooth Lagrangian section of T*T' which is

invariant under a Hamiltonian flow associated to a Riemannian metric on Tn and

which is contained in a regular level {h = cont}. Show that each trajectory which

lies on L projects to a globally minimal geodesic (Hint: use a classical Weierstrass

theorem of the variational calculus (see [33] for details)).

4.4.4. Exercise (proof of 4.3.4). - Show that 4.3.4 is a consequence of the

two previous exercises together with 4.3.3 and 4.4.1.

4.4.5. Exercise.�

eter.

Find an estimate for the critical value Ecr of the param-

5. Pseudo-holomorphic curves: proof of the main rigidity theorem

5.1. The Riemann-Hilbert problem

In order to prove theorem 2.2.4, we will first establish a theorem on the exis-

tence and unicity of solutions of the equation oJf = 9 on geometrically bounded

almost complex manifolds containing a given totally real submanifold. This is a

generalisation of the so-called Riemann-Hilbert problem.

The simplest form of the Riemann-Hilbert problem consists, given a map 9 :

D2
---> en on the closed unit disc D2 c e, in finding a solution f : D2

---> en of the

equation of = 9 which sends the boundary 8D 2 into the totally real subspace Rn =
(Xi,"" Xn) C en = (Xi, Yi,"" Xn,Yn). This problem always admits a solution in

appropriate Holder spaces (and therefore in Coo spaces by elliptic regularity). More

precisely, for any fixed real non integral number r > 0, the map

is onto, where the domain is the space of maps of Holder class r + 1 from D2 to

en which send 8D2 in Rn and 1 on 0, and where the target space is the space of
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maps from D2 to en of Holder class r (see the classical reference [47]' pp. 56 and

355-356).

This problem can be generalised in the following way (see [24], [43], we follow

here [44]). Let (V, J) be an almost complex manifold. Denote by i the complex

structure on e (multiplication by i). For aC 1 map f : D 2 -> V, define

-1 (Of Of) 1 ( 0)oJf =- - + J- =- (df + Jdfi) -
2 ox oy 2 ox

which is a section of the vector bundle f*(TV) on D 2
. It will be more convenient

to consider this section as a section of the bundle pr:iTV -> D2 x V defined over

the graph of f (here pr2 : D2 x V -> V is the projection on the second factor). The

generalisation of the Riemann-Hilbert problem is then:

GENERAL PROBLEM. - Given a totally real submanifold L of an almost com-

plex manifold (V, J) and a global section g of pr:iTV, find f : (D2,oD2) -> (V, L)

homotopic to a point in 1r2(V,L) and such that oJf = glgraph(f) (which we will simply

denote by oJf = g).

Note that this problem does not always admit a solution; for instance, if L is a

closed, totally real submanifold embedded in en endowed with the standard complex

structure, and if 9 : D2
X en -> en is equal to a constant go, there is no solution

when Ilgoll is sufficiently large (see the harmonicity argument in the proof of theorem

2.2.4).

The following theorem (which provides a solution to the Riemann-Hilbert prob-

lem under certain hypotheses) is proved by Sikorav in [44].

THEOREM 5.1.1. - Let V be endowed with any complete Riemannian metric

J-L. The general problem above has a solution for all C'" bounded (with respect to J-L)

sections 9 of Holder class C'" (for a > 0) if the following conditions hold:

1. if 9 == 0, the only solutions ofoJf = 9 which belong to C"'+1(D2,oD 2;V,L)

are the constants;

2. for anyB > 0, the family {f E C"'+1(D2,oD2;V,L)llloJfll cQ :::; B} is equicon-

tinuous.

Moreover, one may impose f(l) = eo for any given point eo E L.

It may be embarassing to try to apply this theorem directly, because the second

condition is not easily verifiable in practice. Sikorav shows that this condition holds

true under some hypotheses on the geometry of V and L. His proof does not make

use of the compactness theorem for J-holomorphic discs and, for this reason, the
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hypotheses on V and L needed to establish the surjectivity of fhf = 9 are stronger

than those needed by Gromov in [24J theorem 2.3.8. We will now prove the stronger

version of the theorem due to Gromov, using a compactness theorem.

THEOREM 5.1.2. - Let (V,w) be a symplectic manifold and LeV be a La-

grangian submanifold such that (V, L) is g. bounded (with respect to structures J

and J1, on V). If there is no non-constant J -holomorphic 2-sphere in V and no non-

constant J -holomorphic disc with boundary in L, then for any COO bounded section

9 of pr2TV --+ D2 x V and any point eo E L, there exists a solution to the equation

8J f = 9 which sends 8D2 in L and the point 1 to the point eo, and such that f is

homotopic to a point in 7l"2(V, L, eo) .

Remarks.

1. Since w tames J, any non-constant J-holomorphic disc f : (D 2
, 8D 2

) --+ (V, L)

satisfies JD2 f*w > O. Therefore, the hypotheses of the theorem concerning J-

holomorphic discs and spheres are satisfied if L is a weakly exact Lagrangian

submanifold (recall that this means that the integration map Jw from 7l"2(V,L)

to R is zero). Thus, if (V, L) is g. bounded and L is weakly exact, there

always exists a solution to the Riemann-Hilbert problem. This is the case, for

example, when (V, w, J, J1,) = (C n,Wo, Jo, J1,0) and L is the image of Rn c C n

by any bounded symplectic diffeomorphism.

2. The conclusion of theorem 5.1.2 is a Fredholm alternative (see the proof below):

suppose (V, L) is g. bounded and V contains no non-trivial J-holomorphic

sphere, then either the map 8J is "surjective" or there exists a non-trivial

J-holomorphic disc in 7l"2(V, L). Of course, this alternative may be useful in

both directions: when we know that there is no non-trivial J-holomorphic

disc in 7l"2(V, L), we conclude that 8J is surjective as in the example above;

when we know that OJ cannot be surjective, we conclude that there exists a

non-trivial J-holomorphic disc in 7l"2(V, L) and hence that L is not (weakly)

exact (this applies to any closed (compact and without boundary) Lagrangian

submanifold of cn, see below).

Proof of theorem 5.1.2. - We first bring the problem into a Fredholm frame-

work with a given operator 8J : we do not yet have a well defined operator since the

section 8J f of f*TV is defined only on a subset of D2 x V which depends on f. For

eo ELand a non integral r > 0 fixed, let us define:

• The set pH of Holder class CT+l maps f : (D2,8D2, 1) --+ (V, L, eo) which are

homotopic to fo == eo in 7l"2 (V, L, eo),

• the set CT of CT sections of pr2TV --+ D2 x V which are CT bounded,

• the set HT+l = {(J,g) E p+l X CT such that 8J f = g},

• the projection map 6"T : HT+l --+ CT defined by 6"T(J,g) = g.
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The followingfour properties hold for any totally real submanifold L of an almost

complex manifold (V, J) (see chapter V).

1. Gr is a complex Banach vector space, p+1 is an almost complex Banach

manifold with tangent space

TfP+l = {Cr+l sections of (f*(TV) , (f laD2)*TL) which vanish at I},

and the charts of p+1 are given by the exponential map of a Riemannian

metric on V for which L is totally geodesic (that is such that any geodesic

tangent to L at any point of L lies entirely in L). Finally, Hr+l is a Coo

submanifold of p+1 X Gr. Indeed, let fa E p+l and U(fo) be a CO-small

neighbourhood of fa. For any f E U(fo), denote by N(f) the space of cr_

sections of pr2(TV) over the graph of f. Let V be endowed with any Coo

connection compatible with J; then the parallel transport induced by this

connection gives a complex isomorphism:

for any f E U(fo). On U(fo) x Gr, define <I> : U(fo) x Gr -+ Ar(fo) by

<I>(f,g) = PT(f, fa) (aJf - glgraPh(J))'

It is clear that <1>-1(0) = Hr+l n (U(fo) x Gr), that <I> is a smooth map, and

that 0 is a regular value of <I> because <I>(f, .) : Gr -+ Ar(fa) is affine and onto.

Finally, the kernel of the associated linear map, K(f) = {g I glgraph(f) = O}

admits a closed supplement in Gr. Since these are the sufficient conditions for

the inverse image of a point by a smooth map between Banach manifolds to

be a smooth submanifold, we conclude that Hr+1 is a Coo submanifold.

2. 6.r is a Fredholm map of index O. In fact, 6.r is locally equivalent to a quasi-

linear differential operator of order 1 whose linearisation is of the form

where K is a compact operator. Since ais an isomorphism, (Id+K) 0 ais

Fredholm of index 0 (see chapter V).

3. 6.r is regular at (fa, 0) (see chapter V).

4. Elliptic regularity: if f is of class C1 and if aJf = 9 with 9 of class cr, then f

is of class cr+l (see chapter V or [36]).

5.2. Proof of theorem 5.1.2

Let us now prove theorem 5.1.2: given elliptic regularity, it is sufficient to prove

that 6.r is surjective for any non integral r > O. The non-existence of non-constant
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J-holomorphic disc in 1l'2(V,L) means that = (£0,0), and together with the

third property above, this implies that 0 is a regular value of In order to prove the

theorem, it is therefore enough to show that is proper. By Smale's generalisation

(see [45]) of Sard's theorem to Fredholm maps between Banach manifolds, one can

deduce (see figure 23):

M

v

Figure 23

THEOREM 5.2.1. - Let <I> : M -+ V be a Coo proper Fredholm map between

Banach manifolds of nonnegative index. Then, for any regular value y E V, <I>-l(y)

is a smooth submanifold (either empty, or of dimension ind <I», and the non oriented

cobordism class of <I>-l(y) does not depend on the choice of the regular value y of V.

Denoting by ')'(<I» this invariant in the ring of non oriented cobordism, we have: <I>

is onto when ')'(<I» i- o. 0

Let us apply this theorem to assuming that it is proper. Since 0 is a regular

value whose inverse image is a single point, i- 0, and hence is onto.

Let us describe this more explicitely: let 9 £; Gr be a regular value of and let

')' : [0,1] -+ Gr be a path from 0 to g, everywhere transversal to Since is a

proper Fredholm map of index 0, is a non empty compact submanifold of

real dimension ind +1 = 1, whose boundary is included in

In fact, equals U because if there were a point p

belonging say to but not to the differential of would send

the vector tangent to at p on the zero vector at ')'(1), hence the dimension

of ker at p would be strictly positive. Since ind = 0, this would contradict

the regularity of g. Thus is a non oriented cobordism between

and therefore their mod 2 cardinalities are equal. We conclude that

not empty. This shows that all regular values of are in the image of

and since this is true by definition for non regular values as well, is onto. 0

It remains to prove:

PROPOSITION 5.2.2. - is proper.
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Proof - Suppose that 6"r is not proper: then there exists a sequence Un, gn)

(n E N) which contains no convergent subsequence in HrH but whose projection

(gn)nEN has a convergent subsequence. Denoting by the same symbols (gn)nEN this

subsequence, we thus have a sequence Un) E (PH, II Ilcr+!) with no convergent

subsequence, and a sequence (gn) which Cr-converge to a value 9 E Gr such that

BJfn = gn-

We now show that each section 9 of pr2TV induces an almost complex structure

Jg on D 2 x V with the properties described in the following lemma, due to Gromov

(we do not specify the differentiability class, since the lemma clearly holds true for

any class of maps).

LEMMA 5.2.3. - There exists a unique structure Jg on D2x V such that the

germs of Jg-holomorphicsections Id xf Ofprl : D2 x V --> D2 correspondexactly to

the solutions ofBJf = 9 on V and such that the restriction of Jg to any fibre s x V

ojD 2
X V --> D2 coincides with the original structure J on V = s x V.

Proof - In the exact sequence of bundles over D2 x V:
incl 7r

o Homc(T D2,TV) --4 HomR(T D2,TV)

HomR(TD 2,TV)jHomc(TD 2,TV) 0

the projection 7r has a right inverse whose image is the set Homanti_dT D2,TV) of

real homomorphisms C such that Co i = -J 0 C. Hence,

HomR = Home EB Homanti_e,

since
1 .1 .

A = 2"(A - J 0 A 0 t) EB 2"(A + J 0 A 0 t)

(of course BJ is simply the projection on the second factor of this decomposition,

that is the projection on the anti-complex part). Since D 2 is of complex dimension 1,

an anti-complex homomorphism is determined by its value on ajax and this defines

an identification of Homanti_dT D2,TV) with pr2(TV).

Let 9 be a section of pr2(TV), which we consider as a section of the bundle

Homanti_dTD2,TV). We define the endomorphism Jg of T(D 2 x V) at (s,v) E

D 2
X V by

JglTvV = J and JgITs D
2 = i + 2gs ,v 0 i.

The fact that 9 is anti-complex obviously implies that J; =- Id. Finally, the germ

of a section Id xf of prl : D2 x V --> D2 defined near s E D2 is Jg-holomorphic at

s if and only if Jg(d(Id xJ)(s)) = d(Id xJ)(s) 0 i. But

Jg(d(Id xJ)(s)(X)) = Jg(X EB df(s)(X))

= iX EB (2g(iX) + Jdf(X))

is equal to d(Id xJ)(s)(iX) = iX EB df(iX) for all X E Ts D2 exactly when g(Z) =

Hdf + Jdfi)(Z) for all Z E Ts D2, that is exactly when 9 = BJf. 0
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It is clear that the properties stated in the lemma determine an almost complex

structure on D2 x V in a unique way. Hence, the two sequences Un) and (gn) induce

a sequence of Jgn-holomorphic sections (Id xfn) of D2 x V --+ D2. The sequence

(JgJ Cr converges to an almost complex structure Jg but the sequence (Id xfn) of

maps from D 2 to D 2
X V C+ 1 diverges. We will deduce from this the existence

of a non constant rational J-holomorphic curve in V (that is: a non constant J-

holomorphic map 3 2
, in other words a J-holomorphic sphere) or the existence of

a non-constant J-holomorphic disc in V whose boundary lies in L. In both cases,

this will contradict the hypotheses of the main theorem. We need the following

theorem of Gromov on the compactness of holomorphic discs (see chapter VIn for

these compactness properties):

THEOREM 5.2.4. - Let (M, WM) be a symplectic manifold, g. boundedfor JM

and J-lM. Assume JM is of class cr. Let W c M be a Lagrangian submanifold such

that the pair (M, W) is g. bounded. Let

'Pn: (D 2,8D2, 1) -----+ (M, W, wo)

be a sequence of (i, JM) -holomorphic discs of class Cr+J whose areas are bounded

above. Then there exists a subsequence which either Cr+J converges to a (i, JM)-

holomorphic disc or weakly converges to a JM-holomorphic cusp-disc whose image

in M is the union of k1 non-constant JM-rational curves and k2 non-constant JM-

holomorphic discs with boundary in W, where k1 0, k2 1, and k1 + k2 2.

o

This theorem is still true for a sequence (JM)n --+ JM of almost complex struc-

tures C-converging to an almost complex structure JM and a sequence 'Pn of holo-

morphic discs (for i and (JM)n), provided that all the ((JM)n,WM, J-lM) for n suffi-

ciently large and (JM,WM,J-lM)are geometrically bounded with respect to the same

constant aM. Then the limit disc or cusp-disc is JM-holomorphic.

To apply this theorem to the sequence (Id xfn) of Jgn-holomorphic discs in D 2 x

V, we verify the hypotheses of the theorem. Here M = D2 X V, W = 8D2
X L,

and J-lM = J-lo Ell J-ll where J-lo is the standard metric on D2 and J-ll = J-l is the metric

given on V. Since (D2,8D2) is obviously geometrically bounded with respect to

(i, J-lo, wo), the conditions in the definition of "geometrically bounded" which depend

only on the metric structure are satisfied for the pair (D2 x V,8D 2
X L). Therefore,

it is enough to find a symplectic form WM on M = D2 X V and a positive constant

aM such that

WM(X, JgnX) aM

for all tangent vectors of D2 x V and all sufficiently large n.

We set WM = (Cwo) Ell w, where Wo is the standard form on D2, W is the given

form on V, and C is a constant depending on Ilgnllcowhich we will now compute ll
.

llThe reader may consider the following estimations as a (rather technical) exercise and compute

the constant C by her or himself.
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Let G be an upper bound for all Ilgnllco, Then:

WM(X, JgnX) Cwo ffi w(Xo ffi Xl, iXo ffi (2gn(iXo) + JXd)

C IIXol1 2 + w(X I > JX I ) + 2w(X I ,gn(iX o))

> C IIXol1 2 + 0: IIXl l1 2 + 2w(X I ,gn(iX o))

> C IIXol1
2
+ 0: IIXl l1

2
- 2{3G IIXoIIIIX"1

because Iw(XI,gn(iXo)) I ::; {3IIXIllllgn(iXo)11 ::; (3IIXIllllgnllcoIIXoll. Thus, obvi-

ously,

0: 2
WM(X, JgnX) ::::: "2IIXIII'M

if C is sufficiently large. Actually, if

IIXIII 4{3G
--<-
IIXol1 - 0: '

then:

with

When

IIX"I 4{3G-->-
IIXol1 - 0: '

one gets

WM(X, JgnX) > (0: - IIXl l1
2
+ C IIXol1

2

> IIXl l1
2
+ C IIXol1

2
:::::

Therefore, M = D2
X V is geometrically bounded with MM = Mo ffi MI, WM =

Cwo ffi W where

and with any of the given almost complex structures Jgn or Jg.
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Since every fn : D2
-+ V is contractible in 7f2(V,L), all discs Id xfn belong to the

same homotopy class in 7f2(D2 x V,fJD2
X L). Their WM-areais JD2CWo + JD2 =

C7f for all n, and their JlM-area is uniformly bounded above. Writing p = Id xfn,

JlM-area(p) JD211 A ;;

< JD2 + II;;I[M)
< ±JD2 (WM +WM (;;,Jgn ;;))

21 *<- P WM
a D2

because p is Jgn-holomorphic. Hence:

2C7f
JlM-area(Id xfn) --.

a

The compactness theorem thus applies to the Cr+l divergent sequence Id xfn and

therefore there exists a Jg-cusp-disc whose components contain at least one non-

constant Jg-holomorphic sphere S or two non constant Jg-holomorphic discs D with

boundary in fJD2 x L. But since this cusp-disc is a weak limit of sections of D2x V -+

D2, S cannot be transverse to the fibres of the projection D2 x V -+ D2 and the

same is true for D; that is to say, S (or D) lies entirely in a fibre of the projection.

There exists therefore either a non-constant J-rational curve in V or a non-constant

J-holomorphic disc in V whose boundary lies in L. This concludes the proof of

theorem 5.1.2. 0

5.3. Proof of theorem 2.2.4

Let (V, w) be a product (V' x C, w'EElwo)where (V', w') is a weakly exact geometri-

cally bounded symplectic manifold. Let L be a g. bounded Lagrangian submanifold

of V. If L is bounded with respect to the second factor (that is if the image of L by

pr2 : V' x C -+ C is bounded), we show that there exists a loop in L that bounds a

holomorphic disc (with respect to an w-tamed almost complex structure).

First, (V' x C, w' EEl wo) is also geometrically bounded. It is easy to see that,

given any totally real submanifold L in V' x C which is bounded with respect to

C, the equation 8J f = 9 has no solution when the factor 92 of 9 = 91 EEl 92 is equal

to a constant e of sufficiently large norm. In fact, any solution f to the equation

8J f = 91 EEl e satisfies 8(pr20J) = 92 = e and therefore 12 = pr2 0 f : D2
-+ C is

harmonic. The Poisson formula then gives

8J 12(O) =- 12

7< e
i9

h(e
i9

)dB;

so lei = 18J12(0)1 112(e
i9

)1 diam12(fJD2) diam(pr2(L)).
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Thus, there is no solution to OJf = g1 EBc when lei > diam(pr2(L)). On the other

hand, if the totally real submanifold L is Lagrangian and g. bounded, the Fredholm

alternative of 5.1.2 shows that if OJf = 9 has no solution for some g, there must

exist either a holomorphic sphere or a holomorphic disc with boundary on L. Since

V is weakly exact, only the second case can occur.

To prove the second part of theorem 2.2.4, let us quickly review the proof above

from a slightly more general point of view. For each class a E 7r2 (V, L), define

F;.+l and as follows:

• is the set of Cr+l Holder maps f : (D2, fJD2) -; (V, L) such that [f] = a,

• = {(f,g) E X Gr such that OJf = g},

• g) = g.

Note that since V is weakly exact, the symplectic area of a E 7r2(V, L) depends

only on its image by 7r2(V,L) -!..... 7r1(L) -.!!..... H1(L;Z) where fJ is the boundary

homomorphism and H the Hurewicz map. Observe also that the Maslov index of

L along HfJ(a) relative to the Lagrangian distribution I:- in V is independent of

the choice of I:- because HfJ(a) is contractible in V (so we need only know that

such a distribution exists). We will refer to this Maslov index as J-ldHfJa) or J-lda)

indifferently.

Here, are again Banach manifolds : -; Gr is a Fredholm

map of index = J-lL(a) + n.

The Poisson formula argument showed that there exists some value 9 E Gr such

that there is no solution to the equation OJf = 9 with f E .FO+1. Let "( be a

path in Gr from "((0) = 0 to "((1) = 9 transverse to the Fredholm projections :

-; Gr for all a. The proof above shows that the restriction of to

is not proper. Therefore, there exists a sequence gt E Im"( converging to goo E Im"(

and a sequence ft with OJft = gt such that the sequence {it} has no convergent

subsequence. By the compactness theorem and lemma 5.2.3, this implies (extracting

a subsequence of ft if needed) that the sequence ft weakly converges to a union of

k1non-constant rational curves in V with one disc foo with boundary in L such that

OJfoo = goo, and k2-1 non-constant holomorphic discs with boundary in L. Since V

is weakly exact, we have therefore one disc f 00 and k ':'" k2 - 1 > 0 holomorphic discs

h, ... ,fk with boundary in 1. Denote by aoo ,a1, ... ,ak E 7r2(V,L) the homotopy

classes of foo, h,···, fk'

5.3.1. Exercise. - Using the index formula, that the fact that "( is

transversal to and the fact that r 1

(goo) is not empty together imply

that J-lL(aoo ) 2: -n - 1.
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Since the discs foo, fJ, ... , fk occur as a weak limit of a contractible disc, we have

0 00 + 01 + ... + Ok = 0,

so that J.lL(000)+L:f=1 J.lL(Oi) = o. But each disc 1; is holomorphic and non-constant,

so their symplectic area 'x(Oi) is strictly positive, and by monotonicity J.lL(Oi) > 0

for all 1 :::; i :::; k. Therefore
k

LJ.lL(Oi) :::; n + 1
;=1

implies that 1 :::; J.lL(Oi) :::; n + 1 for at least one i. This concludes the proof. 0

Appendix: Exotic structures on R2n

A.I. Exotic structures

A symplectic form w on R 2
n is exotic if there exist no symplectic embedding

(R2n,w) '---+ (R2n,wo) in the standard structure. The fact that the proof of the

Arnold conjecture (corollary 2.2.5) implies the existence of exotic structures on R 2
n

for n ;::: 2 is now considered to be folklore. Nevertheless, it appeared in the written

culture only in 1984 in a paper by Viterbo [48]. It is very surprising that we do not

know any other method of constructing exotic structures. There are some variants

(see e.g. [11]), but basically, you construct a symplectic structure which admits a

closed exact Lagrangian submanifold. We already mentioned such a construction,

due to M.-P. Muller in §3.2. Here we content ourselves12 with a simple proof of:

THEOREM A.1.1. - For any n ;::: 2, there exist on R 2
n exotic symplectic

structures.

A.2. Proof of existence

It is enough to construct an immersion F : R 2
n ----; R 2

n that sends a given closed

Lagrangian submanifold L of (R2
n, wo) onto an immersed exact Lagrangian subman-

ifold W of (R2n, wo). Indeed, F*Wo is then such that L is a closed exact Lagrangian

submanifold of (R2n , F*wo). Hence (R2n, F*wo) is exotic because a symplectic em-

bedding

<p : (R2n
, F*wo) ----; (R2n

, wo)

would send a primitive ,X of F*wo (a form whose exterior derivative is F*wo) to a

form <p*(,x) on 1m <p whose derivative is woo We would then have d('xo - <p*(,x)) = 0

on 1m <p and 'xo = <p*(,x)+ exact form on 1m <p, so that'xol<p(L)would be exact which

contradicts the inexistence of a closed exact Lagrangian submanifold of (R2n, wo).

To construct the immersion F : (R2n, L) ----; (R2n, W), we take the simplest

example of a closed Lagrangian submanifold, that is L = Tn c R 2n. Let ft : 8 1 ----;

12The construction in [37] is actually harder. .. but gives something more precise, as the title of
the paper shows.
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R2 be a regular homotopy from the standard inclusion to an exact (Lagrangian)

immersion fl : SI --> R 2 (that is h has for instance two double points of opposite

signs and the total area enclosed by 1m h is algebraically zero). The product of

n copies of this regular homotopy gives a regular homotopy Ft : T" --> R 2
n. Now,

given any closed smooth submanifold X of a closed manifold Y and any manifold Z

of dimension larger than dim Y, Smale's h-principle for immersions (see e.g. [25])

implies that the restriction map

r : Imm(Y, Z) --> Imm(X, Z)

between spaces of smooth immersions is a Serre fibration: that is, given any homo-

topy H t : A --> Imm(X, Z) defined on a CW-complex A and any r-lift Ho : A -->

Imm(Y, Z) of Ho, there exists an r-lift of the whole homotopy, M: A --> Imm(Y, Z),

which coincides with the given lift at time t = O. Let us apply this with X = Tn,

Y = S2n-l, Z = R 2n (note that n < 2n - 1 because n 2), A = {pt}, H t = Ft :

Tn --> R 2
n, and Ho the standard inclusion. Hence Ft can be extended to a regular

homotopy : s2n-l --> R 2n and so Ji\ extends F1 (this is all we need). Let D 2n-l

be a disc smoothly embedded in S2n-l, such that Tn lies in D2n-l (such a disc exists

because n < 2n -1), and let U be a tubular neighbourhood of D 2
n-l in R 2

n. Then

the restriction Ji\ : D2n-l --> R 2n of Ji\ :S2n-l --> R2n can be extended to an immer-

sion G: U --> R 2
n. The composition of G with an immersion <p : R 2

n --> U which

is the identity on a smaller disc Di
n

-
1 c D2n-1 containing T", gives an immersion

Go <p : R 2
n --> R 2

n sending T" onto an immersed exact Lagrangian submanifold of

(R 2
n, wo).

Remark. - Note that by theorem 2.2.4, the exotic structure w on c n con-

structed in the above proof is not symplectomorphic to (Cn
-

1 x C,w' EBwo) for any

geometrically bounded factor (C n
-

1
, w').
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