AN INTRODUCTION TO FROBENIUS MANIFOLDS, MODULI SPACES OF STABLE
MAPS AND QUANTUM COHOMOLOGY
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ABSTRACT. We give the definition of Dubrovin’s Frobenius manifolds and present two families of examples,
that of unfoldings of singularities and that of quantum cohomology. Defining the latter, we also explain the
construction of Kontsevich’s spaces of stable maps. We emphasize on geometric constructions and examples.

CONTENTS
Introduction 2
Part 1. Frobenius manifolds 3
1. Baby-example: Frobenius structures on 2 3
2. Definition of a Frobenius manifold 4
3. Examples: unfoldings 6
4. The potential and the associativity equations 9
5. Massive Frobenius manifolds and canonical coordinates 11
6. Canonical coordinates and symplectic geometry 13
7. Other examples of Frobenius manifolds 17
Part 2. Moduli spaces of stable maps 19
8. Introducing Gromov-Witten invariants 19
9. Spaces of stable maps 21
10. Examples of spaces of stable maps 22
11.  Evaluation and contraction 23
12.  Convex manifolds and smoothness properties 27
Part 3. Quantum cohomology 29
13.  Gromov-Witten invariants and potential 29
14.  Quantum cohomology 33
15.  More general Gromov-Witten invariants 41
16. Degree-2 classes and the small quantum product 43
Part 4. Appendices 47
A. Elliptic curves and plane cubics 47
B. Algebraic loop spaces and configuration spaces 50
C. The semi-simplicity assumption 51
References 53

Date: August 5, 1998.
1991 Mathematics Subject Classification. 14D25,14H10,14J30,14J45,32G13,32G15,325xx,53C15,53023,53C80,58D99,81 730,81 T40.

1



2 MICHELE AUDIN

INTRODUCTION

The aim of this paper is to give an introduction to the geometry of Frobenius manifolds and especially to
that of two important families of examples:

e parameter spaces of unfoldings of singularities
e quantum cohomology.

I find it very impressive that these two appearently very different theories can be presented as two examples of
a single notion (even more impressive is the fact that they are related by mirror symmetry, see below). T also
enjoy very much the idea of making geometrical constructions in the cohomology of a manifold. This is what I
want to explain in this paper.

Frobenius manifolds. At first sight, the definition of a Frobenius manifold looks like some French cooking
recipes (see e.g. [Cou98, Dub95]): melt a connection, add a product, sprinkle with a vector field, stir in a
metric, taste and add a potential before serving. However, the concept itself is quite natural and, in some
sense, classical: singularists know this structure since K. Saito’s paper [Sai83]. The beautiful idea in Dubrovin’s
definition and extensive study is that the same structure appears in many other areas of mathematics.

Mirror symmetry. In the list above, the two main ingredients are a ring structure on the (sheaf of) vector
fields and a flat structure. In the example of unfoldings, the product is very natural and quite easy to describe
whereas the flat structure is more mysterious. In the cohomology case, the flat structure is the natural flat
structure of the complex vector space H*(X; C) but the definition of the product involves the construction of
the Gromov-Witten invariants, a rather elaborate theory.

In the terminology of physicists (or field theoretists), the former examples are called B-models while the latter
are A-models. The mirror conjecture postulates a correspondence between A- and B-models (see Givental’s

work in [Giv95a, Giv96] and in [Voi96, Voi98, BACPPI8, Pan9g]).

Spaces of stable maps. Having in view the description of the Frobenius structure on (quantum) cohomology,
another aim of this paper is to be a comprehensive introduction to Kontsevich’s moduli spaces of stable maps,
a very clever and efficient tool to enumerate curves in algebraic manifolds.

They are of great use in the definition of the Gromov-Witten invariants and the theory of quantum coho-
mology, which is “simply” the structure of a Frobenius manifold on the complex cohomology of an algebraic
manifold.

In turn, this structure itself gives information on the invariants. For instance, the associativity of the products
allows to enumerate the rational degree-d plane curves through 3d — 1 points: starting from 1 line through 2
points, one gets 1 conic through 5 points (not a surprise) and recursively, e.g. 26,312,976 sextics through 17
points, as was shown by Kontsevich (a classical but unavoidable application).

Geometry. Unfoldings of singularities of functions belong to the world of caustics and Lagrangian projections.
Let M be the space of parameters of the versal unfolding. For instance, if the singular function is f(z) = z"*+1,
the unfolding is

Fe(z) = 2"t 46, 12" P+ 4 &
and M is the space of coordinates (&g, ...,&n—1).

It is classical in singularity theory (see [AVGZS85]) that the critical points of Fy can be organised in a
Lagrangian submanifold in the cotangent bundle 7* M. The very same thing happens in all Frobenius manifolds.
In the case of quantum cohomology, we are now discussing a Lagrangian subvariety in the cotangent bundle of
the cohomology of a manifold. This conception turns out to be very useful to understand what happens, e.g.
in the Givental and Kim computation of the (small) quantum cohomology ring of flag manifolds (in [GK95]).

There are now many papers on Frobenius manifolds (e.g. [Dub95, Hit97, Sab98, Man96, Man98]) and also
many papers on quantum cohomology ([MS94, RT95, Aud97, FP96] to name a few). I cannot claim originality
for the contents of the present paper. However, I have tried to emphasize on geometric descriptions and
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examples. Also, I have not tried to give the most general possible results, but, as this is a survey paper, rather
to give a flavour of the possible methods and results.

I have chosen the algebro-geometric way to Gromov-Witten invariants because this is the simplest to describe
(avoiding generalities on almost compex structures and pseudo-holomorphic maps). However, T have also chosen
to avoid too much algebraic generalities! (I have not mentioned stacks ... except in the present sentence) so
that the paper should be readable by an honest geometer or topologist. For the same reasons, when discussing
unfoldings, I have concentrated on the simple case of 2" 1! and contented myself with short indications of the
general case.
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edge the influence of Givental’sideas. I also thank the people with whom I have discussed the matters presented
here, especially Claude Sabbah and the participants of the “isomonodromy conference” at CIRM in july 1996,
of the seminars on “mirror symmetry” and on “rational curves” in Strasbourg in 1995, 1996, 1997, of the winter
school in Srni in january 1997 and of the SOCRATES school in Nantes in april 1998.

Special thanks are due to Holger Spielberg for his careful reading of various preliminary versions of this
paper. His comments have been very useful to improve the presentation given here and to correct some of the
mistakes it contained.

Many thanks are due to Alain Sartout for his help with pictures in postscript.

Part 1. Frobenius manifolds
1. BABY-EXAMPLE: FROBENIUS STRUCTURES ON (2

The structure of a Frobenius manifold consists of a few data together with several compatibility conditions.
The interesting examples themselves being rather elaborate, I have chosen to describe first a baby-example,
namely what a Frobenius structure on C? is. This will (hopefully) motivate the precise definition given in
section 2.

A product on vector fields. Part of the structure consists of a ring structure, or, better to say, of a family
of ring structures on C?, parametrized by C? itself. In general, given a ring structure on C?, there exists two
vectors u and v and a complex number a such that

{ u 18 the identity

Uz = au.

We want this product to depend on a point in C?, so that we will assume that in some coordinates ({g,11)
on C?, the two vectors u and v are

_0 0
S0ty 0h
and that a is a function C? — C. The product of two elements at the point ¢ = (¢g,¢;) is given by the formula:
0 0 0 0 0 0
(J;oa—to + xla—tl) *i (xga—to + x’la—tl) = (zoxp + a(t)zr2)) % + (212 + zo2]) o

This product may also be described by the matrix of 1-forms
Q, — dto Cl(t)dtl
P\ dy dt

Q(a) - B=axpf

which satisfies

for any two vector fields o and (3.

1Reading [FP96] was especially useful.
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A closedness condition. We require that the form €2 be closed, namely that the function a depend only on
t1. As we are on C?, closed forms are exact, so that there exists a matrix S of functions such that Q = dS:

S(t) = ( if b(fol) )

A flat metric. We consider now the symmetric bilinear form

where b is a primitive of a.

1
g((to’tl)’ (tf)’tll)) = §(t0t/1 +t1t6)a

in other words the “metric” dtpdt;. Notice that €2 and S are symmetric with respect to g. Thus, S is given by
the second derivative of a function: there exists a function ¥ : C? — C such that the bilinear forms g(S(t)-, -)
and (d?¥); coincide. For example,

o Ifa(ty) =17,
1 m
W(ty,t)) = §t§t1 + 17,

2
o If a(ty) = exp —ty,
" 1 2
Y (tg, t1) = §t§t1 + Clexp -ty
r
(the constant C' is a simple function of r).

Homogeneity. It is worthwhile noticing that, in the first example, the function ¥ is quasi-homogeneous: give
degree 1 to ¢; and degree 7 + 1 to g. This is less obvious, but we shall see below that the second function also
satisfies a kind of homogeneity property.

2. DEFINITION OF A FROBENIUS MANIFOLD

We replace now the complex analytic manifold C? of the previous examples by a complex analytic manifold
M. The letter & will denote a point in the manifold M.

The product on vector fields. It will be replaced by a ring structure on each tangent space T M. Equiva-
lently, this is a morphism

Q:TM —— End(TM)
& a) —— (B (ax p))

satisfying some conditions expressing the commutativity and associativity of x¢.

The closedness condition. Without additional choice, the symbol d makes no sense for a morphism like
Q. We will choose a flat connection V on M in order to state an analogue of the closedness condition in the
baby-example above.

The flat metric. The next ingredient will replace dtgdt;. This is a metric on M, that is, a non degenerate
bilinear form g¢ on each tangent space. We will require that g be flat, namely, that, in some local coordinates,
it is constant (as is dtodty).

Notice that g is complex bilinear and thus is not a metric in the usual Riemannian sense. We will nevertheless
call it a metric, as this terminology has proved very convenient. As this is the case for a Riemannian metric,
there 1s a Levi-Civita connection associated with g, we will require that this is the flat connection V.

In the baby-example above, we have used that the matrix €2 was symmetric with respect to g. We will impose
the same condition in general. Notice that, taking the commutativity of x¢ into account, this means that:

glaxp,y) = gla, B *7),

a very natural compatibility condition.
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. . . . J .
Notice also that, in the baby-example, the unit of the ring structures, namely the vector field LT 1s constant
0
in the flat coordinates (Zp,¢1). We thus require the same property in general.

Homogeneity. We will also require the existence of a vector field € such that our data be homogeneous with
respect to &.

Here is the formal definition of a Frobenius manifold.

Definition 2.1. A Frobenius manifoldis a complex analytic manifold M endowed with

e a commutative ring structure on the sheaf of vector fields, the product at the point & of M being denoted
*¢ and the unit 1,

e a flat metric g, the Levi-Civita connection of which denoted V.

e a vector field £, the Euler vector field

satisfying a couple of compatibility conditions, namely:
(1) glaxpB,7) = gla,Bx7).
(2) V1=0.
(3) The 1-form Q : TM — End(TM) defined by Q(a) - f = a x 3 satisfies dVQ = 0.
(4)

The vector field € acts by conformal transformations of ¢ and by rescalings of % on Tz M, namely

€-gla,p) =g (& a],B) —g ([ P]) = Dy(a, B)
and
[E,axf] —[€ a]lxB—ax[E, [l =diaxp
for some constants D, dy.
(5) V(VE&)=0.

Remarks 2.2. (1) Here, the term “metric” is used with the meaning explained above: this is a (complex)
non degenerate bilinear form.
(2) The mapping a — g(a, 1) defines a 1-form # on M. Conversely, the 1-form # and the product x determine
g by g(a, B) = 0(a % ).
(3) The compatibility condition between the metric and the multiplication means that Q takes values in the
symmetric (with respect to the metric g) endomorphisms of 7M.
(4) Tf one defines a 3-tensor ¢ by the equation

c(a, B,v) = glaxpB,7),

the closedness condition d¥Q = 0 is equivalent to the fact that the 4-tensor (Vse)(a, 3,7) be (completely)
symmetric.
(5) One usually assumes that the scaling constant d; is non zero (and thus that the Euler vector field is non
trivial). Tt is then possible to assume that d; = 1 by rescaling €.
(6) Condition V1 = 0 says that the unit vector field is constant in flat coordinates. We will usually choose
these coordinates in such a way that 1 = 9/9ty. This is the reason why we do not insist that the metric
g be diagonal in flat coodinates: the unit 1s often a null-vector.
(7) T have not been very precise on the homogeneity property in the baby-example above. The readers will
probably want to check that
e=1,-L 4 (T+1)t 9
Tt \2 Lot

is an Euler vector field in the polynomial case (where a(t1) = ") and that this is the case of

E=t i—i—ri
~ % o

in the exponential case (where a(t1) = exp —#1).
r



6 MICHELE AUDIN

The flat pencil of connections. The connection V and the 1-form € can be put together in a family
Vi =V + 19 of connections on M (or a connection on M x P! see [Sab98]), the Dubrovin connection:

Vi(B) = VaB +tQ2(a) - .
The commutativity of the products %; is equivalent to the fact that V' is torsionless. The flatness of V¢ for

all ¢’s is expressed by two equations, that correspond to the closedness of © (or the symmetry of Ve) and the
associativity of the product (respectively). Thus our V* is flat for all ¢.

Formality. We will also need to use the notion of a formal Frobenius manifold: there are flat coordinates
(to,...,tny—1) and the functions on M (especially the potential) are the formal series in (¢o,...,tn—1) (see
[Man96]).

The two main families of Frobenius manifolds are the parameter spaces of unfoldings of singularities and
quantum cohomology. The second is rather elaborate and we will devote to it the third part of this paper. To
begin with, let us look at the first family.

3. EXAMPLES: UNFOLDINGS
The manifold. This is the space M of all complex polynomials of the form
Fe(2) = R R T

This is a complex affine space of dimension n. The tangent space at any point F¢ (or &) is the vector space
of all polynomials of degree less than or equal to n — 1.

The product. We identify the tangent space at £ with the algebra C[z]/Fg’ This gives the sheaf of vector
fields a ring structure, the product a x¢ § being the remainder of a3 in the Euclidean division by Fg’

The metric. It is constructed as in Remark 2 above via the product and the 1-form 6 defined by

adz

fe(a) = — Reseo -
13

Notice that, if the roots (a1, ..., apn) of the degree-n polynomial Fg’ (in other words the critical points of Fy) are
distinct, this can also be expressed as
n
a(a:)
O () = .
5( ) Z Fé/(ai)

i=1

From this equality, one deduces that
ge(a, B) = O (o x¢ 9)

is non degenerate (at least when the critical points are distinct).

Flatness. To show that g is flat is less straightforward. The only way I know 1s to exhibit coordinates in which
it has constant coefficients. The idea is to solve the equations

wtt = Fe()
w = z4+0(:z"Y

near z = oo and to expand z as a Laurent series in w:

tn— [ 1
z=w+ 1++_0n+0<n—+1)’
w w w

defining tq,...,t,-1 (a basis of the algebra of symmetric polynomials). The claim is that #g,...,t,_1 are the
flat coordinates we are looking for. That they are (global) coordinates is a simple consequence of the definition,
which implies that

& =—ti+Ai(tigr, ..., ln1) 0<i<n-—1
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or equivalently, that
ti ==& + Bi(it1,. ., 6n—1) 0<i<n—1

That they are flat coordinates follows from the computation:

%’(FE) - Fﬁ/(z(w’t))g—z = Fl(z(w,t))w™"H

so that

9 9 _ _ / —ontitj
g (3152' (Fe), 7 (Fg)) = —Res,=c0 F{(2(w,t))w dz.

But Fg’(z)dz = (n+ 1)w"dw, and thus

—a a . .
g (at(Ff)’ at(FE)) = _(TL+ 1) ReSw:oo w—n+z+3dw = (n_|_ 1)6i+j,n—1~
! J

This shows

e that ¢ is non degenerate everywhere
e and that it is constant in the ¢;’s:

g = (n + 1)(dt0dtn_1 + dtldtn_z + - )
Thus the latter are flat coordinates. O
Euler vector field. Here € is the polynomial Fy itself. More precisely, &, is the image of £ in C[z]/Fg’, that
is, the remainder of F¢ in the Euclidean division by Fg’ We will show later (in Remark 5.9) why & rescales the

product. To check that it acts by conformal transformations of the metric, let us write it in coordinates.
To begin with, let us make the Euclidean division of F¢ by Fg’, to express & in the coordinates (&y,...,6p-1):

n—1 .
z n—j—+1 .
F ———Fl(2) = — &7
in other words,
“An—j+1. 9
Ee = — .
]Z:% n+1 J 357
Let us now express this vector field in terms of the flat coordinates (¢g,...,¢,-1). Recall that

ti ==& + Bi(&iq1, .., 6nm1) 0<i<n—1.
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Give ¢; the degree n—j+1 — so that F¢(z) is homogeneous of degree n+1. The function B; is then homogeneous
of degree n — ¢4 1. Let us now compute:

n—1
S —Jj+1 0t
-t = ]Z:% nt 1 €‘76€

n—1

n—1+1 —j54+1
=
n+1 S ntl 86
. . n—1
n—1+1 n—i4+1 —J74+1
n+1 n+1 Z n+1 €‘73€
j=t+1
_ n—z—l—lti
n+1

according to the homogeneity of B;. Thus € has the expression
n-j4+1. 9
> S Ve
in flat coordinates. As we have seen it above,
g=(n+1) Zdtidtn_l_i.
One easily deduces that £ acts by conformal mappings.
Remark 3.1. Notice that this computation implies also that V(VE) = 0.
And thus we have proved:

Proposition 3.2. The space M of polynomials 2"+ + &, 12"~ + ... + &, endowed with the products x¢, the
metric g and the vector field €, has the structure of a Frobenius manafold. O

Other singularities. More generally, if f: C* — C is a germ with an isolated singularity at 0, the parameter
space of the versal unfolding Fy of f can be endowed with a Frobenius structure. Let me summarize very briefly
its main features.

e The ring structure at £ is given by the choice of an isomorphism between the tangent space T; M and
the Jacobian algebra
3F§ OF¢
C . =)
o} (5 S

e The flat metric is given by an analogue of the re81due form, namely

O Clz1,..., 25} —— C
N (L)k adzy A - Adzg
2w r O0F: OF¢

where I is the so-called distinguished boundary of a small enough neighbourhood of the critical points

of Fy:
F,
F:{Z|‘%ZE :62'} g > 0.
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The value of 8¢ () depends only of the class of « in the Jacobian algebra, so that it is possible to consider
the family of f¢, letting & vary, as a 1-form #. At a point £ where the u critical points ay,...,a, of F¢
are distinct (and thus non degenerate), it is possible to write (see §5 of [AVGZ85]):

m+1

be(o) = 3 ;‘5())

i=1

where H¢(a;) is the value at a; of the Hessian of Fp.
At these points, it i1s clear that the bilinear form

(@, f) —— ¢ (ap)
is non degenerate. It can be shown that this is true everywhere. Moreover, a theorem of K. Saito [Sai83]
asserts that there is an isomorphism of vector bundles over C*, which, at any &, is an isomorphism
between T;C* and the Jacobian algebra, and which transports the bilinear form defined by @ to a flat
metric on C*.

4. THE POTENTIAL AND THE ASSOCIATIVITY EQUATIONS

Let us go back to a general Frobenius manifold M and use flat coordinates (tg,...,tx—1), so that we assume
that M is CV with a constant metric and that d¥ = d.

Construction of the potential. As we have noticed it in the baby-example, €2, being closed, has a primitive
SN —— End(CV).

Since the 1-form Q defines g-symmetric endomorphisms of CV | we may assume that the primitive S satisfies
the same property:

S CN —— Sym, (CV).
Such a mapping can be considered as the second derivative of a function
vV ——C
in the sense that
(), (8,7) = g (S(&) - 8,7) -
By definition, the third derivative of W is essentially the form €: we have
(9), (@,8,7) = g ((dS) () - 8,7) = glax B,7)

or, in (flat) coordinates:

¥y (o 0 0
3152'315]'31% =9 ot; 315]' "oty )

Equivalently, the 3-tensor ¢ is given by
>w
= ————dt;dt;dty,.
=2, Otiot; 0, ANk

The “invariance” properties with respect to the Euler vector field can then be stated very simply in terms of
the potential ¥, namely

E U =dg¥ + terms of degree <2

for some degree dg.
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Remark 4.1. If the flat coordinates are chosen in such a way that

0
1= —
Oty

(see Remarks 2.2), the metric g can be written

= dtdt..
9= Zatoat oty Ik

Remark 4.2. The “trivial” case where ¥ is a polynomial of degree 3 in the flat coordinates corresponds to
products %; which do not depend on &.

Associativity equations. As the products x¢ are given by the third derivatives of ¥, their associativity can
be expressed as a system of (non linear) partial differential equations on the function ¥, the celebrated WDVV?
equation:

k,n 63\11

2 2
at; 815 8tk 875@815 815 8755815 8tk Ot; 0ty O,

where the matrix (gk’”) is the inverse of the matrix (g; ;) of g, defined by

(2 9
Jij =9 3ti’3tj ’

WDVYV in dimension 3. Notice that the associativity conditions (WDVV equations) are empty in dimen-
sion 2. Let us try a 3-dimensional example. As usual, 3/3t is the unit. Choose the flat metric

g = dt? + dtodts

so that, assuming there 1s a potential ¥,

o 0 PY o v 0
oty ~ Oty O30ty Oty - Ot Oty Oty
o, 0 PV o P o
Oty ~ Oty Ot 0t3 0ty Ot30ty Oty
o, 0 _ v P 0
Oty = dts 013 Oty 011013 0ty

The associativity equation
0,0y, 0 _0 (0 o
Oty " Oty ) Oty Oty \ 9ty Oty

i Al SN L A
o3 \0t3ots ot 9t 013"
It turns out that this equation is related to the Painlevé VI equation (see [Dub9b, Hit97, Man96]). We shall
meet examples of solutions of this equation later (in § 14).

gives the PDE

2for Witten, Dijkgraaf, Verlinde, Verlinde.
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Remark 4.3. Tt can be shown (and the readers should check) that the PDE above is the only associativity
equation in this dimension, namely that the condition

o 0N, 0 _ 0 (0 0
Ota = Otq Aty Oty Oty ~ Oty

The case of unfoldings. The expression of the Euler vector field given above (in §3) for the unfolding of 2"+1
shows that the potential is a polynomial in the flat coordinates in this case (I will not be more specific in this

paper).

does not give anything new.

5. MASSIVE FROBENIUS MANIFOLDS AND CANONICAL COORDINATES

The “flat” coordinates we have used so far were designed to put the metric ¢ and the connection V in a simple
form. In this section, we introduce another set of local coordinates, the so-called “canonical” coordinates, in
which this is the product % that has a very simple form.

Canonical coordinates. Local coordinates (#1,...,2y) are said to be canonical if they satisfy the equalities

9,9 45 9
Ox; 3l‘j o 3%

On an open subset ¢ of M where such coordinates exist, the bundle T'"M — M splits as the sum

N
TM = @m
i=1

of the line bundles generated by the vectors and the rings T M are decomposed as sums of 1-dimensional

Li

summands. Notice that the are common eigenvectors of the multiplication *.

0
8l‘i
Proposition 5.1. If the ring (Tz, M, *¢,) is semi-simple, there exists canonical coordinates in a neighborhood

of &o.

Proof. The assumption implies that all the endomorphisms ¢ («) are simultaneously diagonalisable for £ in a
suitable neighborhood V of £y. Let us consider their common eigenvectors and the associated eigenvalues.
There exists vector fields (wy,...,wn) on V such that

Wi * Wy = 6i,jwi
which form a basis of eigenvectors of the Q(«) at any £ in V:
ke wi = pi(€, a)w;.

The eigenvalue y;(€, ) is a linear form on T; M. In other words, u; is a 1-form on V. Let us use a lemma (which
will be proved below).

Lemma 5.2. The 1-forms u; are closed.

If this is the case, they are locally exact. Let x,...,2n be primitives of y1,..., un (repectively) on an
open subset U of V. They form a system of local coordinates on i which are canonical: by construction,
(11(&,7), -+ un (&, ) is the basis of Tg dual to (w1(), ..., wn(£)), so that
0
o 8l‘l

wj
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Proof of the lemma. Let us choose a distinguished trivialisation of the tangent bundle of M restricted to U, so
that we can use the symbol d in place of d¥ and that the symbols d2, dw; make sense. Differentiate the relation

W; * W; = W;
to get
2(dwl) * W; = dwi.

Write the vector dw; in the basis (wy, ..., wy):

dw; = E a‘gwj

J
for some matrix (a‘g) of 1-forms, and get, multiplying both sides by w; for j # ¢

alw; = dw; = 2(dw;) xw; = 2(2 alwj) xw; = QaZ:wZ»

7 7

J

and thus a‘g =0 for all ¢ and j, so that dw; = 0. Write now

Q- w; = pyw;.
Once again, differentiate this relation:

(d) - w; + Q- (dw;) = (dpi)w; + pidw;

and use the assumption d2 = 0 to get

(dpi)w; = 0.

O

Remark 5.3. Notice that, as everything is analytic, semi-simplicity at some point &; implies semi-simplicity at
generic points (see also Proposition C.1 in Appendix C).

Definition 5.4. A Frobenius manifold M is massive if the ring (7z M, x¢) is semi-simple at some point .
Remarks 5.5. (1) In canonical coordinates, the unit vector field is
Y9

1223%.

K3

. . . . 0 .
(2) A vector field given (in canonical coordinates) by a formula such as E x; —— rescales the product x¢ in
I
the sense that '

(€ axf]—[€ a]*xB—ax[€ B =axp.

Canonical coordinates for the unfolding of :"*!. Let M be the Frobenius manifold described in §3,
namely the parameter space of the unfolding of z"*!. In this example, the critical values of the polynomial Fg
are canonical coordinates. This is a consequence of the next proposition.

Proposition 5.6. Let & € C" be such that the polynomial FE/ has simple roots (ay,...,a,). The eigenvalues of
the multiplication by o at & are the values (a(ay), ..., a(an)) of a at the critical points.
Proof. Let (w;(€))1<i<n be the polynomials defined by
wi(€)(aj) =i,
namely
¢(2) 1

; with Ai==————.
Z—a Hj;éi(ai — a;)
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Notice that, the a;’s being distinct, the polynomials w; (&) form a basis of Tz M.
Let o be a polynomial of degree less than or equal to n — 1. By the very definition of the product,

a(z)wi(z) = (axg wi) (2) + FE(2)Q(2)
for some polynomial (). Computing both sides at a;, we get
(o xg wi) (a;) = 6 jor(ay)

so that o * w; is a scalar multiple of w;(€). Thus w;(£) is an eigenvector of the multiplication at & and the
corresponding eigenvalue is the form a — a(a;). O

Remark 5.7. This implies that the ring (7y M, x¢) is semi-simple for generic €.
Corollary 5.8. The critical values z; = F¢(a;) form a set of canonical coordinates.
Proof. We must check that u; (€, o) = (dar:i)5 (a). Look at the function

F:CxM —— C
(2,§) —— F(2)
and at its differential:
(AF) o) (7,0) = FL(a)Z + (deF) ) ()
By definition, Fg’(ai) = 0. As £ — F¢(#) is a linear map, it coincides with its differential, thus the latter term
is a(a;). Eventually

(dF)(a“f) (Z,a) = a(a),

that is, (dar:i)5 =pi(€, ). O
Remark 5.9. Notice that, by the very definition of the polynomials w;, any polynomial P satisfies
P= ZP(ai)wi mod FE/
i=1
For instance,
Fg :ZFg(ai)wi mod Fé
i=1

Writing as above & = F; mod Fg’, we see that the vector field € is given, in canonical coordinates, by

§ d
i=1

This is thus indeed an Euler vector field: it rescales the multiplication.

6. CANONICAL COORDINATES AND SYMPLECTIC GEOMETRY

This section is not absolutely essential for the logical understanding of the paper, but it seems to me that it
gives the right interpretation of some of the constructions above. It will also be useful to look at the so-called
“small quantum product” (see §16).

Remark 6.1. As the careful readers will notice it, the constructions in this section do not use the full Frobenius
structure, but only the product and the flat connection. They use the assumption that the product be semi-
simple at some point.

In the case where M is a massive N-dimensional Frobenius manifold, consider the graphs of the eigenvalues
forms py, ..., pn as submanifolds in 7*M . To say that these forms are closed is to say that this submanifold
1s Lagrangian.
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Lagrangian submanifolds of a cotangent bundle. The total space of the cotangent bundle of a manifold
M carries a canonical 1-form, the Liouville form A: recall that, if

T T"M —— M

denotes the projection and (&, ¢) denotes a point in T*M (consisting of a point £ of M and a linear form
p:T: M — C),
Aeo) (X) = o(T(E, p)m(X)).
It is a “universal” 1-form in the sense that, if a is a 1-form on M that we consider as a section of the
projection 7:
a: M ——T"M,

then the Liouville form satisfies the magic formula
a* A = a.
The derivative w = dA is a symplectic form (i.e. a non degenerate closed 2-form on T*M).

A submanifold L of T*M is called Lagrangian if it is totally isotropic (that is to say that w vanishes on L) of
maximal dimension (half the dimension of 7*M |, that is, L and M have the same dimension). More generally,
an immersion

f:L——T"M
is Lagrangian if dim L = dim M and f*w = 0.

Generating functions and families. The Liouville form A defines a closed 1-form on Lagrangian submani-
folds. For instance, the magic formula for the Liouville form shows that the graph of a 1-form « is a Lagrangian
submanifold of T*M if and only if « is a closed form. The simplest examples of Lagrangian submanifolds are
thus the graphs of exact 1-forms, that is, the graphs of the differentials of functions

F:M—C

Such a function F'is called a generating function for the Lagrangian submanifold it defines.
The graphs of differentials of functions are very special Lagrangian submanifolds, since the graph L of dF
obviously has the property that the composition

LcT"M "5 M

is a diffeomorphism. To construct more general examples, one slightly modifies the construction, adding pa-
rameters to the function F.
Consider a function
F:CFxM — C
(21, ... 28,&) —— Fe(2).
The graph of its differential dF is a Lagrangian subvariety of 7™ (Ck X M)
Assume now that this Lagrangian is transversal to the conormal bundle of the projection C¥ x M —— M:
in local coordinates (£1,...,6n) on M, this is to say that the k& x (k + N)-matrix

() (528))
322'32]' 322357

has rank k at the points (z,&) such that d, 7 = 0. The intersection of the graph of dF with the conormal bundle
of the projection is the image of the submanifold

A={(,6) eC* x M |d.F =0} CC" x M.

The mapping
A — T*M
(Z’ g) —_ (g’ dEF)
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i1s a Lagrange immersion. This is indeed more general than the case of generating functions as any germ of
Lagrange immersion in T*M can be described in this way (see e.g. [Wei77]).

Ezramples 6.2. (1) Let M be the space of all polynomials F; and let ' be the evaluation map

F:CxM —— C
(2,6) —— Fe(2)

considered in the proof of Corollary 5.8. The submanifold A C C x M is the set of critical points:
A={(z8) | F{() = 0}.
The Lagrangian submanifold L of T*M is
L= {(E’,p) |p= (dEF)(z,g) and Fg(z) = 0} .

This is the union of the graphs of the forms p;, as shown in the proof of Corollary 5.8. Notice however
that the Lagrangian submanifold I is well defined and smooth even over points & such that the critical
points of F¢ are not distinct.

(2) Let us look at the n = 2 case. The polynomial Fy is

Fe(z) = 24 éiz 4+ &

and the Lagrangian is

L= {(€0a€1ap0apl) € ©4 |p0 =1 and p% = —%} .

The left part of Figure 1 shows the intersection of L with a plane & = constant.
(3) More generally, unfoldings of singularities define Lagrangian submanifolds (see [AVGZ85]) in the very
same fashion.

Spectral covers. Let us go back to the case of an analytic N-dimensional manifold M endowed with products
*¢ and thus with an End(T'M)-valued 1-form

Q:TM —— End(TM)
(E,a) —— e

and note that commutativity and associativity of x¢ imply:
Lemma 6.3. The 1-form € satisfies 2 A = 0.
Proof. By definition, Q¢ (a) - (Q2:(8) - v) = a x¢ (8% ), so that

(@A), (0,6) 7 = 5 [26(0), % (9]

[avxg (B %e y) = B % (axe 7))

N | —

Lemma 6.3 can be rephrased as “(T'M, ) is a Higgs pair”.
It turns out that a Higgs pair defines a subvariety I C T*M such that the projection

LcT"M "M

is a degree- N map. The construction of L, the spectral cover, uses the eigenvalues of Q2. Spectral covers originate
from Hitchin’s famous paper [Hit87], in which M was a curve.
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Definition of the spectral cover. There is an abstract and general algebro-geometrical definition. See
[DMO95] in general and [Aud98] for the case at hand. In this paper, we will content ourselves with a down-to-
earth description: the subvariety L will be defined as the union of the graphs of the eigenvalue forms considered
above (in §5).

More precisely, assume that at some point &y € M, the algebra (Tz, M, x¢,) is semi-simple, or, equivalently,
that all the Q¢ (a) for o € T¢, M are diagonalisable (recall that the («) commute so that they can be
diagonalised simultaneously). Such a point & is called a semi-simple point. Over a neighborhood of a semi-
simple point &g, the spectral cover is simply the union of the graphs of the eigenvalue forms.

Over a neighbourhood U of &;, the bundle TM — M then splits as a sum

TW = &L, Wi
of line bundles that are the eigenline bundles of 2. Equivalently, on U/, there is a basis

E—— (w1 (é),...,wn(§))

of common eigenvectors of the multiplication .
To each W; and each o € T; M corresponds an eigenvalue p;(«, &) of Q¢(ar). Such a p; can be considered as
a local section of T*M and altogether, the graphs of the y;’s form the N sheets of the spectral cover L.

The abstract definition works without any semi-simplicity assumption. It works for non semi-simple points,
as are the parameters £ for which the polynomials Fg’ have mutiple roots. Moreover, the spectral cover L has a
very beautiful property (which is almost tautological in the abstract definition, see e.g. [Aud98]): the ring of
functions on L is the ring sheaf defined by the products *:

Proposition 6.4. The ring sheaf of vector fields on M s the sheaf of reqular functions on the spectral cover L
associated with (TM, Q). O

Remark 6.5. The spectral cover (and the projection onto M) may have singularities over the complement of
the set of semi-simple points (see Examples 6.2). However, according to Proposition 6.4, these singularities are
relatively simple, since the structural sheaf of L is the sheaf of local sections of a vector bundle (namely, TM).

The Lagrange property. Let us assume now that M is endowed with a flat connection as above. The
following property comes from [GK95, Giv96] and is, in our context, a simple rephrasing of the existence of
canonical coordinates.

Proposition 6.6. Assume d¥Q = 0. If there exists a semi-simple point in M, the spectral cover is a Lagrangian
subvariety of T*M . O

Ezamples 6.7. (1) Let us go back to our polynomial F¢(z) = z® + &z + & (Examples 6.2). At the points
(€0, 0), the product is not semi-simple. This produces a singularity of the projection on the &-plane, the
fold visible on the left part of Figure 1.

(2) For the space of unfoldings of a more general singularity, the singularities of the projection L — M
are again the points where the product i1s not semi-simple, the so-called discriminant of the Frobenius
manifold. The right part of Figure 1 shows a typical discriminant (that of the Dy-singularity).

(3) In general, the spectral cover itself may have singularities over points where the product is not semi-
simple. In the baby-example of C?, the spectral cover is the Lagrangian

L ={(to,t1,po,p1) | po = 1 and p? = a(t1)} .

For example, if a(t1) = At]* (for m > 2) the spectral cover is singular at the points (¢p,0) (the first
example above corresponds to m = 1).
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(1) a fold (2) a discriminant

FIGURE 1

Symplectic reduction. One can define more generally and in the same way a spectral cover in T*M for a
morphism
Q:TM —— End(FE)
where £ is any vector bundle on M and 2 satisfies 2 A Q = 0. Consider in particular the inclusion of a
submanifold
j:B— M.

Then j*1™M is a co-isotropic subvariety of 7%M, and the tangent sheaf to M is endowed with a product ¢
such that the spectral cover is a Lagrangian subvariety of T*M. At least at semi-simple points, the spectral
cover is locally the graph of a (closed) 1-form and thus is transversal to j*7T*M.

It is a simple form of the symplectic reduction process that the intersection L N (j*T*M) projects to a
Lagrangian subvariety Lg C T*B. Of course, we have:

Proposition 6.8. The Lagrangian subvariety Ly is the spectral Lagrangian in T*B associated with the mor-
phism j7*Q : TB — End(j*TM) over B.

Proof. The spectral cover for
J7Q:TB —— End(j*E)

is defined by the eigenvalues p;(a,€) of Qs(«) for £ € B, o € T¢B C T¢ M. In other words, one considers
the section p; of T*M as a section of T*B by restriction and this is the definition of the symplectic reduction
explained above. O

7. OTHER EXAMPLES OF FROBENIUS MANIFOLDS

We have already said that parameter spaces of unfoldings are Frobenius manifolds. Notice that this provides
a Frobenius structure on any complex space C?, the latter being the parameter space of the unfolding of z"+!
investigated above. Notice also that, as the computation of the Euler vector field in §3 shows it, the potential
of this structure i1s a polynomial in the flat coordinates.

Orbit spaces of Coxeter groups. The space of degree-(n 4 1) polynomials
Fe(z) ="M 4+ & 12"+ + &

1s also isomorphic to the quotient

{(zl, i) €T Y gy = 0}/6n+1
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by the action of the symmetric group &,41, using the map

n+1
(Z1,. s Zng1) —— H(z — Z).
i=1
In other words, our space of polynomials, as all spaces of parameters of versal unfoldings, is the space of orbits
of a Coxeter group. These spaces have natural Frobenius structures (see [Dub95]) and a conjecture of Dubrovin
asserts that all polynomial solutions of the WDVV equations should be potentials of such structures.

Hurwitz spaces. The polynomial z”t!, the unfolding of which we have investigated in detail, generates another
family of examples, that of Hurwitz spaces. Simply notice that a degree-(n + 1) polynomial in one variable is
also an (n + 1)-fold covering of P! with a single pole (of multiplicity n + 1).

Recall that Hurwitz spaces are moduli spaces of coverings of P! (or of meromorphic functions on curves) with
prescribed degree. Dubrovin investigates, in Chapter V of [Dub95], a variant of these spaces: a constraint on
the structure of the pole divisor is added. Precisely, given non negative integers g, dy, .. ., dn,, define My 4, 4.
as the set of isomorphism classes of data (X, z1, ..., zm, f) where

e Y is a smooth genus-g curve,
o (z1,...,2m) is an ordered set of m distinct points on ¥
e and f a meromorphic function on X with pole divisor

(Moo = D_(di + 1)zi.

For example, the parameter space of the unfolding of z"*! is My ,,. Dubrovin constructs a Frobenius structure
on My 4,,.. 4, generalising the one we have shown in the z?T1 case. As in Proposition 5.6, the critical values of
the meromorphic functions are canonical coordinates.

Landau-Ginzburg vs field theory models. In the two families of examples above, the structure of the
Frobenius manifold M comes from a function F' defined on some bundle over M:

e M =CFand F:C* x C* — C is the unfolding itself,
e M is the Hurwitz space, € — M the “universal curve” over M and F' : ¢ — C is the “universal function”,
namely the evaluation mapping (X, 21, ..., 2m, f, 2) — f(2).

The function F' is a generating function for the spectral cover. These examples are called “Landau-Ginzburg
models” | the function F'is the “superpotential” of the model.

There are other examples of Frobenius manifolds where you start from the potential ¥ to describe the
structure — these are the “field theory models”. This is the case of quantum cohomology.

Roughly speaking, in Landau-Ginzburg models, the easy part of the structure is the multiplication, while in
field theory models, this is the metric.

Cohomology. The next example is that of the (even part of the) cohomology of a compact manifold X:
M = H*(X;C). The product is the cup-product — and the metric is defined by Poincaré duality. This is very
simple, but unfortunately not very interesting, and this for two reasons:

(1) the product is constant (does not depend on any point of M), the potential is a cubic form (see Remark

4.2),

(2) the cup-product is far from being semi-simple, being nilpotent.

Quantum cohomology. However, the cohomology of X is a very simple manifold, being a complex vector
space. The metric defined by Poincaré duality is obviously flat, being constant in the natural (linear) coordinates.
Fortunately, there is another product (under certain assumptions on the manifold X') on the sheaf of vector fields
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of M, the quantum product *¢, which is often semi-simple. The idea is to define it through the Gromov-Witten
potential:

WO =Y S ),

m>3

in which expression & is a point in M = H*(X;C), the summation is over all dimension-2 homology classes
A€ Hy(X;Z) and W 4(€9™) designates a Gromov-Witten invariant, heuristically described as the number of
certain rational curves of class A in X and rigorously defined in the second and third parts of this paper. We
will see, for instance, that the potential

1
U(tg, 1) = 51&3151 +expty

found above (in §1) in dimension 2 describes the Frobenius structure on the cohomology of P'.

Part 2. Moduli spaces of stable maps
8. INTRODUCING GROMOV-WITTEN INVARIANTS

Let X be a (smooth) complex projective manifold. A “rational curve” in X is, roughly speaking, a genus-0
curve in X and more precisely a map

u:Pl—— X
from the complex projective line to X. To be completely correct, we must identify two maps which differ by an

automorphism of P! (a change of parametrization).
Such a curve defines a homology class

A =wu [P € Ho(X; 7).

The idea in the construction of Gromov-Witten invariants is to count the rational curves in a given homology
class in X that satisfies certain incidence conditions. The basic example is that of the complex projective plane
(X = P?) and of the homology class represented by the straight lines. The first result on Gromov-Witten
invariants goes back at least to Euclide:

Theorem 8.1. Through any two points goes one and only one line.

It asserts that the space of all rational curves of degree 1 that go through two points consists of one single
curve.

Going back to the general case, the aim is, given A € Hy(X;Z) and some subvarieties 71,..., 7, C X, to
give a rigorous meaning to “the number of rational curves in the class A meeting 71, ..., Z,;, somewhere”.

The strategy is to define a suitable “moduli” space of maps u : P! — X. To impose incidence conditions,
we will add to the data m points 21, ..., 2, of P1, getting a space Mg ,, (X, A) (the “0” is for “rational”, see
below) with an evaluation map

evm:moym(X,A) —_ X
(z1y -y zm, ) —— (u(z1), ..., u(zm)).

Denoting the cohomology classes dual to Z1,...,Z, by &1,...,&mn, our number will be expected to be the
evaluation on the fundamental class:

Us(61 @ @) = {(ev) (€1 @ @ &n), [Mom(X, A)]) € Z.

The main difficulty will be to define the moduli spaces moym(X,A) ... and to prove that they do have a
fundamental class (under certain assumptions, as this is not true in general).
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Singular curves. To define the space Moym(X, A), we will be forced to consider also singular curves. By this,
I do not mean that the image curves are singular. This can certainly happen for the maps P! — X we have
already considered. Think for example of the maps

e ¢ — (t2,3), which parametrises a cuspidal cubic (the source curve is smooth)
e ¢ — (t2,0), which parametrizes a degenerate conic consisting of a double line, and which is nowhere
injective or even immersive (see Figure 2).

(1) singular cubic (2) double line

FIGURE 2. Singular maps

What I mean is that even the source curve cannot always be smooth. Think for instance of the plane conics
(degree-2 curves), the simplest example after that of straight lines.

Consider the conic of (affine) equation zy = . When ¢ tends to 0, it tends to a degenerate conic, the union
of the two lines = 0 and y = 0. Of course, the union of two distinct lines cannot be parametrized by a map
u: P! = P2 We will thus be forced to add maps whose source space is a singular curve to our space of maps.

FIGURE 3

Notation and convention.
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e Projective spaces. The homology class of a projective line in the complex projective space P” is denoted
L, it is a generator of Ho(P™; Z). The degree-2 cohomology class dual to a hyperplane is denoted p, so
that

H*(P™Z) = Z[p)/p" "
and that (p, L) = 1. Euclide’s theorem above can be restated as “in P2 Wy (p? @ p?) = 1".

e Homology and cohomology. I will assume that:

— The homology and cohomology therories used satisfy the “easy” Kunneth formula, e.g.

HY(X xY)=H*(X)® H*(Y)
for instance, because this is cohomology with rational coefficients.
— The second homology group H2(X;7Z) has no torsion. Otherwise, what T will denote by H2(X;7Z) is
the quotient by the torsion subgroup.
— Moreover, but this is only for simplicity®, I want the cup-product to be strictly commutative (and

not commutative in the graded sense). The only issue is to consider only the even part calling H*(X)
the ring H**"(X).

9. SPACES OF STABLE MAPS

Let X be a complex projective manifold. Recall that, for any embedding X C P¥, the pull-back of the
standard (or Fubiny-Study) Kahler form on P is a Kahler form on X. We will use the fact that X is Kahler
when necessary.

A stable map consists firstly of a package (X, 7, u), where

e Y is a genus-g complex curve with, at worse, ordinary double points (nodes),
e 7= 1(z1,...,2m) is an (ordered) m-tuple of distinct points of X (usually called “marked points”)
e and u : X — X is a holomorphic map.

The genus used here 1s the arithmetic genus. Here is a definition for topologists. Associate to ¥ a graph I's:

e any component of ¥ gives a vertex,
e two vertices are connected by an edge when the two corresponding components intersect.

The arithmetic genus of X is, by definition, the sum of the genera of the components plus the dimension of

H,(Tg).

I have not explained yet what the word “stable” means. It comes from the (simpler) theory of Deligne-
Mumford moduli spaces of stable marked curves. Let us recall this very briefly.

Stable marked curves. A stable marked curve is simply a pacckage (X, Z) exactly as above (we just forget to
mention a manifold X and a map u). The stability condition arises when we want to consider the space Mg,m
of isomorphism classes of marked curves: it is said that (X, 2) is stable if it has no infinitesimal autmorphisms,
in other words if its automorphim group is discrete.

Ezramples 9.1. e In genus 0. An automorphism of P! is determined by the images of three distinct points.
The automorphisms of P! which fix two points or less form a subgroup of strictly positive dimension in
PGL(2;C). Thus

— The marked curve (P12, ..., z,) is stable if and only if m > 3.
— The space Moyg is a point. See a description of MOA in §14.

e In genus 1. A smooth genus-1 curve is, up to the choice of an origin, an elliptic curve. This means that
it has a 1-dimensional automorphism group ... and thus that, if ¥ has genus 1, (X, z1, ..., 2m) is stable
if and only if m > 1. For genus-1 curves, see also Appendix A.

e In higher genus. A smooth curve of genus ¢ > 2 has a finite group of automorphisms, so that a marked
curve (X, Z) is always stable.

3In general, one gets the structure of a Frobenius super-manifold, see[KM94, Man96].
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Notice that the shortest way to express the stability condition here is to say that ngm exists only if m+2g > 3.

Remark 9.2. Except for Ml,l, I will only use Moym, the Deligne-Mumford-Knudsen compactification of the space
of isomorphism classes of m ordered distinct points in P1. For the properties of these spaces, see [Knu83, Kee92].

Stable maps. We impose an analogous stability condition to our “maps” (X, Z,u). Let us first precise what
the isomorphisms are. Two stable maps (X, 2, u) and (X', 27, u’) are isomorphic if there exists an isomorphism
¢ : X — X such that ¢(z;) = 2/ for all ¢ and v/ o o = u.

We require that the data above have no infinitesimal automorphism. This amounts to requiring that the
components of ¥ on which u is constant be stable curves in the sense above.

More concretely, relying on the examples above

e if u is constant on a genus-0 component, there must be at least three special points (singular or marked)
on this component,
e analogously, if u is constant on a genus-1 component, it must contain at least one special point.

The “moduli space” of stable maps. The set of isomorphism classes of stable maps from genus-g curves
with m marked points representing the class A in the manifold X will be denoted M, ,,, (X, A).

Remark 9.3. We are not considering the image curve, but notice also that we are not really considering the
mappings: to quotient by isomorphisms destroys the parametrization.

When the isomorphism class of the marked curve (X, Z) cannot vary (e.g. if ¢ = 0 and m < 3), it is possible
to keep track of the parametrisation by looking at graphs (see Appendix B).

Remark 9.4. Notice that the singularities of the source curve are ordinary double points but that the image
curve may be very singular. Think of the singular examples depicted in Figures 2 and 4.

10. EXAMPLES OF SPACES OF STABLE MAPS

The case of a point. When X is a point, the map u is constant and we get the space Mg,m of stable marked
curves. Recall that the stability condition here is simply m + 2¢ > 3.

Constant maps. Let us look now at (more general) constant maps. We begin by stating and proving an
elementary but crucial property.

Proposition 10.1. Let w be a Kdhler form on X and A be a homology class. If A can be represented by a
holomorphic map from a complex curve to X, it satisfies (w, A) > 0, with equality if and only if the holomorphic
map s constant.

In particular, the class A = 0 can only be represented by constant holomorphic maps.

Proof. Let u : ¥ — X be a holomorphic map. Since its derivative is complex linear, for any z € X, any o € 1,3,
(ww). (a,ia) = wy) (Tou(a), iT u(a)) > 0
as w is a Kahler form: X — w(X,iX) is a Riemannian metric. Thus
(w, A) = (1w, [S]) > 0.

Moreover, if u is not constant, there is an open subset U C X and a non zero vector field o on U such that

(w*w), (e, i) > 0 for z € U. Thus {w, A) > 0. O

If A =0, we thus see that the map u is constant and hence the moduli space ngm(X, 0) is isomorphic to

Mg m x X.
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Degree-1 maps. Another simple case is that of the space MOVO(JPH, L): we are dealing with degree-1 maps
u: Pl —— Pl

Up to isomorphism, there is only one such map, so that the set MO,O(W, L) is a point. See a generalisation of
this example in Appendix B.

Remark 10.2. More generally, one can replace L by dL: the moduli space MO,O(EN, dL) is a compactification of
the Hurwitz space of degree-d polynomials. One can also replace P! by P7, it is clear that MO,O(P", L) is the
Grassmannian G(2, C*T1) of lines in P".

Plane conics. Consider the space MOVO(JPZ, 2L) of degree-2 curves in P2, It consists of four pieces:

(1) The space of smooth conics. Any conic is parametrized by a degree-2 map
u: Pl —— P2

This space has dimension b (three homogeneous polynomials of degree 2 up to rescaling give 9 — 1 = 8,
modulo automorphisms of P! gives 8 — 3 = 5).

(2) The space of degree-2 maps P! — P? sending P! to a line. It has dimension 4 (the line and the two
branch points on it give 2+ 2 = 4).

(3) The space of maps C' — P2 where C'is the union of two secant lines and the image consists of two secant
lines. It also has dimension 4 (two lines in P? give 2 x 2 = 4).

(4) The space of maps C' — P?, where C' is (again) the union of two secant lines and the image is a (double)
line. It has dimension 3 (one line in P? gives 2, adding a point on this line gives 2 + 1 = 3).

V%

(1) smooth irreducible, reducible, reducible,
non smooth 51mple double

FIGURE 4. Conics

Rational degree-d plane curves. A description of the space of higher degree curves would be very compli-
cated. Let us mention rational degree-d curves, as they appear below (in § 13 and in Theorem 14.10).

A smooth degree-d plane curve is never rational if d > 3. Tts genus is (d — 1)(d — 2)/2. However there are
rational plane curves in all degrees, but they are singular. For instance, a plane cubic is rational if and only if 1t
is singular (see the example of the cuspidal cubic in Figure 2): to decrease the genus increases the singularities.

11. EVALUATION AND CONTRACTION
It is in the nature of the space ngm(X, A) that it is related both to the manifold X and the space of stable
curves My ,, respectively by

e evaluating the map at the marked points
o forgetting the map.
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To be useful, these maps must be, at least, continuous: recall from §8 that we plan to do some cohomology
computations. Up to now the “space” Mg,m(X, A) T have depicted is merely a set. Of course it has much more
structure and we shall see below (Theorem 12.3) that, under certain assumptions, this is a projective variety.
In general, it is, at least, a topological space: it can be endowed, for example with a variant of the C*-topology
(for any k).

The topology is rather intricate but there are a few good reasons (besides fun) why it is interesting to describe
it here:

e Although everything in this paper is in the algebraic category, all this theory originates in symplectic
geometry and specifically in Gromov’s compactness Theorem (see [Gro85] and [Pan94]) which uses the
topology depicted below.

o I feel that the definition of this topology shows how, dealing with (convergence of) isomorphism classes
of stable maps, we are somewhere between the convergence of the image curves and the convergence of
the maps.

e It is very instructive to understand the attendence of singular curves in the “boundary” of the moduli
space 1n terms of the birth of bubbles.

The purely algebraic readers can skip the definition. I will only use the continuity of the evaluation map
(Proposition 11.2) and the compactness of the moduli space (Proposition 11.3).

Topology on mgym(X,A). Here 1s a description of a basis of neighbourhoods of the class of a stable map
(2, Z,u). Fix a real number ¢ > 0, a neighbourhood U of the singular points of ¥, a neighbourhood V' of the set
of marked points and a metric g on every component of . The neighbourhood defined by these data consists
of the stable maps (X', 2, ') such that:

e there exists a continuous map o : ¥’ — X which is a diffeomorphism outside singular points and such
that the inverse image of every double point is either a double point of ¥/ or an annulus of modulus
> 1/e, containing no point of 2"

° ||u —u'o 0'_1||Ck < ¢ outside U,
[ ||Jz; — 0';1J21 ck < g,
o o(zl)EV.
Remarks 11.1. (1) Recall that a complex annulus is conformally equivalent to S*x]0, L[ for a unique L > 0,

its modulus: conformally, to be very long means to be very thin.

(2) Jy is the complex structure of X, considered as an automorphism of 7Y, multiplication by ¢. The
condition required on Jx and J§ expresses the fact that ¥ and X’ shall be close to each other in the
ad hoc moduli space. Norms are computed with the metric ¢ we have fixed on ¥ and with the Kahler
metric of the projective variety X.

There are two natural maps:

e the evaluation mapping

(for m > 1),
e the contraction mapping
My,m (X, A) —— My,m

(for m + 2¢ > 3). This is the map which forgets u, with a small technicality that I explain now. Trying
to send the isomorphism class of (X, Z, u) to that of (X, Z), you face the difficulty that (X, Z) may have
unstable components. They were allowed if u was not constant on them. The solution is to contract
these components to points, e.g. as on Figure 5.

The topology is such that:
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FIGURE b

Proposition 11.2. The evaluation at the marked points evpy, : Mg (X, A) = X™ for m > 1 and the contrac-
tion mapping My m(X, A) —— My, for m + 2g > 3 are continuous. O

Compactness. The main property is:
Proposition 11.3. The space My (X, A) is compact.

Sketch of the proof. The contraction being continuous, this is a consequence of the compactness of the base
space Mg,m (see [Knu83]) and of the compactness of the fibers. The latter is a consequence of Theorem 11.4
below and can be viewed as a variant, either of the completeness of the ad hoc Hilbert scheme, or of Gromov
compactness Theorem. O

Let us recall and comment the ad hoc version of this beautiful theorem.

Theorem 11.4. Let (X,w) be a Kéhler manifold and X be a complex curve. Let u, : & — X be a sequence of
holomorphic maps. Assume there exists a constant M such that

(upw,[X]) < M
for all n. There exists a finite subset I' C X such that

o a subsequence of the sequence of graphs U, : ¥ — X x X converges to the graph u of a holomorphic map
u:Y — X outside I' (for the C* topology).
o If for z € T, U, (z) does not converge to u(z), then there is a non trivial rational curve

v, C, ——= {z} x X

passing through u(z).
o Forn large enough, wi[X] = ue[X] + D, cr (w2 )x[C2] € Ho(X; Z).
O

Remarks 11.5. (1) In other words, a limit of graphs is again a graph except, maybe, for a few vertical bubbles
(see Figure 6).
(2) In the algebro-geometric context where we have stated Theorem 11.4, this is actually a theorem on
families and not only a theorem on sequences.
(3) The K&hler manifold X can be replaced by a Riemannian almost complex manifold here. Holomorphic
maps must then be replaced by pseudo-holomorphic maps. Notice also that the almost complex structures
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FIGURE 6

used may depend on n (see [Gro85, Pan94]). Even with these modifications, this is still a special case of
Gromov’s compactness theorem for the curve ¥ is fixed.
(4) The rational curves C; (the bubbles) may themselves have nodes, as is shown by the following example,
which was given to me by Jean-Claude Sikorav.
Let X1 be the plane cubic of homogeneous equation ¥®> = 2 — 22? and u, : ¥; — P? be the map
[,y, 2] = [z, ay, a?z], whose image is the curve X, of equation ay® = af23 — x22.

3

FIGURE 7

Let o tend to 0. The limit curve z2% = 0 consists of two lines, one of them being double. The map u,
converges to the constant map u([x, y, z]) = [1, 0, 0] outside the inflexion point [0, 0, 1]. Thus the finite set
I' consists of a single point z = [0, 0, 1] and the corresponding rational curve C, is reducible and consists
of two components, one of them being a double cover.

Viewed from the point of view of Gromov’s theorem, one of the bubbles comes from a disc and the
other one from an annulus (Figure 7).
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Density of irreducible curves. Notice also that Kontsevich’s space can often be considered as being too big
in the sense that MW(X, A) is, in general bigger than the closure of the set of stable maps ¥ — X where the
curve X is irreducible.

This can be understood quite easily already in the case of plane genus-1 cubics. The space mlyl(ﬂﬂ, 3L) has
dimension 11 (in general, dimﬁlym(ﬂﬂ, dL) = m+ 3d + 1). Tt contains all the maps u : C UP! — P? where C
has genus 1, C' and P! meet at some point, u is constant on C' and has degree 3 on P'. In other words, using the
excedentary marked points to glue curves together, it contains a copy of MM X MO,Z(PZ, 3L). But this space,
too, has dimension 11.

]Pyl

FIGURE 8

It is easy to understand that a map u : CUP! — P? can only be in the closure of the set of maps ¥ — P? (with
¥ irreducible) if u has a singularity at the point where the two components meet: decreasing the genus adds
singularities (as we have already mentioned it). See a counter-example on Figure 8: the rational component P!
is sent to a cuspidal cubic by a degree-3 map which sends the node to a regular point, the map u is constant
on the genus-1 component C'.

This cannot happen for rational (genus-0) curves in conver manifolds (see below): here maps from irreducible
curves are dense in moym(X, A).

12. CONVEX MANIFOLDS AND SMOOTHNESS PROPERTIES

The spaces M, ,, (X, A) are often projective varieties (see [FP96], [Cor95]) and, as such, according to Borel
and Haefliger [BH61], carry fundamental classes. However, we need much more, since we want to interpret
cohomology computations in terms of intersection numbers (e.g. to get enumerative conclusions). That is, we
need Poincaré duality (in other words a smoothness property) at least over @ (an orbifold structure would be
enough). Also, if there were excedentary components, they could cause some difficulties dealing with enumerative
questions.

For these reasons, we will now concentrate on rational curves (spaces Moym(X, A)). T will not try to obtain
the best possible results and T will impose some restrictions on the projective manifold X (see below §15 for
generalisations and references).

Definition 12.1. The manifold X is convex for the class A, or A-convex, if, for any decomposition

A=A+ 4 Ay
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where each A; may be represented by a rational curve, and for each uw : P! — X such that u[P'] = A; for
some j,

wTX = P O(m)
i=1

with m; > 0 for all «.

The convexity condition ensures that the various strata of moym(X, A) are smooth:

e the positivity condition on the m;’s implies that H'(P! «*TX) = 0 for all maps u representing one of
the classes A;, or — in terms familiar to symplectic topologists — that the linearisation of the 0 operator
associated with the complex structure on X is surjective (this is explained e.g. in §2.1 of [Aud97]).

e But it also contains a positivity condition on the first Chern class expressed in the next lemma, that is
related to compactness properties (again, this can be found e.g. in §2.2 of [Aud97]).

Lemma 12.2. If X s A-conves, then for any decomposition A = Ay +---+ Ay, where each A; is non-zero and
representable by a rational curve, {¢1, A;) > 2.

Proof. By definition of A-convexity, for any map u : P! — X representing a class A;, we have

n
wTX = @ O(m;) with m; > 0 for all <.
i=1
Now, if A; is non zero, u is non constant, hence its differential is injective (as a sheaf map) and carries a vector

field with two zeroes on P! to a non-zero section of ©v*T'X with at least two zeroes. Hence one of the m;’s must
be at least 2. O

Now the A-convexity property gives everything we want:

Theorem 12.3. If X is A-convez, moym(X,A) 15 a locally normal projective variety and locally the quotient
of a nonsingular variety by a finite group. It has complex dimension dim X +m — 3 + (c1, A).

There is a beautiful proof in [FP96]. Let us sketch it very briefly. The authors consider the case of the
projective space (X = P"). Then they systematically add marked points to the curves in the space of stable
maps, the points where the curve meets the coordinate hyperplanes, assuming these intersection points are
distinct from the special (marked or singular) points already present on the curve. The choice of an ordering?
for the new marked points gives an abstract stable marked curve. Notice that the data of the intersection points
of the curve with the coordinate hyperplanes allows us to reconstruct the stable map, up to the action of the
big torus (C*)™ on P™. In other words, we have established a close relation between some big open subset of
moym(]@”, A) and some subset of some MO,N — which is open in this case (genus 0).

The consideration of different choices of coordinates in IP” leads to a covering of moym(]@”, A) with such open
subsets. Then we can use the properties of MO,N to conclude the proof in the case of P”. The authors of [FP96]
are then able to derive the property for any projective variety X. O

Remark 12.4. Tt is also shown in [FP96] that My, (X, A) is a moduli space in the sense of algebraic geometry
(namely, it represents the ad hoc functor). There is also a universal stable map®, that is, a space

UQym —_— MQym(X, A)

which looks very much like Mg m41(X, A) (the fiber at a point (X, %, u) is the curve X itself) and which is
endowed with a “universal map” to X (the evaluation at the (m + 1) point)

(3,2, u,z) — u(z).

4This is a place where the “quotient by a finite group” comes from.
5at least over the subspace consisting of stable maps that have no automorphism at all . ..
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Definition 12.5. A projective manifold X is convex if it is convex for all classes containing rational curves.

Remark 12.6. Notice that this property is equivalent to the following:
Vu:P'— X, HYPLWTX)=0.

Notice also that the property is true for all maps u : P — X. This implies that the degrees of the summands of
w*TX are > 0 (if one of them was < —1, compose with a degree-2 map P! — P! to get a degree-< —1 bundle
and a contradiction).

Ezamples 12.7. (1) Convex manifolds include homogeneous spaces G/ P where G is a linear algebraic group
and P a parabolic subgroup, and in particular
e projective spaces GL(n;C)/GL(1;C) x GL(n — 1;0),
e Grassmannians GL(n; C)/GL(k;C) x GL(n — k; C),
e and flag manifolds, complete (namely GL(n; C)/GL(1;C) x --- x GL(1;C)) or not.

(2) There are very simple examples of non-convex manifolds. Consider for instance a Hirzebruch surface,
that is, the total space of the bundle P(O(k) & 1) — PL. It is obvious that this surface contains an
embedded rational curve C' of self-intersection —k (the section at infinity). Then, for the embedding
u: PL— P(O(k) & 1) whose image is C,

(e (), [Py = —k 42
so that, if w*TX = O(m1) & O(ma), my + ma = —k 4+ 2. If k > 2, at least one of the m;’s is < —2. If

k =1, consider the composition of u with a self-map of degree 2 of P! to get the same conclusion. Thus,
the Hirzebruch surface P(O(k) @ 1) is convex if and only if £ = 0.

(3) For instance, for k = 1, the Hirzebruch surface is P2, the plane blown-up at a point. The homology
class of the exceptional divisor is denoted E. It is represented by an isolated embedded rational curve.
The composition with any self-map of degree 2 in P! gives a rational curve in the class 2E. Now, these
degree-2 self-maps of P! form a 5-dimensional space, so that

dim M, 5(P2, 2E) > 5.

The dimension we could expect from Theorem 12.3 is 4: this confirms that P2 is not convex.

Part 3. Quantum cohomology
13. GROMOV-WITTEN INVARIANTS AND POTENTIAL

For convex manifolds, we are now able to achieve the program sketched in §8 and to define the Gromov-
Witten invariants. Let us use rational cohomology (so that H*(X™) = (H*(X))®™). Recall that we concentrate
on even-degree classes.

Definition 13.1. Let A be a homology class in Hy(X;7Z). Assume that X is A-convex. For classes &1,...,&m
in H*(X), the Gromov-Witten invariant ¥ 4 (&1 @ - -+ ® &) is the rational number

V(6L @ @ &) = ((evim) (€1 @ @ &m), [Mom (X, A)]).
Notice that ¥4(£; ® ---® &) can be non zero only if

1 o o ,
3 Zdeg& =dimMg (X, A) =dim X + m — 3 + {1, A).
i=1
It is also obvious that the number ¥ 4(&; ® -+ ® &) does not depend on the ordering of the cohomology
classes inside. The first proposition states an important first property of the invariants: they contain (and thus
generalise) the cup-product on X.
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Proposition 13.2. The Gromouv-Witten tnvariants W 4 satisfy the relations
Va1 @ @bmo1 @1)=0ifm>40r A£0

and
] 0 form>3
\Ifo(£1®...®£m)—{ (&1 — & — &5, [X]) form = 3.

Proof. Assume m > 3 and consider the A = 0 case. Recall from § 10 that for the zero class, we have
Mo, m (X,0) = Mom x X
and that in this case the evaluation mapping is

Mo x X —— X™
(2,2,2) —— (z,z,...,2)

therefore, if p : Moym x X — X 1is the projection,

<(evm)*(€1®"'®€m)a[m0,m XX]> = <p*€1 v"'vp*gma[m&m XX]>
3 { 0if m >3
N (61— & — &, [X])ifm=3

as Moym has positive dimension for m > 3.

Consider now the unit 1 € H°(X) of the cup-product. Recall this is the class dual to the submanifold X C X
itself and notice that to say that a marked point is sent to X says nothing. This is the remark that is formalized
in the proof. By definition,

Va1 @ @1 @1) = {(evim) (61 @ -+ @ Emo1 @ 1), [Mom (X, A)]) .

Assume m > 4 or A # 0, so that there is a well-defined map 8 : Mo (X, A) = Mo m_1(X, A), forgetting the
last marked point (and contracting the components that became unstable). Consider the commutative diagram

Mom(X,4) —2m 5 xm
Mom_1(X,A) —m=ty, xm-1

where the projection p forgets the last factor. As &, @ @& 1 @1 =p (61 Q@ @ &mo1),

{(evm) (€@ @ &no1 @ 1), Mom (X, A)]) = (0" (evm-1)" (61 © +++ @ &), Mom (X, A)])
= <(evm_1)*(€1 & .- ®€m—1),9*[M0,m(XaA)]>~

But, as dim Mg -1 (X, A) < dim Mg ,, (X, A), the class 6, [Mg (X, A)] is in a zero homology group and thus
1S zero. O

Ezamples 13.3. (1) Let X be, once again, the complex projective space P™. Consider the space Mg o(P", L).
It has dimension 2n and its generic points are parametrised lines in P with two distinct marked points.
It has an evaluation mapping to the 2n dimensional space P? x P". Recall that p is the generator of
H?(P™;Z), so that ¥ (p" @ p") is a well-defined Gromov-Witten invariant. From the enumerative point
of view, this is the number of lines through two distinct points (p™ is the cohomology class dual to a
point):
Yp(p"@p") =L
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(2) The next example is that of degree-d rational plane curves, namely that of the space Moym(]@z, dL), a
space of dimension m — 1 + 3d. The evaluation map sends it to (P%)™ a 2m dimensional space. When
m = 3d — 1, the two dimensions coincide and the evaluation map

MOygd_l(pz, dL) e (]P)Z)Sd_l

has a degree, traditionally denoted by N;. As the class dual to a point in P? is p?, this degree is the
Gromov-Witten invariant gy, ((p2)®(3d_1))
rational plane curves of degree d through 3d — 1 general points. One of the most popular applications
of the theory presented here was the computation of these numbers by Kontsevich [Kon95] that we will
derive in §14 (Theorem 14.10).

. From the enumerative point of view, N; 1s the number of

Degree-2 classes. It is in the nature of the Gromov-Witten invariants that degree-2 cohomology classes play
a special role. Here is a property that we will use later and that illustrates this assertion.

Proposition 13.4. Assume X is A-conver. Let £ be a degree-2 cohomology class. Then, for any cohomology
class a in H*(X®™),

Uala@E) = (AW 4(a).

This is the “divisor axiom” of Kontsevich and Manin. Assume that the cohomology class ¢ is dual to a
divisor (or a hypersurface) 7 in X. Let us compare the two invariants appearing in this equality:

e On the one hand, the invariant ¥4 («) counts the rational curves with m marked points in the class A,
with the marked points sent to the cycles determined by «,
e on the other hand, the invariant ¥ 4(a ® £) counts the rational curves in the same class A, which satisfy
the same incidence conditions (the first m marked points going to the duals of the classes a; in «) plus
the fact that an additional marked point is sent to Z.
Of course, the actual rational curves are the same in both counts, but we have to choose the (m + 1)st marked
point at one of the intersection points of the curve and Z ... and there are (&, A) such points. This explains
the formula. Here is a formal proof.

Proof of Proposition 13.4. Consider the map

Mot (X, A) —L s Mo (X, A) x X

(2,2, u) — (0(Z, 7, u), u(zms1))
(as above, # forgets the last point and contracts the unstable components). As the dimension of Mo,m“(X, A)
is dim Mo, (X, A) + 1,
0. Mo, (X, A)] = Mo, (X, A)]© A"+

where A’ € Hs(X) and the components of b on H, (Mg (X, A)) have dimension strictly less than the funda-
mental class. Obviously then,

Va(a®g) = (& A)¥a(a),

so that we only need to check that A’ = A. But this is obvious from the definition of 9~, for if (P1, Z u) represents
an element of MO,mH(X, A), w,[PY] = A and this is the class we see on the X factor of moym(X, Ay x X, O

Ezample 13.5. The Gromov-Witten invariant ¥, (p” @ p” @ p) in P” counts the lines through two generic points
which meet a generic hyperplane somewhere. Any line meets a generic hyperplane in exactly one point, so that
the last condition adds nothing. Therefore

UL(p"@p” @p)=(p, LYTL(p" @p") =V (p" @p") (=1).
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The potential. We want to define a function on H*(X):

TS DI

m>3
(to start the summation at m = 3 is enough, the potentials being defined only up to quadratic terms).
Fix a class £ € H*(X) and a class A € H5(X;Z). Assume first that ¢ is homogeneous (that is, £ € H*(X)
for some ¢, deg & = 2¢). The class W 4(£%™) can only be non zero if
mdegé =2(dimX 4+ m — 34 (¢1, A))
so that

o ifdegé # 2, Wa(£9™) #£ 0 for only one value of m,
e if deg ¢ = 2, using Proposition 13.4,

ST WA = 3D e A ()

m>3 m>3
1 e
=Wa€) D — (A"
m>3
a convergent series.
Thus, in both cases, the sum

1 m

> —Wa(E"™)

m>3

defines a number®. Taking sums of homogeneous elements, we get

Lemma 13.6. For any class A € Ha(X;Z), the formula

A) = 3 W€

m>3
defines a function ®4 : H*(X;C) — C. O

We still must sum over all classes A. To this aim, let us add a formal (multi-)variable ¢. Recall that we
assume the second homology group of X to be free abelian. Let A be its group ring:

Denote by ¢# the (multiplicative) counterpart in A of A € H3(X;Z). Thus ¢ is a multi-variable of dimension
k=rk Hy(X;7Z).
Equivalently (but in a less intrinsic way), let Ay, ..., Ax be a basis of the free abelian group Ho(X;7Z). Then
A:Z[Qla"'anan_la"'aQIg_l]
and if A = di A1 + -+ -+ di Ay, ¢ denotes the monomial qfl . ~qgk.
Define now

(O = S ea@et =3 [ 3 —wae™) | ot

A m>3

This is a formal series in ¢ whose coefficients are functions of £ (involving only monomials and exponentials).
To be more specific, let us choose a basis of H?*(X;Z) (considered modulo torsion) consisting of homogeneous
elements. It will be convenient to use different names for the coordinates according to the degrees, &y in degree

6 A real number if we started with rational coefficients.
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0, &,...,&n in degrees > 4 and 7q,..., 7, in degree 2. The basis, in the same order, is of course, 9/9¢;
( i

<i<m),d/0n; (1 <j<k). Let us write
9 ®k1 9 ®km
(%) ce (ag—m) ]

k K
1., .gmm
YEm=> 1 > NA(k1,~~~,km)m exp(n, A)g*.

A \ki,.. km

Nalke, ... km) =Ty

so that

Remark 13.7. All this is completely formal, I do not discuss convergence problems here.

14. QUANTUM COHOMOLOGY
We aim to show now that the Gromov-Witten potential is the potential of a formal Frobenius structure on
H*(X). We have a metric
g(a, B) = {a — B, [X])

which is constant in linear coordinates and thus flat. We need to define products x; depending on & € H*(X),
and we hope that they can be defined by the third derivative of ¥. We begin by noticing that

glaxe B,9) = () (o, 3,7)

would define a commutative (by symmetry) and unital (using Proposition 13.2) product if there was no con-

vergence problem. So, let us use the formal potential ¥, as above. Call A the module of formal series in the

variables ¢, ¢ 1.

Proposition 14.1. The formula
g(OZ *E,q Bay) = (dS\Ijq)E (aaﬁa'y)

defines a commutative product ¢ g on H*(X) with values in H*(X) @ K, graded by the natural graduation of
the cohomology and by deg ¢ = 2(cy, A), and having the same unit as the cup product.

Remark 14.2. The module A has no ring structure, so that it is not possible just to extend the product by
linearity to a ring structure on H*(X) @ A.

Proof. The right hand side is indeed an element of A. Notice that

(dS\I/q)E(a,ﬁ,’y):Z Z%\IJA(5®m®a®ﬁ®7) g

A m>0
As above, the sum
1
PR USSR ER)
m>0 ’

defines a complex number for all A, o, 3, v. The product ¢ 4 is obviously commutative and the assertion on
the unit follows from Proposition 13.2. O

Remark 14.3. There are various definitions of “the quantum cup-product”. This is the most general version, as
it depends on the point &, and, because of the variables ¢ (and the use of A), there is no convergence problem
in the definition.



34 MICHELE AUDIN

Specialization and convergence assumptions. There are basically two ways to get a less general structure:
to specialize, either at a value of £, or at a value of ¢, the latter leading to the mentioned convergence problems.

e To specialise at ¢ = 1, allowing £ to be any cohomology class, but assuming the series defining a x¢ 1 3,

that we will denote a x¢ # to converge. This is the global quantum product.
e To specialise at £ = 0 would give the “usual” small quantum product, a formal series in ¢, denoted a x 3:

glaxB,7) = Wa(a® e 7)¢"
A

As we shall see in §16, these two apparently different specialisations are deeply related.

There are finiteness asumptions on the manifold X under which it 1s possible to use a sub-ring A of A such
that the product % defines a ring structure on H*(X) ® A.

This is the case if Ho2(X;7Z) has a basis Ay, ..., Ay such that all the classes that can be represented by rational
curves have positive coefficients in this basis, in other words lie in the first octant (Figure 9).

classes of rational curves

(e1, AY = constant

FIGURE 9

Notice that, if e, 3 and 7y are elements of H*(X), the invariant ¥4 (o ® 3 ® ) can be non zero only if
1
3 (deg v + deg B+ deg ) = dim X + (¢, A),

which bounds the possible numbers {(¢1, A):
—dimX < {¢;, A) < 2dim X.

e If we know that there are only finitely many classes A satisfying these inequalities, we can use the ring A
itself. Let (p1,...,px) be the basis of H?(X) dual to (Ay,..., Ag), so that ¢; = 3 r;p; for some integers
r1,...,r,. If all the r; are positive, the classes form a finite set (Figure 9) and the product * defines a
ring structure on H*(X) ® A (we can even use the ring of the semi-group, namely Z[q, ..., ¢x] in this
case). The manifold X is a Fano manifold. This is the case of P" and of the other flag manifolds for
instance.

e More generally, assume that X is convex and that, for all K, the set of homology classes

{A € H2(X;7Z) | A can be represented by a rational curve and (¢;, A) < K}

be finite. Recall that {(¢1, A) is bounded from below (due to Lemma 12.2). Tt is possible to use the
Novikov ring A (see [HS95]) and our formulas give a ring structure to H*(X) @ A.
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Composition rule and associativity. Let us prove now the non trivial result, related to what physicists call
the “composition rule”:

Theorem 14.4. The product %¢ 4 s associative.

All the proofs of the associativity of the quantum product are based on a degeneracy argument: we must
understand what happens when the class A decomposes as a sum A = A; + Ay (see [MS94] and [RT95] for
pseudo-holomorphic approaches). The proof I give below comes from [FP96], and is based on a simple geometric
argument:

e We will describe what happens in the homology of moym(X, A) when the homology class A decomposes
as a sum. We will thus look at curves that split into two parts, each of them containing some of the
marked points.

e Eventually, we reduce the homology computation to the investigation of the same problem in the moduli
space MOA of “four points on the line”.

Four points on a line. Let us look first at the Deligne-Mumford space mo,zy This is a compactification of
the space Mg 4 of (isomorphism classes of) sets of four ordered distinct points on P!. Now, four ordered distinct
points on P!, up to isomorphism, this is a point in P! — {0, 0, 1}, their cross ratio: send z; to co, 29 to 0 and
z3 to 1 by a (unique) automorphism of P!, which sends z4 to the cross ratio, so that

M074 = ]pl - {OO, 0, 1}

The Deligne-Mumford compactification is something very clever: when two of the marked points tend to the
same point, they transform into a new rational component (figure 10).

FIiGure 10

Of course the compactification MOA of Pt — {c0, 0, 1} is isomorphic to P1. We have to add reducible rational
curves consisting of two secant lines with two of the marked points on each. There are three isomorphism
classes: up to isomorphism, the only thing you see is the labels of the points on the components (which are
indistinguishable). Using the cross ratio, the three added points (14 | 23), (24 | 13) and (34 | 12) correspond to
o0, 0 and 1 respectively.

Proof of Theorem 14.4. Associativity amounts to the fact that ¥, satisfies the WDVV equation (see §4). Writ-
ing (0;) for a basis of the cohomology of X and often forgetting ®’s in the notation, this is:

1
D WA, (€7 0:0;0k)g" " W 4, (6720, 0,0 ) g A

mllmz.
oy m ko ma At A,
- Z mllmzl\IJAl (€ arajak)g \IJAQ (€ 8285871)(] .

Equating coefficients of powers of ¢, we see that we are discussing the decomposition of a homology class A as a
sum A; + As and the ways to represent this decomposition by stable maps. We thus need to understand what
happens — homologically in Mg ,, (X, A) — when the curves we are looking at split into two components, each
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FiGure 11

of them containing some of the marked points. (See Figure 11.) Let us write {1,...,m} = E1 U E> (and require
#I;> 9).
Fixing the decompositions of A and {1,...,m}, we get an embedding

j: MO,EIU{ZD}(X,AQ XX MO,EQU{ZU}(XaA2) E— MO,m(XaA)
(using obvious notation). For simplicity, let us write
Mi:mo,E,U{zg}(XaAi)a MIMQym(X,A) and DEI,EQ(Al,AZ):Ml Xx Mz.

Asdim M; = n+#E; — 2+ (c1, Ai), the dimension of Dg, g,(A1, A2) is dim M — 1, so that we are considering
a divisor in our moduli space. Call i the inclusion Dg, g, (A1, As) C M1 x M5 and, if a marked point is labelled
by some element p, call e, the evaluation mapping at this point.

Lemma 14.5. For any cohomology class n =n1 @ -+ ® 0y in H*(X),

i (evim) () = g5 || TT e5t) | e5,0) | > || TT €5(na) | &, (0n)

PEE; qE B>

Postponing the proof of the lemma, which is a direct computation, we get the equality

; AR ((pg%l np) ®6k) Uy, ((ng nq) ®6n) = Z (evi,(n), [Dp, g, (A1, A2)]) .

a,bEB;
c,d€Ey c,d€Ey

771:"':77771—4:€
NMm-3 = 0i, Pm—2 = 3j,77m—1 = 0r, Nm = 0;
a=m—3,b=m—-2c=m—-1,d=m
in the LHS to get
LHS =Y " C(my,ma)g" "W a, (€™ 770;0;0) Wa, (€72 70,0,0,)

where C'(my, ma) is the number of decompositions of {1, ..., m} as Fy U Fs with #F; = m; and the sum is over
all decompositions with m; > 2 and ms > 2, so that

1
LHS=m! Y mllmzlgkwm (£719;0;0K) Wa, (£720,0,0,) .
my,mg>0 : :
mytmg=m—4
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Lemma 14.6. In H, (Moym(X,A)), if a, b, ¢, d are four distinct elements of {1,... m},

Z [DE17E2(A1’A2)]: Z [DE17E2(A1’A2)]'

a,b€EE] c,bEF
c,d€Ey a,d€Fg

This is precisely the symmetry argument needed to conclude the proof of Theorem 14.4. O

Proof of Lemma 14.6. This is the geometric heart and most beautiful part of the proof. The idea is that MOA
is isomorphic to P! (see the description of MOA above) and that any two points of P! represent the same
homology class (actually they are linearly equivalent — and this gives a linear equivalence of divisors rather
than an equality of homology classes).

Look now at the composed contraction:

MO,m(Xa A) — MO,m — MO,{a,b,c,d}w

The divisor ) aves Dp, g, (A1, As) is the inverse image of the point (a, b | ¢, d), while the divisor

c,d€EE,
Z DE17E2(A1aA2)
¢, bE B
a,d€Eo
is that of (c,b | a,d). As the two points of P! are linearly equivalent, so are the divisors in Mg 5 (X, 4). O
1 3 2 3
2 4
1 4
F1GURE 12

Remark 14.7. This can be easily expressed by pictures that are familiar to physicists (Figure 12). See [FI95]
for related discussions.
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Proof of Lemma 14.5. This is a straightforward computation, starting from the commutative diagram

M 4 DEl,Eg(AlaAZ) #) M1 X Mz

eV [ 3 [ Vi 41 X €Vim,t1
xm o Prol XL A, x
in which 1t is seen that
g (evm)*(n) = ie*proj*(n)

ixe* (n© D[X])
(€Vim, 41 X eVm2+1)* A, (n® DIX])
= (eVmyt1 X eVm2+1)* (n® DIA]).

This is the place where one has to realise that the Poincaré dual of the diagonal in X x X is

DIA] = g¥"0, @ 0n.

ko
Then,
g (evm)*(n) = Zkyn 957 (Vs 41 X eV, 41)" (7@ Ok @ 0y)
= S (e, 5m)) ¢, @0)] < [ (TTyen, <)) €5, 00)]
which is the relation we wanted to prove. O

The Frobenius structure. In this paragraph, we collect all the information above to show that the quantum
products x¢ together with the flat metric defined by Poincaré duality, are pieces of a formal Frobenius structure
on the cohomology of X. We still need an Euler vector field.

Let us first use a basis of H*(X;7Z) (considered modulo torsion) as above (end of §13), express the first
Chern class of X in this basis:

k
¢l = Z ro for some integers rq, ..., 7%
j=1 77‘7
and define the vector field
&= i(l — (50&% + Zk:rj%.
=0 ? j=1 77‘7

Theorem 14.8. Let X be a conver projective manifold. Poincaré duality, the quantum product and the Fuler
vector field & define the structure of a (formal} Frobenius manifold on the even part of the complex cohomology

of X.
Proof. Still using the notation of the end of § 13, recall that

k1 L R
W(gan):ZeXP@]an Z NA(klaakm)kllliirn'

A B,k
Notice that N4(k1,..., kn) can be nonzero only if
k1(61 — 1) + -4 km(ém - 1) =dimX + <61,A> - 3.

Now, the computation is straightforward:

kl... km

(S rige) (€ = Ster Avexnln 4) Y- Nalbr,oo k) S22

A
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and
9 fl B
(Z(l - 52')&8—&\1’) (& m) = ZA:GXP<U,A> Zi:(l —6i)ki > Nalky, ..., km)m
Thus,
fl - .gkm
(W) (€)= D expn A) D (300 = ki + (e, 4)) Nalb, k)
A
According to the remark on dimensions,
(€-0) (&) = (3—dimX)U(¢,n)
so that ¥ is indeed &-homogeneous of degree (3 — dim X). O
Remarks 14.9. (1) This is a place where 3-dimensional manifolds obviously play a special role.

(2) That there are exponentials in the potential ¥ is related to the terms r;0/9n; in the expression of the
Euler vector field. The potentials of the Frobenius manifolds obtained this way seem to be rather different
from the ones coming from unfoldings: we have noticed at the beginning of §7 that these potentials are
polynomials, see also the baby-example in § 1, where the case a(t1) = ¢, corresponds to the unfolding of
23,

(3) The existence of the Gromov-Witten potential contains the symmetry of the tensor Ve, or the closedness
of the form 2 as in §4. Hence the quantum products define a spectral cover. We will come back to this
in §16.

(4) By integration along the fibers of the contraction map

TA mO,m+1(XaA) —_— mO,m+1

we get morphisms
H*(X)®m+1 e H*(m07m+1)
3 > (Ta)xeviga(§)
the tree-level system of Gromov-Witten invariants of Kontsevich and Manin [KM94].
Note that, dualising these morphisms, we get a family of morphisms

IA - Hy (Mo, mt1) — Hom (H*(X)®™, H*(X))

and the associativity property (§14) says that this is a morphism of operads. According to Manin
[Man96], this is the essence of a Frobenius structure.

(5) It is possible to define more general invariants using more of the cohomology of Mg (X, A) than the
fundamental class. If ¢ € H*(Mg (X, A)), one considers

(v (€) — ¢, Mo m (X, A)]).

This leads to the “gravitational descendents” of [KM94]. It can be shown (for the genus-0 invariants
considered here) that they do not give more information than the invariants we have considered.

(6) A very interesting question is to know which projective varieties have a massive quantum cohomology.
The question is whether there is a point £ in H*(X;C) for which ¢ is the structure of a semi-simple
ring. I will come back to this question in Appendix C.

The case of P'. Recall that in our notation,
H*(PYLZ) = Z[p) /p*.

Writing € = &y + &1p, one gets easily

31

p‘kqupz €>q.
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Specialising at ¢ = 1 gives a Frobenius structure on C? which was one of our baby-examples (in §1) and is
everywhere semi-simple as ef' never vanishes. The potential is

W(E) = 5edes + 6

and the Euler vector field is indeed

19} 19}
R A
056 T2

The potential for P? and numbers of rational plane curves. Write £ = £; + & p + &ap” for the elements
of H*(IP?), so that the Gromov-Witten potential

WO = Y S war (e

m>3  d>0

can be written

V() = % (€560 + €0&7) + Z Z %‘I’dL(f®m)~

d>0m>3

The first term is usually called “classical” (this is the cubic form corresponding to the cup-product, see Re-
mark 4.2) and the second is the “quantum” contribution. This can be rewritten, using the fact that p has degree
2 and Proposition 13.4,

S 3w (717 2 expleap. di.

m
m>3d>0

We have already noticed (in §13) that the invariant W4z ((p?)®™) can be non zero only if m = 3d — 1, in
which case it is the number Ny of rational degree-d plane curves through 3d — 1 general points. Thus the
Gromov-Witten potential for P? is

1 3d-1
Ve =5 (€562 + €0€T) + D Nae™ m

a>1

We have also noticed in §4 that, in dimension 3, there is only one associativity equation, namely

Pu ( 9> )2_ PU Pu
065 \ 06706 97 061065

3d—4
2

Equating the coefficients of e%1¢ in the two sides of this equation gives:

Theorem 14.10 (Kontsevich [Kon95]). The number Ny of degree d rational plane curves through 3d—1 generic
points 1s given by the recursion formula

3d—4 3d—4
3 2 12
Na+ > dids ( 3dy — 1 )Nled2 = d1d2< 3y — 2 )Nled2

dq+do=d dq4dy=d
dy,da>1 dy,dp>1
and the initial value N1 = 1. O

This relation theoretically allows you (or your computer) to compute Ny starting from Ny = 1.
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15. MORE GENERAL GROMOV-WITTEN INVARIANTS

There are Gromov-Witten invariants for all symplectic manifolds. They can be defined using “virtual funda-
mental classes”: the space M, ,, (X, A) might be very bad, various authors (see e.g. [Sie96, FO96, Beh97]) are
nevertheless able to show that it carries a homology class of the right (expected) dimension, which can be used
as a fundamental class.

In this section, I explain a simple case of such a construction, that can be used to define Gromov-Witten
invariants for certain (non convex) submanifolds of convex manifolds, including e.g. complete intersections in
projective spaces. This generalisation comes from [Kon95] and was used e.g. in [Giv96]. T also mention, very
briefly, the relations between the Gromov-Witten invariants defined so far and other avatars available in the
literature.

Convex vector bundles on convex manifolds. Let X be, as above, a convex projective manifold and
let V' — X be a vector bundle. Tt is said to be convex if it is generated by its (global) sections, that is, if
H'(X;V) = 0. For instance, the tangent bundle T'X of the convex manifold X is a convex vector bundle.

Let us look now at the zero set Y of a holomorphic section of V' transverse to the zero section: this is a
submanifold of X, whose normal bundle is the pull-back of V' on Y

j:Y CX, vi =jV.

There is no reason why Y should be convex. However, we aim to define some Gromov-Witten invariants for Y.
The moduli space Moym(y, A) itself can be very bad, it may not be smooth, or not have the expected dimension.
Topologists are well-trained to solve such problems: find a vector bundle V on some bigger space such that
Moym(y, A) is the zero set of some section of V, and use the Euler class of V (the zero set of a section transverse
to the zero section) in place of your moduli space.
In the case at hand, this works as follows:

e Show that there exists a vector bundle V on Moym(X,j*A) (7 is of course the inclusion Y — X)) whose
fiber at a point represented by a map u : C' — X is H°(C, w*V) (this can be achieved using the fact that
moym(X, JxA) is a moduli space in the sense of algebraic geometry, endowed with a universal stable map
— see §12).

e For o € H*(X)®™ define

VA ((7") )= <(evm)* a — e(V), [moym(X,j*A)D .
I insist that these invariants are only defined on cohomology classes coming from the ambient space X.

Remarks 15.1. (1) One easily checks that, if Y is A-convex, the definition coincides with the previous defi-
nition of ¥4 ((jm)* ).
(2) Ome can also check that the result does not depend on the choice of the embedding in the convex manifold
used.
(3) Because the Euler class is multiplicative, it can be shown that these invariants satisfy the composition
rule as in §14.

The example of the plane blown-up at a point. Let Y be the manifold obtained by blowing up P? at a
point. This is the Hirzebruch surface P(O(1) & 1) and, as we have mentioned in the examples of § 12, if F is the
class of the exceptional divisor, Y is not 2F-convex.

Embed Y as the bidegree-(1, 1) hypersurface in P! x P2 so that it is the zero set of a section of the convex
line bundle V' = 0(1) ® 0(1):

Y ={(,d) eP' xP?|dCtadC} ={(a,b],[z,y,2]) | ay — bz = 0}.

As the cohomology of Y is generated by ambient classes, the recipe above allows to compute all the Gromov-
Witten invariants of Y. Let us concentrate on the invariant Uop.
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Notice first that the image class j, E is the class I of a fiber P! x {pt} in P! x P2 We must thus look at
the moduli space My ,, (P* x P? 2F). Notice that the maps in the class 2F have a constant projection on P?,
so that

Mo (PL x P2 2F) = My, (P, 2L) x P2
For the same reason, the bundle V we are looking at has the form
V2V @ Ope(l) —— Mg (P, 2L) x P?

where V' — Mg, (P1, 2L) is a bundle whose fiber at u’ : C' — P! is H°(C,uO(1)). The vector bundle V' has
rank 3 and

eV)=cs(V)@ 14+ ex(V)@t+er(V)@t? € H® (Mo, (P x P2 2F))
(we have denoted ¢ = ¢1(Op2(1)) the generator of H?(P?)).

The next remark is that V' has two everywhere independent sections, so that ¢3(V') = 0, ¢2(V') = 0 and
e(V) = 1 (V') @ t2. To show this, choose two independent elements s; and s3 in the dimension-2 vector space
HO(PY Op1(1)). Define sections 31, 59 of V' by

5:(C, 7 u) = s ou.
Now, if A5] + p3o vanishes at some point of Mg ,,, (P, 2L) represented by (C, 7, u),
(As1 + ps2) ou = 0.

Thus the image of ¥ must be contained in the zero set of As; 4+ uso, which is a point of P'. Thus, « must
be constant, a contradiction since it has degree 2. Thus the two sections s; and s, are indeed independent
everywhere.

From this remark, it is easy to deduce the following result, which will be useful in the computation of §16.

Proposition 15.2. Ifa € H* ((]Pl X ]Pz)m) 15 divisible by t, then ¥y ((jm)* a) =0.

Proof. The assumption on the cohomology class o means that, if one writes
i

then, for every ¢, one of the oz;’s has the form a ® bt for some a € H*(P1), b € H*(P?). What we want to prove
is that
Yy ((jm)* (a1 ® @apm_1®(a® bt))) =0
for all oy € H*(P x P?), a € H*(PY), b € H*(IP?). But the latter is obtained as
(evi (1@ @ amo1 @ (a@bt)) — (ar(V)@1%) , [Mo,m (P!, 2L) x P?]).
Now, the map
Vi : Mo (P! x P2 2F) ——— (P! x PH™ = (PHY™ x (PH™
coincides with
eV X A Mg (P 2L0) x P? —— (PHY™ x (PH™
so that, decomposing the «;’s, the invariant is a sum of terms of the form
(Vi 0 @) o 1 — )] = (e(¥) &%), [ym (' 2] & [7])

which are zero since 3 = 0 in H*(P?). O
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Relations with symplectic “Gromov-Witten invariants”. Let us end this section by a few remarks on
the other “Gromov-Witten invariants” the readers may have met in different contexts.
Gromov-Witten invariants come from symplectic topology. Various descriptions and alternative definitions for
a (restricted) class of symplectic manifolds can be found in e.g. [RT95, MS94] (see also the survey [Aud97]).
There exist now symplectic and algebraic definitions available in greater generality — some using spaces of
stable pseudo-holomorphic maps. See e.g. [Sie96, FO96, Beh97]. Without entering in that generality, let us
make a few remarks on the symplectic approach.

Remarks 15.3. (1) In the symplectic context, Gromov-Witten invariants are invariants of the deformation
class of the symplectic structure. This is where their qualification as “invariants” come from.

(2) The Ruan and Tian invariants were defined using moduli spaces of rational curves that are almost
holomorphic with respect to some almost complex structure on the symplectic manifold X: the almost
complex structure J defines a d-operator 9, holomorphic curves satisfy dyu = 0 and you perturb the
equation as dyu = v. This allows you to use transversality arguments to prove e.g. smoothness properties
(but of course, you may lose the enumerative interpretation of your invariants).

(3) This approach by pertubations should be compared with the use of the Euler class above.

(4) Tt seems to me that one should be able to use both approaches at the same time: the symplectic
approach is more flexible — but, dealing with enumerative questions, one does not like to vary the
complex structure.

16. DEGREE-2 CLASSES AND THE SMALL QUANTUM PRODUCT

Notation. In this section, I prefer to use the pairing (&, b) between homology and cohomology and Poincaré
duality as an isomorphism between homology and cohomology instead of the metric g. To save on notation, I
use greek characters for cohomology classes and latin for homology classes, Poincaré duality exchanging « and
a etc. With this convention,

(o, b) = g(a, ).

Quantum multiplication at a given point vs formal series. As we have noticed it above (see §14), if &
is a degree-2 class,

(a ¢ B, ¢) Z\IJA (0 @ B @ 7)exp(€, A),

an expression which depends only of the class [5] of € in H?(X;C/2irZ). Recall from §14 that the small
quantum product is given by

(ax8,¢) Zm © 8 © )¢t

which is exactly the same thing (write ¢4 = exp(¢, A>) In other words, to compute a¢ 3 in H*(X; C) amounts
to the same as to compute ax 8 in H*(X) ® A and to specialise it at the corresponding value of ¢.

Remarks 16.1. e One can define in the same mood a variant of the global quantum product: in the formula
for %¢ 4, Teplace q? by exp(w, A) for some fixed class w, usually the cohomology class of the symplectic
form.

e We do not really need that the manifold X be convex: we will use the generalised invariants defined in
§15. See for instance the example of the plane blown-up at a point (Proposition 16.8).

Products. The Gromov-Witten potential of a product X; x X5 is not easily expressible in terms of the potentials
of the factors (see [KM96]). However, the small quantum cohomology ring behaves very simply with respect to

products”.

7This is a good place to mention that there is no obvious functoriality property in this theory (except with respect to
isomorphisms).
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Proposition 16.2. The small quantum cohomology ring of a product is isomorphic to the tensor product of the
small quantum cohomology rings of the factors:

QH*(Xl X Xz) = QH*(Xl) ® QH*(XZ)

Proof. In general, although to give a map u : C' = X3 x X5 is equivalent to giving its components (uy, ua),
because of the marked points and the stability requirement, there is no obvious relation between spaces
Mo,m (X1 X X2, A) and spaces of stable maps into the factors. However, there is a map

Mo (X1 %X Xo, Ay @14 1@ Ag) —— Mo (X1, A1) x Mo (X2, As)

taking (C,Z,u = (u1,us2)) to the pair of stable maps obtained by contraction of unstable components in the
factors. It is obviously not onto, but its image contains the set of pairs ((C1, 21, u1), (Ca, 75, us)) such that
(C4q, 75) is isomorphic to (C4, Z1). On this subspace, it is even possible to define an inverse map.

Now, when the number of marked points is 3, our image contains the open set where C and C's are irreducible
curves, so that there is a birational map

Mo 5(X1, A1) x Mo 5(X2, As) — Mo s(X1 x Xo, A1 @1+ 1@ As).

It is defined on the subset ofmoyg(Xl , A1) xﬁoyg(xz, As) consisting of pairs of stable maps ((C1, 71, u1), (Ca, 22, u2))
such that (Cs, 72) is isomorphic to (Cy, 21), which contains the open set where Cy and Cy are irreducible curves.
It allows to relate fundamental classes and to prove that

UA 014104, (01 @ a2) @ (F1 @ F2) @ (71 @ 72)) = ¥a, (a1 @ 81 @ 71)Pa, (02 ® B2 @ v2).
Thus

(1 ® 2) @ (51 @ B2), 01 @ e2) = (Z U, (1 ® 51 ® 71)(1‘141) (Z U, (s ® 2 ® ’72)%42)
and the proposition follows. O

Symplectic reduction. Consider the submanifold
B=HX;0) —1— M =aH%*(X,;0).

We want to show that, in some cases, the small quantum product defines a Lagrangian subvariety of 7* B. This
is achieved using the general symplectic reduction process explained in §6.

In the specific situation considerd here: to look at 71 M is the same thing as to look at the product %, for
a degree-2 class &, that is, the small quantum product. The intersection L N j*T*M thus describes the relations
in the quantum cohomology ring Q@ H*(X).

Let us make now a crucial assumption on the manifold X. We assume that the (classical) cohomology algebra
H*(X) is generated by H?(X), its degree-2 part. Denoting by S*(X) = S [Hz(X; C)] the symmetric algebra
on H?(X;C), this means that the natural ring morphism

S*(X) —— H™(X)
is onto. This is the case, e.g. for projective spaces and more generally toric manifolds, complete flag manifolds.

Using a notation already used in §14 (and that comes from [GK95]), call (p1,...,px) a basis of H*(X).

Assume X to be Fano, so that x is a product on H*(X;C) ® A (see §14). The small quantum cohomology ring

QH*(X) = (H*(X;C) ® A, *) then consists of polynomials in p and ¢, with some relations. In other words, we
have a surjective homomorphism:

S*(H*(X;0)) © C[Ha(X; Z)] —— QH™(X),

the kernel of which will be denoted J. The ring in the LHS is nothing other than the ring of regular functions

on the cotangent bundle T*B of the torus B = H?(X;C/2inZ). Notice that, with this remarkable notation,
dg;

the symplectic form on T*B is > dp; A —q

As the reduction mod 277 is a covering map B — B we get:
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Corollary 16.3 (Givental & Kim [GK95]). Assume X is a projective Fano manifold whose cohomology ring is
generated by degree-2 classes. Assume that, for some value of q, the quantum product gives H*(X) the structure
of a semi-simple ring. Then QH*(X) is the ring of functions on a Lagrangian subvariety of the cotangent
bundle T*B of the torus B = H*(X;C/2inZ). O

Remark 16.4. In the context of degree-2 classes, Givental and Kim [GK95] have noticed that the homogeneity
property with respect to the Euler vector field implies that the Lagrangian is quasi-homogeneous — and that
the first Chern class can be considered as a primitive of the Liouville form (see also [Aud98]).

Here are a few examples of small quantum cohomology rings. The manifolds considered are Fano. Moreover,
their cohomology ring is generated by degree-2 classes. The first example here is very well known, but difficult
to avoid.

The complex projective space. This is of course a convex manifold. Recall that we denote by p the generator
of the cohomology of P”, so that

H*(P™ 7Z) = Z[p]/p"t* and ¢; = (n + 1)p.
We must add an invertible variable ¢ of degree 2(n + 1). Then
QH*(P") = Clpl/p"*" @ Clg,q7]

as a C[g, ¢~ *]-module and the quantum multiplication is C[g, ¢ !]-linear. As the degree of ¢ is 2(n+1), p** = p
for k < n and we need only to compute p**+t1) = (p?) x p. But

P xp )= Var(p" @po )™t
d

k

Recall that

Var (p" @ p @) = (ev5(p" @ p @), Mos(P", dL)])
so that it can only be non zero when degy = (n 4+ 1)d — 1. As 0 < degy < n, this allows only d = 1 and
degy = n. Now we are looking at Mg 3(P", L) and at W (p" @ p @ p"). But we have already noticed in §14
that this is the number of lines in P” through two general points that meet a general hyperplane somewhere,
that is, 1. In conclusion:

Proposition 16.5. The small quantum cohomology ring QH*(P"(QC)) is isomorphic to the ring
Zlp,q,47 /(0" ~ q).

Remark 16.6. In this example the multiplication is obviously generically semi-simple and the Lagrangian is the
curve p"t! = ¢ in C x C*.

The plane blown up at a point. Let us come back to the manifold Y obtained by blowing up a point in
the complex projective plane. This is one of the examples investigated in [CM95, RT95, Aud97] for instance.
Recall from Examples 12.7 that Y is not a convex manifold.

Figure 13 shows Y as the PL-bundle P(O(1)& 1) over PL. The hachured quadrilateron is Y itself. The triangle
represents the plane P?: the horizontal base is a P! not through the blown-up point and the top vertex is the
blown-up point. The edge labeled A; is the exceptional divisor (the P! which replaces the point in ). The
lines in P? through the blown-up point become the fibers of the fibration ¥ — P! so that this fibration is simply
the projection from the ghost point to the horizontal line.

All properties of homology and cohomology classes I will write are easily derived from this description. Let
Ay be the class of the exceptional divisor (it was called F in Examples 12.7 and §15) and A, be the class of
a line through the blown-up point, or of a fiber (see Figure 13). The two classes A; and As form a basis of
Hy(Y;7Z) with

Ay A =-1, A-Ay=1, As-A;=0.
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Let (p1, p2) be the basis of H*(Y;Z) dual to (A1, As) (that is, such that (p;, A;) = &; ;), so that, denoting again
Poincaré duality by D,
Dpy = A, Dps = A1 + Ay
(as (Dp;) - A; = 6; 3). Also,
(pi — pi, [Y]) = (Dpi) - (Dp;)
so that p? = 0, (p1 — p2,[Y]) = (p2 — p2,[Y]) = 1. The (classical) cohomology ring is
H*(Y; Z) = Zlp1, p2) /{pi, P5 — p1p2)-

The first Chern class is p; + 2ps. Let us add two new variables q; and ¢y of respective degrees 2 and 4.

N
/] N\
/ \
/ \

A\

F1GURE 13. The plane blown up at a point

To determine the structure of the quantum cohomology ring, we need only to compute the products p; % p;.
For this, we need all the invariants ¥ 4 (p; @ p; @), for all homology classes A containing holomorphic curves and
all cohomology classes 4 such that 2{¢;, A) = deg~y. This implies in particular that 0 < {¢1, A) < 2. Moreover,
if a non zero class A can be represented by a rational map P! — Y, it is a multiple of a class A’ that can be
represented by a somewhere injective rational map. But these must satisfy the adjunction formula, namely

A" A = e, A+ 2> 0.
Writing A" = m{ Ay + mi Ay, this writes
(1 —m))(m) —2mh +2) > 0.
From these restrictions, it is seen that the only invariants that we need to compute are Wo, W4,, U4, and ¥ou,
(this is the reason why I have chosen this basis of H»(Y;Z)).

Recall that the class 2A4; is the one which prevents Y to be convex (see the examples in section 12). However,
a consequence of Proposition 15.2 is:

Lemma 16.7. The invariant Uou, (p; @ p; @ %) is zero for all i, j, ~.

Proof. As p; and p; have degree 2 and (¢1,24;) = 2, the invariant Wa4, (p; @ p; © %) can only be non zero when
v has degree 4. Now the only non zero classes in H*(Y') have the from j*(a @ t) for some a € H*(P') and we
can use Proposition 15.2. O

We are left with the computation of ¥4, and ¥4, .
e Consider first ¥ 4, (p; @p; ®7). We know that this is zero unless deg v = 2 (so that all the classes involved
have degree 2) and that there is only one curve in the class A;. Thus

Y, (pi ©@pj @) = di105,1(y, A1)
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e Look now at W4, (p; ® pj @~). It vanishes unless deg v = 4, so that we must only consider the case where
~ 1s Poincaré dual to a point. Now, there is exactly one curve of the class As through any given point of
Y and thus

W4, (pi @ pj @ DIpt]) = 6i,265,2.

We can now calculate our monomials p; x p;. By definition

(pixpj,c) = (i — pj,0) +Va, (pi @p; @ 7)q1 + Va,(pi © pj @7)g2-
o (p1*p1,¢) = (c-A1)q1 = (DAy,¢)q1 and thus
p1xp1 = (p2 — p1)q1,
o (p1 *pa,c) = (p1 — pa2,c), so that
P1xp2 = Pp1 ~ pa,
o (paxpa,c)y ={(pr—pa,c)+ T¥a,(p2 @p2@7)g2 and
P2 xp2 = p2 ~— P2+ q2.
This gives the desired result:

Proposition 16.8. The small quantum cohomology ring of the plane blown up at a point is isomorphic to the
ring
Zlp1,p2, 41,45 42,451/ (0T = (P2 — p1)ar, p3 — pip2 — g2).
O

Remarks 16.9. e That the ideal generated by our two relations f = p? — (p2 — p1)q1 and g = p3 — p1p2 — ¢2
defines a Lagrangian subvariety of 7% (C*)? is easily checked, as {f, g} = ¢1g is in the ideal.
e Proposition 16.8 appears in [CM95] (where the basis used is not symplectic) and in [RT95] (in a different
basis®).
e There is also a proof of Proposition 16.8 using (a less convenient basis and) symplectic invariants in
[Aud97]. There the class 24; was avoided using spaces of “somewhere injective” holomorphic curves as
in [MS94], which gives in this case the same invariants as the “almost” holomorphic curves of [RT95].

Part 4. Appendices
A. ELLIPTIC CURVES AND PLANE CUBICS

In this appendix, I try to motivate the introduction of the spaces of stable maps by a description of the
difference between (abstract) elliptic curves and plane cubics.

Elliptic curves. An (abstract) elliptic curve is, by definition, a smooth genus-1 complex curve C' with a
prefered point P on it. To say that the genus is one 1s to say that the dimension of the complex vector space
H?(QL) of holomorphic 1-forms is one. According to the Abel-Jacobi theorem, there is an isomorphism

C —— HYQL)/A

Q
Q —— |w— / w
P
where A is the period lattice, i.e. the isomorphic image of Hy(C;Z)= Z* in H%(Q4)* = C. The marked point
P is sent to 0.

The space of isomorphism classes of elliptic curves can then be described as an appropriate quotient of the
space of lattices in C.

8and with a wrong sign.
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Plane cubics. To any such lattice is associated a Weierstrass p-function. Together with its derivative, it
defines an embedding
C/A —— P40
2 [p(2),9'(2), 1],
Due to the differential equation satisfied by g, our elliptic curve is a plane cubic, with (affine) equation
' Y’ = 42> — gox — g3
where g, and g3 are complex constants defined by the lattice A, satisfying g5 — 27¢2 # 0.

Recall that p has a double pole at 0, so that the marked point P, alias 0, is sent to [0, 1, 0], the point at co
on the curve C".

The moduli space of elliptic curves. It turns out that, up to isomorphism, the elliptic curve (C, P) is
determined by a single numerical invariant, which can be easily expressed in terms of the constants g, and g3
above:

172843
Jj= 53
93 — 2793
For instance, ¢ being fixed and ¢ varying, all the curves of equations
rt: y? = da® — ez — %t

should be isomorphic, as they have the same j-invariant (namely 1728/(1 — 27t?)), and they actually are, since
(z,y) = (@’x,a’y) extends to an isomorphism I} — I ,.

Singular cubics. There are of course a lot of different singular plane cubic curves: a conic plus a line, three
lines, and so on. Among the cubics having an affine equation of the form

y? = 42° — gox — g3

there are curves with an ordinary double point (g3 — 27¢g3 # 0, g2 and g3 # 0), or with a cusp (g2 = g3 = 0).
Notice that these are rational curves, being parametrised by the set of lines through the singular point.

Compactification of the moduli space. Once we have accepted that the moduli space of elliptic curves is
isomorphic® to C (via j), it seems to be easy to compactify: just add a point at infinity, allowing j = co.

This way, you certainly add the curve with a double point ... but you cannot “add the curve with a cusp
point”: because of the families I'f, all converging to y?> = 42> when ¢ goes to 0, this curve would be arbitrarly
close to all elliptic curves.

Notice that j = oo for curves with a double point, but also that the rational function of g5 and gs has an
“indeterminate form” 0/0 for the cusp curve, and that this is why we were able to get any j:

1728

Sty
j(Fa)_mforE;ﬁO
therefore 1798
. T2 A

Notice that Theorem 11.4 describes exactly what happens in the family 'Y when & — 0: the genus tends to
be concentrated at the singular point. In other words, the map u mentioned in Theorem 11.4 is constant, its
graph is horizontal, and there is a bubble whose image 1s the whole rational cuspidal cubic.

The idea of stable maps is to construct, starting from the space of maps of genus-1 curves to the complex
projective plane, a space that contains parametrisations of cusp curves taking into account the phenomenon
just described.

®There should be some structure to give a sense to this word. The whole space ﬁl,l = CU{oco} can be given an algebraic
structure. It looks like P! but has orbifold-type singularities at points corresponding to elliptic curves which have a non trivial
group of automorphisms, namely for j = 0, 1728 and co.
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%<\
— X 7

FIGURE 14. Some unstable singular cubics

%g\

%A/

FIGURE 15. Some semi-stable singular cubics

Stable maps. Consider plane cubics parametrised by elliptic curves, that is, consider the contraction mapping
Mlyl(ﬂbz, 3L) _— ﬁlyl.

The figures show some singular plane cubics, (in a mixing of real and complex representations). First a cusp
curve and two lines, one being double, parametrised by reducible curves over an arbitrary elliptic curve in M; ;
(Figure 14), then various other singular cubics, parametrised by reducible curves over the point at infinity in

MM (Figure 15).

Remarks A.1. (1) In the space of stable maps mlyl(ﬂﬂ, 3L), there are cusp curves over every points of the
space Ml,l (T have explained above that this is something one should expect). The same property is true
for all “unstable cubics”, that is, for those who have other singularities than ordinary double points, as
the cubics consisting

e of a conic and a (tangent) line,
e or of two lines, one of which is a double line,
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e or of three lines through the same point.
(2) In contrast, for “semi-stable” singular cubics (with ordinary double points only), the j-invariant is infinite
and all these curves are images of stable maps over the point at infinity in Mlyl.
(3) There are explicit examples of sequences of smooth cubics converging to singular cubics in Lizan’s thesis

[Liz96].

I describe further examples of moduli spaces of stable maps, related to algebraic loop spaces and configuration
spaces in Appendix B.

B. ALGEBRAIC LOOP SPACES AND CONFIGURATION SPACES

In this appendix, I give examples of spaces of stable maps from a fired curve to X. For simplicity, I consider
only the case of rational curves.

The examples discussed here are not only beautiful examples, they are very useful in Givental’s approach to
the mirror conjecture [Giv9bha, Giv9hb, Giv96] for they provide a compactification of the algebraic loop space
of a projective manifold.

We start with algebraic loops in X, represented as maps P' — X ... in other words as parametrised rational
curves.

We then fix the homology class and consider the space L4 X of maps P' — X in the class A. This space
looks very much like Mg o(X, A) — except that, in My (X, A), we have factored out by isomorphisms, thus
loosing part of the parametrisation. To keep track of the parametrisation, it if of course sufficient to consider
the graph of the maps, that is, to look at the embedding

LaX CMoo(P'x X, L@ A).
We see that the moduli spaces of stable maps include compactifications of the spaces of algebraic loops.

Ezample B.1. Take X = P™(C) and A = dL. We are looking at degree-d algebraic loops in the projective
space. An element in L4P" can be represented by n + 1 degree-d polynomials without common root (modulo
multiplication by a scalar). Therefore our space L4P™ has an obvious, “naive”, compactification as a projective
space P*T1)(@=1)=1 We thus have two distinct compactifications:

e The naive one, L,P" = p(r+1)(d-1)-1 (A = dL), where we are simply allowed to consider polynomials
of degree < d.

e The clever one, L,P" = Moyo(ﬂﬂ x X, L @& A), where we allow graphs of degree-< d maps P! — P" with
vertical components, their total degree being d.

Notice that there exists a map
pi LaP" —— [,P"

used by Givental in [Giv96], that is a morphism and whose set-theoretical definition is the following. Let
u: Y — P! x P be a bidegree-(1,d) stable map (representing an element of L4P"). All components of ¥ are
copies of PL. One of them, Cy, say, which is sent by u onto the graph of a degree-d’ map (d’ < d) from P! to
P?. Tt can be represented by an (n + 1)-tuple (fo,..., fn) of degree-d’ polynomials. The other components,
C4,...,C, are bubbles, that is, C; is a rational curve, u has bidegree (0,d;) on C; and sends C; to z; x P” for
some point z; in Pt (dy + - +d, = d — d').

Consider a degree-(d — d’) polynomial g, that vanishes at each z; with multiplicity d; and associate to the
stable map u the (n 4 1)-tuple of polynomials (fog, ..., fng), that is an element of L/, P™.

Configuration spaces. In this situation, there is an analogue of the contraction morphism considered in §11,
the natural map

Mo (P x X, L& A) —— Mo, (P L).
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We have already met Moyo(ﬂﬂ, L) and noticed that this was a single point. In the same way, for each degree-1

map

u: Y —— Pl
there exists a distinguished component Cy of X. This is the only component on which u is non constant, and
where the map u is an isomorphism Cy — P!, Using an isomorphism of ¥, we can assume that v = Id on
Co, so that we are left with a compactification of the configuration space of m distinct points on P! (without
quotient).

Such a compactification is considered in greater generality in [FM94] for a general projective variety Y instead
of PL. In the P'-case, it is casily seen that the compactification as moduli space of stable maps and the Fulton-
MacPherson compactification coincide (the description by “screens” in [FM94] actually coincides with that of
reducible curves we are using here).

C. THE SEMI-SIMPLICITY ASSUMPTION

One of the reasons why massive Frobenius manifolds were interesting for Dubrovin is that they parametrise
isomonodromic deformations (see [Dub95, Hit97, Sab98, Man96]).

One cannot expect the quantum cohomology of a projective manifold to be massive in general: if the manifold
contains no rational curve (think for instance of a K3 surface), all its quantum products are nilpotent. Better
candidates for semi-simplicity are the Fano manifolds, as they contain many rational curves. The semi-simplicity
of the quantum cohomology of Fano manifolds is conjectured by Tian [Tia95] and Manin [Man96].

Recall (see §5) that the semi-simplicity of the ring (Tz M, x¢) implies the existence of canonical coordinates
on a neighbourhood of the point ¢ in the Frobenius manifold M. In these coordinates, the product is split and
the Euler vector field can be written 5

&) = Z Zig

Notice that, by definition, the z;’s are then the eigenvalues of the multiplication by £(£) at &. All the data
being analytic, this implies:
Proposition C.1. For a Frobenius manifold, the following properties are equivalent

(1) The ring (Tz M, *¢) is semi-simple for generic &.

(2) There exists a point & in M such that the ring (T M, x¢) is semi-simple.

(3) There exists a point & in M and a vector o in Ty M such that all the eigenvalues of the multiplication by

a are stmple.
(4) Multiplication by E(£) at € has only simple eigenvalues for generic €. O

Notice also that semi-simplicity of the small quantum cohomology ring (for generic ¢) would imply semi-

simplicity of global quantum cohomology. For instance:

Proposition C.2. The quantum cohomologies of P™, P2 are massive Frobenius manifolds.

Proof. Tt 1s easily checked that the small quantum cohomology rings computed in §16 are semi-simple for
generic ¢. The minimal polynomial of multiplication by p in Q H*(P") is z"*1 — ¢, that of multiplication by p;
in QH*(P?) is z* 4+ ¢12% + ¢?¢2. Both coincide with the characteristic polynomial and both are split for generic
q. O

But there are examples for which the small quantum cohomology ring 1s not sufficient to check the semi-
simplicity.

Proposition C.3. Let X" C P"*" be a smooth complete intersection of dimension n > 3 and of degree

(dy,...,dr). Assume

r

n+1
D (di-1)< o

i=1
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There is a value of q for which the small quantum cohomology ring of X is semi-simple if and only if X 1s a
linear subspace or a quadric (that is, > (d; — 1) =0 or 1).

Proof. This is based on Beauville’s computation in [Bea95]. According to the Lefchetz theorem, the complex
cohomology of X is generated by the class dual to the hyperplane section, n € H*(X;C) and the primitive
cohomology H{(X;C). The first Chern class is kn, (k =n+1—> (d; — 1)). According to [Bea95], n satisfies
a relation

0"t — agqn

n+l—k — 0
for some (non zero) integer a.

In the classical cohomology ring, the minimal polynomial of the cup-product by 5, 7 — - is 2”*!, so that this
shows that the minimal polynomial of the quantum multiplication 7 % - is z”t! — agz"+t1=%_ This polynomial

has a multiple root for all ¢ as soon as
n+1—k>2 thatis, Y (di—1) >2.

If this is the case, the endomorphism nx- is not diagonalisable ... and this prevents QH*(X) to be semi-simple
(for all values of ¢).

When ) (d; — 1) = 0, the complete intersection X is a projective space P*(C) and we have already mentioned
above that QH*(X) was (generically) semi-simple. We are left with the case of quadrics.

If n is odd, the primitive cohomology is zero, so that z*t! — agz is also the minimal polynomial and all the
eigenvalues of 7 * - are simple for ¢ # 0.

If n is even, HF(X) is 1-dimensional, generated by the dual to the generator of H,(Xag) (affine quadric).
Still using [Bea95], we know that, for a € H (X),

nxa = 0 as for n — «
axa = b(n" —aq) for some non-zero b if o # 0.

Thus the endomorphism nx- is diagonalisable (its minimal polynomial is split) but it has 0 as a double eigenvalue.
The corresponding eigenspace (kernel) is generated by 5" — aq and a generator o of H (X). However, quantum
multiplication by «, restricted to this kernel, has two distinct eigenvalues for ¢ # 0, since
ax(n —aq) = —aqa
axa = b(n" —aq).
O

Remarks C.4. (1) The result for P™ and quadrics also holds of course for n = 2 as well.
(2) The proposition gives e.g. the semi-simplicity of the small quantum cohomology ring of G5(C?*) (using
the Pliicker embedding, this is a quadric in P%). See [Ber97, ST94, Wit93, FP96] for the computation of
the small quantum cohomology ring of Grassmannians, [GK95, CF95] for that of flag manifolds.

Thus, there is no hope that the small quantum cohomology ring be semi-simple in general, even for Fano
complete intersections. However, for the global quantum cohomology of the same complete intersections, one
can prove:

Proposition C.5. Let X be a smooth complete intersection of odd dimension n > 3. Let n € H*(X;Z) be the
generator and assume that the degree of X is such that the first Chern class kn of X satisfies
n+1

<k<n+1.

There is a point & in H*(X) such that all the eigenvalues of nx¢ - are simple. O

As a consequence (recall we consider only the even part of the cohomology), the quantum cohomology of such
an odd dimensional complete intersection is massive. The proof is based on a simple approximation argument
that I hope to make more explicit elsewhere. Notice that the massivity of the quantum cohomology for these
examples can also be deduced from the computation of [TX96].
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