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Introduction

This text is an introduction to Lagrangian and special Lagrangian submanifolds.
Special Lagrangian submanifolds were invented twenty years ago by Harvey and
Lawson [18]. They have become very fashionable recently, after the work of
McLean [25], leading to the beautiful speculations of Strominger, Yau and Zas-
low [32] and the remarkable papers of Hitchin [19, 20] and Donaldson [11].

My aim here is mainly to present as many examples as possible. I have taken
some time to explain why we know so many Lagrangian and so few special La-
grangian submanifolds and immersions. There are mainly two reasons:

e To be Lagrangian is, eventually, a linear property. On the other hand, the
property to be special Lagrangian is, in dimension 3 and more, non linear.

e The moduli space of Lagrangian submanifolds that are close to a given one
is an infinite dimensional manifold, while the corresponding moduli space of
special Lagrangian submanifolds is finite dimensional.

This will be apparent in the number and nature of the examples I describe in these
notes.

To prepare these lectures, in addition to the papers mentioned above, I have
used standard textbooks on manifolds and vector fields as [22], on symplectic
geometry as [4, 7, 24, 30] and on complex manifolds and Hodge theory as (8, 15].

I have used standard notation but, although this text pretends to be written
in English, I have kept a preference for (transparent) French standards, for instance
P"(K) for the projective space of dimension n over the field K and *A for the
transpose of a matrix A.

[ thank Etienne Mann, Edith Socié, Thomas Vogel and Jean-Yves Welschin-
ger for their comments and their help during the preparation of these notes. Special
thanks to Mihai Damian, Alicia Jurado and Sébastien Racaniere.



Chapter 1

Lagrangian and special
Lagrangian immersions in C"

In this chapter, I define Lagrangian and special Lagrangian immersions in C". To
begin with, I explain that C™ is the standard real vector space endowed with a
non degenerate alternated bilinear form (§1.1) and use this “symplectic structure”
to define Lagrangian subspaces and immersions (§§1.2, 1.3 and I.4). Later, T use
the complex structure as well, to define special Lagrangian immersions (§1.5).

I.1 Symplectic form on C", symplectic vector spaces

I.1.a Symplectic vector spaces

Consider the vector space C™ with the Hermitian form
(2,2')=> 7,7
j=1
(note that it is anti-linear in the first entry and linear in the second). Decompose
it in real and imaginary parts:
(2,7 =(Z,Z") —iw(Z,7").

The real part is the standard scalar product (Euclidean structure) of C" = R™ x
R",

(2,2)=> (X,X]+Y;Y) =X -X'+Y Y,

j=1
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a symmetric non degenerate (real) bilinear form. The imaginary part defines a
(real) bilinear form

w=Y (XY, - X;Y))=X"-Y - X .Y’

=1

that is alternated, this meaning that w(Z,Z) = 0 for all Z. Equivalently, w is
skew-symmetric, that is,

w(Z',2) = —w(Z,Z").
To write these formulas, I have decomposed the complex vectors of C™ as
Z =X +1iY, X, Y eR"

and I have used the scalar product X - Y of R”. The form w is non degenerate
too, as

w(X,Y)=0forall Y = X =0.

More generally, on a real vector space E, a symplectic form is a non degen-
erate alternated bilinear form. A vector space endowed with a symplectic form is
said to be a symplectic vector space.

I.1.b Symplectic bases

Fix a complex unitary basis (eq,...,e,) of C". Put f; = —ie;, so that
(e1,.--yens f1,---sfn)
is a basis of the real vector space C". Compute w on the vectors of this basis:
wle;,e;) = Im(e;, e;) =Imd; ; =0,

also
w(fi, ;) = Im(ie;, ie;) = Im(e;, e;) =0
and eventually

w(ei, f;) = Im(e;, —ie;) = Re(e;, e;) =4, ;.

Inspired by these properties, we say that a basis (e1,...,€n, f1,..., fn) of &
symplectic vector space is a symplectic basis if

w(es, f;) = 6;; and w(e;, e;) = w(fy, f;) =0 for all ¢ and j.

There are symplectic bases in all symplectic spaces, thanks to the following propo-
sition.
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Proposition 1.1.1. Let w be a symplectic form on a finite dimensional vector space
E. There erists a basis (e1,...,en, fi,..., fn) of E such that w(e;, f;) = 6, ; and

w(eiaej) = w(fivfj) =0.

Proof. As w is non degenerate, it is not identically zero so that one can find two
vectors e; and f; such that w(es, fi) = 1. One then checks that the restriction
of w to the orthogonal complement (with respect to w) of the plane (e, f1) is
non degenerate. One eventually concludes by induction on the dimension -— once
noticed that an alternated bilinear form on a 1-dimensional vector space is zero. [

In particular, the dimension of F is an even number and this is the only
invariant of the isomorphism type of (F,w). If E has dimension 2n, then E with
its symplectic form is isomorphic to C” with the form w. This result can be
called a “linear Darboux theorem”, in reference with the forthcoming (Darboux)
theorem I1.3.6.

More generally, an alternated bilinear form has a rank, that is the dimension
of the largest subspace on which it is non degenerate, and is an even number.

Matrices

In a symplectic basis, the matrix of the symplectic form is

0 Id
/= (-1(1 0) '
Notice that the matrix J satisfies
J?=—-1d.

As the matrix of an endomorphism, this is a complex structure. In the symplectic
basis of C™ associated with the canonical (complex) basis (eq,...,e,), J is nothing
other that the matrix of multiplication by 1.

I.1.c The symplectic form as a differential form
One can write w as a differential form
w = Z dy; Ndz,.
9=1

This is an exact differential form (the differential of a degree 1-form):

n

w=d() ydx;) =d(Y - X).

j=1

The form A =Y - dX is called Liouville form (see §11.1 below).
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I.1.d The symplectic group

This is the group of isometries of w. A transformation g of C" is symplectic if it
satisfies

w(9Z,92") =w(Z,Z") for all Z,Z' € C™.

Call Sp(2n) the symplectic group of the space C™ of dimension 2n. Consider
all the groups O(2n), GL(n; C), U(n) and Sp(2n) as subgroups of GL(2n;R).

Proposition 1.1.2. The following equalities hold
Sp(2n) N O(2n) = Sp(2n) N GL(n; C) = O(2n) N GL(n; C) = U(n).
Proof. Let us characterize our subgroups of GL(2n; R):
(1) g € GL(n;C) if and only if g is C-linear, that is, if and only if
9(iZ) =ig(Z) for all Z.
For a matrix A, this is to say that AJ = JA.

(2) g € Sp(2n) if and only if g preserves w, that is, if and only if w(¢9Z,¢Z’) =
w(Z,Z") for all Z and Z'. For a matrix A, this is

PAJA = J.

(3) g € O(2n)ifand only if (¢9Z,9Z') = (Z, Z"). For a matrix A, thisis *tAA = Id.
One then checks that two of these conditions imply the third:

e (2) and (3) imply that
<gZ7gZ,> = (Z, Z,)

thus that g € U(n) C GL(n; C).
e (3) and (1) imply that
(97, 97") = w(gZ, —ig(iZ")) = (97,9(iZ')) = (£,iZ') = w(Z, Z')
thus that g € Sp(2n).
e in the same way, (1) and (2) imply (3).

In matrix terms, the intersection Sp(2n) N O(2n) is the set of matrices

(g _UV) € GL(n;C) c GL(2n; R)

such that

U +'VV =1d.
This is exactly the condition that U + ¢V be a unitary matrix. 4

{tUV =tVU
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I.1.e Orthogonality, isotropy

Write F+ for the Euclidean orthogonal of the real subspace F' of C™ and F° for
its symplectic (that is, with respect to w) orthogonal. As w is non degenerate, one
has

(F°)° =F and dim F + dim F° = 2n = dimg C".

Notice however that a subspace and its orthogonal may have a non trivial inter-
section. The restriction of the non degenerate form w to a subspace is not always
a non degenerate form, in contradiction with what happens in the Euclidean case
(which is due to the positivity of the scalar product). In other words, all the sub-
spaces of a symplectic space do not have the same behaviour with respect to the
symplectic form. See Exercises 1.6 and 1.7.

One says that a subspace F' is isotropic if F' C F°, co-isotropic if F O F°.
For instance, a (real) line is always isotropic, as it lies in its orthogonal which is
a (real, co-isotropic) hyperplane. Notice that F is isotropic if and only if F° is
co-isotropic. Notice also that the dimension of an isotropic subspace is at most
equal to n, half the dimension of C”.

1.2 Lagrangian subspaces

I.2.a Definition of Lagrangian subspaces

The isotropic subspaces of maximal dimension n are Lagrangian. For instance,
R" C C" is a Lagrangian subspace. More generally, a subspace generated by “one
half” of a symplectic basis is Lagrangian. Conversely, if F is an isotropic subspace
of dimension k < n, it is possible to complete any basis (e1,...,ex) of F in a
symplectic basis and thus to obtain Lagrangian subspaces containing F.

Let us use now the complex multiplication in C" to state:

Lemma 1.2.1. A real subspace P of C" is Lagrangian if and only if P+ = iP.

Proof. This is a straightforward computation:

w(Z,2") =0 Im(Z,2Z') =0
& Re(Z,iZ') =0
& (Z,iZ") = 0.

O

Lemma 1.2.2. Let P be a Lagrangian subspace of C" and let (z1,...,x,) be an
orthonormal basis of this real subspace. Then (x1,...,x,) is a compler unitary
basis of C™. Conversely, if (z1,...,2n) 18 a unitary basis of C™, the real subspace
it spans is Lagrangian.
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Proof. 1f (x1,...,x,) is an orthonormal basis of the Lagrangian P, the previous
lemma says that the basis (z1,...,%,,i21,...,1z,) is an orthonormal basis of the
real space C", thus that (zi,...,z,) is a complex basis of C™. Moreover, one has

<.’E@',l'j> = (l’l,.’E]) - Z!.U(IIL“CE]) = 61,] - 0’

thus this is a unitary basis. The converse is even more obvious. O]

I.2.b The symplectic reduction

This is a simple but useful operation, essentially contained in the next lemma.

Lemma 1.2.3. Let P be a Lagrangian subspace and F be a co-isotropic subspace of
C", such that

P+ F=C"
Then the restriction of the projection

PNFCF——F/F°

is injective, the space F/F° is symplectic and the image of PN F is a Lagrangian
subspace.

Proof. The symplectic form of C” clearly induces a non degenerate form on F/F°,
as F° is the kernel of the restriction of w to F'. The kernel of the composition

PNFCF— F/F°

is
PNFNF°=PNFe° F being co-isotropic, F' D F*°
= (P° + F)°, since (A + B)° = A° N B°,
= (P + F)° as P is Lagrangian, P = P°
= (C")° because P + F = C"
=0 as w is non degenerate.

The map is thus injective. Eventually P N F is isotropic and has dimension
dimPNF =dimP +dim F — dim(P + F) =dim F — n,
half the dimension of the symplectic space F/F°, that is

dim F/F° =dim F — (2n — dim F') = 2(dim F — n).

See more generally Exercise 1.9.
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I.3 The Lagrangian Grassmannian

We consider now the set A, of all Lagrangian subspaces of C".

I.3.a The Grassmannian A, as a homogeneous space

Look again at lemma 1.2.2. If P; and P, are two Lagrangian subspaces of C",
choose an orthonormal basis for each. We thus have two unitary bases of C”.
There exists a unitary transformation (an element of the unitary group U(n)) that
maps the basis of P, on that of Ps... and thus a fortiori the Lagrangian P, on the
Lagrangian Ps.

In other words, the group U(n) acts transitively on the set of Lagrangian
subspaces of C™. The stabilizer of the Lagrangian R" is the group O(n) of or-
thonormal basis changes in R™. We have defined this way a bijection

U(n)/ O(n) —— A,

with the help of which we identify the two sets. Notice that this provides A,, with
a topology, namely that of U(n)/ O(n), the quotient topology of the topology of
the matrix group U(n).

Ezxample 1.3.1. As all lines are isotropic, the space A; is the space of real lines in
C = R?, namely the projective space P}(R). The unitary group U(1) is a circle
and the orthogonal group O(1) is the group with two elements {+1}.

As the unitary group U(n) is compact (being closed and bounded in the
space of matrices) and path-connected (exercise), the space A,, is a compact path-
connected topological space.

1.3.b The manifold A,
Let us firstly describe a neighbourhood of P € A,, in A,,. Put

Up ={Q € A, | QN (iP) =0}.

This is an open subset: using a unitary matrix, one can assume that P = R", but
then Ugr~ is the image in A,, of the (saturated) open subset of U(n) consisting of
all the unitary bases the real parts of whose vectors form a basis of R". This is,
clearly, a neighbourhood of P.

Lemma 1.3.2. The open set Up is homeomorphic to the real vector space of all
symmetric endomorphisms of P.

Proof. The subspaces @) that intersect iP only at 0 are the graphs of the linear
maps ¢ : P — iP. It is more convenient to call iy the linear map, so that ¢ is a
linear map from P to itself. Write now that @) is Lagrangian, namely that

Vz,ye P, w(z+ip(z),y+ip(y)) =0.



12 In C"

‘We have

w(z +ip(x),y +ip(y)) = —Im(z +ip(x),y +ip(y))
= w(z,y) +wlp(r), o(y) + (p(x),y) — (=, 0(y))
= (p(z),y) — (z,0(¥)),

P being Lagrangian. The subspace @ is Lagrangian if and only if the last expression
vanishes for all  and y in P, namely if and only if ¢ is symmetric'. We have thus
defined a bijection that maps 0 to P

End Sym(P) —— Up
@ —— graph of ip
and is clearly a homeomorphism. O
Remark 1.3.3. Consider for instance the “vertical” Lagrangian iR™ C C". We see

that A, is a disjoint union
A, =ANUx,

where Y, is the set of all Lagrangians that are not transversal to iR"™ and AY is
identified with the space of n x n real symmetric matrices.

We intend to prove now that the open sets Up define the structure of a
manifold on A,. Notice firstly that any n-dimensional subspace ¢ of R" x R"
may be represented by a rank-n matrix

Z = (if() , with 2n lines and n columns,

the column vectors of which form a basis of Q). Two matrices Z and Z’ describe the
same subspace if and only if there exists an n x n invertible matrix g € GL(n;R),
such that Zg = 7’.

Lemma 1.3.4. The subspace Q is Lagrangian if and only if the two matrices X and
Y are such that
XYy =Y X.

Proof. Let u, v’ € R™ and let z, 2’ be the corresponding vectors in Q:

(B o (D)

Note that Xu, Yu, Xu' and Yu' are vectors of R". We compute:
w(z,2") = w((Xu, Yu), (Xu, Yu'))
= (Xu) - (Yu') — (Yu) - (Xu') (scalar product in R™)
="' XY - WYX (as U -V =1UV)
="w("XY - 'Y X)u.

1See also Exercise 1.8.
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Remark 1.3.5. If Q is the graph of a linear map R™ — iR", it can be represented

by a matrix Z = (E:li

the matrix A is symmetric.

) . The relation in lemma 1.3.4 simply expresses the fact that

Consider more generally a subset .J of {1,...,n} and the Lagrangian subspace
P; of R™ x R™ spanned by {(e;);es, (ie;);e¢s}. Denote Up, by U; (for simplicity).
Any element of U is described by a unique matrix Z such that, if we extract from
Z the matrix containing the lines j (for j € J) and 7 +n (for j & J), we get the
identity matrix. The 2" open sets U clearly cover A,,. Moreover, as we have said
it, each of them can be identified with the subspace Sym(n; R) of n x n symmetric
matrices. The U;’s, with their identification with Sym(n; R) are coordinate charts.
Change of coordinates are given by

-1
Sym(n; R) AR UynUy Py, Sym(n; R)
Ar—— Z;(A)=2,(B)—— B

where Z;(A) is the matrix obtained from by mapping the first n lines on

Id
A
the lines j (for j € J) and j + n (for j ¢ J). The matrix Z;/(B) is obtained by
multiplying Z;(A) by the inverse matrix of the (invertible!) matrix of the lines
corresponding to J' in Z;(A). The coordinate change A — B is clearly smooth (it

is actually rational, thus analytic).

Proposition 1.3.6. The Grassmannian A,, is a compact and connected manifold of

dimension @;}—) . O

I.3.c The tautological vector bundle

Consider the space
E,={(Pz)e A, xC" |z € P}.

Together with its projection on A,, this is a rank-n vector bundle over A,,. The
fiber of E, at P € A,, is the Lagrangian subspace P itself, a reason why this
bundle is qualified as “tautological”.

The property expressed in Lemma 1.2.1, namely P+ = iP, is translated, in
terms of the bundle F,,, in the fact that E,, @r C, the complexified bundle, is trivial
(has a canonical trivialization). The (global) trivialization is the isomorphism of
complex vector bundles

En PR CcC— An x C™
(P,z ® (a+ib)) — (P, (a + ib)z).
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[.3.d The tangent bundle to A,

The canonical identification of the open subset Up with the space of symmetric
endomorphisms of P allows to identify the tangent bundle of A, with the bundle
End Sym(E,,). It is also possible to describe this bundle from the tangent bundle
of U(n). The group U(n) is described as a submanifold of the space of all complex
matrices by the equation *AA = Id, so that we have

T4U(n) = {X € GL(n; C) | '"AX +'XA=0}.

Call u(n) the vector space Tiq U(n) of skew-Hermitian matrices. There is an iso-
morphism
TaU(n) —— u(n)
X —— tAX

identifying the tangent bundle 77U(n) with the trivial bundle U(n) x u(n) — as
any Lie group, U(n) is parallelizable. Consider the Lagrangian R™, image in A,
of the identity matrix Id. One can write

Tr~(U(n)/ O(n)) = u(n)/o(n),

this is the quotient of the vector space of anti-Hermitian matrices by that of skew-
symmetric real matrices. We thus identify

Tr~ A, =iSym(n;R),

as the real part of a skew-Hermitian matrix is skew-symmetric and its imaginary
part is symmetric.

Let P be any Lagrangian subspace. Choose a unitary matrix A such that
P = A-R" As we have identified the quotient u(n)/o(n) with the subspace
i Sym(n; R) of u(n), we identify the quotient Tj4 A, with a subspace of T4 U(n):

¢ Sym(n; R T,
min R X [A[
u(n) ————— T4 U(n).

We derive an isomorphism

iSym(n; R) — TpA,
X — A X.

Remark 1.3.7. This isomorphism depends on the choice of A, this is why it does
not follow that A, is parallelizable (it is actually not, as soon as n > 2).
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I.3.e The case of oriented Lagrangian subspaces

One can also consider the space Kn of oriented Lagrangian subspaces. Replacing
“orthonormal basis” by “positive orthonormal basis” in what precedes, we get an
identification of A,, with U(n)/SO(n).

I.3.f The determinant and the Maslov class

The “determinant” mapping
det : U(n) —— S!
descends to the quotient by SO(n) and, in the same way, its square
det® : U(n) —— S*
to thNe quotient by O(n). This allows to compute the fundamental groups of A,
and A,,.

Proposition 1.3.8. The fundamental group of A,, (resp. INX”) s 1somorphic to 4.
The covering A, — A, shows m1(A,) as an indez-2 subgroup in m(A,,).

Proof. Recall first that the group SU(n) is simply connected. This can be proved
by induction on n: SU(1) is a point and SU(n + 1) acts transitively on the unit
sphere S?"*1 of C"*1 with stabilizer SU(n), so that the exact sequence

7 SU(n) —— 7 SU(n + 1) —— m, §%" !
gives the result. As the determinant mapping
det : U(n) —— S!
is a fibration with fiber SU(n), it induces an isomorphism
det, : m; U(n) —— m(Sh).

The fiber of the determinant mapping A, —— S* is SU(n)/SO(n), which is
simply connected, thus B
det* : ’ﬂ'lAn — 7T15]

is an isomorphism. What is left to prove is a consequence of the fact that the

diagram

An — An

det [ ‘ det?
AL

2
Sl 2 Z 1

is commutative. O
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“The” generator of m1A,, is called the Maslov class. One also calls “Maslov
class” the cohomology class
peH ' (An; Z)

that it defines by duality. Using the notation of Remark 1.3.3, it can be shown that
p is the dual class to the integral homology class represented by X, (see [1, 12]).

I.4 Lagrangian submanifolds in C"

We are going now to globalize the notion of Lagrangian subspace, considering
submanifolds of C™ whose tangent space at any point is Lagrangian. We will not
really need actual submanifolds, but maps

f:Vv——C"
from some n-dimensional manifold to C™, the tangent mapping of which
T.f: T,V ——C"

is an injection for any point x of V, with image a Lagrangian subspace. It is then
said that f is a Lagrangian immersion.

For instance, any immersion of a curve (real manifold of dimension 1) in C is
a Lagrangian immersion. Any product of Lagrangian immersions is a Lagrangian
immersion (into the product target space), we thus obtain Lagrangian immersions
of tori (products of circles). Our next aim is to describe examples of Lagrangian
submanifolds and immersions in C™ and to give a necessary (and sufficient) con-
dition for a given manifold to have a Lagrangian immersion into C”.

I.4.a Lagrangian submanifolds described by functions

We consider firstly graphs.

Proposition 1.4.1. The graph of a map F : R" — (i)R" is a Lagrangian submani-
fold if and only if I is the gradient of a function f: R"™ — R.

Proof. The tangent space to the graph at the point (z, F(x)) is the graph of (dF),,
the differential of F' at the point z. This graph is a Lagrangian subspace if and
only if (dF), is a symmetric endomorphism (see the proof of Lemma 1.3.2). The
matrix 0F;/0x; is symmetric for all z if and only if the differential form }_ Fidx;
over R" is closed or, equivalently, exact:

F;, = ﬁ, namely ' =V f.
8:@
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See, more generally, Proposition 11.2.1.

The Lagrangian submanifolds obtained as graphs have a very specific prop-
erty: the projection of the Lagrangian submanifold on R” is a diffeomorphism.
We would like to consider more general Lagrangian immersions, for instance im-
mersions of compact manifolds. Here is a way to construct Lagrangian immersions
using the reduction process of §1.2.b. We start from a Lagrangian submanifold?®
L ¢ C""*, We want to construct a Lagrangian immersion into C". To write C"
as F/F°, we choose the co-isotropic subspace F© = C" @ R”, the orthogonal of
which is F° = 0 ® RF. We suppose that the submanifold L is “transversal to F”
in the sense that, for all z,

T,L+F = C"",

The Lagrangian subspace 7. I, thus satisfies the assumption of the reduction lemma
(Lemma 1.2.3). Hence the composition

T.LONFCF —— F/F°=C"

=X

is the injection of a Lagrangian subspace.

Consider now the intersection V' of the submanifold L with F. With the
transversality assumption we have made on L, V is an n-dimensional submanifold
of F' (a consequence of the inverse function theorem) whose tangent space T,V is
the intersection of 7, L with F. Thus, the reduction lemma asserts, at the level
of each tangent space, that, for all x in V = L N F, we have the injection of a

Lagrangian subspace
T,V —— C".

In other words, the composition
V=LNFCF——F/F°=C"

is a Lagrangian immersion.

Remark 1.4.2. Even if one starts from a Lagrangian submanifold, what we get in
general is only an immersion.

Generating functions

We generalize the “graph” construction, using the reduction process as explained.
Let us start with a nice and useful example.

Example 1.4.3 (The Whitney immersion). Consider the unit sphere in R"*!
S = {(a:,a) cR" xR ||z|?+a® = 1}
and the map

f:85" ——C"
(z,a) ——— (1 + 2ia)z.

20r a Lagrangian immersion.
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The tangent space to the sphere is
Tiza)S" ={(§{,0) ER" xR | z-§ + aa = 0}
and the tangent mapping to f is

Tizo)f i Tga)S" — C"
(€, ) —— &+ 2i(al + az).

The map 1(,,q)f is injective for all (z,a) € S": if T(, 4)f({, ) = 0, then £ = 0
and ax = 0; if £ = 0, we have a = +1 and the equality z - £ + aax = 0 gives o = 0.
Thus we have £ =0 and o = 0, so that f is an immersion. Moreover, we have

w(€ +2i(ag + ax), & +2i(a’ + o'z)) = 2(& - (af' + 'x) — & - (a€ + ax))
=2/ x—-af -2)=0

so that the image of T(, ,)f is an isotropic subspace of dimension n, a Lagrangian
subspace. In conclusion, the map f is a Lagrangian immersion. It has a unique dou-
ble point (North and South poles of the sphere are mapped to 0). In dimension 1,
this is a “figure eight”. Below (in §1.4.b) we will draw pictures in dimensions 1
and 2.

Obviously, the Whitney sphere is not the graph of a map from R" to R".
Let us show that it can nevertheless be described from the graph of a map defined
on a larger space. We start from a function

f:R"xRF — > R.

As we have seen it above, the graph of Vf is a Lagrangian subspace of C*T*. We
reduce C"** as in §1.2.b using the co-isotropic subspace F' = C" & R*. Here we
intersect the graph of Vf with F', namely we consider

or _ .._9f

— n k
V—{(m,a)ER x R |5a1 = %ar

0} C R x R".

The transversality assumption above is equivalent to the assumption that V is a
submanifold of R™ x RF, in other words that the map

R” x Rk Rk
(z.0) of of
e Oa;’ " Oay,

is a submersion along V. In terms of partial derivatives, this is to say that the

matrix
*f *f
0a;0a; ) 1<i<k \ 0x;0a; /) 1<i<n
1<k 1

<i<k
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has maximal rank k. In terms of tangent subspaces, this is to say that the La-
grangian subspaces that are tangent to the graph of Vf are transversal to the
co-isotropic subspace F'. The reduction lemma [.2.3 says that the map

V—R'xR"=C"
o)

P

is a Lagrangian immersion.
Ezample 1.4.4 (The Whitney immersion, again). With k = 1 and f(z,a) =

allz|® + % — a, we get

g—ﬁ:||xy|2+a2—1:o,

an equation which describes the sphere S™ C R™ x R, and df/0z = 2ax gives the
Whitney map.

Ezample 1.4.5 (Unfolding). Unfoldings are deeply related with Lagrangian sub-
manifolds (see [2]). I will not explain here the general theory but rather show an
example. Let P € R[X] be a degree-(n + 1) polynomial

PX)=X""" 4o X" 4 4, 1 X

where z1,...,2,_1 € R. These coefficients are going to vary, this is the reason
why they are named as variables. Call P, the polynomial corresponding to z =
(z1,...,2,_1) € R""! and consider the map

fiR"'xR ——R

(1,...,Zp_1,a) — Pp(a)

to which we apply the previous techniques. The manifold V is
V= {(ac,a) ceR" ! xR| 8—f—(3:1,...,xnﬁ1,a) = 0}
da
= {(z,a) € R"'xR|Pla) = 0},

this is the set of critical points of P, (zeroes of its derivative P.) when x varies. The
condition that V actually be a submanifold is that the matrix of partial derivatives

O f *f
(6(12) , (8:1:7;8(1) 1<i<n—1

(@)=n+1Da"+(n—-Dz1a" 2+ +2,

has rank 1. But

of _
Erin
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so that 0%f/0z,,_10a is identically 1. Thus V is indeed a submanifold. The La-
grangian immersion is

V —— T*Rn—l

@) (2 5 @ (@)

"”,833'71_1

For instance, starting from the family
P(X)=X"+1:X* + 22X,

we get
V = {(z1,22,a) € R® | 4a° + 2z1a + 22 = 0}

and the Lagrangian immersion from V into R? x R? is the map
(371,1'2,&) E— (371,:172,0,2,(1).

Figure I.1 shows V with its projection on the plane R? of coefficients (x1, x2). The
cusp curve is the discriminant of the family of degree-3 polynomials, the set of
points x such that P, has a multiple root. It is obtained here as the set of critical
values of the projection V' — R2. Over such a point z in the space of coefficients
are the (one or three) roots of the polynomial Py.

Figure 1.1: The discriminant of degree-3 polynomials

[.4.b Wave fronts
Exact Lagrangian immersions

If f:V — C"is a Lagrangian immersion, the 2-form f*w is zero, so that
d(f*A) = 0 and f*) is a closed 1-form on V. If, for some reason, for instance
because H} (V) = 0, this form is exact, there exists a function

F:V—R
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such that f*\ = dF. The immersion f is qualified as exact Lagrangian immersion.
The mapping
Fxf:V—C"'xR

has the property?>

(f x F)* | dz —Zyjd:zcj =0.
j=1

Wave fronts

Instead of looking at the Lagrangian immersion f, consider the projection

JXF onyR . R"xR

(X +iY,2) —— (X, 2).

Vv

We will assume here that, at a general point of the Lagrangian, the tangent space
is transversal to the subspace of coordinates Y. The image of the Lagrangian im-
mersion is then a hypersurface of R"™ x R. This hypersurface is the wave front.
Of course, it will in general be singular. Precisely, at a point of V where V is
not a graph over R™, the projection X + 7Y — X is singular. However, as

(f x F)* (dz - Z;LZI yjd:cj) = 0, at every point of the wave front, there is a
tangent hyperplane, the hyperplane

n
z = Z Y;x; in the space R™ x R of (z, z) coordinates
j=1

at the point image of (X,Y, z). Notice that, as the coeflicient of z in this equa-
tion is non zero, the hyperplane is always transversal to the z-axis. Conversely,
if a singular hypersurface of R™ x R has at every point a tangent hyperplane
that is transversal to the z-axis, this hyperplane has a unique equation of the
form z = )" Y;z, and it is possible to reconstruct a (maybe singular) Lagrangian
submanifold from the “slopes” Y;.

We begin with an example of dimension 1, that of the Whitney immersion
again. Notice that this is indeed an exact Lagrangian immersion: the restriction
of the Liouville form ydz to the curve is exact because [ ydx = 0 (the “algebraic”
area surrounded by the curve is zero). A primitive of ydz is easily found. The curve
is parametrized by t — (cost,sin 2t) and

. 2 ,
ydr = —2sin®tcost = *gd (sin3 t) .

3The manifold C” x R is a “contact manifold” and F x f is a “Legendrian immersion” lifting
the Lagrangian immersion F.
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VANVAY

Figure 1.2: Eye Figure I1.3: Crossbow

A map to the (z, z) space is thus

2 .
t— (z,2) = (cos t -3 sin® t) .

This is depicted on Figure 1.2, in an old-fashion “descriptive geometry” mood. It
can be seen that the singular points of the (x, z) curve correspond to the tangents
to the (z,y) curve that are vertical, and that the double point of the latter corre-
sponds to the two tangents to the wavefront (the “eye”) at points with the same
x coordinate that are parallel.

Figure 1.3 represents an example in which we start from the wave front (a
“crossbow”) to reconstruct the Lagrangian. From the wave front, it is seen that
the Lagrangian curve has two double points and two “vertical” tangents.

> &7

Figure 1.4: Flying saucer Figure 1.5: Cylinder

One could wonder what it is useful for to replace an immersed curve by a
singular one. Notice that, in higher dimensions, the wave front is a hypersurface in
R xR and it replaces a submanifold of the same dimension n in R™ x R™. Even for
n = 2, this is very useful as this allows to represent exact Lagrangian surfaces of R*
by (singular) surfaces in a dimension-3 space. Here are some beautiful examples.
Rotate the eye (Figure 1.2) about the z-axis to get the flying saucer depicted on
Figure 1.4. The corresponding Lagrangian surface in R? x R? is a Lagrangian
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immersion of the dimension-2 sphere in C? with a double point. In Exercise 1.14,
one checks that this is, indeed, the Whitney immersion... eventually drawn in
dimension 2!

Figure 1.5 represents a cylinder constructed on the eye, namely a Lagrangian
immersion of a cylinder, product of a figure eight with an interval, with two whole
lines of singular points.

Singularities

Wave fronts are, as we have said it, singular hypersurfaces. We have seen, in di-
mension 1, cusps, in dimension 2, lines of cusps, but this can be more complicated,
as Exercise [.15 shows it.

Wave fronts of non exact Lagrangian immersions

Wave fronts are so nice that it is a pity not to have them for all Lagrangian
immersions. In dimension 1, the problem is to represent by wave fronts curves
that do not surround a zero area. Consider for instance the standard (round)
circle in C. As [ydz # 0, it seems that nothing can be done. Look, however, at
the parametrization

t —— (cost,sint).

It gives

‘ in2t ¢
ydxr = —s.inztdtzal(snj1 — §+C’).

Ui

NP

Figure 1.6: Wave front of the circle
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Nothing forbids us to represent the Lagrangian (non exact) immersion of the circle
by a piece of the (non closed) wave front* parametrized by

y cost sin 2t t L C
— — =
4 2

and depicted on Figure 1.6°.

N

Figure 1.7

If we rotate the (unbounded) wave front of Figure 1.6 around a line parallel
to the z-axis that does not intersect the wave front, we get the wave front of a
Lagrangian torus, the one depicted on Figure 1.7. One can then use the cylinder
represented on Figure 1.5 to perform connected sums of wave fronts. This way,
Figure 1.8 represents (the wave front of) a genus-2 Lagrangian surface. In the
same way, one constructs Lagrangian immersions of all orientable surfaces in C2.
These figures are copied from Givental’s paper [13], that contains many other
examples.

\.__ e

Figure [.8: A genus-2 surface

Remark 1.4.6. Except for the torus, all the surfaces depicted here have double
points, that show up in the wave fronts as points having the same projection on
the horizontal plane and parallel tangent planes. It is rather easy to prove that the
torus is the only orientable surface that can be embedded as a Lagrangian subman-
ifold in C2. As for non orientable surfaces, they can be embedded as Lagrangian
surfaces when (and only when) their Euler characteristic is divisible by 4 (with
the exception of the Klein bottle). See the pictures in [13]. As for the Klein bottle,
it has long been unknown whether it had or had not a Lagrangian embedding.
Mohnke [27] has recently proved that it has not.

4This is a place where one can really appreciate the difference between closed and exact
1-forms.

SNotice that wave fronts are defined only up to a “vertical” translation, the actual constant
C used in Figure 1.6 is (7 + 1) /4.
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Exact Lagrangian embeddings

Notice that, in all the examples of exact Lagrangian immersions we have given,
there are double points. This is obviously necessary in dimension 2 (n = 1), due
to Jordan theorem: an embedded curve cannot surround a zero area. This is also
true in higher dimensions, due to a (hard) theorem of Gromov [16]: there is no
exact Lagrangian submanifold in C”.

I.4.c Other examples

Here are a few other examples.

Grassmannians

Consider the map
U(n) —— Sym(n; C)
Ar—tAA

from the group U(n) to the complex vector space of symmetric matrices.
Proposition 1.4.7. The map A +— 'AA defines a Lagrangian immersion
®: A, —— Sym(n; C).

Proof. As*AA =1d when A € O(n), the map ® is well defined. Call [4] the class
of a unitary matrix A in A,,. We have seen in §1.3.d that the tangent space to A,

at the point [A] can be identified with

TiagA, ={AH | H €iSym(n;R)}.
It is mapped into Sym(n; C) par T}4® as follows

AH —— "A(AH'A+ A'H'A) A.

The matrix AH*A+ A'H'A has the form K — K for K = AH'A = AHA ' in u(n)
and this describes all the matrices in the vector space i Sym(n; R) when H varies
in 4 Sym(n;R). The image of the tangent mapping T4 ® is, thus, the subspace
p(A) - iSym(n; R) where

‘ n(n + 1)
p:U(n) U 5

Ar—— (B tABA)

is the representation of U(n) operating on complex symmetric matrices. This image
is, indeed, a Lagrangian subspace, being the image of the real part of the complex
vector space i Sym(n; C) by a unitary matrix. O
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Tori, integrable systems

Integrable systems (mechanical systems with many conserved quantities) yield
many Lagrangian tori. We use here a few standard symplectic notions: Hamil-
tonian vector fields, Poisson bracket, commuting functions. See if necessary Ap-
pendix [.6.c. Recall for instance that an integrable system on C* = R?" is a
map f : R>® — R™ whose components fi,..., f, are functionally independent
commuting functions.

This defines a local R"-action on R?”, which is locally free at the regular
points of the system (the points at which the derivatives of the functions f; are
actually independent). Call Xi,...,X,, the Hamiltonian vector fields associated
with the functions f;. These vector fields commute:

[ X, X1 = X503 = 0.

The R™-action is given by integration:

bz gl oglit ool ()
where ¢; denotes the flow of X; and t = (t1,...,t,) € R™ is close to 0 (in order
that 4,9? be defined). This local action is indeed locally free on the open set of
regular points because the vector fields X; give independent tangent vectors at
these points.

Assume moreover that the vector fields X; are complete, namely that the
flows ¢} are defined for all values of t. We then have a locally free action of R" on
the whole set of regular points. The vector fields X; being tangent to the common
level sets of the f;’s, this action preserve the level sets. The connected components
of the regular level sets of f are thus homogeneous spaces, quotients of R™ by
discrete subgroups. The discrete subgroups of R™ are the lattices Z* in the linear
subspaces of dimension k. The connected components of the regular level sets are
thus diffeomorphic to R"* x T* for some k such that 0 < k < n. In particular,
the compact connected components are tori T™ and these tori are Lagrangian®,
they are called the Liouville tori. The next proposition is the easiest part of the
Arnold-Liouville theorem (see for instance [2, 6]).

Proposition 1.4.8. Compact connected components of the reqular common level sets
of an integrable system are Lagrangian tori. (]

There are many examples of integrable systems and thus of Lagrangian tori,
coming from mechanical systems (spinning top, pendulum...)”. The most classical
example is that of the standard action of the torus

Tn:{(tlatn)GCnHtJl:la ZZI);”}

®Notice that on a compact connected component, the flows are complete.
"See for instance [6].
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on C" by
(tl,.. .,tn) : (21,.. -;Zn) = (tlzl, ,t.nzn),

the orbits of which are the common level sets of the functions

1 1

= 1 R P
2 ) s 2 )

tori S x -+ x S indeed, for the regular values of the g;’s (namely every g; non
zero). We will come back to these examples in §1.5.e.
Normal bundles

Let now f : V — R™ be any immersion of a k-dimensional manifold into R™.
Consider the total space of its normal bundle

Nf={(z,v) eVxR"|z€V, ve (lLf(T,V)"}.
It is naturally mapped into R” x R" by

f: Nf—R"xR"
(z,v) —— (f(z),v).

The manifold N f has dimension kK +n — k = n, and f is clearly an immersion.
Moreover, it is Lagrangian. More precisely, we have:

Lemma 1.4.9. If X is the Liouville form on R™ x R"™, one has f*/\ =0.

Proof. Consider a vector X € T, ,)N f. Use the commutative diagram

Nf _____>Rn X Rn

vV —— R"

e )

to compute
(JT*)\> o) (X) = As(2)0) (T@,U)JF(X))

-v (T<f(x>,v)7f o Te) (X ))
= v (Tof 0 Tiym(X))
= 0 since v is orthogonal to T, f(T.V).
O

This method allows to construct many (non compact) examples and can be
generalized by replacing R” x R" = T*R" by the cotangent bundle T*M of a
manifold and V' — R”™ by an immersion into M. See §11.2.a.
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I.4.d The Gauss map

Let f : V — C" be a Lagrangian immersion. Its tangent space at any point is
a Lagrangian subspace of C™. One can globalize the data consisting of all these
tangent spaces to define the “Gauss map”

v v(f) A,
z —— T f(T,V).

By definition of the tautological bundle (§1.3.c), one has

V) E,=TV.
In particular, the tangent bundle to V must have the same properties as F,,.

Proposition 1.4.10. For a manifold to have a Lagrangian immersion into C™, it is
necessary that the complezification of its tangent bundle be trivializable. U

The converse is true, but less easy to prove. This is an application of Gromov’s
h-principle [17], see also [23].

Ezamples 1.4.11. (1) Spheres. We have seen examples of Lagrangian immersions
of spheres in C™ (in §1.4.a). One deduces that T'S™ ®g C is a trivial complex
bundle. Notice however that it is not true that the tangent bundle T'S" itself
is trivial (except for n =0, 1, 3 and 7).

(2) Surfaces. All orientable surfaces and half the non orientable surfaces have
Lagrangian immersions in C? (as we have seen it in §1.4.b). This is not the
case, neither for the real projective plane nor for the connected sums of an

odd number of copies of this plane.

(3) Normal bundles. This is a case where the tangent bundle itself is trivial
(before complexification):

Towmy(Nf) ={U) [§ € TV, U LT f(T:V)}

and this is canonically isomorphic to the ambient space R”.
(4) Grassmannians. The Gauss map ¢ of the Lagrangian immersion ®
@D . An —_— An(’r;}l)

satisfies of course
¢ Enmin = End Sym(E, ).
2
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The Maslov class

Every Lagrangian immersion has a Maslov class: use the Gauss map
p(f): V —— Ay

to pull back p € H'(A,;Z) to a class
u(f) € H(V;Z).

One can also, with the notation of Remark 1.3.3, define p(f) as the cohomol-
ogy class dual to y(f)71(Z,), see [24] for example.

I.5 Special Lagrangian submanifolds in C"

Lagrangian submanifolds are submanifolds of C™ whose tangent space at each
point is a Lagrangian subspace. They have a Gauss map into the Grassmannian A,,,
namely into U(n)/ O(n). We look now at the submanifolds whose Gauss map takes
values in SA,, = SU(n)/SO(n). These are the special Lagrangian submanifolds,
invented by Harvey and Lawson [18].

I.5.a Special Lagrangian subspaces
An oriented subspace P of C™ is said to be special Lagrangian if it has a positive

orthonormal basis that is a special unitary basis of C™.

For instance, if n = 1, as C has a unique special unitary basis (the group
SU(1) is the trivial group), there is only one special Lagrangian subspace in C, the
line R C C... this will not be a very interesting notion in dimension 1. Fortunately,
for n > 2, this is more exciting. Identify the space C? with the skew-field H of
quaternions:

Z = (21,20) =X +1iY
= (x1 + iy1, T2 + 1Y)
= (z1+iy1) + j(z2 + iy2)
= (21 + Jz2) +i(y1 — Jy2).
The 2 x 2 matrices that are in SU(2) are the matrices of the form

(Z1 _MZQ> with |Z1|2 + lZQlZ =1.
1

zZo Z

Thus the special Lagrangian planes are those who have an orthonormal basis
(Z,2"y with Z and Z' of the form

{ Z = (z1 +iy1) + j(x2 + iy2)
ZI = (—’JCQ + Zyg) +](1’1 - Zyl)
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Notice that

7" = [(z1 4 iy1) + jz2 + iy2)] § = ZJ.
Thus a basis (Z,Z’) of C? is special unitary if and only if Z’ = Zj. Now use
multiplication by j to give H the structure of a complex vector space. One has:

Proposition 1.5.1. The special Lagrangian subspaces of C? are the complex lines
with respect to the complex structure defined by the multiplication by j. The Grass-
mannian SAs is a complex projective line. (]

Remark 1.5.2. Notice also that SA; = SU(2)/S0(2) = §3/S*. This is indeed a
dimension-2 sphere.

To distinguish the special Lagrangian subspaces among all the Lagrangian
subspaces or the special unitary matrices among all the unitary matrices, one uses
the (complex) determinant. To globalize the notion of special Lagrangian subspace
and define special Lagrangian submanifolds, it will be practical (and natural) to
describe the linear objects by differential forms. The form corresponding to the
complex determinant is

Q=dx N --Ndz,.

Expressing the definition of the determinant, namely
(Aer) N+ N (Aey) = (det A)ey A -+ Aey,
we see that, for A € GL(n; C), we have indeed
A*Q = (det A).

Hence
detA=1<= A" =0.

In order to work with real subspaces, we need an additional notation: call o and
[ the two degree n real forms:

a = Re(, B =ImQ.
For instance, in dimension 1, 2 = dz, @ = dx and 8 = dy. In dimension 2,

Q =dzy Ndzy = (dzy + idyr) A (dzo + idys)
= d.’L‘1 A dIEQ — dy1 A dy2 + @'(dyl AN dIL'Q + d&U] AN dyg),

that is

o = d.’L‘] /\dl‘z — dyl A dyg
ﬂ = dyl AN dLUQ + dﬂ?l N dyz.

Proposition 1.5.3. Let P be an oriented (real) vector subspace of dimension n in
C". The number Qz1 A --- A z,,) depends only on P and not on the positive
orthonormal basis (x1,...,2,) of P used to express it.
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Proof. Consider the 2n vectors (z1,...,%,,i21,...,iz,) and the linear mapping

A : C" — C" defined by the images of the vectors of the canonical basis:
Ale;) = zj,  Aliej) = iz;

(so that A is complex linear). Then
Q(zy A+ Axy) = detc A.

If (g1,...,9T,) is a positive orthonormal basis of P (that is, if ¢ € SO(n)), one
gets

Q(gzy A+ A gxy,) = dete(gA) = detc gdetc A = detr gdetc A
=detc A= Q(z1 A--- Axp)
(since g € SO(n) C GL(n;R) C GL(n; C)). O

We will thus denote Q(P) the number Q(z, A-- - Az, ). Similarly, denote a(P)
and B(P) its real and imaginary parts.

Remark 1.5.4. Notice that Q(P) is non zero if and only if the 2n vectors
(T1,e o, Ty 0T, e, 0T)

form a basis of C™ over R, that is, if and only if P NiP = {0} or P does not
contain any complex line. These subspaces are said to be totally real. This is in
particular the case for Lagrangian subspaces.

Proposition 1.5.5. A real subspace P of C" has an orientation for which it is a
special Lagrangian subspace if and only if P is Lagrangian and B(P) = 0.

Proof. Let P be a Lagrangian subspace. Choose (x1,...,z,), an orthonormal basis
which is the image of the canonical basis of C" by a unitary matrix A. Thus

Q(P)=detc A€ S'.

For P to have a positive basis that is special unitary, it is necessary and suflicient
that detc A be equal to £1, that is, that

ImQ(P) = 0.

Here is a last elementary remark on linear subspaces:

Proposition 1.5.6. Let Q C C™ be an oriented isotropic linear subspace of dimen-
sion n — 1. There exists a unique special Lagrangian subspace that contains Q.

Proof. Choose a positive orthonormal basis (z1,...,2,-1) of Q. In the complex
line that is the orthogonal, with respect to the Hermitian form, of the complex
subspace spanned by the z;’s, there is a unique vector z, such that the basis
(Z1,...,Zn—1,2n) is a special unitary basis of C". O
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I.5.b Special Lagrangian submanifolds

A Lagrangian immersion

f:V—Cn
of an oriented manifold into C™ is special if T, f(1,V) is a special Lagrangian
subspace for every z. The Gauss map then takes values in SA,, C A,,.

Ezamples 1.5.7. (1) In dimension 1, the tangent space must be the unique special
Lagrangian R C C for all z. If V' is connected, f must thus be the immersion
of an open subset of R by t +— ¢ + ¢a. We have already noticed that this
dimension will not be very exciting.

(2) In dimension 2, T, f(T,,V) must be a j-complex line for all z, f is thus the
immersion of a j-complex curve into C?. This gives quite a lot of examples.

Remark 1.5.8. The Maslov class of a special Lagrangian immersion into C™ is
zero. Of course, as the examples above show it, there are much more Lagrangian
immersions with zero Maslov class than there are special Lagrangian immersions.

In terms of forms, to say that the immersion
f:V—aQC"
is special Lagrangian is to say that it satisfies
e firstly f*w = 0 (it is Lagrangian)
e secondly f*3 =0 (it is special).

Proposition 1.5.9. If f is a special Lagrangian immersion, f*Q) is a volume form
onV.

Proof. The complex form 2 has type (n,0) and defines an n-form f*Q on V,
which is real since its imaginary part vanishes on V. Let « be a point in V and let
(X1,...,Xn) be a basis of T,,V. One has

(), (X1,..., Xn) = Qo) (T f(X1), ..., T f(Xn)) #0
because of Remark [.5.4 and since V' is Lagrangian. Thus f*{) never vanishes. [
In dimensions 1 and 2, the special Lagrangian submanifolds are non compact

(in dimension 2, Liouville’s theorem forbids complex curves in C? to be compact).
This is actually always the case, a straightforward application of Proposition I.5.9:

Corollary 1.5.10. There is no special Lagrangian immersion from a compact man-
ifold into C™.
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Proof. If f:V — C" is a special Lagrangian immersion, f*€) is a volume form on
V. But 2 is an exact complex form :

Q=dzy AN Ndz, =d(z1dza A+ Ndzp).
Decompose z1dzs A - - - A dz, into its real and imaginary parts to get
a=dRe(z1dzg A+~ Ndz,) = dn
and eventually
[ Q= fra=d(fn).

The manifold V' thus has an exact volume form, and this prevents it of being
compact. ]

Let us give now examples of special Lagrangian submanifolds in C", starting
from the examples of Lagrangians constructed in section I1.4.

I.5.c Graphs of forms

Let us begin with Proposition [.4.1. Let f : R™ — R be a function. We require the
graph of Vf, a Lagrangian submanifold, to be a special Lagrangian submanifold.
The n = 1 case is not interesting. For n = 2, the Lagrangian immersion associated
with the function f is

. of of
F (l‘y) — (:Caya 8_x’ a_y)
and the form J is

ﬁ = dy1 N dl’z + dCEl N dyg,

Then
F*B=d g ANdy +dx Nd %
Or oy
B O°f  0O°f
= (5:—; 6y2> dx N dy.

We thus have:

Proposition 1.5.11. Let U be an open subset of R®> and f : U — R a function of
class C%. The graph of V[ is a special Lagrangian submanifold of C? if and only
if f is a harmonic function. ]

Notice that the condition is linear. Starting from dimension 3, this is no more
the case. The function f must satisfy a complicated non linear partial differential
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equation, expressed in Proposition 1.5.12 below. Let us begin by a notation. Denote
by Hess(f) the Hessian matrix of f, namely the matrix

0*f
8%181’ J
and by o(Hess(f)) the k-th elementary symmetric functions of its eigenvalues.
More generally, for an n x n real matrix A, write

Hess(f);; =

det (A — X1d) = Zn:(—1)kak(A)X"—k.
k=0

For example, o1(Hess(f)) is the trace of the Hessian matrix, the Laplacian A f
of f. ‘
Proposition 1.5.12. Let U be an open subset of R™ and f : U — R a function of

class C2. The graph of Vf is a special Lagrangian submanifold of C™ if and only
if [ satisfies the partial differential equation

S (=1) a1 (Hess(f)) = 0.

k>0
Ezramples 1.5.13. For n = 1, the differential equation is f”(t) = 0 or f’(t) constant,
and this is precisely the differential equation of the special Lagrangian submani-
folds. For n = 2, again, only o; appears in the (linear) relation, which expresses
the fact that the function f must be harmonic. For n = 3, the relation is

o1(Hess(f)) = o3(Hess(f))

or
Af = det(Hess(f)).
Remark 1.5.14. The only order-1 term (in df) in this partial differential equation is

Af, so that the “linear part” of this equation is A f = 0. this should be compared
with McLean’s theorem (Theorem I1.6.1 below).

Proof of the proposition. The tangent space to the graph of Vf at the point
(x,Vf.) is the image of the plane R"” under the linear map Id +i(d?f),. This
is a special Lagrangian subspace if and only if

Im (detc(Id +i(d*f).)) = 0.

We still must check that, for any real symmetric matrix A, one has

Im (detc(Id +i4)) = Y (—1)*oors1(A).
k>0

Since A is real symmetric, it is diagonalizable in an orthonormal basis. It is clear
that the two sides of the relation to be proved are invariant under conjugation
by matrices in O(n). One may thus assume that the matrix A is the diagonal
(A1;-- -5 An). The left hand side is then ImJ];(1 + i};) and it clearly coincides
with the right hand side. 1
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I.5.d Normal bundles of surfaces

Let f : V — R"™ be an immersion of a dimension-k manifold into R™. We
know (see §1.4.c) that its normal bundle has a natural Lagrangian immersion into
R"™ x R™. Look now for the conditions under which this is a special Lagrangian
immersion.

For the sake of simplicity, suppose here that k = 2 and n = 3 (case of surfaces
in R?). There is a more general discussion in [18].

Fix a point zy in V, a unit normal vector field n = n(z) on a neighbourhood
of zy. The restriction of the normal bundle

Nf={(z,v)|x€ V,vERB,v_LTIf(TxU)}

to this neighborhood is isomorphic with V' x R by (z,u) — (z, un(z)). We map
Nf to C3 by
(2, 1) > () + if ()

(notice that, this time, the immersion f appears in the second copy of R", that
of purely imaginary vectors).

Let us now choose an orthonormal basis (e;, e2) of T, V. Assume that this
basis is orthogonal with respect to the second fundamental form, that is, to the
symmetric bilinear form defined on 7,V by

I[(X,Y) = —(T,,n(X),Y).

We have
Tyyn(er) = —Aer, Tpon(ez) = —Asen

where A\; and Ay are the two “principal curvatures” of V' at z.
Consider now the tangent space to N f at (z(,v) where v = pun(zgy) € N, f =
R - n(zy). The tangent mapping to our immersion is

})U - T(TU«M)(Nf) = TJ?UV @ N'l‘uf - R:; X R:;
(& n) —— (mnlzo) + pToyn(§), Ta, f(£))-

The images of the basis vectors are

er ——— (—pAier, er)
ez (—pthae, €2)
n+—— (n,0).

Thus

Q(P()) = (dzl A dZQ AN dZ3) (((Z — /l)\]_)€1> VAN ((Z — /J,)\Q)GQ) AN n)
= (i — pA) (i — pA2),

so that F is a special Lagrangian if and only if u(A; + A2) = 0. This is to say that
the trace of T, n is zero. In other words, we have shown:
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Proposition 1.5.15. The immersion of the normal bundle of
f:V—R?

into C? is a special Lagrangian immersion if and only if f is a minimal immersion.
a

For more information on minimal surfaces, see, for example, the beautiful
surveys in [29] and the references quoted there.

Remark 1.5.16. It is true that we have already mentioned Riemannian metrics
in these notes, but up to now, they have had only an auxiliary role. The result
presented here is a genuine Riemannian one.

I.5.e From integrable systems

Being compact, Lagrangian tori obtained as “Liouville tori” cannot be special
Lagrangian submanifolds in C™. One can try to replace them by special Lagrangian
submanifolds with the help of the remark included in Proposition 1.5.6: the idea
is to consider a (necessarily isotropic) subtorus in a Liouville torus 7™ and to add
a direction to construct another Lagrangian submanifold, which will be special.
Here is an example, coming from [18], of such a construction. Start from an
orbit L of the standard action of 7" on C" (see §1.4.c), namely a common level
set of the functions
%,

1 1
91(z) = 3 12175 gn(2) = 5 |2n

say g; = a;, none of the a;’s being zero, so that L is a Lagrangian torus. Choose a
subtorus of 77"

T = {(ty,...,tn) €ET" | t1---t, = 1}.

Let V be an orbit of this subtorus, an isotropic torus of dimension n — 1. Consider
the Hamiltonian vector fields Y7,...,Y,, associated to the functions g;:

Yi(z1,...,2n) = (iz1,0,...,0)

Yo(zi,. o, 2n) = (0,...,0,iz,).

Let z = (z1,...,2,) be a point of V. The tangent space to L at z is spanned by
the values of the Y;’s, the tangent space to V' is the hyperplane consisting of the
vectors Y \;Y; satisfying > A\; = 0. It is spanned by the values at z of the vector
fields

X1=Y1-Y,,... . Xn1 =Y 1-Y,,

that are the Hamiltonian vector fields of the functions

fl =4g1 ‘gnyu-afnfl =3Gn—-1—Gn-
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We are looking now for an n-th function f such that the subspace spanned by
the vectors Xi,..., X, 1 and Xy is a special Lagrangian at each point where the
vectors are independent. The subspace F = (X3,...,X,,_1) is isotropic and has
dimension n — 1.

We look for X as a linear combination Xy = ) A;Y; such that:

e The vector field Xy is in the subspace orthogonal to (Xi,...,X,_1) (for
the Hermitian form), that is, (X7, X%) = 0 for 1 < k < n — 1. This gives
Ak |zk]2 — An [znl2 = 0. Thus A\, must have the form

A = ,u(zl,...,zn).

2
| 2|
e The determinant
121 0 )\1i21
0O . 0
Z'Zn—l
~1Zn ... —12Zp Apizn

is real. This allows to determine the function u.

Subtracting the linear combination A1 X1 +- - -+ \,,—1X,,—1 from the last vector, this
vector becomes (A1 +- - -4+, )Y}, so that the determinant is i (A1 +- - +Ap )21 -« - 2.
We are thus looking for functions f and p such that

Xi(z1,..0h2n) = (M2, .., Anizn)  and  i"(u(z1,...,2n))21 - - 2y is real.

For any index j, we must have:

of < . of '
20—2:]:A]Z]’ 28—2J :)‘sza and Znu(zl,...72n)zl...zn€R.
The functions
[t zn) =2+ T, p= 2 A

give a solution when i" € R, namely when n is even. When n is odd, we rather
take

f(zl)"-,zn):T(zl"'zn—m>7 ,J,:Qﬁ

Proposition 1.5.17. The functions f1,..., f, defined by

1

fiz1,. 0 h20) = §(|Zl12 - |Zn|2),'..,fn_1(21, ey 2p) = (’Zn—l|2 - |Zn|2)

DN

and
Re(z1 -+ 2z,) if n is even

Im(zy -+ 2,) 3f n is odd

o= |

form an integrable system on C™ = R™ x R", all the regular common level sets of
which are special Lagrangian cylinders T"~1 x R.
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Proof. The only thing that is left to prove is that the regular levels are “cylinders”
T"~1 x R. As we are dealing with an integrable system, we know that the levels
are endowed with an R™-action. Here the n — 1 first vector fields are periodic and
in particular complete; the last one is complete too, because the level is a closed
submanifold of C™. The action is thus an action of 77~ ! x R and this is a free
action, as the level, being special Lagrangian, cannot be compact. (]

Exercise 1.19 describes essentially the same construction.

I.5.f Special Lagrangian submanifolds invariant under SO(n)

The next and sporadic examples also come from [18]. Start from a smooth curve

o C=Cx{0lcCxC"!'=0C"

and “rotate” it with the help of the diagonal SO(n)-action, namely
g-(X+iY)=9g- X +ig-Y for g € SO(n) and X,Y € R".

If we assume the curve does not pass through 0, we get a submanifold of C™:

V={(z+iy)u|z+iyel ,uecR" u=g(e) for some g € SO(n)}

(notice that u describes a sphere S™~! C R™). The tangent space to V at (z -+iy)u
is spanned by the vectors (z +iy)U with U € T,,8"! and the (¢ +in)u with & +in
tangent to I' at = + iy. The submanifold V is always Lagrangian, as is easily
checked:

w((@ + i), (2 + ig)U") = sy(U - U' — U - U) =0,
w((z + @)U, (€ +inu) = (zn - y§)U -u=0.
It is special Lagrangian if and only if, denoting (Uy,...,U,_1) a basis of T,,8™ 1,
detc ((33 + iy)Uh' ) ('T + iy)Un—lv (f + “7)“) € R.

But this determinant is equal to (z + iy)"~!(§ + in) detc(U1, ..., Un_1,u), or to
(x+iy)" 1€ +in) detg (Uy, ..., U, _1,u) since these vectors are in R® C C”. The
condition is thus that

(z +4y)" (& +in) € R for any tangent vector & +in to I,
We get eventually:
Proposition 1.5.18. The Lagrangian submanifold of C™

V={(+iyu|(z+iy) eT,ue "' CR"}

is special Lagrangian if and only if, on T, the function Im ((x + iy)™) is constant.
UJ
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NV &

n=2 A n=3

Figure 1.9

Remark 1.5.19. This method gives essentially one special Lagrangian submanifold
in any dimension, which is not much!

Remark 1.5.20. Any connected component of I' is diffeomorphic to R, the special
Lagrangian submanifolds obtained are (unions of) copies of S”~! x R.

To draw a picture of the special Lagrangian submanifold, one draws first the
curve I' (in the (z,y) plane), then its wave front (in the (z, z) plane). One then
notices that the Liouville form A=Y -dX is, on V:

A=Y -dX = (yu) - d(zu)
= (yu) - ((dz)u + zdu)
= ydr

(since udu = % u]® = 0) so that the wave front of V' is
{(zu,z) €e R" x R | (z, z) is a point of the wave front of '} .

For example, for n = 2, the curve I" is a hyperbola xy = constant, its wave
front is the curve z = log z and the wave front of the special Lagrangian subman-
ifold is the surface of revolution obtained by rotating the graph of the logarithm
function about the z-axis (Figure 1.10).

1.6 Appendices

I.6.a The topology of the symplectic group

Proposition 1.6.1. The manifold Sp(2n) is diffeomorphic to the Cartesian product
of the group U(n) with a convezr open cone of a vector space of dimension n(n+1).

Corollary 1.6.2. The symplectic group Sp(2n) is path connected. The injection of
U(n) in Sp(2n) induces an isomorphism

Z = 7 U(n) —— m; Sp(2n).
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Figure .10

Proof of the proposition. Let A € Sp(2n). As any invertible transformation of R*",
A can be written in a unique way as a product

A=S5-Q

where S is the positive definite symmetric matrix § = vV A*A and 2 is the orthog-
onal matrix O = S~'A. As A is symplectic, the matrix S is also symplectic: ‘A
and A'A are symplectic, the matrix A*A is symmetric, positive definite, thus it
is diagonalizable in an orthonormal basis and S is the matrix that, in this basis,
is the diagonal of the square roots of the eigenvalues of A*A, so that S is indeed
symplectic as is A*A. One deduces that

Q=8"14¢Sp(2n)N0O(2n) = U(n)
and thus that Q is a unitary matrix. We have thus obtained a bijection

Sp(2n) —— U(n) x §
A—— ((VAtA)T1A VALA)

where § denotes the set of positive definite symmetric matrices that are symplectic.
We still have to prove that this space is an open convex cone in a vector space of
dimension n(n + 1). Write the matrices as block matrices in a symplectic basis.
Let § € 8, we have

S = (t% g) with A and C positive definite symmetric and ‘SJS = J.

The last condition, that expresses the fact that S is symplectic, is equivalent to
BA is symmetric and C = A~!(Id +B?).
The mapping

§ —— Sym(n;R) x Sym™ (n; R)
S— (BA, A)
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is the desired diffeomorphism. The open set Sym™ (n;R) of all positive definite
symmetric real matrices is obviously an open convex cone in the vector space
Sym(n; R) of all symmetric matrices, the product is an open convex cone of the
n(n + 1) 0

product space, that has dimension 2 2

Proof of the corollary. The convex cone Sym(n; R) x Sym™(n;R) is contractible.
O

Remark 1.6.3. There is another beautiful proof of this type of contractibility re-
sults, due to Sévennec, in [5].

I.6.b Complex structures

If £ is a vector space endowed with a symplectic from w, it is said that an en-
domorphism J of E is a complex structure calibrated by w if J? = —1d (J is a

complex structure),
w(Jv, Jw) = w(v,w)

(J is symplectic) and
9(v,w) = w(v, Jw)

is a scalar product (namely a positive definite bilinear form) on F.

I.6.c Hamiltonian vector fields, integrable systems

In this appendix, denote for simplicity C™ = R?" by W. It can be replaced by any
symplectic manifold W (see §IL.1).

Hamiltonian vector fields

To any function H : W — R, the symplectic form allows to associate a vector
field, a kind of gradient, the Hamiltonian vector field Xy (sometimes called the
“symplectic gradient” H). This is the vector field defined by the relation

we (Y, Xp(z)) = (dH).(Y) for al Y € T, W,

or by
LXgW = —dH.

In coordinates, one has

OH  8H 0H 8H>

XH(‘TI’”'yxn:ylv"'?yn): (ay]’,ay 7_8x1ﬂ"'7 Ox
T n

Notice that the vector field Xy vanishes at z if and only if x is a critical
point of the function H:
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In particular, the singularities (or zeroes) of a Hamiltonian vector field are the
critical points of a function.

Notice also that the function H is constant along the trajectories, or integral
curves, of the vector field Xg: as w, is skew symmetric, we have (dH)(Xy) =0
or Xg-H=0.

The Poisson bracket

Assume now that f and g are two functions on W. Define their “Poisson bracket”
{f,g} by the formula

{f.9} =Xy g=dg(Xy).
In coordinates, one has

{fvg} - lZ (8% 85[71 B ayz 8$1> .

=1

Notice that
Xf g = dg(Xf) = W(Xf,Xg> = _W(Xme) = _df(Xg) = _Xg -

so that {f,g} = —{g, f}. This shows that the Poisson bracket is skew-symmetric
in f and g. By definition, this is also a derivation (in both entries); in other words,
the Poisson bracket satisfies the Leibniz identity

{figh} ={frgth+g{f.h}.

Using the general relation

Lxty —wvlx = xy)

and Cartan formula
Lx =dux + Lxd,

we get
L{Xfﬂxg]w = LXfLwa - LXQLXfw
= dLXfLng + Ldel,X;’w - LxgdLXfuJ — L‘\'qLdew

= dLXfLng = d(CU(Xg,Xf)) = *d{f-g}$

in other words
[vaX.q] = X{f~g}'

We also have
[Xf,Xg} ~h= {{f7g} 7h’}

From this, we deduce that the Poisson bracket satisfies the Jacobi identity

{f{g.h}} +{g,{h, f}} +{hA{f 9}} =0
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and thus defines a Lie algebra structure on C*° (W), the mapping

C (W) ——— X(W)
f — Xf

being a morphism of Lie algebras from C°°(W) (with the Poisson bracket) into the
Lie algebra of vector fields (with the Lie bracket of vector fields).

Proof of the Jacobi identity. Apply the definition of the bracket of vector fields:
[Xf’Xg] ch=Xy (X h) — Xg (X~ h),
and the equality above to get

{f:9} h}y =1Xs, X - b
= X5 (Xg-h)—Xg-(Xy-h)
=Xy -{g,h} = Xg - {f, h}
:{fv{g7h}}_{gv{f’h}}

This, taking into account the skew-symmetry of the Poisson bracket, is equivalent
to the Jacobi identity. O

Integrable systems

As any vector field does it, the Hamiltonian vector field Xy defines a differential
system on W, namely,

&(t) = Xp(2(t)),

the Hamiltonian system associated with H. The function H is constant along the
trajectories of this system, in other words

XH-H:OOI'dH(XH) = 0.

It is said that H is a first integral of the system. More generally, a function
f W — R that is constant along the integral curves of a vector field X is
called a first integral of X. In the case of a Hamiltonian vector field X, the
equality X7 - f = 0 is equivalent to {f, H} = 0, we say that the functions f and
H commute.

It is said that a Hamiltonian system is integrable if it has “as many commut-
ing first integrals as possible”. Let us explain this:

e Let fi,...,fr be commuting first integrals of the system Xy, so that
{fi,f;} = 0 for all 4+ and j. Each one is constant on the trajectories of
the Hamiltonian system associated to each other one.
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e The expression “as many as possible”: at any point x of W, the subspace of
T, W spanned by the Hamiltonian vector fields of the functions f; is isotropic:

w(Xy, X5,) = +{fi, fi} = 0.

Its dimension is thus at most n = %dim W. It is required that, at least for
2 in an open dense subset of W, this subspace has maximal dimension n.

e Notice that the vectors X, are independent at z if and only if the linear
forms (df;). are independent.

Definition 1.6.4. The function H or the Hamiltonian vector field Xy on W is
qualified as integrable if it has n independent commuting first integrals.

FExamples 1.6.5. Every function depending only of the coordinates y;,

H:H(yl,...,yn)

is integrable: the functions y; are independent commuting first integrals. Every
Hamiltonian system on C is integrable. Similarly, a Hamiltonian system on C? is
integrable if and only if it has a “second first integral”.

Exercises

FEzercise 1.1. Let V be a real vector space and V* be its dual. Check that the form
w defined on V @ V* by

w((“? a)? (wvﬁ)) = a(w) - /G(U)

is a symplectic form

Ezercise 1.2 (Relative linear Darbouz theorem). Let F' be a vector subspace of a
symplectic vector space F. Assume that the restriction of the symplectic form to
F has rank 2r. Show that there exists a symplectic basis (e, ..., ey, f1,..., fn) of
E such that (e1,...,€r,€r01,- -, €rtk, f1,--., fr) 18 a basis of F' (k is the integer
defined by 2r + k = dim F').

Ezxercise 1.3. Show that the symplectic group of C is isomorphic with the special
linear group SL(2; R).

Exercise 1.4. Prove directly that the symplectic group Sp(2) is diffeomorphic to
the product of a circle by an open disk.

Ezercise 1.5. Let A € Sp(2n). Check that the matrices 'A and A~! are similar®.
Show that A is an eigenvalue of A if and only if A™! is also an eigenvalue, and that
both occur with the same multiplicity.

8Thus A and A~! are similar too.
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Exercise 1.6. Check that a non zero vector of a symplectic space can be mapped
to any other non zero vector by a symplectic transformation (in other words, the
symplectic groups acts transitively on the set of non zero vectors).

Show that, for n > 1, the symplectic group does not act transitively on the
set of real 2-dimensional subspaces of C™.

Exercise 1.7. Let n > 1 be an integer. Let P be a real plane (dimension-2 subspace)
in C™. Show that P is either isotropic or symplectic. What are the orbits of the
action of the symplectic group on the set of planes in C™?

Ezercise 1.8. Let V be a vector space and V* be its dual. Endow V @ V* with
the symplectic form defined in Exercise I.1. Let A : V' — V* be a linear map.
Prove that the graph of A is a Lagrangian subspace if and only if the bilinear form
defined by A on V is symmetric.

Ezercise 1.9. Let E be a vector space endowed with a symplectic form w and let
F be (any) subspace of E. Prove that w induces a symplectic structure on the
quotient F/F N F°.

Ezercise 1.10. Let F be an even dimensional vector space and let w, w’ be two
symplectic forms on E. Prove that the symplectic groups Sp(E,w) and Sp(E,w’)
are conjugated subgroups of GL(FE).

Let Q2(E) be the space of all symplectic forms on the vector space E. Prove
that the linear group of E acts on this space by

(g-w)(X,Y) =w(gX,gY).

Deduce that Q(F) is in one-to-one correspondence” with the homogeneous space
GL(F)/ Sp(E), where Sp(E) is the symplectic group Sp(E,wq) for a given form
wg on K.

Ezercise 1.11. Prove that, on any symplectic vector space, there are complex struc-

tures. Prove that a complex structure is an isometry and that it is skew-symmetric
for the scalar product it defines.

Ezercise 1.12. Let V be a real vector space. Using a scalar product on V, construct
a complex structure calibrated by the standard symplectic form on V & V* and
such that

(J(v),w) =v-w for all v,w € V.

Ezercise 1.13. Assume that the wave front

|- a,a] —— R?
t e (z(t), 2(1))

has an ordinary cusp for t = 0 with a tangent line transversal to the z-axis. Prove
that this is the wave front of a Lagrangian immersion of | — a, af into R?.

9This is actually a homeomorphism.
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Ezxercise 1.14. Prove that the wave front of the Whitney immersion $” — C™ is
the hypersurface in R**! image of the sphere S" by

3

(z,a) —— (a:,a H:vH2 + % — a)
(using the notation of Example 1.4.3). Find the singular points of this wave front
and draw it in the cases n = 1 (this is the eye, Figure 1.2) and n = 2 (this is the
flying saucer, Figure 1.4).

Ezxercise 1.15 (The swallow tail). Determine... and draw the wave front of the
Lagrangian immersion described in §1.4.5 and on Figure I.1.

FEzercise 1.16. Prove that the Maslov class of the standard (Lagrangian) embedding
of the circle is +2. What is that of the Whitney immersion? Of the immersion
defined by the crossbow!??

Ezercise 1.17 (Lagrangian cobordisms [3]). The space C" is endowed with its Li-
ouville form A and its symplectic form dA. It is said that a Lagrangian immersion
f: L — C"is “cobordant to zero” if there exists an oriented manifold V of di-
mension n+ 1, with boundary, whose boundary is L, and a Lagrangian immersion

f:v——crt!
transversal to the co-isotropic subspace F = C™ @ iR C C™*!, such that
fFYUFNV)=0V =1L
and such that the compositiori

I flo

F F/F° =C"
is the immersion f.

(1) Prove that the Whitney immersion S™ — C™ (§1.4.3) is cobordant to zero.

(2) Assume that f: S' — C is cobordant to zero. What can be said of [, f*A?
Prove that, if a Lagrangian immersion S' — C is cobordant to zero, it is
exact.

(3) Consider an exact Lagrangian immersion
f:8' ——cC

and its wave front in R?. Assume the singularities of the wave front are
ordinary cusps. The tangent line to the front at any point is transversal

10Hint: orient the circle and notice that the unit tangent vector to the Whitney immersion
does not take all the values in the circle. For the crossbow, notice that this immersion of the
circle into C may be deformed, among immersion, into the standard embedding.
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(4)

(5)

to the z-axis. The circle S! is oriented. Count the cusps of type (a) with
a + sign, those of type (b) with a — sign (Figure 1.11) and get a number
N(f) € Z. What is the value of N(f) for the Whitney immersion? For the
crossbow (Figure 1.3)7

N
=

(a)

Figure I.11

The Lagrangian immersion f : S! — C has a Gauss map ~(f), taking its

values in the Grassmannian A; of oriented Lagrangians in C, that is a circle
S!. Call o the closed 1-form “df” on this circle. Prove that!!

Consider the mapping

j11~\1 —— Ay
P—PsRCCahRC C

It can be shown (this is an additional question, use §1.3.f) that
§* HY (Ay) —— H'(Ay)

is an isomorphism. Prove that if f : S' — C is cobordant to zero, then
N(f) = 0. Does there exist a Lagrangian immersion of a disk into C? whose
boundary is the crossbow?

HThis is to say that N(f) is the Maslov class of the immersion f.
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Ezercise 1.18 (From (z,y) to (z,%)). Writing
dz =dx +idy, dzZ=dx—1idy

one gets a couple of relations between the expressions of the vector fields in coor-
dinates (z,y) or (z, Z). Prove for instance that

& (of & of @
%= (53~ 5 7;)

I (2 )
2 = OZj an agj 6Zj .
FEzercise 1.19. Consider the vector field X given on C? by

X(Zl, 22) = (z'alzl, iQQZQ)

(a1 and g being two real parameters).
(1) Check that
0 0 0
X(Zl, 22) = <1218£21 — z'Zl 6—21> + Qo (1228—22 — 15252;)
and show that the form ¢x is holomorphic.
(2) Show that X preserves w and find a function H such that X = Xp.

(3) Under which condition does the vector field X preserve Q7 Assume now that
this condition holds. Find two functions g and h from C? to R such that

tx = dg + idh.

Consider H~!(a) N h~1(b). Show that, if a is a regular value of H, this is a
special Lagrangian submanifold.

(4) Describe the special Lagrangian submanifolds H ~!(a) N h=1(b) as complex
j-curves, that is, by equations.

(5) Check that they are diffeomorphic to S x R. Hint: they are conics.



Chapter 11

Lagrangian and special
Lagrangian submanifolds in
symplectic and

Calabi-Yau manifolds

II.1 Symplectic manifolds

In order to deform a Lagrangian submanifold in C”, we must understand how a
tubular neighbourhood looks like. We prove here that a Lagrangian submanifold
has a neighbourhood which is diffeomorphic to a neighbourhood of the zero section
in its cotangent bundle. To be precise and explicit, we need to define a symplectic
structure on the cotangent bundles and more generally to say what a symplectic
structure on a manifold is.

A symplectic manifold is a manifold W endowed with a non degenerate 2-
form w, namely, a non degenerate alternated bilinear form w, on each tangent
space T, W, which is required to be closed, (dw = 0). Notice that a symplectic
manifold is even dimensional.

Examples 11.1.1. (1) The first example is of course C™ with the symplectic form
we have used so far, considered as a differential form:

n

w:Zdyj A dx;

J=1

(where (21 + iy1,...,2Zn + iy,) stands for the complex coordinates in C™).
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(2)

(4)

II. In symplectic and Calabi-Yau manifolds

One also has:

w2, 7)) =w(Z,2) =Y (X})Y; - X;¥))=X"Y - X Y.
j=1

And this is an exact, hence closed, form:
w=d()_y;dz;).
=1

The next example is that of cotangent bundles. Think that C™* = R"” x R",
then that R™ x R™ = T*R"™ and simply replace R™ by any manifold V. On
W =T*V, there is a canonical 1-form, the Liouville form A, defined by the
“compact” formula:

)\(x,a) (X) = & (T(mqa)ﬂ'(X))

.. in which z denotes a point of V, o an element of T}V (namely a linear
form on the tangent space T, V), and 7 the projection T*V — V of the
cotangent bundle. If (z,,...,z,) are local coordinates on V and (y1,...,yn)
the cotangent coordinates, then

A= Zyjdmj.
7=1

The 2-form dA is both closed (!) and non degenerate.

Surfaces. On a surface W, any 2-form is closed. Moreover, in dimension 2,
to say that a 2-form is non degenerate means that it nowhere vanishes, in
other words that this is a volume form: all the orientable surfaces may be
considered as symplectic manifolds.

The sphere. Consider, in particular, the unit sphere S? in R?, whose tangent
space at a point v is the plane orthogonal to the unit vector v. Put

Wy (X, Y)=v- (X AY) =det(v,X,Y).
This is a non degenerate 2-form and thus a symplectic form.

The projective space P™"(C) is a symplectic manifold. The nicest thing to
do is to define its symplectic form starting from that of C"*! and using the
symplectic reduction process. To define P"(C), we factor out the unit sphere
S+l of CnHl by the S'-action (multiplication of coordinates):



I1.2. Lagrangian submanifolds and immersions 51

At each point z of the sphere $?"*! the tangent space is the Euclidean
orthogonal of z and the kernel of the restriction of the symplectic from is
the line generated by ix. This line is also the tangent space to the circle
through x on the sphere.

The symplectic form of C"*! defines a non degenerate alternated bilinear
form w on P"(C). Its pull-back on the sphere is closed, so that w is closed.
It is actually a (the standard) Kéhler form on P"(C).

(6) Complex submanifolds of the projective space are symplectic. The compati-
bility of w with the complex structure gives that w(X,7X) > 0 for any vector
X that is tangent to the submanifold, so that w is indeed non degenerate on
this submanifold.

(7) More generally, all Kéhler manifolds are symplectic. We will come back to
this remark.

Notice that, on cotangent bundles, as on C™, the symplectic form is ezact.
This cannot be the case on a compact symplectic manifold.

Proposition I1.1.2. On a compact manifold, there exists no 2-form that is both non
degenerate and exact.

Proof. Let w be a non degenerate 2-form on the 2n-dimensional manifold W. To

say that w is non degenerate is to say that w”" is a volume form. But then, if
w =da,

w/\n — d(Cl{ /\w/\(n—l))
is also exact, thus W cannot be compact. O

Hamiltonian vector fields Xy for functions H : W — R are defined exactly as
in Appendix I.6.c and so is the Poisson bracket of two functions on W. Exercise 11.3
explains why it is required that a symplectic form be closed.

II.2 Lagrangian submanifolds and immersions

An immersion f : L — W into a symplectic manifold is Lagrangian if f*w = 0
and dim W = 2dim L.

II.2.a In cotangent bundles

All what was done in C" in §1.4.a works as well in a cotangent bundle.
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Graphs
Proposition 1.4.1 generalizes as:

Proposition I1.2.1. Let o : L — T*L be a section of a cotangent bundle. Its image
is a Lagrangian submanifold if and only if the 1-form « is closed.

Proof. The most elegant thing to do is to state first a property of the Liouville
form (which explains why it is called the “canonical” 1-form): for any form «, one
has

A= a.

In this equality, « is considered as a section of the cotangent bundle in the left
hand side and as a form in the right hand side. One has indeed:

(@ N)e(Y) = Aza,) (Tea(Y)) by definition of a*
= 0z (T(,0,)T © T(Y')) by definition of A
= a,(Y) because « is a section.

Eventually, a*w = 0 if and only if d(a*A) = 0, thus the graph of « is a Lagrangian
submanifold if and only if « is closed. (]

Remark 11.2.2. In particular, the zero section of L. C T*L is a Lagrangian sub-
manifold. What we plan to do next is to show that L. C T*L is a model for all
Lagrangian embeddings of L into a symplectic manifold (Theorem I11.3.7).

Generating functions

A function
F:MxRF—SR

allows to construct a Lagrangian submanifold (the graph of dF) into T*M x C*
and then, by reduction, a Lagrangian immersion into 7™ M.

Wave fronts

Exact Lagrangian immersions into 7*M define wave fronts in M x R and con-

versely.

Conormal bundles

Let
fivVv——»M

be any immersion. The conormal bundle is the subbundle of the pull back bundle

"M = {(.’IZ,(,D) lzeV,pe T;(I)M} —V
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defined by
N*f ={(z.¢) € f*T*M | @Iz, s¢r,v) = 0}
={(z,p) € fFT"M | poT,f = 0}.
Map N*f into T M by

F: (2, 0) —— (f(2), ).

This is an immersion, since

Top)F (&) = (T2 f(£), ).

It is Lagrangian, as we have F*\ = 0. Indeed, calling 7 the two projections T*M —
Met N*f =V, we get
(F* N o) (X) = As@).0) (T F(X))
= @ (T(s().0)7 © Tz F(X)
= 0 (T f(Twpym(X)))
=0
as ¢ vanishes on the vectors that are tangent to V. O

One should check that the proof given for the normal bundle in §1.4.¢ for
the case where M = R" is identical to the one given here, the orthogonality used
there being an ersatz of the duality used here.

I1.3 Tubular neighborhoods of Lagrangian submanifolds

Let us now present a method, invented by Moser [28], which allows to describe a
symplectic manifold in the neighbourhood of a point (they are all the same) or a
neighbourhood of a Lagrangian submanifold in a symplectic manifold.

II.3.a Moser’s method

The next “lemma” contains all these results.

Lemma I1.3.1. Let W be a 2n-dimensional manifold and let ) C W be a compact
submanifold. Assume that wy and wy, are two closed 2-forms on W such that, at
any point x of QQ, wo and w; are equal and non degenerate on T, W . Then there
exists open neighborhoods Vo and Vi of Q and a diffeomorphism

Y Vo ——V

such that ¥|g = Idg and Y*wi = wy.
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Remark 11.3.2. Tt is not easy to create a diffeomorphism “ex nihilo”. The remark-
able idea of Moser is to construct a whole path of diffeomorphisms starting from
the identity and ending at some diffeomorphism which has the desired property.

Let us write the proof of Moser lemma when W = C™ and explain then what
should be done to get it in the general case (essentially to replace the Euclidean
structure by a Riemannian metric). Consider the normal bundle to ) in C",

NQ={(z,v) eQxC" |v LT.Q}
and the open subset
Ue = {(z,v) € Ng | [lv] <e}.
Notice firstly that:

Lemma 11.3.3. Let Q be a compact submanifold of the Euclidean space R™. For e
small enough, the map
E:NQQ ——R™

(z,v) —— x +v
18 a diffeomorphism from U. onto its image.

Proof. In a neighbourhood of a point zy of @, we describe @ by local coordinates
u = (uy,...,ux), namely by a mapping  : U — R™ where U is open in R* and
z(0) = z¢. One can choose vector fields (v1(u),...,Vm-r(u)) of R”™ on U, that
form, for all u, an orthonormal basis of the normal space of @ at z(u). So we have
local coordinates (uy,...,ug,t1,...,tm_x) on NQ in which the mapping F is

E(u,t) = z(u) + z_:tzvz(u)

The partial derivatives are

OF . ox an
8ui N 8ui * Zj tj 8uz-
o8 _

8tk = Vg.

The matrix of partial derivatives is invertible for ¢ = 0, thus it is invertible also
for ||| small enough!. We conclude globally using the compactness of Q. a

Call V; the image of a suitable U.. This is a neighbourhood of @ in C™.

Lemma I1.3.4. On Vy, the 2-form 7 = wy — wy s exact.

't is interesting to see “how far” we can go. This leads to the notion of focal point, see for
example [26].
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First proof. The vector bundle N retracts on its zero section. The inclusion
§: Q@ — Vo thus induces an isomorphism j* : H% (Vo) — HER(Q). As j*[wi] =
3*[wo], the cohomology classes of wy and wy are equal in H% x(Vp), which means
that their difference is an exact form. O

Second proof. We explicitly construct a 1-form o that is a primitive of 7. Consider
the dilatation of factor ¢ in the fibers

pr: Vo Vo teo,1].

T+ viI—— x4+ tv

This is a diffeomorphism (onto its image) for ¢ > 0 and we have (Vo) = Q,
1 = Idy, and ¢¢|g = Idg. The form 7 = w; — wy is a 2-form on C". Consider its
restriction to V. It is identically zero along @ by assumption. We have

woT =0, QiT=T.

Consider now the (time depending) radial vector field X; (tangent to the
dilatation) on V. This is the vector field defined by

Xi(y) = (%%) (o5 (W) ls=t-

It is defined only for ¢ > 0, in the same way that ¢, is a diffeomorphism only for
t > 0. In a very concrete way, the vector field is

1
Xi(x+v) = Zv.

For all ¢, consider also the 1-form o' defined by

O‘i_{_v(y) = Tr4tv (’UvTﬂH-v(th)(Y))'

Notice that, if y is in @), one has

d
¢t(y) =y and acpz(y) =0

thus o is zero along @. For ¢t > 0, one has
(P75, T) e (V) = (6, T) gt (Xe(@ + 1), T (90) (V)
(

= Tx+tvlV, Tm+v ((Pt)(y))

= O-f"s+v (Y)

Hence, for ¢t > 0,
ol = piix, T
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and consequently

Eventually, we get
d *
do' = dt (pi7)
for ¢ > 0 and thus also for all ¢ € [0, 1]. Now

1 1
T=7‘—0z<pfr—cp67':/ i(apt*’r)dt:/ (do*)dt = do
o dt 0

writing o = fol otdt. We has thus proved that, in a neighbourhood of Q, w; —wy =
do is an exact form (with o identically zero on Q). O

To finish the proof of Lemma I1.3.1, we use the actual method of Moser. We
consider the path of symplectic forms

wr = wo + t{w1 —wp) = wp + tdo.

For t = 0, this is the non degenerate form wy. Also, along @, this is the very
same form wg. Restricting again Vg if necessary (using compactness again) one
can assume that w; is non degenerate on V for all ¢ € [0,1]. Let Y; be the vector
field defined by

ly,ws = —0

(the existence and uniqueness of Y; are consequences of the fact that w, is non
degenerate). Let ¢, be its flow:

d
a@/)t =Y, 0.

We have

d , . L d
dt (Yiwe) =9y (Ewt + LYMt)
=7 (d(o) + dey,wr)
= d (@7 (0 + ty,wy))
=0
by definition of Y;. Hence ¥}w; = ¢jwy = wp and eventually

PYiwr = wo.
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Remark 11.3.5. In a general symplectic manifold W, the proof is identical to the one
given here; what we need is the notion of a normal bundle, that is, of orthogonality
in TW, and a way to replace the mapping (z,v) — x + v. One uses a Riemannian
metric on W and its exponential mapping: the point exp,(z) that replaces z + v is
the point reached at time 1 by a geodesic? starting from z (at time 0) with tangent
vector v.

The most direct application of Lemma I1.3.1 is the Darboux theorem. This
is the case where () is a point zg, w; is a symplectic form on W and wy is the
symplectic form induced on T, W.

Theorem I1.3.6 (Darboux theorem). Let x be a point of a manifold W endowed
with a symplectic form w. There exists local coordinates

(1, Ty Y1y -+ s Yn)
centered at x in which w =Y dy; A dz;.

Proof. The form induced by w; on T, ,W defines, using a diffeomorphism from
a neighbourhood of 0 in T, , W onto a neighbourhood of zy in W, a symplectic
form wy on a neighbourhood of zy. Lemma I1.3.1 gives a diffeomorphism v from a
neighbourhood of z into itself, that fixes zy and satisfies ¥*w; = wy. By definition
of wy, there exists local coordinates centered at z, in which it can be written
Z dyL A dl’L O

I1.3.b Tubular neighborhoods

The next application is a theorem of Weinstein that describes the tubular neigh-
borhoods of the Lagrangian submanifolds.

Theorem 11.3.7 (Weinstein [34]). Let (W,w) be a symplectic manifold and let
L C W be a compact Lagrangian submanifold. There exists a neighbourhood Ny
of the zero section in T*L, a neighbourhood Vo of L in W and a diffeomorphism
@Y N() — V() such that

*'w = —d\ and ¢|;, =1d.

Proof. Let us check that we can apply Lemma II1.3.1. The submanifold @ is the
Lagrangian submanifold L and the form wy is the restriction of w. The form w;
is the symplectic form of T*L. We are going to compare them in 7*L. As in the
previous proof, let us assume firstly that W = C”. Let ¢ be the composed mapping

™L —— N, —C"

(z,a) —— (z, Jvg) — .+ Jv,

2To extend the geodesics, we also need an assumption on the completeness of the metric, or
on the manifold W.
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where

e o +— v, is the isomorphism between cotangent and tangent spaces given by
the Euclidean structure of C" restricted to L:

a(u) = (u, va),

e J is the multiplication by ¢. Recall (see Lemma 1.2.1) that L is Lagrangian
if and only if TL* = JTL.

Call Ny a neighbourhood of the zero section in 7* L, mapped onto a suitable
U, so that ¢ : Ny — C” is a diffeomorphism onto its image. We want to compare,
in Ng C T L, the two forms w; = —d\ and wy = ¢p*w. To apply Lemma I1.3.1, we
have to check that they coincide along the zero section.

Let (x,0) € L C Np. We have

T(a:,O)NO = T(x,()) (T"L) =T, LT, L.

Recall that there is an exact sequence
T(w’a)ﬂ'

0—— KeI‘T(x’a)’ﬂ' E— T(x,a) (T*L) TZ.L 0

which splits along the zero section s, using

TLJDLQMNTM

and that the kernel Ker T, o) is canonically identified with 7, L. Compute then
@*w along the zero section. For v, w € T, L and «, 8 € T L, we have
(gp*w)(:g,o) ((U7 a)v (’LU, /6)) = Wep(z,0) (’U + Jvou w + J’Uﬁ)
= wy (V4 Jvg, w + Jug)
= (v,v8) — (w,va)

= B(v) - a(w).

But we have seen (in Exercise I1.1) that

(@) w0 (v0), (w,8)) = (D dy; A day) (v,0), (w, 8)) = a(w) - B).

The forms ¢*w and —d\ coincide along the zero section, therefore we can apply
the lemma. OJ

In the general situation where W is a symplectic manifold, we need a Rie-
mannian metric and an analogue of J. We use an “almost complex structure” J
calibrated by w, namely an endomorphism J of the tangent bundle T'W such that
J? = —1d and

(va) '—"_)w(Xa JY)
is a Riemannian metric. Such structures exist and form a contractible set. See

for instance [5, 24]. Notice that this notion is a globalization of the linear notion,
mentioned in §1.6.b.
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I1.3.c “Moduli space” of Lagrangian submanifolds

We consider now, for a given manifold L, the space of Lagrangian immersions
f:L——W

We call it a “space” because this set is actually a topological space, a fact which
allows to consider immersions that are “close” to a given immersion. We use the
Whitney @!-topology.

The C!-topology

Let V and W be two manifolds. The C!-topology is a topology on the space of €’-
maps from V to W. Consider the vector bundle L(T'V,TW) over V' x W, the fiber
at (z,y) of which is the vector space L(1,V,T,W). The total space is usually called
JYV, W) rather than L(TV,TW). Every map f € €1(V, W) defines a mapping

PV (VW)
z— (z, f(z), T f).

If U is an open subset of J'(V, W), denote
VU)={feC(V\W)|j'feU}.

The €!-topology is the topology for which the V(U) are a basis. It is said that a
map f is “C'-close” to fj if it is close to f, for the C'-topology.

Diffeomorphism group

The group of diffeomorphisms of L acts on this space by ¢ f = foe™!. We want
to consider Lagrangian immersions only up to this action: we do not want to take
into account the way the manifold L is “parametrized”.

Moduli space

We consider the space of Lagrangian C'-immersions from L to W up to the action
of the diffeomorphism group. The quotient space is called the “moduli space” of
Lagrangian immersions from L to W and denoted L(L). The next theorem de-
scribes the Lagrangian immersions that are close to a fixed Lagrangian embedding

of L into W.

Theorem I1.3.8. Let L be a compact and connected manifold. A neighbourhood of
a Lagrangian embedding
L— W

in the space L(L) can be identified with a neighbourhood of 0 in the vector space
of closed 1-forms of class ' on L.
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Proof. Let fy : L — W be a Lagrangian embedding and f : L — W be a
Lagrangian immersion close to fy. In particular, f is close to fy for the “C'-
topology>”, we can consider that everything lies in a neighbourhood of L. Thanks
to the tubular neighbourhood theorem (here Theorem I1.3.7) we can assume that
everything takes place in a neighbourhood of the zero section in 7* L. The map f is
Cl-close to the inclusion of the zero section L — T*L (this is what f, has become
when we have identified the neighbourhood of fy(L) in W with a neighbourhood
of the zero section in 7% L). Thus the composition of f with the projection of the
cotangent is a C'-mapping L — L, close to the identity. Recall the next lemma,
which is a consequence of the inverse function theorem:.

Lemma I1.3.9. Let L be a compact and connected manifold. Let f be a C'-map
L — L that is C'-close to the identity. Then f is a diffeomorphism. (|

According to this lemma, the composition is a diffeomorphism ¢ of L. Com-
posing with g~ !, we get an embedding

a: L ——T"L
which is still @'-close to the zero section... but now the composition
L—T"L —— L

is the identity. Thus « is a section, that is, a 1-form on L, and « is closed because
the embedding is Lagrangian. Conversely, all the closed 1-forms that are close to
the zero section define Lagrangian embeddings close to fj. O

Remark 11.3.10. One should have noticed that the section L — T*L defined by a
1-form is a C'-mapping if and only if the form is a C'-form. The €'-topology thus
defines the structure of a topological vector space on the space of 1-forms. In §11.6
below, we will need a Banach space structure.

Remark 11.3.11. The vector space we have obtained is infinite dimensional. It can
be considered as a neighbourhood of fy in the “manifold” of deformations of fj,
or as its tangent space at fj.

I11.4 Calabi-Yau manifolds

We want now to describe, in a way analogous to what we have done in §11.3.b, the
moduli space of special Lagrangian submanifolds. In order to apply Theorem I1.3.7
(special Lagrangian submanifolds are, firstly, Lagrangian submanifolds) we need
a compactness assumption on the Lagrangian submanifold. Unfortunately, as we
have seen it in §1.5.b, the special Lagrangian submanifolds of C" are never com-
pact. We thus need to consider more general manifolds, in which it is possible to
define special Lagrangian submanifolds. These are the “Calabi-Yau” manifolds.

3The CY-topology, defined similarly to the Cl-topology, is simply the compact open topology.
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The point is to define a structure that globalizes the structures on C™ which
have allowed us to speak of special Lagrangian submanifolds. Recall that, in addi-
tion to the R-bilinear alternated form w, we have used the form Q = dz; A---Adz,
of the complex determinant.

We will use here the best adapted definition of a Calabi-Yau manifold, the
point is not to spend time on the Calabi-Yau manifold itself but rather on its
special Lagrangian submanifolds. For more information on Calabi-Yau manifolds,
see [33, 8] and the references they contain.

II.4.a Definition of the Calabi-Yau manifolds

Our manifolds should be complex and endowed with a symplectic form w and a
type-(n,0) holomorphic form  that is nowhere zero (this is sometimes called a
holomorphic volume form). Consider thus a manifold M, on which are given

e a complex structure J (multiplication by i},
e a closed non degenerate type (1,1)-form w (the Kahler form)

e a Riemannian metric
9(X,Y) =w(X,1Y),

a Hermitian metric

h(X,Y) = g(X,Y) — iw(X,Y),

e a trivialization of the “canonical” bundle A"T* M, namely a type-(n, 0) holo-
morphic form £ which is nowhere zero.

We still need a relation between the forms w and 2. Notice that both forms W/
and QA€ are of type (n,n) and both do not vanish on M, in particular, both are

volume forms. We thus have B
QAQ = fu™"

for some function f on M. The additional compatibility condition is that f should
be constant. Let us look at the case of C™. We have

w" = (Z dy; Adz;)™ = nl(dyy Adzi) A A (dyn A dzy).
=1

Writing
1 1
dy = %(dz —dz) and dz = i(dz + dz)

and noticing that

1 ~ _ 1 _
dy Ndz = i(dz —dz) A\ (dz +dz) = Edz/\ dz,
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we can also write

|
W — 2:271 (doy AdZL A+ Ndzn AdZ,).

The computation of Q A Q gives
QAQ = (dzy A+~ Adzy)) A(dZy A -+ N dZy).
We thus have

n{n—1)
1= _
S ) T

2ngn
We will use the same normalization formula to define a Calabi-Yau manifold in

general.

Definition 11.4.1. A complex manifold M is said to be a Calabi-Yau manifold if
it is Kéahler, has a trivialized canonical bundle, and if the Kahler form w and the
type-(n,0) form € trivializing the bundle A"T* M are related by
n(n—1)
w = %ﬂﬂ A Q.

Remark 11.4.2. Recall that it is possible to express the fact that the form w is
Kahler by saying that the complex structure is “parallel” with respect to the Levi-
Civita connection associated with the metric it defines with w. Similarly, it is
possible to express the compatibility condition for by saying that it is parallel
with respect to the same connection.

Remark 11.4.3. In general, it is required that the Kahler metric be complete, in
other words that it is possible to extend geodesics. This is equivalent to requiring
that the manifold be complete (in the sense of metric spaces).

I1.4.b Yau’s theorem

Consider a (complex algebraic) projective smooth manifold M of complex dimen-
sion n. Assume that all the HP?(M) are zero for 1 < p < n — 1 and that the
canonical bundle A"T*M = K, is trivialized by a type-(n,0) form §2. Notice that
M is Kahler, call the Kéahler form w. Rescaling w if necessary, we get

n{n—1)

1YY= n! _
/ w/‘”:w/ QAQ.
M 2N M

A hard theorem of Yau [35] asserts that there exists a unique Kéhler form & on M
such that [@] = [w] € H% (M) and which, together with €, gives M the structure
of a Calabi-Yau manifold.

I1.4.c Examples of Calabi-Yau manifolds

Of course C" is a Calabi-Yau manifold.
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Affine quadrics

We have defined in §II.1 a symplectic form on the unit sphere S* C R? by the
formula
we (X, X') = det(z, X, X').

Similarly, the formula
0.(Z,7") = detc(2,2,2")

defines a “holomorphic symplectic” form of the complex quadric
Q= {(21,22,23) | 27 + 25 + 25 = 1}.
In “differential” terms,
QO = 21dzo Ndzz + 20dz3 AN dzy + z3dz1 N dzs.

On the open subset of Q where z3 # 0, z; and 29 are coordinates and, using the
relation
zldzl + 22d22 + Z3dZ3 = 0,

we can write 1
Q= —dz; Ndzs,
z3

so that {
QAQ =

| l2d21 A dZQ A dfl AN df’g.
Z3

Modifying the restriction wy to @ of the standard Kahler form of C?, let us
construct a Kahler form w on @ such that

1 _
=-QAQ.
wAw 1 A
Call h the restriction to @ of the function |z[2. We look for w of the form
W= %aé( foh)

for some function f. A straightforward computation (see also [31]) shows that

f(h) = vh + 1 works.

The quadric @, equipped with ©Q and w is (thus) a Calabi-Yau manifold.
Recall that @ is diffeomorphic to the tangent bundle 7'S? by

Q ——T8?
X +iY X 2,Y
1+ []Y]]

In this way, what we have got is the structure of a Calabi-Yau manifold on the
tangent (or cotangent) bundle of the sphere S2. It is possible (but a little more
complicated) to do the same for the cotangent bundles of all the spheres S™ and
more generally for those of all “rank-1 symmetric spaces” (see [31]).
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Remark 11.4.4. Recall that we have identified C? with the skew field H of quater-
nions (in §1.5.a). Similarly, the surface ) has the structure of a “quaternionic” or
“hyperkahler” manifold.

Call I the complex structure defined on Q by that of C? (this is the multi-
plication by ¢) and notice that the symmetric bilinear form that is an equation for
Q is still non degenerate when restricted to 2zt = T,Q. Define an operator J, on
the tangent space T,Q by the fact that J,(Z) is the unique vector in T, @Q that is
orthogonal to Z for the complex bilinear form and such that

dete(z, Z,J,(2)) = || Z))*.
This is an almost complex structure since
detc(z,J.2,—Z) = || Z||°
thus J? = —Id. This is an isometry since
1TZ|° = detc(z, JZ,J*(Z)) = detc(z, JZ,-Z) = || Z))°.

Moreover, J “anti-commutes” with [:

detc(z,17,J1Z) = ||IZ||* = || Z||> on the one hand
=idetc(z, Z, JIZ) by linearity.

We thus have
detc(z, Z,J1Z) = —i || Z|* = —dete(z, Z,1JZ)

so that JI = —IJ. Hence I, J and IJ form a quaternionic structure on . On @,
we thus have

e the Kahler form w,
e the complex structure I defined by multiplication by i in C3,
e the associated Riemannian metric g, so that w(X,IY) = g(X,Y),

e the “holomorphic symplectic form” §2,

[ ]

the complex structure J defined in such a way that 2 be a J-Kéhler form,
associated with the same metric g.

It is said that @) is hyperkahler. See Exercise I1.7 for a kind of converse statement.

Let us give now a few examples of compact Calabi-Yau manifolds.
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Elliptic curves

The quotient M of C by a lattice A is an elliptic curve. The two forms

w= l_dz/\diandﬂzdz
21

give it the structure of a dimension-1 Calabi-Yau manifold. One can, more gen-

erally, perform the quotient of C™ by a lattice. It is time for a remark: no other

“explicit” example of compact Calabi-Yau manifold is known. In all the known

examples, the existence of the Kéhler metric with all the desired properties is

obtained as a consequence of the Yau theorem (§I1.4.b).

Hypersurfaces

Recall that complex elliptic curves can be considered as degree-3 curves in P?(C),
thanks to the Weierstrass p-function. They are thus the n = 1 case in the next
theorem.

Theorem I1.4.5. A degree-d hypersurface in P"*1(C) is a dimension-n Calabi-Yau
manifold if and only if d =n + 2.

Proof. The condition on the degree is necessary, as we show it now by the compu-
tation of the first Chern classes. We want that the bundle A" 7T* M be trivializable,
we must thus have ¢;(T*M) = —c,(T'M) = 0. Calling j the inclusion of M in
P"t1(C), we have

e1(TM) + 5% ¢ (0(d)) = 5" er(TP"TH(C))

since the normal bundle of M in P""1(C) is O(d). Denoting by ¢ the dual class to
the hyperplane section in H?(P""1(C)) , we have

(n+2—d)j*t=0

so that d = n + 2.

Assume conversely that d = n + 2. Let us construct explicitly a holomorphic
n-form on M. Let F be a degree-(n + 2) homogeneous polynomial that describes
the hypersurface M. Every point of M lies in an affine chart Z; # 0 of P"*!(C).
In affine coordinates z, = Zi/Z;, there is an index j such that

0

a—zj (207"'717"')’2’!14-1)#0

since M is smooth. The formula

itj—1dzZo N Ndzg N Ndzg N Ndzpgg

g—i(zO,...,l,...,ZnJrl)

Q=(-1)
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defines a homogeneous holomorphic n-form on M that is nowhere zero. This is
a consequence of the theorem of Yau (§11.4.b) that there is, indeed, in the same
cohomology class as the standard Kihler form w, another Kihler form w + i3y
giving a Calabi-Yau structure on M. ]

Remark 11.4.6. The form  above is defined as “Poincaré residue?®”

the n + 1-form on P""!(C) with poles along M defined by

starting from

ddzg A Adz A ANz
F(zo,..., 1, ., Znt1)

g; = (—1)

in the affine chart Z; # 0.

Remark 11.4.7. Calabi-Yau manifolds of dimension 2 are hyperkédhler. The proof
of this fact is the subject of Exercises 11.6 and II.7.

I1.4.d Special Lagrangian submanifolds

An immersion f : V — M from a manifold of real dimension n into a Calabi-
Yau manifold M of complex dimension n is said special Lagrangian if it satisfies
ffw=0and f*8 = 0. As in the case of C", the form f*Q = f*« is then a volume
form.

II.5 Special Lagrangians in real Calabi-Yau manifolds

I1.5.a Real manifolds

A complex analytic manifold is real if it is endowed with a “real structure”, that
is, with an anti-holomorphic involution S : an involution such that, for any holo-
morphic function f over an open subset U of M, f o S is a holomorphic function.
For example, on the algebraic submanifolds of P" (C) described by real polyno-
mial equations, the complex conjugation is an anti-holomorphic involution. These
manifolds are thus real manifolds. In particular, the projective space PV (C) itself
is a real manifold.

The real part, or set of real points of a real manifold is, by definition, the
set of fixed points of S. For example, the real part of the real manifold PV (C) is
PY(R). Notice that there exists respectable real manifolds that have no real point
at all, as is, for example, the “Euclidean quadric”

N+1

Y XP=0
=1

in PV(C).

4See [15] p. 147.
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Proposition I1.5.1. The real part of a real manifold of complexr dimension n, if it is
non empty, is a submanifold all connected components of which have dimension n.

Proof. The connected components of the set of fixed points of the action of a
finite group (here the order-2 group generated by S) are always submanifolds. The
tangent space at z to such a component is the subspace of fixed points of the
R-linear involution ¢ = T, S.

The fact that S is a real structure implies that f o ¢ is a complex linear form
for any complex linear form f on the tangent space at x. We have to check that
the fixed subspace of o has dimension n. To do this, we simply verify that the
eigensubspaces associated with the eigenvalues 1 and —1 are isomorphic. Indeed,
if o(X) = X, then for any complex linear form f, we have

Foa(iX) = if oo(X) = if(X) = J(~iX).
For any complex linear form f, we thus have

flo(iX)) = f(—iX)

so that 0(iX) = —iX. Hence, there are “as many” eigenvectors for the eigenvalue
—1 than there are for the eigenvalue 1. O

II.5.b Real Calabi-Yau manifolds

A Calabi-Yau manifold is real if it is both a Calabi-Yau manifold and a real
manifold, with a couple of compatibility conditions

S* = —wand §*Q =Q

(similarly to what happens in C™ with the complex conjugation and the two usual
forms Q and w).

Ezamples 11.5.2. e The affine quadric 3 22 = 1 of C*, endowed with the com-
plex conjugation of coordinates is a real manifold. It is also clear that this is
a real Calabi-Yau manifold. Its real part is simply the unit sphere S? C R?.
If we consider @ as the tangent bundle to S?, notice that the complex con-
jugation is the multiplication by —1 on the fibers and that the real part is
the zero section.

e A real hypersurface of degree n+2 in P**!(C) is a real Calabi-Yau manifold.
This is checked by computing S*Q and S*(w + i8dyp), for S the involution
induced by the real structure (complex conjugation) of P**1(C) and 2, w
as in the proof of Theorem I11.4.5.
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I1.5.c The example of elliptic curves

Let us come back to the example of I' = C/A where A is a lattice that we assume
here to have the form

A={m+nr|m,neZ}

for some fixed 7 such that 0 < Re(7) < 1 et Im(7) > 0. To define a real structure
on C/A from the complex conjugation in C, it is necessary that A be invariant,
that is, that

T=m+nrT

for some m, n € Z. Considering the real and imaginary parts of 7, it is seen that
m = 2Re(r), thus Re(r) = 3 or 0.

.............................

Re(r) = 1 Re(r) =0
Figure II.1: Real elliptic curves

In the second case, the real part of I" has two connected components, but in
the first case, it has only one, as can be seen solving the equation

Z=z+m+nT7

in both cases. These components are depicted in bold on Figure II.1.

Notice (although this is a trivial remark) that the lines that are parallel to
the z axis constitute a real foliation of C/A by circles (dimension-1 tori) that are
special Lagrangian submanifolds of I, represented by dotted lines on Figure II.1.
The space of these special Lagrangian submanifolds is parametrized by the axis
generated by 7 or rather by its image in I', a circle.

We shall see more generally in §I11.6 that the moduli space of special La-
grangian submanifolds in a Calabi-Yau manifold is, in the neighbourhood of a
submanifold V, a manifold whose dimension is the first Betti number of V' (here
V is a circle and its first Betti number is 1).

I1.5.d Special Lagrangians in real Calabi-Yau manifolds

Assume now that M is a real Calabi-Yau manifold. We know that

S*w = —w and S*Q = Q.
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Assume now that the real part Mg is not empty. Call j the inclusion of Mg into
M. We have S o j = j and in particular

jw=(Soj)w=j"(5w) =5 (-w) = —j'w
hence j7*w = 0. Similarly

Q= (S0 )2 = j*(5°Q) = j*Q = 70

thus j*3 = 0. We have proved:

Proposition I1.5.3. Let M be a real Calabi- Yau manifold. The real part of M, if it
is not empty, is a special Lagrangian submanifold of M. L]

Let us describe now a few examples of this situation.

The affine quadric

The sphere S? is a special Lagrangian submanifold of the affine quadric Q € C3.
In other words, with the Calabi-Yau structure on T'S? defined in §I1.4.c , the zero
section is a special Lagrangian submanifold.

In the next examples, we consider a smooth hypersurface defined by a real
homogeneous polynomial of degree n + 2 in P"T!(C), with its real Calabi-Yau
structure.

Elliptic curves

The n = 1 case, that of plane cubics, is isomorphic to the example of quotients of C
by lattices (§IL.5.c). The real part of a plane cubic has zero, one or two connected
components (see Figure I1.1). All components are (topologically) circles. Cubics
are foliated by special Lagrangian circles, drawn in dotted lines on Figure IL.1.

Degree-4 surfaces

Consider now real algebraic surfaces of degree 4 in P3(C) (the real part of this
subject has been investigated and explained in [21]). Here is an example from [9].
Consider the real polynomial

4 4 4 4
P(Z()yzlazQazfi) =2 +Zl — 29 — 23

that describes a smooth surface M which has a non empty real part Mg. This real
part is

Mg = {(mo,x1,$2,w3) cRY - {0} | ccg +x‘11 = x% +w%}/(x ~ Ax).

Normalize the non zero vectors of R* by the choice, in each real line through zero,
of one of the two vectors such that

4 4 4 4
$0+$1+$2+1‘3:2
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Then Mg is the quotient
{(z0,21), (x2,23) € R® x R* | 2§ + 2] = 25 + 23 = 1} /(u,v) ~ (—u, —v).

It is clear that the curve C described in R? by the equation z* + y* = 1 is
diffeomorphic to a circle (radially). Eventually

Mg = (Cx C)/((u,v) ~ (—u —v))

is diffeomorphic to a torus. We have thus found a special Lagrangian torus in the
Calabi-Yau surface M.

I1.6 Moduli space of special Lagrangian submanifolds

We want now an analogue of Theorem I1.3.8, more precisely a description of a
neighbourhood of a given special Lagrangian submanifold in the space of all special
Lagrangian submanifolds.

Theorem IL.6.1 (McLean [25]). Let V' be a compact manifold. The moduli space
of the special Lagrangian embeddings of V in the Calabi-Yau manifold M is a
manifold of finite dimension b1 (V) = dim H(V;R). Its tangent space at a given
point is isomorphic to the vector space of harmonic 1-forms on V.

As usual, it is understood that the empty set is a manifold of any dimension
— this is not an existence theorem.

Remark 11.6.2. There are two main differences between this statement and Theo-
rem I1.3.8. The first one is that the moduli space here has finite dimension. The
second one is that the condition “to be special Lagrangian” is no longer linear,
so that this is indeed the tangent space that is identified to a space of differential
forms.

Ezxample 11.6.3. Let us come back to the example of the Calabi-Yau structure
on 7'S? described in §11.4.c. We have said in §11.5.d that the zero section is a
special Lagrangian submanifold. As there are no non zero harmonic 1-forms on
S?2, the theorem of McLean asserts that the zero section is “rigid”, that is, it
cannot be deformed. In the moduli space of special Lagrangian submanifolds, this
is an isolated point.

Proof of Theorem 11.6.1.

Using the tubular neighbourhood theorem (here in §11.3.b), replace M by a tubular
neighbourhood of the submanifold V' that is isomorphic to a neighbourhood of the
zero section in the normal bundle of V' (as are all tubular neighborhoods) and to a
neighbourhood of the zero section in the cotangent 7*V. We will use the structures
induced by those of M on this neighbourhood, keeping their names, for example

Q=a+1if.
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We have said in §I1.3.c that the space of Lagrangian submanifolds can be
identified with a neighbourhood of 0 in the space Z(V) of the closed 1-forms
on V. The special Lagrangian submanifolds are described, in this space, by the
equation F'(n) = 0 where

F:ZY (V) —— Q" (V)

is the mapping defined by F(n) = n*(3. Although these spaces are infinite dimen-
sional, the strategy of the proof is to show that F' is submersive at 0. It is thus
better to restrict, as much as possible, its target space. Notice first:

Lemma I1.6.4. The image of F is contained in the subspace dQ"~ (V) of exact
n-forms on V.

Proof of Lemma I1.6.4. 1f n is the zero form, the mapping n : V. — T™V is the
inclusion of the zero section, a special Lagrangian, thus F'(0) = 0. Given a form 7,
it is possible to consider the path (segment) (#7);¢0,1] joining it to the zero form...
and giving a homotopy from the section 7 to the zero section. The cohomology
class of the closed form (tn)*3 does not depend on ¢, thus it is identically zero,
and that means, indeed, that n*3 is an exact form. O

We thus consider F' as a mapping
F:ZYV) —— dQ"" (V)
and compute its differential at 0.

Lemma I1.6.5. The differential of F' at 0 is the mapping

(dF)o(n) = d(xn)

where « denotes the Hodge star operator” associated with the metric defined by the
Calabi- Yau structure on the special Lagrangian V.

Proof of Lemma I1.6.5. To compute (dF)y(n), one chooses a path of forms 7,
whose tangent vector at 0 is the form 7. Let 1 be a 1-form on V and X be
the vector field that corresponds to it via the metric on V, that is, the vector field
such that g(X,-) = n. Let Y = JX be the vector field normal to V. This is the
vector corresponding to 1 under the isomorphism NV ~ T*V. The vector field
Y is only defined along V', we extend it (arbitrarily) in a vector field Y on the
tubular neighbourhood under consideration. Call ¢; the flow of Y, so that Yy is
a diffeomorphism defined for ¢ small enough. The restriction ¢; of ¢; to V is an
embedding of V' into NV (one pushes V using ¢;). For ¢t = 0, this is the zero
section. Hence for ¢t small enough, this is still a section of NV. We have, for all x
inV,
d

a‘ﬁt(m)lwo =Y (x).

5See Exercise I1.5.
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Under the identification NV ~ T*V, the section ¢, of NV corresponds to a section
m: of T*V which is a path of forms, whose tangent vector at 0 is the form 7.

Consider now the (n,0)-form €2, still on our neighbourhood of the zero section

in NV. We have g
E@:Q‘tzo = L{,Q = db{;g

applying Cartan formula together with the fact that €2 is closed. For the embedding
w1V — NV, we thus have
d

%W?tho =diyxQ =1id(tx)

since 2 is C-linear. We then have

(AFYon) = 57t Ble=o
= Im(id(tx2))
= Red(tx)
=d(txa).

We still have to convince ourselves that txya = xn. The (n — 1)-form *n is the
unique form satisfying

YA (xn) = g(¥,n)a

for any 1-form 1. But, as the (n + 1)-form % A « is zero, its interior product by X
is also zero and we have

YA (xa) = (x¥)a = g(y,n)a
by definition of X and of the metric g on the space of 1-forms. O

Notice that this implies in particular that the differential dF} is onto: if ¢ is
an (n — 1)-form,
do = (dFy)(£* o).

To end the proof of the theorem, we need to precise what kind of implicit func-
tion theorem we use to go from “differential is surjective” to “inverse image is a
submanifold”. The simplest here is to use the standard implicit function theorem
for Banach spaces (see, for example, [10]). We need to endow the spaces of forms
ZY V) and Q™(V) with structures of Banach spaces. Let us precise the regularity
of the forms we use. We consider forms of class €1¢ in Z}(V) and of class €%¢
in 2™(V). The Holder norm used here on forms is deduced from the usual Holder
norm on functions: recall that €%<(U) is the space of functions of class €¥ on the
open set U of R™ all the derivatives (of order < k) of which have a finite Holder
norm ||ul|, (for € €]0,1]), with

= su M sSup (ulx
Jull = sup T+ sup fu(z)]
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The implicit function theorem gives the fact that F~!(0) is a submanifold in
a neighbourhood of 0, whose tangent space at 0 is the kernel 3 (V') of (dF)y. It
is important here that this kernel has finite dimension. The isomorphism between
H}Lz(V) and the space H'(V) of harmonic 1-forms is the contents in degree 1 of
the Hodge theorem, see [15]. O

Remark 11.6.6. The vector space Hg;cl(V) is isomorphic to the vector space dual
to Hj,z(V), so that

Hpp(V) & Hpg' (V)

has a natural symplectic structure (see Exercise I.1), here

w((eym), (o)) = / (anT —a' Am).

14

The space of harmonic 1-forms is a Lagrangian subspace, by

HUV) —— Hpp(V) @ HpR (V)

a — [« . k)

(this is the graph of the mapping %, which is symmetric with respect to the metric...
see Exercise 1.8). If jy : V — W is a special Lagrangian submanifold, call B the
moduli space in a neighbourhood of j;. We thus have a Lagrangian subspace

T]()B - HLI)R(V) D H?);fl (V)
and it is possible to “integrate” it in a Lagrangian embedding (see [19])
F:B—— Hpp(V)® Hpp (V).

See also [11] for a description of all these structures by symplectic reduction.

I1.7 Towards mirror symmetry?

The “mirror conjecture” asserts the existence, for any Calabi-Yau manifold M, of
another Calabi-Yau manifold M™* of the same dimension, related with M in a way
we briefly describe now, sending the readers to [33] for missing detail.

Call M, the space of isomorphism classes of

e a complex structure J; deforming the complex structure .J of M

e a “complexified Kéhler class” on (M, J,), namely a cohomology class of the
form a + 18, for some Kihler class (for J;) a € H3 (M) and some element
B e H}n(M)/2rH*(M;Z).



74 II. In symplectic and Calabi-Yau manifolds

Notice that, locally, a + i3 varies in an open subset of H?(M; C), so that the
space M, is, locally, a product. The manifold M and its “mirror” partner M*
should be related by an isomorphism of the moduli spaces

Mpr — Mg+

that exchanges the factors of this local decomposition as a product.

Using in an essential way the symplectic structure of the loop space of M
and techniques that go far beyond the level of these notes, Givental has proved
the conjecture in [14], following a series of previous papers, the references of which
can be found in [14] and [33].

Special Lagrangian submanifolds have been a few years ago the central object
of another approach to mirror symmetry, more speculative and having given so far
very few results — but a very beautiful approach indeed, that I intend to describe
very briefly here.

II.7.a Fibrations in special Lagrangian submanifolds

We are no more interested in a single special Lagrangian submanifold but in a
whole family. More precisely, we consider a compact Calabi-Yau manifold M and
a differential mapping

p:M-—B

to a manifold B, whose general fibers are special Lagrangian submanifolds. The
dimension of B, as that of the fibers of p, must be n. It is not required that p
be everywhere regular. Some of the fibers may be singular. The other ones, who
correspond to regular values of p, are called general fibers.

We know (see §1.6.c and [4]) that in any proper Lagrangian fibration, the
general fibers are unions of tori, so this must be the case here. The first Betti
number of a torus of dimension n is precisely n, so that it can be expected that B
“looks like” the moduli space of special Lagrangian submanifolds.

So, let b € B be a regular value of p and let V C p~!(b) be a connected
component of the fiber p~1(b). If X € T,B is a tangent vector, there exists a
unique vector field Y normal to V in M and such that, for all  in V,

T.p(Y:) = X.

To this field Y corresponds a harmonic 1-form 7 on V, as in the proof of the
theorem of McLean (here Theorem I1.6.1). As B has dimension n, starting from

n independent vectors X1,..., X, in T3 B, one constructs n fields Yi,...,Y,, that
are normal to V and linearly independent at each point of V. Dually, we thus
have n harmonic 1-forms ny,...,n, that form a basis of H!(V) and are linearly

independent at each point of V.
In order that such a fibration p : M — B exists in a neighbourhood of a
special Lagrangian tors V' C M, it is necessary that, for the metric induced by the
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Calabi-Yau structure on V, there exists a basis of H! (V') consisting of forms that
are independent at each point of V.

It is time to mention that (except in dimension 1) there is no known example
having all the properties mentioned here.

¢ Notice first that, abstractly, a basis of harmonic 1-forms that are independent
at each point exists on the flat torus, the basis dx,,...,dx, having this
property. The metrics that are close enough to the flat metric thus have the
samc property.

o We have seen in §11.5.c that the situation of a Calabi-Yau manifold foliated
by special Lagrangians submanifolds occurs in dimension 1.

e In dimension 2, on a special Lagrangian torus, one always has a basis of
harmonic 1-forms as expected. We have seen that a special Lagrangian sub-
manifold in dimension 2 is simply a complex curve (for a different complex
structure). Assuming the submanifold is a torus, it must be an elliptic curve
and it has a nowhere vanishing holomorphic form. Actually, the real and
imaginary part of this form are harmonic forms on V' and they are indepen-
dent at every point.

II.7.b Mirror symmetry

The Strominger, Yau and Zaslow approach to mirror symmetry {32] is to associate,
to a Calabi-Yau manifold M endowed with a fibration in special Lagrangian tori
(assuming it exists), another Calabi-Yau manifold M*. The latter should be the
“extended” moduli space of special Lagrangian submanifolds of M equipped with
a flat unitary line bundle. Call, as above, B the moduli space of special Lagrangian
submanifolds in the neighbourhood of V. Locally, the extended moduli space is

M* =B x H(V;R/Z).
Its tangent space at a point m is
T.M*=H'(V;R)®@ H(V;R)~ HY(V;R) ® C.
Thus, M™* has a natural almost complex structure, it is even Kahler:

Theorem I1.7.1 (Hitchin [19]). The complex structure on M* is integrable, the
metric of H'(V;R) defines a Kdhler metric on M*.

We have seen (Remark I1.6.6 above) that B is a Lagrangian submanifold
of Hyp (V) @ HEY R (V), a symplectic vector space endowed by the metric of an
almost complex structure (see Exercise 1.12). It can be shown (see [19]) that M* is
a Calabi-Yau manifold if B is... a special Lagrangian submanifold in this complex
vector space. See [11, 20].
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Exercises

Ezxercise 11.1. Check that the Liouville form A of the cotangent T*V satisfies

(AN 2.0 (v, @), (w, B)) = a(w) — B(v)

(see Exercise 1.1).

Ezercise 11.2. Let ¢ : L — L be a diffeomorphism. Prove that the formula

B(z,a) = (p(2), ((dp); ") )
defines a diffeomorphism of T*L into itself. Determine ®*\ and prove that &
preserves the symplectic from.

Exercise 11.3. Let w be a non degenerate 2-form on a manifold W. Define the
Hamiltonian vector fields and Poisson brackets as above (this does not use the
fact that w is closed). Express

(dw). (XY, Z)

when X, Y et Z are tangent vectors to W at x that are the values at x of the
Hamiltonian vector fields of three functions f, ¢ and h. Prove that w is a closed
form if and only if the Poisson bracket it defines satisfies the Jacobi identity.

Ezercise 11.4. Assume X and Y are two “locally Hamiltonian” vector fields on a
symplectic manifold, namely that ¢xw et tyw are closed forms. Prove that their
Lie bracket [X,Y] is a globally Hamiltonian vector field, namely that ¢y yjw is an
ezact form.

Ezercise 11.5 (The Hodge star operator). Let V be an n-dimensional oriented man-
ifold endowed with a Riemannian metric ¢ and let « be the Riemannian volume
form. Check that the formula

glur A Aup, v A= Avy) = det(g(ui, v5)1<i5<p)
defines an metric on AP7T*V ... and that the map
*: APTV ——— APV

defined by
u (xv) = gu,v)a

for all u € APT*V defines, indeed, an operator, the Hodge star operator, which is
an isometry. Check that

sox = (= 1PV Idppgey
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Ezercise 11.6 (Multilinear algebra in R*). Consider the vector space R?, with its
Euclidean structure g(X,Y) = (X,Y) and canonical basis (e}, e3,€3,€4), and the
vector space

A =A*RYH*
of alternated bilinear forms on R?.

(1) What is the dimension of A? Check that A is isomorphic to the vector space
of skew-symmetric endomorphisms of R*.

(2) Endow A with the Euclidean structure ( , ) induced by that of R*, namely
such that the basis (e} A e;‘)/\/ﬁ (for 1 <i < j < 4) is orthonormal. Define
the (Hodge) star operator x on A by the formula

(xa) A= (a,n)det for allp € A
(where det, namely the determinant, is the generator of A*(R*)* such that
det(61 Nex Aes A 64) = 1.

Check that x is an involution. Determine the x(e; A e}) and the eigenspaces
of .

(3) Call A} the subspace of forms that are invariant by x (they are called “self-
dual” forms). To any a in A,, associate as in (1) a skew-symmetric endo-

morphism
Jo :RY —— R

Prove that J2 = —Id if and only if (o, ) = 1.

Ezercise 11.7 (Calabi- Yau surfaces). Let M be a Calabi-Yau surface with Kihler
form w and holomorphic 2-form €.

(1) There exists a local basis (¢1, ¢2) of the vector space of holomorphic forms
on M in which

w = %(@1 NP1+ 2 A P2)
(see [15]). Prove that, on the open set where ¢, and ¢, are defined, one has
= Ap1 A
for some constant X.

(2) Check that 2 = €2. Deduce that the real o and imaginary 3 parts of Q are
self-dual in the sense that xa = « and x3 = .

(3) Prove that the formula
a(X,JY) =g(X,Y)

defines a skew-symmetric endomorphism J of the tangent bundle 7'M and
that
JX € (X, IX)*: =(C-X)*.
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Prove that J2 = —Id, so that J is an almost® complex structure on M, and
that J is an isometry for g.

Prove that M is endowed with a hyperkahler structure, namely with three
isometries I, J and K that are almost complex structures and anti-commute
and with three non degenerate 2-forms that are Kéhler for the metric ¢ and
respectively for each of the complex structures I, J and K.

Ezxercise I1.8. Using the notation of Exercise I1.7, prove that the special Lagrangian
submanifolds of the Calabi-Yau manifold M are the complex curves for the complex
structure J.

FEzercise 11.9. In this exercise, W denotes a complex analytic manifold” of complex
dimension 2, endowed with the structure of a Calabi-Yau manifold, with the Kéahler
form w, the holomorphic volume form €2 and the metric . Assume moreover that

HIIDR(W) = 0.

that

Consider a vector field X on W, assume that it is not identically zero, and
it preserves w and {2, namely that it satisfies the relations Lxw = 0 and

L ¥ = 0. Assume moreover that the 1-form ¢x 2 is holomorphic.

(1)

(2)

3)

(5)

(6)

The metric v and the vector field X are assumed to be complete.

Prove that X is the Hamiltonian vector field of a function H : W — R.

Prove that ¢t x ) is preserved by X and that there exists a holomorphic func-
tion f : W — C such that :xQ) = df. Let x € W be a point such that
X, # 0. Prove that the kernel of (1x€?), is the complex line in T, W spanned
by X..

Assume that L is a Lagrangian submanifold of W that is preserved by X (this
means that X, € T, L for all z € L). Check that the connected components
of L are contained in the level sets H!(a) of the Hamiltonian H.

Call g and h respectively the real and imaginary part of f. Assume now that
L is a special Lagrangian submanifold. Prove that h is locally constant on L.

Let a € R be a regular value of H and let Q = H~!(a) be the corresponding
level set in W. Fix a point = in (. Prove that the orthogonal of X, for
the metric v in 7.Q) is a complex line D, and that the complex linear form
(¢x€), is non zero on D,. Deduce that the two real linear forms dh(z) and
dH(z) are independent. Prove that, for all b € R, L = QN h 1(b) is a
dimension-2 submanifold of W and that it is special Lagrangian.

Prove that g |1 has no critical point.

61t is not very hard to prove that this is a genuine complex structure, namely that M is a
complex manifold for some structure such that the multiplication by i is J.

“This exercise (slightly) generalizes the construction given in §1.5.e and in particular that of
Exercise 1.19.
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(7) Assume that the Hamiltonian vector field X is periodic. Prove that the
connected components of L are diffecomorphic to S x R.
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