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Introduction 

This text is an introduction to Lagrangian and special Lagrangian submanifolds. 

Special Lagrangian submanifolds were invented twenty years ago by Harvey and 

Lawson [18]. They have become very fashionable recently, after the work of 

McLean [25], leading to the beautiful speculations of Strominger, Yau and Zas-

low [32] and the remarkable papers of Hitchin [19, 20] and Donaldson [11]. 

My aim here is mainly to present as many examples as possible. I have taken 

some time to explain why we know so many Lagrangian and so few special La-

grangian submanifolds and immersions. There are mainly two reasons: 

• To be Lagrangian is, eventually, a linear property. On the other hand, the 

property to be special Lagrangian is, in dimension 3 and more, non linear . 

• The moduli space of Lagrangian sub manifolds that are close to a given one 

is an infinite dimensional manifold, while the corresponding moduli space of 

special Lagrangian sub manifolds is finite dimensional. 

This will be apparent in the number and nature of the examples I describe in these 

notes. 

To prepare these lectures, in addition to the papers mentioned above, I have 

used standard textbooks on manifolds and vector fields as [22], on symplectic 

geometry as [4, 7, 24, 30] and on complex manifolds and Hodge theory as [8, 15]. 

I have used standard notation but, although this text pretends to be written 

in English, I have kept a preference for (transparent) French standards, for instance 

pn (K) for the projective space of dimension n over the field K and t A for the 

transpose of a matrix A. 

I thank Etienne Mann, Edith Socie, Thomas Vogel and Jean-Yves Welschin-

ger for their comments and their help during the preparation of these notes. Special 

thanks to Mihai Damian, Alicia Jurado and Sebastien Racaniere. 



Chapter I 

Lagrangian and special 

Lagrangian immersions in en 

In this chapter, I define Lagrangian and special Lagrangian immersions in en. To 

begin with, I explain that en is the standard real vector space endowed with a 

non degenerate alternated bilinear form (§ 1.1) and use this "symplectic structure" 

to define Lagrangian subspaces and immersions (§§ 1.2, 1.3 and 1.4). Later, I use 

the complex structure as well, to define special Lagrangian immersions (§ 1.5). 

1.1 Symplectic form on en, symplectic vector spaces 

I.1.a Symplectic vector spaces 

Consider the vector space en with the Hermitian form 

n 

(Z, Z') = L ZjZj 
j=1 

(note that it is anti-linear in the first entry and linear in the second). Decompose 

it in real and imaginary parts: 

(Z, Z') = (Z, Z') - iw(Z, Z'). 

The real part is the standard scalar product (Euclidean structure) of en = Rn x 

Rn, 

n 

(Z, Z') = L(XjXj + YjYj) = x· X' + Y· Y', 
j=1 
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a symmetric non degenerate (real) bilinear form. The imaginary part defines a 

(real) bilinear form 

n 

W = L(XjYj - XjYJ) = X'· Y - X· y' 
j=l 

that is alternated, this meaning that w(Z, Z) = 0 for all Z. Equivalently, w is 

skew-symmetric, that is, 

w(Z', Z) = -w(Z, Z'). 

To write these formulas, I have decomposed the complex vectors of en as 

Z = X +iY, 

and I have used the scalar product X· Y of Rn. The form w is non degenerate 

too, as 

w(X, Y) = 0 for all Y =} X = O. 

More generally, on a real vector space E, a symplectic form is a non degen-

erate alternated bilinear form. A vector space endowed with a symplectic form is 

said to be a symplectic vector space. 

I.1.b Symplectic bases 

Fix a complex unitary basis (e1,"" en) of en. Put ij = -iej, so that 

is a basis of the real vector space en. Compute w on the vectors of this basis: 

w(ei, ej) = Im(e;, ej) = Imbi,j = 0, 

also 

w(j;, ij) = Im(iei' iej) = Im(ei' ej) = 0 

and eventually 

w(ei,ij) = Im(ei,-iej) = Re(ei,ej) =i5'j' 

Inspired by these properties, we say that a basis (e1,"" en, iI, ... , in) of a 

symplectic vector space is a symplectic basis if 

w(ei' ij) = bi,J and w(ei' ej) = w(J;, ij) = 0 for all i and j. 

There are symplectic bases in all symplectic spaces, thanks to the following propo-

sition. 
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Proposition 1.1.1. Let w be a symplectic form on a finite dimensional vector space 

E. There exists a basis (e1,"" en, h,···, fn) of E such that w(ei' fJ) = bi,j and 

w(ei,ej) = w(f;,fJ) = O. 

Proof. As w is non degenerate, it is not identically zero so that one can find two 

vectors e1 and h such that w( e1, h) = 1. One then checks that the restriction 

of w to the orthogonal complement (with respect to w) of the plane (e1' h) is 

non degenerate. One eventually concludes by induction on the dimension - once 

noticed that an alternated bilinear form on a I-dimensional vector space is zero. 0 

In particular, the dimension of E is an even number and this is the only 

invariant of the isomorphism type of (E,w). If E has dimension 2n, then E with 

its symplectic form is isomorphic to en with the form w. This result can be 

called a "linear Darboux theorem", in reference with the forthcoming (Darboux) 

theorem 11.3.6. 

More generally, an alternated bilinear form has a rank, that is the dimension 

of the largest subspace on which it is non degenerate, and is an even number. 

Matrices 

In a symplectic basis, the matrix of the symplectic form is 

( Old) 
J = -Id 0 . 

Notice that the matrix J satisfies 

J2 = - Id. 

As the matrix of an endomorphism, this is a complex structure. In the symplectic 

basis of en associated with the canonical (complex) basis (e1' ... , en), J is nothing 

other that the matrix of multiplication by i. 

I.I.c The symplectic form as a differential form 

One can write w as a differential form 

n 

W = LdYj I\dx). 

)=1 

This is an exact differential form (the differential of a degree I-form): 

n 

w = d(LyjdXj) = d(Y· X). 

j=l 

The form ,\ = Y . dX is called Liouville form (see § ILl below). 
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I.1.d The symplectic group 

This is the group of isometries of w. A transformation g of en is symplectic if it 

satisfies 

w(gZ, gZ') = w(Z, Z') for all Z, Z' E en. 

Call Sp(2n) the symplectic group of the space en of dimension 2n. Consider 

all the groups O(2n), GL(n; C), U(n) and Sp(2n) as subgroups of GL(2n; R). 

Proposition 1.1.2. The following equalities hold 

Sp(2n) n O(2n) = Sp(2n) n GL(n; C) = O(2n) n GL(n; C) = U(n). 

Proof. Let us characterize our subgroups of GL(2n; R): 

(1) g E GL(n; C) if and only if g is e-linear, that is, if and only if 

g( iZ) = ig( Z) for all Z. 

For a matrix A, this is to say that AJ = J A. 

(2) g E Sp(2n) if and only if g preserves w, that is, if and only if w(gZ,gZ') = 

w(Z, Z') for all Z and Z'. For a matrix A, this is 

tAJA = 1. 

(3) g E O(2n) if and only if (gZ, gZ') = (Z, Z'). For a matrix A, this is t AA = Id. 

One then checks that two of these conditions imply the third: 

• (2) and (3) imply that 

(gZ, gZ') = (Z, Z') 

thus that g E U(n) C GL(n; e). 

• (3) and (1) imply that 

w(gZ,gZ') =w(gZ,-ig(iZ')) = (gZ,g(iZ')) = (Z,iZ') =w(Z,Z') 

thus that g E Sp(2n). 

• in the same way, (1) and (2) imply (3). 

In matrix terms, the intersection Sp(2n) n O(2n) is the set of matrices 

(u -V) VUE GL(n; e) c GL(2n; R) 

such that 

{ tuv = tvu 
tuu + tvv = Id. 

This is exactly the condition that U + iV be a unitary matrix. o 
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I.I.e Orthogonality, isotropy 

Write FJ. for the Euclidean orthogonal of the real subspace F of en and FO for 

its symplectic (that is, with respect to w) orthogonal. As w is non degenerate, one 

has 

and dimF + dimFo = 2n = dimR en. 

Notice however that a subspace and its orthogonal may have a non trivial inter-

section. The restriction of the non degenerate form w to a subspace is not always 

a non degenerate form, in contradiction with what happens in the Euclidean case 

(which is due to the positivity of the scalar product). In other words, all the sub-

spaces of a symplectic space do not have the same behaviour with respect to the 

symplectic form. See Exercises 1.6 and 1. 7. 

One says that a subspace F is isotropic if F C FO, co-isotropic if F :) FO. 

For instance, a (real) line is always isotropic, as it lies in its orthogonal which is 

a (real, co-isotropic) hyperplane. Notice that F is isotropic if and only if FO is 

co-isotropic. Notice also that the dimension of an isotropic subspace is at most 

equal to n, half the dimension of en. 

1.2 Lagrangian subspaces 

I.2.a Definition of Lagrangian subspaces 

The isotropic subspaces of maximal dimension n are Lagrangian. For instance, 

Rn c en is a Lagrangian subspace. More generally, a subspace generated by "one 

half" of a symplectic basis is Lagrangian. Conversely, if F is an isotropic subspace 

of dimension k ::; n, it is possible to complete any basis (el,'" ,ek) of F m a 

symplectic basis and thus to obtain Lagrangian subs paces containing F. 

Let us use now the complex multiplication in en to state: 

Lemma I.2.1. A real subspace P of en is Lagrangian if and only if pJ. = iP. 

Proof. This is a straightforward computation: 

w(Z, Z') = 0 {o} Im(Z, Z') = 0 

{o} Re(Z, iZ') = 0 

{o} (Z, iZ') = o. 

D 

Lemma 1.2.2. Let P be a Lagrangian subspace of en and let (Xl, ... ,x n ) be an 

orthonormal basis of this real subspace. Then (Xl, ... ,x n ) is a complex unitary 

basis of en. Conversely, if (Xl, ... , Xn) is a unitary basis of en, the real subspace 

it spans is Lagrangian. 
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Proof. If (Xl, ... , Xn) is an orthonormal basis of the Lagrangian P, the previous 

lemma says that the basis (Xl, ... ,Xn , iXI, ... ,ix n ) is an orthonormal basis of the 

real space en, thus that (Xl, ... ,xn) is a complex basis of en. Moreover, one has 

thus this is a unitary basis. The converse is even more obvious. o 

I.2.h The symplectic reduction 

This is a simple but useful operation, essentially contained in the next lemma. 

Lemma 1.2.3. Let P be a Lagrangian subspace and F be a co-isotropic subspace of 

en, such that 

P+F = en. 

Then the restriction of the projection 

P n F c F -------+ F / FO 

is injective, the space F / FO is symplectic and the image of P n F is a Lagrangian 

subspace. 

Proof. The symplectic form of en clearly induces a non degenerate form on F / FO, 

as FO is the kernel of the restriction of w to F. The kernel of the composition 

P n Fe F -------+ F/ FO 

is 
P n F n FO = P n FO F being co-isotropic, F::) FO 

= (PO + F)O, since (A + B)O = AO n BO, 

= (P + F) ° as P is Lagrangian, P = po 

= (en)O because P + F = en 
= 0 as w is non degenerate. 

The map is thus injective. Eventually P n F is isotropic and has dimension 

dimP n F = dimP + dimF - dim(P + F) = dimF - n, 

half the dimension of the symplectic space F / FO, that is 

dimF/FO = dimF - (2n - dim F) = 2(dimF - n). 

o 

See more generally Exercise 1.9. 
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1.3 The Lagrangian Grassmannian 

We consider now the set An of all Lagrangian subspaces of en. 

I.3.a The Grassmannian An as a homogeneous space 

Look again at lemma 1.2.2. If PI and P2 are two Lagrangian subspaces of en, 
choose an orthonormal basis for each. We thus have two unitary bases of en. 
There exists a unitary transformation (an element of the unitary group U(n)) that 

maps the basis of PIon that of P2 ... and thus a fortiori the Lagrangian PIon the 

Lagrangian P2 . 

In other words, the group U(n) acts transitively on the set of Lagrangian 

subspaces of en. The stabilizer of the Lagrangian Rn is the group O(n) of or-

thonormal basis changes in R n. We have defined this way a bijection 

U(n)/O(n) --+ An 

with the help of which we identify the two sets. Notice that this provides An with 

a topology, namely that of U(n)/ O(n), the quotient topology of the topology of 

the matrix group U(n). 

Example 1.3.1. As all lines are isotropic, the space Al is the space of real lines in 

e = R2, namely the projective space pl(R). The unitary group U(l) is a circle 

and the orthogonal group 0(1) is the group with two elements {±l}. 

As the unitary group U (n) is compact (being closed and bounded in the 

space of matrices) and path-connected (exercise), the space An is a compact path-

connected topological space. 

I.3.b The manifold An 

Let us firstly describe a neighbourhood of P E An in An. Put 

Up = {Q E An I Q n (iP) = O} . 

This is an open subset: using a unitary matrix, one can assume that P = Rn, but 

then URn is the image in An of the (saturated) open subset of U(n) consisting of 

all the unitary bases the real parts of whose vectors form a basis of R n. This is, 

clearly, a neighbourhood of P. 

Lemma 1.3.2. The open set Up is homeomorphic to the real vector space of all 

symmetric endomorphisms of P. 

Proof. The subspaces Q that intersect iP only at 0 are the graphs of the linear 

maps rp : P ---t iP. It is more convenient to call irp the linear map, so that rp is a 

linear map from P to itself. Write now that Q is Lagrangian, namely that 

'</x,yEP, w(x+irp(x),y+irp(y)) =0. 
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We have 

w(x + iip(x), Y + iip(Y)) = - Im(x + iip(x), Y + iip(Y)) 

= w(x, y) + w(ip(x), ip(Y)) + (ip(x), y) - (x, ip(Y)) 

= (ip(x),y) - (x,ip(Y)), 

P being Lagrangian. The subspace Q is Lagrangian if and only if the last expression 

vanishes for all x and Y in P, namely if and only if ip is symmetric 1 . We have thus 

defined a bijection that maps 0 to P 

EndSym(P) ----+ Up 

ip f-----+ graph of iip 

and is clearly a homeomorphism. D 

Remark 1.3.3. Consider for instance the "vertical" Lagrangian iRn C en. We see 

that An is a disjoint union 

An = ^ú= u úå=

where úå= is the set of all Lagrangians that are not transversal to iRn and ^ú= is 

identified with the space of n x n real symmetric matrices. 

We intend to prove now that the open sets Up define the structure of a 

manifold on An. Notice firstly that any n-dimensional subspace Q of Rn x R n 

may be represented by a rank-n matrix 

Z = EúF= , with 2n lines and n columns, 

the column vectors of which form a basis of Q. Two matrices Z and Z' describe the 

same subspace if and only if there exists an n x n invertible matrix g E GL(n; R), 
such that Zg = Z'. 

Lemma 1.3.4. The subspace Q is Lagrangian if and only if the two matrices X and 

Yare such that 

Proof. Let u, u' ERn and let z, z' be the corresponding vectors in Q: 

z = EúF= u, z' = EúF= u'. 

Note that Xu, Yu, Xu' and Yu' are vectors of Rn. We compute: 

w(z, z') = w((Xu, Yu), (Xu', Yu')) 

= (Xu) . (Yu') - (Yu) . (Xu') (scalar product in Rn) 

= tutXYu' - tutyXu' (as U· V = tUV) 

= tu CXY - tyX) u'. 

1 See also Exercise 1.8. 

D 
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Remark I.3.5. If Q is the graph of a linear map Rn ---+ iRn, it can be represented 

by a matrix Z = EúFK= The relation in lemma I.3.4 simply expresses the fact that 

the matrix A is symmetric. 

Consider more generally a subset J of {I, ... , n} and the Lagrangian subspace 

PJ of Rn x Rn spanned by {( ej )jEJ, (iej )j\lJ}. Denote U PJ by U,J (for simplicity). 

Any element of U J is described by a unique matrix Z such that, if we extract from 

Z the matrix containing the lines j (for j E J) and j + n (for j tf. J), we get the 

identity matrix. The 2n open sets UJ clearly cover An. Moreover, as we have said 

it, each of them can be identified with the subspace Sym(n; R) of n x n symmetric 

matrices. The UJ's, with their identification with Sym(n; R) are coordinate charts. 

Change of coordinates are given by 

-1 
ipJ ipp 

Sym(n;R)---+ UJnU p ---+Sym(n;R) 

A ú=ZJ(A) = Zp(B) ú=B 

where Z,J(A) is the matrix obtained from EúF= by mapping the first n lines on 

the lines j (for j E J) and j + n (for j tf. J). The matrix Zp(B) is obtained by 

multiplying ZJ(A) by the inverse matrix of the (invertible!) matrix of the lines 

corresponding to J' in ZJ(A). The coordinate change A f---7 B is clearly smooth (it 

is actually rational, thus analytic). 

Proposition 1.3.6. The Gmssmannian An is a compact and connected manifold of 
n(n + 1) 

dimension 2 . o 

I.3.c The tautological vector bundle 

Consider the space 

En = {(P, x) E An X en I x E P} . 

Together with its projection on An, this is a rank-n vector bundle over An. The 

fiber of En at P E An is the Lagrangian subspace P itself, a reason why this 

bundle is qualified as "tautological". 

The property expressed in Lemma I.2.1, namely p.l = iP, is translated, in 

terms of the bundle En, in the fact that En @R e, the complexified bundle, is trivial 

(has a canonical trivialization). The (global) trivialization is the isomorphism of 

complex vector bundles 

En @R e ---+ An X en 
(P, x @ (a + ib)) ú=(P, (a + ib)x). 
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I.3.d The tangent bundle to An 

The canonical identification of the open subset Up with the space of symmetric 

endomorphisms of P allows to identify the tangent bundle of An with the bundle 

EndSym(En). It is also possible to describe this bundle from the tangent bundle 

of U(n). The group U(n) is described as a submanifold of the space of all complex 

matrices by the equation t AA = Id, so that we have 

TA U(n) = {X E GL(n; C) I tAx + tXA = o}. 

Call u(n) the vector space TId U(n) of skew-Hermitian matrices. There is an iso-

morphism 

TA U(n) --+ u(n) 
X f----t tAx 

identifying the tangent bundle TU(n) with the trivial bundle U(n) x u(n) - as 

any Lie group, U (n) is parallelizable. Consider the Lagrangian R n, image in An 

of the identity matrix Id. One can write 

TRn(U(n)/O(n)) = u(n)/o(n), 

this is the quotient of the vector space of anti-Hermitian matrices by that of skew-

symmetric real matrices. We thus identify 

TRnAn = i Sym(n; R), 

as the real part of a skew-Hermitian matrix is skew-symmetric and its imaginary 

part is symmetric. 

Let P be any Lagrangian subspace. Choose a unitary matrix A such that 

P = A . Rn. As we have identified the quotient u(n)/o(n) with the subspace 

i Sym(n; R) of u(n), we identify the quotient T[AJAn with a subspace of TA U(n): 

i Symr R: -X-r--;-A-· -X-.' TT" 
u(n) ) TA U(n). 

We derive an isomorphism 

i Sym(n; R) --+ TpAn 
X f----t A . X. 

Remark 1.3.7. This isomorphism depends on the choice of A, this is why it does 

not follow that An is parallelizable (it is actually not, as soon as n ú= 2). 
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1.3.e The case of oriented Lagrangian subspaces 

One can also consider the space An of oriented Lagrangian subspaces. Replacing 

"orthonormal basis" by "positive orthonormal basis" in what precedes, we get an 

identification of An with U (n) j SO (n). 

1.3.f The determinant and the Maslov class 

The "determinant" mapping 

det : U(n) -------+ S1 

descends to the quotient by SO(n) and, in the same way, its square 

2 1 det : U (n) -------+ S 

to íÜú= quotient by O(n). This allows to compute the fundamental groups of An 

and An. 

Proposition 1.3.8. The fundamental group of An (resp. An) is isomorphic to Z. 

The covering An ---7 An shows 71"1 (An) as an index-2 subgroup in 71"1(An). 

Proof. Recall first that the group SU(n) is simply connected. This can be proved 

by induction on n: SU(l) is a point and SU(n + 1) acts transitively on the unit 

sphere s2n+1 of C n +1 with stabilizer SU(n), so that the exact sequence 

71"1 SU(n) -------+ 71"1 SU(n + 1) -------+ 71"1s2n+1 

gives the result. As the determinant mapping 

det: U(n) -------+ S1 

is a fibration with fiber SU(n), it induces an isomorphism 

det*: 71"1 U(n) -------+ 71"1 (S1). 

The fiber of the determinant mapping An -------+ S1 is SU(n)j SO(n), which is 

simply connected, thus 

det* : 71"1An -------+ 71"IS1 

is an isomorphism. What is left to prove is a consequence of the fact that the 

diagram 

is commutative. o 
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"The" generator of KlAn is called the Maslov class. One also calls "Maslov 

class" the cohomology class 

that it defines by duality. Using the notation of Remark 1.3.3, it can be shown that 

J-l is the dual class to the integral homology class represented by úå= (see [1, 12]). 

1.4 Lagrangian submanifolds in en 

We are going now to globalize the notion of Lagrangian subspace, considering 

sub manifolds of en whose tangent space at any point is Lagrangian. We will not 

really need actual submanifolds, but maps 

f : V -------+ en 

from some n-dimensional manifold to en, the tangent mapping of which 

is an injection for any point x of V, with image a Lagrangian subspace. It is then 

said that f is a Lagrangian immersion. 

For instance, any immersion of a curve (real manifold of dimension 1) in e is 

a Lagrangian immersion. Any product of Lagrangian immersions is a Lagrangian 

immersion (into the product target space), we thus obtain Lagrangian immersions 

of tori (products of circles). Our next aim is to describe examples of Lagrangian 

submanifolds and immersions in en and to give a necessary (and sufficient) con-

dition for a given manifold to have a Lagrangian immersion into en. 

I.4.a Lagrangian submanifolds described by functions 

We consider firstly graphs. 

Proposition 104.1. The graph of a map F : R n -+ (i)Rn is a Lagrangian submani-

fold if and only if F is the gradient of a function f : Rn -+ R. 

Proof. The tangent space to the graph at the point (x, F (x)) is the graph of (dF) x, 

the differential of F at the point x. This graph is a Lagrangian subspace if and 

only if (dF)x is a symmetric endomorphism (see the proof of Lemma 1.3.2). The 

matrix of;! oXj is symmetric for all x if and only if the differential form ú=Fidxi 

over Rn is closed or, equivalently, exact: 

of 
Fi = -:::;-, namely F = V' j. 

UXi 

D 
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See, more generally, Proposition II.2.1. 

The Lagrangian submanifolds obtained as graphs have a very specific prop-

erty: the projection of the Lagrangian sub manifold on Rn is a diffeomorphism. 

We would like to consider more general Lagrangian immersions, for instance im-

mersions of compact manifolds. Here is a way to construct Lagrangian immersions 

using the reduction process of § 1.2.b. We start from a Lagrangian submanifold 2 

L c Cn+k • We want to construct a Lagrangian immersion into en. To write en 
as F / FO, we choose the co-isotropic subspace F = en E9 R k, the orthogonal of 

which is FO = 0 E9 R k. We suppose that the sub manifold L is "transversal to F" 

in the sense that, for all x, 

Tx L + F = C nH . 

The Lagrangian subspace TxL thus satisfies the assumption of the reduction lemma 

(Lemma 1.2.3). Hence the composition 

êúqXå= P l P --+ Plpo = en 
-..L- --- I 

is the injection of a Lagrangian subspace. 

Consider now the intersection V of the submanifold L with F. With the 

transversality assumption we have made on L, V is an n-dimensional submanifold 

of F (a consequence of the inverse function theorem) whose tangent space Tx V is 

the intersection of TxL with F. Thus, the reduction lemma asserts, at the level 

of each tangent space, that, for all x in V = L n F, we have the injection of a 

Lagrangian subspace 

In other words, the composition 

V = L n F c F --+ F / FO = en 

is a Lagrangian immersion. 

Remark 1.4.2. Even if one starts from a Lagrangian submanifold, what we get in 

general is only an immersion. 

Generating functions 

We generalize the "graph" construction, using the reduction process as explained. 

Let us start with a nice and useful example. 

Example 1.4.3 (The Whitney immersion). Consider the unit sphere in Rn+l 

sn = {(x, a) ERn x R IIIxl12 + a2 = I} 

and the map 
f: sn --+ en 
(x, a) f-------+ (1 + 2ia)x. 

20 r a Lagrangian immersion. 
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The tangent space to the sphere is 

Tex,a)sn = ôEúI = a) ERn x R I x' ú= + aa = O} 

and the tangent mapping to f is 

T(x,a)i : T(x,a)sn ----> en 
EúI = a) f------+ ú= + Oá E~ ú = + ax), 

The map Tex,a)i is injective for all (x, a) E STl: if qÉñI ~FÑEúI = a) = 0, then ú= = 0 

and ax = 0; if x = 0, we have a = ±1 and the equality x ' ú= + aa = 0 gives a = 0, 

Thus we have ú= = 0 and a = 0, so that f is an immersion, Moreover, we have 

ïEú= + Oá E~ ú = + ax),( + 2i(a( + a'x)) = OEú D= (a( + a'x) - (, E~ú= + ax)) 

= OE~Dú I = x - a( ,x) = 0 

so that the image of T(x,a)i is an isotropic subspace of dimension n, a Lagrangian 

subspace, In conclusion, the map f is a Lagrangian immersion, It has a unique dou-

ble point (North and South poles of the sphere are mapped to 0), In dimension 1, 

this is a "figure eight", Below (in § IA.b) we will draw pictures in dimensions 1 

and 2, 

Obviously, the Whitney sphere is not the graph of a map from R n to Rn, 

Let us show that it can nevertheless be described from the graph of a map defined 

on a larger space, We start from a function 

As we have seen it above, the graph of \7 f is a Lagrangian subspace of en+k, We 

reduce en+k as in § 1,2, b using the co-isotropic subspace F = en EB R k, Here we 

intersect the graph of \7 f with F, namely we consider 

{ ( ) n k I 8 f 8 f } n Rk V = x, a E R x R - = '" = - = 0 c R x , 
8al 8ak 

The transversality assumption above is equivalent to the assumption that V is a 

submanifold of R n x R k, in other words that the map 

Rn x Rk ----> Rk 

(x, a) f------+ (:: '" , , Wú F =
is a submersion along V, In terms of partial derivatives, this is to say that the 

matrix 
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has maximal rank k. In terms of tangent subspaces, this is to say that the La-

grangian subspaces that are tangent to the graph of \7 f are transversal to the 

co-isotropic subspace F. The reduction lemma 1.2.3 says that the map 

v --+ Rn x Rn = en 

(x, a) f--------+ (x, úÑ= , ... , úÑ= ) 
UXI UXn 

is a Lagrangian immersion. 

Example 1.4.4 (The Whitney immersion, again). With k 
3 

2 a 
a Ilxll + 3 - a, we get 

of 2 2 
oa = Ilxll + a-I = 0, 

1 and f(x, a) 

an equation which describes the sphere sn eRn x R, and of/ox = 2ax gives the 

Whitney map. 

Example 1.4.5 (Unfolding). Unfoldings are deeply related with Lagrangian sub-

manifolds (see [2]). I will not explain here the general theory but rather show an 

example. Let P E R[X] be a degree-(n + 1) polynomial 

where Xl, ... ,Xn-l E R. These coefficients are going to vary, this is the reason 

why they are named as variables. Call Px the polynomial corresponding to x = 

(Xl, ... 'Xn-d E Rn-l and consider the map 

f : R n- l x R --+ R 

(Xl, ... , Xn-l, a) f--------+ Px(a) 

to which we apply the previous techniques. The manifold V is 

V = {(x,a) E R n - l x R I úú= (Xl, ... ,Xn-l,a) = o} 
= {(x,a) E R n - l x R I mú E~ F = = O}, 

this is the set of critical points of Px (zeroes of its derivative mú F = when X varies. The 

condition that V actually be a submanifold is that the matrix of partial derivatives 

has rank 1. But 

úú= = mú E~ F = = (n + l)a n + (n - 1)xIa n- 2 + ... + Xn-I 
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so that 8 2 f / 8x n - 18a is identically 1. Thus V is indeed a submanifold. The La-

grangian immersion is 

) ( 8Px 8Px ( )) (x,a f----+ x,-:::;--(a), ... ,-",-- a . 
UXI UXn-1 

For instance, starting from the family 

we get 

V = {(Xl, X2, a) E R3 I 4a3 + 2Xla + X2 = o} 

and the Lagrangian immersion from V into R 2 X R 2 is the map 

Figure 1.1 shows V with its projection on the plane R2 of coefficients (Xl, X2)' The 

cusp curve is the discriminant of the family of degree-3 polynomials, the set of 

points X such that mú = has a multiple root. It is obtained here as the set of critical 

values of the projection V ----+ R 2 . Over such a point X in the space of coefficients 

are the (one or three) roots of the polynomial mú K=

, 

ú=
Figure 1.1: The discriminant of degree-3 polynomials 

I.4.h Wave fronts 

Exact Lagrangian immersions 

If f : V ----+ en is a Lagrangian immersion, the 2-form 1*w is zero, so that 

d(j* A) = 0 and 1* A is a closed I-form on V. If, for some reason, for instance 

because H£JR(V) = 0, this form is exact, there exists a function 

F : V ------+ R 
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such that 1* ).. = dF. The immersion j is qualified as exact Lagrangian immersion. 

The mapping 

cñàWî úÉåño=

has the propert y3 

Wave fronts 

Instead of looking at the Lagrangian immersion j, consider the projection 

v j x F enxR úoåño=

(X + iY, z) f----------+ (X, z). 

We will assume here that, at a general point of the Lagrangian, the tangent space 

is transversal to the subspace of coordinates Y. The image of the Lagrangian im-

mersion is then a hypersurface of Rn x R. This hypersurface is the wave front. 

Of course, it will in general be singular. Precisely, at a point of V where V is 

not a graph over Rn, the projection X + iY f---> X is singular. However, as 

(f x F)* ( dz - 2::7=1 yjdx]) = 0, at every point of the wave front, there is a 

tangent hyperplane, the hyperplane 

n 

Z = L YjXj in the space R n x R of (x, z) coordinates 

j=l 

at the point image of (X, Y, z). Notice that, as the coefficient of z in this equa-

tion is non zero, the hyperplane is always transversal to the z-axis. Conversely, 

if a singular hypersurface of R n x R has at every point a tangent hyperplane 

that is transversal to the z-axis, this hyperplane has a unique equation of the 

form z = 2:: YjXj and it is possible to reconstruct a (maybe singular) Lagrangian 

submanifold from the "slopes" Yj. 

We begin with an example of dimension 1, that of the Whitney immersion 

again. Notice that this is indeed an exact Lagrangian immersion: the restriction 

of the Liouville form ydx to the curve is exact because J ydx = 0 (the "algebraic" 

area surrounded by the curve is zero). A primitive of ydx is easily found. The curve 

is parametrized by t f---> (cos t, sin 2t) and 

ydx = - 2 sin 2 t cos t = - ú=d (sin:3 t) . 

3The manifold en x R is a "contact manifold" and F x f is a "Legendrian immersion" lifting 

the Lagrangian immersion F. 
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y z 

x x 

z 

x x 

Figure I. 2: Eye Figure I.3: Crossbow 

A map to the (x, z) space is thus 

This is depicted on Figure I.2, in an old-fashion "descriptive geometry" mood. It 

can be seen that the singular points of the (x, z) curve correspond to the tangents 

to the (x, y) curve that are vertical, and that the double point of the latter corre-

sponds to the two tangents to the wavefront (the "eye") at points with the same 

x coordinate that are parallel. 

Figure I.3 represents an example in which we start from the wave front (a 

"crossbow") to reconstruct the Lagrangian. From the wave front, it is seen that 

the Lagrangian curve has two double points and two "vertical" tangents. 

Figure I.4: Flying saucer Figure I.5: Cylinder 

One could wonder what it is useful for to replace an immersed curve by a 

singular one. Notice that, in higher dimensions, the wave front is a hypersurface in 

Rn xR and it replaces a submanifold of the same dimension n in Rn x Rn. Even for 

n = 2, this is very useful as this allows to represent exact Lagrangian surfaces of R 4 

by (singular) surfaces in a dimension-3 space. Here are some beautiful examples. 

Rotate the eye (Figure I.2) about the z-axis to get the flying saucer depicted on 

Figure I.4. The corresponding Lagrangian surface in R 2 X R 2 is a Lagrangian 
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immersion of the dimension-2 sphere in C 2 with a double point. In Exercise 1.14, 

one checks that this is, indeed, the Whitney immersion... eventually drawn in 

dimension 2! 

Figure 1.5 represents a cylinder constructed on the eye, namely a Lagrangian 

immersion of a cylinder, product of a figure eight with an interval, with two whole 

lines of singular points. 

Singularities 

Wave fronts are, as we have said it, singular hypersurfaces. We have seen, in di-

mension 1, cusps, in dimension 2, lines of cusps, but this can be more complicated, 

as Exercise 1.15 shows it. 

Wave fronts of non exact Lagrangian immersions 

Wave fronts are so nice that it is a pity not to have them for all Lagrangian 

immersions. In dimension 1, the problem is to represent by wave fronts curves 

that do not surround a zero area. Consider for instance the standard (round) 

circle in C. As J ydx -I- 0, it seems that nothing can be done. Look, however, at 

the parametrization 

t f--------+ (cos t, sin t). 

It gives 

2 (Sin 2t t ) 
ydx = - sin tdt = d -4- - 2 + c . 

y 

x 

x 

Figure 1.6: Wave front of the circle 
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Nothing forbids us to represent the Lagrangian (non exact) immersion of the circle 

by a piece of the (non closed) wave front 4 parametrized by 

t f----------+ (cos t sin 2t - ! + C) 
'4 2 

and depicted on Figure I. 6,0 . 

Figure I.7 

If we rotate the (unbounded) wave front of Figure I.6 around a line parallel 

to the z-axis that does not intersect the wave front, we get the wave front of a 

Lagrangian torus, the one depicted on Figure I. 7. One can then use the cylinder 

represented on Figure 1.5 to perform connected sums of wave fronts. This way, 

Figure 1.8 represents (the wave front of) a genus-2 Lagrangian surface. In the 

same way, one constructs Lagrangian immersions of all orientable surfaces in e 2 . 

These figures are copied from Givental's paper [13], that contains many other 

examples. 

Figure I.8: A genus-2 surface 

Remark I.4.6. Except for the torus, all the surfaces depicted here have double 

points, that show up in the wave fronts as points having the same projection on 

the horizontal plane and parallel tangent planes. It is rather easy to prove that the 

torus is the only orient able surface that can be embedded as a Lagrangian subman-

ifold in e 2 . As for non orient able surfaces, they can be embedded as Lagrangian 

surfaces when (and only when) their Euler characteristic is divisible by 4 (with 

the exception of the Klein bottle). See the pictures in [13]. As for the Klein bottle, 

it has long been unknown whether it had or had not a Lagrangian embedding. 

Mohnke [27] has recently proved that it has not. 

4This is a place where one can really appreciate the difference between closed and exact 

l-forms. 

"Notice that wave fronts are defined only up to a "vertical" translation, the actual constant 

C used in Figure 1.6 is (7r + 1) /4. 
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Exact Lagrangian embeddings 

Notice that, in all the examples of exact Lagrangian immersions we have given, 

there are double points. This is obviously necessary in dimension 2 (n = 1), due 

to Jordan theorem: an embedded curve cannot surround a zero area. This is also 

true in higher dimensions, due to a (hard) theorem of Gromov [16]: there is no 

exact Lagrangian submanifold in C n . 

I.4.c Other examples 

Here are a few other examples. 

Grassmannians 

Consider the map 

U(n) ú=Sym(n; C) 
A f-------+ t AA 

from the group U(n) to the complex vector space of symmetric matrices. 

Proposition 1.4.7. The map A f-+ t AA defines a Lagrangian immersion 

<I> : An ú=Sym(n; C). 

Proof. As t AA = Id when A E O(n), the map <I> is well defined. Call [A] the class 

of a unitary matrix A in An. We have seen in § I.3.d that the tangent space to An 

at the point [A] can be identified with 

T[A]An = {AH I HE iSym(n;R)}. 

It is mapped into Sym(n; C) par T[A]<I> as follows 

The matrix AHt A+At Ht A has the form K -K for K = AHtA = AHA- 1 in u(n) 

and this describes all the matrices in the vector space i Sym(n; R) when H varies 

in i Sym(n; R). The image of the tangent mapping T[A]<I> is, thus, the subspace 

p(A)· iSym(n;R) where 

p: U(n) ú=U (n(n 2+ 1)) 
A f-------+ (B f-+ t ABA) 

is the representation of U (n) operating on complex symmetric matrices. This image 

is, indeed, a Lagrangian subspace, being the image of the real part of the complex 

vector space i Sym( n; C) by a unitary matrix. 0 
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Tori, integrable systems 

Integrable systems (mechanical systems with many conserved quantities) yield 

many Lagrangian tori. We use here a few standard symplectic notions: Hamil-

tonian vector fields, Poisson bracket, commuting functions. See if necessary Ap-

pendix I.6.c. Recall for instance that an integrable system on en = R2n is a 

map f : R2n ---+ Rn whose components il, ... , fn are functionally independent 

commuting functions. 

This defines a local R n -action on R 2n, which is locally free at the regular 

points of the system (the points at which the derivatives of the functions fi are 

actually independent). Call Xl, .. . , Xn the Hamiltonian vector fields associated 

with the functions fi' These vector fields commute: 

The Rn-action is given by integration: 

where !.pi denotes the flow of Xi and t = (t J , ••• , tn) E Rn is close to 0 (in order 

that >KéúD= be defined). This local action is indeed locally free on the open set of 

regular points because the vector fields Xi give independent tangent vectors at 

these points. 

Assume moreover that the vector fields Xi are complete, namely that the 

flows >KéúD= are defined for all values of t. We then have a locally free action of Rn on 

the whole set of regular points. The vector fields Xi being tangent to the common 

level sets of the fi'S, this action preserve the level sets. The connected components 

of the regular level sets of f are thus homogeneous spaces, quotients of Rn by 

discrete subgroups. The discrete subgroups of R" are the lattices Zk in the linear 

subspaces of dimension k. The connected components of the regular level sets are 

thus diffeomorphic to Rn-k x Tk for some k such that 0 :::; k :::; n. In particular, 

the compact connected components are tori Tn and these tori are Lagrangian 6 , 

they are called the Liouville tori. The next proposition is the easiest part of the 

Arnold-Liouville theorem (see for instance [2, 6]). 

Proposition 1.4.8. Compact connected components of the regular common level sets 

of an integrable system are Lagrangian tori. 0 

There are many examples of integrable systems and thus of Lagrangian tori, 

coming from mechanical systems (spinning top, pendulum ... )7. The most classical 

example is that of the standard action of the torus 

GNotice that on a compact connected component, the flows aTe complete. 

7 See for instance [6]. 
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on en by 

(tl, ... , tn) . (ZI"'" zn) = (hZl, ... , tnz n), 

the orbits of which are the common level sets of the functions 

1 2 1 2 
gl="2I Z1 1 , ... ,gn="2l znl , 

27 

tori 8 1 x ... X 8 1 indeed, for the regular values of the g/s (namely every gi non 

zero). We will come back to these examples in § I.5.e. 

Normal bundles 

Let now f : V ----t R n be any immersion of a k-dimensional manifold into R n . 

Consider the total space of its normal bundle 

Nf = {(x,v) E V x R n I x E V, v E EqñÑEqñsFFúõK=

It is naturally mapped into R n x R n by 

f: Nf____.RnxRn 

(x,v) ú=(f(x),v). 

The manifold N f has dimension k + n - k = n, and f is clearly an immersion. 

Moreover, it is Lagrangian. More precisely, we have: 

Lemma 1.4.9. If A is the Liouville form on Rn x Rn, one has 1* A = O. 

Proof. Consider a vector X E T(x.v)N f. Use the commutative diagram 

to compute 

Nf ____. Rn x Rn 

n 1; 1 n 

V ____. Rn 

(1* A) (X) = A(f(x),v) (T(x,v)J(X)) 
(x ,v) 

= v . (T(f(x),v)7r 0 T(x,v)J(X)) 

= v . (Txf 0 T(x,v)7r(X)) 

= 0 since v is orthogonal to Txf(Tx V). 

D 

This method allows to construct many (non compact) examples and can be 

generalized by replacing R n x Rn = T*Rn by the cotangent bundle T* M of a 

manifold and V ----t Rn by an immersion into M. See § II.2.a. 
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IA.d The Gauss map 

Let f V ----+ C n be a Lagrangian immersion. Its tangent space at any point is 

a Lagrangian subspace of c n . One can globalize the data consisting of all these 

tangent spaces to define the "Gauss map" 

sú^å=
x f-----+ Txf(Tx V). 

By definition of the tautological bundle (§ I.3.c), one has 

r(j)* En = TV. 

In particular, the tangent bundle to V must have the same properties as En. 

Proposition I.4.10. For a manifold to have a Lagrangian immersion into C n , it is 

necessary that the complexification of its tangent bundle be trivializable. 0 

The converse is true, but less easy to prove. This is an application of Gromov's 

h-principle [17], see also [23]. 

Examples 1.4.11. (1) Spheres. We have seen examples of Lagrangian immersions 

of spheres in Cn (in § I.4.a). One deduces that T sn ®R C is a trivial complex 

bundle. Notice however that it is not true that the tangent bundle TS" itself 

is trivial (except for n = 0,1,3 and 7). 

(2) Surfaces. All orient able surfaces and half the non orient able surfaces have 

Lagrangian immersions in C 2 (as we have seen it in § 1.4. b). This is not the 

case, neither for the real projective plane nor for the connected sums of an 

odd number of copies of this plane. 

(3) Normal bundles. This is a case where the tangent bundle itself is trivial 

(before complexification): 

T(x.v)(Nf) = ôEúI r F= I ú= E TxV,U 1. Txf(TxV)} 

= TxV EEl Nxf 

and this is canonically isomorphic to the ambient space R n . 

(4) Grassmannians. The Gauss map cp of the Lagrangian immersion <I> 

satisfies of course 

cp: An --+ An(n+1) 
-2-

cp* En(n+1) = End Sym(En). 
2 
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The Maslov class 

Every Lagrangian immersion has a Maslov class: use the Gauss map 

to pull back /1 E Hl(An; Z) to a class 

/1(1) E Hl(V; Z). 

One can also, with the notation of Remark 1.3.3, define /1(1) as the cohomol-

ogy class dual to 1'(1)-1 (2:.n ) , see [24] for example. 

1.5 Special Lagrangian submanifolds in en 

Lagrangian submanifolds are submanifolds of C n whose tangent space at each 

point is a Lagrangian subspace. They have a Gauss map into the Grassmannian An, 

namely into U(n)j O(n). We look now at the sub manifolds whose Gauss map takes 

values in SAn = SU(n)j SO(n). These are the special Lagrangian submanifolds, 

invented by Harvey and Lawson [18]. 

I.5.a Special Lagrangian subspaces 

An oriented subspace P of C n is said to be special Lagrangian if it has a positive 

orthonormal basis that is a special unitary basis of C n . 

For instance, if n = 1, as C has a unique special unitary basis (the group 

SU(I) is the trivial group), there is only one special Lagrangian subspace in C, the 

line R c C ... this will not be a very interesting notion in dimension 1. Fortunately, 

for n ;::: 2, this is more exciting. Identify the space C 2 with the skew-field H of 

quaternions: 

Z = (Zl' Z2) = X + iY 

= (Xl + iYl,X2 + iY2) 

= (Xl + iyd + j(X2 + iY2) 

= (Xl + j X2) + i(Yl - jY2). 

The 2 x 2 matrices that are in SU(2) are the matrices of the form 

( Zl -_22) with IZll2 + IZ212 = 1. 
Z2 Zl 

Thus the special Lagrangian planes are those who have an orthonormal basis 

(Z, Z') with Z and Z' of the form 

{ Z,= (Xl + iYl) + j(X2 + iY2) 

Z = (-X2 + ZY2) + J(XI - ZYl). 
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Notice that 

Z' = [(Xl + iYl) + j(X2 + iY2)] j = Zj. 

Thus a basis (Z, Z') of e 2 is special unitary if and only if Z' = Zj. Now use 

multiplication by j to give H the structure of a complex vector space. One has: 

Proposition 1.5.1. The special Lagrangian subspaces of e 2 are the complex lines 

with respect to the complex structure defined by the multiplication by j. The Grass-

mannian SA2 is a complex projective line. 0 

Remark 1.5.2. Notice also that SA2 = SU(2)/SO(2) = 8 3 /8 1 . This is indeed a 

dimension-2 sphere. 

To distinguish the special Lagrangian subspaces among all the Lagrangian 

subs paces or the special unitary matrices among all the unitary matrices, one uses 

the (complex) determinant. To globalize the notion of special Lagrangian subspace 

and define special Lagrangian submanifolds, it will be practical (and natural) to 

describe the linear objects by differential forms. The form corresponding to the 

complex determinant is 

o = dZl /\ ... /\ dzn. 

Expressing the definition of the determinant, namely 

we see that, for A E GL(n; e), we have indeed 

A*O = (detA)O. 

Hence 

detA = 1 ú=A*O = O. 

In order to work with real subspaces, we need an additional notation: call a and 

f3 the two degree n real forms: 

a = ReO, f3 = ImO. 

For instance, in dimension 1, 0 = dz, a = dx and f3 = dy. In dimension 2, 

that is 

0= dz l /\ dZ2 = (dXl + idYl) /\ (dX2 + idY2) 

= dXl /\ dX2 - dYl/\ dY2 + i(dYl /\ dX2 + dXl /\ dY2), 

{
a = dXl /\ dX2 - dYl /\ dY2 

f3 = dYl /\ dX2 + dXI /\ dY2. 

Proposition 1.5.3. Let P be an oriented (real) vector subspace of dimension n in 

en. The number O(XI /\ ... /\ xn) depends only on P and not on the positive 

orthonormal basis (Xl, ... ,xn ) of P used to express it. 
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Proof. Consider the 2n vectors (xI, ... ,Xn,ixI, ... ,ixn) and the linear mapping 

A : en ----> en defined by the images of the vectors of the canonical basis: 

A(ej) = Xj, A(iej) = iXj 

(so that A is complex linear). Then 

S1(XI A ... A xn) = detc A. 

If (gXI, ... ,gx n ) is a positive orthonormal basis of P (that is, if 9 E SO(n)), one 

gets 

S1(gXI A ... A gXn) = detc (gA) = detc 9 detc A = detR 9 detc A 

= detc A = S1(XI A ... A xn) 

(since 9 E SO(n) C GL(n; R) C GL(n; e)). o 

We will thus denote S1(P) the number S1(XIA·· ·Ax n ). Similarly, denote a(P) 

and (3(P) its real and imaginary parts. 

Remark 1.5.4. Notice that S1(P) is non zero if and only if the 2n vectors 

form a basis of en over R, that is, if and only if P n iP = {O} or P does not 

contain any complex line. These subspaces are said to be totally real. This is in 

particular the case for Lagrangian subspaces. 

Proposition I.S.S. A real subspace P of en has an orientation for which it is a 

special Lagrangian subspace if and only if P is Lagrangian and (3(P) = o. 

Proof. Let P be a Lagrangian subspace. Choose (Xl, ... , Xn), an orthonormal basis 

which is the image of the canonical basis of en by a unitary matrix A. Thus 

For P to have a positive basis that is special unitary, it is necessary and sufficient 

that detc A be equal to ±1, that is, that 

ImS1(P) = O. 

o 

Here is a last elementary remark on linear subspaces: 

Proposition I.S.6. Let Q c en be an oriented isotropic linear subspace of dimen-

sion n - 1. There exists a unique special Lagrangian subspace that contains Q. 

Proof. Choose a positive orthonormal basis (Xl, ... ,xn-d of Q. In the complex 

line that is the orthogonal, with respect to the Hermitian form, of the complex 

subspace spanned by the Xi'S, there is a unique vector Xn such that the basis 

(Xl, ... , Xn-l, xn) is a special unitary basis of en. 0 
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A Lagrangian immersion 

f: V ------+ en 

of an oriented manifold into en is special if Txf(Tx V) is a special Lagrangian 

subspace for every x. The Gauss map then takes values in SAn cAn. 

Examples 1.5.7. (1) In dimension 1, the tangent space must be the unique special 

Lagrangian R c e for all x. If V is connected, f must thus be the immersion 

of an open subset of R by t f-+ t + ia. We have already noticed that this 

dimension will not be very exciting. 

(2) In dimension 2, Txf(Tx V) must be a j-complex line for all x, f is thus the 

immersion of a j-complex curve into e 2 . This gives quite a lot of examples. 

Remark 1.5.8. The Maslov class of a special Lagrangian immersion into en is 

zero. Of course, as the examples above show it, there are much more Lagrangian 

immersions with zero Maslov class than there are special Lagrangian immersions. 

In terms of forms, to say that the immersion 

f: V ------+ en 

is special Lagrangian is to say that it satisfies 

• firstly 1*w = 0 (it is Lagrangian) 

• secondly 1*(3 = 0 (it is special). 

Proposition 1.5.9. If f is a special Lagrangian immersion, 1*0, is a volume form 

on V. 

Proof. The complex form 0, has type (n,O) and defines an n-form 1*0, on V, 

which is real since its imaginary part vanishes on V. Let x be a point in V and let 

(Xl, ... ,Xn ) be a basis of Tx V. One has 

because of Remark 1.5.4 and since V is Lagrangian. Thus 1*0, never vanishes. D 

In dimensions 1 and 2, the special Lagrangian submanifolds are non compact 

(in dimension 2, Liouville's theorem forbids complex curves in e 2 to be compact). 

This is actually always the case, a straightforward application of Proposition 1.5.9: 

Corollary 1.5.10. There is no special Lagrangian immersion from a compact man-

ifold into en. 
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Proof. If f : V ----; en is a special Lagrangian immersion, f*0, is a volume form on 

V. But 0, is an exact complex form: 

Decompose Zl dZ2 1\ ... 1\ dZn into its real and imaginary parts to get 

and eventually 

f*0, = ret = d(J*ry). 

The manifold V thus has an exact volume form, and this prevents it of being 

compact. 0 

Let us give now examples of special Lagrangian submanifolds in en, starting 

from the examples of Lagrangians constructed in section 1.4. 

I.5.c Graphs of forms 

Let us begin with Proposition 1.4.1. Let f : Rn ----; R be a function. We require the 

graph of V' f, a Lagrangian submanifold, to be a special Lagrangian submanifold. 

The n = 1 case is not interesting. For n = 2, the Lagrangian immersion associated 

with the function f is 

( of Of) 
F : (x, y) f-------+ x, y, ox' oy 

and the form f3 is 

Then 

F* f3 = d ( úúF= 1\ dy + dx 1\ d ( úú= ) 

( 02 f 02 f) 
= ox2 + oy2 dx 1\ dy. 

We thus have: 

Proposition 1.5.11. Let U be an open subset oj R2 and J : U ----; R a Junction oj 

class e2 . The graph oj V' J is a special Lagrangian submaniJold oj e 2 iJ and only 

iJ J is a harmonic Junction. 0 

Notice that the condition is linear. Starting from dimension 3, this is no more 

the case. The function J must satisfy a complicated non linear partial differential 
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equation, expressed in Proposition 1.5.12 below. Let us begin by a notation. Denote 

by Hess(f) the Hessian matrix of f, namely the matrix 

82 f 
Hess(fkj = -8 8 

Xi Xj 

and by (Jk(Hess(f)) the k-th elementary symmetric functions of its eigenvalues. 

More generally, for an n x n real matrix A, write 

n 

det(A-Xld) = 2:)-l)k(Jk(A)X n - k. 

k=O 

For example, (Jl (Hess(f)) is the trace of the Hessian matrix, the Laplacian úÑ=

of f. 

Proposition 1.5.12. Let U be an open subset of Rn and f : U ---+ R a function of 

class e2 . The graph of 'V f is a special Lagrangian submanifold of en if and only 

if f satisfies the partial differential equation 

2) _1)k(J2k+l(Hess(f)) = o. 
k'20 

Examples 1.5.13. For n = 1, the differential equation is f"(t) = 0 or f'(t) constant, 

and this is precisely the differential equation of the special Lagrangian submani-

folds. For n = 2, again, only (Jl appears in the (linear) relation, which expresses 

the fact that the function f must be harmonic. For n = 3, the relation is 

(Jl (Hess(f)) = (J3 (Hess(f)) 

or 

úÑ= = det(Hess(f)). 

Remark 1.5.14. The only order-1 term (in df) in this partial differential equation is 

úÑI = so that the "linear part" of this equation is úÑ= = O. this should be compared 

with McLean's theorem (Theorem II.6.1 below). 

Proof of the proposition. The tangent space to the graph of 'V f at the point 

(x, 'V fx) is the image of the plane Rn under the linear map Id +i(d 2 f)x. This 

is a special Lagrangian subspace if and only if 

1m (detc(ld +i(d 2 f)x)) = O. 

We still must check that, for any real symmetric matrix A, one has 

1m (detc(Id+iA)) = 2)-1)k(J2k+l(A). 

k'20 

Since A is real symmetric, it is diagonalizable in an orthonormal basis. It is clear 

that the two sides of the relation to be proved are invariant under conjugation 

by matrices in 0 (n). One may thus assume that the matrix A is the diagonal 

()'l, ... ,An). The left hand side is then 1m TIj (l + iAj) and it clearly coincides 

with the right hand side. D 
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I.S.d Normal bundles of surfaces 

Let f : V ---> Rn be an immersion of a dimension-k manifold into Rn. We 

know (see § l.4.c) that its normal bundle has a natural Lagrangian immersion into 

Rn x Rn. Look now for the conditions under which this is a special Lagrangian 

immersion. 

For the sake of simplicity, suppose here that k = 2 and n = 3 (case of surfaces 

in R 3 ). There is a more general discussion in [18J. 
Fix a point Xo in V, a unit normal vector field n = n(x) on a neighbourhood 

of Xo. The restriction of the normal bundle 

to this neighborhood is isomorphic with V x R by (x,/-,,) f---+ (x,/-"n(x)). We map 

Nf to e 3 by 

(x,/-,,) f---+ /-"n(x) + if (x) 

(notice that, this time, the immersion f appears in the second copy of Rn, that 

of purely imaginary vectors). 

Let us now choose an orthonormal basis (e 1 , e2) of Txo V. Assume that this 

basis is orthogonal with respect to the second fundamental form, that is, to the 

symmetric bilinear form defined on TXD V by 

II(X, Y) = -(Txon(X), Y). 

We have 

Txon(ed = ->qel, T":on(e2) = -A2e2 

where Al and A2 are the two "principal curvatures" of V at Xo. 

Consider now the tangent space to N fat (xo, v) where v = /-"n(xo) E N":of = 
R· n(xo). The tangent mapping to our immersion is 

The images of the basis vectors are 

Thus 

ell-------+ (-/-"Alel,ed 

e2 1-------+ (-/-"A2e2, e2) 
n 1-------+ (n, 0). 

O(Po) = (dz1 /\ dZ2 /\ dz3 ) (((i -/-"Aded /\ ((i -/-"A2)e2) /\ n) 

= (i - /-"Ad(i - /-"A2) , 

so that Po is a special Lagrangian if and only if /-,,(Al + A2) = O. This is to say that 

the trace of Txo n is zero. In other words, we have shown: 
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Proposition 1.5.15. The immersion of the normal bundle of 

into e 3 is a special Lagrangian immersion if and only if f is a minimal immersion. 

D 

For more information on minimal surfaces, see, for example, the beautiful 

surveys in [29] and the references quoted there. 

Remark 1.5.16. It is true that we have already mentioned Riemannian metrics 

in these notes, but up to now, they have had only an auxiliary role. The result 

presented here is a genuine Riemannian one. 

I.5.e From integrable systems 

Being compact, Lagrangian tori obtained as "Liouville tori" cannot be special 

Lagrangian submanifolds in en. One can try to replace them by special Lagrangian 

submanifolds with the help of the remark included in Proposition 1.5.6: the idea 

is to consider a (necessarily isotropic) subtorus in a Liouville torus Tn and to add 

a direction to construct another Lagrangian submanifold, which will be special. 

Here is an example, coming from [18], of such a construction. Start from an 

orbit L of the standard action of Tn on en (see § l.4.c), namely a common level 

set of the functions 

say gi = ai, none of the ai's being zero, so that L is a Lagrangian torus. Choose a 

subtorus of Tn: 

Let V be an orbit of this subtorus, an isotropic torus of dimension n - 1. Consider 

the Hamiltonian vector fields Yj , ... , Yn associated to the functions gi: 

{

Yl(Zl, ... ,Zn) = (iz 1 ,O, ... ,O) 

úDEwäD= ... 'Zn) = (O, ... ,O,iz n ). 

Let Z = (Zl, . .. , Zn) be a point of V. The tangent space to L at Z is spanned by 

the values of the li's, the tangent space to V is the hyperplane consisting of the 

vectors L Aili satisfying L Ai = 0. It is spanned by the values at Z of the vector 

fields 

that are the Hamiltonian vector fields of the functions 

fl = gl - gn, ... , fn-l = gn-l - gn· 
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We are looking now for an n-th function f such that the subspace spanned by 

the vectors Xl, ... , X n- l and Xj is a special Lagrangian at each point where the 

vectors are independent. The subspace F = (Xl, ... , X n- l ) is isotropic and has 

dimension n - 1. 

We look for X j as a linear combination X j = L Aj Yj such that: 

• The vector field Xj is in the subspace orthogonal to (XI, ... ,Xn- l ) (for 

the Hermitian form), that is, (Xj, Xk) = 0 for 1 :s; k :s; n - 1. This gives 

Ak IZkl2 - An IZnl2 = O. Thus Ak must have the form 

A = fJ(ZI, ... ,Zn) 

k IZkI2 · 

• The determinant 

o 0 

iZn - 1 

-iz n ... -iz n Anizn 

is real. This allows to determine the function fJ. 

Subtracting the linear combination AIX I + .. ·+An-IX n- 1 from the last vector, this 

vector becomes (AI + .. ·+An)Yn , so that the determinant is in(AI +- . ·+An)ZI ... Zn. 

We are thus looking for functions f and fJ such that 

Xj(ZI' ... ' zn) = (Alizl' ... ' Anizn) and in(fJ(Zl, ... , Zn))Zl ... Zn is real. 

For any index j, we must have: 

The functions 

give a solution when in E R, namely when n is even. When n is odd, we rather 

take 
1 

f(ZI, ... , zn) = -;-(Zl ... Zn - Zl ... zn), fJ = 2Z1 ... Zn 
Z 

Proposition 1.5.17. The functions iI, ... , fn defined by 

1 2 2 1 2 2 
iI(ZI, ... ,Zn) = 2(l zll -IZnl ),···,fn-I(ZI, ... ,Zn) = 2(IZn-11 -Iznl ) 

and 

{ 
Re(ZI ... zn) if n is even 

fn(ZI, ... ,Zn) = I ( ) f . dd m Zl ... Zn Z n zs a 

form an integrable system on en = Rn x Rn, all the regular common level sets of 

which are special Lagrangian cylinders T n- l x R. 



38 In en 

Proof. The only thing that is left to prove is that the regular levels are "cylinders" 

T n - 1 x R. As we are dealing with an integrable system, we know that the levels 

are endowed with an Rn-action. Here the n - 1 first vector fields are periodic and 

in particular complete; the last one is complete too, because the level is a closed 

submanifold of en. The action is thus an action of Tn-l x R and this is a free 

action, as the level, being special Lagrangian, cannot be compact. 0 

Exercise 1.19 describes essentially the same construction. 

1.5.f Special Lagrangian submanifolds invariant under SO(n) 

The next and sporadic examples also come from [18]. Start from a smooth curve 

fin 

e = e x {O} c e x e n - 1 = en 

and "rotate" it with the help of the diagonal SO( n )-action, namely 

g. (X + iY) = g. X + ig· Y for 9 E SO(n) and X, Y ERn. 

If we assume the curve does not pass through 0, we get a submanifold of en: 

v = {(x + iy)u I x + iy E f, u ERn, U = g(el) for some 9 E SO(n)} 

(notice that u describes a sphere sn-l eRn). The tangent space to V at (x+iy)u 

is spanned by the vectors (x + iy) U with U E Tusn-l and the Eú= + i17)U with ú= + i17 

tangent to f at x + iy. The submanifold V is always Lagrangian, as is easily 

checked: 

w((x + iy)U, (x + iy)U') = xy(U . U' - U' . U) = 0, 

w((x + iy)U, EúH= i17)U) = (X17 - óúFr ’ = u = O. 

It is special Lagrangian if and only if, denoting (U1, ... , Un- 1) a basis of Tusn-1, 

detc ((x + iy)U 1, ... , (x + iy)Un- 1, EúH= i17)U) E R. 

But this determinant is equal to (x + áóFåJäEú= + i17) detc(U 1 , ... , Un- 1, u), or to 

(x + iy)n-l EúH= i17) detR(U 1 , ... ,Un- 1, u) since these vectors are in Rn c en. The 

condition is thus that 

(x + áóí JäEú= + i17) E R for any tangent vector ú= + i17 to f. 

We get eventually: 

Proposition 1.5.18. The Lagrangian submanifold of en 

V = {(x+iy)u I (x+iy) E f,u E sn-l eRn} 

is special Lagrangian if and only if, on f, the function 1m ((x + iy)n) is constant. 

o 
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J l 
" n=3 

Figure 1.9 

Remark 1.5.19. This method gives essentially one special Lagrangian submanifold 

in any dimension, which is not much! 

Remark 1.5.20. Any connected component of r is diffeomorphic to R, the special 

Lagrangian submanifolds obtained are (unions of) copies of 8 n - 1 x R. 

To draw a picture of the special Lagrangian submanifold, one draws first the 

curve r (in the (x, y) plane), then its wave front (in the (x, z) plane). One then 

notices that the Liouville form A = Y . dX is, on V: 

A = Y . dX = (yu) . d(xu) 

= (yu) . ((dx)u + xdu) 

= ydx 

(since udu = ú= IIul12 = 0) so that the wave front of V is 

{(xu, z) ERn x R I (x, z) is a point of the wave front of r}. 

For example, for n = 2, the curve r is a hyperbola xy = constant, its wave 

front is the curve z = log x and the wave front of the special Lagrangian subman-

ifold is the surface of revolution obtained by rotating the graph of the logarithm 

function about the z-axis (Figure 1.10). 

1.6 Appendices 

I.6.a The topology of the symplectic group 

Proposition 1.6.1. The manifold Sp(2n) is diffeomorphic to the Cartesian product 

of the group U (n) with a convex open cone of a vector space of dimension n( n + 1). 

Corollary 1.6.2. The symplectic group Sp(2n) is path connected. The injection of 

U(n) in Sp(2n) induces an isomorphism 

Z = 7r1 U(n) ------> 7r1 Sp(2n). 
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z 

Figure 1.10 

Proof of the proposition. Let A E Sp(2n). As any invertible transformation ofR 2n, 

A can be written in a unique way as a product 

where 8 is the positive definite symmetric matrix 8 = -/ At A and n is the orthog-

onal matrix n = 8- 1 A. As A is symplectic, the matrix 8 is also symplectic: t A 
and At A are symplectic, the matrix At A is symmetric, positive definite, thus it 

is diagonalizable in an orthonormal basis and 8 is the matrix that, in this basis, 

is the diagonal of the square roots of the eigenvalues of At A, so that 8 is indeed 

symplectic as is At A. One deduces that 

n = 8- 1 A E Sp(2n) n O(2n) = U(n) 

and thus that n is a unitary matrix. We have thus obtained a bijection 

Sp(2n) --------> U(n) x S 

A f---------+ ((-/AtA)-lA,-/AtA) 

where S denotes the set of positive definite symmetric matrices that are symplectic. 

We still have to prove that this space is an open convex cone in a vector space of 

dimension n(n + 1). Write the matrices as block matrices in a symplectic basis. 

Let 8 E S, we have 

8 = Eí úúF= with A and C positive definite symmetric and t8J8 = J. 

The last condition, that expresses the fact that 8 is symplectic, is equivalent to 

BA is symmetric and C = A- 1 (Id+B 2 ). 

The mapping 

S --+ Sym(n;R) x Sym+(n;R) 

8 f---------+ (B A, A) 
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is the desired diffeomorphism. The open set Sym+(n; R) of all positive definite 

symmetric real matrices is obviously an open convex cone in the vector space 

Sym(n; R) of all symmetric matrices, the product is an open convex cone of the 

product space, that has dimension 2 n(n 2+ 1) . 0 

Proof of the corollary. The convex cone Sym(n; R) x Sym+(n; R) is contractible. 

o 

Remark 1.6.3. There is another beautiful proof of this type of contractibility re-

sults, due to Sevennec, in [5]. 

I.6.b Complex structures 

If E is a vector space endowed with a symplectic from w, it is said that an en-

domorphism J of E is a complex structure calibrated by w if J2 = - Id (J is a 

complex structure), 

w(Jv, Jw) = w(v, w) 

(J is symplectic) and 

g(v, w) = w(v, Jw) 

is a scalar product (namely a positive definite bilinear form) on E. 

I.6.c Hamiltonian vector fields, integrable systems 

In this appendix, denote for simplicity en = R2n by W. It can be replaced by any 

symplectic manifold W (see §II.1). 

Hamiltonian vector fields 

To any function H : W ----+ R, the symplectic form allows to associate a vector 

field, a kind of gradient, the Hamiltonian vector field X H (sometimes called the 

"symplectic gradient" H). This is the vector field defined by the relation 

or by 

In coordinates, one has 

XH(Xl, ... ,Xn,Yl, ... ,Yn) = EúeI = ... , úeI | úeI = ... I|úeFK=
UYI UYn UXI UXn 

Notice that the vector field X H vanishes at x if and only if x is a critical 

point of the function H: 
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In particular, the singularities (or zeroes) of a Hamiltonian vector field are the 

critical points of a function. 

Notice also that the function H is constant along the trajectories, or integral 

curves, of the vector field XH: as Wx is skew symmetric, we have (dH)(XH) = 0 

or X H · H = O. 

The Poisson bracket 

Assume now that 1 and 9 are two functions on W. Define their "Poisson bracket" 

{j, g} by the formula 

{I,g} = X f · 9 = dg(Xf)· 

In coordinates, one has 

{I g} = ú= (81 ú=_ 8g 81 ) 
, ú= 8y· 8x· 8y· 8x· . 

i=l 1. 'l. 't 2 

Notice that 

so that {I, g} = - {g, f}. This shows that the Poisson bracket is skew-symmetric 

in 1 and g. By definition, this is also a derivation (in both entries); in other words, 

the Poisson bracket satisfies the Leibniz identity 

{I, gh} = {I, g} h + 9 {j, h} . 

Using the general relation 

and Cartan formula 

we get 

L[xf,xg]W = £XjLXgW - LXg£XjW 

in other words 

We also have 

= dLXfLXgW + LxjdLXgW - LxgdLXjW - LXqLxjdw 

= dLXfLXgW = d(w(Xg,Xf)) = -d{j,g} , 

[Xf,Xgj· h = {{I,g}, h}. 

From this, we deduce that the Poisson bracket satisfies the Jacobi identity 

{I, {g, h}} + {g, {h, f}} + {h, {I,g}} = 0 
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and thus defines a Lie algebra structure on eoo (W), the mapping 

eOO(W) ---> X(W) 

f f-------+ X f 

43 

being a morphism of Lie algebras from eOO(W) (with the Poisson bracket) into the 

Lie algebra of vector fields (with the Lie bracket of vector fields). 

Proof of the Jacobi identity. Apply the definition of the bracket of vector fields: 

and the equality above to get 

{{f,g},h} = [Xf,Xgj. h 

= X f . (Xg . h) ú= Xq . (Xf . h) 

= X f · {g,h} ú= X g · {j,h} 

= {j, {g, h}} ú= {g, {j, h}} . 

This, taking into account the skew-symmetry of the Poisson bracket, is equivalent 

to the Jacobi identity. D 

Integrable systems 

As any vector field does it, the Hamiltonian vector field X II defines a differential 

system on W, namely, 

x(t) = XII(X(t)), 

the Hamiltonian system associated with H. The function H is constant along the 

trajectories of this system, in other words 

X FI . H = 0 or dH(X II ) = O. 

It is said that H is a first integral of the system. More generally, a function 

f : W ----) R that is constant along the integral curves of a vector field X is 

called a first integral of X. In the case of a Hamiltonian vector field X II, the 

equality XII . f = 0 is equivalent to {f, H} = 0, we say that the functions f and 

H commute. 

It is said that a Hamiltonian system is integrable if it has "as many commut-

ing first integrals as possible". Let us explain this: 

• Let h, ... , fk be commuting first integrals of the system XII, so that 

{fi, fj} = 0 for all i and j. Each one is constant on the trajectories of 

the Hamiltonian system associated to each other one. 
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• The expression "as many as possible": at any point x of W, the subspace of 

Tx W spanned by the Hamiltonian vector fields of the functions ii is isotropic: 

Its dimension is thus at most n = ú= dim W. It is required that, at least for 

x in an open dense subset of W, this subspace has maximal dimension n . 

• Notice that the vectors XI, are independent at x if and only if the linear 

forms (dii)x are independent. 

Definition 1.6.4. The function H or the Hamiltonian vector field X H on W is 

qualified as integrable if it has n independent commuting first integrals. 

Examples 1.6.5. Every function depending only of the coordinates Yi, 

is integrable: the functions Yi are independent commuting first integrals. Every 

Hamiltonian system on e is integrable. Similarly, a Hamiltonian system on e 2 is 

integrable if and only if it has a "second first integral" . 

Exercises 

Exercise 1.1. Let V be a real vector space and V* be its dual. Check that the form 

w defined on V EB V* by 

w((v, a), (w, (3)) = oo(w) - (3(v) 

is a symplectic form 

Exercise 1.2 (Relative linear Darboux theorem). Let F be a vector subspace of a 

symplectic vector space E. Assume that the restriction of the symplectic form to 

F has rank 2r. Show that there exists a symplectic basis (e 1, ... , en, h, ... , in) of 

E such that (el,"" en er+l, ... ,er+k, h, ... ,ir) is a basis of F (k is the integer 

defined by 2r + k = dim F). 

Exercise 1.3. Show that the symplectic group of e is isomorphic with the special 

linear group SL(2; R). 

Exercise 1.4. Prove directly that the symplectic group Sp(2) is diffeomorphic to 

the product of a circle by an open disk. 

Exercise 1.5. Let A E Sp(2n). Check that the matrices tA and A-I are similar 8 . 

Show that A is an eigenvalue of A if and only if A-I is also an eigenvalue, and that 

both occur with the same multiplicity. 

HThus A and A-I are similar too. 
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Exercise 1.6. Check that a non zero vector of a symplectic space can be mapped 

to any other non zero vector by a symplectic transformation (in other words, the 

symplectic groups acts transitively on the set of non zero vectors). 

Show that, for n > 1, the symplectic group does not act transitively on the 

set of real 2-dimensional subspaces of en. 

Exercise 1.7. Let n > 1 be an integer. Let P be a real plane (dimension-2 subspace) 

in en. Show that P is either isotropic or symplectic. What are the orbits of the 

action of the symplectic group on the set of planes in en? 

Exercise 1.8. Let V be a vector space and V* be its dual. Endow V EEl V* with 

the symplectic form defined in Exercise 1.1. Let A : V ----t V* be a linear map. 

Prove that the graph of A is a Lagrangian subspace if and only if the bilinear form 

defined by A on V is symmetric. 

Exercise 1.9. Let E be a vector space endowed with a symplectic form wand let 

F be (any) subspace of E. Prove that w induces a symplectic structure on the 

quotient F / F n FO . 

Exercise 1.10. Let E be an even dimensional vector space and let w, Wi be two 

symplectic forms on E. Prove that the symplectic groups Sp(E,w) and Sp(E,w ' ) 

are conjugated subgroups of GL(E). 

Let 0,(E) be the space of all symplectic forms on the vector space E. Prove 

that the linear group of E acts on this space by 

(g. w)(X, Y) = w(gX, gY). 

Deduce that 0,(E) is in one-to-one correspondence!! with the homogeneous space 

GL(E)/ Sp(E), where Sp(E) is the symplectic group Sp(E, wo) for a given form 

Wo on E. 

Exercise 1.11. Prove that, on any symplectic vector space, there are complex struc-

tures. Prove that a complex structure is an isometry and that it is skew-symmetric 

for the scalar product it defines. 

Exercise 1.12. Let V be a real vector space. Using a scalar product on V, construct 

a complex structure calibrated by the standard symplectic form on V EEl V* and 

such that 

(J ( v), w) = v . w for all v, w E V. 

Exercise 1.13. Assume that the wave front 

1 - 0, o[ ----+ R2 

t!-----+ (x(t), z(t)) 

has an ordinary cusp for t = 0 with a tangent line transversal to the z-axis. Prove 

that this is the wave front of a Lagrangian immersion of 1 - 0,0 [ into R 2 . 

9This is actually a homeomorphism. 



46 In en 

Exercise 1.14. Prove that the wave front of the Whitney immersion 5 n -+ en is 

the hypersurface in R n+ 1 image of the sphere 5 n by 

(using the notation of Example 1.4.3). Find the singular points of this wave front 

and draw it in the cases n = 1 (this is the eye, Figure 1.2) and n = 2 (this is the 

flying saucer, Figure 1.4). 

Exercise 1.15 (The swallow tail). Determine ... and draw the wave front of the 

Lagrangian immersion described in § 1.4.5 and on Figure 1.1. 

Exercise 1.16. Prove that the Maslov class ofthe standard (Lagrangian) embedding 

of the circle is ±2. What is that of the Whitney immersion? Of the immersion 

defined by the crossbowl()? 

Exercise 1.17 (Lagrangian cobordisms [3]). The space en is endowed with its Li-

ouville form A and its symplectic form dA. It is said that a Lagrangian immersion 

f : L -+ en is "cobordant to zero" if there exists an oriented manifold V of di-

mension n + 1, with boundary, whose boundary is L, and a Lagrangian immersion 

1: V ----+ e n +1 

transversal to the co-isotropic subspace F = en EEl iR c e n +1 , such that 

1-1(Fn V) = 8V = L 

and such that the composition 

LA F ----+ FIFO = en 

is the immersion f. 

(1) Prove that the Whitney immersion 5n -+ en (§ 1.4.3) is cobordant to zero. 

(2) Assume that f : 51 -+ C is cobordant to zero. What can be said of fSl 1* A? 

Prove that, if a Lagrangian immersion 51 -+ e is cobordant to zero, it is 

exact. 

(3) Consider an exact Lagrangian immersion 

and its wave front in R 2 . Assume the singularities of the wave front are 

ordinary cusps. The tangent line to the front at any point is transversal 

lOHint: orient the circle and notice that the unit tangent vector to the Whitney immersion 

does not take all the values in the circle. For the crossbow, notice that this immersion of the 

circle into C may be deformed, among immersion, into the standard embedding. 
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to the z-axis. The circle SI is oriented. Count the cusps of type (a) with 

a + sign, those of type (b) with a - sign (Figure 1.11) and get a number 

N(f) E Z. What is the value of N(f) for the Whitney immersion? For the 

crossbow (Figure 1.3)? 

(a) (b) 

Figure 1.11 

(4) The Lagrangian immersion f : SI -+ C has a Gauss map ,(f), taking its 

values in the Grassmannian Al of oriented Lagrangians in C, that is a circle 

SI. Call er the closed I-form "de" on this circle. Prove that ll 

(5) Consider the mapping 

N(f) = -21 r ,(f)*er. 
7r ls! 

j : A 1 --------+ A 2 

P f------? P EB R c C EB R C C 2 . 

It can be shown (this is an additional question, use § 1.3.f) that 

is an isomorphism. Prove that if f : SI -+ C is cobordant to zero, then 

N(f) = O. Does there exist a Lagrangian immersion of a disk into C 2 whose 

boundary is the crossbow? 

llThis is to say that NU) is the Maslov class of the immersion f. 
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Exercise U8 {From (x, y) to (z, z)). Writing 

dz = dx + idy, dz = dx - idy 

one gets a couple of relations between the expressions of the vector fields in coor-

dinates (x,y) or (z,z). Prove for instance that 

Xf _ n (al ú=_ al úF=- L ay ax ax ay 
j=l J J J J 

= ú=t (:f. ~úK= -::. ~úKF’ =
j=l J J J J 

Exercise 1.19. Consider the vector field X given on e 2 by 

(CY1 and CY2 being two real parameters). 

(1) Check that 

and show that the form txn is holomorphic. 

(2) Show that X preserves wand find a function H such that X = X H . 

(3) Under which condition does the vector field X preserve n? Assume now that 

this condition holds. Find two functions 9 and h from e 2 to R such that 

txn = dg + idh. 

Consider H-1(a) n h-1(b). Show that, if a is a regular value of H, this is a 

special Lagrangian submanifold. 

(4) Describe the special Lagrangian submanifolds H-1(a) n h-1(b) as complex 

j-curves, that is, by equations. 

(5) Check that they are diffeomorphic to 8 1 X R. Hint: they are conics. 
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Lagrangian and special 

Lagrangian snbmanifolds 

symplectic and 

Calabi- Yan manifolds 

11.1 Symplectic manifolds 

• 
In 

In order to deform a Lagrangian submanifold in en, we must understand how a 

tubular neighbourhood looks like. We prove here that a Lagrangian submanifold 

has a neighbourhood which is diffeomorphic to a neighbourhood of the zero section 

in its cotangent bundle. To be precise and explicit, we need to define a symplectic 

structure on the cotangent bundles and more generally to say what a symplectic 

structure on a manifold is. 

A symplectic manifold is a manifold W endowed with a non degenerate 2-

form w, namely, a non degenerate alternated bilinear form Wx on each tangent 

space Tx W, which is required to be closed, (dw = 0). Notice that a symplectic 

manifold is even dimensional. 

Examples II. I. I. (1) The first example is of course en with the symplectic form 

we have used so far, considered as a differential form: 

n 

W = L dYJ 1\ dXJ 

j=l 

(where (Xl + iYl," ., Xn + iYn) stands for the complex coordinates in en). 
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One also has: 

n 

wz(Z, Z') = w(Z, Z') = 2)XjYj ú= XjYj) = X'· Y ú= X· y'. 

j=l 

And this is an exact, hence closed, form: 

n 

W = d(Lyjdxj). 

j=l 

(2) The next example is that of cotangent bundles. Think that Cn = Rn x Rn, 

then that Rn x Rn = T*Rn and simply replace Rn by any manifold V. On 

W = T*V, there is a canonical I-form, the Liouville form A, defined by the 

"compact" formula: 

... in which x denotes a point of V, a an element of T;V (namely a linear 

form on the tangent space Tx V), and 7f the projection T*V --> V of the 

cotangent bundle. If (Xl, ... ,Xn) are local coordinates on V and (Y1, ... ,Yn) 
the cotangent coordinates, then 

n 

A = LYjdxj. 

j=l 

The 2-form dA is both closed (!) and non degenerate. 

(3) Surfaces. On a surface W, any 2-form is closed. Moreover, in dimension 2, 

to say that a 2-form is non degenerate means that it nowhere vanishes, in 

other words that this is a volume form: all the orient able surfaces may be 

considered as symplectic manifolds. 

(4) The sphere. Consider, in particular, the unit sphere S2 in R:3, whose tangent 

space at a point v is the plane orthogonal to the unit vector v. Put 

wv(X, Y) = v· (X 1\ Y) = det(v, X, Y). 

This is a non degenerate 2-form and thus a symplectic form. 

(5) The projective space pn(c) is a symplectic manifold. The nicest thing to 

do is to define its symplectic form starting from that of C n +1 and using the 

symplectic reduction process. To define pn (C), we factor out the unit sphere 

s2n+1 of cn+1 by the Sl-action (multiplication of coordinates): 
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At each point x of the sphere S2n+l, the tangent space is the Euclidean 

orthogonal of x and the kernel of the restriction of the symplectic from is 

the line generated by ix. This line is also the tangent space to the circle 

through x on the sphere. 

The symplectic form of C n +1 defines a non degenerate alternated bilinear 

form w on pn(c). Its pull-back on the sphere is closed, so that w is closed. 

It is actually a (the standard) Kahler form on pn(c). 

(6) Complex submanifolds of the projective space are symplectic. The compati-

bility of w with the complex structure gives that w(X, iX) > 0 for any vector 

X that is tangent to the submanifold, so that w is indeed non degenerate on 

this submanifold. 

(7) More generally, all Kahler manifolds are symplectic. We will come back to 

this remark. 

Notice that, on cotangent bundles, as on C n , the symplectic form is exact. 

This cannot be the case on a compact symplectic manifold. 

Proposition 11.1.2. On a compact manifold, there exists no 2-form that is both non 

degenerate and exact. 

Proof. Let w be a non degenerate 2-form on the 2n-dimensional manifold W. To 

say that w is non degenerate is to say that w/\n is a volume form. But then, if 

w=dQ, 

w/\n = d(Q 1\ W/\(n-l)) 

is also exact, thus W cannot be compact. D 

Hamiltonian vector fields X H for functions H : W ---+ R are defined exactly as 

in Appendix I.6.c and so is the Poisson bracket of two functions on W. Exercise II.3 

explains why it is required that a symplectic form be closed. 

II.2 Lagrangian submanifolds and immersions 

An immersion f : L ---+ W into a symplectic manifold is Lagrangian if 1* w = 0 

and dim W = 2dimL. 

II.2.a In cotangent bundles 

All what was done in C n in § I.4.a works as well in a cotangent bundle. 
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Graphs 

Proposition I.4.I generalizes as: 

Proposition 11.2.1. Let a : L ----+ T* L be a section of a cotangent bundle. Its image 

is a Lagrangian submanifold if and only if the I-form a is closed. 

Proof. The most elegant thing to do is to state first a property of the Liouville 

form (which explains why it is called the "canonical" I-form): for any form a, one 

has 

a*A = a. 

In this equality, a is considered as a section of the cotangent bundle in the left 

hand side and as a form in the right hand side. One has indeed: 

(a*A)x(Y) = A(x,ax)(Txa(Y)) by definition of a* 

= a x(T(x,ax )7r 0 Txa(Y)) by definition of A 

= ax(Y) because a is a section. 

Eventually, a*w = 0 if and only if d(a* A) = 0, thus the graph of a is a Lagrangian 

submanifold if and only if a is closed. D 

Remark II.2.2. In particular, the zero section of L c T* L is a Lagrangian sub-

manifold. What we plan to do next is to show that L c T* L is a model for all 

Lagrangian embeddings of L into a symplectic manifold (Theorem II.3. 7). 

Generating functions 

A function 

F: M x Rk -----> R 

allows to construct a Lagrangian submanifold (the graph of dF) into T* M x C k 

and then, by reduction, a Lagrangian immersion into T*M. 

Wave fronts 

Exact Lagrangian immersions into T* M define wave fronts in M x R and con-

versely. 

Conormal bundles 

Let 

f: V -----> M 

be any immersion. The conormal bundle is the subbundle of the pull back bundle 

j*T* M = {(x, tp) I x E V, tp E Tj(x)M} -----> V 



II. 3. Tubular neighborhoods of Lagrangian submanifolds 

defined by 

N* f = {(x,<p) E j*T* M I <PITxf(Tx V ) = o} 
= {(x,<p) E j*T*M I <poTxf = o}. 

Map N* f into T* M by 

F: (x, <p) f----------+ (f(x), <p). 

This is an immersion, since 
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It is Lagrangian, as we have F* A = O. Indeed, calling 7r the two projections T* M ----+ 

M et N* f ----+ V, we get 

(F* A)(x.'P) (X) = AU(x),'P) (T(x.'P)F(X)) 

= <p (TU(x),'P)7r 0 T(x''P)F(X)) 

= <p (Txf(T(x.'P)7r(X))) 

=0 

as <p vanishes on the vectors that are tangent to V. o 

One should check that the proof given for the normal bundle in § I.4.c for 

the case where M = Rn is identical to the one given here, the orthogonality used 

there being an ersatz of the duality used here. 

II.3 Tubular neighborhoods of Lagrangian submanifolds 

Let us now present a method, invented by Moser [28], which allows to describe a 

symplectic manifold in the neighbourhood of a point (they are all the same) or a 

neighbourhood of a Lagrangian submanifold in a symplectic manifold. 

II.3.a Moser's method 

The next "lemma" contains all these results. 

Lemma 11.3.1. Let W be a 2n-dimensional manifold and let Q c W be a compact 

submanifold. Assume that Wo and WI are two closed 2-forms on W such that, at 

any point x of Q, Wo and WI are equal and non degenerate on TxW. Then there 

exists open neighborhoods 170 and VI of Q and a diffeomorphism 

such that ?jJIQ = IdQ and ?jJ*Wl = Woo 
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Remark 11.3.2. It is not easy to create a diffeomorphism "ex nihilo". The remark-

able idea of Moser is to construct a whole path of diffeomorphisms starting from 

the identity and ending at some diffeomorphism which has the desired property. 

Let us write the proof of Moser lemma when W = en and explain then what 

should be done to get it in the general case (essentially to replace the Euclidean 

structure by a Riemannian metric). Consider the normal bundle to Q in en, 

NQ = {(x, v) E Q x en I v ..l TxQ} 

and the open subset 

liE = {(x,v) E NQ Illvll < E}. 

Notice firstly that: 

Lemma II.3.3. Let Q be a compact submanifold of the Euclidean space Rm. For E 

small enough, the map 

E: NQ -------+ Rm 

( x, v) f----------+ X + v 

is a diffeomorphism from liE onto its image. 

Proof. In a neighbourhood of a point Xo of Q, we describe Q by local coordinates 

U = (Ul,"" Uk), namely by a mapping x : U ---+ Rm where U is open in Rk and 

x(O) = Xo. One can choose vector fields (Vl(U), ... , sãúâEr FF= of Rm on U, that 

form, for all u, an orthonormal basis of the normal space of Q at x( u). So we have 

local coordinates (Ul,"" Uk, h, ... , íãúâF= on NQ in which the mapping E is 

ãúâ=

E(u, t) = x(u) + L t;v;(u). 

The partial derivatives are 

;=1 

{ 

aE = ox + L . tj aVj 
au; au; J au; 

aE 
atk = Vk· 

The matrix of partial derivatives is invertible for t = 0, thus it is invertible also 

for Iltll small enough 1 . We conclude globally using the compactness of Q. D 

Call 170 the image of a suitable liE' This is a neighbourhood of Q in en. 

Lemma II.3.4. On 170 , the 2-form T = WI - Wo is exact. 

1 It is interesting to see "how far" we can go. This leads to the notion of focal point, see for 

example [26]. 
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First proof. The vector bundle NQ retracts on its zero section. The inclusion 

j : Q -> Vo thus induces an isomorphism j* : H'bR(VO) -> H'bR(Q). As j*[WI] = 
j*[woJ, the cohomology classes of WI and Wo are equal in H'bR(VO), which means 

that their difference is an exact form. 0 

Second proof. We explicitly construct a I-form a that is a primitive of T. Consider 

the dilatation of factor t in the fibers 

<Pt : Vo -----; Vo 

x + V f------+ X + tv 
t E [0,1]. 

This is a diffeomorphism (onto its image) for t > ° and we have <Po (Vo) = Q, 
<PI = Idv o and <ptlQ = IdQ. The form T = WI -wo is a 2-form on en. Consider its 

restriction to Vo. It is identically zero along Q by assumption. We have 

Consider now the (time depending) radial vector field X t (tangent to the 

dilatation) on Vo. This is the vector field defined by 

It is defined only for t > 0, in the same way that <Pt is a diffeomorphism only for 

t > 0. In a very concrete way, the vector field is 

1 
Xt(x + v) = -v. 

t 

For all t, consider also the I-form at defined by 

Notice that, if y is in Q, one has 

thus at is zero along Q. For t > 0, one has 

(<p; LX t T)x+v (Y) = (LX t T)x+tv (Xt(x + tv), Tx+v( <Pt)(Y)) 

= Tx+tv(V, Tx+v(<pt)(Y)) 

= a;+v(Y). 

Hence, for t > 0, 
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and consequently 

Eventually, we get 

dcrt = ÇEí éTúu í q F=

= tp7 EÇúuí = T + úuí ÇqF=
= tp7 (L Xt T) 

= :t (tp;T). 

t d ( * ) dcr = dt tpt T 

for t > 0 and thus also for all t E [0,1]. Now 

T = T - 0 = tptT - tp5T = r1!!:..- (tp;T) dt = r
1 
(dcrt)dt = dcr 

Jo dt Jo 

writing cr = Jo1 crtdt. We has thus proved that, in a neighbourhood of Q, W1 -Wo = 
dcr is an exact form (with cr identically zero on Q). D 

To finish the proof of Lemma 11.3.1, we use the actual method of Moser. We 

consider the path of symplectic forms 

Wt = Wo + t(W1 - wo) = Wo + tdcr. 

For t = 0, this is the non degenerate form Woo Also, along Q, this is the very 

same form Woo Restricting again Vo if necessary (using compactness again) one 

can assume that Wt is non degenerate on Vo for all t E [0,1]. Let yt be the vector 

field defined by 

úví t í = = -cr 

(the existence and uniqueness of yt are consequences of the fact that Wt is non 

degenerate). Let 1/;t be its flow: 

We have 

! (1/;;Wt) = 1/;; (:tWt + LYtWt) 

= 1/;; (d(cr) + Çúv í ï í F=
= d (1/;;(cr + úví t í FF=
=0 

by definition of yt. Hence 1/;tWt = 1/;owo = Wo and eventually 

1/;tw1 = Woo 

D 
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Remark II.3.5. In a general symplectic manifold W, the proof is identical to the one 

given here; what we need is the notion of a normal bundle, that is, of orthogonality 

in TW, and a way to replace the mapping (x, v) f---' X + v. One uses a Riemannian 

metric on Wand its exponential mapping: the point expv (x) that replaces x + v is 

the point reached at time 1 by a geodesic 2 starting from x (at time 0) with tangent 

vector v. 

The most direct application of Lemma 11.3.1 is the Darboux theorem. This 

is the case where Q is a point xo, WI is a symplectic form on Wand Wo is the 

symplectic form induced on Txo W. 

Theorem 11.3.6 (Darboux theorem). Let x be a point of a manifold W endowed 

with a symplectic form w. There exists local coordinates 

centered at x in which W = E dYi 1\ dXi' 

Proof. The form induced by WI on Txo W defines, using a diffeomorphism from 

a neighbourhood of 0 in Txo W onto a neighbourhood of Xo in W, a symplectic 

form Wo on a neighbourhood of Xo. Lemma 11.3.1 gives a diffeomorphism 'IjJ from a 

neighbourhood of Xo into itself, that fixes Xo and satisfies 'IjJ*WI = Woo By definition 

of wo, there exists local coordinates centered at Xo in which it can be written 

búf yúK= D 

II.3.b Tubular neighborhoods 

The next application is a theorem of Weinstein that describes the tubular neigh-

borhoods of the Lagrangian submanifolds. 

Theorem 11.3.7 (Weinstein [34]). Let (W, w) be a symplectic manifold and let 

LeW be a compact Lagrangian submanifold. There exists a neighbourhood No 

of the zero section in T* L, a neighbourhood Vo of L in Wand a diffeomorphism 

'P : No ----> Vo such that 

'P*W = -dA and 'PIL = Id. 

Proof. Let us check that we can apply Lemma 11.3.1. The submanifold Q is the 

Lagrangian submanifold L and the form Wo is the restriction of w. The form WI 

is the symplectic form of T* L. We are going to compare them in T* L. As in the 

previous proof, let us assume firstly that W = en. Let 'P be the composed mapping 

T* L ------+ N L ------+ en 
( x, Q) f----------t (x, J v CY.) f----------t X + J v CY. 

2To extend the geodesics, we also need an assumption on the completeness of the metric, or 

on the manifold W. 
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where 

• a f---+ Va is the isomorphism between cotangent and tangent spaces given by 

the Euclidean structure of en restricted to L: 

• J is the multiplication by i. Recall (see Lemma 1.2.1) that L is Lagrangian 

if and only if T L.1. = JT L. 

Call No a neighbourhood of the zero section in T* L, mapped onto a suitable 

Uc , so that <p : No ---+ en is a diffeomorphism onto its image. We want to compare, 

in No c T* L, the two forms WI = -d)'" and Wo = <p*w. To apply Lemma II.3.1, we 

have to check that they coincide along the zero section. 

Let (x,O) E L c No. We have 

T(x,o)No = T(x,o) (T* L) = TxL EEl T; L. 

Recall that there is an exact sequence 

O K 'T' 'T' (T*L) T(x,a)7r T L 0 ------; er -'- (x,a) 7r ------; -'- (x,a) ) x ------; 

which splits along the zero section s, using 

TxL ú=T(x,o) (T*L) , 

and that the kernel Ker T(x.a) 7r is canonically identified with T; L. Compute then 

<p*w along the zero section. For V, w E TxL and a, (3 E T; L, we have 

(<p*W)(x,O) ((v, a), (w, (3)) = w'P(dl) (v + Jva , w + JV(3) 

= Wx (v + JVO!) w + JV(3) 

= (v, v(3) - (w, va) 

= (3(v) - oo(w). 

But we have seen (in Exercise 11.1) that 

(d)"')(x.o) ((v, a), (w, (3)) = (2: dYj /\ dXj) ((v, a), (w, (3)) = oo(w) - (3(v). 

The forms <p*w and -d)'" coincide along the zero section, therefore we can apply 

the lemma. D 

In the general situation where W is a symplectic manifold, we need a Rie-

mannian metric and an analogue of J. We use an "almost complex structure" J 

calibrated by w, namely an endomorphism J of the tangent bundle TW such that 

J2 = -Id and 

(X, Y) f-----7 w(X, JY) 

is a Riemannian metric. Such structures exist and form a contractible set. See 

for instance [5, 24]. Notice that this notion is a globalization of the linear notion, 

mentioned in § 1.6.b. 
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II.3.c "Moduli space" of Lagrangian submanifolds 

We consider now, for a given manifold L, the space of Lagrangian immersions 

f:L--+W. 

We call it a "space" because this set is actually a topological space, a fact which 

allows to consider immersions that are "close" to a given immersion. We use the 

Whitney C1-topology. 

The C1-topology 

Let V and W be two manifolds. The C1-topology is a topology on the space of C1_ 

maps from V to W. Consider the vector bundle 'c(TV, TW) over V x W, the fiber 

at (x, y) of which is the vector space ,c (Tx V, Ty W). The total space is usually called 

Jl(V, W) rather than £.,(TV, TW). Every map f E C1(V, W) defines a mapping 

j1 f: V --+ J 1(V, W) 

x>-----+ (x, f(x), Txf). 

If U is an open subset of J1 (V, W), denote 

\7(U) = {J E C1(V, W) I jIf E U}. 

The C1-topology is the topology for which the \7(U) are a basis. It is said that a 

map f is "C1 -close" to fo if it is close to fo for the C I-topology. 

Diffeomorphism group 

The group of diffeomorphisms of L acts on this space by rp. f = f 0 rp-l. We want 

to consider Lagrangian immersions only up to this action: we do not want to take 

into account the way the manifold L is "parametrized". 

Moduli space 

We consider the space of Lagrangian C1-immersions from L to W up to the action 

of the diffeomorphism group. The quotient space is called the "moduli space" of 

Lagrangian immersions from L to Wand denoted ,c (L ). The next theorem de-

scribes the Lagrangian immersions that are close to a fixed Lagrangian embedding 

of L into W. 

Theorem 11.3.8. Let L be a compact and connected manifold. A neighbourhood of 

a Lagrangian embedding 

L--+W 

in the space 'c(L) can be identified with a neighbourhood of 0 in the vector space 

of closed I-forms of class C1 on L. 
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Proof. Let fo : L ----+ W be a Lagrangian embedding and f : L ----+ W be a 

Lagrangian immersion close to fo. In particular, f is close to fa for the "Co_ 

topol ogy3", we can consider that everything lies in a neighbourhood of L. Thanks 

to the tubular neighbourhood theorem (here Theorem II.3.7) we can assume that 

everything takes place in a neighbourhood of the zero section in T* L. The map f is 

C1-close to the inclusion of the zero section L ----+ T* L (this is what fo has become 

when we have identified the neighbourhood of fo(L) in W with a neighbourhood 

of the zero section in T* L). Thus the composition of f with the projection of the 

cotangent is a C1-mapping L ----+ L, close to the identity. Recall the next lemma, 

which is a consequence of the inverse function theorem. 

Lemma 11.3.9. Let L be a compact and connected manifold. Let f be a C1-map 

L ----+ L that is C1-close to the identity. Then f is a diffeomorphism. 0 

According to this lemma, the composition is a diffeomorphism g of L. Com-

posing with g-l, we get an embedding 

~Wi úqGi =

which is still C1-close to the zero section ... but now the composition 

iúqGiúi=

is the identity. Thus a is a section, that is, a I-form on L, and a is closed because 

the embedding is Lagrangian. Conversely, all the closed I-forms that are close to 

the zero section define Lagrangian embeddings close to fo. 0 

Remark II.3.10. One should have noticed that the section L --+ T* L defined by a 

I-form is a C1-mapping if and only if the form is a C1-form. The C1-topology thus 

defines the structure of a topological vector space on the space of I-forms. In § II.6 

below, we will need a Banach space structure. 

Remark II.3.11. The vector space we have obtained is infinite dimensional. It can 

be considered as a neighbourhood of fo in the "manifold" of deformations of fo, 

or as its tangent space at fo. 

II.4 Calabi-Yau manifolds 

We want now to describe, in a way analogous to what we have done in § II.3.b, the 

moduli space of special Lagrangian submanifolds. In order to apply Theorem II.3.7 

(special Lagrangian submanifolds are, firstly, Lagrangian submanifolds) we need 

a compactness assumption on the Lagrangian submanifold. Unfortunately, as we 

have seen it in § 1.5.b, the special Lagrangian submanifolds of en are never com-

pact. We thus need to consider more general manifolds, in which it is possible to 

define special Lagrangian submanifolds. These are the "Calabi- Yau" manifolds. 

:lThe CD-topology, defined similarly to the C1-topo!ogy, is simply the compact open topology. 
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The point is to define a structure that globalizes the structures on en which 

have allowed us to speak of special Lagrangian submanifolds. Recall that, in addi-

tion to the R-bilinear alternated form w, we have used the form n = dz 1/\·· ·/\dz n 

of the complex determinant. 

We will use here the best adapted definition of a Calabi- Yau manifold, the 

point is not to spend time on the Calabi-Yau manifold itself but rather on its 

special Lagrangian submanifolds. For more information on Calabi- Yau manifolds, 

see [33, 8] and the references they contain. 

II.4.a Definition of the Calabi-Yau manifolds 

Our manifolds should be complex and endowed with a symplectic form wand a 

type-(n,O) holomorphic form n that is nowhere zero (this is sometimes called a 

holomorphic volume form). Consider thus a manifold M, on which are given 

• a complex structure J (multiplication by i), 

• a closed non degenerate type (1, I)-form w (the Kahler form) 

• a Riemannian metric 

g(X, Y) = w(X, iY), 

• a Hermitian metric 

h(X, Y) = g(X, Y) - iw(X, Y), 

• a trivialization of the "canonical" bundle N'T* M, namely a type-(n, 0) holo-

morphic form n which is nowhere zero. 

We still need a relation between the forms wand n. Notice that both forms wAn 

and n /\ n are of type (n, n) and both do not vanish on M, in particular, both are 

volume forms. We thus have 

n /\ n = jw An 

for some function j on M. The additional compatibility condition is that j should 

be constant. Let us look at the case of en. We have 

Writing 

n 

wn = ('2:JdYj /\ dXjt n = n!(dY1/\ dxd /\ ... /\ (dYn /\ dXn). 

j=l 

1 1 
dy = 2i (dz - dz) and dx = 2(dz + dz) 

and noticing that 

1 1 
dy /\ dx = 4i (dz - dz) /\ (dz + dz) = 2idz /\ dz, 
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we can also write 

lin n! _ _ 
w = 2ni n (dz1 1\ dZ1 1\ ... 1\ dZn 1\ dzn ) . 

The computation of 0 1\ n gives 

We thus have 
n(n-l) 

An (-1)-2-n!n n 
W = HI\H. 

2n i n 

We will use the same normalization formula to define a Calabi- Yau manifold in 

general. 

Definition Ir.4.I. A complex manifold M is said to be a Calabi- Yau manifold if 

it is Kahler, has a trivialized canonical bundle, and if the Kahler form wand the 

type-(n,O) form 0 trivializing the bundle AnT*M are related by 

(
_ ) n(n

2
-1) , 

lin 1 n. n n 
W = HI\H. 

2n i n 

Remark 11.4.2. Recall that it is possible to express the fact that the form w is 

Kahler by saying that the complex structure is "parallel" with respect to the Levi-

Civita connection associated with the metric it defines with w. Similarly, it is 

possible to express the compatibility condition for 0 by saying that it is parallel 

with respect to the same connection. 

Remark 11.4.3. In general, it is required that the Kahler metric be complete, in 

other words that it is possible to extend geodesics. This is equivalent to requiring 

that the manifold be complete (in the sense of metric spaces). 

II.4.b Yau's theorem 

Consider a (complex algebraic) projective smooth manifold M of complex dimen-

sion n. Assume that all the HP.O(M) are zero for 1 :S p :S n - 1 and that the 

canonical bundle AnT* M = KM is trivialized by a type-(n, 0) form O. Notice that 

M is Kahler, call the Kahler form w. Rescaling w if necessary, we get 

A hard theorem of Yau [35] asserts that there exists a unique Kahler form won M 

such that [w] = [w] E HbR(M) and which, together with 0, gives M the structure 

of a Calabi-Yau manifold. 

II.4.c Examples of Calabi-Yau manifolds 

Of course en is a Calabi-Yau manifold. 
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Affine quadrics 

We have defined in § 11.1 a symplectic form on the unit sphere S2 C R:) by the 

formula 

wx(X,X') = det(x,X,X'). 

Similarly, the formula 

nz(z, Z') = detc(z, Z, Z') 

defines a "holomorphic symplectic" form of the complex quadric 

Q = {(Zl, Z2, Z3) 1 zi + òú= + òWú= = 1}. 

In "differential" terms, 

n = z l dz2 1\ dZ3 + Z2dz3 1\ dZl + Z3dzl 1\ dz2. 

On the open subset of Q where Z3 i- 0, Zl and Z2 are coordinates and, using the 

relation 

we can write 

so that 
- 1 

n 1\ n = --2dz1 1\ dZ2 1\ dZ1 1\ dz2. 
IZ:ll 

Modifying the restriction Wo to Q of the standard Kahler form of C:l , let us 

construct a Kahler form w on Q such that 

1 -
w 1\ w = 4n 1\ n. 

Call h the restriction to Q of the function 1 Z 12. We look for w of the form 

i -
w=2 88 (joh) 

for some function f. A straightforward computation (see also [31]) shows that 

f(h) = V71+T works. 

The quadric Q, equipped with nand w is (thus) a Calabi-Yau manifold. 

Recall that Q is diffeomorphic to the tangent bundle T S2 by 

Q -------+ T S2 

X + iY f----------+ ( X , Y) 
V1 + 11Y112 

In this way, what we have got is the structure of a Calabi- Yau manifold on the 

tangent (or cotangent) bundle of the sphere S2. It is possible (but a little more 

complicated) to do the same for the cotangent bundles of all the spheres sn and 

more generally for those of all "rank-1 symmetric spaces" (see [31]). 
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Remark 11.4.4. Recall that we have identified C 2 with the skew field H of quater-

nions (in § 1.5.a). Similarly, the surface Q has the structure of a "quaternionic" or 

"hyperkahler" manifold. 

Call I the complex structure defined on Q by that of C 3 (this is the multi-

plication by i) and notice that the symmetric bilinear form that is an equation for 

Q is still non degenerate when restricted to òú= = TzQ. Define an operator Jz on 

the tangent space TzQ by the fact that Jz(Z) is the unique vector in TzQ that is 

orthogonal to Z for the complex bilinear form and such that 

detc(z, Z, Jz(Z)) = IIZI12 . 

This is an almost complex structure since 

thus f; = - 1d. This is an isometry since 

IIJZI12 = detc(z, JZ, J2(Z)) = detc(z, JZ, -Z) = IIZI12 . 

Moreover, J "anti-commutes" with I: 

We thus have 

detc(z,IZ,JIZ) = IIIZI12 = IIZI12 on the one hand 

= idetc(z, Z, JIZ) by linearity. 

detc(z, Z, JIZ) = -i IIZI12 = - detc(z, Z,I JZ) 

so that J I = - I J. Hence I, J and I J form a quaternionic structure on Q. On Q, 

we thus have 

• the Kahler form w, 

• the complex structure I defined by multiplication by i in C 3 , 

• the associated Riemannian metric g, so that w(X, IY) = g(X, Y), 

• the "holomorphic symplectic form" n, 

• the complex structure J defined in such a way that n be a J-Kahler form, 

associated with the same metric g. 

It is said that Q is hyperkahler. See Exercise II.7 for a kind of converse statement. 

Let us give now a few examples of compact Calabi-Yau manifolds. 



II. 4. Calabi- Yau manifolds 65 

Elliptic curves 

The quotient M of C by a lattice A is an elliptic curve. The two forms 

1 
W = 2i dz 1\ dz and n = dz 

give it the structure of a dimension-1 Calabi-Yau manifold. One can, more gen-

erally, perform the quotient of cn by a lattice. It is time for a remark: no other 

"explicit" example of compact Calabi-Yau manifold is known. In all the known 

examples, the existence of the Kahler metric with all the desired properties is 

obtained as a consequence of the Yau theorem (§II.4.b). 

Hypersurfaces 

Recall that complex elliptic curves can be considered as degree-3 curves in P2(C), 

thanks to the Weierstrass r-function. They are thus the n = 1 case in the next 

theorem. 

Theorem 11.4.5. A degree-d hypersurface in pn+ 1 (C) is a dimension-n Calabi- Yau 

manifold if and only if d = n + 2. 

Proof. The condition on the degree is necessary, as we show it now by the compu-

tation of the first Chern classes. We want that the bundle A nT* M be trivializable, 

we must thus have C1 (T* M) = -C1 (T M) = O. Calling j the inclusion of M in 

pn+1(C), we have 

since the normal bundle of Min pn+1(C) is tJ(d). Denoting by t the dual class to 

the hyperplane section in H2(pn+1(C)) , we have 

(n+2-d)j*t=O 

so that d = n + 2. 

Assume conversely that d = n + 2. Let us construct explicitly a holomorphic 

n-form on M. Let F be a degree-(n + 2) homogeneous polynomial that describes 

the hypersurface M. Every point of M lies in an affine chart Zi -I- 0 of pn+ 1 (C). 

In affine coordinates Zk = Zk/Zi, there is an index j such that 

8 
-8 F(zo, ... , 1, ... , zn+d -I- 0 

Zj 

since M is smooth. The formula 

. . dzo 1\ ... 1\ dz 1\ ... 1\ dz· 1\ ... 1\ dz +1 n = (_1)'+J-1 8F' J n 

---8 (zo, .. . ,1, ... ,Zn+1) 
z] 
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defines a homogeneous holomorphic n-form on M that is nowhere zero. This is 

a consequence of the theorem of Yau (§ II.4.b) that there is, indeed, in the same 

cohomology class as the standard Kahler form w, another Kahler form w + iDarp 

giving a Calabi-Yau structure on M. D 

Remark II.4.6. The form 0 above is defined as "Poincare residue 4 " starting from 

the n + I-form on pn+1(C) with poles along M defined by 

dzo 1\ ... 1\ dz· 1\ ... 1\ dz +1 
(Ji = (-1)" , n 

F(zo, ... , 1, ... ,Zn+1) 

in the affine chart Zi of. O. 

Remark II.4.7. Calabi-Yau manifolds of dimension 2 are hyperkahler. The proof 

of this fact is the subject of Exercises II.6 and II.7. 

II.4.d Special Lagrangian submanifolds 

An immersion f : V ---+ M from a manifold of real dimension n into a Calabi-

Yau manifold M of complex dimension n is said special Lagrangian if it satisfies 

f*w = 0 and f*f3 = O. As in the case of cn, the form f*0 = f*a is then a volume 

form. 

11.5 Special Lagrangians in real Calabi-Yau manifolds 

II.5.a Real manifolds 

A complex analytic manifold is real if it is endowed with a "real structure", that 

is, with an anti-holomorphic involution S : an involution such that, for any holo-

morphic function f over an open subset U of M, f 0 S is a holomorphic function. 

For example, on the algebraic submanifolds of pN (C) described by real polyno-

mial equations, the complex conjugation is an anti-holomorphic involution. These 

manifolds are thus real manifolds. In particular, the projective space pN (C) itself 

is a real manifold. 

The real part, or set of real points of a real manifold is, by definition, the 

set of fixed points of S. For example, the real part of the real manifold pN (C) is 

pN (R). Notice that there exists respectable real manifolds that have no real point 

at all, as is, for example, the "Euclidean quadric" 

N+1 

l:X;=O 
i=l 

in pN(C). 

4See [15] p. 147. 
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Proposition 11.5.1. The real part of a real manifold of complex dimension n, if it is 

non empty, is a submanifold all connected components of which have dimension n. 

Proof. The connected components of the set of fixed points of the action of a 

finite group (here the order-2 group generated by 8) are always submanifolds. The 

tangent space at x to such a component is the subspace of fixed points of the 

R-linear involution a = TxS. 

The fact that 8 is a real structure implies that f 0 a is a complex linear form 

for any complex linear form f on the tangent space at x. We have to check that 

the fixed subspace of a has dimension n. To do this, we simply verify that the 

eigensubspaces associated with the eigenvalues 1 and -1 are isomorphic. Indeed, 

if a(X) = X, then for any complex linear form f, we have 

f 0 a(iX) = if 0 a(X) = if(X) = f( -iX). 

For any complex linear form f, we thus have 

f(a(iX)) = f( -iX) 

so that a(iX) = -iX. Hence, there are "as many" eigenvectors for the eigenvalue 

-1 than there are for the eigenvalue 1. 0 

II.5.h Real Calahi-Yau manifolds 

A Calabi-Yau manifold is real if it is both a Calabi-Yau manifold and a real 

manifold, with a couple of compatibility conditions 

8*w = -wand S*0, = n 

(similarly to what happens in C n with the complex conjugation and the two usual 

forms 0, and w). 

Examples 11.5.2. • The affine quadric I:: zf = 1 of C:l , endowed with the com-

plex conjugation of coordinates is a real manifold. It is also clear that this is 

a real Calabi- Yau manifold. Its real part is simply the unit sphere 8 2 C R:l. 

If we consider Q as the tangent bundle to S2, notice that the complex con-

jugation is the multiplication by -Ion the fibers and that the real part is 

the zero section . 

• A real hypersurface of degree n+2 in pn+l(C) is a real Calabi-Yau manifold. 

This is checked by computing 8*0, and 8*(w + i88<p) , for 8 the involution 

induced by the real structure (complex conjugation) of pn+l(c) and 0" w 

as in the proof of Theorem 11.4.5. 
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II.5.c The example of elliptic curves 

Let us come back to the example of r = C/ A where A is a lattice that we assume 

here to have the form 

A = {m + nT I m, n E Z} 

for some fixed T such that 0 ::; Re( T) < 1 et Im( T) > O. To define a real structure 

on C/ A from the complex conjugation in C, it is necessary that A be invariant, 

that is, that 

f = m+nT 

for some m, n E Z. Considering the real and imaginary parts of T, it is seen that 

m = 2Re(T), thus Re(T) = ú= or O. 

T 

qú= ______ ú=

^ ’ú’W’WWWWLDWWWyLLLWWWWWtTW’WLLWW’W’’’’=
úW= ................................ . 

úI JJJJJJJJJJJJJJJ

Figure 11.1: Real elliptic curves 

In the second case, the real part of r has two connected components, but in 

the first case, it has only one, as can be seen solving the equation 

z= z+m+nT 

in both cases. These components are depicted in bold on Figure 11.1. 

Notice (although this is a trivial remark) that the lines that are parallel to 

the x axis constitute a real foliation of C/ A by circles (dimension-l tori) that are 

special Lagrangian submanifolds of r, represented by dotted lines on Figure 11.1. 

The space of these special Lagrangian submanifolds is parametrized by the axis 

generated by T or rather by its image in r, a circle. 

We shall see more generally in § 11.6 that the moduli space of special La-

grangian submanifolds in a Calabi- Yau manifold is, in the neighbourhood of a 

submanifold V, a manifold whose dimension is the first Betti number of V (here 

V is a circle and its first Betti number is 1). 

II.5.d Special Lagrangians in real Calabi-Yau manifolds 

Assume now that M is a real Calabi-Yau manifold. We know that 

S*w = -wand S*fj = n. 
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Assume now that the real part MR is not empty. Call j the inclusion of MR into 

M. We have 50 j = j and in particular 

j*w = (50 j)*w = j*(5*w) = j*( -w) = -j*w 

hence j*w = O. Similarly 

j*O = (50 j)*O = j*(5*O) = j*n = j*O 

thus j* (3 = O. We have proved: 

Proposition 11.5.3. Let M be a real Calabi- Yau manifold. The real part of M, if it 

is not empty, is a special Lagrangian submanifold of M. 0 

Let us describe now a few examples of this situation. 

The affine quadric 

The sphere 52 is a special Lagrangian sub manifold of the affine quadric Q E C 3 . 

In other words, with the Calabi- Yau structure on T 52 defined in § H.4.c , the zero 

section is a special Lagrangian submanifold. 

In the next examples, we consider a smooth hypersurface defined by a real 

homogeneous polynomial of degree n + 2 in pn+l(C), with its real Calabi-Yau 

structure. 

Elliptic curves 

The n = 1 case, that of plane cubics, is isomorphic to the example of quotients of C 

by lattices (§ II.5.c). The real part of a plane cubic has zero, one or two connected 

components (see Figure 11.1). All components are (topologically) circles. Cubics 

are foliated by special Lagrangian circles, drawn in dotted lines on Figure ILL 

Degree-4 surfaces 

Consider now real algebraic surfaces of degree 4 in P3(C) (the real part of this 

subject has been investigated and explained in [21]). Here is an example from [9]. 

Consider the real polynomial 

that describes a smooth surface M which has a non empty real part MR. This real 

part is 

Normalize the non zero vectors of R4 by the choice, in each real line through zero, 

of one of the two vectors such that 
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Then MR is the quotient 

{(XO, Xl), (X2' X3) E R2 X R2 I X6 + xi = ñú= + xj = I} /(u, v) '" (-u, -v). 

It is clear that the curve C described in R2 by the equation x4 + y4 = 1 is 

diffeomorphic to a circle (radially). Eventually 

MR = (C x C)/((u,v) '" (-u - v)) 

is diffeomorphic to a torus. We have thus found a special Lagrangian torus in the 

Calabi-Yau surface M. 

II.6 Moduli space of special Lagrangian submanifolds 

We want now an analogue of Theorem II.3.8, more precisely a description of a 

neighbourhood of a given special Lagrangian submanifold in the space of all special 

Lagrangian submanifolds. 

Theorem 11.6.1 (McLean [25]). Let V be a compact manifold. The moduli space 

of the special Lagrangian embeddings of V in the Calabi- Yau manifold M is a 

manifold of finite dimension bl (V) = dim HI (V; R). Its tangent space at a given 

point is isomorphic to the vector space of harmonic I-forms on V. 

As usual, it is understood that the empty set is a manifold of any dimension 

- this is not an existence theorem. 

Remark II.6.2. There are two main differences between this statement and Theo-

rem 11.3.8. The first one is that the moduli space here has finite dimension. The 

second one is that the condition "to be special Lagrangian" is no longer linear, 

so that this is indeed the tangent space that is identified to a space of differential 

forms. 

Example II.6.3. Let us come back to the example of the Calabi-Yau structure 

on T 52 described in § II.4.c. We have said in § II.5.d that the zero section is a 

special Lagrangian submanifold. As there are no non zero harmonic I-forms on 

52, the theorem of McLean asserts that the zero section is "rigid", that is, it 

cannot be deformed. In the moduli space of special Lagrangian submanifolds, this 

is an isolated point. 

Proof of Theorem IJ.6.1. 

Using the tubular neighbourhood theorem (here in §I1.3.b), replace M by a tubular 

neighbourhood of the submanifold V that is isomorphic to a neighbourhood of the 

zero section in the normal bundle of V (as are all tubular neighborhoods) and to a 

neighbourhood of the zero section in the cotangent T*V. We will use the structures 

induced by those of M on this neighbourhood, keeping their names, for example 

n = a + i/3. 
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We have said in § II.3.c that the space of Lagrangian sub manifolds can be 

identified with a neighbourhood of 0 in the space Zl (V) of the closed I-forms 

on V. The special Lagrangian submanifolds are described, in this space, by the 

equation F(1]) = 0 where 

is the mapping defined by F(1]) = 1]*(3. Although these spaces are infinite dimen-

sional, the strategy of the proof is to show that F is submersive at O. It is thus 

better to restrict, as much as possible, its target space. Notice first: 

Lemma 11.6.4. The image of F is contained in the subspace dnn - 1 (V) of exact 

n-forms on V. 

Proof of Lemma II.6.4. If 1] is the zero form, the mapping 1] : V ----> T*V is the 

inclusion of the zero section, a special Lagrangian, thus F(O) = O. Given a form 1], 

it is possible to consider the path (segment) (t1])tE[O,lj joining it to the zero form ... 

and giving a homotopy from the section 1] to the zero section. The cohomology 

class of the closed form (t1])* (3 does not depend on t, thus it is identically zero, 

and that means, indeed, that 1]*(3 is an exact form. D 

We thus consider F as a mapping 

F: Zl(V) ú=dn n - 1(V) 

and compute its differential at O. 

Lemma 11.6.5. The differential of F at 0 is the mapping 

where * denotes the Hodge star operatoi' associated with the metric defined by the 

Calabi- Yau structure on the special Lagrangian V. 

Proof of Lemma II.6.5. To compute (dF)o(1]), one chooses a path of forms Tit 

whose tangent vector at 0 is the form 1]. Let 1] be a I-form on V and X be 

the vector field that corresponds to it via the metric on V, that is, the vector field 

such that g(X, .) = 1]. Let Y = J X be the vector field normal to V. This is the 

vector corresponding to 1] under the isomorphism NV c::: T* V. The vector field 

Y is only defined along V, we extend it (arbitrarily) in a îÉÅíçêú= field 17 on the 

tubular neighbourhood under consideration. Call ;Pt the flow of Y, so that ;Pt is 

a diffeomorphism defined for t small enough. The restriction CPt of ;Pt to V is an 

embedding of V into NV (one pushes V using CPt). For t = 0, this is the zero 

section. Hence for t small enough, this is still a section of NV. We have, for all x 

in V, 
d 
-cpt(x)lt-o = Y(x). 
dt -

5 See Exercise II. 5. 
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Under the identification NV c::: T*V, the section <Pt of NV corresponds to a section 

ift of T*V which is a path of forms, whose tangent vector at 0 is the form TJ. 

Consider now the (n, D)-form 0, still on our neighbourhood of the zero section 

in NV. We have 

:t <f5;Olt=o = 'cyO = dLyO 

applying Cartan formula together with the fact that 0 is closed. For the embedding 

<Pt : V -+ NV, we thus have 

:t <p;Olt=o = dLJXO = id(LXO) 

since 0 is C-linear. We then have 

(dF)o(TJ) = :t ifU3lt=o 

= Im(id(ixO)) 

= Red(ixO) 

= d(ixa). 

We still have to convince ourselves that ixa = *TJ. The (n ú= I)-form *TJ is the 

unique form satisfying 

'I/J 1\ (*TJ) = g('I/J, TJ)a 

for any I-form 'I/J. But, as the (n + I)-form 'I/J 1\ a is zero, its interior product by X 

is also zero and we have 

by definition of X and of the metric 9 on the space of I-forms. D 

Notice that this implies in particular that the differential dFo is onto: if cr is 

an (n ú= I)-form, 

dcr = (dFo)(± * cr). 

To end the proof of the theorem, we need to precise what kind of implicit func-

tion theorem we use to go from "differential is surjective" to "inverse image is a 

sub manifold" . The simplest here is to use the standard implicit function theorem 

for Banach spaces (see, for example, [10]). We need to endow the spaces of forms 

Zl (V) and on (V) with structures of Banach spaces. Let us precise the regularity 

of the forms we use. We consider forms of class C1,E in Zl (V) and of class CO,E 

in on(v). The Holder norm used here on forms is deduced from the usual Holder 

norm on functions: recall that Ck •E (U) is the space of functions of class Ck on the 

open set U of Rn all the derivatives (of order :::; k) of which have a finite Holder 

norm IluliE (for c EjO, 1]), with 

lu(x) ú= u(y)1 
Ilulic = sup II liE + sup lu(x)l· 

x,yEU x ú= y xEU 
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The implicit function theorem gives the fact that F-1(0) is a submanifold in 

a neighbourhood of 0, whose tangent space at 0 is the kernel J(l(V) of (dF)o. It 

is important here that this kernel has finite dimension. The isomorphism between 

HiJR(V) and the space J(l (V) of harmonic I-forms is the contents in degree 1 of 

the Hodge theorem, see [15]. 0 

Remark 11.6.6. The vector space H"lJI/ (V) is isomorphic to the vector space dual 

to HiJR (V), so that 

has a natural symplectic structure (see Exercise 1.1), here 

w((a,1]),(a',r7')) = 1(a/\1]'-a' /\1]). 

The space of harmonic I-forms is a Lagrangian subspace, by 

J(1(V) --------> HhR(V) EB H"lJ"Rl(V) 

a f-----------> ( a *a) 

(this is the graph of the mapping *, which is symmetric with respect to the metric ... 

see Exercise 1.8). If ]0 : V -+ W is a special Lagrangian submanifold, call 'B the 

moduli space in a neighbourhood of ]0. We thus have a Lagrangian subspace 

and it is possible to "integrate" it in a Lagrangian embedding (see [19]) 

See also [11] for a description of all these structures by symplectic reduction. 

11.7 Towards mirror symmetry? 

The "mirror conjecture" asserts the existence, for any Calabi- Yau manifold M, of 

another Calabi- Yau manifold M* of the same dimension, related with M in a way 

we briefly describe now, sending the readers to [33] for missing detail. 

Call ]VhI the space of isomorphism classes of 

• a complex structure Jt deforming the complex structure J of M 

• a "complexified Kahler class" on (M, Jt ), namely a cohomology class of the 

form a + i(3, for some Kahler class (for Jt ) a E HJJR(M) and some element 

(3 E HJJR(M)/27rH2 (M; Z). 
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Notice that, locally, Q + if3 varies in an open subset of H2(M; C), so that the 

space MM is, locally, a product. The manifold M and its "mirror" partner M* 

should be related by an isomorphism of the moduli spaces 

MM ------> MM* 

that exchanges the factors of this local decomposition as a product. 

Using in an essential way the symplectic structure of the loop space of M 

and techniques that go far beyond the level of these notes, Givental has proved 

the conjecture in [14], following a series of previous papers, the references of which 

can be found in [14] and [33]. 

Special Lagrangian submanifolds have been a few years ago the central object 

of another approach to mirror symmetry, more speculative and having given so far 

very few results - but a very beautiful approach indeed, that I intend to describe 

very briefly here. 

II.7.a Fibrations in special Lagrangian submanifolds 

We are no more interested in a single special Lagrangian submanifold but in a 

whole family. More precisely, we consider a compact Calabi- Yau manifold M and 

a differential mapping 

p : M ------> B 

to a manifold B, whose general fibers are special Lagrangian submanifolds. The 

dimension of B, as that of the fibers of p, must be n. It is not required that p 

be everywhere regular. Some of the fibers may be singular. The other ones, who 

correspond to regular values of p, are called general fibers. 

We know (see § I.6.c and [4]) that in any proper Lagrangian fibration, the 

general fibers are unions of tori, so this must be the case here. The first Betti 

number of a torus of dimension n is precisely n, so that it can be expected that B 

"looks like" the moduli space of special Lagrangian submanifolds. 

So, let b E B be a regular value of p and let V c p-l(b) be a connected 

component of the fiber p-l(b). If X E TbB is a tangent vector, there exists a 

unique vector field Y normal to V in M and such that, for all x in V, 

To this field Y corresponds a harmonic I-form TJ on V, as in the proof of the 

theorem of McLean (here Theorem H.6.1). As B has dimension n, starting from 

n independent vectors Xl' ... ' Xn in nB, one constructs n fields Yl ,· .. , Yn, that 

are normal to V and linearly independent at each point of V. Dually, we thus 

have n harmonic I-forms TJl, ... ,TJn that form a basis of J(l (V) and are linearly 

independent at each point of V. 

In order that such a fibration p : M ---+ B exists in a neighbourhood of a 

special Lagrangian tors V c M, it is necessary that, for the metric induced by the 
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Calabi- Yau structure on V, there exists a basis of J{l (V) consisting of forms that 

are independent at each point of V. 

It is time to mention that (except in dimension 1) there is no known example 

having all the properties mentioned here. 

• Notice first that, abstractly, a basis of harmonic I-forms that are independent 

at each point exists on the flat torus, the basis dXl, ... , dXn having this 

property. The metrics that are close enough to the flat metric thus have the 

same property. 

• We have seen in § I1.5.c that the situation of a Calabi- Yau manifold foliated 

by special Lagrangians submanifolds occurs in dimension 1. 

• In dimension 2, on a special Lagrangian torus, one always has a basis of 

harmonic I-forms as expected. We have seen that a special Lagrangian sub-

manifold in dimension 2 is simply a complex curve (for a different complex 

structure). Assuming the submanifold is a torus, it must be an elliptic curve 

and it has a nowhere vanishing holomorphic form. Actually, the real and 

imaginary part of this form are harmonic forms on V and they are indepen-

dent at every point. 

11.7. b Mirror symmetry 

The Strominger, Yau and Zaslow approach to mirror symmetry [32] is to associate, 

to a Calabi- Yau manifold M endowed with a fibration in special Lagrangian tori 

(assuming it exists), another Calabi- Yau manifold M*. The latter should be the 

"extended" moduli space of special Lagrangian submanifolds of M equipped with 

a flat unitary line bundle. Call, as above, 'B the moduli space of special Lagrangian 

submanifolds in the neighbourhood of V. Locally, the extended moduli space is 

M* = 'B X HI (V; R/Z). 

Its tangent space at a point m is 

Thus, M* has a natural almost complex structure, it is even Kahler: 

Theorem II.7.1 (Hitchin [19]). The complex structure on M* is integrable, the 

metric of Hl (V; R) defines a Kahler metric on M*. 

We have seen (Remark 11.6.6 above) that 'B is a Lagrangian submanifold 

of HiJR(V) EEl H7YRl(V), a symplectic vector space endowed by the metric of an 

almost complex structure (see Exercise 1.12). It can be shown (see [19]) that M* is 

a Calabi- Yau manifold if 'B is ... a special Lagrangian submanifold in this complex 

vector space. See [11, 20]. 
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Exercises 

Exercise ILL Check that the Liouville form>. of the cotangent T*V satisfies 

(d>.)(x,o) ((v, 0;), (w,j3)) = o;(w) - j3(v) 

(see Exercise L1), 

Exercise 11.2, Let zp : L ----7 L be a diffeomorphism, Prove that the formula 

1>(x,o;) = (zp(x), ((dzp);;:-l )*0;) 

defines a diffeomorphism of T* L into itself. Determine 1>*>' and prove that 1> 

preserves the symplectic from. 

Exercise 11.3. Let W be a non degenerate 2-form on a manifold W. Define the 

Hamiltonian vector fields and Poisson brackets as above (this does not use the 

fact that W is closed). Express 

(dw)x(X, Y, Z) 

when X, Y et Z are tangent vectors to W at x that are the values at x of the 

Hamiltonian vector fields of three functions f, g and h. Prove that w is a closed 

form if and only if the Poisson bracket it defines satisfies the Jacobi identity. 

Exercise II.4. Assume X and Yare two "locally Hamiltonian" vector fields on a 

symplectic manifold, namely that LXW et LyW are closed forms. Prove that their 

Lie bracket [X, Y] is a globally Hamiltonian vector field, namely that LrX,Ylw is an 

exact form. 

Exercise II.5 (The Hodge star operator). Let V be an n-dimensional oriented man-

ifold endowed with a Riemannian metric 9 and let 0; be the Riemannian volume 

form. Check that the formula 

defines an metric on APT*V ... and that the map 

defined by 

for all u E APT*V defines, indeed, an operator, the Hodge star operator, which is 

an isometry. Check that 

** = (_l)p(n-l) IdJ\PPv. 
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Exercise 11.6 (Multilinear algebra in R 4). Consider the vector space R 4, with its 

Euclidean structure g(X,Y) = (X,Y) and canonical basis (el,e2,e3,e4), and the 

vector space 

A = A2(R4)* 

of alternated bilinear forms on R4. 

(1) What is the dimension of A? Check that A is isomorphic to the vector space 

of skew-symmetric endomorphisms of R 4. 

(2) Endow A with the Euclidean structure ( , ) induced by that of R4, namely 

such that the basis (ei 1\ ej) / V2 (for 1 ::; i < j ::; 4) is orthonormal. Define 

the (Hodge) star operator * on A by the formula 

(*a) 1\ '" = (a, "') det for all '" E A 

(where det, namely the determinant, is the generator of A4(R4)* such that 

det(el 1\ e2 1\ e3 1\ e4) = l. 

Check that * is an involution. Determine the *(ei 1\ ej) and the eigenspaces 

of *. 

(3) Call A+ the subspace of forms that are invariant by * (they are called "self-

dual" forms). To any a in A+, associate as in (1) a skew-symmetric endo-

morphism 

Jo. : R4 -----> R4. 

Prove that 1"1. = - Id if and only if (a, a) = 1. 

Exercise 11.7 (Calabi-Yau surfaces). Let M be a Calabi- Yau surface with Kahler 

form wand holomorphic 2-form O. 

(1) There exists a local basis ('PI, 'P2) of the vector space of holomorphic forms 

on M in which 
1 

w = 2i ('PI 1\ 'PI + 'P2 1\ 'P2) 

(see [15]). Prove that, on the open set where 'PI and 'P2 are defined, one has 

o = A'PI 1\ 'P2 

for some constant A. 

(2) Check that *0 = O. Deduce that the real a and imaginary fl parts of 0 are 

self-dual in the sense that *a = a and *fl = fl. 

(3) Prove that the formula 

a(X, JY) = g(X, Y) 

defines a skew-symmetric endomorphism J of the tangent bundle T M and 

that 

JX E (X,IX).l = (C· X).l. 
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(4) Prove that J2 = - Id, so that J is an almost 6 complex structure on M, and 

that J is an isometry for g. 

(5) Prove that M is endowed with a hyperkahler structure, namely with three 

isometries I, J and K that are almost complex structures and anti-commute 

and with three non degenerate 2-forms that are Kahler for the metric 9 and 

respectively for each of the complex structures I, J and K. 

Exercise II. 8. Using the notation of Exercise II. 7, prove that the special Lagrangian 

submanifolds of the Calabi-Yau manifold M are the complex curves for the complex 

structure J. 

Exercise 11.9. In this exercise, W denotes a complex analytic manifold 7 of complex 

dimension 2, endowed with the structure of a Calabi-Yau manifold, with the Kahler 

form w, the holomorphic volume form 0 and the metric 'Y. Assume moreover that 

H1R(W) = o. 
Consider a vector field X on W, assume that it is not identically zero, and 

that it preserves wand 0, namely that it satisfies the relations £xw = 0 and 

£xO = o. Assume moreover that the I-form LXO is holomorphic. 

The metric 'Y and the vector field X are assumed to be complete. 

(1) Prove that X is the Hamiltonian vector field of a function H : W ---) R. 

(2) Prove that LXO is preserved by X and that there exists a holomorphic func-

tion f : W ---) C such that LXO = df. Let x E W be a point such that 

Xx =I- o. Prove that the kernel of (LXO)x is the complex line in Tx W spanned 

by Xx. 

(3) Assume that L is a Lagrangian submanifold of W that is preserved by X (this 

means that Xx E TxL for all x E L). Check that the connected components 

of L are contained in the level sets H-l(a) of the Hamiltonian H. 

(4) Call 9 and h respectively the real and imaginary part of f. Assume now that 

L is a special Lagrangian submanifold. Prove that h is locally constant on L. 

(5) Let a E R be a regular value of H and let Q = H-l(a) be the corresponding 

level set in W. Fix a point x in Q. Prove that the orthogonal of Xx for 

the metric 'Y in TxQ is a complex line Dx and that the complex linear form 

(LXO)x is non zero on Dx. Deduce that the two real linear forms dh(x) and 

dH(x) are independent. Prove that, for all b E R, L = Q n h-l(b) is a 

dimension-2 submanifold of Wand that it is special Lagrangian. 

(6) Prove that 9 IL has no critical point. 

6It is not very hard to prove that this is a genuine complex structure, namely that M is a 

complex manifold for some structure such that the multiplication by i is J. 

7This exercise (slightly) generalizes the construction given in § 1.5.e and in particular that of 

Exercise 1.19. 
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(7) Assume that the Hamiltonian vector field X is periodic. Prove that the 

connected components of L are diffeomorphic to 8 1 X R. 
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